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UNDERWATER EXPLOSION BUBBLES III: THE EFFECT OF 
THE SURFACE AND THE BOTTOM ON THE SHAPE AND MOTION OF THE 
BUBBLE. 

by Ignace I. Kolodner 

I. Introduction. 
In the absence of gravity and in an unbounded liquid, an 

initially spherical underwater explosion bubble would remain spheri­
cal. at all times. It would perform radial oscillations, while the 
center of the bubble would remain at rest, and if the liquid were 
incompressible these oscillations would be periodic and undamped. 
In our first report, "Underwater Explosion Bubbles I", (1), we 
considered a compressible liquid and showed that the oscillations 
would then be damped. In our second report, "Underwater Explosion 
Bubbles II 11 , [2], we considered gravity and showed how it would 
effect the shape of the bubble and al,o cause it to rise. In the 
present report we consider the effects of the water surface and 
bottom in addition to gravity, and show how they effect the shape 
and motion of the bubble. 

Of course all of these effects have been considered to some 
extent by other authors. However we have attempted in each case to 
present a more complete and more systematic analysis than has pre­
viously been given. Thus in our first report we showed that radiation 
of energy from the bubble can account for most of observed energy 
losses. In our second report we showed that th~ observed changes of 
shape could be accounted for, at least qualitaLively, by considering 
gravity, and that these changes also diminished the rate of rise 
and modified the bubble period in the observed manner. 

In the present report in considering the effects of the top 
surface, the bottom, and gravity, we do not constrain the bubble to 
be spherical at all times, as was done in the previous work on these 
effects by Shiffman and Friedman (3), and Friedman (4). We find that 
certain effects, which we call effects of lowest order, agree with 
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those calculated by the above cited authors, but higher order effects 
also occur which were not predicted by them. In particular the change 
of shape and its consequences were obviously excluded from their work. 
Insofar as our results coincide with the previous results, we believe 
that they constitute a proof of the correctness of the previous re­
sults, since our results are based upon a more accurate theory. or 
course in addition we obtain new results involving the change of 
shape. 

The present results are based upon the linearized boundary 
condition at the top surface of the liquid, l"ather than upon the 
exact nonlinear boundary condition. This linearization is employed 
because it simplifies the calculation, and because it does not affect 
the bubble shape or motion to the order of approximation considered 
in this report. Nevertheless we are at present considering this 
problem, using the exact boundary condition. The results of this 
analysis will be presented in a future report. They should verify 
the present results to the order considered here, and differ in 
higher order. 

A discussion of results will be found in Section VII. This 
discussion is qualitative to a large extent. Numerical results are 
published in a companion report, "Underwater Explosion Bubbles IV -
Surmnary and Numerical Results'', IMM-NYU Report No. 233. 

rl 

j 
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II. Formulation. 

We assume that an incompressible, inviscid fluid bounded below 
by the rigid surface z = - H and above by the free surface 
z = z

0 
contains a gas bubble within it. See Figure 1. The velocity 

~ 
u(x,y,z,t) in the fluid is assumed derivable from a velocity poten-

H 

y 

tial f(x,y,z,t) which then satis­

fies the Laplace's equation 

• 

The pressure p(x,y,z,t) in the 

water is then given by the Bernouilli 

equation, 

Here, P = p + pgz , where p is the pressure of' air above the 0 0 0 0 

free surface, p is the density of the fluid (water), and g is the 
acceleration of gravity. Thus, P

0 
is the static pressure at the 

level z = 0. 

The equation of the bubble's surface is assumed to be of' the 
form 

(2.3) F(x,y,z,t) = 0. 

On this surface, the kinematic and the dynamic conditions must be 
satisfied, namely 

~) 
'°7F • 'y7~ +Ft= 0 / 

P = po - p[~t + ½<\7~)2) - pgz = KV-yJ on 
F = 0 • 
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Tho last condition follows from the assumption that within 

tht'I bubble the proasuro is uniforn ·and is rolo.tod to tho bubble 

volume V by the adiabatic relation, pressure= KV-r, with K and 

y constants. 

(2.6) 

At the bottom we have no normal flow, so 

~ (x,y, -H,t) = 0. z 

In a precise formulation, the top surface must be also con­

sidered as unknown, and two conditions, kinematic and dynamic, must 

be imposed there. For simplicity, however, we assume that on the 

free surface, (''\]~) 2 is small compared with other terms appearing 

in (2), and that this surface is approximately z = z at all times. 
0 

Since the pressure there is p , the two conditions are now replaced 0 

by a single linearized condition, ~t(x,y,z
0
,t) = 0, which together 

with the assumption on ('9'~)2 implies that ~(x,y,z
0
,t) = constant, 

and the constant may be taken as zero. Thus 

for z = z
0

• 

This approximation was discussed by Friedman (4], and is commented 

upon in the introduction above. 

The mathematical problem which we consider is that of finding 

~ and F satisfying equations (1) through (7), given F(x,y,z,O) 

and Ft(x,y,z,O) (i.e., given the initial surface and velocity of 

the bubble). Once ~ is known, the pressure field can be computed 

from equation {2). We will assume that the bubble is initially a 

sphere of radius A and that its initial velocity is radial and 
• 

equal to A, a constant. If equations (6) and (7) are omitted (or 

if and H become infinite) the present problem reduces to that 

considered in [2), provided that ~ is required to be regular at 
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infinity. Here, as in the case of the reduced problem, the assump­

tion of very special initial conditions o.d the bubble surface is 

essential for applicability of our method of solution. 

In the sequel, it will be convenient to employ the energy 

balance equation, which is a direct consequence of the preceding 

equations. Since in tho linearized problem there is actual mass 

flow across tho linearized free surface (since, ~ (x,y,z ,t) i O), 
Z O J 

it is not at all obvious that tho totnl energy of tho system is con­

s0rvod. This is, nevertheless, t1-iue, and we now proceed to show it. 

Donota by B, ~1, s2 tho surfaces of tho bubble, of tho free 

surface, a..~d of tho rigid surface, respectively, by V, tho volume 
~ 

of tho water. Lot d't be tho volurno 0lomont, do - tho surfacu 

element measured along the outward normal. Multiply equation (5) 
0 

..) ~ 
by u • ds and integrate over B, obtaining 

(2.8) J(p{~t + ½(\?~) 2] - P
0 

+ pgz + KV-y)~ • dt = O 

B 

This is, as we shall show by properly identifying vnrlous torrns, tho 

desired energy equation. 

Lot T bo tho kinetic energy of wntor, 
I 

r , 

T = ½p J ("y'~/d-r= ½p J ~v'~ • dt = ½ p ) ~'y~ 

v s B 

~ 
• ds • 

Hero S = B + s1 + s2 . Tho first oqunlity follows from tho Green's 

thoor0m foI, potontia.l functions, whilo tho second follows fro!r.. l~ho 

fa.ct that on s1 , ~ _ O , whilo on 5
2 

, the normal compon1.:;nts of 

v'~ is ~n = tz = 0 Now 

1r1 

j 
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~ T = ½i½ j Cv'♦ J 2d't = ~c2 l (V+ , v+tJd't + i (v'♦J~ • d't1 
V B 

~ whore v is the velocity of tho bubble surface. We observe that 

(\i'f. v,t) = V. (ttVt) - ,tA,~ =". (ft\/~) • Honea, by 

Go.uss• Theorem, the first integral above is 2J +tVt •di, which 
( ~ s 

reduces to 2 ) ft"v't • ds, since on s1,ft ~ • o, while on s2 , 
.B 

~ • 0. As to tho second term, wo observe thut on tho bubble n 

V = U , n n so that, finally, 

(2.10) 

identifying tho first torrn in (8) . 

Lot 
..}I ~ 

ds = - ds, the surface clement moo.sured along tho out-

ward normal to the bubble. We have, sinco un = vn 

Hence 

(2.11) 

(2.12) 

Lastly 

(2.13) 
~ ~ 

zu • ds = - ( ~ 
I zv • 

) 
B 

~• d ds = - dt J zd-r = - ~ (BV) , 

V 

whore B is the loco.tion of tho cantor of gravity of tho bubble. 

Substituting (10) thro~gh (13) in (8) and intogr~ting with respect to 
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timo, wo now get 

(2.14) T + (P - pgB)V + ..!.;. v1·r =constant= E
0 

• • o r-J. 

Tho energy equation (14) is identical in form with that ob­
tained for the bubblo placed in infinite water; soo [2], equation 

(20\ Tho total energy E
0 

is, howovor, not nocossarily tho samo as 
in case of infinite water. Wo write 

( 2 .15) E =E+E, 0 

where E is tho energy that systom would possess if the wntor 
boundaries wore thrown to infinity, while tho bubblo has the same 
initial data. As is well known, 

(2.16) 
• 

III. Moving Coordinntos and Dimonsionloss Variables. 
The method of solution of tho problem posed in Section II 

will naturally bo similar to that used previously in (2]. In pa.r­
tioular, wo introduce now coordiLatos, ~, ~, ~, as previously, by 

(3,1) t = x., ~ = y ' ~ = z - B( t) • 

B(t) has boon defined in Section II as tho position of tho cantor 
of gravity of the bubble, and moasuros, inn certain sonso, tho 

!rl , 

j 
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migration of the bubble, Tho moving coordinate systom defined by 
(1) is, thoreforo, such that its origin will remain nt tho conter 
of grav:tty of tho bubble at all times. We also introduce tho polar 

I 

1 coordinates r, Q, ~, relative to the now origin. Since the problom 

I 
still presents rotational symmotry, the results will be independent 
of ~, and we can ass'Ulne this at tho outset. If we w~ito tho equa­
tion or tho bubblo surface in the form 

(3,2) F(x,y,z,t): r - R(Q,t) ~ 0, or r.: R(Q,t) , 

~ equations (2,4) through (2,7) become, using • = ¼E 
I 

I 

(3.6) 

P
0 - p[g(rcosl+ B) +ft.- B(cos 9 fr - 8

~ 
9 f9 ) 

+ 1(~2 + L f2)l ~ r r2 r 

= K(~ 
3 for r = R(Q,t) 

1 sin Q J. cos Q fr - r 'Q = O, for r cos Q = - (H + B) 

~ = 0 , for r cos Q = z - B . 
0 

In addition to those tho ini tio.l conditions on tho bubble , are, 

• R(Q,O) =A, B(O) = 0, B(O) = 0 , 

1r1 
I 

j 
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while the condition that the moving origin be at the center of 

gravity of tho bubble is 

1C 

(3.8) J R4 cos 9 sin 9 dQ = 0 , 

0 

The enorgy oquation is, explicitly, 

1C 

(3,9) - 1Cp J R2(Rt + Brcos 9 + s~ 
9
Rg]),(R,9,t)sin Q dQ 

0 ; 
'JC 1! 

+ ~(P
O 

- pgB) j, R3sin Q dQ + y~l(~ J R3sin Q dQ)l-y= E + E • 

0 0 

Finally, wo define the dimensionloss functions, variables, 

• ,.I\ " 

and constants, r, t, l, A, b, ao, ao, c(, k, k, a, by introducing a 

unit of length L and a unit of time T. These quantities are do-

fined as proviously, by 

r =Lr, t = Tt 

R(Q,t) = LA(9,t), 

rf = LpgP~l , 

\ ~ = (tl)l/3 
\j y • 

For the units we chooso,as befol'e, 

• 1· 
A = LT- a , 

0 
B(t) = Lb(t) 

' 
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(3.11) * • 

In addition to those, we define two new dimensionless ratios, v 

andµ, by 

(3.12) V H P
-1 _ H ~ = pg o - Lu , 

Clearly, µ ~ 1, and equality holds only whon the prossuro at the 

free surfac(l vanishes. The ratios v and µ measure the distance 

of the bottom and top, respectively, from z = 0 where the bubble 

is initially located. Thus, for fixod c'/, tho larger µ and v , 

the less important are tho boundary effects compared to gravity 

effects. 

In terms of all those new variables, the previous conditions 

become, omitting all bars, 

These units are different from those introduced by Taylor, 

Friedman and Shiffman, and frequently used in literature on under-

water bubble motion. If we denote by L' and T' the units defined 

in (4), their connection with the present is, 

/\ 
L = aL 1 , 

The reason for breaking with the custom is that L represents 

exactly the equilibrium radius of the bubble, and thus has a greater 

physical signific.ance that L' ~hich gives only an upper bound for 

the maximum radius and is close ·to tho actual maximum radius only for 

high bubble energies. The new unit or time was chosen for convenience. 
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(3.13) D:. + = o, for r > R(Q,t) and -(~+ b) < r cos 9 < ~b 

(J.15) h(9,t) = +t + ½{[l + (~)
2

J(i+9 + b sin 9)
2 

Ag l • 2 •2 + 2Atr(r ♦9 + b sin Q) + lt - b} 

1t 

+ ~ (½ j A3sin 9 dQ)-r + ~{A cos 9 + b) - l = o, 
0 

r = A(Q,t) , 

l l sin Q 1 V ( 3 .16) ""' = cos Q .., r - r 'f' 9 = O , on r cos 9 = - (? + b ) , 

(3.17) on r cos 9 = ~ - b <Y , 

f 
) l4 cos Q sin Q d9 = 0 , 

whereas the dimensionless energy equation is 

'Jt 

(3.19) - t J A2(At + b[cos 9 + si~ 9 A9])f(A,9,t)sin e dQ 
0 

'Jt 

+ ½(l - db) f A3 sin 9 de 
..I 

0 
'Jt 

+ a-Jok(! I A3sin Q dQ)l-y = a-3(1 + !) 2 j E 
0 

The functions g and h in (14), (15) are dofinod by those equations. 
~quation (15) is obtained from (4) by using (3) to eliminnta +r, 



r 

Our problem is now to find ~' A, and b satisfying (13-18), 
subject to the initial conditions 

• • (3.20) X(Q,O) = a
0

, At(Q,O) = a
0

, b(O) = b{O) = 0. 

• a
0 

and a
0 

cannot be prescribed ind.ependently, since they are 
related by equation (2.16), which in terms or ths new variables 
becomes, 

(3.21) 
• 

r · IV, Method of Solution, 

• I 

In order to find ~' A, b, we assume that they ca.! be expresses 
as power series in r/ ( convergent or asymptotic) in the following 
form: 

00 00 ; !: rf1 r: C (t)f1 n=o m=o nm 

00 
(4,3) b(t) = L bn(t) . 

n=o 

Here, cnm(t) , anm(t)', bn(t) are functions of time to be determined. 
In view of ( 3. 20), they must satisfy the following initial cond:t.tions: 

j 
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\ aoo(O) = ~o • ~oo(O) = ~o 

(4.4) i anm ( O) = ~nm ( O ) = O 

{ b (0) = b (0) = 0 

for n + m > l -
\ n n 

for all n . 

1~• We require that the 'm be regular harmonic functions in the 

strip - (i+ b) <?.,: < t- b , such that :f = r-(m+l)pm(cos Q) 

+ J.~• ,, satisfies: m 

:r = 0 , for ' = J: - b rt 
(4.5) 

Im= o 

' 
, for ' = - (1 + b) (J" • 

Then (1), which certainly satisfies (3,13) will also satisfy tho 

boundary conditions (J.16, 3.17), no matter what the cnm turn out 
to be. 

The ~: are determined in the Appendix A. Obviously ~: 
depends on rl and t (through b) since, as equations (5) show, 
their boundary values depend on cf and t. Since ~* ia regular m 
at r = 0 and has rotational symmetry, it can be represented as a 

linear superposition of axially symmetric spherical harmonics regular 

at r = O; hence 

The coefficients dlan, (see Appendix B), depend on rf. and t, and 
as is shown in Appendix C, they can be expanded in power series in a' . 

J 
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On the other hand, since the problem reduces to that or the 
spherical bubble theory when a"= 0, we have 

whereas 

: a(t) > o 

2' = - a a , 

where a(t) is the well lmown zero order solution, discussed, in 
particular, in (2), 

In view or (7), (8) and (9), ~, ~r' ~9, tt for r = A(9,t) 
can be expressed as power series in a' • Likewise the volume of 
the bubble can be expressed as power series in rf . To find the 
bn' anm and crnn for n > l we substitute the power series thus 
obtained in (3,14) and (3,15), and equate the coefficients of 
cf1Pm(cos Q), for every n and m. This way we get a sequence of 
equations involving the coefficients and their derivatives. 

To obtain these equations explicitly, it is convenient, as was 
done previously in (2), to introduce the functions g(9,t) and 
h(Q,t) defined by 

00 • 00 • • (4.10) g(9,t):; g(Q,t) + L o-n(bnPl + l: [~+ 2! a n=l m=o a nm 

+ (m+l)a•(m+2)c JP) 
CX) 00 

=L ~ L gnmPm nm m n=o m=o 

.r1 

J 
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Now, inserting (1) through (3) in (3.14), we obtain, for n ~ 1 

m + 1 

(4.12) 
• - 1 a3[b• + • + ~a a g ) 2 n anl ~a nl - nl ' m = l . 

Similarly, inserting (1) through (3) in (3.15) and making use of (12) 
we get, after some manipulations, 

•·• •. •· k 3 1 aano + Jaa + (a+ 3YA a- r- )a no k no 
• • 

= agno + 2ag + h , m = no no 

• • • • • • • • aanm + 3a9nm + (1-m)aanm = agnm + (m+2)agnm + (m+l)hnm, m ~ 2 

So far, g and E are general formal power series in ~- with 
coefficients depending on anrn, cnm, and bn. If gnm and hnm 
wore independent of anm for m f 1, and of bn for m = 1, 
equations (13) together with the initial conditions (4) would deter­
mine the anm and bn uniquely, provided anl wore also known. 
Even so, in general we would have to solve for each n an infinite 
set of equations, and therefore we would not be able to get beyond 
the terms of first order in er' • 

can be proved: 

Fortunately, the following theorem 
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for each n, g : h 5 0 
11.l71 nm 

for m > n. 

for each n, tho 

with k < n 

B , h depend only on the nm nm 

A similar theorem was proved in [2], and since the method of 

proof is the sa11e, wo omit it hero. ( Tho tho orom proved in [ 2] was 

somewhat stronger in that we managed to show tho g = h = 0 ·nm nm ... 

also whonovor n + m = odd intogor. This in not true in tho present 

From tho fi:r1st part of tho thoor'om it follows then that tho 

oquations ( 13) aro linoo.r and homogonoous for m > n , and, sinc l; 

all th-J unknowns u:rc subject to homogonoous initial conditions, that 

u _ 0 
m :1 

for m .> n • 

Hcnco for onch n, wo have only o. finito number (exactly 

n+l) of equations to salvo. Also using (1~1.) in (12), ono gots 

C - 0 for m > n. 
r.Jr.1 

Thus, th () oxpnnsioEs (1) und (3) simplify to 

( 4.17) 

00 

~(r,G,t) = ~ 
n=o 

co 
11.(Q,t) = r: 

n=o 
a (t)P (cos 9) • nm n 

In vi 8W of tho aocond po.rt of our theorem, th0 oquo.tions ( 13 )' 

j 
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tor o. fixod n nnd m ! n , ri. f 1 , con bo solved provided tha.t 
we know akr

1
, bk, ckm , with k < n • Also, since by (3 ,18) anl 

con bo dotomincd in terms of o.
10

,,_ with k < m , tho oquo.tion for 
b can be likewise solved. Honco, tho system (13) co.n bo solved n 
in succession. 

v. 3 B,ubblc Coefficients up to Terms in d • 
Up to tcr1ns in o3 the expansions for ~, A, and b uro 

~ = c (r-l + d + d 1rP
1 + d 2r 2P

2) + [c1 (r-1+ d + d 1rP1 ) 00 00 0 0 0 00 0 

••• 

In tho expansion for A to:r1;1s involving a 1 were omitted since, 11 . as follows from (3.18) they arc zero for n ~ 4. (This assertion 
is not true for all n, though. As nay be verified, a51 27 -1 .i. = - 70 a n22n33 To.) 

In this section wo consider the equations for a with n."r. m f O. Tho equations for bubble coefficients with m = O arc 
derived in Section VI in o. simpler way. Since, however, tho proncnt 
equations will depend on tho a.no, sor.10 of the results of Section 
VI, namely those for °lo and a

20
, aro already used hero. 
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Lot anrn' bn denote tho bubble coefficients when the boun­
daries aro removed. The equations for these were found in [2], and 
will be omitted horo. Lot 

N 
b = b + b n n n • 

,v IV 
Thus the anm and bn are corrections to tho bubble coefficients 
duo to existence of boundaries. It was previously established that 
ilo = b2 = a3o = a32 = o. 

For n = 1, tho only coefficient (except for a10 ) to bo 
determined is b1 • Wo find, g11 = 0, h11 =a, and consequently 

- - 1 a3b• 011 - 2 l 

Hence b1 = b1 . It was previously shown that tho formula for 'E'1 
is equivalont to the Herring riso formula. 

For n = 2, tho only coefficients (except for a20 ) to be 
determinod a.re b2 , and a22 . Wo find, 

• -1 2· g21 = • [Jbl a alo + a a dool] 

g22 = O 

h21 = 3alo - a(a2~)•dool 

..2. ·2 
h22 = - 4 bl 

and, on subs ti tu ting :1.n ( 4 .• 13), obtain 

J 
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(5,7) 
rv I 

b2 = b2 = ~2dool + ~2dol2' 

' whero p2 and p2 are determined by, 
t 

{a3~2)• = i bla{~a2+ [;a - ~2] J a{ tt) dtt) , ~2 ( 0 )=~2( 0 )=O (5,8) 
0 

' • ' ~2(0) = ~2(0) = 0 , 

while, 

In terms of b2 and a22 , wo get from (6) and (4.12) , 

(5.10) 

( _ l 3 • 2 5' 1 c21 - - 2[a i2 + 3bla 1½.o + a a do12l 

f _ l 2 2 • l c22 - - 3 a (a a22) • 

In establishing equation (8), we used tho result 1 • t = - 2 d001a j o.(-c}d't , (soe equation (6,12) ) . 

For n = 3, the only coefficients (except for a30 ) to be 
determined aro b

3
, a32, and a

33
. We find 

( 5 .11) 

j 
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•• 1·· 1·· + (a
10 

+ 4a- a~
0 

+ 2a- a91_
0

)a22 

h33 = - i abl(a-la22)• + J a22' 

Substitution in (4.13) now yields, using a10, a20 , defined by 
Iv 2 81_0 = a10d001 , a20 = a20d001,(see equations (6.12) and (6.14), 

(5.12) 

N t It 
a32 = a32 = a32dool + a32dol2 + a32 do23 

where 
I I It ~

3 , ~
3

, a
32

, a
32

, and a32 satisfy the following equations: 

( 5 .15) 

• 
a32 (o) = a

32 (o) = o 
••t ••I •• I _ 9 • • I 2' I • I aa32+ 3aa32 - aa32 - - 2 b1(~2 + a a), a32 (o) = a32 (o)~ 

a~;l 3~;2 - ~;2 = - 5(i~~) • , a;2(o) = ~;2(o) = o , 
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I , 

:. • Formulae for c31 , c
32 , and c33 can bo obtained in ter11s of b31 

1 

a32 and a
33 using (6) and (4.12), However, c32 and c33 are 

of no interest, and the expression for c31 is 

For the oquilibrium bubble (a= 1) discussed at length in 
[2], we find a

10
: 0, ~

20 
= 0, and consequently all 

~·✓ equal identically to zero except for a
30 . Thus, the only case 

which can be solved explicitly is uninte~esting from the point of 
view of effect of boundaries. To obtain quantitative results in 
the general case, equations (8), (15) and (16) must be integrated 
numerically, 

VI, Use of the Energy Equation - Bubble Coefficients with m = O 
Tne bubble coefficients ano may be computed by solvinc 

equations (4.13) with m = 0, namely 

(6,1) a; + 3~~no + (~ + 3~" a-(Jy+l))a - ag
1 

+ 2' + h no IA no - no agno no' k 
• 

an
0 (0) = an

0 (0) = o. 

UsinG the equation defining a(t) , namely 

(6.2) 

j 
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(cf. [2] or earlier works on spherical bubblos), one verifies that • 
a(t) is a particular solution of the homogeneous equation associated 
with (1). Formally then, the problem of solving (1) may be reduced 
to two quadratures, since there exists a formula involving two 
integrations which will produce the general solution of a second 
order linear differential equation once e particular solution of 
the associated homogeneous equation is known. As is shclm in 
(5), this formula involves, in the caso when this particular solu­
tion vanishes at some points - which, indeod, is tho case with • 
a(t) - the corr4>utation of finite parts of divergent integrals, 
unlass, of course, the integrations can be carried out explicitly. 
We shall show here that in part these integrations can be ca.l'•ried --out, but in general it is preferable to solve (1) numerically rather 
than to use formulae. 

In any case, equation (1) can be reducod to a first order 
equation which is, 

t • • 
;a - k - a-J j (a~ + 2~g + h )a2;dt, a (0)=O no no no no no no 0 

To proceed further we must, of course, evaluate g and h in no no terms of the akf, bµ with k < n, and the actual expressions 
for these are a great deal more involved than the formulae for 
gnm and hnra with m > 0 encountered so far (equations 5.6, 11), 

A simplification is, fortunately, possible, In Soction II 
we derived the energy equation which in dimensionless form. is 
equation (3.19). The energy equation 1s a first integral of the 



I , 

I 

problem, Hence on substitution in it or our expansions for +, A, 
sad b , and on identification of coefficients of' various powers of 
~, one ought to get a sequence of first order differential equa­
tions for the bubble coefficients. Now, since the equations for 
a with m > O cannot be raduced to first order equations, we nm 

expect to get from the energy equation the equations for ano, 
namely the equations (3), Moreover, since the integrations intended 
in (3,19) are with respect to Q and not with respect to t, and 
since the expansions used are algebraic forms in the bubble coeffi­
cients and their derivatives, the equations so obtained will involve 
the bubble coefficients algebraically. Thus wo shall not only avoid 
the computation of the gno' hno, but will also obtain the integrals 
kno in (3) 

efficients. 

as algebraic expressions in the bubble co­
(From the form (3) of k it is of course not at all no 

obvious that these integrals can be evaluated explicitly,) 
We now proceed to express equation (3,19) in terms of bubble 

coefficients up to order 4 in cf • Let 

00 
cm= T, dnc 

n=o nm • 

In view of the theorem of Section IV, a:m = o(<fl) , 
place of a

0 it is convenient to use the average radius of tho 
bubble, a, 

in terms of which a 
O 

is, up to terms in Jt , J: 
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(6.6) 

Using the above notation, and substituting (~ .. 16,17) in (3.19), we 
now get, on carrying out the intended integrations, 

~ • l • 2 • 2' l -1 ' (6,7) - ~ [c
0
(aa - 5 a2a2 + d

00
a a)+ c1d

10
a a+~ c2(a a2) 

+ b(½codola3 + jcl - ~cla-1a2)l + (1 - O'b)a3 + ka-Jra-J(y-l) 

= "a-3(1 + ~) E • 

We still need to express c
0

., c1, and c2 in terms of bubble 
coefficients., of which c 

O 
is needed to order l~, c1 to order 3 , 

and c2 to order 2 in <r' , if ( 7) is to be correct to 01'ldcr ~-

in ~ . c
0 

can be evalueated ~act~ ( to any orde1-a) by evaluating 
the surface integral of the normal derivative of ~ over the sur-

J..J'° face of the bubble. Since ,.,· (see equation (A.9)) is a r0cular m 
potential function inside the bubble, its contribution to the 

surface integral is zero., by a well known theorera. Hence 

/ 
I 

Q= J ¾/Z::: cmr-(rn+l lpm )ds 
Bubble m 

1t 

2n: L c ( [ (m+l )P + A - 1A9P 
I 
rmA. sin Q dQ . m m ) m m 

0 

The integrand above is ~ ¾e,(A-mP: sin Q) ., if rn + O, while for 
m = 0 it is equal to sb Q. On integrating one c;ets then., 

~ = - 41tc • 
0 

-r1-j . 
f 
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On the other hand, Q can be compu~od by using the boundary condi­
tion at t:.ie bubble, oquation (J.ll!-), namel::-

'rt: 

Q = 2'lt J [At+ b(cos 9 +¥,sin 9))A.2sb 9 dQ ,., 
o 

n 
'TC 1 3 ' l' d " " 11 '" d 1 { 3 = 2n I' -:;-(A ) sin Q + ·~-;b d9("'t:.sinL.9)d9 = ~J ·dt(,2- _Jl °A sin QdG) .1 .) ,_ 

0 
0 

Equating the two oxprossions for ~ , ono ,_-~ets 

(6.8) C = 
0 

Tho expressions for c1 n.:1d c') to tl10 donirod orclc1, ct\!·1 be o1-. c_ 
taincd by comb:tning r nnul ts ( 5, ~;, 10). Oi:10 cots thun, 

1 b(a3 3 a2a.) 1 r• 
/; 

((.9) cl = a.-> a.c~ l to t c~rms in - 2 - 'r' - 2 , ... ' 2 0 . 

1 a. 2 ( a. 2a..,) • i~ 
(6.10) C = - , to terms ln 2 3 L. 

Subs ti tu tin,"'. un, ( 9) and ( 10), in ( 7) , WO got finally 

_ ~-3 J 4·2 1 3 -- a, + 2 n n ( d + ·2:-d ldlo !l ) • _ 0 0 CO 0 C 

j 
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Tho last part or this equality was obtained by ovo.luating the onorgy 
at t = 0 a.nd using (3,21). Tho oquo.tions for the a. nre now no obtained b:r replacing a., a

2, b by their expansions in (1.J.) and 
identifying tho coefficients of various powers of cl • Rosul ts a.re 
as follows. 

1. For o.
00

(t) = a(t) we got (.as oxpoctod) equation (2) 

2. For a.
10 

wo got the equation 

4•2 •. •• l a a '2 o.a...
0 

- a.a = - d ( 
0 0 

- aa) • L lo 2 col 7 
• • This equation can be solved explicitly if o.

0 
= 0, while if a0 + 0, the solution is obtained in terms of finite parts of divergont 

integrals. 
* 

We sho.11 assume, hero and subsequently, tho.t o.
0 = 0. 

Ono gets then, 

t (6.12) = 1 • ; · al o - 2 a. ad't • 
0 

3, For a
20 

we got the equation 

The significance of this assumption wns discussed in [2] • 
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Using the formula (12) for '½.o, 0110 now finds that 

(6.13) 

where a
20 

is the part of a
2O 

found in connection with tho bubble in infinite water, (see equation (54) in [2]), while a
2O 

is given by 

t t (6.14) ad-r)
2 + 2a~ f ad-r + ~ { a2d-r } 

s d 
• 

For a
30 we get the equation 

••• • •• 

Using previous results for a
10

, a
20

, and b2 , one now finds that 

(6.15) 

where ' and a30 satisfy the equations 

(6.16) 
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(6.17) , 

' 
with the initial conditions a

30 (0) = O, a30 (0) = 0. (For the 
' definition of ~2 and ~2 see equations (5.8).) The equation " that a

30 satisfies can be integrated explicitly and one gets 

t t t (6.18) a;
0 

= - fl; { j ·;( j ad-r:) 3 + ~( f ad-r;)( J a2d-r) 
0 6 0 t t t 

+ (2a; + ~2
)( J ad-r:) 2 

+ 3a2~ f ad-r + a~/ a2
d-c + 

0 0 6 

t ": 

~ r a3 d-r} 
6 

• 
The equations (16, 17) arc singular, since the coefficient a of the leading term vanishes at some points. Yet, as we lmow already, they can be solved, although it is not convenient to use them in the given form for numerical solution. We know, however, that the ano satisfy the equations (4.13) with m = 0, which are regular, and 

' therefore a'3
0 

a.'rld a30 satisfy equations with the same principal part and finite non-horiogeneous term. Actually, equations (L~.13) can be obtained from (16, 17) by multiplying them by a3 , differen-tiating, and then dividing by One gets, however, simpler re~lar second order equations by differentiation of (16, 17) without prior multiplication by a3 . The result is, on dividing by ~ , 
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••• 
' 

.. , a , " ·2 • • 2 . . ' (6.17) '130 - h•)a3o - - (2aa + a )b1 + aab1 - a - abl~2 , a 
I • I 

Ct3o(O) = Ct3o(O) = 0 • 

The right hand terms in (16) 1 
and (17) 1 

were arranged so as to ex­
hibit their finiteness. The only doubtful parts are those involving ••• • •• 
-a and (-a ). • ti (2) fi d Fro~ equa on one n s, • • a a 

••• 
(~ )• = - 20~-Ja-6(1 - fu(3y+l)(3y+2)k[~a]-3(r-ll);, a 

which are both finite for all t since a> 0. 

VII. Discussion of Results. 
Formulae for the bubble and migration coefficients are too 

involved to allow for a complete discussion of our results. In the 
compa~ion report, Underwater Explosion Bubbles IV, we use these 
formulae for computations in a special case. Here we shall carry 
out only a qualitative discussion. In particular, we shall show 
that certain effects predicted by other authors are easily deducible from the present study. 

We recall that to the third order in ef 

where 

j 
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~o = alodool 
\ , 

- - + a d2 a2o - a2o 2o ool 

l 

I 
! 

' " 3 a30 = a3odool + a3odol2 + a3odool 
I It a32 = a32dool + a32dol2 + a32do23 

1 -a33 = a33 

bl= ol 
I b2 = ~2dool + ~2dol2 

~ 2 I b3 = 0 3 + ~3dool + ~3dooldol2 • 
t· 

I The barred quantities are those that would be obtained if the 

\ 
I 

boundaries were removed to infinity. 
1. Theory of bubble periods. 

In view of formula (6.6), the average radius of the bubble a is to the third order in if' given by a , 
0 

(7.3) 

In general a is not a periodic function, but may be assumed approximately periodic for small Cf', since a(t) is periodic, Let ~ be the half period of a( t) . The half period 't( <1') of a can be defined as the time elapsed until the first maximum is 1'eached. That is, 't(<f) is defined by the equation 

j 
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• (7-4) a(~( er)) = o . 

Assume that 

't( c{) = ~ + 'tl ct'+ • • • • 

Substituting in (4), expanding and keeping terms up to the first order, we get 

• •• • a(~}+ cf( 'tl a(~) + a10 (~)) + ... = O • 

l Solving for ~l, and using (6.12), we get \ 

This formula is identical with that obtained in [4], p. 181, formula (1.15). 

The formula for d
001 

which 1s derived in .Appei1dix c 1s 

(7.8} d
001 = - µ!v(f(x} + log 2) , 

where 

co (-l)s f (x) = 2x i,: -------~-s=o (2s+l) 2-x2 ' 
x=~ v+µ • 

The function f(x) has been tabulated in (41, p. 190. d l is 00 

j 
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l l negative for x >- 3 , and positive for x < - 3 . Thus the bubble 
period is smaller or larger than that of a corresponding bubble in infinite water, depending on whether µ < 2v or µ > 2v. 

2. Theory of migration. 
To the first order, the r.1igration of the bubble is given by 

the Herring formula, 

t 't' 
(7.10) b = db = 2cf J. d't' J a3( o')dcf • 1 a3('t') 

0 

For derivation, see, e.g. (2). Experimental data indicate that 
Herring's formula predicts a too large migration, and the discrepancy 
is of the order of 50°/o for moderate explosions (JOO lb. TNT), 
For bubbles in infinite water, b2 : O, and b

3 
< 0. This shows that 

our results are in qualitative agreement with experir,1ental data. 
In presence or boundaries, b

2 f O, and it dominates the third 
• order cor·ro&t1on. We shall estimate its E)ff act by computing b
2 at 

• 
the tllne or the first minimum. In this estimate, we assume that b1 is appreciable only during a short time interval near the first mini­mum of the bubble, and that the bubble radius,is during most of its motionJnear its maximum. Then formulae (5.8) yield, approximately, at t = 2't 

(7.11) ., 3 
~2 rv 12~ 't'A • 

Here, M refers to data at the maximum, m, to data at the mini-
4•2 r~urn of the bubble, and A is the average value of a a . Both 
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. . ' ~2 and ~2 are positive. Using the above estimate, we now get 

~ ;lo'+ 1;2c,2 AJ 4(~).3o'r + .3(~)bl (2't)'~c,2'tdool 

+ 12 a;J A~'td012 • 

1 For x > - 3 , i.e. for µ < 2v, both d001 and d012 are negative showing that the effect of boundaries is to retard the up-ward migration of the bubble. 1 For x < - 3 , i.e. for µ > 2v, 
d001 becomes positive, while d012 remains negative. Both ld001 1 and ld012 1 tend to ~1finity as x..;. - 1. Hence, although it is • not impossible that b

2 
remains negative for all x, it will cer-

tainly tend to -co for x-.. -1, that is for v..;. 0, since 
I d012 I _.,. oo faster than 

I d001 I . This can be seen from the table ' for f (x) found in [6], Fig. 15, We can conclude therefore that 
• there exists a critic al value of v for which b< 2rr) ,..~ 0 , and for 

v smaller than this critical value the bubble will migrate down­wards. 

J. Shape of the bubble. 

We have shown in (2) that in the absence of boundaries the 
bubble would flatten in the first approximation and would become 
kidney shaped in the third approximation. This is because i 22 ~ O and a

33 
~ 0. The effect of bow-idaries on the shape is felt only in the third approximation and they affect only the value of a32 , 

(see equations (7.2)). By inspecting equations (5.16) it may be ,v verified that a
32 ~ 0 for sufficiently small v. Hence a2 

I 

j j 

' 



I 
; 

I 
i 

~ 

- -- - - - - ... 

-34-

= d2a22 + o3a32 +•••may become positive, reaultin~ in an elongated bubble. This possibility admits of a very simple explanation. The rigid bottom attracts the bubble downwards while a free surface repels the bubble, also downwards. On the other hand, due to gravity, the bubble has the tendency to rise. When the bubble is near the bottom, the upward pull due to gravity is larger than the repelling action of the free surface. As a result, the upper part of the bubble will move upward, and the lower part - downward, This may result is an 
elongation of the bubble, and even in a tear into two bubbles, one 
below the other. 

Our deductions have been made by considering only the most 
significant terms in (7,2), Thus in discussing periods, we con­
sidered only effects due to first order terms, and neglected to 
review the effect of second order and third order, t~rms. In study-• ing the migration, we also neglected the third order terms. All these neglected terms may play a significant role. However, our conclusions are fully confirmed by a numerical example reported on in 11Underwater Explosion Bubbles IV." 

j 
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APPENDIX 

A. Doteminati•on of the ~: 

Let + (r,9) = r-(m+llp (cos 9), +: was defined in Section 
m m III as a regular harmonic function in the strip - u <, < v, satisfying the boundary conditions 

(Al) 

where, 

(A2) 

for ~ = v , 

for 2'; = - u, 

v=.l:- b O" 

* ~m m4y be constructed by using the method of images. Denote by 2'; ,~ the~ coordinates of images of the origin in the planes 
~\. 

, = v, and , = - u, lying below the plane z = - u, and by ~k the , coordinates of images lying above the pls.ne z = v . We have, 
,· 

( - 2sw, if k = 2s 

~ - ) 
- L - 2sw - 2u , if k = 2s + l (A3) 

, s = o, l ••• 
2sw, if k = 2s 

~k = 
2sw + 2v , if k = 2s + l 

J 



(A4) +if 
W = U + V = J:!! • O' 

-36-

It is easily verified that (A3) yields the , coordinates of all 

the images if k runs from l on, whereas for k = O, 

Our construction is based on the following proposition: If 

g(~,'t,,) = g(') is a regular harmonic function everywhere except at 

the origin, then 

1 • is a regular harmonic function in the strip - u <, < v, and 
1 •• G ( c;, ~, v) = - g ( v ) , G ;; ( ~, ~, u ) = g ~ ( -u ) • We spec 1 al i z e g to f m ( r, Q ) 

= ~m(~,~,,), obtaining 

(A6) 
* 00 t 

+m = ~o (-l)n[+m('2n+1- ,i + +m(' - S2nl + fm(' - ~2n) 

Here the ( 1 ) indicates that the terms tnvolving 

be omitted from the series. 

- fm(~2n+l - ,)J • 

' = -e = 0 0 0 should 
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r 
r 2 = t2 + h2 + (' - , )2 = r 2 + , 2 - 2rtkcos Q k -, k l! 

"ri = l{.2 + ~2 + (~ - ?k) 2 
= r 2 + ?~ - 2r~kcos 9 

(A7) rkcos ek = {-l)k{~ - ~k) = (-l)k{r cos e - ~k) 

, 

we now get 

Substituting in (A6), we finally obtain 

+ r-(m+l)p (cos Q ) r-(m+l)p (cos Q )] 2n m 2n - 2n+l m 2n+l • 

1* B. Expansion of o/m near r = o. 
In order to evaluate ~: ( h, Q) as a power series in rY, an 

1~'" expansion of ,,~ in powers of r near r = 0 
By definition of Legendre Polynomials, 

Hence, on replacing x by 

is needed. 

lxl < i 
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(Bl) 

from which we conclude that 

Since, however, by (A7) 

r! - 2xrn cos Qn + x2 ~ r 2 - 2r(~n + (-ljnx)cos Q 

+ (~ + (-l)nx)2 , n 

we get 

• 

Hence, using (Bl) with r replacing x, and ~n replacing rn, 
we get, on carrying out the differentiation, 

r < I ~nl • 

Similarly, 

j 
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Substitution in (A9) now yields the desired expansion, 

(B4) 

where • 

Using the definitions of ~n, ~n, we get, 

(B5) • 

+ f. (-l)s[(-l)k+m(s + ~!µdb)•(k+m+l)_ (s + ~:~)·(k+m+l)) I 
s=o 

C. Expansion of dmk in I?OWer of <r • 
Since v + ~b > O, µ - db> O, each term in the brace of 

(B5) may be expanded in powers of '1' • In the text we considered 
the solution for X, ~, b up to terms in rt3. Since the expansion 
of '\nk starts with a term in J<+m+l , and since, in view of the 
theorem of Section III, each~: is multiplied in the expression 
for ~ by <f to at least m' th power, for our purposes it will 
be sufficient to consider the expansion of the brace in (B5) up to 
the power 3 - (2m+k+l) . Thus we only need to consider the cases 
m = O, k = O, 1, or 2, and m = 1, k = 0. 

j 
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(Cl) 

we have 

(C2) 
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doc = dool r1 + doo3ct3 + • • • 

dol = do1262 + ••• 

do2 = do23ef
3 

+ ••• 

r Here, the terms d002~ and d013ef3 were omitted, since, as may be 
, ' 
,. 

1 • 

I 

verified they are zero. We now get, 

(C3) 



r· 
., 

I 
I 
i 

I 

r• I 

1 
l 

The series in (CJ) can be expressed in terms of tabulated functions of 

(C4) 

namely 

(C5) f(x) = f: (-l) 9 [(2s+l-x)·1-(2s+l+x)·11 s=o 

and its derivatives. We find 

( d001 = - (f(x) + log 2)(µ + v)·l 

(C6) 

l 
Here ~ denotes the ~-Riemann function. 

In special cases µ = oo, or v = oo, formulae ( C6) simplify to: 

(C7) 

(08) 

d :L ool 2v 

d - l 012 - - ~ 
l~v 

do23 = l 
8v3 

, for µ = co 1 

for v = a> • 

J 
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