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A THEORY OF INDIVIDUAL

CHOICE BEIAVIORT

R. Duncan Luce

1. Introducticn

One large portion of psychology is segmented — even as cnapter
headings in many texts — intc such topics as sensation, motivation,
simple selective learning, reaction time, etc. Unlike another
broad class of psychological problems (e.g., memory, thinking and
perception), these areas have a common theme: chsice. To be sure,
in the study of sensation the choice is between stimuli, in learning
it is between responses, and in motivation between alternatives
having different preference evaluations; and some psychologists
believe that these distinctions, at least the one between stimulus
and response, are basic to an understanding of hehavior. This paper
will attempt a mathematical description of individual choice behavior
where the distinction is not made except in the language used in
different interpretations of the theory. Thus, I shall use the more

neutral word "alternative" to include the several cases. There seems

1. This work was supported in part by a grant from the National
Science Foundation to Columbia University for the study of

"The mathematics of imperfect discrimination", and in part by an

Office of Naval Research contract on basic research with the Department
of Mathematical Statistics, Columbia University. Reproduction in whole
or in part for any purpose of the United States Government is permiited.

I wish to express my deep appreciation to Professors Robert
R. Bush and Eugene H. Galanter for their many helpful discussions
of these problems while the work was in progress and for their
numerous constructive suggestions about the manuscript.
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little point in trying to discuss the merits and demzs_.s of this
decision now, except to mention it in order to avoid confusion later.
The results that follow —— which I believe afford some insight into,
and some integration of, utility theory, psychological and psychophysical
scaling, and learning theory — will implicitly serve as the argunent
for the course taken.

A basic nresupposition of the paper is that choice behavior
is probabilistic, not algebraic. This is a commonplace in psychology,
but it is a comparatively new and unproven point of view in economics
(utility theory). To be sure, economists when pressed will admit that
the psychologist's assumption is probably the more accurate, but they
have argued that the resulting sirplicity warrants an algebraic
idealization, Ironically. some of the following results suggest that,
on the conu.ary, the ideali--tion may actua.ly Lave made their problem
artificially difficult.

Once the probabilistic nature of choice behavior is admitted,
a problem arises which does not exist in the algebraic models. Complete
data as to what choices a nerson will make from each possible pair
of alternatives do not appear to detsrmine wha% choice he will make
when there are three or more ali=ornatives from which to choose.
Because they cannot escape multiple aliernative choice prchlems,
economists have been particula: ly sensirive to this feature cof probabi-
listic models and it has undoubtedly bezn one of the sources »f
regsistance in their admitting imperfe.: aiscrimination. Early
psychologists, particularly learning theorists experimentally studied
multiple alternatives, but as vhe data seseme’ dreadfully complicated

a trend set in toward fewer and fewer alternatives :ntil now. most



-3

studies are conducted on simple T mazes. One can say that, for the most
part, present day psychologists have been willing to ignore — or, to be
more accurate, to bypass and postvone — the connections between
pairwise choices and mors gener..l ones. And so the relationships
have remained obscure.

I shall center myr attention upon this problem. The method
of attack is to introduce a single axiom relating the various probabilities
of choices from difrerent finite sets of alternatives. It is a simple
and, I feel, intuitively compeiling axiom that appears to illuminate
many of the more tradi*ional problems, in particular the question
as to whether or not a compa.atively unique numerical scale exists
and reflects choice behavior. Such a scale, unique except for its unit,
will be shown to exist very generally. It appears to be the formal
counterpart of the intuitiv~ idea of utility (or valuve) in economics,
of incentive value in motivatica, of subjective sensation in

psychophysics, and of resronss strength in learning theory.

2. The Basic Axiom

Throughout the paper I shall suppose that a universal set U
is given which is to be interpreted as the universe of possible
alternatives (stimuli or .esponses). In practice, U will have to
possess a ceirtain hcmogeneity: the uscision maker will have to be able
to evaluate the elements of U accordiry to some comparative dimension
and to be able to sel-ct from certain finite subsets the elements
that he thinks are superior (or infsvior, or distinguished in some way )
along that dimension. For example, in economics U may be taken to be

a finite set of gcsds among whicli & parson can express preferences;
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in psychophysics, it may be the infinite set of possihle sound energies
(at a fixed frequency) which a subject can be asked to evaluate as

to loudness; or, in learning theory, U may be the set of alternative
responses available to the organism. Note that U may be finite

or infinite.

In general, a subject is not asked to make a choice from the
whole of U, but rather from some finite subset. In a great many
experiments only two stimuli are presented to the subject at a time
and he is required to chocse the one he: prefers, or the one he deems
louder, etc. Of course, larger subsets could be used, although
for the most part they have not been, and certainly most daily
decisions are from larger subsets (e.g., the choice of a meal from
a menu or the choice between several jobs, etc.).

Let T be a finite subset of U and suppose that the choice
of an alement must be confined to T. If S is a subset of T, let P(S;T)
denote the probability that the selected element is a m ber of the
subset S when the choice is restricted to T. These probabilities
will be the basic ingredients of the following theory. It should be
emphasized that P(S;T) denotes the probability that the single chosen
element lies in S, not the probability that S is chosen. If, however,
S = {xf, i.e., S is the single element set having x as its only
member, then P(3x:;T) denotes the probability that x is selected
when T is offered. I shall abbreviate this to P(x;T). If T ='{x,y}
then P(x;{;,y}) is written sinply as P(x,y) and it denotes the
probability that x is chosen over y when only x and y are offered.

The svmbol P(x,x) will be admitted as meaning P(x;{r,y}) where y = X,

not P(x;{x}), and by convention it will always have the value 1/2.
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A bit more formally, we shall suppose that for certain finit32
subsets T of U a probability measure is given on the subsets of T
which, by the axioms cf probability theory, satisfies:

i. for SCT, 0 < P(5:T) < 1,

ii. P(T;T) = 1,
iii. if R, SCT and RNS = {, then
P(RUS;T) = P(R;T) + P(S;T).
Repeated application of iii ‘implies that

P(S;T) =2 P(x;T).
XeS

Note, given our interpretation of these probabilities, part ii means
that the subject is forced to make a choice: the probability is 1
that his choice is in T when only T is available.

The axiom that we shall explore is this:

Axiom 1. If T is finite and RCSCT, then P(R;T) = P(R;S)P(S;T).

At first glance, the axiom may seem to be a tautology, but
it is not; and, at a second glance, it may seem unlilely. So some
discussion is needed. Of course, it would be a tautology if the
quantity P(R;S) were replaced by the conditional probability that the
choice is in R when it was made from T and is known to lie in S. But
P(R;S) is only the probability that the choice is in R when it must
be made from S, not from T. Thus, the axiom has content. As an example,
suppose that T is the set of entrees on a certain menu, S the set of
meat dishes, and R the set of beef dishes. Then P(R;T) denotes the

probability that the chosen entree is a beef dish when the whole menu

2. The restriction to finite sets is not basic, but as that is all
that is needed for most of the following results, and as the theory
is easier to state for that case I shall assume them to be finite
except in section 8.
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is presented; P(S;T) the probability that it is a meat dish when the
whole merm is available; and P(R;S) the probability that it is a beef
dish when only the meat dishes are presented (as sometimes happens late
in the evening when various items have run out).

In decision theory (see, for example, [8]) one axinmatic idea
is recurrent: the independence of ifrelevant alternatives. It is captured
differently depending upon the context, but thas common nature of these
axioms is clear. Intuitively, the idea is that if you are to make a
choice from a set of alternatives, then the addition of new alternatives
which are clearly inferior to your original choi.ce should not cause you
to alter that choice. In a slightly more subtle form, this is the content
of axiom 1., It says that if, for whatever reason, attention has been
confined to S, then the existence of the alternatives in T-3 cannot
influence the probability that the choice is in R.

I shall postpone any discussion of the empirical plausibility
of this axiom until we know some of its consequences (see section 11),

Before presenting any results, let me recast the axiom in several
alternate forms. Define

Q(S3T) = 1-P(S;T).

In our interpretation, Q(S;T) is the probability that the chosen element

is not in S when T is the set of possible choices.

Axiom 1'. If T is finite, R,SCT, and R(\S = ¢, then Q(RyyS;T)=Q(R;T-S)Q(S;T).

Axiom 1", If T is finite, R,SCT, and RNS = ¢, then P(R;T) = P(R;T-S )Q(S;T).

Axiom 1"', If T is finite, x,y ¢ T, and x =y, then P(x;T) = P(x;T-ﬁy}MQ(y;T).

The last axiom appears to be a good deal weaker than the other
three, and some people find it easier to accept; however, our first

result shows that all four are really the same.
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Theorem 1. Axioms 1, 1', 1", and 1" are equivalent.

Proof. 1 implies 1'. Suppose R,SCT and RNS = §. Let S' = T-S,

Since RCB!',
P(R;T) = P(R;S')P(S';T) (axiom 1)
= P(R;S!)[1-P(T-5';T)] (11 and iii)
= P(R;S')[1-P(5;T)] (def. of S')
= P(R;S')Q(S;T) (def. of Q). (1)
Consider,
Q(RUS;T) = 1-P(RUS;T) (def. of Q)
= 1-P(R;T )-P(S;T) (iii)
= Q(S;T)~P(R;S')Q(S;T) (def. of Q and eq. 1)
= Q(S;T){1-P(R3T-8)] (def. of S')
= Q(S;T)Q(R;T-5) (def. of Q).

1' implies 1". Consider,

P(R;T=S)Q(S;T) = Q(S:T)-Q(R;T-5)Q(S;7T) (def. of Q)
= Q(S;T)Q(RUS;T) (axiom 1')
= P(RS;T)-P(S;T) (def. of Q)
= P(R;T) (1ii).

1" implies 1. Let RCSCT and call S' = T-S, then

P(R3T) = P(R;T-S')Q(S";T) (axiom 1*)
= P(R;S)[1-P(T-£;T)]) (def. of S' and Q)
= P(R;S)P(S;T) (ii and iii),

1" implies 1"\ Let R = {x} and § = {y}.

1" implies 1". We prove this by induction on |S|. Suppose S = {_y},

then
P(R;T) = £ P(x;T) (ii1)
xeR
= 3 P(x;T-{y))Q(y;T) (axiom 1m)
X€eR

= P(R;T-{y} Q(y;T) (1i1),
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Let RNS = § and suppose the assertion is true for all sets having |S|-1
or fewer elementsa. Let y & S. Clearly, R(\(S-{y}) =¢, so
P(R;T) = FR;(T-S)U{r}1a(s-{y}sT)  (induction hypothesis)
= P(R;T-S R[y;(T-S)U{yjIR(S={y };T) (axiom 1M).
However,
Qly;(T-S)U{y} (S~ {r};T) = (1-P[y;(Tms)u{y3 ]J}Q(S-{y};T) (def. of Q)
= Q(S-{y};T)-P(y;T) (induction hypothesis)
a l-P(S-ty};T)-P(y;T) (def. of Q)
= 1-P(S;T) (111)
= Q(S;7) (def. of Q),
Throughout the rest of the paper I will refer just to axiom 1,

but will use whichever of the Sour forms is convenient.

The next theorem is basic to all later results. It states,
in effect, that if axiom 1 holds, then the pairwise probabilities

determine all onthers.

Theorem 2. Suppose TCU is finite and that, for all RCST, P(R;S)

is defined. If axiom 1 holds, then for every x ¢ S,

P(x;5) = 1
E P(y,x)
P(x:y)

yes

Procf, If 5 has only one element, the theorem is trivial, so we
assume S has two or more elements. By axiom 1 and property iii
of probability,
P(x;8) = P(x; {x,y PP({x,y};S)
= P(x,y){P(x;5) + P(y;S)],
for v ¢ S-{x}, Rewriting,
P(y,x)P(x;S) = [1-P(x,y)]P(x;S)

= P(x,y)P(y;S). (2)
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There are two cases to be considered.

1. For some y & S-xj, P(x,y) = U. Since P(y,x) = 1-P(x,y) = 1,
this together with eq. 2 implies that P(x;S) = 0, and so the assertion
is true.

2. For all y & S=-{x}, P(x,y) # O We show P(x;S) # 0. Suppose,
on the r-ntrary, P(x;S) =0, then by eq. 2 P(y;S) = 0 for ally ¢ S={x.

Thus, P(S;S) = 2 P(y;S) = 0, which is impossible by property ii of
yes

the probability axioms, so P(x;S) # O. This means that eq. 2 can be

rewritten as
P(y,x) _ P(y;S)
P(x,y) P(x;S ’ (3)

for y & S-/x}. But, by definition of P(x,x), eq. 3 also holds for y = x, so

1 " 1
P(y,x) P(y;S)
P(x;S)

Eﬂ P(y;S)
ys

= P(x;5).

3. Existence of a Numerical Scale

As the study of choice behavior has developed, both in psvchology
and in economics, one of the central problems that a formal characterization
must solve is wha! conditions insure the existence of a relatively
unique numerical scale that, in some sense, represents the choice behavior
of the subjects. Mathematically, the problem is simply one of imposing
sutficient axiomatic structure to prove the existence of a scale which
is unique up to some group of transformations — the group of positive
linear transformations (zero and unit unspecified) has usually been

deemed to be just acceptable. These are what Stevens [1}] calls interval
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scales. But the empirical side~condition that these mathematical
agssumptions must form a more or less plausible description of human
and animal cheice behavior has rendered the problem difficult. There
have been, I should say, three main approaches.

Economics. Preference among goods has been taken to be the
underilying primitive, which, as an idealization, has been assumed to be
an algebraic ordering of the goods. So long as a finite set of goods
forms the set of alternatives, many numerical order preserving scales
exist, but their uniqueness properties are completely inadequate.
fhat being so, economists finally arrived at the position that it is
safer to work only with orderings =—- as they say, with ordinal utilities
in contrast to cardinal3 ones — and for many of the traditional
theorems of economics this is sufficient. Nonetheless, some work,
particularly in modern decision theory, requires cardinal utility scales.
Some extension of the traditional formulation was needed, and a decade
ago it was effected by von Neumann and Morgenstern [18]. {Actually,
Ramsey [11] suggested much the same idea a good deal earlier, but the
importance of his work was largely missed until very recently.)

Roughly, one continues tv suppose that preferences are algebraic, but
the domain of choice is extended from a finite set of goods to the
infinite set of all possible gambles that can be generated from the
goods and an infinite set of chance events. Preference over these
gambles is assumed to meet certain fairly rigid axioms which, although
normatively compelling; seem, at best, to lack detailed descriptive
realism. Under these conditions, a scale is shown to exist which is
unique vp to positive linear transformations and which has the important
property that the utility cf a gamble is equal to the expected utility

of its components.

3. Psychologists would call this an interval scalc of LC A A 2%
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Psychophysics. The psychologist has been largely unwilling to
make the economist's algebraic ideaiization, for in some measure the
substance of his choice problem resides in the fact that people are
unable to make consistent discriminations. The Barly psychophysicists
proposed to use these data as a means of scaling subjective sensation.
Ultimately I shall want to discuss this question more fully, mainly

because recent workers have tended to reject the earlier ideas, but here

I shall only p»int toc the fact that the attempt was made and that analytical

methods were presented for determining an interval scale whenever certain
consistencies are exhibited by the data. Mathematically, the
uniqueness of these scales results in large part from the assumption
that the set being scaled is a continuum — a reasonable assumption for
such dimensions as sound energy, or weight, or length, etc. For a modern
discussion of this mathcmatics, see [71.

Psychometrics. In the remainder of psychology, a small group
of workers, often referred to as psychometricians, have been concerned
with scaling objects other than the traditional sensory stimuii.
In particular, such concepts as attitutle, preference, intelligence, and
interest have concerned them., Their problem has been similar to that
confronted by the economists in that their sets of alternatives are
decidedly finite. Thus, the continuous approximation of the psycho-
physicist was out, and the gambles of the utility thecrist -= which,
in any event, are of dubious realism in many psychological contexts -—
were not thought of. The resolution arrived at during the second and
third decades of this century was roughly this. The by then somewhat
tarnished’psychophysical assumption was taken over that the underlying
scale has the property that it makes discrimination uniform throughout
the scale. Since the continuwum assumption could not he transferred,

this was quite insufficient to lead to a unique scale. Other asswnaptions

e ———e ——




ik

had to be added. At the time, statistics was rapidly becoming the
somewhat overworked handmaiden of psychology, and normality and
independence agsumptions were in the wind. With little justification
beyond convenience and need, these were freely introduced until finally
adequate uniqueness was achieved. The result: an extensive and
unsightly literature which has been largely ignored by outsiders, who
have correctly condemned the ad hoc nature of the assumptions.

In the other areas of choice behavior, specifically motivation
and learning, it has been generally assumed that scaling or measurement
is either irrelevant or can be indefinitely postponed. Among the
exceptional sorties are the papers of Hull et al [5] and Young [19].
However, to one familiar with measurement ideas, the notions of incentive
value and response strength are suggestive of scales.

In all of the fields where scales have lLeen important, they
have heen constructed under the assumption that only data for pairs of
stimuli are kncwn, In the economic mcdels tliis has not been a limitation
because of their algebraic nature (in particular, the assumed transitivity
of preference). In the psychological models, where discrimination is
admittedly not perfect, the pairwise data have not been known to determine
choices from larger sets and the whole problem has remained unresolved.
As we have seen (theorem 2), axiom 1, if accepted, justifies complacency
on that score.

What I propose to show in this section is that if choice
discrimination is admitted to be imperfect and if axiom 1 is assumed,
then a scale, which is unique except for its unit, is determined for
both finite and infinite sets of al’oernamt.ives.)'l As we shall see, this

formulation solves all of the classical problems in a very simple way.

L. In Stevens' terminology, a ratin scale will be shcwn to exi-t.
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Lemma 1. Suppose T = {x,y,z}€U and that, for all RCS€T, P(R;S) is

defined, axiom 1 holds, and P(8,t) # 0 or 1 for s,t ¢ T. Then,

P(x,y )P(y,2z )P(z,x) = P(x,z )P(z,y )P(y,x).

Proof: Since P(s,t) # 0 or 1 for s,t € T, eq. 2,in the proof of theorem 2,

can ke written
P(v,x) _ P(x,y)
P(V9T) P(X,T)

So, by theorem 2,

P(y,x) {1+ EX2) P(,0)7 . P(x’y)[l+P(y,x) P(zlx)]

Ply,x)  Ply,a) P(x,y) ¥ P(X,2)
which, when simplified, yields the assertion.

Translated into words, the lemma asserts that if axiom 1 holds
and if pairwise data are obtained, the probability of finding the
intransitivity x,y,z,x (x "larger than" y, y "larger than" z, and 2z
"larger than" x) is exactly the same as that of finding the reverse

intransitivity x,2,y,x.

Theorem 3. Suppose TCU is finite and that, for all RCSTT, P(R;S)

is defined, axiom 1 holds, and P(s,t) # O or 1 for s,t € T. There

exists a non-negative real-valued function v on T, which is unigue

up to multiplication by a positive constant, such that

Proof. Let a be an arbitrary, but fixed, element of T. Define
v(x) = kP(x,a)/P(a,x),

where k is any fixed positive constant. By lemma 1,

P(x,y) . P(x,a)
- s

_ vix)/k

viv /K

Y

v(x)

= -‘;m .



So, by theorem 2,

P(x;S) = ;( )
- 1
=g
v(x)
v(y) :

If v ana v' are two such functions, choose k so that
2 v(y) =kz v'(y). Since v> 0 undv'> 0, k>0. Then, for any x¢S,
yeS yes
vi(x)
2 vi(y)
yes
kv (x)

k2 v'(y)
yes

#

P(x,S)

kvi(x)

2 viy)
yeS

v(x)

z viy)
yes

So, v(x) = kv'(x), for xeS, which shows that v is unique up to
multiplication by a positive constant.

The limitation that P(s,t) # 0 or 1 may seem severe in that it
makes the scale v extremeiy local; however, in general this should
prove to be no obstacle. One can suppose (at least sometimes, but
section 10 suggests not always) that none of the probabilities are
actually O and 1, but rhther that some are very small or very large
and seem to be O or 1 because the number of observations is finite.
Can it be that these exceptional inversions are the ones we try to explain
away by saving that we were not '"paying attention", or we were "bored

and wanted to see what would happen®, etc? Nevciileles., in practice,
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we cannot estimate these limiting probabilities suffieciently accurately

to use them for scaling purposes. It appears that, to construct a

scale over the whole of U, one will have to find a series of overlapping

T's which span U in such & way that within each { the pairwise

probabilities are decidedly larger than O and smaller than 1. Then

theorem 3 can be applied within eacdh T, and the arbitrary scale constants

can be chosen go that the separate scales match in the regions of overlap.5
In another paper [6] I introduced the following definition

of an algebraic relation which approximates the pairwise¢ discrimination

structure. For x,y ¢ T, x > y if and enly if P(x,z) > P(y,z), for

all z € T. The relation > on T is referred to as the trace of the

pairw#ise discrimination structure. It is easy to see that the trace

is a transitive relation, but in general it nmsd not be a weak order.

That is, there may exist incomparable pairs (x,y) for which z and z' ¢ T

can be found such thet P(x,z) > P(y,z) and P{x,2') < P(y,z'). In [6]

I found it necessary to suppose that this did not occur —- that the

trace is in fact a weak order. The following theorem gives a

gufficient condition for this to bs 30,

Theorem L. Under the conditions of theorem 3, the irace of the pairrise

discriminations forms a weak order and v is order preserving.

Proof. By the definition of the trace, x 2 y is equivalent to

P(x,z) > P(y,z), for zeT. But by theorem 3, this is equivalent to

S. The actual details of how this should bsst be done will very
much depend upon the peculiar empirical difficulties of the several
areas; and I do not intend to imply that a single general method
will work. More experience in handling such problems exists in
paychophysics than elsewhere, and some hint of one method used there
is given in section 5.
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v(z)
LT Ll

which, by simple algebra, is equivalent to v(x) > v(y),

Indeed, we have shown that x 3 y if and only if P(x,y) > 1/2.
This, in turn, is known [&] to be equivalent to the condition of strong
Stochastic trensitivity, namely,

if P(x,y) > 1/2 and P(y,z) > 1/2, then P(x,z) > max[P(x,y )P(y,z)].

i Fechner's Problem

One way of phrasing theorem 3 is that axiom 1 is sufficient
to make the discrimination problem mathematically one-dimensional. By
this I mean that if we set v(S) =:y§S v(y), then P(x;S) depends only
upon the ratio of v(x) to v(S). The one-dimensionality is particularly
vivid for the pairwise discriminations where

P(x,y) = N S g

The idea that discrimination along a single sensory continuum

mathematically
might be/one-dimensional has long been common in psychology. It was
first postulated by Fechner in psychophysics and it has been widely
assumad, but without an axiomatic justification such as I have given here.
As Fechner'!s assumption has been subject to a good deal of discussion
and controversy in psychology, and as many psychologists now reject what
is often called the Fechnerian position, I should like to examine what
is involved in some detail.

It is generally held that Fechner agsumed that the

subjective sensation of intensity arising from physical stimuli which form

a continuum is given by that transformation of the physical continuum
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which renders discrimination dependent only upon sensation differences.
This is now believed on empirical grounds to have been wrong (see
Stevens [15]). It seems to me that whether or not his assumption can be
rejected greatly depeunds upon exactly what it is, and about this there is
some confusion., As I see it, there are two quite distinct parts to it:
i. the probabilities of pairwise discriminations, the P(x,y),
are so constrained that there exists a real-valued mapping
u of the stimuli and a function F of one real variable such
that, for P(x,y) #0 or 1,
P(x,y) = F [u(x)-u(y)],

and
ii. the function u of part i represents "subjective sensation".

Now, although part i must be true for part ii to have any
meaning at all, the truth or falsity of part ii, however we may choose to
interpret it, asserts nothing at all about the truth or falsity of part i.
This simple point seems to have been slurred over a good deal in the
discussions of Fechner's assumption(s).

Psychologists have interpreted part ii as implying various
reasonable things about behavior, and these implications have turned out
to be empirically false. For example, let x and y be two soft tones
and x' and y' two loud tones, all of the same frequency, and such that
u(x)-u(y) = u(x')-u(y'). It is argued that if u really represents
subjective sensation, the two differences should seem to Le of the same
size to the subject; they do not. For such reasoas the Fechnerian

position has been rejected — not just part ii, but also part i. It would

6. Most often psychologists phrase Fechner's assumption in terms of the
equality of sensation jnds and refer to the stated postulote as the
principle that "equally often noticed differences are equal, unless
always or never noticed." Of course, the jnd concept is actually an
algebraic construct from statistical data, and it is not surprising

to find Lhat the two are actually the same assumptio:. & fill Jdi :cussiun
of this point will be found in [7].
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appear that part i should be dealt with separately and, if true, retzined,
for the reduction of a multi-dimensional problem to a one-dimensional one
is an achievement not to be lightly discarded.

Part of the reason for rejecting part i as well as part ii,
even though the evidence does not force one to do so, is no doubt the fact
that that restriction is difficult %o accept as a primitive axiom.
Somehow it is much too sophisticated and not sufficiently compelling to be
treated other than as an interesting conjecture. What has been lacking
tem from which il would appedai 48 a cunsequence.

In axiom 1, however, we have a condition that is sufficient
to prove Fechner's assumption i when discrimination is imperfect, and
to do so quite generally without restricting U to te & continuum.
This is easily seen by setting

u=log v

in which case theorem 3 implies
1

L1

q
oo

P(ny) ==

u(y)
P e
eu(x)

1
1+ o-lu(x)-u(y)]

For obvious reasons, I shall refer to log v as the Fechnerian scale.

It appears that v is a much more basic scale than Fechner's.
For example, v enters in theorem 3 in a particularly simple way, making
the calculation of P(x;S) almost trivial. In somc of the following
applications, v appears tc play a more central role than log v.

Nonetheless, if axiom 1 holds, Fechner was correct in th~ first half
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of his agsumption, thoupgh he need not have confined his conjecture to
stimuli which form continua.

Recently, Stevens [15] has argued that, although it is true
that discrimination is mathematically one dimensional, it depends upon
ratios of scale values, not differences as assur:d by Fechner. This is,
of course, what we have shown must hold fcr the v scale; in addition,
the results in the next section show other strong correspondences
between our scale and the one Stevens has discussed.

If T am correct in my feeling that v ig g basic scale, lhen
it will need a name. There are a multitulle of possibilities in the
literatuw.'e, among them response strength, sensation, value, and preference,
but each is associated with a particular area of application and so
would seem to limit the generality of the scale. But, as my wife pointed
out, the initial letters of these names form a happy combination, and so

I shall dub v the RSVP-scale.

5. Application to Psychophysics

One of the most important applicationsg of this theory to
psychophysics was given in the preceding section; however, as Fechner's
problem is not confined to that case, I chose to treat it separately.
There are, in addition, two other topics.

If, with the psychologists, we reject Fechner's second assumption
that log v represents subjective sensation, then what does? Recently,
Stevens [15] and Stevens and Galanter [16] have reviewed a large
aggregate of data which, in part, seems to show that there are two
quite distinct types of psychophysical scales. "Class I seems to include,
among other things, those continue on which discrimination is mediated
by an additive or prophetic process at the physiological level. An

example is loudness, where we progress along the ~mtinrem btr ndiag
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excitation to excitation. Class TI includes continua on which
discrimination is mediated by a physiological process which is substitutive,
or metathetic. An example is pitch, where we progress along the continuum
by substituting excitation for excitation, i.e., by changing the locus

of excitation." {15, p. 3].

In addition to this distinction by mechanism, there seem to be
sharp behavioral differences between the two classes of scales. The
properties of Class I seem to be more consistent and more thoroughly
explovud. Tour Lhese, discrimination (pairwise) is approximately
proportional to physical intensity (Weber's law), or more precisely
(see Miller [9]) it is linear with intensity. Further, when a person
is asked to assign numbers to stimuli so that the numbers correspond
to subjective magnitudes (magnitude estimation), the data can be fitted
quite accurately by a power function Ax?, where B is a constant between
C.3 and 2.0 depending upon the continuum and provided that it is measured
in ordinary physical units (see Stevens [i§]).

Let us suppose that axiom 1 holds and that the RGVP-scale v
is a continuous function of physical intensity and that Class I continua
are characterized by the property that the linear generalizgtion of
Weber's law is true, i.e.,, given any number k, 1 > k > 1/2, there exist
numbers c(k) and d(k) such that

P(x,y) = k if and only if x = [1 + c(k)ly + d(k).
Then we show that

vik) = «[x +‘6]B,

where £ > 0, B = log k - log(l-k) s and Y = _ak) Since, by theorem 3
log[l + c(k)] clk)

P(x,y) - v(x) :

vix) + v(y)




the generalization of Weber's law can be written

k
1-k

v {[1 + c(Kk)ly + d(k)} a v(y).

Sy slightly modifying the results in [ 7 ], one can show tha* the solution
to this equation is unique up to multiplication by a positive constant,

and it is easy to show by substitution that the above v is this solution.

As far as mathematical form is concerned, the model leads
to the correct result for Class I continua; howevber, the exponent B
appears Lo be frum one to two o ders of magnitude larger than that
obtained by direct methods. Stevens [15] reports p = 0.3 for loudness
when y is measured in energy units. In a study of loudness discrimination
of white noise (theresults are fairly similar to those for pure tones),
Miller (9] employed a technique ir which the base stiaulus was always
present and periodically an increment of energy w2s added. He reports
that for middle and high intensities, the Weber fraction (similar
to c(k) above) corresponding to S0 per cent correct reports is 0.099
when y is measured in cnergy units. These data are not of the form
needed in this model, for Miller did not use a forced choice technique
~- a failure to report an increment added is really an indifference
report. If we suppose that in a forced choice situation half of these
indifference reports would go one way and half the other -- this is nnt
strictly true, but, as will be shown, this will not affect the qualitative
nature of the calaulation — then k = 0.75 and c(k) = 0.099. Substituting
in the above formula yields B = 11.6. Even if we took k as small as
0.6, our formula for B would yield L.3, which is an order of magnitude
larger than Steven's constant. I am quite uncertain as to how this
discrepancy should be interpreted, but, as there can be no doubt that it

is not an error of measurementi, it bears same invecti-tjon,
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One test of this model, which has not bLeen available for earlier
ones, is its prediction of the form of the discrimination functions.

Once p is determined from k and c(k), we predict that

P(x,y) = ——lT y
e (X)
X
It is unclear exactly how the scales of Class II can be
characterized, except. that Weber's law does not hold and that magnitudse
estimation daes not wield a power law, Oncs, howsver, a4 law of discrimi-
nation is given of the form
P(x,y) = k if and only if x = g(y),
theorem 3 and the analystic procedure given in [7] can be used to
determine the RSVP-scale. For example, if there are any continua
such that discrimination is independent of the pnvsical value, i.e.,
P(x,y) =k if and only if x =y + c(k), then it is easy to show that

N
pey,

[}

v(y)

log k - logfl-k) .
where p > C and A 363

A second application of this theory is to Thurstone's [17]
concept of a "discriminal process", which he introduced both as a possible
explanation of imperfect discrimination and to arrive at certain
mathematical relationships which might be observed. 1In its simplest
form, the idea is to attach a density function f(x,t) to each stimulus
value x and to interpret it as characterizing the stimulus that the
subject "thought" was administered. Thus, for example, when x and y
are two sound energies, one supposes that an observation is drawn from
f(x,t) and another from f(y,t) and whichever is the larger determines

the stimulus that the subject calls louder. Note, we are assumings
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independent observations. The model generalizes to any finite nuaber

of stimuli. To be more formal, let

Flx,t) = /tf(x,'r)dft.
-0

The assumption is that

P(x;8) =/ f£(x,t) ] | Fly,t)at. (L)
- %0 yeS-{x}

This is the probability that, when 5 is the set of stimuli presented,
x will be reported as loudest (or, more generally, largest on whatever
dimension is being investigated). A similar expressinn can be written

for the probability, say P¥(x;S), that x is reported least loud, namely,

Pr(xss) = / " flx,t) 1 1 [1-F(y,t)ldt. (5)
- ysS-Ex}

The next theorem establishes that Thurstone's assumption of
independent discriminal process is inconsistent with the assumption that

both P and P! satisfy axiom 1.

Theorem 5. Suppose that T = -{x,y,z} is a subset of the set U of positive

real numbers such that, for all RCSCT, P(R;S) and P! (R;S) are dofined

and P(s,t) and P'(s,t) #0C or 1, for s,t ¢ T. If P and F' both satisfy

axiom 1, then there do not exist density functions f(s,t) for each s & T

and t e(J such that eqs. L and 5 hold for all S CT.

Proof. GSuppose the theoium is false, then
o s
P(x;T)-Pt (x3T) = /" £(x,8) {Fly,8)F(z,t) - [1-F(y,t)1(1-F(z,t)] Yat
-~ %0
= /780, 6)[F(y,t) + F(z,T) - 1ldt

= P(x,y) + P(x,z) - 1.
By theorem 2,

. . 1 _ 1 :
P(X;T)-P|(X)T) 0 l'P(X,Y) ' l—P(x,Zj 1+ P(?:,y) & P(X,ZT
P(x,y) P(x,2) 1-P(x,y) 1-P(x,z(
o Plxyy WP(x,2)m1] { ——DO0Y WRG02 1-2P(tyy 1P (i) .
k[2-P(x,y)-P(x,z)+P(x,y)P(K,Z)][1-1(f,‘)f(V,ﬂ}]
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Equating these two expressions, the term in braces must be 1, and that is
easily reduced to the condition

[1-P(x,y)][1-P(x,2)][2-P(x,y )P(x,2)] = O.
This can be satisfied only if either P(x,y) =1 or P(x,z) = 1 or both,

which is contrary to hypothesis.

6. Application to General Psychometric Problems

The most important implication of this theory for psychometrie
scaling is contained in theorem 3. So long as axiom 1 is satisfied,
any set of alternatives has 2 nwmerical scale which is uniyue except for
its unit. In particular, there is no need for the usual ad hoc normality
and independence assumptions, and there is no basic difference between
scaling a finite set of alternatives ani scaling a psychophysical continuum.
In addition, there are two somewhat technical points that may be

of methodological interest. A subject is sometinies asked to rank order
stimuli according to some dimension instead of simply selecting the "largest"
or the "smallest" stimulus. For our purpose, it is sufficient to suppose
that he is asked to select his first and second choice and to indicate
their ordering. Although it does not follow directly from axiom 1,
the intuitive basis of that axiom would suggest that
= R(x,y;T) = P(x;T)P(y;T-{x }) (6)
gives the probability that x is the first choice and y the second.
It is easy to see by axiom 1 that this is equivalent to

R(x,y;T) = P(y;T-{ P-P(y;T). (7)
If, as before, P! refers to the probability of choosing the 'smallest"
stimuli, then R'(x,v;T) can be defined similarly and it is interpreted
as the probability that x is placed last and y next to last when such

choices must be made from T.
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Observe that when T =={x,y,z} these two operations are
tantamount to rank ordering the stimuli, and so one might suspect that
R(x,y;T) and K (z,y;T) would be equal. They are not generally, as

we shall now show.

Theorem 6. Suppose that T = {x,y,z} and that, for all RCSCT,

P(R;S) and P' (R;S) are defined and satisfy axiom 1. A necessary and

sufficient condition for

P(x;T )P(y,2) =Pi(z;T)P(x,y)

iz that Plx,y) ~ Ply,z)

’
Proof. Replace P(x;T) and F' (2;T) by the expressions given in
theorem 2 and simplify.

In words, if a person satisfies axiom 1 and if the probability
of a ranking is given by eq. 6, then in general it matters whether
he begins the ranking at the top or the bottom. This may not be unrelated
to the fairly widespread, but so faras I know undocumented, impression
that most people exhibit a characteristic direction of ordering,
usually from the top down.

Our second point revolves around suggested devices for
empirically estimating P(x,y). The difficulty in making such estimates
for many stimuli is that if the pair (x,y) is presented several times,
one suspects that the first response is remembered and colors the
answers to the later presentations. In other words, the first response
alters the P(x,y) governing the later responses. The problem, then,
is to devise dodges which allow us to estimate P(x,y) without actually
presenting the simple choice between x and y more than cnce. One
suggestion, which I first saw in [2], is to have the subject rank order

several finite subsets of U, In [2], subsets of four elements were
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were used. These sets can be chosen so that eacli pair of alternatives
(x,y) appears a number of times, and an obvious estimate of P(x,y)

is the number of times that x is ranked superior to y divided by the
total number of times the (x,y) pair appears. The following theorem
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