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UNDERWATER EXPLOSION BUBBLES III: THE EFFECT OF
THE SURFACE AND THE BOTTOM ON THE SHAPE AND MOTION OF THE
BUBBLE.

by Ignace I. Kolodner

I. Introduction.

In the absence of gravity and in an unbounded liquid, an
initially spherical underwater explosion bubble would remain spheri-
cal at all times. It would perform radial oscillations, while the
center of the bubble would remain at rest, and if the liquid were
incompressible these oscillations would be periodic and undamped.

In our first report, "Underwater Explosion Bubbles I", [1], we
considered a compressible liquid and showed that the oscillations
would then be damped. In our second report, "Underwater Explosion
Bubbles II", [2], we considered gravity and showed how it would
effect the shape of the bubble and also cause it to rise. In the
present report we conslder the effects of the water surface and
bottom in addition to gravity, and show how they effect the shape
and motion of the bubble.

O0f course all of these effects have been considered to some
extent by other authors. However we have attempted in each case to
present a more complete and more systematic analysis than has pre-
viously been given. Thus in our first report we showed that radiation
of energy from the bubble can account for most of observed energy
losses. In our second report we showed that ths observed changes of
shape could be accounted for, at least qualitaiively, by considering
gravity, and that these changes also diminished the rate of rise
and modified the bubble period in the observed manner.

In the present report in considering the effects of the top

surface, the bottom, and gravity, we do not constrain the bubble to
be spherical at all times, as was done in the previous work on these
effects by Shiffman and Friedman (3], and Friedman [4]. We find that
certain effects, which we call effects of lowest order, agree with
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those calculated by the above cited authors, but higher order effects
also occur which were not predicted by them. In particular the change
of shape and its consequences were obviously excluded from their work.
Insofar as our results coincide with the previous results, we believe
that they constitute a proof of the correctness of the previous re-
sults, since our results are based upon a more accurate theory. Of
course 1n addition we obtain new results involving the change of
shape,

The present results are based upon the linearized boundary
condition at the top surface of the liquid, rather than upon the
exact nonlinear boundary condition. This linearization is employed
because it simplifies the calculation, and because it does not affect
the bubble shape or motion to the order of approximation considered
in this report. Nevertheless we are at present considering this
problem, using the exact boundary condition. The results of this
analysis will be presented in a future report. They should verify
the present results to the order considered here, and differ in
higher order.

A discussion of results will be found in Section VII. This
discussion is qualitative to a large extent. Numerical results are
published in a companion report, "Underwater Explosion Bubbles IV -
Surmary and Numerical Results", IMM-NYU Report No. 233.



II. Formulation.

We assume that an incompressible, inviscid fluid bounded below
by the rigid surface 2z = - H and above by the free surface
2= 2, contains a gas bubble within it. See Figure 1. The velocity
%(x,y,z,t) in the fluid is assumed derivable from a velocity poten-

z A tial ¢(x,y,2,t) which then satis-

fles the Laplace's equation

Zo (2‘.1)A4>=0,'1?=Y74> :

, - The pressure p(x,y,z,t) 1in the

QS? water is then given by the Bernouilli
i equation,
7 | |
= 1 2
ﬁ (2.2) p =P, - plh, +3(V )1~ pgz

Here, Po =P, + P8z, , where P, 1s the pressure of air above the
free surface, p 1is the density of the fluid (water), and g 1is the

acceleration of gravity. Thus, Po 1s the static pressure at the

level z =0 ,

The equation of the bubble's surface is assumed to be of the

form
(2.3) F(x,y,2,t) = 0 .

On this surface, the kinematic and the dynamic conditions must be

satisfied, namely

(2.4) VFE « Vb + F, =0 ?

5 on F =90,
(2.5) P =P, - plby + 3(V6)2) - pgz = kv



The last condition follows from the assumption that within

the bubble the pressure is uniforr and 1s rolated to tho bubblo
volume V by the adiabatic relation, pressure = KV 7, with K and
y constants,

At the bottom we have no normal flow, so
(2.6) b,(x,y, -H,t) =0 .

In a precise formulation, the top surface must be also con-
sidered as unknown, and two conditions, kinematic and dynamic, must
be imposed there. For simplicity, however, we assume that on the
free surface, (Y7¢)2 is small compared with other terms appearing
in (2), and that this surface is approximately z = z, at all times,
Since the pressure there is P, s the two conditions are now replaced
by & single linearized condition, bt(x,y,zo,t) = 0 , which together
with the assumption on (§7¢)2 implies that ¢(x,y,zo,t) = constant,

and the constant may be taken as zero. Thus
(2.7) ¢(x,y,zo,t) =0, for z =1z .

This approximation was discussed by Friedman [}], and is commented
upon in the Introduction above.

The mathematical‘problem which we consider is that of finding
b and F satisfying equations (1) through (7), given F(x,y,z,0)
and Ft(x,y,z,o) (1.e., given the initial surface and velocity of
the bubble). Once ¢ 1s known, the pressure field can be computed
from equation (2). We will assume that the bubble is initially a
sphere of radius A and that its initial velocity is radial and
equal to A s & constant. If equations (6) and (7) are omitted (or
if 2 and H become infinite) the present problem reduces to that

o
considered in [2], provided that ¢ 1is required to be regular at



infinity. Here, as in the case of the reduced problem, the assump-
tion of very special initial conditions o the’bubble surface 1s
essential for applicability of our method of solution,

In the sequel, it will be convenient to employ the energy

balance equation, which is a direct consequence of the preceding

equations. Sinco in thc linearized problem thore is actual mass
flow across the linearized free surface (since, ¢Z(x,y,zo,t) # 0),
it is not at all obvious that the total encrgy of the system 1s con-
sorved. This is, noverthcless, truc, and we now proccod to show it.

Dcnote by B, Sl, 52 the surfaccs of the bubble, of the free
surfacc, and of the rigid surface, rospcctively, by V, the volume
of thc waters Lot dt be tho volume clement, dgl- tho surfaco

oloment measured along the outward normal. Multiply cquation (5)

D D
by U . ds and integratc over B , obtaining

(2.8) j(pwt + %(\7#)2] - P+ pgz * KT« ds =0 .
B
This 1s, as we shall show by properly ldentifying various terms, the

desired encrgy cquation.

Let T Yo the kinctic cnergy of water,
,
. :

{
1 2. 1 = _ 1 i Y
-ng(Vi)) d'r—-gpfé’\% rds =30 |4/ - ds
v S B

Here S =B + Sl + S? « The first cquality follows from the Groen's

3
1

(2.9)

thooraom for potential functions, while the sccond follows from “nho

0 , while on the normal componcnts of

fact that on S1 , b

Vb 1s b =+, =0 . Now

[ ]
D
2’



b= b | (V% = Bie | - Tee | wn . a
v B

where v 1s the velocity of tho bubblc surfacc. We obscrve that

(v{) * Vbt) = v ¢ (étvé) = &tAb = v ‘ (&tvg’) . Honco, by

Gauss! Thoorom, the first intcgral abovo 1s 2} b£§7¢ . d3 , which
S

roduces to 2 §‘6£Y7¢ i , sinco on Sl’*t = 0, whilo on 8§, ,

B
¢n % 0 . As to thc socond term, wc obsorve that on the bubblc
vy, T Uy, 8O that, finally,
Ly 202 2 _d .1 ada, (2
(2.10) p j[¢t+-§(v4§) ]u-ds-a-ET—-ép-a-E(th « ds) ’

B B

identifying the first torm in (8).
Lot d§'= - d? » tho surfacc clomont measured along thc out-

ward normal to the bubblc. Wo have, sinco u, =V

I
-,'&-d's?:)?z‘.d'é":g-EV.
B
Henece
S0 4
(2.11) - Po {- u e ds = 3?(P0V)
"B
(2.12) Kv‘YJﬁ-ds=-Kv"f%-,Ev=%E(éIvl‘Y).
B
Lastly
i (
(2.13) +J zﬁod?=-)z‘x?-d'§'=-%5 Izdm=-%—E(BV),
B B v

whoro B 1s the location of the contor of gravity of the bubble,
Substituting (10) throvgh (13) in (8) and intograting with rcspecet to



timo, we now got

- K vl=v o =
(2.1L) T + (P0 pgB)V + T v constant E,

The oncrgy oquation (1) is idontical in form with that ob-
tained for the bubblo placod in infinito water; soo (2], oquation

(201 The total cnorgy Eo is, howevor, not nccossarily tho samoc as

in case of infinite wator. Wo writo

(2.15) E,=E+E ,

wherc E 1s tho cnergy that systom would posscss if the watoer

boundarios wore thrown to infinity, whilc the bubble has tho same
initial data. As is well known,

(2.16) E= 48 2303 oh2 4 7 + )

III. Moving Coordinatos and Dimonsionless Variablos,

Tho method of solution of tho problem posed in Soction II
will naturally be similar to that usod proviously in [2]. In par-

ticular, wo introducc now coordinatoes, &, q, %, as previously, by

(3.,1) €.=xs }}=ys & =12z =~ B(t) .

B(t) has boen dofinod in Section II as tho position of tho center

of gravity of the bubblo, and measuros, in a cortain sonsec, tho



migration of the bubble. The moving coordinate system defincd by
(1) 1s, thérefore, such that its origin will remain at the conter
of gravity of the bubble at all times. We also introduce the polar
coordinatos r, 8, W, relative to the new origin. Since the problem
still prosents rotational symmetry, the results will be indcpondent
of ®, and we can assume this at tho outset. If we write tho oqua-

tion of tho bubble surface in the form
(3.2) F(x,y,2,t) s r - R(6,t) = 0 s or r=R(e,t) ,

equations (2.l) through (2.7) become, using * = %E

R . ]
(3.3) @r - ;% ¢9 = R, + B(cos ¢ + Ei%.g Ry) ,  for r =R(e,t)

!

(3.4) P - p[g(rcoqe+ B) + ¢’t - é(cos 9 "r - s__ig__g 439)
* 3+ 15 2]
T .
= K(%lt- f R sin 0 40)™ , for p = R(0,t)
0
(3.5) cos © *r - §i%-9 ¢9 =0, for rcose=- (H + B)
(3.6) $=0 , for r cos @ = z2, = B .

In addition to these the initial conditions on the bubble. are,

(3.7) R&,0) =4, R(0,00=A, BO)=0, Bo)=o ,

T



-9-

while the condition that the moving origin be at the center of
gravity of tho bubble is

s

-
(3.8) J R+ cos 6 sin 6 d6 = 0 .

0

The enorgy equation 1s, cxplicitly,

T
(3.9) - mp j RZ(Rt + Blcos 6 + Si;‘ gRg])b(R,e,t)sin 6 do
o ;
T m
21 (23 K 2t { g3 1-y. T
+ &= - + - = .
5(P, - peB) J R°sin 6 40 + ;= (55 J R’sin © de) E+E
(o) o

Finelly, wo define the dimensionless functions, variables,
and constants, T, T, §, A, b, &8, ;o’ o, k, ﬁ, Q, by introducing a
unit of length L and a unit of time T . These quantitles are de-
fined as proviously, by

r=Lr, t=T

. [

R(,t) = LA(6,F), A=Le, A=LT a, B(t)= Lb(T)
(3.10) ¢ b(z,0,t) = L°T"%(F,6,%)
xkpY g~
o= LogPt , k= =2 = =L (=l
k PeP” Y , k=max k ;:I(I;_)Y

\J? = (I:l)1/3
Y

For the units we chooso,as befoﬁe,




- -1)E,1/3 - - #
(3011) L - [ T[Y o ] (] T pPO .
In addition to theso, we define two new dimensionless ratios, v
and ¢ , by

2
(3.22)  ve=ggrlt=8o, uw=spet=2c

Clearly, b <1, and equality holds only when the pressure at the
free surface vanishes. The ratios v and P measure the distance
of the tottom and top, respectively, from z = 0 where the bubble
is initially located. Thus, for fixed o, the larger p and v,
the less important are the boundary effects compared to gravity
effecté.

In terms of all these new variables, the previous conditions

~become, omitting all bars,

# These units are different from those introduced by'Taylor,

Friedman and Shiffman, and frequently used in literature on under-
water bubble motion. If we denote by L! and T' the units defined

in [4], their connection with the present is,

L = ALt T=/§€Tt :

The reason for breaking with the custom is that L represonts
exactly the equilibrium radius of the bubble, and thus has a greator
physical significance that L' which gives only an upper bound for
the maximum radius and 1s close to the actual maximum radius only for

high bubble energies. The new unit of time was chosen for convenience.



Tt s

(3.13) Aé=0, for »r>R(6,t) and -(%,4- b) <r cos @ < %,-b

(3.14) g(e,t)

. ¢ .
b = Ay -bcos o -2(=4bsine)=0, r=a(et),

(3.15) h(s,t)

k [ ]
4’1; + %—{[l + (%9-)2](%4;9 + b sin )2

-—-¢9+‘t.>sin9)+>\§-l.)2}

+ £ j"x3s1n 0 d0)™Y + ofA cos @+ b) -1 =0,
%
0

= A(e,t) ,

H

(3.16) ¢§=cosed>r--§-i%-9$e=0 , on rcose=-(yo-(+b),
(3.17) =0 . , on rcose=%,-b,
(3.18) JJ\L‘ cos @ sin @ de =0

whereas the dimensionless energy equation 1s

A%(A, + blcos o + 2108 Ng])4(2,0,t)s1n o do

(3.19) - ﬁ s

[e]
~——

T
+ %(1 - ob) { Asin 6 do

(o]

+ 3'36k(% Asin 0 ag) Y = 473(1 4 %)

T
i
J
0
The functions g and h in (14), (15) are defined by those equations,
“quation (15) is obtained from (4) by using (3) to eliminato br .
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Our problem is now to find ¢, A, and b satisfying (13-18),
subject to the initial conditions

(3.200  M0,00 =2 , A(6,00=5 , b(0)=b(0)=o0.

a, and 8, cannot be prescribed independently, since they are

related by equation (2.16), which in terms of ths new variables

becomes,

e b

(3.21) (2a2+1+ k(da,) Mad =33,

IV. Method of Solution.

In order to find ¢, A, b, we assume that they can be expresses

as power serles in o (convergent op asymptotic) in the following

form:

(4a1) $(r,0,t) = z: " f% ¢ (t)(r” ‘m+1’p ,(c08 ©) + ¢2(r,0))

n=o m—-o
o0

=3 dnz (8T
n=o

00 0
(he2) A(o,t) =5 an_' a

(t)P (cos @)
n=o nn
' %
(13) (t) =3 v (1) .
n=o
Here, (t) , & (t), b (t) are functions of time to be determined.

In view of (3.20), they must satisfy the following initial conditions:



[aoo(o) =a, , a(0)=a

8,(0) =0 for n+m>1

(L.ly) 8.,(0)

N bn(o) bn(O) =0 for all n .

We require that the &; be regular harmonic functions in the
strip - (-g-,-l- b) <Z < %,- b , such that ﬁm = r-(mﬂ)Pm(cos e)
+ §$ satisfies:
ﬁm =0, for ¢ = %,- b

(L.5)
§‘£=o, for g=-(£+0b).

Then (1), which certainly satisfies (3.13) will also satisfy tho
boundary conditions (3.16, 3.17), no matter what the c,, bturn out
to be,

The bi are determined in the Appendix A . Obviously bz
depends on o and t (through b) since, as equations (5) show,
their boundary values depend on o and t . Since bi 1s rogular
et r =0 and has rotational symmetry, 1t can be represented as a

linear superposition of axially symmetric spherical harmonics regular

at r» =03 hence

o9

(L.6) b = = 4 2, (cos 0) .

The coefficients dkm’ (see Appendix B), depend on o and ¢t , and

as is shown in Appendix C , they can be expanded in power series in o
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00

(4e7) = I, A1

On the other hand, since the problem reduces to that of the
spherical bubble theory when o= 0, we have

(L.8) &m ¥ Cop = b0 0, for m>oQ,
Whereas

aoo(t) g a(t) >0
(14.9) .

coo(t) = - ga"a ,

where a(t) 1s the well known zero order solution, discussed, in
particular, in [2].

In view of (7), (8) and (9), 4, b, by, b, for r =i(e,t)
can be expressed as power series in o+ Likewise the volume of
the bubble can be expressed as pover serles in ¢ . To find the
bn’ & and Cm for n>1 we substitute the power soriecs thus
obtained in (3.1l4) and (3.15), and equate the coefficients of
oan(cos @), for every n and m . This way we get a sequence of
equations involving the coefficients and thelr derivatives.

To obtain these equations explicitly, 1t is convenient, as was

done previously in [2], to introduce the functions g(e,t) and
h(e,t) defined by

. a
[amn+ A &hm

0 0) (00
+ (m)a” (™2, 5y .= P
® “m*m %;o %;o ®nn'm

. Q0 . 00
(4.10) E(e,t) = g(o,t) + > o (byPy + 3
n=1 m=o0



|

(4:11) B(6,t) = h(e,t) - 5= ACT T +Zl‘-a-%L

+
aanm

n=1 mn=o

(m+l) ]P ) = g On % .

1
h=o =0 nmn

Now, inserting (1) through (3) in (3.1l), we obtain, for n>1

c -
J nm

(4.12) z
cnl

]

-2 a3[bn + g

m+2[ _— a% 8- gnm] , m¥F1l

1
" mil 8

a
+ 2= a
a

nl nl " 8yl s m=1.

Similarly, inserting (1) through (3) in (3.15) and making use of (12)

we get, after some manipulations,

ey

(4.13) (a313n)' =

4 [0 k -3Y-l
aa,  *+ 3aano + (a + 3771{; a )e

3 [ ] [}
(8. [gnl = nl]) + 2a

+ 2ag 4+
288, hno , m

no ~ 28po

2hnl y m=1

ag .+ 3aanm + (l-m)e.anm =ag .+ (m+2)agnm + (m+1)hnm, m>2

So far, g and % are general formal power series in o with

coefficients depending on 8 Crm? and bn o« If 8nm and hhm

wore independent of &m

for m#$ 1, and of b for m=1,

oquations (13) together with the initial conditions (4) would deter-

mine the anm and

b
n

uniquely, provided 8, Were also known.

Even so, in general we would have to solve for each n an infinite

set of equations,

and therefore we would not be able to get beyond

the terms of first order in o“ . Fortunately, the following theorem

can be proved:
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£ h £0 for m>n.

1. for each n , 8om m

l%mdqmmimﬂyonthe %m’bw Clm

2. for each n , the g,

with k<n .
A similar theorem was proved in [2], and since the method of
proof is the same, wo omit it here. (The theorem proved in [2] was

h

0
nm nn

L]
11

somewhat stronger in that we managed to show thc g
also whenoever n + m = odd integer. This is not truc in tho prescnt
casc, )

From the first part of the thcorem it follows then that the
oquations (13) arc lincar and homogoncous for m > n , and, sinco

8ll ths unknowns arc subjcet to homogenoous initlal conditions, that

0 for m>n .

(L.14) a

i

nrl

Eonce for cach n , we have only a finite number (cxactly

n+l) of cquations to solvao. Also using (14) in (12), onc gots

(4L.15) c 0 for m>n.

il

iyl

Thus, tho cxpansions (1) and (3) simplify to

00 n .
(4.16) b(r,e,t) =Z &S Cm(t)(r-(m+l)Pln(cos 8) + §.)
n=o YI=0 ‘ * e
co o D
(4.17) A(e,t) = 2: o 2 anm(t)PF(cos e) .
=0 =0 ) *

In visw of tho sccond part of our theorcm, thoe cquations (13)
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for a fixed n and m <n, m%1l, can bo solved provided that
we know 85 bk’ Clm ¢ With k <n , Also, sinco by (3.18) 8,y
can bo detormincd in torms of Qm With k <m , tho cquation for

bn can be likewisc solved. Honco, tho systom (13) can bo solved

in succossion.,

V. Bubblec Cocfficients up to Terms in 63 .

Up to terms in o the oxpansions for ¢, A, and b arc

— -1 2 -1
(5.1) ¢ - coo(r + doo * dolrpl * d02r PZ) + [clo(r + doo+ dolrpl)
=2 -1 -2 -3
Fop (2R gy e [ey (v Goo) * e Py + oy Pylo
-1 =2 -3 -h 3
+ [030r + 031r Pl + c32r P2 + 033r P3]d
_ 3.,
- 3
(5.3) b=1by o+ b262+b30’ .

In the expansion for A tcrms involving 8,1 Were omitted since,

as follows from (3,18) they arc zero for n <4 . (This assortion

1s not truc for all n » though. As nay be verifiod,
= _ 27 -1

—-—-a-a

70

agy
22233 F 0.)
In this scction wo consider the cquations for 8. With

m# 0, The equations for bubble coefficicnts with m = @ aro
derived in Section VI in a simpler way. Since, however, tho prescnt
equations will depond on the 8., + Somc of the results of Scction

VI, namely thosc for 86 and 85, » are already uscd herc.
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Lot Eﬁm, Bﬁ denote the bubble coefficients when the boun-

daries are removed. The cquations for these wero found in [2], and

will be omitted hore. Lot

anm = anm * anm
(5.4) -~

Ay
Thus the Z;m and bn are corrcctions to the bubble coefficients

due to existence of boundarics. 1t was previously established that

30 = a32 =0.

For n =1, tho only coefficient (excopt for alo) to be
determined is b

a10 = 52 s a
1 We find, 81 = o, hll = a , and consecquontly
(5.5) by=0, o =-3ad

Hence b, = Bi « It was previously shown that the formula for Fi

1s equivalent to the Herring rise formula.

For n =2, tho only coefficionts (except for a to be

20)

determined are b2 , and a Weo find,

22 °*

- ; -1 2
81 % - [3b1 & 4y, taa d001]

(5.6) Bop = 0
Nop = 38y, - a(a a).dool

_ '
hop = - ﬁ b1 s

and, on substituting in (4+13), obtain



(5.7) b, =b

where 62 and ﬁ; are determined by ,

t
) (6%8,)" = 2 b a(ae?+ [aa - a2] fatman) , s (01,0010
(5.8) o o, e
(@) =< 383, pho) = Loy = 0
while,
(509) a22 0.,

In terms of b2 and 830 Wo get from (6) and (4.12) ,

= _ 1r.3 -2 5:
( Cpy = - E[a 52 + 3bla 8, * 27 d,

12]
(5:20) ﬁ 1 2, 2
o .12 :
L Chy = = 38 (a a22) .
In establishing equation (8), we used the result 8, = 3io
o  t

1 ¢ .
=-5 doola J a(T)dt , (sce cquation (6.,12) ) .

For n =3, the only coefficients (excopt for a30) to bo
determined are b3, a32, and a33 « We fing

- -3 2 iy 2 c 2 1l 5 )
831 = - @ 7[3b,8%)  + 3b aar + 18 (e, = Bagy)+(a’ay )d

- -4 3 ) 3, ! I
(5.11) g32 = - a *[2(a a10a22) + 2a 81,855 * 28 ad023]
- 18 1
833 = - Tz bja Ta,,

hy = ?3 a-z“.’laeaza).* a5, + 39‘-1‘1%0‘ “aB)”alo* a“‘2'110)“]‘101



- : -1
Byy = - % 2b, (& "a,,)

N

Substitution in (4.13) now yields, using a

N

8, = alodbol y By = aeodsol,(see equations (6.12) and (6.14),

“’ '
(5.12) = 63 ool B3dooldol2

- N - ] n

(5.13) #32 7 832 T G328501 * 03093, + 03, 4,4

N
(5.14) 434 = 0,

]

where BB , B; ’ a32, a;Z s, and a32 satisfy the following equations:

(a353)' - 3(6232“10 * t.’1‘3“"50 * élazazo).
(5.15) * 6la®ay, + aad ), By(0) = By(0) =

(263)" = - 3(Bpa%a, o+ (a5 )"’

+ 12a a(aaalo)., B;(O) = é;(o) =
r [N ) e 0 [ 1] - 9 L] [ ] o0 L ] [ ] o0

B30 ¥ 80gpm Bd3, = - S bR, - (agm,, + 30168207 80805

(5.26) #32(0) = ap(0) = 0
\ [} * 0 *0 [ ] [ ] L] [ ]
aa;2+ 3aa;2 - aa;2 = . % bl(ﬁ; + aaa) , a;2(0) = a;2(0)=
"" s AL | - )"f . n _ n -
B3a" J803p - 83, = - S(ata) |, a35(0) =ay5(0) = 0 .

% b (b + a2ad 12) - a (aza) d,

+

9
5
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(1] [ ] -1. [ ]
23 * 8085%(8) * La Taa, )a,,

-1..
ae) )a,,

[ N ) -l..
+ (alo + la ag,  + 2a
322 .

10? a20 s defined by
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Formulae for 031, 032, and 033 can be obtained in terms of b31
835 and a33 using (6) and (4.12), Howover, €35 and 033 are

of no interest, and the expression for C31 is

_ 1, 3 ¢ 2 2t a1
(5:17) e3y = - 5la’by + 3v,8%, + 3bjaay, + 30 8%(8,, - £ ay,)

+ (asalo).dOIZJ ‘

For the equilibrium bubble (a = 1) discussed at length in
(2], we find G, 50, Gy 5 0, and consequently all E%m , %;
equal identically to zero except for 530 » Thus, the only case
which can be solved explicitly is uninteresting from the point of
view of effect of boundaries. To obtain quantitative results in
the general case, equations (8), (15) and (16) must be integrated

numerically.

VI. Use of the Energv Equation - Bubble Coofficients with n = 0

The bubble coefficients 8o May be computed by solving
equations (4.13) with m = o » hamely

o k -(3y+1) =
(6.1) aa .+ 3aano + (a + 37§ a )ano =g+ Zagno + hno
ano(o) = ano(o) =0
Using the equation defining a(t) , namely
(6.2) 2eda? s @ apk  30rl) 3

k(y-1)

4



{

1]

-2~

(ef. [2) or earlier works on spherical bubbles), one verifios that
a(t) 1s a particular solution of the homogeneous equation associated
with (1), Formally then, tho problem of solving (1) may be roduced
to two quadratures, since there exists a formula involving two
integrations which will produce the general solution of a second
order linear differential equation once e particular solution of
the associated homogeneous equation i1s known, As is shewn in
(5], this formuls involves, in the case when this particular soly-
tion vanishes at some points - which, indeed, is the case with
a(t) - the computation of finite parts of divergent intograls,
unless, of course, the integrations can be carried out explicitly,
We shall show here that in bart these integrations can be carriod
out, but in general it is preferable to solve (1) numerlcally rather
than to use formulase.

In any case, equation (1) can be reduced to a first order
equation which isg,

(1] - - -3 [ ) ¢ 2. -
(6.3) aa - aa, == kno =g ‘/ (agno + Eagno + hno)a adt, ano(o)—o

To proceed further we must, of course, ovaluate €0 &nd h.no in

terms of the R Kf b with k <n, and the actual expressions

for these are g great deal more involved than the formulae for

8y &and ho, with m>o oncountered so far (equations 5.6, 11).
A simplification is, fortunately, possible. In Section II

we derived the energy equation which in dimensionless form is

equation (3.19), The energy equation is g first integral of the
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problem. Hence on substitution in it of our expansions fop $ A,
aagd b , and on identification of coefficients of various powers of

o, one ought to get a Sequence of first order differential equa-

tions for the bubble coefficients, Now, since the equations for

8m With m >0 cannot be reduced to first order equations, we

expect to get from the energy equation the equations for &0

namely the equations (3). Moreover, since the integrations intended
in (3.19) are with respect to 6 and not with respect to t, and
since the expansions used are algebralc forms in the bubble coeffi-
clents and their derivatives, the equations so obtained will involve
the bubble coefficients algebraically. Thus wo shall not only avoid

the computation of the g hho » but will also obtain the integrals

no’
kno in (3) B as algebraic expressions in the bubble co-
efficlents. (From the form (3) of kno 1t 1s of course not at all
obvious that these Integrals can be evaluated explicitly.,)

We now proceed to ©xprcss equation (3.19) in terms of bubble

coefficionts up to order L in o. Lot

(6.4) ffj " E "
. a = a c_ = c .
n o mm ? no =, nm

In view of the theorem of Section IV, a = 0(d™) y = O(om) « In

place of G, 1t is convenicent to use the averago radius of the

bubble, a ,

(6.5) a = (% JrAB sin o de)l/3

in terms of which a, is, up to terms in du s



W

(6.6) 6 =q - % a"1g

Using the above notation, and substituting (L.16,17) in (3.19), we

now get, on carrying out the intended integrations,

(6.7) - % [co(a& - % a2&2 + dooazé) +¢,d) @ o+ % 02(a°1a2).
" 5(%codola3 + %°1 - gcla-laz)] b (1 - ob)ad 4 kg3rg-3(r-1)
=830 +5)

We still need to express Cyr Cps and ¢, in terms of hubble
coefficlents, of which Co is needed to order ’h, cq to order 3,
and c, to order 2 in o, if (7) is to be correcect to ordor L.
in o. ¢, can be evalusated exactly (to any order) by evaluating
the surface integral of the normal derivative of ¢ over the sur-
Tace of the bubble. Since b; (see equation (A4.9)) is a regular
potential function inside the bubble, its contribution to the

surface Integral is zero, by a well known theorem. Hence

- - ; 0 v -(m+l)
Q= / b ds = o wm(e,r P, )ds
Bubble Bubble ™
T
- [ -l teem,
27 ;n: c., j [(m+1)Pm A TAGP TN sin 6 46 .

[0}

The integrand above is % gﬁ(x'mpé sin 0) , if m# 0, while fop

m=0 1t is equal to st ¢, On integrating one gets then,

_‘aﬂco .
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On the other hand, Q can be compuied by using the boundary condi-

tlon at the bubble, equation (3.1), namely

i
Q= 21 J [At + b(cos ¢ + %9 sin Q)IAZSin 8 de =
oﬂ : ™
= 21 ( %(K3) sin 6 + lb -—(x 31n29)d9 = 4z ﬁ; % j’x3sin 0dg)
2 .
0 0
= uﬂaeé .

¥quating the two exXpressions for Q , ono zets

(¢£.8) ¢, = - da .

Tho cxXpressions for ¢ 2ad ¢ to the desirca ordor can be ob-
- l ’

N

tainecd by combining rosults (5.5,10). ouo gets thus,

. rfc
(¢.9) ¢y = - %'b(a3 - % azae) - = a”ado to torms in o2

(€.10) ¢. = - % a2(a2a2) , to tormg in 4° .

Substitutine (8), (9) ang (10), in (7) , we pot finally

’ . ) ”- P '
(€.11) % {a2(a3 +d at + ;d 14 7. %waaf)+ bd(l 3. %raaa
) o o

1,32 1 2 2
+ T3c3a2+ 30 (d10 + dcj)a5 - Ineee.a,}
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Tho last part of this cquality was obtainod by cvaluating the oncergy
at t =0 and using (3.21). The oquations for tho 8., Ore new
obtaincd by roplacing G, Gy, b by thoir oxpansions in (i) and
ldentifying tho cocfficionts of various powers of o . Rosults aro

as follows.

1. For a (%) = a(t) we got (as eoxpeetod) cquation (2)

2. For 8910 Wo got the cquation

alha2
L) (1) .l

‘2
aa, - aa, = ool(-hj- - aa”)

This cquation can be solved cxplicitly irf a =0, whilo ir a 0,
the solution is obtainod in torms of finite parts of divorgcnt
Integrals. We shall assume, herc and subscquontly, that ao =0 .
Onc gets then,

(6.12) &, =0

10%01 ? %0 adT .

i
1
noj=
0 e
OR o+

3. For 85, Wo got the oquation

o.o -u =.J; _l 02 la 2 02 ¢ o
a8, 82, 3 b bt 2 Z M0 "3 2, agay d, g
1l 2
T3 880901 ¢

The sipnificanco of this assumption was discussod in (27 .
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Using the formula (12) for 81, » One now finds that

- 2
(6.13) 820 = 85, * 209501

where Eéo is the part of 85, found in connection with the bubble

in infinite water, (sec equation (54) in (2]), while @5, 1s given

t t t
(6.1L) e = % {é( j’ adm)e + 2aé f adt + ; | a2d¢ } .

J
0 o 6

l. For 33, We get the equation

l.a,*3 .« 0
81080 * '(;E(E ) 80~ 810820

Pejmd 2

aa30 - aa30 =

1 .2 [}
) a(9’10 * 2aa20)dool

[ X ] 1.2 l L] [ ]
aaloalodool - ze (Zabld012 * aaodool) "% blbe
200

1
TZeEbdn, tyh,

f

Using previous results for 816 85,5 and b2 » ole now finds that

(6.15)

= ! "3
830 a3odool + a3od012 * a3odool ’

where a30 and a;O satisfy the equations
t . :
(6.16) aa3o - aa30 = %(a./{ad¢ - aa)aac- %(a ! adt + aZ)E20
) [
) 1
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(6.17) ;&;o - ;a3o = -(aeabl + aa2b1 + % blﬁé - %ﬁ;)

'
with the initial conditions a30(0) =0, a3o(0) =0 . (For the

definition of ﬁz and B; see equations (5.8).,) The equation

n

that a30 satlisfies can be integrateq explicitly and one gots
) t . t t
- 1 1 2
(6.18) g, = - ¢ 3 a(jf ar)? + a( | adr)( [ aar)
o é 0
t £ t
o . / . R ¢ .
+ (2aa + a2)( ,‘ad't)2 + 302 j ad7T + aa.faedm + aj aBdT} .
o 0 o o

The equations (16, 17) arc singular, since the coefficient a of
the leading term vanishes at some points. Yet, as we inow already,

they can be solved, although it is not convenlent to use them in the

given form for numerical solution, We know, however, that the C

satisfy the equations (4e13) with m =

0 , which are regular, and

'
therefore a30 and a30 satisfy equations with the same principal

part and finite non-horiogeneous teym, Actually, equations (l.13)

can be obtained from (16, 17) by multiplying them by g3

s differen-
tlating, and then dividing by

a2a + One gets, however, simpler
regular second order equations by differentiation

of (16, 17) without
prior multiplication by a3

« The result is, on dividing by a s

b [ t e

- (2 = . .:.l'. & .. & T 1
30 (a)a3° 2{(é) jad'c + 2a(é) + ua}aao -3 bl
o

(6.16)' &

£
+ 7 62272 g{adw -2) + a1, 5,, 435(0) = a3 (0) = o



o j I

[ ] ' » [ ) o0 L] °
(6.17)' a;o - (5)030 = - (2aa + a2)b1 + aabl - a2 - ablﬁé ,

63,(0) = a3 (0) = 0

The right hand terms in (16)' and (17)' were arranged so as to ex-
hibit their finiteness. The only doubtful parts are those involving

2 and 0% )'. From equation (2) one finds,

a a

pelp 3

= 143751 - £03y+1)(8a)"30r-1),

2 = - 20830701 - 130 (3pr2nerde)3r-1)

Peip

which are both finite for all ¢ since a>o ,

VII. Discussion of Results,

Formulae for the bubble ang migration coefficients are too
involved to allow fop a complete discussion of oup results., In the
comparion report, Underwater Explosion Bubbles IV, we use these
formulae for computations in g speclal case. Here we shall carry
out only a qualitative discussion. In particular, we shall show

that certain effects predlcted by other authors are easily deducible

from the present study.

We recall that to the third order in o«
= &° 3
A=a+ aloo’+ (a20 + a22P2) + (a30 + a32P2 + a33P3)6

(7.1)
- 3
b = blc'+ bao‘2 + de ,

where



" ngna, T

"

/ alo = alodool

- 2
820 = 85, * aaodool

o
!

(7.2) 22 ~ Eée

- ] "3
// 30 © a30dool * 030d012 * a3odool

] ]
%32 7 O3589501 * G350 1, + %329523
833 = 833
b, =5

1
%2 = Badoey + B4 1,
~ 2 !
b3 B Bé ¥ Bjdool * p3doold012 *
The barred quantities are thoge that would be obtained 1if the
boundaries were removed to infinity,

1. Theory of bubble periods.,

In view or Tormulg (6.6), the average radius of the bubble ¢
1s to the thirg order in o given by a, s

- - 3
(7.3) ¢ =0 =g+ aloc’+ a2062 + a3od .

In general ¢ is not g periodic function, but may be assumed

épproximately periodic for small 0”, since a(t) 1is perlodic, Let

T be the halr period of a(t) ., The half period (o) of 4 can
be defined gg the time elapsed until the first maximum ig reached,

That is, 1(¢) 14 defined by the equation



(7.4) a(%(0)) = o

Assume that

Solving fopr T, » and using (6.12), we get

T
ax
(7.7) T =3 ([ a(rian) = 54,..( [ 2 .
0

a
gmin

This formula 15 ldentical with that obtained in (41, p. 181, formule
(1.15),

The formula fop dool which is derivoeq in Appendix ¢ 1

(7.8) 401

- E%;(f(x) * log 2) ,

where

[¢0] s
(7.9) £(x) = 2x —-(.é..l.'l , x =2k
%;; (2s+1) -x2

The function f(x)

has been tabulatsq in (41, p. 190, d

ool 1s
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negative for x >-'% » and positive for x < - % « Thus the bubble
period is smaller or larger than that of g corresponding bubble in

infinite water, depending on whether H<2v or po> 2y,

2. Theory of migration.

To the first order, the migration of the bubble is given by

the Herring formula,

£ p
(7.10) b=ob, = 20 -gﬁ- o)ar .

For derivation, see, e.g. [2]. Experimental data indicate that
Herring's formuls predicts a too large migration, and the discrepancy

1s of the order of 50°/0 for moderate explosions (300 1b. TNT).

'For bubbles in infinite water, b, = 0, and by <0 . This shows that

2 =
our results are in qualitative agreement with experimental data.

In presence of boundaries, b, ¥ 0, and 1t dominates the third

order corrostion, We shall estimate its effect by computing b2 at

the time of the first minimm. In thig estimate, we assume that Bl

1s appreciable only during a short time interval near the first mini-
mum of the bubble, and that the bubble radius,is during most of its

motion)near 1ts maximum, Then formulae (5.8) yield, approximately,
at t = 2q
. &y o
’V-—
B, _v,q:(am)a,m b, (27)
(7.11) o -3
BZ lng Th .

Here, M refers to data at the maximum, m , to data at the mini-

fum of the butble, and A 1s the average value of aly2. Both
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[ [}
Bz and B; are positive. Using the above 6stimate, we now get

(1.12) | b(20) ~ By0 + byo? A ()3 4 3(%)b1(2'r):m62¢d001

&
+ 12 g3 A62¢d°12 .

For x> - % » Lee. for p < 2v, both d,,; and d

012 are

negative showing that the effect of boundaries 1s to retard the up-

ward migration of the bubble, For x < - 1 s 1ees for pu > 2y s

3

d001 becomes positive, while d012 remains negative. Both

not impossible that b2 remains negative for all x , it will cep-

tainly tend to -co fop X = -1, that is for y -» 0

s 8ince

|d

ooll
and ldolzl tend to infinity as x — - 1 , Hence, although it 1g

|d012| -  faster than Idooll + This can be seen from the table

for f'(x) found in [6], Fig. 15. We can conclude therefore that

there exists a critical value of vy for which b(21)

‘0, and for

V. smaller than this critical value the bubble will migrate down-

3. Shape of the bubble.,

We have shown in [2] that in the absence of boundaries the

bubble would flatten in the first approximation ang would become

kidney shaped in the third approximation, This 1is be

and @

in the thirg approximation ang they affect only the value of g

cause 32 <0

13 2 0 . The effect of boundaries on the shape 1is felt only

32’

(see equations (7.2)). By Inspecting equations (5.16) 1t may be

verified that 83, > 0 for sufficiently small v,

Hence ¢

2
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= 62a22 + 63a32 + +.4 may become positive, resulting in an elongated
bubble, This possibility admits of g very simple explanation, The
rigid bottom attracts the bubble downwards while a free surface repels
the bubble, also downwards. On the other hand, due to gravity, the
bubble has the tendency to rise, When the bubble ig near the bottom,
the upward pull due to gravity is larger than the repelling action

of the free surface. As g result, the upper part of the bubble will
move upward, and the lower part - downward, Thig may result is an
elongation of the bubble, and even in a tear into two bubbles, one
below the other.

Our deductions have been made by considering only the most
significant terms in (7.2). Thus in discussing periods, we con-
sidered only effects due to first order terms, and neglected to
review the effect of second order and third order terms. 1In study-
ing the migration, we also neglected the thirg order terms., Al1l
these neglected terms may play a significant role. However, our

conclusions are fully confirmeg by a numerical example reported on

in "Underwater Explosion Bubbles Iv,"



A, Determination of the é;:

Let ¢m(r,9) = r'(m+l)Pm(cos 8). {ﬁ was defined in Section

III as g regular harmonic function in the strip - u < Z<v

3

satisfying the boundary conditions

{%*4’;‘"‘0’ for zg=vy ,
(A1) }

L(ﬁm + &z)g =0, for ys=.y,
where,
(A2) us=<+p, V=§,-b .

&; may be constructeq by using the method of images. Denote

by Ck: the ¥ coordinates of images of the origin in the planes

£ =v, and L= -u, lying below the plane 3 = . U, and by

Zk:the & coordinates of Images lying above the plane
have,

2=V . We

. jf- esw , 1f k = pg
L

- 28W - 2u, {f k

]

28 + 1
? 8=O,l...
2sw , 1f k = 28

(A3)

28w + 2y , 1f k = 25 4 1
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2 + he + (% - ;k)z = r2 + ci - 2r§kcos *

p
i ri

5 2+}i2+(2;-2k)2= r2+Z§-2ercose
K

(A7) r,cos @, = (-1)%(g - &) = (-1)%(r cos ¢ - &)

]

T,cos @) = (-1)%(g - ) (-1)(= cos 0 - )

\

Wwe now get

(48) #m(g:}i,(‘l)n(g ": §k)) = *m(rk’ Qk) = rl';(m.'-l)Pm(COS Qk)

@m(€,§3(-l)n(§ '.Zk)) = bm(Fk, 5&) = Fi(m+1)Pm(cos 5k) .
\

Substituting in (A6), we finally obtain

00
(A9) ¢§(r, g;: (-1) [ranTII)P (cos g2n+l) + ré£m+l)Pm(cos 92n)
+ 3—(m+1) --(m 1)

on Pm(cos 92n) Lonel P (cos 92n+l)] .

B.  Expansion of &: near »r = 0,

In order to evaluate §:(A,e) 8s a power series in o/, an
expansion of bi in powers of r near p = 0 1s needed.
By definition of Legendre Polynomiels,

1 - _k
= E;o x"Py(cos o ), [x] <1

“1-2x cos Qn-l-x2

Hence, on replacing x by %— ’

n
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00

1 - k+ 1)
(B1) = = é;; x rh( P, (cos 6) s x| < T

- +
rn 2xrncos On X

from which we conclude that

1

by(r:0,) = & (&ym

2 Ix=0 .
rn-2xrncos 9n+x

Since, however, by (A7)

rs - 2xrn cos Gn + x2 = r2 - 2r(§n + (-l)nx)cos 0

+ (g + (-1)%x)2

I

we get

bu(rns8,)

= (-1)mm _T(Bg_)m 1 .
| n V.2 2

-2r§ncos ] +;n

Hence, using (B1) with r replacing x , ang cn

replacing L

we get, on carrying out the differentiation,

(B2) dn(Tp9y) = |z |7 iio(-l)m(n+l) L) Zn'(k*m)rkPk(cos °) ,
r< gl .

Similarly,

(B3) bm(?n’g = (2 |- -1 E: (-1)™(n+1) k+$ s -(k+m) k (cos 6) |

Tt
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Substitution in (A9) now yields the desired expansion,
X k
(Bl) & (r,8) = ‘%: d.* Py (cos @),
=0
where
-(k+m)
S o)t 20 on gar(xﬁm) ¥ (-1)0 -?I;—gn—r-
S = Hmt & o]
n=o an+l
~=-(k+m) - (k+m)
+ (_l)n+m__2_£1____ - ( l) 2n+l ]
IZ2n| 'Z2n+l|
Using the definitions of {n s &p ; we get,
o k+m+l (k+m)t | & s+m ktm, - (lk+m+l)
(B5) IO > (<171 + (-1)7T)s
dmk 2 20(vFR) m ?51
@
1)kHm v+oby =~ (ktmtl) p-ob, = (k+m+l) i
+‘s:o (s + 57p) (s + Y7 ]

C. Expansion of dmk in power of o .

Since v+ ob>0, p-ob>0 s each term in the brace of
(BS) may be expanded in powers of ¢ . In the text we considered
the soluticn for \, b, b up to terms in 03 . Since the expansion
of dmk starts with a term in dk+m+l » and since, in view of the
theorem of Section III, each &x 1s multiplied in the expression
for b by o to at least m'th power, for our purposes it will
be sufficient to consider the expansion of the brace in (BS5) up to

the power 3 - (2m+k+1l) . Thus we only need to consider the cases

m=0,k=0,1, or 2, and m = 1, k=0,
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e g

Writing
(c1)
we have
(4 =

00

(c2) < do1 =
d02 =
dlo-=

Here, the terms

8510 + d0°303 + o

2
doled + L )

d 63 + e

023

2
d1026 + LY ) L]

3
d 0262 and dolBJ were omitted, since, as may be

verified they are zero. We now get,

(

(c3)

N e o

——TN

dool

0l2

023

lo2

003

8=o0

= Zu+v} {22:’1:2‘ +‘z: (-1)%[(s + —-—)

b=~d

ey
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