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BALLISTIC RESEARCH LABORATORIES

REPORT NO. 995

CHMurphy/ jew
Aberdeen Proving Ground, Md.

October 1956

PREDICTION OF THE MOTION OF MISSILES
ACTED ON BY NON-LINEAR FORCES AND MOMERTS

ABSTRACT

The application of the usuel techniques of non-lineaer mechanics
to fourth order non-linear systems is severgly handicapped by
algebraic complexities. It 1s shown that for en lmportant subset
of the get of fourth order systems, the use of the complex varilable
allows the quick derivetion of the required results. This technique
is applied in some detail to the prediction of missile yawing motion.
In tﬁis discusslon the useful concept of an amplitude plane is 1in-
troduced. Comparison of the theory with the results of exact computa-
tlons indicate the value of the equivalent Idineeriizziiton appreach.

The effects of gravity-induced yaw of repose and of smell aero-
dynamic asymmetries on the general non-linear problem dre disvussed

in an appendix.
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TABLE COF SYMBOLS
A,B,C,D complex constents in Eq, (2)

a,b,c,d real constants in Eq. (58)

p. 2rmed)
1 1
Bt -ty
a8, &, real coefficients in Eq. (16)
b, b, real coefficients in Eq. (16)
ey real ccefficlents in Egs. (1)
D=(b-c)2+1+a.d
d diameter
G= 4! EE( -k'EK) J_ + iy
=T m Kp - X H ~ “g {7
&r trajectory component of the gravitational &cceleration
Co% g5 components of the gravitational ecceleration perpendicular to
the missglileds axis
po o2 LK, - ;k'e( - K )
= & " ¥ R (K- MKy,
3
iyl
g = m Ki
& d
Jg = 77—
u
n
k=0 B .

¥
Only those symbols which appear in the body of this report ere listed
here. Symbols which are introduced in the appendices eppear close to

thelr definitions.
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X,

sy i=1,2 . amplitude of 1 - th frequency

moment coefficient due to cross angular veloclty

lift force coefficient due to yaw

moment coefficient due to yaw (gtatic moment coefficient)
moment coefficlent due to cross acceleration

Magnus moment coefficilent

perametric function for deamping correctlon to first
approximation

axial radius of gyration in calibers
transverse radius of gyration in calibers

cogine of yaw angle
-2
l}’ &) K‘M:l
mass

complex constants in Eg. (3)

function in Eq. (58)

independent varlable

arclength along the trajectory in calibers

function in Eg. (58)

]

magnitude of veloclity

real dependent varisbles in Egs. {1)



ai exponentlal demplng coefficient oi' i-th frequency
S (8, + 1g5)d ;o
- = > -
" g
8 = (/M (sine of yaw angle)

EC’EK:[ -

1
2n

i K
5ok J:l + =2 cos Qﬂ ag
K:|.

o Dm

2n
[Seﬂez = lﬂ f 52k |:l + -i—;‘ cos ¢] ag
0

2x
6 erg m,
X camplex dependent variable in Eg. (3).or complex yaw
_ kle mld
v k—é - (gyroscopic spin)
2
¢ complex dependent variable in Eq. (2)
P alr density
g arg C
— T T -
¢i = ¢10 + ¢ip phese angle of 1-th frequency _
o~ ~
B=0 -0,
¥(p) parametric function £B8r frequency correction of first
approxlmation
w arg D
®©; axlal spin
A tllde superscript denotes quantities appearing in the

g

eplcyclic first approximation of the non-linear equation



1. INTRODUCTION

One of the most challenging current problems in exterlior ballistics
is the prediction of missile motion for missiles flying at large yaw
angles.* Highbergl and Za.roodny2 have treated the special case of
circular yawing motion while the case of almost circular motion has been
rather elegantly analysed by Davis, Follin, and Blitzer.3 The problem
of more general motion for cubic stetlic and Magnus moments has heen
attacked by Lietmann1+ but this treatment is obscured by lengthy algebraic
manipulations and does not give its results in & convenient form for the
exterior ballisticiah.

There are two difficulties in extending the ususl methods of non-
linear mechanics to the problem of missile yawing motion. The first
difficulty is primarily algebralc end the second conceptual. GSince the
yawing motion has two degrees of freedom, the problem requirea the
solution of a fourth order system of equations and, hence, the appli-
cation of the Kryloff-Bogoleboff5 techniques can require rather compli-
cated algebraic operations. Secondly, vibrations of this fourth order
system can teke on two frequencies so that the averaging step of the
K - ﬁ method would require an averaging of two different frequencies.
Although this is mathemetically possible, the preclse meaning of such

an average 1ls vague.

In this report it will be shown that for an important subset of
the set of fourth order differential systems, the fourth order equation
in a real dependent variable cen be replaced by a second order analytic
equation in a complex varisble. This wuse: of the complex variable
introduces importent simplifications into the non-linear problem. In
Reference 6 it is shown that with the proper selection of geometrical

*The angle between the missile's axis and the tangent to its trajectory
is called the yaw angle. The yawing motion is usually described by
two variebles. Two common cholces are the Eulerian angles Locating
the missile axis in wind-fixed coordinates and the direction cosities
of the veloclty vector with respect to missile-fixed coordinates.



variables,the system of differential equations deseribing the yawing
motion can be a member of this subset. In this report 1t will be shown
that for s large claess of non-linearities the averaging step of the

K-B method need only be done for a single frequency end that most im-
ortant aerodynamic non-linearities lie in this class.

By means of an '

'amplitude plane" the results of the enalysis are
presented in a simple and revealing form. It is shown that the whole
character of the motion can be described when the location and nature of
a small number of singularities are determined. The effect of a cubie
Megnus moment is discussed in some detail. Finally,predictions for
limit motion of two different cases of quintic Magnus moments are
campared with exact numericel integrations made at the Naval Proving

Ground.?

Although only the homogeneous part of the complex yaw equation
1s treated in the report proper, the effect of gravity-induced "yaw of
repose" and the effect of small asymmetries is considered in an appendix.
The direct substitutton method of Reference 6 is used and the results
are compared with additional Naval Proving Ground calculations.8

2. EPICYCLIC SUBSET

The most general linear homogeneous fourth order system of
differential equations with constant coefficients may be written in
the form

— ! H
x" = ¢y X' +c, x4+ R AR (1a)

]
I

cs X' g X + ¢ y' 4+ gy (1b)

where ¢, are constants and primes indicate . derivatives with respect to
the Ilndependent veriable, p. If Eg. (1b) is multiplied by 1 and added to
Eg. (1la) and the complex variable £ = x + iy is introduced, the following
complex equation may be written

" +AE +BE+CE +DE=0 (2)

where the complex coefficients, A, B, C, D, are linear combinations of the

e, When C and D vanish, Eq. (2) becomes an analytic differential equation




in the complex variable, £, and cen be easlly solved. Because of this
simplicity 1t 1s of some interest to determine the condltions under
which 1t 1s possible to trensform Eq. (2) to this special form by means
of a reversible linear transformation. For a reason which we will give
later in thils section this subset of the set of all differential systems
of the fourth order with constant coeffilclents will be called the

eplcyclic subset.

The most general linear transformation can be written in the form

»o=m o+ mE (3)

where m and m, ere camplex constants. The 1nverse equatlion can be
“obtained by elimineting E between Eq. (3) and thejoonjugafe. of Eq) (3).

ml A - m2 A

mE) - Tl

Thus the restrictton to reversible transformations is equlvalent to the

.E (%)

relatlion

mB, - mya, £0 (5)
Without loss of genersllty we can assume that m, is non-zero¥*, and, hence,
reletions (3) and (5) become

» - met® (¢ + 8E) (6a)
| e (1 -88)#£0 ‘(6b)
where mé = = m

8 = ——, and
m

1
m 1s real.
-18 18 —
. e 3 - 5& - X
L g = . — (7)
m(l - 8B)

¥ ,
If m, were zero, we would consider the conjugates of Eq. (2) and (3).



Substituting Eq. (7) in Eq. (2),

— 1 —_
A" + (A-Cs)h + (B-D3Bs))

_ e216 [Bxu_i_ (As - C)R' + (Bs - D)I] =0 (8)

If A" is eliminated between Eq. (8) and its conjugate,

(L -e8s)A" + (A-Cs +Cs - & s8)A!
+(B-Ds +Ds - B s5)A - eo10 |j552+(A-K)s-€r ' (9)

+ [5 8 4 (B - B)s - é} » =0
where (1 - ss) is non zero by equation (6b).

The requirement that Eq. (2) belong to the eplcyclic subset means
thaet 1t must be possible to select s so that the coefficients of X' and X
vanish. From Eq. (9) it cen be seen that m and © cannot make the coef-
ficlents of A! and A vanish and so they may be arbitrarily selected. If

we meke the definitions A = A) + 1A,, B =B, + 1B, C = |c|e1“, and

D = |D’ eﬂb, then we have the following pair of gquadratic equations for s.

1% _ g (10)

I}

|C |52 + 21A2sei°7— C|

2 1o

|D |s + 2iB,se™ - D| 2 - o (11)

If neither C norD vanish, the solutions of Egs. (10 - 11) are:

/ : (o - %)
8 ¢~|§%— + }gg—} - ;} € °°z (12)

. 7
1((.[) - —2')
5 = (13)
. . - A2 132
Since s 1s unity when either T o7 is less than or egual to one
and this is contrary to relation (6b), we have the restrictions:
'—fg 1 ’ ?3‘ 1 (14)
C 7 2 D 7

10



Under restrictisn (14),sccen:satisfy both Eq. (12) and Eq. (13) only if

Ay By Ay -5,
_ —— g=mor — = — and g =y + x. This can be gliven
[C 19 1 12|
in the single equation
A B ‘
T ° D (15)

By means of Eqs. (10 - 15) we can now state the following theorem:

Theorem Eq. (2) 1s a member of the epicyclic subset 1f one
of the following conditlione 1le satlsfied:

(1) c=D=0
Bz|
(2) C=0, A =0, T 71
(5) D‘:OJBz:OJ!C_l?l
A, By 'Aa'
(llv)a-'=—D, c— 71.

For the trivial case (1), s 1s zero; for the other cases 1t is fixed
by either Eq. (12) or Eq. (13).

By meens of such a linear 'Eransformation 8ll equations belonging
to the epicyclic subset may be written in the form

A (al + 132);\' + (b1 + 1b2)z. =0 (16)

L )
vhere &a b., and b, are constants. Substituting A = e(* a + 1¢ )P

1’ %22 Ppv 2
in Eq. (16) and separating real and imaginary parts, we see that ' and
a must satlsfy the followlng equations:

2
provap BBy rafey 20 =9 ok
a $' + b,
a=1—2 (18)
2 g* + 8,

11



Under the usual assumption of small damping during a cycle, the g term
in Eq. (17) can be neglected end it reduces to

2
- &, + Vaz + 4 bl

¢'J = ) >y J =1,2, {19)

. 2
e ey, +hb170

If the above inequality is not satisfied or the demping is not sms=ll over
& cycle, Egs. (17 - 18) lead to the need for the solution of & fourth order
equation. This difficulty can be avoided by not separsting Eq. (16) into
real and Imaginary parts after meking the substitution.

All the cases treated by the methods of this report will be restricted
to those with small damping over a cycle and Eq. (19) will apply.

Since a, = - (¢l' + ¢2'), symmetric forms of the equation for the

damping exponents can be obtained from Eq., (18).

¢l' - ¢2'
. - 8, B, + b, (21)
¢2' - ¢l'

The equation for the genersl solutlion to Eq. (16), therefare, is

Kl ei(ﬁlo + #,'p) ‘K . 1P, + 85" P) (22)

_QJ P
where X, = ¥ e

3= Ky ; ¢J' and @, ere glven by Egs. (19 - 21); and ¢JO

and KJO are constants. This solution is a linear combination of two

complex vectors which are rotating at certain fixed frequencies and are

exponentielly damped. Since the curve swept out in the complex plene is

12



called an epicycle, the reason for the name of this subset is now clear.

The solution for £ when Eq. (2) belongs to the epicyclic subset can
be obtained by use of Eq. (4) s 1s determined to be a solution of Egs. (10 -
11), m and ©.are arbltrary and for convenience m will be nade unlty and ©
wlll be fixed at zero.

R .
1l - 88
1) 1¢, -1, -18,
Kle +K2e +sKle +sK2e (23)
= 23
1 - ss8

jof =0, Ip.
where Qj ¢JO+¢JP

3. SOLUTION OF THE NON-LINEAR EPICYCLIC EQUATION

Although the treatment of non-linear fourth order systems 1s usually
quite leborious, the procedure for systems which may be linearized to
members of the eplcyclic subset 1s much simpler. In thls sectlon the
approximate solutlon to equations of the form of Eq. (16) but with
coefflclents 85 85 bl’ b2, which are functions of A, A, A, and X‘,
will be considered. The method of solution which will be employed will
be essentially that of Kryloff and Bogmliybmff,5 )

This method is based on a pertubation of the solution of the
linear equation with no damping. If this solution is identified byﬂf

nt
then N ia; 1¢2
M=Kpe  tKye (24)
where ~ ~ Py
, = + @,
¢J ¢j0 ¢JP
N [a¥)
. -8, i|/a.§ + 4 ’1;’1
. -
2

- -
,_a2+l+bl70

)
ZE, bl constant parts of a, and bl (their values when
A* = =0.); and
] tant
Ko7 Qjo are constants.

13



The complete non-linear differential equation can be written in the form:

- [%1 + (e, - Eéi] AT - [Ebl - %;) + ib%] A

£(hy X, AT, A'). (25)

A"+ im A b
1&2 A+ bl A

where a,, a5, b, b, are functions of A, A, A', X',

2

The pertubation process is quite similar to the well-known method
of vaeriation of parameters. First the solution 1s assumed to be that
expressed by Eq. (24) with the conatants KJO’ aio replaced by unknown
functions of p, K.(p) and ¥ (p).

J v J
, iy, + ) 1(¥, + 4,
- A=K e +K, e (26)

This equation is then differentiated to yield:
10 +B) & ik, + )
AT = fal' K, e 1717, i¢2' K, e ° 2

2
1 PN i(wl "'31) t ' i(\lfe * ¢2;
+ (KT + 1K e + (Kyt + 137K, )e (27)

The last two expressions in Eq. (27) are set equal to zero so that

104 + 8)) 1(¥, + §,)
(Kl' + iwl'Kl)e + (KE' + i¢é'K2)e =0 (28)
end Eq. (27) then simplifies to
v A B) A (v, 4 5)
At = i¢l'Kl e L Yy ¢2' K, e 2 2 (29)
Differentiating again we see that N
. 10 + 8y) 1(¥, + §,) (30)
" 2 1 2 e 2
Moe - B K e Pt Ky e
. i(v, +8) ~ 1(v,+4,)

+1 ¢l'(Kl' + i#le)e

PR+ vy Ky e

If Egs. (26, 29, 30) are substituted in Eq. (25),the terms without

1k



derivatives of the parameters must satisfy the homogeneous equation and

therefore cancel.

o [ d
S 1P (KT + 1K e T g (KT + ¥, 'K e = f(p) (31)
(k' + ive'Ke) can be eliminated between Eqs. (28) and (31).
1 —i(wl + E)
L3, 1y! = f(p) & - (32)
Kl ’ 1(61' = EQI)K:L

K
- (¢ ' - ¢2 ) -l-{; [% + 1(a, - a ) ¢ 'y ¢ Kg_ 1¢
[2 - :L(b li\ 1 +K.—Ie1¢

nt nt
where § = ¢2 + ¥, - ¢l - vy

This simple derivation of Eq. (32) shows the considerable reduction in

algebraic complication which the use of the complex variabge and the
restriction to the epigyclic subset have introduced.

At this point in the K-B method, due to the difficulty in solving
the differential equations for the parametric functions, averages of the
right sides of the parametric equations are taken. In general, the
right hand side of Eq, (32) has two basic frequencies and the necessary
averages have a rather vague physical meaning. If only the difference
frequency ‘P is allowed in the functional dependence of a,; &5, by, and
b2 on A, A, A, and A', a single average would be needed and this average

would have & simple meaning. This means that only those non-linearities
15

which can be associated with a body of revolution are considered. For
example, under this restrictton there are four possible quadratic com-

binations of A, N, A! and A!:¥

¥ The effect of demping has been neglected in the calculation of At and A!

15



5 = A = K,” +K,” + 2K, cos g) (33)

AN = '%c 2 2'2 K22 + 2 ¢l'¢2' KX, cos {§. (34)
_ [ ) PR

W -2l g s KR8 s Pt e 4 (35)
- [ o -

AR =1 B KT+ 2’1{22 KK (P e ., gy ewﬂ (36)

From Eq. (33 - 34) we see that both the magnitude of A and the magnitude of
its derivative have the frequendy}of4¢,and, hence, the averaging will be

made over a perlod of these zmplitudes.

It 1s now necessary to assume that the model amplitudes R J,ch:a.nge
slowly over a period of the difference frequency. With this assumption
in mind we can average the right side of Eq. (32) over a period of § and

separate the result into real and imaginary parts.
25
K. ! : K K
. l _ "l B 1 a‘ T 2 ¢ 2
N = & + = coa B| + b, [l + == cos ¢
X 2ﬂ(§5‘l’-;"52') J {1 [l ! tl 2[: 1
0]
Ko
- 3,08, - (b - B) f otn B - -a () O7)
X I
-1 2
V! o= a, - E LI ;25 — cos @

" K, ~ X,
- (bl - bl) I:l +f; cos g - a.l¢2' +by| = sin g¥ag . (38)

16



From symmetry, the equations for the second mode of oscillatlon are

KEI‘ . 2x 7 B, K EI ) E K, {1
X2 ) 2n(¢2:_¢ll) JO °1 |:2 1 g o8 2 K_2 °
K

- IEE - '&’2)31 - (b - “ﬁlﬂ Ri sin fr ap = -0, (K,,K,) (39)

2n

1 - -1 a...'é',' M'+ 'ﬁcos:’
K Cen (Bt - B0 f % '“%) Eje ElKe g

(Lo)

0
- (bl-bl) |E.+K—l cos-:l + a.l¢l' +'b;l I—{-]aisin;é ag
2

Thus for each cycle of @, the K-B epproximation is a damped epicycle with
1 5 given by Eqs. (37) and (39) and with frequencies,

.j" equal to ¢J' + ﬂrJ' where the \lrJ' *s are given by Egs. (38) and (40).
The demping exponents predicted by Eqs. (37) and (39) for the linear case
are precisely those given by Egs. (20 - 21).

demping exponents, &

If "52 and ﬁ{)l had been chosen to be the average values of a, and bl
instead of their wvalues for zero amplitude motlon, the expressions for ¥ J'
would have been simplified. The implicaticns of such a cholce are
described in Appendix C. In most cases, however, the adventages of this

cholce do not outweigh the alpebralc complexities which are introduced.

17



. 4. APPLICATION TO MISSILE YAWING MOTION

With the aid of the :preceding two sections on the approximate
solution of non-linear equations of the eplcyeclic type, the problem of
honalliesa. yawing motion of a symmetric missile in free flight can be
easily hardlefl. For this case the complex plane is the planel perpen-
dicular to the missile's axis. The complex vector, A, lies on the
intersection of this plane with the plane of the yaw angle with magni-
tude equal to the sine of that angle. In Reference 6 it is shown that
the general equation of yawing motion in a non-rotating coordinate
system ig

n £ . —‘. 4t
A +EI+JS-T-:LV] Ao+ EM+2JL' -:I.VT:IA.=G-'Q—¥: (41)

pere 11 < B2 [ x, "2 (K )
woere & =g L~ Kp vy Ky - MKy
£ =|/£ - & (cosine of yaw angle)

5 = V&f (megnitude of sine of yaw angle)
.2
- . }cl u)ld
== —
K2 u

3
_pd i =2
3
pd -2 -
R

2
3 o
gt =8 [GKL; L ey

L m a5

3
_ pd -2 -
G-g'-I:T (X - Ky KH)-Jg+iVy

18



(g +igg)d
¥ = 5 - Jg)\.
u

kl axial radius of gyration in calibers

k2 transverse redius of gyration in calibers

p denslty of alr
d dlameter
mI Imass

w, axial spin

u magnitude of velocity
gT trajectory component of the gravitational acceleration

85> 35 components of gravitatibnal acceleratlon perpendicular to
nissile's axls and the Ki‘s are aerodynamic coefficients which are
defined in the Table of Symbols. Since only the homogeneous equation
has been considered in Sections 2 and 3, the dlscussion of the inhomo-
geneous part of Eq. (41) will be deferred to Appendix A.

The most common non-linear forms of Eq. (41) arise from a
dependence of the aerodynamic coefflclents on 52. Since any function
of 8° 1s an even pericdic function of ¢l - ¢2, its Fourler series
expansion 1s 2 cosine series and, hence, most of the sine terms in
Eas. {37 - L40) vanish.* Egs. (37 - 40) can be written as

| (k2)
¥t = 2u(3 a )J’ M(B )-M(O:H; +— cos ¢] - E —K-gsin ag
(43)

¥y' = 2::(3 a, ) J’ M(a )M(O):H: + == cospﬂ El —lsin;é ag

*
Since £' and JL' are the derivatives of even functions, they are odd

functions and so have sline expansions. . For these.guantatmes oniynthe
sine_ terms. haye non-Zero contributions.. "

19



2x

K -1 [ l: Bo
_ = (6 )+J 2 +¢2‘ E__ cos | - v T(S ) |1 + 7 cos 9
Kl 2“(51"6/2') . ] ]
- £JL —= sin } = -0, (K ,K,) (44)
2] el e [ ]
= (6 )+J B' +¢ ' —=cos f] - v T(6 ) + ——cos
K, . 1 K
2 x(ﬁf -$.4) .
K
+ A K—; sin ¢} af = - a,(K;, K,) (45)
where
BJJ =§ [:i' |/F2-1+1£| and’
vC - by 7 0
Since oq o
}_J‘ zrsin¢d¢=-l—J (]';62)' sin¢d¢
25 . e 2n o (1 - 52)
2n
= %? S K.X, sin2¢ (31' - Ez')(l + 52) ag
0

(51'-32') KK, (1+ K12 + K,22)
5 y- and

The inequality ;2 - WM > 0 is equivalent to the requirement that the missile
be gyroscopically stable.? Far positive spin, ¢l' 1s the larger frequency
end 1s usually called the nutational frequency while @.', the smaller
frequency, 1s called the precessional frequency. On page 19 of Ref. G,

it is shown that this use of the terms "precession” and Pnutation" is not
compatible with their use in the theory of the top.

20



ng - ¢jt + ¢Jt
then (7)
~ 2x T
. A ¢2' Kg (l+Ki + Kg) 1 j{- B 5 7] K2
r Ld - M(® )-M(0)| (1 + =—cosff)d
g 2% - ), M| @ e
5 (1l 2 )
1 +K 4] ~ = K
¢é = Bé - - 1 2) + 1 ‘f‘ M(52)—M(O) (1 + lcosﬁ)dﬁ
' 2 2ﬂ(ﬁ1 - @g) 0 = _ R;

Although Egs. (47 - 48) for the equivalent linear frequencies* are of
some interest, the primary concern of a designer 1s the behavior of the
amplitude of the motion. For the type of non-linearitiles which are usually
encountered, it will be convenieént tb. déscribie.thid motlon.ln .térms of.
the squared amplitudes of each mode. In the more detalled analysls that
follows we will meke the convenlent but not necessary assumptions of
linear damping moment . and linesr 1ift force (H = constent, J.' = 0).
Eqs. {44 -45) then reduce to

L

(Kle)' 2 2
—T o K ) (49)
1
(K,
1«:‘22 - -2, (%", %) (50)
2
" en X
(H + Jg) - EE ,S- v T(62) 1+ EI cos @ | dg "
a = ?\J " (51)
¢l' = ¢2'
- 25 K
(H + Jg)¢2' - %E .jo v T(BE) [} +»E§ cos é] ag
% = ~ (52)
¢2ﬂ_1 _ ¢l|

These frequencles are measured in the non-rotating ccoordlnate system.
The relatlions between the non-rotating coordinate system and the fixed
plane coordinates are given in Reference 6.

*%
In Appendix D the interesting special case of & non-linear damplng

moment and zeroc spin 1s consldered.
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2 2
& = Ki + K2 + 2K1K2 cos @.

' 5. THE AMPLITUDE PLANE
In Reference 6 the analysis of non-linear spark range data was
developed in some detall. The yawlng motion over the relatively short
flat trajectory under observatlon was assumed to be epicyclic with
constant frequencies and demping exponents which were related to the
appropriate effective magnitudes of yaw. For the cubic Mggnus and
static moments, which were assumed, Egs. (47 - L48) and (51'— 52)

reduced to¥

B m v ae®
pragr -2 2. 271 (53)
1T AR
~o D 2
¢'=.E'_¢1'K1-M2(K22+2Kl) (5)_'_)
5 >
2 a’ar_@’li
c;>:l=cz:|_0+c1cl.‘2 (K12+2K22)
~r _ (55)
CEHP -V E30+T2(K12+2x22£|
K
A = Upg + Qpy (Kee * 2K12) (=6)

Hga' -V [To + T (Kee * 2K122,
%/2: - ¢1'

*
The uertie terms in Eqs. {47 - 48) are omitted for & £ sin 150.
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where

n
M= E 2 k2'2 JMé 52K -+ My + M, 52
k=0 k
n
T = : 5. -x"%; 57K 1 41 8o,
. Loy 1 Ty 0 2
k=0
3
. _ pd”
J Jf “m Ki'

Using Eqs. (53 - 56) a large number of spark range firings were analysed
wilth outstanding success. The swerving motion was treated in a similar
fashion and cubic 1lift force and cubic Magnus force coefficlents were
obtained which showed excellent consistency wlth thelr corresponding

moment coeffliclents.

Although this work on spark range firings was so successful, 1t
suffered from its limitations to cublc non-linearities and short portions
of trajectories. In Reference 6, the influence of polynomiel’expansion
of M and T was cslculated up to 14th degree polynomiels* and Egs. (47 =
418, 51 - 52) will apply when M and T are arbitrary functions** of 62.
Thus the basic limitation is the restriction to short trajectories.

%  The effective yaws of that report are related to the Integrals of
this report by the definitions

25 X
2k 1 2k 2 .
I:S ]el = 5= J ) l} + K_]_ cos 9."] df Jand
0

21

X
[52}i, oo = 'E.:-E j 5k E_ +I,-i cos ﬁ{l age.
0

In Appendix B effective values of negative powers of d are computed
and a possible use indicated.

5
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Thls restriction lies in the assumption that the yawlng motion 1s
€plcyclic with constant frequencies and constant damping exponents.
(These constants depend on the effective amplitide of the motion))

A study of Egs. (49 - 50) shows how this restriction can be relaxed.
The theory requires that these quantittes be constant over a reriod of
2 but they may vary over longer intervals. Dividing Eq. (50) by Eq.
(49), we can write a single first order non-linesr equation for this

verlation
(5 Ak Ko (K5, K2
> = 5= T3 > (57)
(Kl )' d(Kl ) K—_L al (Kl > K2 )

Equatlion 57 describew the character of the yawing motion by meens
of the movement of a point in the K12, K22 Plane which we will calt the
amplitude plane. For any point in this plane the equivalent linear
frequencies and demping exponents cen be calculated and thus, except for
the phase angles, ﬁdo, the motion is completely determined. As will be
seen, this amplitude plane will have & number of similarities with the
phase plene assoclated with the one degree of freedom problem. Although
the usual four dimensional phase space associated with two ‘degrees of
freedom: reduces to three essential dimensions for the epicyclic subset,
i1t will not in general reduce to two dimensions and, hence, the amplitude

plene is definitely not a phase plane.

Differential equations of the form of Eq. (57) have been treated in
some detall by Poinca.relo who showed that the essential properties of
the solution curves sre fixed by the locetion and type of th#lr singularities,
Singularities are points for which both the numerstor and the denomtnator
of the right side of Eq. (57) vanish. They cen vanish in four different
ways.. These ways correspond to the following potntss

(1) the origin;

(2) +the Kl2 intercepts of the %, = 0 curve;

(5) thé K22 intercepts of the @, =.0 curve; and

(4) the intersections of the zero damping curves @ =0

and a., = 0.
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According to Poincare's classification there are four possible types
of first order singulaeritles; nodes, saddles, spirals, and centers. In
Fig. 1,a node and & saddle are shown, while a spiral appears in Fig. 35b
and a center in Fig. 4. The particular furve along which the actual
yawing motion moves 1s determined by the initlial modal amplitudes as
specified by the 1nitiel conditlons. If the coordlnates are translated
so that the singularity 1s at the origin, Eg. (57) has the form:

dy ax + by + P(x, ¥)
dx ~ ex + dy + Q(x, y) (58)

where* ad - bc # O and P and @ vanish to at least the second order at
the origin. The criteria for the type of the singularity can now be
stated in terms of the coefficlents a, b, ¢, d and their discriminedd
D= (b - c)2 + 4 ad, (See page 44 of Ref. 11,)

I. The singularity 1s a node if (1) D > O and ad - be &£ O or
(2) D = 0. (Note that if ad = O, it is a node if Be>@.) = .

II. The singularity is a saddle if D > C and ad - bec 7 O.
IIT. The singularity is a spirel 1f D £ O and b + c £ O.

IV. The singularity may be a center if D L0 and b + ¢ = 0;
otherwlse 1t 1s a spiral. The higher order terms P and Q@ must be

1
consldered for a final determination.

For Eg. (57), the character of the singularity at the origin can be
easily determined stmce a and d both venish and b and ¢ are the linear
values of the demping exponents Qsqs alO'
these damping exponents are of the same sign (aldxeo 7 0) and a saddle
£ 0). In Fig. la, the first

and in Fig. 1b, the second for

The orlgin 1s a node when

when they are of opposlte slgn (aldxgo
possibility is shown for | | = | o)
|°‘10|¢ |a20| 1 shown. The direction of motion is not shown since this
depends on the actual sign of the damping. If, for example, both exponents
are positive, the origin is a stable node and small amplitude motion must

damp to zero.

+*
If ad - bec = O and the origin is & singularity, then the singularity is
at least second order and the P and @ functions must be considered.
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The singularities on the Kl2 or Kée axes can be located by consideration
of pure mode motion. They are, however, very important for "almost" pure
modes as well, For pure nutational motion, i.e., (K‘E,2 = 0}, Eq. (51) reduces
to

g -7 ox,%)
i 2 0)=(H+Jg)¢l v T(K,;

(.5, (59)
171 81, _ 5;'

Similarly for pure precessional motion,

e - 2
Y _
(H+Jg)¢2 v T(KE )
BJE' - a’ll \
Egs. (59 - 60) could have been obtained by taking the expressions for

linear damping and replacing the constant Magnus moment coefficient by
its actual non-linear dependence on 62. This is the process used in

2
a2(0, K, } =

(60)

Refs. 1 and 2 in their treatment of pure mode motions.

In order to consider motion near a pure mode of amplitude K,

T(S ) must be expanded in Taylor series about this amplitude.

e (8% = oK) + T (KP) (82 - KB) (61)

' Substituthng Eq. (61) in Egs. (51 - 52),

5 5 (H+Jg)311 -v T(K2) - ?T'(KE) [Kle + 21{22 - K21 (62)

a (K sy K ) =
171 2 P2 A
o2, (B8 9n08) - T () [i? + 2 - x‘?]
ae' = 31'

2
where the point (Kl , K22) is near elther (K2, 0) or (O, K2). If
gingularities on the nutationsl axis (K22 = Q) are considered, their location

heyobkoobitained bytsewtdng/Egst{59) Bquali>ed rerzeroTdebdeifyifigl spchuan &
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singular point by the coordinates (K2, 0), Eg. (59) becomes

(H-igg-)'dll - ¥ T(KQ()J -0 | (64)
5&' - %;1

If Eq. (64) 1s substituted in Egs. (62 - 63),

ay (Kle, K22) =- A ,:(K12 - K - 21{22:' (65)
a, (1(12, K22) = E{Ng + AKE] + A E{ee + 2(1{12 - Keﬂ (86)
where A = v T"(KZ) Substituting Eqs. (65 - 66) 1n Eq. (57) end shifting

2
the origin to the singuler point by the trenslatlon x = Kl2 - K2, y = K2 s

we gee that

; y (H+Jg + A.KE) + Aly + exﬂ

= - (x + K°) [ A+ 2y)] e

.e=0 S

b = HAT 4 A a = - eak, (%
and

D = (ﬂ.&\;fg +20K°)° 2o (69)

According to relation (69) the singularity must be elther a node or a
saddle. It wlll be & node if A(H+dé + AKE) 1s negatlve and a saddle
otherwlse, Conversely,lf the singularlty is on the precessional axis,

it can be located by setting Eg. (60) equal to zero. Since Egs. (59 -60)
are symmetrlc in the subscripts 1 and 2, the test for type of slngularlity
can be obtelned by interchenging subscripts in the above discussion.
Therefore, the precessional singulerity will be a node 1f -A (H+Jé - AK2)

1s negative and a saddle otherwlse.
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The situation for singularities which are not on the coordinate axes
is much more complex. In order to treat these singularities it is neces-
sary to know much more than the value of T and T' at a polnt. To illus-
trate the proper procedure for handling these singularities the possible
emplitude planes for a cublc Magoue moment will be discussed 1in some detall.

According to Egs. {55 - 56) the curves of zero demping are lined des-
cribed by the following equations:

|
o

2 2
g * O, (K7 +2K,7) = (70)

(11)

no
l—l
~—r
1
R

. Ha;_'-;'l‘o
where C!lo— al| -a;‘
H 3;' -v To
-?Ta
Fo = = Opp = 3;7}5;7 .

The intersection of the lines 1s a singularity and i1t has coordinates
+ Eaéo o, + 20

(0
10 ) 20 10 » In addltlon to this there are singularities
25 -3,
%0 %0
at the origlin and the pointsf{- — , 0] , Oy — ).  These three
%0 %o

singularities cap, however, be treated by methods alresdy developed.

Slnce only the first quaedrant of thelanplstude plane hag. phyéicelimesning,

the intersection of the zero damping lines has importance only when 1t
lles in the first quadrant.

Q. + 20 Ay~ + 20
10 20 20 10
~3a, % T3a, 7° (72)
12 12
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a2

9«
If these are multiplied together and divided by - 122 , then
2q
20
1\
>C 0 (73)
., ,-2<a—<-§ (74)

20

Comparing inequality (74) with the original inequalitigs (72), we see that

the intersection will be 1n the first quadrant when lies between

20

1
- 2 and - 5 and %50 has the same slgn &s Xoe

In order to classify this singularity Egs. (55 - 56) are now placed

in Eq. (57) and the origin is translated to the polnt of intersection by
o .+ 2 Qo T2
the translation x = K2 « 20 20 NEER AL 10
1 3 a12 2 a

_ (a20 +2 alo)(y +2x) - 3 P (v + 2x)y

o= (75)
(alo +2 aeo)(x +2y) +3 oo (x + 2y)x
The coefficients of Eq. (58).can now be obteined from Eq. (75).
& = 2(ay, +2 ) ¢ = Q)+ 20y,
(76)
b =ay, + 20, d =2 (a5 +2ay,)
‘. D=33q +78aa +33a2
10720 20
(77)
%0
= + 1.812 g t 952
20
ad - be=3a,+2ala, +2a,) {78)
b+e = 3(a10 + Oy (79)
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If the polnt of intersection lies in the first quadrant, bc - ad must be
always positive. Applying the criteria for singularities to relations
(12, 75 - 77), we can make the followlng statements for the singulerity
at the point of intersection.

Q

Q

(1) It is & node if - 2 <a-l—0 S.1.812 or - .552‘:‘% L -~ .5,
20 20
0 (04
(2) It is & spiral if - 1.812 <20 & = 552 and =20 £ . 1.
Q x
20 20
%10
(3) Tt may be a center if 5— = - 1. (An application of the criteria
20

of Ref. 1L shows that i1t 18 a center.)

In Figures 1 - 4%, g1l but one of the possible different amplitude
planes for a cublc Magnus moment have been drawn by the EBL Analog
Computer. If ald220 7 0, the origin is a node and only one of the lines
of zero damping falls in the first quadrant. Since the intercept of this
line has to be & saddle point, the amplitude plane 1s that shown in Fig. 2.
This figure shows & characteristic property of non-linear equations,
namely & dependence of the form of the solution on initisl conditions. If
the origin is a stable node, the motion is down toward the Kl2

hence, for certain initial conditions, the motion goes to zero while for

others 1t goes to large values of Kl2.

- axis a.nd.,

If &) Pag &£ 0, the origin is a éaddle ifd elther both lines go
through the first quadrant or nelther doed#i - When both lines go through
the first quadrant but do not intersect there (Fig. 3a), our criteris
reveal that the singulerity on the line closer to the origin 1s & node
vhile the other singularity is s daddle point. Thus, for a stable node,
the yawing motion can approach & limit cyecle of circular yawlng motion

or diverge to large values of K 2 This 1imit motion 1s & second

1
property of non-linear equations.

-

¥*
Although Fig. 1 was drawn for the linear equation, the amplitude planes
for non-linear equations whose only singularity is located at the origin
arequite similar to those shown.

*k
If neither line goes through the first quadrant, the emplitude plane is
slmilaer to that shown in Fig. 1b.
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If the zero deamping lines intersect in the first quadrant and aloﬁago % 0,
the intersection must be elther & node or a spirel. For this case the three
singularities on the axes are saddles as shown in Fig. (3b). When the
intersection is a node, it lies close to elther axls and so this case is
not shown. The limit cycle predicted for a stable node or splral 1s now
a limit eplcycle. In other words, for a wide range of initial conditilons
the motlon should eventually be epleyclic with certain fixed values of
amplitudes and no damping. Because of symmetry considerations, thecspecial

case of Q).+ Oy =-0’has to be a center and this is shown in Fig. 4.

6. COMPARISON WITH NUMERICAL INTEGRATIONS

After developing the technique for treating non-linear fourth order
systems of a certain type, it is natural to wonder how well 1t would
predict actual motion. Fortunately,the exact fourth order equations of
motion for a missile acted on by non-linear forces and moments have
already been programmed for the NORC computer at the Naval Proving Ground.
In Reference 8 there are described a number of calculations which were
made to investigate the effect of initial conditions on the character of
the yawing motion. Since these calculatlons involved rather large
yvarylng yew of repose and a non-constant v, the comparison of theory
wlth these calculations will be deferred to the appendix.

Dr. Cohen and Mr. Hubbard of NPG offered to make a number of speclal
runs.es & crittcal test of the equivalent linearization theoryl. It was
felt that the prediction of 1limit eplcycles was an essentially new
prediction and that this prediction should be checked. Two cases of
ten NORC runs each were considered. For both cases the Magnus moment
wes assumed to be a quintic function of & and all other forces and

moments were assumed to be linear.

. 2 i
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In Reference 6 it is shown that the effective values of 8l+ are

[5ﬂ‘el_,; Kll+ ¥ 6K12K22 ¥ 51(21‘ {81)
[éﬂe2 B KELL * 6K12K22 * 5K14' (82)

", @ =0+ al2(K12 + 2K22) + alh(Kll+ + 6K'l2 Ké?iﬁijeu) (83)
0y = apy + (K, + 2K%) wap (kY 4 6k P2 -3 Y) (8w

where ¢ = - = ——
14 24
al"'a;'

Thus the locl of zero damping are now hyperbolas.

The two sets of serodynamic coefficients and spin were selected so
that the left branches of the zero damping hyperbolas fell in about the
same location &s the zero damping lines in Figures 3a and 3b., The other
branches were far enough to the right that they could be neglected for
small yaw conditions. The exact conditions of these two cases are
given in Table 1 and the locetion end type of their emplitude plane
singularities are given in Table 2. (Although the large yaw singu-
lerities are listed in Taeble 2, these points are not important in this

discussion. )

The initiel conditions for Case 1 were selected to lie to the left
of the dashed curve in Figure 3a. It was, therefore, expected that the
motion would quickly become a pure precessional mode with amplitude..0818.
In Table 3,initial values of KJ.2 ere tabulated with their values* after
18,000 celibers of travel. From Table 3, we see that the final values are
close to the predicted point. In Figure 5, the final values at 18,000
calibers are Plotted on a greatly enlarged scele to show how the motion

is slowly approaching the pure mode.

¥
The amplitude of the modes may be easily calculated from pairs of
successive stationary values of 5. (Bmax =K, +K,, Smin = |K1 - KB‘ ).
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TARIE 1
Parsmetric Values for NORC Runs

Both Cases
v = .0055 lO5 TO = - 1.30
10°% = .400 10° T, = 1%
_ b _
Jg = 0 107 1) = - 985
Cage 1 Cage 2
10°M = - 4,16 - 2.08
2x - S L48 calibers 500 calibers
AER
TABIE 2
Location and Type of Singular Points
Case 1
2 2
Ky Ko K % Type.
0 0 0 0 saddle
.119 0 L0141 0 saddle
0 ,0818 0 . 006686 stable node
381 0 L1449 0 saddle
0 . 390 0 1523 saddle
257 .162 . 0660 L0261 stable spiral
Case 2
0 0 0 0 saddle
115 0 .013%2 0 saddle
¢} .088 0 L0075 gaddle
. 0268 L0784 ,00072 .00615 stable spiral
382 0 1458 0 saddle
¢} .389 o} 1514 saddle
250 169 L0625 .0286 stable spiral
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Runs

W o~ g N

[
o

TABLE 3

NORC Results for Case 1

Initiel

2 2
10 Kl”

. 0392
.0400
4096
.0655
.0610
.0132
000k
2601
0071
.0036

1%,

.5083
. +5069
1823
1.2343
.5520
4761
4900
.1109
1.2144
.5256

1

. 0069
.0046
.0031
.0079
.0058
.0021
.0002
.0015
. 0061
.0010

Final '

10%, 2

J;021(22
6512
6561
6577
64614
6529
6577
6642
.6610
6529
6626

From Table 2 we see that the smell yaw limit cycle for Case 2 is a
zero-demped epicycle with amplitudes K, = .0268, K, = .0784. Five pairs

of initisl conditions were used.

Although both members of a pair had the

same 1nitial modal amplitudes, the first member was initially at the
The equivalent linesar
theory makes no distinction between these initisl conditions and the

maximum yaw while the second was &t minimum yaw.

NORC computations seemed to verify this characteristic.

amplitudes are given in Table L.

13,

TABLE b

The actual initial

Initial Squared Amplitudes for Case 2

! o
.0268 0784
L01l] .0784
.0700 .0500
.0100 .1380
.0194 .0825
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2

10 Kl

.072
.020
1490
.010
.038

102Ké2
.615
.615
.250

1.904
.681



Once again computer runs of 18,000 caliber duration (30-1/2 maximacof
yaw) were made. In all cases the motlon became an eplcycle with zero
demping and the amplitudes of both modes egreed with the theory to four
decimal places. Since runs 11, 12, 15, 16, 17, and 20 had initial ampll-
tudes near the limit amplitudes, they attained their 1limit vaelues rather
rapidly,i.e., in less than 5,000 calibers. The remaining runs required
the full distance of 18,000 cellbers.

In Figure 6, the complete amplitude plane for Case 2 1is presented.
The small yaw position together with the initial points for runs (13, 18}
and (14, 19) are shown in Figure 7. The time history of the amplitudes
for runs 13 or 18 were calculated from Egs. (49 - 50) by the Exterior
Bellistics Anslog Computer. The values of the two modal amplitudes bétween
guccessive maxims and minima were computed from the exact NORC calculations
for Run 1% and are compered with the analog computer results in Figure 8.
The sgreement 1s quite good.

As & final check of the theory it was decided to verify the predicted
location of the separatrix for Case 2. (This 1s the dashed curve in Fig. 7
which separates the large yaw trajectories from the small yaw trejectories.)
For a value of K 2, velues of Kl2 were chosen which bracketed the predicted
Kl2 of the separatrix. This was done for two values of K22. AIthough -the
theory predicts that the results are independent of relative phase of the
modes, runs. were made for modes both initially in phase and initially out

of phese. The values of K12 which were selected are glven in Table 5.

Exect six degree of freedom calculations were then made on the NORC
for these initisl conditions. The results for 3000-caliber long tra-
Jectories fell into two groups. For one group the yawing motion decreased
while for the other it grew. For one run it wes not possible, on the
basies of the first 3000 calibers, to decide to which group it belonged.
These three possibilities are denoted by S (steble), U(unstable), and
N (neutral) in Table 5. As can be seen from thaet table, the agreement
with the theory 1s excellent.
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TABLE 5

Trajectories to Locete Separatrix

K 2 K1‘2 In Out of
2 I Phase Phase..
.006 .00800 g S
.Q06 .00825 S S
.006 .00850 S S
. 006 . 00875 S S
.006 .00900 N u
.006 .00925 U U
Predicted K12: .00895
012 .00450 S )
.012 .00475 S S
012 .00500 S S
.012 .00525 S S
.012 .00550 S U
.012 00575 U U
.012 .00600 U U
Predicted Kle: .00555
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7. BSUMMARY

1. A subset of the set of fourth order linear systems with constant
coefficients has been identified and its importent property of an epicyclic

solution descritbed.

2. An approximate solution has been obtalned for a class of non-

linear equations which can be linearized to members of this subset.

3. This solution was applied to the equations of yawlng motion of a
symmetric missile and the very useful concept of an emplitude plane intro -
duced.

4, The predictions of the approximate theory have been compared with

exact results and excellent agreement has been obtalned.
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APPENDIX A: DISCUSSION OF THE INHOMOGENEOUS EQUATION

In this appendix the stability characteristics of the inhomogeneous
equation will be considered. Since for constant spin a small aerodynamic
asymmetry12 has a form similar to the gravity term in Eq. (41), the treat-
ment will be general enough to cover both cases. More Precisely, we will
conslder the following differential equation.*

A+ (H+Jg -V - M+ AV T = T etV (A1)
1y i(VP + ‘Ifo)
where Jle e 1s either G or Jele e
d
e
u
G 2 (E%) cos ©
u
J = L‘E tv (1 - é) k, -2
€ m v B Kﬁe -k Ky

€

KN i1s the asymmetric force coefficient
KM is the asymmetric moment coefficient

is asymmetry angle
is initial orlentation of the asymmetric force

1s the inelination of the trajectory
18 axial moment of inertia and B is transverse moment of lnertia
The particular solution for the linearized form of Eq. (Al) with a constant

e 1p
V' hes the Porm Ky e 5 vhere ¢5' = ¥' and K5 1s a real constant. (For the

Yaw of repose case ¥' = O; for aerodynamic asymmetry V! = v.)

* t
The smell terms %— A? and-ﬁJL'x have been omitted for simplicity.
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s

If H, M, T, and J are assumed to be functions of 62 and the pure mode

steady state solution 1s sought, the problem can be quickly solved. For

this case,
1;235
A=K, e (A2)
5
2 2
8 =K, (A3)
where ¢5 = 950 + ¥' p.
Substituting Eqs. (A2 - A3) in Eq. (Al),
C1y (Ak)
15 - E(xf)] oo
B T e v ) mED) v iy w&D) - v [EKD) + 0
-V 3 l:v 3 - [ 3 3]]

For the inhomogenecus gravity term, Eq. (AlL) reduces to

iﬁR -y (§g) cos ©

= B = v A
*r R © M(&Re) v 1y T(BRQ) (45)

vhere A, 1s the yaw of repose{ B = Kz QR = ¢50. On the other hand, for the
emall asymmetry term 1t becomes
19 - ET(K 2ﬂx ewo
30 €\ 3 €
% © i 2(1 5+M(K2)+1 A T(Kz) H(K2) J (46)
VL - B)r M) + v [5 2K,T) - H(KT) - 7]

An important difference between Egs. (A5 - A6) and their linearized
versions is the fact that more than one solution of the non-linear
expresslons 1s possible. 1In usuel practice 1t 1s difficult to construct
an I1mportant example of a multivalued yaw of repose. For misslles
possessing small aerodynamic asymmetries, a multivelued trim angle 1s
quite possible. As is shown in Figure 9, which is based on Egq. (A6)

for a common non-llinear static moment curve, the well known linear
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resonance curve 1is quite distorted and for certain spins three values of

K3 are possible.* This non-linear response curve possessesithe.cheracteristic

non-linear property of jumps between roots where the curve possesses &

vertical tengent.

In order to treat the more general case of mixed oscillations, we will

make use of the direct substitution method of Reference &.

written for cubic non-linearities in M, T, and J,

" — > o
Ao+ (H+Jg-1v)xr - [;; + M, 5 + 1v (T0 + T, ) j] Y

- i(vip + V)
2 ‘ 0
=|§5 + J2 o xe e

ig if
A= Kl e“-} +K, e 2 + K3 e
2 — P 2 2
8 =AM = Kl + K2 + K3 + KlK2
1(@.-9.)  1(9,-8,)
+ KjKl [; 571 + e 173
-aJp
where KJ = e
J=1, 2
- 1
=Py 8y'p
K3 = constant and
¢5 = ¢50 4 P.

1(9,-9,) 1(¢2-¢lj‘
e + e

K2K§

If BEq. (Al) is

(AT)
(48)

e

(49)

*
It 1s quite likely that the middle value of K, is unstable. This is the
case for the single degree of freedom case. ?Séé,Réfa 11 and 13.)



If Eqs. (A8 - A9) are substituted in Eq. (A7) and terms of the same

frequency are collected,

g
- (m, + 1V T,) [62]61 - g, [BEJeil ei(ﬂro ) ¢5°Z\

ig
+K, e 2 E— a, + i¢é')2 + (H+J8 - 1v){- a, + i¢2') —(M0 + iy TO)

ip '\
K e 1 E—o.':L + 15'!51')2 + (H +J_ - iv)i(- o + 1561') - (MO + iy TO)

- (M, + 17 T,) [62](32 - 3, [Bz}eje A ¢5°S‘—|

19, 2 _ _
+ e - v +1¢'(H+Jg-iy)-(mo+1v'ro)

- (M2 + iy T2) I}’E]eg K5 - [J + 1, 62]9_55 €e 0 ) ¢50)

-E=0 (410)

where [82_ el K12 + 2K22 + 2K52,

[52_- e2 K22 * 2K32 * 2K12’
[BEi e’ K§2 * 2Kl2 * 21{22’
[62— e3l =E2:|e52 = K3k

2

o] 2 2
[6_833 =Kl +K2 +K5 , and

41



1(2p,- 2p. -
=[%2 + 1y Ié] {;lxee e (30200 + K12K2 ei( Picte)

i1(2¢_- i(2¢_ -
+ K2K52 e ( ¢3 P2) + K22K3 e S ¢3)
2 1(2¢ ¢3 1(2¢3-¢l)

+ K§Kl + K3 Kl e

1(¢l+¢2-¢3) . ei(¢2+¢5'¢l) . ei(¢3+¢l-¢2))

+ 2K1K2K3 (e

1(¢O + ¢'P) 1(¢3'¢2) i(¢3-¢l)

+ J.A_ e K2K5 e + K. K, e

27e 13
SO ei‘%"”lﬂ |

+ KlK2
If certain isolated sets of frequencies are avoided*, the error term in
Eq. (A10) will contain frequencies which are different from any of the
"primary" frequencies ¢J'.

to the non-linear equation has the same form ss the solution to the

Making our usuel assumption that the solution
linearized equation, we neglect the error term E in Eg. (A10) and replace
the local amplitudes, Kj’ In the coefficients of cubic terms by their

average values.

-

. (- o, + 1¢J')2 + (H + Iy - iv )(-cxJ + 1¢J')2 - (MO + 1y TO)
1(¥,-0. )
- (M, + 17 T,) [5%]ej A [??]eﬁj e 9734 (an)

(J = 112)'

1¢30 _ - []’ + J [52]e33]k e
V(YY) + My + M2|:52:| +1 |jv(t['0-l-‘I'2 [52_-1 )-¥! (H+d, )—l

K, e

3 (A12)

*
The cases which are to bé avoided include stability factor equal to one

for which ¢l' = ¢2' and resonance for which either ¢ = ¢ or ¢ 1 ¢2'.
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Egs. (All - Al2) may be extended to handle more general non-linearitles by
the use of higher order polynomiels in 52. In Table 6, values of[éeé]el

2
and [é %]e3l’ vhich were caltulated by an slgorithm similar to that used

™ oK [21;]
e2’ 5 _|e3’ and |5 e?’2

in Ref. 6, are tabulaeted for k = 1, 2, 3. [;2%]

can be obtained from [%2%]31 and [%2%]e3l by replecing 1 by 2 or 3 in the

2k
*
33 is the symmetrlc part* of _? ler®

An important feature of thls three frequency problem can be seen

subscripts while [EER

from Eq. (A9). According to this equation the non-linearities are
functions of three difference frequencles. These difference frequencies
are linearly dependent, and, therefore, this treatment is essentlally an
average over two frequencles and suffers from the hazy physical meanlng of

such & process.

As an application of Eqs. (All - A12) we will consider the amplitude
plane for a quintic Magnus moment as modified by a constant yaw of repose.
If Egs. (All) are modified for a quintic Magnus moment, it follows from
thelr imaglinary parts that

. 2 it | |
ay = oy + @y [y + gy {8, ' (a23)
(H+J)@gr -vT

where @ o= . B J ! 0
J Y L
J
- VT
aj2 =__2__—
2¢J -V
-V T
Ct'jh - E
2¢J‘ - v

»*
This symmetric part i1s identified by braces in Table 6.
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T

TABIE 6

[52:[&1 ={K12 + 1{22 + K32 + (K22 + K52) = Kle + 2(1{22 + K52)
2

2 2 2 2 2 2 2 2 2 2 2 2
=(Kl + K, *+ Ky )(Kl + 3K, +3K5)+2(K1K2 +3K2K5 +K3Kl;)

3
6 2 2 ) 2 ) 2 o 2 2 2 2 2 2
E’]el": ‘&Kl + Ky o+ K5 ) o+ 6(Kl. + K, o+ K5 )(KJ_ZKE + K221(3L + K5 K, ) + l2Kl K, K3

2 2)21{2
1

+ 5(1{12 + K22 + K32) (}(,22 + K52) + 18(1(12 + 1(,22 + K52)K22K32 + 5(1(22 + K5

[62:|e51 = Kzhe

I 2 2 2
[5 ]eﬁ = 21‘:3;';E (Kl + 2K, + K5 )

s

il

2 2 2 2 2 2 2, 2 2 2 2
5K3x€ EKJ_ + K, +K5 )(Kl +5K2 +K5)+2K2 (Kl +K5)+K1K5]



1
™
+
1]
-
+
N
o

52} 2 2 .. 2
el 1 2 R
q
[,

T2 2 2 2
]_6]82—1{2 + 2K ° +2 8, snd

R
=n
LBJeE

In most cases the effect of T on BR is small. From Eq. (A5),

v_gd cos 6

u M

' 2
(6, + 6,57+ 3" + 68,706 % + 207) 43 6"

(k6,202 ¢ 3x%) 46 8.2 (1,7 v 2,7) 43 8

B =

. : (A1)

Eqs. (Al3 - All) can now be used to interpret the results of Ref. 8.
The aerodynamic coefficients which were used in that reference are listed in
Table §,. Although B number of spins were considered, we will limit our
attention to vy = .0055. The quintic expansion of the Magnus moment was
good up to 14° and so only the small yaw singularities are listed.*

TABLE T

Paremeters Used in Reference O

1051{ = .928 103’1‘0 = 2.83
105M0 = -4.10 103"1‘2 = 313
105M2 = -6 lOiTu = -1976
v = .0055 32; = 452 calibers
. t
| V-
2 643 calibers _2n 1496 calibers

(2 2,

" .
Since the fraquencies are not important to this discussion, the indicated
cublc nature of the static moment willl not affect our results.
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Small Y&8w Singularities for
Initial Yaw of Repose of .01l6

K X, K12 K22 Type

0 0 0 0 saddle
1120 0 014l 0 saddle

0 .082 0 .0067 stable node

The actual variation of the yaw of repose as & function of p 1s given
in Figure 10. Since the summit value of the f&w of repose 1s ahout five
times its initiel velue of .0l6, its squaere magnitude grows to twenty-five
times 1ts initiel velue. In Figure 1l the small yaw smplitude plane for a
constant yaw of repose of .0l6 1s shown. The corresponding amplitude plane
for summit conditions, yaw of repose of .100, is given in EBig. 12. Thus it
can be seen that the growth in 6R has the effect of moving pure mode singu-
larities towards the origin and past it.

This variation in SR means that G in Eq. (Al) is & function* of p. If
G and therefore BR changes slowly during an appropriate period of the motion,
it is reasonable to expect that our technique will still ‘apply. According
to Table 7 the shortest period associated with any of the three difference
frequencies 1€ 452 calibers. From Figure 10 it can be seen that for the
first thousand calibers the yaw of repose varles reasonably slowly in
comparison with this period. Since the results of Ref. 8 indicate that the
motion over this distance is sufficlent to determine the character of the
yawlng motion, i1t seems reasonable to compare the predictions of the

equlvalent-linear theory with those of that reference.

In the NCRC calculations'of that report, certaln physical parsmeters
were varied and a large number of trajectorles were calculated for =
varlety of initial conditions., It was found that the computed yawing
motion elther became quite large or damped out. The eritical initial
conditions which separated these two types of yawing motion were determined.

¥ Under the assumptions of Reference 8, v end J_ are also functiohs of p.
Thelr variatlon, however, is overwhelmed by € the variation in & . 1In
any event the remarks made sbout BR will apply to these terms as well.
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The initial modal amplitudes associated with six of these critical sets of

initial conditions are listed in Table 8 and plotted in Figure 11.

Accord-

ing to the theory these points should fall near the separatrix associated
The qualitative description of this saddle

with the nutetional saddle.

point's motion to the left also explains why the point for Case 581 lies
farther to the left of the separatrix than the other points. In all events,

the agreement is quite good.

NORC

Run No. Ki
Stendard .10%
Case

446 .106
479 103
504 101
531 .0%6
581 079

TABLE 8

.060
054
.06}
.062
073

.105

k7

.0106

.0113

.0103
.0092

.0062

.0036
. 0029
.00k1
.0039
.0053
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APPENDIX ﬁ: CALCULATION OF THE AMPLITUDE
PLANE FOR NON-POLYNOMIAL NON-LINEARITIES
Although the results of this report have been stated in terms of general

non-linearities, the applications have been for polynomial functions. These
functions possess the handicap of growing rapidiy for large angles. Most
non-~linear moments either level off or tend to zero with increasing angle.
Since constant moments imply moment coefficients which are proportional
to 6-1, and moments tending to zero can be described by higher negative

powers of B, effective values of negative powers of ® are of some Interest.

The definitions of the effective values of 6m are

2n —
[sm]el = ;_?c [ s |1 +;2I cos P | ag (B1)
o _
2x _
K
[Bm:|e2 _ 51]_1- fo 8" _l +K—;'- cos ¢] ag (B2)

2 2 2
vhere 5" = K, + K, +2K,K, cos . If m is & negative even integer, the

integrals may be computed in closed form by means of Pierce formulas

Nos. 304-306. This has been done for m = - 2, - 4, - 6, - 8, and the
m

results for [??]el ligted in Table 9., The results for [6 ]ee may be

obtained by interchanging the subscripts 1 and 2.

The important cese of[?’%]el, which arises from a constant moment,
requires the use of elliptic integrals. After some algebraic manipulation
we have the result:

I:B-]jel = —I%“E EKl - Ky) B (k) + (K} +K;) Ee(k;_‘ (83)
. ™K,
4 K K
2 12
K= —— (B4)
(Kl + K2)

where El i1s the complete elliptic integral of the first kind usually denoted
by K and Ee'is the complete elliptic integral of the second kind usually
denoted by E.
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|
i,.

2 2
o, 2o
el _ 2|3
I - % |
y o2 2 4
- K KKy - 2K
31_ o) 2'5
|K1 - X

6

6 y 2 2. 4
l}-e R PR K 0K K -0
el 2 _2|"
Kl'K2,

Since the Inverse powers of 62 can not be used to describe aerodynsmic

moments for small angles, the actual moment curve would have to be approxi-
mated by et leest two analytic segments. For exemple the Magnus moment
could be represented by & cublc function of B,for O'ﬁ'ﬁ': Ba’ and a constant
for Ga <8 ﬁ'&b. The Magnus moment coefficient for this case would be

determined by the followlng conditions:

2
= ) ’
Xp -KTO e 0 a (BS)

TN
e

o

o
(11
o
up

o

KT = KTa—l 6_1 ’ a (B6)

-1 2
where KTa-l Ba = KTO + KT62 6a .
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As a consequence of this two segment approximation of the Magnus moment

curve, three different types of yawing motion have to be considered:

(1) ® lying in the interval (O, 63) for which Eq. (B5) applies and the

effective values of \62} can be used to describe the motion;

(2) ® lying in the interval (6a’ 6b) for which Eq. (B6) applies and

the effective values of fB'lf are used; and

(3) ® lying in both intervals for which both equations apply and the
motion calculated by means of Egqs. (51 - 52).

The boundaries of the corresponding regions in the amplitude plane are

SIIIEJC =Kl +K2 = 5&.
®uin = ‘Kl B KE} =5 (B7)
6mza.:-c= K1+K2=5b

These regions are shown in Figure 13,

It should be noted that the amplitude plane for arbltrary non-linear
moments can be computed by numerical means from Egs. {4k - 45). This
integration would be simpler than that of the complete fourth order non-
linear equation and the resulting amplitude plane would display simple
relatlonships between initial conditions and the type of yawing motion.
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APPENDIX C: AN IMPROVED FIRST APPROXIMATION

An important feature of the K-B equivalent linearizeation method which
was developed in the report proper was the use of an epicycle with zero
dsmping &as the first approximation. This was deflned by the equation

nd
1¢l 132

»=Ke + Ky (cl)

where aj = ¢30 +‘33'P

’5,=':‘;2i '1,_‘,’22+4%‘1

J 2

N D ~ ~ A

ay + Mbl > 0 and a2 and bl are the values of a, and b1 vwhen A and A'
are zero.

This selection of a first approximation suffers from the handicap that 1t
can not be near the actual motion for amplitudes which make the non-linear
&, and bl very different from their linear values. In particular, if the
small emplitude values of &, and bl should not satisfy the inequality

352 + 481 » 0, small amplitude epicyclic motion would be impossible and
the first epproximation would not exist. Yet 1t 1s quite posslble that

for certain non-linesrities large amplitude epicyclic motion could occur.

For this reason we will consider, in this section, a better cholce
for the first approximation. From an examination of Bgs. (38) and (40) it
:?n be seen thet these equations could be considerably simplified if ;é and
bl had been selected to be the average values of 8, and bl.' More precisely,

they would be defined by the relstions

2

~ 1

2 = By f e, df (c2)
0
21

~ ]

1= 5 b, df (c3)
0
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Under these definitions Eqe. (38) and (40) would reduce to

2n
-K

2 v ~
Y1 = EF -8, )0." - (b, - Db i}
1 2 (1B, K, L 2" %2 Aot = (b - by)lcos ¢

(Ch)
- (QL'BE' + b2) sin ¢ d4g
2n
v 5 (s, - a,)f " - ( Vﬂ #
1 _ = a. - '« (b, - Db o]:}
2 2“(52"¢1')K2 [2 2771 17 P/ ¢
0 (c5)

+ (al'al' + by} sin § ap

This use of an improved first approximation which is based on defie=
nitions (C2) and (C3) would clearly overcome the problem of non-existent
small amplitude epicyclic motion*. The remalnder of the analysls would be
identical with that of the text. The calculation of the amplitude planes
would, however, be made more complicated by the need to consider the vari-

ation of ¢J' with amplitude,

This definition also possesses the advantage of ylelding the axact
frequency of constant amplitude pure mode motion., This can be seen from
the fact that if damping is neglected, Eq. (25) 1s lineear for pure mode
motion and the linear frequency formule for the pure mode 1s correct.
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APPENDIX D: AMPLITUDE PLANES FOR MISSILES WITH
NON-LINEAR DAMPING MOMERTS AND ZERO SPIN

A rather interesting special case of non-linear damping mdinent is that
for zero spin. Since al‘ = -’aé', Eqs. (44 - 45) assume the simple form*:

2n
K,! K . -
11 B(s?) [1-:2 cos | ad =@k’ KS) (n1)
K Tn K, 1L :

0

en o
Rs_ = - %; Jﬂ a(8%) [} - ;i cos é} ap = - ae(Kla, K22) (p2)
0

If H is essumed to be represented by a power series in 52, Egs. (D1 - D2)
beccme

P:IH
|_l

ii!= -3 Z Eox l}eﬂga ()

2 k=0
n
where H = z ; H X Sak
k-0 2
2n
2k | 1 2k K .
I}ng' 5 jo B (1-chos¢) ag
2x
oK 1 2k K,
E_32=§'E 5 b (- cos ) of
0

*
The small gravity term and small JL' term have been neglected for
simplicity.
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The definitions of [?2%]ej should have a simple relationship with the [%2%183

listed in Table I of Reference 6. If the sign 1in front of the coefficient
of the brackets which éppear in that teble is changed from plus to minus,

this new effective yaw can be computed. For example

[62_1_&1 - %" + Ky - E{zﬂ - x5, (D5)
Eh:lgl

fl

2
(Kl2 + K22) + 2K12K22 - 2(Kl2 + Kéa) [%éé]

lp 2 2 lp (26)
= Kl' + 2Kl K2 - sz.
From symmetry,
2 2
[%-132 =K (D7)
LJ L B 2 2 b
[6 e2 =Ko +A K - K (D8}
Note. If H had been essumed to be & polynomial function of x'le = AN,
an interesting simplification would follow. For ¢l' = - B;', Eq. (3%)
becomes
x'i'=;ﬁj'2 K. + 2-21(1{ cos (5-3) (D9)
1 1 K2 12 172"

(D10)

2x
2k
l:(x'i')glgl =% Jo (Kl2 + K22 - 2K.X, cos ¢)k (1 - K% cos @) ag.

Replacing @ by § + n we, therefore, see that

(A1x1)

1 =7 [621‘] : (D11)
el e
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Returning to: the assumption that H is a function of 52 we now conslder
the properties of amplitude planes assoclated with Egs. (D3 - D4). Since
these relations sre symmetric in the two modes, we expect all emplitude
plenes to be symmetric with respect to the line Kl2 = K22. The first
consequence of this symmetry lies in the fact that the origin must be a

node.

In order to consider other singularities on the axes we expand H in a
Taylor expension about the amplitude K2.

B = 2(K°) + B (K°) ]}2 . KEJ (p12)
R Q) = % H(K2) + H:(K?) [%12 - Kfi (D13)
a, =% H(KE) + H'(I{2) E{22 - KE] (D1k)

If the singularity 1s on the one axis at(K?, 0), a vanishes and from Ef.
(D1%3)1t can be seen that

E(K) = o. , (D15)
Shifting the origin to the singular point by the translation x = Klg - K2 ’
Y = K22, the differential equation for the amplitude plane becomes

dy oy (v~ ) T
T = e ‘ (D16)

x (x + K2)

The usual tests show that the singularity must be a saddle. Therefore,all
pure mode singularities with the exception of the origlin must be saddles.

The case for a quadratic H is quite simple. The damping curves are
glven by Egs. (D13 - Dl&) for K?f::o;LHdrrH(O)'i and H, = H'(;O:). If
H0 and Hé have the same sign, the origin 1s the only singularity. (Fig.
1l4a). If they are of unlike sign, three more singularities appear in the

H
& 0
Pirst quadrant.” The two pure mode singularitdies at (- Ez_ , 0) and
H
(0, - Eeq) have to be saddles while it can be shown that the singularity
Hy  Hy
at (- - =) 1s & node. (Fig. 1Lb).
e K
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For negative HO, this second node is a stable node and the limit motion

1s planar yawing motion with amplitude, Kl + K2 =2 /- ﬁg. For planar
yawing motion, the yaw equation reduces to a real equation in the magnitude

of yaw, B.

8?-‘+(H0+H2 52)51 -MB=0,ML0 (n17)

Eq. (D17) is the well-known ven der Pol Equation and our predicted amplitude
agrees with the amplitude obtained by other methods.*

If a quartic H is considered, singularities can sppear off the exes in
three different ways. In Table 10 the off-axis-singularities for these
three cases are listed and the amplitude planes for cases B and C are glven
in Figs. 15 and 16. (Since the amplitude plane for case A 1s essentially
a distortion of Fig., 1lkb, it 18 not shown}. The limit motion for case C
1s particularly interesting, It is an ellipse with semi-major exis rg + r3

and seml-minor axis r4 - Iy

P

* The interesting character of the amplitude plene for no spin, quadratic
H, and HH, { 0 vwas pointed out to the author by H. L. Reed.

56



TABLE 10

OFF-AXIS SINGULARTTIES FOR H = Hy + &, 52 + : s
Case A
H
— <o
L

2
(r12, ry ) node

(r22, r22) node

Casg C
2 2
lﬂz g B, B,
1 Y2, 0 1 .
= £ = <« I:—] — < 0
B Hh_l H, pr H, H),

(r32, rhz) center*

(rl+ ) Tz 2 center*
where rl2 = -% Hi] v//[%Q
r 2 = - - Hb -
2 B, ay
r2=_132+/3"ﬂj_£l§]
3 n H), B, H),

2]
=
1

. {Hh T Eiﬂ

* According to the criteria of Ref. 14, this point is a center if the cubic
terms which appear in the numerator and denomlnator do not affect the
character of the singularity. Fig. 16 is based on this assumption.
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AMPLITUDE PLANE FOR CUBIC MAGNUS MOMENT (a,,a40>0)
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AMPLITUDE PLANE FOR CUBIC MAGNUS MOMENT (a, = -a,,)
K2

FIG. 4
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PORTION OF AMPLITUDE PLANE FOR CASE |
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SUMMITAL AMPLITUDE PLANE
(REF.8)
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AVMPLITUDE PLANE FOR TWO SEGMENTS
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