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ifismcT 

A theoretical investigation of the oscillatojiy aotion of a flexible 

cable-bocfcr sy?toil is prv?oiited# Cable-toned derices of this type have 

both hydrodyraaic and aerodynamic applications. Fbr example« cable- 

toned devises are used for underwater «inesweeping gear and air-to-air 

refueling of jet aircraft. 

In this analysis the general equations of aotion of a cable-body 

systea »re derived in tenas of generalised loading functions. A solution 

of the result1¾ four, first order, quasi-linaar, partial differential 

equations was obtained by the asthod of characteristics which is valid 

for any arbitrary aotion. The cable was assuasd to be finite in length, 

and boundary conditions are considered for both ends of the cable. 

Boundary conditions at the upper end of the cable ere derived in teraa of 

the disturbances produced by the vowing vehicle, whereas the boundary 

conditions at the lower end of the cable are in terns of the forces act¬ 

ing on the towed body. Also, conclusions about how the disturbances 

propagate up and down the cable are nade. 

When the aotion of the systew is steady, not a function of tine, 

the equations of notion are greatly simplified. The solution for this 

special case is presented in the font of cable functions which can be 

used to deteraine the cable-body equilibrim configuration. 

In order to facilitate obtainit* a aolution whan the psrturtmtion 

forces and notions are small, the general equations ara linearised. 

Asymptotic expansions for both snail and large values of the pertur¬ 

bation frequency er« derived. Also, an example is presented to 

illustrate the method. 



i.o nmoDocrio» 

TI» proble«« •> oocla ted «ith th« design of tcned d«Tie«« rwjnl« • 

ne« ns of dete mining the position of the towed body, the tension in the 

cable and the effect of the «otion of the towing creft on the behawlor 

of the cable-body syst««. Preble« of this type arise, for «aeple, 

when towed dericeo are need for eine weeping, sonar housings, and anti- 

submarine warfare, lino, related problems «ri«« when laying eub-arine 

cables, anchoring balloons, buoys and off-shore installations. 

A great many iiwestigatora hare studied yarioua aspects of the 

general problem, Hefe rencas 1 to 18. In one of the earlier inrestiga- 

tions, performed by McLeod (1)*, the steedy-etate shape of a heswy, 

legible, circular cable was deriwed neglecting the tangential force 

acting along the caole. This analysis did not lead to a si«pl* result 

and no attempt was tde to obtain umerical moults. Tbs nsanlac 

associated with the equilibrium or steady-siete eonfigumtion throughout 

this investigation is that the resultant velocity is constant. 

Later, alauert (2) investigated the same probla« and pre«anted a 

seriea of charts for solving problem« which involved towing a heavy 

body In the vertical piase. However, these chert« heve been found In¬ 

adequate for treating case« where the body 1« towed by a long cable at 

moderate o. high speed« since the tangential component of the fo.ee 

«long the cabio was neglected. Both of those analyses assumed the 

•slne-equered* law for the normal forco acting on tha circular cable as 

* References ere listed on psgo 80 



obtained experimentell^ bj Reif 1917. 

Shortly before end during World Wer II eeeerel epeciel «ble-bc^r 

configurations «re inw.tig.ted —re ...-ption. wr. .d. .boot the 

tangential force coeponent end the wight of the cable. The mst ccm- 

prehen.iT, work w. a report publiahed by Pod. in 1951. In thi. 

report the equilibri« configuretion of a circular cable i—rwd in a 

rteady, unifen, etrw. -a. treated. The .inewqwred 1- ». ..™ed 

for the normal force Aero., a «notant tangential force ». u»d to 

determine the steady-.tat, »hape of a heaey cable. 

The stabilll/ Of a body towd by a »ightleea cable »a analyaed 

by Qlauert («>. Howrer, the tension ». ..«ed conrtant «d the 

damping of the cable ». neglected. Phillipe 
.homed that these 

assumptions lemi to erron^m. concluaioo. It. reimet to the boundud» 

of stability. In both of these lnw.ttg.tlow oeclllatio« of the cable 

„re neglected, the» thaorie. fallad to pwdict the rloUnt motion of 

these oodles which had been ob serrad «hen they »w to«ed farter than a 

certain apead fro. an airplane. The weulting motion inmlwd owill- 

atlow of the cable. In operation, such to»d bodl- hew been obwrwd 

to generally rwaln stable up to a certain apead, but *ow thi. speed 

violent short-period oscillation, bm been obwrwd inwlai«« pitching 

and vertical motion of the body .. »U *■ »„lllrtion. of the «ble. 

Th.» oscillatiow haw fwquently weulUd in »pawting the body fru. 

the cable m though the «bl. ett.cW.rt ». dwigwd to «Ithrtend . 

load of 2? tim» the «eight of the body ^ ♦ 

PhilUpe (1S), in a Utar inw.tigation, considerad the powlbllity 
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that oscillation« of the cable generated near the toeing cmfi aay be 

amplified, as the oscillations are propagated down the cable, due to 

the action of the forces acting on the cable. In tills investigation 

he tangential force along the cable was neglected, the cable tension 

was assuaed to be constant, and the equilibrium configuration of the 

cable vas assuaed to be a straight line. Also, the effect of the body 

on the cable vas neglected, that ia, the cable vas assuaed to be infinite- 

> long. In a report by Miles (l6) similar assumptions were made, hov- 

erer, a finite length of cable vas considered. 

In the present investigation the general aquations of motion for 

the cable-body syettei ere derired in ten« of arbitreir norael and tan¬ 

gential loading functione. The poasibillty of self-e-clted lateral^ri 

brations of the cable, soa»tijaee called •treru-iesion line gallop* ' , 

la ruled out due tc the nethod of attaching the fairing to the load 

carrying nenber. Ueually the fairing i* f»e to rötete about a circuler 

cable which la placed *11 forward of the center of preen« of the feir- 

ing. Hence, the fairing .ill aeeu* a poaition euch that the aide force 

ie aero, Thie phenomnon of tran*ieaion line gallop, etiich la doe to 

aerodynamic mutability, la ueually one of eery 1« frequency and large 

aaçlitude. Hearer, . high frequency, —U a*»litud. Uterel aibretion 

la alao poaaible. Thia type of Tib rut ion, which la due to the for*tlon 

of the ’Karman Vortex atreet*,ia produced by the alternate ahedding of 

«rucee fro. the member. Thia ahedding of Tortloe. pioducea a aide 

force which alt.matea frow one aide of the -ember to the other aide. 

Alao, thia ia the ease pheno*non that causee ’einging pro pe Hera and 

I 



telephone wires. Since the anpllti**) of this rib ret lot 1« asueUj anil 

in comparison to the disturbance produced bj the tearing vehicle it eill 

oe neglected. Also, this ribrttion is alrnjs damped by the Tiscoms 

forces acting on the cable. Therefore, only rib ret ions in a plana para¬ 

llel to the direction of motion will be considerad in this analysis. 

Simple relations, which are based partially on theoretical results 

and partially on experimental resulta, are proposed for the loading 

function which are applicable to either circular or faired cablea. 

The resulting equations of rotion consist of four, first order, qnaai- 

linear, partial differential equations. This system of equations is 

simplified by neglecting the time dependence of the functions to study 

the important steady-state case. The results of this steady-state in¬ 

vestigation are presented in the form of cable fun tions which must be 

evaluated by numerical integration. 

Next, the general, quasi-linear system of equations which describe 

the notion of the cable-body system are solved for any arbitrary distur¬ 

bing force. This solution is achieved by the method of characteristics. 

In an effort to emphasise the important factors in determining the 

motion which results from a small disturbance, the system of aquations 

la linearised. However, the resulting equations are still very difficult 

to solve since the variables are functions of both cabla lamgth and tima. 

Hence, an asymptotic expansion is made for both larga and small values 

of the disturbance frequency. Even though the resulting aquations, 

which are «nr ordinary differential equations, ha va non-constant co¬ 

efficients, certain assumptions may be made and than the aquations can 



. J 1»- b. solved. Fron these .sr»ptotlc eipenelon. the effect of thf 

portant parameters can noted. 

2*0 MATHEMATICAL FORMULATION OF PROBLEM 

In the mathematical formulation of the cable problem the force, 

acting on an element of the cable will be considered. The hydrodyn-ic 

force, acting on the element of the cable are assumed to depend only on 

the velocity at the element, and are not affected by such matter, a. 

curvature of the cable or the flow at nearby elements. In other words, 

the form of the hydrodynamic force is the same for a »»11 element of 

the cable as for an infinitely long cable of the same sise and shape 

and inclined at the same angle to the free-stream. In addition to the 

hydrodynamic forces, there is a gravitational force and toKline tension 

acting on the cable element. From practical considerations, it rill be 

assumed that the cable offer, no resistance to bending and cannot 

support a compressire force. 

Also, the hydrodynamic forces, the weight of the cabla, and the 

forces applied to the cable ends are assumed to lie in a plane. There¬ 

fore, the entire cable will lie in the plans of the diction of motion 

and the direction of gravity. This requir-ent is satisfied by smooth 

symetrical profiles, either circular or faired, and is approximately 

satisfied by a stranded cable. 

The free surface effect, aeration cavity formed behind the cable 



6 

at and near the water »urface i» naglacted. ^mallj t ia carlty axtjnda 

orer a relatiTeljr saall percentage of the total cable length for eoat 

applications. Hoverer, this free surface effect «ay become important 

for some special cases. For examplet this effect is important vben 

towing a body on a short length of cable as is done quite often in 

towing basins. 

2*3. De rira t ion of Equations 

The horizontal and vertical forces acting on the cable element, 

subject to the assumptions made in section 2.0, are obtained by apply¬ 

ing Newton’s Law to the cable element shown on Figure 1. From consider¬ 

ation of this figure it is seen that 

u. - ax and LT - ¿JL 

Then the horizontal and vertical forces can be written as 

= dCrc^<f) + â O-o- /0*0* ÿ Pofa* «d»*— 

and 

u^à.'T z r Gd* - iVaU/ 
r ¿t 

Dividing these two equations by ds yields 

it + 6 ¿**4 - Fa**** 4 •••••••• (2.1.1) 
Z 

/* ££ s t tCiAL-f - w .(2.1.2) 

From ihe geometry of the configuration 
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s** € 
à* 

then 

~ 
-4. 

Multiply equation (2.1.1) by sin f and (2.1.2) by cos f and subtract 

(2.1.2) fro* (2.1.1) yields 

ju[°>u s4<*- 4 - èlï - - T¿£ - F + V/<f.. .(2.1,4«) 
' LJt. Jt 

and by a sinilar process 

u. foM t áSI “ r~ û ~ ¿f •••••• .(2.1.5) 
r[jt r ¿t 4 ¿4, 

Equations (2.1 Jt) and (2.1.5) are sumnaiions oí the forces nomal and 

tangential to the cable eleawnt respectively. 

The nomal and tangential velocities are given by 

U - U. F — i/' £ J 
l . (2.1.6) 

^ - U. >Ô4-d, ef + í/~ tf J 

then 

èU « + •••••.....••• (2.1.7) 
Ot Jt Jc 

and 

Jj/ » Jt* ¿ cf ~~ U ............ (2^..8) 
jt Jt Jt 

a ni <V/L 

. . (2.1.3) 

and 
citT 
-J <1- «dt 

Rewriting the last two equations 

'C**# - V 
Ot c5t oJ t Jt 

and 
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ï« + ^r fi * U3t 

ubstituting these relationships into eqnetions (2.1.1.) (2-1-5) 
and s 

yield 

A 
ju .viil =-Ti¿ -f * w^-<f 
St Jtj 

.(2.1.9) 

(2.1.10) 

[it °>*J 

Two other equations are 

tiation 

obtained from equation (2*1.6) by differen- 

¿i/. 

ja 

(2.1.11) 

and 

ja 

(2.1.12) 

These last two equations can be s 
iaplified by using equation (2.1.3). 

Then 

JA 

& - 

and 

Ja, 

Substitution of these t»o equation, into equat 

give 

JU = -à£ 
Ja 

ion (2.1.11) and (2.1.12) 

(2.1.13) 

Oa 

and 
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¿y + u ZÍL = ö .(2.1.12*) 

Hence, the four equations of action for the cable are 

Í I 
^ J 

r LJt Jtj 

- v^£ - 
f 

C = ÈÏ + ¿ 
Ja 

For ease of writing this system of quasi-linear, partial differential 

equations, differentiation with respect to s and t will be denoted by 

subscripts. In this notation equation (2.1.15) beeomen 

- -7~ yy — F t- w c*”* <-P I 

= ¿Z" t 6 - 14/ <f I 
I 
>.(2.1.15) 

Ju 
cStu. 

'J<P 
Ja 

jU^yt- = -T -F t VJ Ç 

¡A1¾ + v$J - 71 + 6 - vJa^- tf 

^ = v'^. -14, 

o - 4 t U<p* 

J 

(2.1.16) 

The above system of equations describe the velocity, tension, and shape 

nf the cable at any time. Before discussing solutions to this system of 



equations, the Nadine functions a 

(rated. 

nd boundary condition» will be inresti- 

2.2 Loading Functions 

In order to detemine the re.iet.nce of the cable »oring through . 

fluid, it Is necessary to study the mechanics of real fluids. The early 

development of the science of fluid mechanics followd two very different 

lines. One »as the theoretical approach based on Euler's equation of 

motion for a perfect fluid, whereas the other was an empirical 

which developed into the science of hydraulics. However, L. Prandtl 

in 19Cíi introduced the concept of a thin friction layer, called the 

boundary layer, which brought these two branches of fluid mechanics 

into closer agreement, application of the boundary layer theory makes 

it possible to separate the flow about a solid body two regions. 

One region consists of a thin layer in the neighborhood of th. body 

where friction plays an essential part, and the other region is co^oaed 

of the fluid outside the boundary layer. In this second region the 

effect of friction car. be neglected, hence potential theory can be 

applied. 

The resistance of a submerged body moving through a mid can be 

separated into two components which will be called the skin-friction 

component and the pressure component. The skin-friction component is a 

tangential force produced by the fluid moving past the surface of the 

body. Whereas the pressure component is due to the modification of the 

potential theory pressure distribution by th. boundary layer. The flow 

in the boundary layer has the property that under certain conditions a 

reversal of flow direction occurs in the neighborhood of the body which 

causes the boundary layer to separate from the body. This is usually 



12 

accompanied by the fomation of eddies in the **lce of the txx* irhich 

changes the pressure distribution ^bout the bo<*r fro. that irhich is cc»- 

puted fmn potential theory. This rariation in the pressure distribution 

produces the pressure component of the resistance. These tvo types of 

resistance may be vizualized by comparison < ’ the resistance of a flat- 

plate and a circular cylinder. The resistance produced by ths flat-plate 

is mainly friction drap, whereas the resistance produced by the circular 

cylinder is mainly pressure drag. 

The problem of detemining suitable loading functions for bodies of 

arbitrary shape has been studied by a great »ary investigators Jx both 

hydrodynanics and aerodynamics. Send-empirical relationships, which 

depend on the Reynolds Number, have been developed for the slcin-fnotion 

resistaiice of a flat-plate.Í21í22} However, the probier is nwre diffi¬ 

cult for bodies of arbitrary shape.(23) Usually some assumption about 

the pressure component of the resistance is made. For example, in naval 

architecture the pressure component is liaped into the residual 

resistance which is assumed to be independent of Reynolds \’ui*>er and the 

frictional component is computed using an empirical flat-plate law. 

Several theoretical investigations of the profile resistance (pressure 

and friction components) of two-dimensional wings have been made, how- 
(21 23 25) 

ever, the results of tuese investigations are difficult to apply. 

Also, studies of three-dimensional boundary layer problems have been 

made but as yet the results are not in a fom suitable for application 

to the cable problem.(21,26,27) For eme-pl«. « 1» necessarr bo too. 

the location of the transition point, shearing stress in the turbulent 

layer and other quantities depending on which metu-d is employed. 

a»   + a.u— •»**«»»** r* 1 fvr/H TÏ£F f*OI*C0 ACtilUT OH ft 1 ne iunu wx wu© aswai«— ^ —-— — - w 

cable towed with unifora velocity through a fluid has, in ?en«r*l, been 

\ 



Uten «s « function of th. ,in—squared of ths .ngl. of Inclinstion. $ , 

which the cubic metes with the ho.-UonUl. The result.nt st«dy-.Ut. 

velocity was Uten to be horizontall however, it is not necessary to 

mate this choice. More general loading functions than those used by 

previous investigator, will be developed. Th. difference between the 

proposed loading functions and the loading functions used by other inves¬ 

tigators will bs clearly indicated and the results will be compared with 

experimental ta* 

As shown on Figure 1, the cable element is Inclined at an arbitrary 

angle, e , to the résultent velocity, C . The normal loading function, 

f, and the tangential loading function, <5 , will be derived in tenas of 

the normal and tangential velocity components of the resultant velocity. 

These loading functions will be assumed to be proportional to the square 

of the respective velocities, neglecting any spanwise pressure gradients, 

as is usually done in hydrodynamics and aerodynamics. The spanwise dis¬ 

tribution of velocity in the boundary layer of a yawed cylinder, whether 

laminar or turbulent, was shown to be insensitive to the chordwise 

pressure distribution in Reference 25. Hence, using this indépendance 

principle, the forces normal and Ungential to the cable will be written 

f., 

<3 •- CT¿ X-V* 

where CN and Cr are commonly called drag coefficients. The negative 

sign was chosen for the second equation since the tangential force acts 

.. m«-_ j_M o rr*-. for most body shapes* 
in the negative a airee noa. me -**»6 -* 

is a function of the ftsynolds Muster as well as surface roughness. As 



vas suggested earlier, the drag coefficients vill be considered as 

though they were composed of tvo parts. One pert of the drag coefficient 

vill be associated with the pressure drag and the other part with the 

friction drag. Then the drag coefficient vill be vritten as 

C/si ' C'R 

C'r= C'R y 

(2.2.2) 

vhere is the drag coefficient of the cable when ♦he cable is per¬ 

pendicular to the free—stream. Therefore, the quantities in the brackets 

reflect the Reynolds Number effect on the drag coefficients. This font 

for the drag coefficients was chosen so that 

1 - a reference Reynolds Number range can be ^elected by 

choosing CR when the cable is perpendicular to the 

free-streaa. 

2 - the components of the drag coefficients due to the 

pressure forces,A and d » ar® independent of the 

▼ariations in Reynolds Number along the cable; 

3 - the components of the drag coefficients due to the 

friction force, £. t> and £- S , are functions of 
U V 

the component of the Telocity parallel to the surface. 

U - the coefficients,ÛL , b ,d ,e , can be determined from 

experimental date for the particular cable section 

shape, ^/c » and the roughness of the surface can be 

considered. 

When equation (2.2.2) is substituted into equation (2.2.1), the 

following equitioua Tur ihö lü**ilxj£ functlcns sro 
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F' % f*S ■'OC"] m ^ 0fc )1 

f tcv] ---fi[d(ïf + e^j] J ,(2.2.3) 

where 

R = C„¿* C‘ ,(2.2.U) 

is the drag/unit length «hen the «ble is perpendicular to the free- 

stream. A similar loading function «as used by Kemp in Referen« 28 for 

analysing resistance data for long cylinders and flat-plates. The aboye 

loading function, may be «ritten In terns of the eff.ctiye angle of 

inclination, & , since 

\J= C ¿"and C t***.(2,2,5) 

a, can « seen from Figure 1. Substituting these r a lues of U and V/ 

in equation (2.2.3) yields 

S. .(2.2.6) 

pi y- 

pi « -fí id •c*"2 ^ ® 'C**' ^ 

it is possible to corpa re this" for. for the loading function, 

«ith the types used by prerious inrestigatora. For the steady-^te 

case, «hen the resultant Telocity la steady, unifor. and directed along 

the x-axls (J * Ç .. 

Then the loading functions become 
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L.(2.2.8) 

Q s -/9 <f + t $ ) 

Th« form of th« no mal loading function used bj »ost prerious inmstiga- 

tors vas 

p = R/u^^cp 

For cables of circular cross-section, this relationship is satisfactory 

since most of the drag is due to the pressure tens. Hoverer, this is 

not the case for a faired cable. The primary purpose in fairing the 

cable is to reduce the pressure drag component, but, unfortunately, this 

increases the friction drag component. Since the sine-squared lav 

neglects the frictional component, the use of this loading function to 

compute the equilibrium configuration of a faired cable, as ms suggested 

in Reference 11, is of doubtful validity. 

The tangential loading function, <3 , has been assumed to be inde¬ 

pendent of the angle of inclination cf the cable by most investigators. 

McLeod M and Olauert (2) and others neglected this colorient 

entirely, vhereas Landveber ™ and Pode (U) assumed «/« to be constant. 

The coefficients, ÚL , 6 , d , ^ , in equation (2.2.8) vor« evaluated 

from experimental data in References 12 and 29 for values of */£ of 1.0 

and 0.25. The numerical values of these coefficients for t/c • 1.0 

vere found to be a . 1.0, Ò - 0, d - -0.035, £ - 0.083 and for 

\ - 0.25, a - 0.25, t> - 0.75, d - -0.050, e - 0.312. 1 comparison 

of equation (2.2.8), utilising these numerical values for the coefficients, 

... • *__ c«j ,,.,«i» o c VWV» a *+ni4v of these vith experimental data ia suvmi wu ---., --- 

fipures it is seen that the equations fit the experimental data reasonably 
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«u. Also plotted 0.1 th.* figures .re sor» of the rel.tlon.hlp. 

assured by other Investigator, for the loading function,. 

If a linear retio Is assumed for the various Vc «lu... the coeffi¬ 

cient, of equation (2.2.9) may be expressed a, 

a.- */c , ¿tu 

d;-(O.OïS-O.ÔZOVt) y (0.306-0.303^) 

Since most of the nomal drag of a circular cylinder is pressure drag, 

the simple relationship for the coefflcients.il »nd 2> , ms to be expect 

ed. inserting these relationship, for the coefficient, into the equation, 

for the loading functions yields 

>£jsCJ* ¢) Í 
. . . . (2.2.9) 

£ = -r(o.ité-0.3O3¿)^ -(o.oso-ao>°£)^f]j 

Since these loading function, agree reasonably «U with the experi¬ 

mental data, it i, anticipated that computation of the cable configuration 

can be more accurately performed uetng these function, than wa, pomibl. 

with the previous functions. 

2.3 General Boundary Conditions 

For the boundary condition, at the towed bodj , XI - 0 , it will be 

assumed that the line of action of all force, acting on the body p... 

through the towpoint. An attempt i, made to eati.fy this condition when 

designing a towed body eince, for most application», it 1. d.»ir.ble to 

have the body remain at a prescribed angle to the flow. However, if thi* 

condition i, not .atiefied by a specific body, the resulting sffsct on 

. . . « t . A. X I» 

the towpoint can be prescribed and substdtuteo unco t.e- 

tiens. For example, suppose the line of action of the dreg force did not 



pjss through the tovpoint• Then the angle of the *»o<^jr vlll change with 

rariatioRa in ▼«lorlty. TTauallj a change in angle will result in a 

change in the downward force also. Regardless of the specific body con¬ 

figuration, the resulting effect on the towpoint can be prescribed and 

thesj conditio.is substituted into the boundary conditions. 

The downward force developed by the body, whether by weight, dynamic 

lift or a combination of both, will be denoted by 1— and the horizontal 

force by D . Then summing forces at the towpoint, first horizontally 

and then vertically yields: 

— O = /w 

V . (2.3.1) 

T — L - />n„ ^ I 

where W\~ and/M are the virtual masses of the body in the X and ÿ 

directions respectively. The virtual mass of the body *ust be used in¬ 

stead of the actual mass of the body since the presence of the fluid 

effectively increases the mass of a moving body. This virtual mass of 

the body is obtained by increasing the actual mass by the added mass 

(hydrodynamic mass). In the notation used by Lamb ^ the virtual 

mass can be written as 

/mx = m( i + k,) 
(2.3.2) 

/071- = M (! + 
1 ) 

where AO la the actual mass and , and are the inertia coeffi¬ 

cients. Values of the inertia coefficients are tabulated in Reference 30 

for various bodies of revolution. 

When the equations numbered (2.3.1) are multiplied by and 

respectively, and the second equation is subtracted from the 
! 

first, the following equation is obtained 
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i ) 'n. 
- Si -c*~ £ + S- í - ¡J.+ ¿ ~ <*+ 

■m* 

and in a similar manner 

jf/m. c+*4 •>*• ^*&)" O ¿*4,^ — ¿s. -4-#o>«^ ^ ^ 
/ '»'v* 

The right hand side of these two equations can be written in terms of the 

velocities normal and parallel to the cable by using equations (2.1,7) 

and (2.1.8), Then 

<Pc*±¿A™»xu-. <p+L-t~<f> - Ut -s/ft 
'jJ '»'x ~ ^ s>rnr/tr 

>.(2.3.3) 
and 

Tf'^u 'C+J'4 - sm V ) - D_ ¿z+y j -l_ 
'rrijf/m* / ^ 'rr'i 

are the boundary conditions that must be satisfied *t the body,/* - O. 

The disturbing force generated at the towing vehicle,A* • H , will 
X a;t 

be assumed to be proportional to the real part of 6 C where 

£ is a small parameter. For a cable-body system towed by a ship, a 

suitable choice of £ would be the wave height/wave length ratio since 

the motion of the ship is a function of this ratio. This assumption of 

a periodic disturbing force is not necessary for the method of solution 

developed later. Two arbitrary functions of time, /(*) and J}^) , 

could have been prescribed. However, for convenience the disturbing 

force will be assumed to be periodic in time. Hence, the disturbing 

function, at ^ i , will be written as 

h = aiS 

iu)t 

cUJt ^ 

l ►(2.3.U) 

= be G 

where uJ is the frequency of the disturbance and CL and <j ar« para¬ 

meters which may depend on the frequency ix) . Combining these 



disturbance 

yields 

velocities with the towing Telocity, » 9hown on figur* 

*. i*/ 
U : C0 + OL 6 e 

lT =■ bè ^ 
lut 

(2.3.5) 

for the horizontal and vertical co-.ponenta of the velocity. Resolving 

these equations into components normal and parallel to the cable gives 

Mtr ' * ^ Vjl U-Ct aU. <fi 

/= CQ 

t £ [x S - be** 

> . ..(2.3.6) 

J 

These are the boundary conditions that must be satisfied at the towing 

vehicle, .4- * A • 

An important case to be considered later is when the motion is not 

a function of time, i.e., disturbances approach zero ( (t — O ). This 

is the so-called steady-state or equilibrium configuration. For this 

case the boundary conditions reduce to 

P - T ¿b** "I 
(2.3.7) 

L = r. 

/3, m O and at the towing vehicle, 

U Ä Cr $ 
(2.3.3) 

V- C0 

where ^ £ • 

Other simplifications to the general boundary conditions, equations 

'2.3.3) and (2.3.6),will be discussed when the need arises. 
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3.0 BQíJILIBRITTM CONFIGURATION 

In some applications of cable-towed bodies, the tiro dependence of 

\J , \/ t Ç , and T can be neglected. For example, this tijne dependence 

can be neglected for applications where the body is towed through a uni¬ 

form stream from a steady platform. For such cases, the general system 

of equations (2.1.16) can H* solved numerically. Since most investigators 

in this field are familiar with the work of Glauert, Landweber and Pode, 

the same notation developed in their reports will be used here. Except 

for the form of the loading functions, the development for the steaefr- 

state case will be similar to Reference 11 and is included so that this 

paper will be self-contained. 

3,1 Steadv-State Equations 

Th* general syetem of equation» (2.1.15) can be amplified when the 

variables are not a function of time. Thia aimplified ayate« of equation» 

can be written as 

'ï 
TàÉ + F - ^ <P - 0 

d-a, 

d T + G — ¢-9 
OA 

d U - \/ÍÉ = O 
dA ¿A 

dy t jdjP =0 
d/t 

The last two equation» of (3.1.1) can be combined and integrated to 

Vi f ’ c0: .u-1-2’ 

f 
,(3.1.1) 



of CO bio lOQftbf If th* first two «quations «rs ■altipll«d by th« «l«a«at 

çjji, , they can be written as 

T =-(f - = -Q(f)d+ . 

dr - -(<2 - ¿Jd* = -P(<P)dcs . 

(3.1.3) 

(3.1Ji) 

then 

or 

dl *[£L=- vJ/ia**- 7 d 
T LF- 

dj , JÇ.. . . . (3.1.5) 

T QW) 

When this equation is integrated from some point on the cable where 

the tension, , and the angle, <f0 , are known to an arbitrary point 

P , It becomes 

T r e 

r*P , 

T0 

Substituting this salue of T into equation (3.1.3) the element of 

cable length becomes 

£*-£d<> 
¿A = JL .(3.1.7) 

-<5 

Then the distance along the cable from the point ¿2 to /3 is given by 

In addition to the tension and length of the cable, the location of 

point P with respect to % can be found in terms of coordinates par¬ 

allel, X , and perpendicular, ^ , to the direction of motion. From 

equation (2.1.3)» which is the parametric equation of « curvé In iërBs 

of arc length 
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d» = C++<f dÿ * d* 

hence 

and 

Xz (\ q d* 

«*<3 

u r r j; C^df ^ fdf 
d 4-<? 

(3.1.9) 

,(3,1.10) 

To facilitate the solution of problems, it is desirable to trans- 

po« equations (3.1.6) though (3.1.10) to nondi»ensional fonn. The 

equation for the tension is already in nondimensional fom in terms of 

the known tension. T. , at /? . It has been found convenient to»ke 

^ , X . and y nondimensional by using a characteristic length, ï . 

Dividing equations (3.1.8), (3.1.9), and (3.1.10) by and letting 

0~ 

f- 

Is 

r 

= Rjt 
A 

T0 

BA 
To 

- & 
z 

To 

and 

■p = ^ 

j 
the following so-called cable functions are obtained 

(3.,1.11) 



T-- Z * 
Cf d* 

r0 

r 

Z 

JL 
i -t 

I = /?/ - / ÍJ 
To J*0 ~ 

4 c/<f 

y>=ñl 
1 Z i -f 

d( 

(3.1.12) 

After inserting the loeding jetions in ter» 

, tion22 the esble functions can be evaluated. Since these 
cussed in section 2.2. froB nu»ric.l 

functions are in nondinensronal form, the 
inn of ordblems *s n*8 

integration can he tabulated to facilitate sul.. 

done in Reference 11 for circular cables. 

-1.2 Critical Angle _, ,a_ 
inrwMmt it will be conrenient to consi 

At this point in the development it win 

.tant velocity through a steady, unifom stream 
, cable towed with a constant Telocity 

a the lower end of the cable. If end effects are ne¬ 
wt thout a body on the lower eno 

1 crees act on each element of the cable, the 
elected so that identical forces act on 

tn be a straight line. Physically this means that 
cable configuration will be a S 

the configuration of the cable towed without a body be 

line inclined to the free stream at an angle • 

critical angle, ft . i» ” the ^ ^ ^ ^ weight 

a^mic force is erectly balanced by the noreal cognent 

of t.b« cable. 
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/■il which is rewritten here 
From consideration of equation (3. .3), 

T dC = - (F - .. 
d<o> 

where from equation (2*2,8) 

, i. for the two limiting oases can be easily determined. 
the critica 1 angle for the ^ be jero at 

Since r - O at the lower end of the cable, 

in, „ if P • O > the critical angle is 90° since . 
thl, point. Then if F O . ‘ e f i8 a func- 

However, when W - 0 , the critical angle i, O 

tion of ^ • These are the two limiting cases, however, 

are not tero generally. ,, o •,> that 
When F aivi W are not se«, It is seen from e,nation (3.^.1) 

. (3.2.2) 
P s \rJ çc . 

vi- «-inre T m Q aX this point. Then, i-f t 
at the lower end of the cable since K1 «.v, 

, ♦ Of the cable are identical, the cable will 
forces acting on each element of the cable 

(Û *n the free stress as 
he a straight line a* inclined at an angle & to 

( ï 9 9) A similar assumption was made by McLeod , defined by equation (3.2.2). A sim.i 

dauert^, and Pod.'" 1" «..ir investigation, of the steady-state 

a * 1 ration of this assump- 
cable problem. Pode presented experimental 

tion in Reference 10. ^ ^ !Mn frOT 

The mathematical significance of the critic 

consideration of a cable-body configuration such a. the one shown on 

i at d* - 0 t the cable config- 
ïMmirP 1 If a downward force is appli 

. ht line configuration of the cable towed 
uration wiU lie below the straight line config 

Without a body Oh the lower end. Uhewiae, if an upward fore, is «.rt.d 

on the lower emi of the cable, the configuration will H. — ^ 

.t,a,„ht line configuration of the cable without a body on the lower . 

only “a. the length of the cable is Infinitely increased will the eue« 

Cf the body die out ami then the cable angle will approach the critic. 

» 



angle far from the body. Hence, for the eraluation of the cable function» 

as a function oî Ç , the critical angle is a suitable upper liadt. 

Since these cable functions are defined with â in the denominator, a 

special technique must be used for their evaluation in the neighborhood 

of » However, no difficulty was encountered in evaluating these 

functions in Reference 11 for circular cables. 

Several important conclusions may be deduced from this discussion 

of the critical angle and consideration of equation (3.2.1). 

1 - If the ar.^le of the cable is equal to the critical angle 

anywhere on the cable, the angle of the cable must be 

equal to the critical angle everywhere. 

2 - Conversely, if the angle of the cable is different from 

the critical angle anywhere, it is not equal to the 

critical angle anywhere for a finite length of cable. 

3 - The angle of the cable at the upper end will approach 

the critical angle as the length of the cable is 

indefinitely increased. 

If the relationship for the normal loading function is substituted 

into equation (3.2.1), an equation for the critical angle in terms of 

R and W can be obtained. When the sine-squared law, which was assumed 

by other investigators, is used 

W s ^ <fc % .(3.2.3) 

R 
However, using equation (2.2.9) which is valid for either circular or 

faired cables 

(3.2.1) 

Those lest two squaticns plotted os Figure 6 to illustrate the effect 

of the normal loading function on the upper limit of integration. It is 
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seen th^t for . circular cable. -1.0, the equation, are Identical. 

However} if a faired cable is being cone.dered,. fc example, | -0.1', 

a difference In the two equation, for the critical angle erci.t.. 

Since the loading functions that were used in Reference 11 do not 

fit the experimenta! data for faired cable,., a. was shown in section 2.2.. 

use of the tabulated values of the cable functions given in Reference Ü 

i, not recommended for computing the equilibrium configuration of a faired 

cable-body system. It is anticipated that computation based on the load- 

, /5 ? will vield a more accurate deter"* ing functions given by equation (2.2.?; win yieia a 

mination of the cable configuration. 

3.3 General Steady-State Configuration 

In order to detemine a suitable lower limit of integration, it 

will b. convenient to consider a configuration that includes all poss¬ 

ible cable-body configurations. Such a general configuration is ct-air. 

,d if a heavy string, where both end, of the string are fixed at differ 

ent heights, is towed in a unlfom stream. Figure 7 illustrates this 

Figure 7 - General Cab-e Configuration 



As was discussed in Section 3«2, the angle at both ends f he 

cable «ill approach the critical angle. Hence at some point on the 

cable, the angle must take on the value of | and at another point the 

value TT . It «ill be convenient to break the problem into three regions 

which are denoted as îuadrant, I, II, and III. Most towing problems 

where faired cables are used fall into Quadrant I. A buoy moored to the 

ocean bottom would assume a configuration similar to Quad.ant II. 

problems may involve two or even all three quadrants. For example, a 

surface ship towing another surface ship with a heavy cable would involve 

both Quadrants II and III. If the general configuration is separated 

into three quadrants, the quadrant in which the problem under consider¬ 

ation falls can be easily determined by comp- -ng the value of the 

critical angle. Recalling that <p is measured counterclockwise from 

the direction of motion to the positive direction along the cable, it is 

seen that 

TT 

JT ± <f ± TT 

TT* f ± %+TT 

in Quadrant I 

in Quadrant II )• 

in Quadrant III 

(3.3.1) 

Hence a convenient lower limit ( reference point) for Quadrant I 

would be Z- . For Quadrant II either II or TT could be used, and for 

Quadrant III, TT is a satisfactory reference point. Also for problems 

where the cable configuration lies in all three quadrants, it ia con¬ 

venient to have all the integrations baaed on the same reference point, 

TT , for example. All of the reference points discussed above wer 

used in Reference 11 to compute the cable functions for a circular cable. 

Aa was mentioned above, moat problems involving the use of faired 

cablea fall into Quadrant I from practical considerations of the cable. 

Therefore, only that case need be computed and tabulated for faired 



cables. Hence, a series of tables of the cable functione vs. $ for a 

range of # , all with the same lower limit of ^ , ia needed. is needed. 

3Ja Reference Point 

If the cable functions are tabulated, specific information about 

the problem is needed to start the solution. The boundary conditions at 

(3.U.1) 
i = 

These two equations can be written as a single equation which is 

tos** <f = L/d.. 

where the lift and drag of the towed bodyar® usually known. Hence, this 

value of <P . which was called ß when the cable functions were inte¬ 

grated, is sufficient to start the solution. For example, the weight 

and drag per unit length of the cable are known, therefore the critical 

angle could be computed. Then, knowing the critical angle, the proper 

table could be selected and the values of ? 0? » f0 » and would 

be known for the value of fa defined by equation (3.U.2). The zero sub¬ 

script indicates the point % shown on Figure 8. 

In order to determine the corresponding values at point f , it 

must be remembered that the reference point is at ^ - iT and not at % • 

Hence, the values of / , * , 7" are measured from § and not from 

o However, the reference point can be easily shifted to angr arbi- 
'o 

trary peint. The nondimensional tension at point £ can be written as 

and at point ^ as 
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Therefore 

which represents the 

izontal displacement 

r = 1 
tension P, in terms of « only. Also, the hor- 

of point 8 with respect to P can be determined 

from 

and 

then 

Í = £ [ 
r0 X/T* 

R.Y tj o 
To 

where the subscripts 
indicate the points shown on Figure 8, 

Figure 8 - Shifting Reference Point 

From the last equation it is seen that (, , 

cable functions at « only. Likewise, cr 

is expressed in terms of the 

and ^ could be shifted, then 
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the value at any point can be found fron 

r r T_ 
Ve Tq 

er-To = P*' 
to ^ V 

pjj. ~ B1 
to ^ 

y>-y)0 = 

IT ^ - 

where the distances , 

(3.U.3) 

X and - are measured from the arbitrary point 

p where the tension is known. 

Using the relationships defined by equation (3.1i.3) and knowing, 

for example, the angle of the cable at the towed body, the required 

towing depth, and the type cf cable to be used, the length of cable, 

the horizontal displacement aft cf the towpoint, and the tension at the 

towpoint could be computad. Problems where other facts are known can 

also be solved as can be seen from consideration of the equations. 

Hence, the one mentioned above was merely an illustration. 

U.O SOLUTION OF QUASI-LINEAR SYSTEM OF EQUATIO® 

The system of quasi-linear, partial differential equations of the 

first order, derived in Section 2.1,dirties the oscillatory «Alón of 

the configuration as a function of position and time. A method of solu¬ 

tion for this system of equations will be presented where assumption, 

such as small perturbations are not necessary. This method of solution, 

generally called the method of characteristics, can be used provided the 

system of equations are of the hyperoollc type. The general mathematical 

theory of hyperbolic equations, which can be found in References 31 to 3U, 



will not be developed here. Instead, the theory will be applied to the 

system of equations and a complete discussion of the method will be 

presented. 

Rewriting the system of equations (2.1.16) 

-Vfy + X<p„ <f)-0 

Vt +U<ft -X £ -J-(Q - ¢)-0 

U„+ % - V = 0 [ • 
(lt.0.1) 

V++U& =0 
it is seen that there are four dependent variables,U t\/ , (f) t T t and 

two independent variables, ^ ind t . Since there are four dependent var 

iables, four differential equations with the appropriate initial and 

boundary conditions are sufficient to determine a conip¿.ete solution. 

The essential step in the method of characteristics is the determination 

of the characteristic equations which are ordinary differential equations. 

Then the resulting ordinary differential equations can be solved by 

finite differences or other methods applicable to ordinary differential 

equations. The characteristic equations will be discussed in more 

detail in the following ssctions. 

U.l Derivation of the Characteristic Equations 

The general form of the original system of equations, (U.0.1), may 

be written as 

U = <-4,* *0,^ +6*Ji 

where /v\. r- ¿ y ^ 4 . .(U.1.1) 

and the subscripts A/ and t denote differentiation with respect to ^ 

and • Rewriting equation (U.0.1) in this notation 
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L, - A, Ut + F, <Pt * F fiL + K, - o 

L¿ - C2Vt ï £¿ fa + Hill ~ 0 

Lj =û3lî +£j<k + Çk =° 

=ö 

►>.(U.1.2) 

where the coefficients, At >*••» are known functiora ofU tV f (f t 7~ » 

>oand t • Such a system of equations is called qua si-linear since the 

derivatives occur linearly while the coefficients nay be functions of 

both the dependent and the independent variables* 

A linear combination of the Lwill be foraed 

L - Lj +^¿£1 + ^3*-j f F'+Lj, .(U*l*3) 

such that all derivatives of U , V , fi t T combine to iom derivatives 

in the same direction in the xi -1 plane. This variable for which the 

derivatives combine in this way will be denoted by 0" which, in general, 

depends on & and t as well as U , V f fi t T and is called a character¬ 

istic* Suppose this direction is given by the ratio which will 
d GV Jo¬ 

be written as ^ • With this definition of the characteristics, 

"t O • The special case,^ m 0 , will be discussed later. Recall 
0" 

that the total derivative of a function can be written as 

and let 

t-' R,[^*r+ ^ Rl[^AT * V 

* + filter] * + % ÇrJ * 

where the R,/** are unknown functions. Rewriting equation (U.1.3) 

and substituting for 1 from equation (L.1.2) yields 

/_ V r A I I a. C if) + e if. * * 1 •+ X if \J + C f ■*. kJ T M 1 
U - ''I t' '1 '■V -rl 7 ri~ ■ “lj ' 'ZL~2't —a V# ' S » ' ' '2 J 
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i/ a) T are to combine to for» deriv- 
Then If all derivative, ot U ,V , ' 

ative, in only one direction in the^ - ‘ the la.t tvo evpre,,- 

10M for L must be equal, .fence, equating the coefficient, of the 

respective derivative, yield, ^ 

R'Ar = >\j Sj j R<t<r = A/ 

j ^ 1 AlCj 

Rj*r= r** $ [ . 

fí3 tr = A.f, ' ^£> f A3£J 

fí+^tr - j R*^r ~ ^ 

R, '-o 

r etron, R . . . , can be eliminated from the above 
The unknown function.. ,. ^ ^ of 

system of equation,. A, can be ,e,n from the Ä4 r 

the above ,y,t-. two case, must be considered. Eit^r «a* ^ 

t, - O . T»« first case to be considered i. when Rt • ° • ‘hat 

t d O • Then fron 
r ' 0 * Then consider 

A#Z)4 tr * A2C2 

hence Af - 0 since 0 . The 

A, A, *r 

\ (E A- - F trr) s ~ ~ % *r) J 
' A mi o . the determinant of t e coefficient, must vanish. 

Since A, t ° • 

Hence 

A, Ar 

E.^lr-ÍV 

, H m -± 4 0 . therefore Aj - 0 
end Mimfi 9 

ining two condition» »ne 

..(U.1.5) 

= 0 

and expanding 
U 

n..i .6) 
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For the characteristic direction to be reel and dlstxnct, the 

equations eust be or the barbolle t^pe. For en equation to be of the 

hyperboiic t.pe the coerficient, -t satisfy the condition that 

Por this case Û. - Vi ^ • These co¬ 

efficients, ., , etc, are .noun and can be dete^d * co^n of 

equations (U.0.1) and (1,.1.2). Then the above condition becoee, ^ = 

„at be less than ze«. This condition is always satisfied since T an 

,, are always positive. Hence the estions are of the ^*olic type, 

therefore; the characteristic directions will be real and distinct. 

i -4. ♦Vion t - Û and from equation ^ 
However, if t - constant then <r 

i, seen that A, . A, . ^ - 0 but ^ / O • Hence, constant ti® 

lines in the ^ ^ denote c^racteristics. Then the ^ e^uataon 

of (U.l*2) is a characteristic. 

If the slope of the characteristics, when tr* ° » is den0te 

f .. 

equation (U.1.6),*th the coefficients, 4, , -.. replaced by their 

corresponding value, can be written as 
S*-(-vtv)S-I = 0 

/“■ 

hence 

-** -Vi 
If the two roots of this equation are denoted by £ and . , tvo c . 

ferent characteristic directions are given by 

-fÏ iáL 
dt 

V 
J. 

(U.l.ô) 

or k —• _ 

Fro« consideration of the other two conditions, Aj- A, - , 

equation (U.1.3) way be written as L, - A, •rAi¿J - ° . 



When the relationships for L, and L¿ are substituted into the shore 

equation and the resulting equation is multiplied first by t, and then 

by , tho following equations are obUined. 

*'(*,4-*<r) * Á3^j<^rz° 
(li.1.9) 

If the first equation of (U.1.9) is considered along with the first 

equation of (U.1.5)» the following determinate of the coefficients must 

vanish# - o 4. A,^r 
'«'tf 5 £- " 0 

Expanding this dtterminant and substituting for the coefficients giT«s 

/) + ¢) ¿(T .. 

Since JT can assume two values, and Jl » equation (U.1.10) can be 

written as two equations. If the other equations of (U#1.9) and (U.1.5) 

a i used to determine characteristic equations, the resulting equations 

will be proportional to the ones already obtained# 

If a curvilinear coordinate net, C* and C- » is introduced such 

that 4 is associated with C+ along which ^ t) is constant and 

/. is associated with C- along which i*,, O is constant, equations 

(U.1.8) and (U.1.10) can be written as 

C, : 

C. : ^ - r 0 

4¾ 

(U.1.11) 

c.: + ~(f- *4 z° 
These four characteristic equations in conjunction with the two 

equations of the original system, Lt and L+ , and the appropriate 



initial and boundary condition« are sufficient to data ruina U , V r » 

7" * as a function of ^ and t , as will ba ahown. Tha othar two 

equations y and t rawiritten from (U«0»1) ara 

y- u# - J. H - Jr f) =o 
..(Ji. 1.12) 

^ ^ O 

A method of solution of these six equations will be presented in the 

next section. The boundary conditions, at ^ and ^ m Í t »kich 

these equations must satisfy, were der eloped in section 2.3* 

U.2 Solution of Characteristic Equations 

The four characteristic equations derived in the last section along 

with the two equations of (U.1.12) will be solved by a finite difference 

method. For convenience these six equations are rewritten here. 

c, : ^ ^ *0 
C_ : ^ -° 

C. : =o 

V* +Ufr * o 

(U.2.1) 

«her» JV -zyT/f. 

Using this system of equations and the following boundary and initial 

conditions, the cable problem can be completely solved. The boundary 

conditions, equations (2.3.3) and (2.3.6) from section 2.3 are 



U3 

m O 

%/*IJ J L *% +** 
/*rij 

L 'THr/h^ J *% ^ 

and at ^ m JL 

* C9/Ù~.f + <? 6 -A****?] U 

V *C0c**f + £ 6 [a**** f + & 

(U.2.2) 

For tha cabla probla. initUl corxlition. ara proscribed for U 9 V » 

, r ***** + • n * These Initial conditions, 
¢) , J for all saluas of * shan t O • 

at t - 0 , will be written as 

jl+jO) zd%) 
V(^jO) • V*<*> 
¢1+,0) - ?*(+> 
7(+,0) * 7* (+> 

T>* sT V , T* are known functions of -o- . Than an approx- 
whara U , v » • 

/ ^ r mmn hm aada for smOI saluas of t by consid- iwation tor U ,V , T can ba wade ror a— 

.ring . Mr*, of point, on th. - Th«, point. - 

th.t aith.r th. chrr.ct.ri.tic. dr«n th... polnU in«r..ct 

on . co«on ti» Un», or dr.»n .uch th*t th. wlnos »T b« <i«t«™in.d 

on . oo-on tin. 11«. il«. thi. ti« inUr«l n«t b. .rt.ct« « 

th.t th. point to h. in».tig.t.d i. locud .t th. infr«««.. or 

within th. ch.roct.ri«!* triongl. (do-in of d«.nd.nc. on Figur. 16) 

ro—d by th. t» ch.ract.ri.tica. Th. lntt«r -thod «1U b. —d in 

this «nlution. 

Th. e*bl. will b. .«pactad into thro. r.*lon. .nd -oh togion will 
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t» confide red eeparttely. These three regions ere shorn on Figure 9. 

Figure 9 - Three Regions of ^ ^ Plane 

Region I, which is interior to the two boundaries will be considered 

first. The initial conditions prescribe the walues of U 9V ,0 9T 

along the ^ -axis and the slopes of the characteristic lines drawn 

fro» points on the ^ -axis are deteminsd froa equation (U.2.1). 

These equation for the slope on the ^ t plans are 

Ct ! A+ s £ A* 

Cm r ¿A = ï-At 

Tfatrn ^ . ♦ and ^ denotes the difference between two points, 

for exauple +. or ^a - ^a • Th® t«*1* P*lr ^ 

relations giren by equation (U.2.1) can be written in 1 inite difference 

Í 
(lt.2.3) 

notation as 

Ct: + JL(f-ma4+<p) At * o 

C-! AU-Af(V-ï.) + sO 
(U.2.U) 

In general, if the characteristics are drawn frosi arbitrary points 

along the ¿O' -axis, these characteristics will not intersect on a 



coraron 11*0 line« Hence« consider » sériée of C^. chsrseteristies 

drawn fron arbitrary points alone the >0> -axis. For the present only 

points interior to the boundary« region I« will be considered as shown 

on Figure 10« The C+ equation of written foi points O and S 

Figure 10 - C+ Characteristic Lines 

is 

¿ fr-"****).(*,-*•) 

or 

ys-fr^-í). * L¿- «('M'.). -¿(r-"***?). 
All of the quantities are known except Ug and hence this last 

equation can be written as 

Uf -At(+) ft = &.(+) .(U.2.5) 

where At and A, are the corresponding quantities in the shore equa¬ 

tion. Similar equations can be written for points / » 2 » • •• • 

If the C. characteristics are drawn from points along the ^ -axis« 

interior to the boundaries as shown on Figure 11« an equation similar to 

(U*2«!>) can be written. For example« for points 10 and LU the equation 

becomes 

= u,o-?*(r.\.-J (a-¢), 
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Figure 11 - C. Characteristic Unes 

\ * A. » Q* $ & are evaluated for sere ral points along the 

^ -exls# curvea wmy be drawn» as shown on Figure 12* fro« which U 

and f can be evaluated« For exawple* at ^ , the coefficients of 

equations and (lu2«6) are known and at this value of ^ » along 

the line tt » the two values of U and ¢) are the sun* Therefore* 

Figure 12 - Curves for De tend nation of U and Ç 



Ii7 

¢) and Ü are giren by 

/4. - 

U « /4-^ ~ /4^8- 
/4. “ J 

(li.2.7) 

for the point -a», » measured along £( • Hence t«' and ¢5 can be determin¬ 

ed for all points along t/ « between and as shown on Figure 12. 

points exterior to thia region can be determined from the boundary con¬ 

ditions and then the curres could be extended over the entire cable 

length, JL • 

In order to determine J and $ at the boundaries, it is necessary 

to consider the boundary conditions which were giren by equation (U«2#2). 

Region II, the boundary at as shown on Figure 9# will now be 

considered. If the C*. characteristic is drawn from point 15, as shown 

on Figure 13, equation (ii.2.5) can be applied between these two points. 

Figure 13 - Region II in ^ - t Plane 

Hence 

’A- .(U.2.8) 
The U boundary condition, from equation (U.2.2) can be used for the 

second equation so that 

lujt, . 
• ••••• (U.2.9) 



and then U and ¢) can be determined at the boundary A/ • Ji * Thia 

boundary condition can be written in a different form which is easier to 

apply by differentiating equation (ù.2.2) with respect to time and re¬ 

taining the real part. Then, for these two points, £ and /6 , the boun- 

daxy condition can be written as 

4t-4 = 

-£cj(CLAÍ^q cut].(U.2,9#) 

Either of these two equations can be used; however, the latter will 

probably be easier to use. 

Before considering the boundary at ^ £ , it is necessary to 

apply the last equation of (lu2#l). ftsing this equation, which Is 

rewritten here 

\¿*í/£,=0 .(U.2.10) 

the value of V may be determined along the Uni t, , in regions I and II 

where ? is known. For the line tf , shown on Figure lit, U and ¢) 

are known for all points exterior to region III. 

o 

I_V V V 
t, A 20 19 18 17 

I 

Figure lit - Application of V Boundary Condition 

___ a. * _ ._ /1 fs a _» w f 

appjyins une v uounuary cuuui.uxun, equauxun uo puxnu xo yxexoa 

V/ê* Cosc+ofa t t c“*' (0- t**?# + (U.2.11) 
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Hence the tangential Telocity at point l6 can be computed. Then from 

equation (1**¿ 19) 

^+ o/4(<p/tt - ¢,) =o 

or 

V/7 = ^ ^4^^4 ~ 0/7 ).. 

Sine« U and <p are not known in region III, V can not be computed in 

thia region until the boundary conditions at ^ - 0 are considered. 

The C. characteristic and the boundary conditions at ^ ^ will 

be needed to determine the value of U ,V ti> ,T at point 21 as shown 

on Figure 1$. 

Figure 1$ - Region III in ^ - t Plane 

Writing the C_ characteristic, equation (U.2.6) for points 21 and 22 

gives 

~ A-~ ... 

and equation (1*.2.12) yields 

v'l. * V« * .. 
For • third aquation, «inca 14, , VJ, , , ara unknown, tha tanaion, 

T , is eliminated from the boundary condition (U.2.2) and becomes 

(v<Pt - Ut)(^ 
/-, 
1 • 

- \ 
*XJ 

+ L' 



Writing th i a aquation in finita dif fe ranea notation for point 2.1 

-ÍMi, -4)J ^ -v-*~ V.J 

»/’U(HrÄJ [(-!, « J «o» ■■*<• C~*] 

£++0o ~ ^el L ##•••••••••••• CU#2«l5) 

Therefore, using equation» (U«2»13)> (U«2#lU) *od (Iu2»l5)i the Talnaa 

of , Vtl , and can be co^jutad. The ealne of %, can ba c<»- 

puted fron either of the bounder/ condition«, aquation (U*2»2) at*' • 6 • 

Then to compute the ralue of 7* at other pointa alonf the line t, , the 

fifth relatione hip of aquation (U.2,1) is usad* Ba finite difference 

notation this aquation for point 23 1 »acones 

rn-t, ^ 

«hera 
A A. = ^ ; v A'te^-fo .•••••••«• (Iu2«l6) 

The Tainas of U 9<f ,T hare bean detemiaed for all points 

«long the line • Since <, is an arbitrât/ Taina of tina, ao long 

as it is chosen snail enough that the point is within the dona in of 

dependence, this sane procedure can be repeated for a new tins, ”t4 • 

This is possible since the Talus of the functions is known along the 

11im> t; , hence, for each different constant tins lina the initial 

ralue probier can be solred# 

It is interesting to note how the disturbances ara propagated along 

the cable. Fron consideration of Figure 16 it is dear that the ralues 

of U and <f at the point fK+jt), within the range af t-« solution, 

are determined solely from the initial waluea prescribed on the segment 

of the -axis labeled ma/ which ia subtended b/ the two characteristics 



issuing from P • The shaded region is often called the domain of de¬ 

pendence. Also, the range of influence of the point CT is shown on 

Figure 16. 

t 
t 

J 
A 

Figure 16 - Propagation of Disturbances in -o - t Plane 

The range of influence in the O' , t plane is the region in which the 

functions, U and <P , are influenced by the initial values assigned to 

point J • From consideration of Figure 16 and equation (U.2.1) several 

conclusions about the propagation cf disturbances up and down the cable 

can be made. Consider first the C^. characteristic of equation (U»2.1) 

after it has been multiplied byd^^^La,. Then 

■It! • Wo* .(u.2.17) 
Sa OÃ /* dA 

along the C . characteristic where f = <2^ ■ i/X • As shown on 
* + d t r /•*■ 

Figure 16, the C+ characteristic denotes a wave traveling up the cable. 
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Sine« ü and V «r« nogatlT« for tfcla case, aa can be seen f 

Figxire 1, equation (1¿.2*17) can be wri tten aa 

- ±(r-»c~f)J-_.(i,.?.l8) 

Therefore, for the varea traveling up the cable to be daaped, cii¿ \ q 
d+ ' 

which can be written as 

l%l(M + ¡/T) .(U.2.19) 

For waves traveling down the cable} consider the C~ characteristic 

of equation (U.2.Ù) in the following form 

* d£ (V-L) - l(F-WC~<f) sfL.(U.2.20) 
CÍA 

where Ç r dj/dt * “ fr/f*- • 88 for previous case d£ , 
d* 

U and V are negative, hence equation (U-2.20) can be written as 

£ -Igp-t^T) ♦ X (F- .(U.2.21) 

Then, for the waves traveling down the cable to be daaq>ed ^J¿ < q 

which can be written as 

Vçtf 
dA > < |£|i/f.a.2.22) 

These conclusions are aiwilar to the ones nade by Phillipefroai 

a linearized analysis of on infinitely long cable* However, in his analy¬ 

sis it was found that the waves traveling up the cable were always damped 

whereas the waves traveling down the cable were daaped when the free- 

stream velocity was lees than • 

is was noted in the solution, the boundary conditions enter when a 

characteristic line intersects the boundary at xV ■ £ and A* m ¿ • 

The essential steps of the solution will be sumarized to emphasize 

the method* 

1* Compute the slope of the characteristic line from ■ Í • 
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2. Determine reluee of U *nd <p •long • constant time li» 

from equation« (U*2«!>) and (1*#2*6)* 

3# n8e the U boundary condition, equation (U.2.2) and equation 

(li.2#5) to determine U and $ at A • 4 . 

U. Use the other boundary condition, equation (U.2.2) to 

compute V at & m *4 • 

Compute \/ for all points along a constant time line 

exterior to region III by using equation (li.'MO). 

6. Tha values of Ü , V , <P , ° c0>ipUt<Kl fp<" 

•quatioM (U.2.13), (U.2.Ül) •«» (U.2.15). 

7# The value of T at ^ - O 1« obtai»d from the 

boundary condition, equation (U*2«2). 

8. Use equation (Iu2.l6) to compute T at other points 

•long the constant time lins« 

Wh«, th. ».lu., otu ,v.4>,T .« obtalnad f.r th. 11« t . eon- 

,Unt, th. pro...» en b. r.p«st«d to CT.ln.t. th. fonction, .t . «• 

tiw* 

5.0 LINEARIZATION OF EQTATIOIB 

Th. four, qu..l-lin..r, p.rtUl dlff.r.ntl.1 action, of th. flrtt 

order* which wr. d.ri»«i in .«tion 2.1, «m b. li«.ri«d to f.clli- 

uu obtaining .n .pproxl«t. «olution. For thi. type of .n.Ur.1» tho 

disturbing foro., .nd th. «suiting notion, nust b. smll. H«nc., it 

wU1 b. convenient to expand the function. U , <p > T .bout the 

. -- +\_««.«mm Man Vws. vrrlf.+.«n as the sum of steady-state value. in*u wi«oo iuncxu. -n*-- - 

,n infinite ..rie. consisting of a ste.dy-stat. part which d«,.nds on 



th« position along the cable and a part which dependa on both poeition 

and tine. Therefore 

52* 

u = U0(^) * €UCa^t) +■ ^ ^ ^ ^ ^ ^ 

V = V0(&) + s V* + %,e~U* 

<P-<P.(+) +6^(4,1) +••• ” íg 

r* ZM +6T(+,*) * - = Z + î!rw/€~^ 

(5.0.1) 

where the aero subscript denotes the steacfcr-state ralue and € is a 

snail parameter which, for the ship-towed problem, nay b* taken as the 

wave height/ware length ratio. Since € is assumed to be snail, terns 

involving 62 and higher powers will be neglected in cosaria on with 

tenu involving £ ° and £ ; • In this notation f and $ 

becone 

C44 j s C** tfo ~ ft 

'N 

(5.0.2) 

When these relationships are substituted into the original aysten 

of equations (2.1*16) the following equations are obtained 

+(m + ¢¢)+ o(£z) 

-Wj>44+f0] + 0(tX) 

* r . jn^ . *r..Wd2 .,y ¿$£ >i i T s) /a ^ \ 
C ZZ! - / aS! - "J? I r */i TT* ^ — --V' I -r ^ ' 

3? L *+ ,uJ L 

o • [±> + usAl* + + 
L (U <uj Lza ^ J 

} . . .(5.0.3) 

\ 
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Th« loading function«, F and õ , v«r« assumed to be function« of both 

U and V* and were expanded in a Taylor' « Serie« about the steady—etate 

values, U0 and • When the proposed loading function«, equation 

(2.2.3), «reused, Ç and are zero. However, these two tenw will 

be retained to make the analysis general. 

Taking the limit of equation (5.0.3) as é approaches zero yields 

cL+ 

& t a - & - o 
dé> > 

dUf - Vê<0 ■ O 

^ t = 0 
aU d* j 

(5.oJi) 

Comparison of this system of equations with the steady-state equation« 

(3.1.1), which were solved in section 3.1, verifies that as the distur¬ 

bance parameter, 6 , approaches zero the notion approaches the steady- 

state condition. 

Collecting the terms that involve the first power of £ give« 

V. ^ ^ f +CW rfK) 
0 ST Wt L ¿e- d* 

- wÇf e~f>o] 

-V,si£í f ^ 
ol*' 

sw, t t/, 
¿A jé ^ 

y 

j 

(5.0.5) 

» 



Equation (5,0.5) i* a system of four, first-ordir, lioaar partial differ¬ 

ential equationa ifith non-cone tart coefficients. These equations can be 

reduced to one, fourth-order equation with non-constant coefficients; 

however, this is of no advantage since the general solution of such an 

equation is not known. 

When the disturbance velocities applied at are periodic, 

with a period of cJ , the steady-state oscillatory notion will have the 

saw period 0J • Then assuwing that these disturbances can be represen1 

ted as 

— iuit 
u, = U c*) c 

_ iu/t 
V', * V(^) C 

— 4.U)t 
(f, - <p(+) c 

(5.0.6) 

T, y 

equation (5.0.5) can be written, after rearrangement of terns as 

dl Z 1 Ç)-ÇV + ^ ¢,) - T J 

dr - + (JLUJM. - Gy) ^ + $(+ "C—'tie ) 

Ó+ 

¿ m V -¿OOf t V0d£ 
d* dm/ 

d¡ó » - U SL& - 
H*. d+ et* 

(5.0.7) 

The last two equations of the above system can be written in canonical 

fom by substitution of the Talus ¿tyd* from the first equation. When 

«iiVtatl t.ntlon la made, eouation (5.0.7) be< 



$2-1.[nuujM *£)+% i~ /7¾^ J 
J+ T.l r °^J 

¿ï = -Gjü + V(iUJ/4 - <sj tfUu^/A Ue - Wc^+fr) 
dû- 
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. (5.0.7) 

Tht.ae equations are nov ordinary linear differential equations* 

however, the coefficients are not constant. The linearised boundary 

conditiona at ^ which equation (5.0.3) must satisfy are obtained 

from equations (2,3.3) and (5.0,1). These boundary conditions, neglect¬ 

ing €l and higher order terms, are 

[ T0 Ü /Cea f0 ('»if ) “ 'd*' Û + L />%. 

t + c++fa]~ ^u) 

- (ù" U! ) 

and > ... . (5.0.PÎ 

^ ^ àt+’ü * 'H fa ) “ é** Ú ~ ^ 'à**' fa] 

y £ 4{)-ZZf. c+*fa(**>j -^v) 

^(O^U, ¿4+fa 

-^(LvUtl^)^ 4] = r 4 ) 
J 



vhere L and D lære exp.'nded ln • Tajior* a S«rl*c about tita at«a tj - 

stata ralues of U0 *nd V0 . Alao. as vas done in La*>i30), /m. and 

/yr|j ar® •8su*ftd to be constant eren though there night be a slight 

dependence of these functions on frequency» 

The linearized boundary conditions, obtained fio» equatior» (2.3.6) 

and (5.0.1) for/4/ are 

iust 
fa ’ 6(Ctf, Cê+ %-U,) + £ £ (a^. f0- bCé*0c) 

/ cult, 
\/0 -C0 ) + é £ (CL Ct+fo t b¿¿^4e) 

(5.0.9) 

-/ 

Just as for the linearized differential equations, talcing the limit of 

equations (5.0.9) and (5.0.9) as £ approaches zero yields the steady- 

state case. Equation (5.0.8) reduces to 

D- T0 C+6* <f0 

L ~ Tt /du*. ÿ0 

since • M for the steady >state condition. From equation 

(5.0.9) 

4= 

v0 *ceCa*.4e 

vhen ( -0. These are the boundary conditions for the steady-state 

case derived in section 2.3. 

Considering the terms invclving the first power of £ of equation 

(5.0.8) and substituting for U, p vf f ¢) # ^ fro* equation (5.0.6) 

the following linearized boundary conditions for a periodic disturbance 

are obtained for A * 0 * 



Û (L^rrr^c^fj - *** <^4 ' ¿V ^ -**-* ^e) 

* f[¿*J'y%/n^ ^ ~0**f C**f0-L/>nM aï*» + T0 (¿Hj ~'**q) (t'+V* ~ 'a+~’Xfo) 

+ T¿ú¿~f)t Cà+ft (Wy “ ) = 0 

.ad y • (S»0»10) 

^*4«,**^) 

-£Z('y-'»’?) tfcj 

t T" [sm* ‘Cif'tk */^rit j ^ û 

The lineeriaed boundary conditions for a periodic disturbance, obtained 

fron equations (5*0«9) and (5«0«6) for & • ¿ are 

(jp GSU/ (fi, - Û + CL‘¿usv^ <& - &+ 4*0 -O 
(5.0,11) 

Cc?¿ú~A +V -0.C*-# -b¿~ % ’ O 

These equations, (5.0.10) and (5.0.11), are the boundary conditions 

for the system of linearised equations of notion of the cable-body con¬ 

figuration, equation (5*0.7)# when the syste* is subjected to a periodic 

disturbance. In general, the solution of such a syste« of equations is 

not knovn. Hoverer, approximate solutions can be obtained when assump¬ 

tions are made about the coefficients (1^16). Also, asymptotic expan¬ 

sions for both small and large relues of the perturbation frequency, U> , 

can be made. This latter method will be developed in the next section. 

» _ 411 . 4■mm. tt-vamO. ..+ 41 4 «4 n0 f.h« 11VWMI f*4 Md Aouatlons dsTsloDed in 
aw a_LaiM> V. •» VA« W — — — >o   —- 

this section, is presented in section 7.0. 
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A general solution for the linearised equation developed in the 

last section is not known. However, an approximate solution can be ob- 

(35) in terns of the frequency taiaed by eaking an asynptotic expanion 

parameter, UJ • Both snail and large values of LJ will be investiga -ed 

even though nost ship-towed systems will be covered by a snail value of 

fjj m for example, the period for rolling motion of ma average ship is 

about 8 seconda, hence, the frequency is less than on cycle/s«c°nd. 

However, the frequency nay be greater than on cycle/second for some 

ship-towed problems involving slaming as well a* devices towed by air¬ 

craft which nay encounter high frequencies. Therefore, both cases will 

be developed. 

6.1 Asynptotic Expanion for Snail Tains of U 

In the development of the linearised equation in section 5, the 

perturbation frequency was dented by . The eannical form of the 

linearised equation (5.0.7) will be used for this asynptotic expanion. 

The function Ö , V t $ i~T •• defined in section $.0 will be 

written as a power series in • Than 

(6.1.1) 
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vh«re UJ / , When these function« ere substituted into 

ä£ s -jmjm /0- U.1) - J. f f. Õ+€ L rrl+1 

-ó„v-6y\/ + 4>wc+t,f0 

çjü -(i¿-Js.)^l - Y* r FÛ+Vfc -5 rT^l 
<U L /“< J r0l' d+' <U, J 

• . .(6.1.2) 

g, ùx&[C-v,?]+ “[(*-££) 5í*)¿7r ^~j 

which is equation (5.0.7) written in a different fom, the following 

system of equations is obtained 

z = -U: z -wl., )-1 z U*[ç u 
nzo d& 4 mt' ^10 

tçt" + vLu¿~4, 'iïg] 

£ Lü~d¿ -¿mÎ- CJ~-(Ù, * Lid..,) - I Lj^fa CiÜ 
/»i.-o dA. •"»/ -mso 

y ÓV <Po ] 

Z w'aíA ¿Cr«-^)^-,J'l1-^ 
/w.o W» Ç *"*' ' v° '* 0 

«Ç-i 

^ . (6.x.,j) 

¿UJ~Ó¿ - 
-ru O et* 

CM L* 
Í ^ 'H/o " 

X 
7*. 

* 
4. r \j 

V ^ /V i-;. 7/K r" ^ ^3 Tff 5TJ J 



12 

Th« coefficient« of like powe-e of uJ «u«! ▼•nl*h, hence for n - C 

tne«e e^J’i*» lone are 

/■ Ä \*J*~¿* = r/f*6 * £ ^ 1 
d* Te Z L ^ J 

dTp = - [ú0l£ + ô,Ÿ0 - & k/ z—' 4] 

lí*-±W:(fv +z‘-£\ 
r L /, é+ ' 'A* 1 
9 

to-* 4% * w */s jay 

á±¿ +£Ÿo 
d+ Z 

<jv:_ çuo 
3+ -Ç 

(6.lJi) 

For 0\ ■ ! , 2. » 3 * • • • the equations become 

^ y*' =-Í£(<¿r<i¿_,)-Jr[f„LÍ rfX *fg] 



Equations and (6,1.5) «re formulae for the members of the 

series of equations (6,1,1), For this case, when UJ « / * it is 

necessary to solve a differential equation for each member of the series. 

The boundary conditions are obtained from equation (6.1,1), (5.0.10) 

and (5,0.11). These boundary conditions for equation (6.1.10 at - o 

are 

K 
+ fa C&& ^ — O 

and ^ • (6.1.6a) 

~H -2T0*¿„4 Cn £ J 
t Z*('>”j ) -o 

it the boundary, ^ ~ £ t when the parameters CL and t are assumed tc, 

be functions of UJ 

•C 

d- (i0+ CL^ + a2CJl+ • • * = ^_LJ^CL^ 
'Hi o 

b ~ b0 + b'U 4- bzLJ^^ •• • * ^ LJ^b^ 

equation (5.0,11) becomes 
(6.1,6b) 

v0 + ftC, ¿¿V# - ((L'CtvQ t = o 
J 



Thffss are the boundary conditions for the zero order eq'oationa which are 

given by equation (6.I.4í). The boundary conditions for the higher croer 

equations ^6.1,5) can be written for • 0 as 

and 

*■ ^ (D^finjC+ïÿ, tLv^y\^^e) 

'*%*-L -2rc £+*6 ''y”1 ~'*0f)J 

" £ f'™} £**% +»*1 V®; = rx/ir)' ( vC_ 

for ''vx * ^ fie *3 f*00 

and at ~ £ 

u¿-£c0 c*>£c -(a^¿4~ú- ¿^c+oû) -c 
and 

^ ~(d^ Ci*¿t + ) r G 

for /»h- ■ / , ¿ , J , • • • 

Equations (6.1,6) and (6.1,.7) are the boundary conditions for the 

four, linear, ordinary differential equations denoted as equations 

(6.1.10 and ( 6.1.5). Th« . -'efficients ox these equations of notion are 

known from the steady-state solution. Sin-3 thare are four, first-order 

equations the general solution will contain four constants which can be 

detenuiuõà from the four boundary conditions, two at ^ ^ and two 

at ^ • Á • When • \4. r 4L. t have bean determined, the 

functions U > V 9 t / can be found from 



6* 
du/t r * « . t i 

4/ * I4 £ + U, Cj + Ut UJ 

Ly,+y us*i¿ V f-j 
V 

á*/*r * „«r * i 7 <p*<p0t6e LÇc + <í!cj + £¿j2+---J 

r-^éeMt¡.Te*i-t'cj + ^ 

¢6.1.8) 

where only the real part of the above equations is retained. 

6,2 Asymptotic Expansion for Large Values of ij 

In a manner similar to the method used in section 6,1, the functions 

Û » V » ? » T will be written as an infinite series in powers of —, 

(6.2.1) 

where UJ >> / . When equation (6.1.2) is divided by UJ and equation 

(6,2,1) is substituted into the resulting equations, the following 

system of equations is obtained 



?
M

4 

• AU I L 

+ *4¿.,W<¿~A -^5 Z.-,J 

') 
¡Hat Cf*' *tt! *■ 

-<t «T-, - ^ kl', * «L, WC~4.] 

ir^‘ * ^I^-^J-%Z s> -<«%)£] 
9 4*2 ¿ ^ r 

iÇtl, *«,-«$)&, +&, w^4 +gî',l 

Z&.& 

*<l-£!)<£, *t£, » C W^H - g Z.:,J 

(6.2.2) 

Th* ootifielMiU of lik« powira of U/ ut raalah, teaoo for th» Mro 

ordor tonw 

■¿f. /4'-Vif.'J îO 

/>/k% cm'] -o 

i£<*[oC-\ltf] = 0 
T» L 

(6.2^) 



By »U5tr%<. ing th« third «quation fro« th« first «quation it i« »««n 

that 

■ Uo‘ ' V' * O .(6.2.1,) 

Since the» e functions are zero the deriratire of the function« aust also 

be zero. Hence 

dit - JUf z ¿Yo = O .(6.2.5) 
Ja c/a d* 

By substituting equations (6.2.ii) and (6.2.5) into equation (6.2.2) 

and combining the separate equations of (6.2.2)« the system of equations 

for Cd>7 / can be simplified to 

z. d<A> \tA + y _ JU¿., 
X 3- *w ' 'i ^ 

ÀpVii - + - fa-, 
dA 

vM:t ~ ^ 
r dú> dA dA 

x/*l£=-ííI,ç *(rt^-ç)£r 

-síd 
dA dA / dA ^ 

I •••••• (6.2.6) 

U0 i- + 'iß - O 
dA Ja dA 

for m - / » 2. $ 3 $ • * • 
H K * 

Using the conditions that L/0 • V0 • ¢1 • O t equation (6.2.U)> 

and the linearized boundary conditions given by equations(5*0.10) and 

(5.0.11), tho bouiidaxy conditions for the case when uy >> / can be 
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written mt ^ • O mb 

UÏ-V'%* =0 

Ve* +ü0 ro 
(6.2.7) 

Höwer^', It has tv*en shoira that U* • V£* 9 ti m 0 vrvrjvharm 

along the cable for the case when >7 / • 

The boundary conditions for the sero order terns at ^ ~ JL are 

ti ~ fa CoC&^<po~ ~ 4>o &+A) z O 
(6.2.8) 

ti Co *~<Po - (aoC++(f0 + 6c*^-fa) = ° 

The boundary conditions for the higher order teras can be written, 

at ^ , as 

-xw’4)(^-/>%)- -Z. ^ -u-^. fa] 

+ TyL, [ U» - V0 &,* ] 

and 

l£,(úu^c«xA + 
. .(6.2.9) 

C+ifg (stoïj )] 

+ Tn-, ('My + /ffjf &*»*•*& ) = ~^ ^ fl* J 

for /Oh • / t2.*3»%0* 

JL /è* 9 ¿ the boundary conditions are 

LÍÍ- ^C, ¿>-)< - (a.nA~¿ - 4, cW>.) s c 

^Ík ^ fai Co A*'*' ft - (&m C+*fa + ¿¿*.<Pc) = O 

for /71 • / 

(6.2.10) 



For this case, LJ7>/ , it is seen from equation (6.2.8) that 

&o Ò. «re zero since • V/ - <f£ • Ö . Howerer, a, , 

6, » etc. are not necessarily zero as can be seen fren equation (6.2.10). 

Equation (6.2.6) with the appropriate boundary conditions, equations 

(6.2,7) through (6.2.10), is sufficient to determine the members of the 

series. Several general results can be noted from this asymptotic expan¬ 

sion for large values of lj . it was found that 

. 

and 

°^> - - o/# _ 
d*> cJa d*’ ••••••••••• 

Using the first equation of (6.2.6) it is found that 

(602Ji) 

(6.2.5) 

<9 

and from the oecond and third equations of (6.2.6) 

- c¡á 
d+ 

and 

Substitution of these last thu*ee equations into the last equation of 

(6.2.6) gives 

When this differential equation for is solved, the values of U* 

and V( can be easily computed. Similar equations for the higher order 

terms can be obtained from equation (6.2.6). Hence, for UJ » / 9 the 

functions Ü t V f ¢) 9 7~ can be written as 



U * u0 + £ SíUJt[ * ±¡L r • ••! 
Lu cu* J 

lust r .j* * 
v*v0 + te UL +J6. ^..o 

[u/ US' J 
Â.ujt [ jn X tt -| 

'6*2*11) 

where only the real part of the above equations is retained. 

7*0 ILLUSTRATIVE EXAMPLE 

The linearised equations of section 5.0 will be used to investigate 

the oscillatory wot ion of a simplified cable-body system. The equilib¬ 

rium configuration will be asswed to be a straight lino and the taimen- 

tial loading function as well as the tension will be assxswd to be con¬ 

stant. With these asswptions, the steady-state eqimtions (5.0J*) become 

F - W C++& = O 

0 - z o 

dU M d¡£ = O ^. 
ds<i cJs* 

since 
d£ m d£ m. O 

-a aU. j 

Then equation (5.0.7) can be written, after rearrangement of te 

(7.0.1) 

as 

sji « -1[<7(^ -f ) - )] 

0 - ¿OJyU y + ?UcJ/cU9 + ) 
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and 



^jûUcoM +f) . 

dP - Uf Ü(*oy/U + £) ~ ^(¿U^tx - Uv'/O*^'' $)J 
da % L 

(7.0ji) 

(7.0.5) 

As can be seen from the second equation of (7.0.1) these essuaptions 

cannot be satisfied by a cable-body system since the tangential force» 

G » acts in the same direction as Wa*** ft . However# the assumption 

of a constant tension greatly simplifies the problem» and since the pur¬ 

pose of this example is to illustrate the method» this assumption will 

be retained. 

When Ç , from equation (7.0.10, is substituted into equation 

(7.0.2) and the resulting equation for is substituted into equation 

( 7.0.10 after differentiation with respect to , the foUowlrç equation 

is obtained. 

dd * 3z(™ =°.(7.0.6) 
The general solution for this equation can be written as 

U = A e * 3 

where 

n ä ^ 

^V, - " a. :.. 

1 
/ril2 

(7.O.?) 

and 

+ ('"Z)*"] from equation (2.2.3). 

• • .(7.0.8) 



The coefficients, A and ß , can be determined from ine boundary 

condition» giren by equation» (¢.0.10) and (Ç.OJl), In onfcr to apply 

these boundary conditions to this exanple, they must be written in tena 

of O' only* This can be easily done. For example, if $ from equation 

(7#0Ji) is substituted into the first equation of '5.0.11), the boundary 

condition at ^ is in terns of U only# The boundary condition 

at ^ • O can be transformed in a similar manner. Since the determin¬ 

ation of the coefficients, Ä and £ , Is simply an algebraic computa¬ 

tion, it will be omitted here# Instead, the oscillatory motion determin¬ 

ed from and /yr>2. b® discussed. 

Suppose, for example, that and W were both zero# Then 

/>r7, = and c 
” X 

t T/ß. 

hence 

u I- B 6 

L Us 

which describes pure oscillatciy motion of a weightless cable in a 

racuum# 

A more interesting case is obtained when only is ass<noed to be 

zero# Then 

y. [/ _ M UU’Z 1 2 

2T0 [I 2¾ ) ~J 

— - I / \ — ^ 

2^0 L[ £7Z ' T0 J 

C 4 r»s«se /»d • M11 .. a. a a ++-_& m • 
w**a «oovajMo uxj.4.oi^uv V4U.UB0j xi» xa aecesMxy to 

inrestigate both cases# 



When .4- 

/ ^ i > ju <*JX 

\~^r / ^ 

the square root tern in both and is positive, hence and 

nr)^ are always negative and ieal# Therefore, the notion is critically 

da Piped. 

When 

( j' 

\ HT, ) 
< 

the square root term of and rrr^ becomes imaginary. Then the 

solution is proportional to 

^ ' ______ 

J OC P 27“ sC** 7^/“ A, 
r r0 

which is a danped, oscillatoiy notion. This case, when " O » 

describes the motion of a heavy cable in a vacuum. 

When is neglected 

^7,= = -Qá y 
zr0 

'5 Vo 
2Ç ') - (■ 

yU L-J*—* us Vz 

To 

± 
2 

which can be written as 

Sty, = f 6* 1-C* sC*V t ¿ ■jb' + à' JL 
2. 

S,~Tk f 



where 

) 
C = 

end 

p - C/t 
Hence, the Motion for this case is co-^osed of an expotential component 

and an oscillatory component* Whether the Motion is damped or amplified 

will depend on the sign of the real part of and /W* , whereas the 

oscillatory component of the motion is giren by the imaginary part of 

/rr?, and /777, • 

The general case, when neither Ç or IV ¢0 are *ero, will 

be investigated for a particular example* Suppose, for example, that 

the cable-bocty system has the following characteristics: 

circular cable of weight, M ..0.10 #/ft 

length of cable, ... 100 ft 

towing velocity, Ce ....22 ^ 

towline tension, £ ..^ 

angle of inclination, >••*••••••••• 

mass density/foot of cable, s ,••••••• O.OO3I slugs/ft 

density of «ter, f . 2.0 slags/«3 

When equation (7»0»B) is written as 

/mi = -0. + 'fb+Ic 

the roots /W( and /7¾ can be expressed as the sum of a real part and 

an imaginary part in the following manner 



where ¿iuw Vs • Then 

i/ó fie = Cz C 

therefore 

/-^7 s -CL f ^àf+C1 C+& 7½ * ^ 

syr^ - -CL-l/b'+C1’ 

where 

Æ= Fi\/n + 4> 
2Z 

b = a* - 

C = 
T. 

Eraluating &■ t b t C Tran the data given yields 

CL = 0.02.2/ 

b = O.OOO+fS 

C = 0.00/3/ 

Then 
/yr;i « o.oSot - 0.0221 t x(o.o2/ô) 

srr^ -z-0. 0307 - 0.0221 ~ Z(O.O2/S) 

/ÏT)'* O.OOÖ6 i- ¿ (0.02/f) 

'>r)Â = -O. OÍ>26 - i (0.021s) 

or 



Th« solution for the disturbance Telocity, equation (7.0#7), can now be 

written as 

__ C.CCbt>A> ¿(C-CZi6)& „ -C-OS’ZtA ~jí(CLOZ/S’Xá' u = ac e fßc e 
Then the total U relocity, which was defined as 

_ 4UJt 
1/= U0 + £ Ü £ 

can be written as 

r C-OCfeA, ¿(u>tr (XCâ/S'A) -û OS¿S* i(ujt - o.cz<5 a) 

u-u^e^c e +BC e 
where U0 is the steady-state normal Telocity and 6 1s the wstb height/ 

waTe length ratio encountered by the towing ship. From inspection of the 

above equation it is seen that the first term in the bracket describe* 

the propagation of disturbances down the cable whereas the second term 

describes the propagation of disturbances up the cable. Hence, the dis¬ 

turbances traweling down the cable will he slightly amplified due to the 

g term. Howerer, disturbances traweiing up the cable will be 

damped since the exponent is negatiTe. 

The Telocity of propagation of these disturbances, when ^ , 

is 
f = t 4-(,.½ 

aoz/s 

which is greater than the towing speed of 22 knots (37 ft/sec). Hence, 

the criterion that the disturbances are always damped when the towiiç 

speed is less than the Telocity of propagation of the disturbance, as 

given in Reference 15, is not Ta lid. Also, the Telocity of propagation 

of the disturbances is much less than the yalue calculated for the cor¬ 

responding cable lr a Tacuum, U6»£ ft/sec compared to Uii7*0 ft/sec. 

Bren though a very simple example was presented, it illustrates the 

method and shows the type of information that can be obtained from an 

approximate solution. 



SOMMART 

In the development of this paper some of the prerlous work on tow¬ 

ing problems was discussed. In contrast to the sine-squared law for the 

normal hydroctyriamic force acting on the cable which has been used pre¬ 

viously, a new form for both the normal and tangential loading function» 

was proposed. These new loading functions, as well as the sine-squared 

law, were compared with experimental data. However, the exact form of 

the loading functions is not important for the mathematical developments 

in the rest of the paper. Therefore, if the proposed loading functions 

do not apply to a certain problem, an empirical relation could be sub¬ 

stituted into the results of this investigation since the equations are 

in general form. 

The equilibrium configuration is discussed and the cable functions 

are presented in a form suitable for numerical integration. In order to 

discuss the oscillatory motion of a cable-body system the general equa¬ 

tions of motion are derived and a solution is attained by using the 

characteristic equations. For this solution it is not necessary to make 

assumptions about the magnitude of the forces or motions. From consider¬ 

ation of the characteristic equations several conclusions about the prop¬ 

agation of disturbances up and down the cable are made in section U.2. 

The requirements of some problems are such that a detailed analysis of 

the configuration is not necessary, hence the general equations are 

linearised. The resulting linearised equations cannot, in general, be 

solved. Therefore, asymptotic equations, valid for small and large 

values of the perturbation frequency, are derived. Also, an example is 

presented to illustrate the method of applying the linearised equations. 

By applying the results of this investigation the time and space 



behâTior cf cjole-oocfy systems can b« studied. If the specific proble« 

requires a detailed knowledge of the behavior of the system, the «ethod 

of characteristics can be used. However, if an approximate solution is 

sufficient, the linearized equations or the asymptotic expansions can be 

employed. 
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