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TECHNICAL NOTE 4150

APPROXTMATIONS FOR 14E THERMODYNAMIC AND TRANSPORT
PROPERTIES OF HIGH-TEMPERATURE AIR

By C. Frederick Hansen
SUMMARY

The theruwcdynamic and transport properties of high-temperature alr
are found in closed form starting from approximate partition functions
for the major components in air and neglecting all minor components.

The compressibility, energy, entropy, the specific heats, the speed of
sound, the coefficients of viscosity and of thermal conductivity, and

the Prandtl numbers for air are tabulated from 500° to 15,000° K over a
range of pressure from 0.0001 to 100 atmospheres. The enthalpy c¢f air
and the mol fractions of the major components of air can easily be found
from the tabulated values for compressibility and energy. It is predicted
that tlhe rrandtl onumber [or [ully loulsed alr will become small co.pared
to unity, the order of 0.01, and this implies that boundary layers in

such flow will be very transparent to heat flux.

INTRODUCT1ON K

It i axiovmatic that the scilince of sercdynamics must be based on
a good understanding of the atmospheric medium through which vehicles
are to fly. Under subsonic flight conditions, air may be treated as an
ideal ges eumposeld of rigld, rotating Jistondc molecules. The thermody-
namic properties of such a gas are well known and they are accounted for
in the gas flow equations by the familiar ratio ~f specific heats, which
in this case is a constant. Under supersonic flight conditions, air may
be raised to temperatures where the molecules can no longer .be treated
as simple, rigid rotators. At relatively low supersonic speeds, vibra-
tional energy is excited and then the specific heats become functions of
temperature. IHowever, both the thermodynamic snd transport properties
of air in vibrational excitation can be predicted with fair accuracy by
the metihods of guantum statistics and kinetic theory {(ret. 1), and tne
air-flow relations can be modified accordingly. Eggers (ref. 2) has

calculated the effects of vibrational energy on the one-diuensional,
inviscid flow of diatomic gases, for example.

Further changes in air properties mey occur at still higher flight
velocity. Flight velocities of practical interest have now increased

from low supersonic speeds to the escape velceity, 37,000 feet per second.
Vehicles which travel at these hypervelocities excite the air to such
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2 NACA TN 5150

high temperatures that the molecules not cnly vibrate but mey disscclate
into atcns and even ionize. Under these conditions, the behavior of alr
deviates widely rrom that of an ideal gas and the thermodynamic and trans-
port properties all become functious of pressure as well as of tempers-
ture. It 1s, of course, essentiasl to evaluate there functions in order
to culculate the pattern of air flow about high-speed vehicles, the viz-
cous, and pressure forces which result, and the heat flux which occurs
between the air and the vehicle.

The equilibrium thermodynamic properties of a gas can be calculated H
with great confidence, provided the energy levels of the gas particles
and the degeneracy of these levels are known. For mcnatomic and diatomic
gases this information can generally be deduced from spectroscopic data
with such accuracy that the calculated thermodynamic properties can be
trusted to very high temperatures, even where experimental confirmation
is lacking. In the case of air, haowever, one of the important energy i
terms was not known with contiderse until recently, namely, the dissceia- i
tion energy of molecular nitrog::, This uncertainty arose beceause the |
avallable spectroscoplc data were consistent with two different models |

- for nitrogen dissociation, one leading to a dissociation energy of 7.37

| electron volts per molecule and the other to 9.76 electron volts per

molecule. At first, the lower value was widely accepted as the most
probable one (Herzberg, ref. 3). Krieger and White (ref. 4) and
Hirschlelder and Curtlss (J’.‘t:l'. 3) have published tables of thiermodylnsamlc :
properties of high-temperature air based on this value. Gaydon (ref. 6) s
was perhaps one of the first advocates of the view that the higher value !
wvas the correct one. Subseguently a number of experiments were performed
which confirmed Gaydon's opinion, among them the measureuments of strong
shock waves in nitrogen made by Christian, Duff, and Yarger (ref. 7) and
the detonation studies made by Kistiakowsky, Knight, and Malin (ref. 8).
This rendered the work of references L4 and 5 obsolete, but shortly there-
after Gilmore (ref. 9) computed the chemical composition, energy, entrouy,
compressiblliity, and pressure of alr as functicns of temperature and dea-
sity based on the higher value for the dissociation of nitrogen. Later,
Hilsenrath.and Beckett (ref. 10) published a similar table of these prop-
erties, but in much smaller increments ot temperature and density. The
calculations in both of these references (9 and 10) are highly refined
in the sense that they not only account for the major components of air
and their most significant energy states, but they also take into account
a large number of the higher energy states which are infrequently excited,
even at high temperatures, and most of the very minor chemical components
of air are included. Therefore these works are among the most detailed
estimates for the thermodynamic properties of air which have been made.
flsu 1t 1s 10t likely That these works will bocome Sbsulete, slnce the
values of all the important energy levels used in these calculations are i g
now quite secure. However, it is desirable to have approximate expres- i
sions for these properties in closed form which can be solved without
iteration., BSuch solutions would Ye particularly valuable, for example,
in preparing tables o be used with the method of characteristics for
calculating the flow of real air.
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In contrast to the fairly satisfactory state of development in
regard toc thermodynamic properties, knowledge of the transport properties
of air at high temperatures is in an elementary stage. It is generally
agreed that an accurate calculation of the transport properties should
be based on the rather rigorous theory of Chapman and Enskog for monatomic
gases (ref, 11). The extension of this theory given by Wang-Chang and
Unlenbeck (ref. 12) would be used for molecular gases with internal
energy. For such calculations it is necessary t¢ know the interaction
potentials which exist between the gas particles so that the sv-called
collision integrals can be calculated. Hirschfelder, Jurtiss, and Bird
(ref, 13) have developed the theory of intermolecular collisions to the
stage where the collision integrals and the transport properties of inert,
molecular gases cen be calculated with good accuracy. However, when the
alr dissociatcs, as it does at high temperatures, the atom-atom and atom-
molecule potentials are needed, and these are not suffiriently well known
to calculate the collision integrals. At the present time, calculation
of the atom-atom and the atom-molecule potentials is being attempted by
quantum mechanical methods. However, it may be som time before these
solutions are available, and even when they are compieted a formidable
obstacle to the calculation of the transport properties remains. This
occurs because two atoms may approach each other along any one of a num-
ber of potentials, depending upon the principal quantum number of the
electrons and the spatial orientation of the electron spi. and orbital
momentum vectors at the time of collision. These potentials are quite
different, some are partly attractive and others are entirely repulsive.
The soluticns for all of these potentials are implicit in the guantum
mechanical description of the problem. It is hoped that these potentials
might be weighted by their probabilities to yield single effective poten-
tinls fOr edell species, TUr IF the atume whicli Interset wlotg each 1if-
ferent potential must be treated as : separate species in the gas, the
calculations of the transport properties will be laborious indeed, even
with electronic computing. Problems of this type are further compounded
when temperatures are considered where the air begins to ionize. In any
event, there is an urgent need for an estimate of the properties of air,
due to the demands created by the expanding realm of very high-speed
flight. Therefore, an engineering approximation for the transport prop-
ertier of high-timrperature: air would be wvaluahle in the incerim while
more exact solutions are being prepared. Even after more precise solu-
tions are available, an approximation giving the transport properties in
closed form will be Just as desirable as it is for the thermodynamic
properties of alr.

In view of the needs outiined above, it is the purpose of this paper
tc develop approximate expressions for the propertiee of eir over the
range of temperatures and pressures encountered by vehicles travers .ug
the atmosphere at speeds up to escape velocity. The principle whica shall
e ubed in deriving these cxpressiones 1z that they shall be made as sisgple

in form as possible. For the thermodynamic properties this is accumplished

by keeping only those terms which are necessary o yie:: a final resul.
within a Tew percent of the more exact solutions. The properties of alr
which will be evaluated are the compressibility (i.e., the correction to
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the ideal gas equaticn of state), the energy, enthalpy, entropy, specific
heat at constant pressure and at constent density, the speed of sound,

the viscosity, thermal conductivity, and the Prandtl number. All of
these properties will be evaluated for ¢yuilibrium conditions. Because

of the finite reaction rates, these values will doubtless need to be modi-
fied for processes which involve changes in stace which are rapid compared
to the rate of &pproach to chemical equilibrium. Nonequilibrium effects
will probably be encountered in very high-altitude flight because the
approach to equilibrium is slow at the low pressures experienced *here.
However, there is experimental evidence that equilibrium is essentially
realized in flow of dissociating air wnder conditions encountered in
flight at moderate altitudes and speeds (ref. 14). In addition,
Hirschfelder (ref. 15) has argued that heat transfer in pure conduction
processes will correspond to equilibrium values if the reaction rate in
one direction is rapid. Therefore, the thermodynamic and transport prop-
erties of air which are based on equilibrium conditicns should apply
directly to some practical problems as well as being a convenient reference
for the nonequilibrium values,

SYMBOLS
a speed of sound (zero frequency)
a4 ,b4 stoichiometric coefficients for components A and Bj
Ai,B1 componentts of a chemical reaction
c Sutherland's constant (eq. (58))
Cy specific heat per mol at constant density for component 1
Cp specific heat per mol at constant pressure
Cp' partial specific heat per mol at constant pressure,
ZX1(01+1‘)
i
Cyv specific heat per mol at constant density
D dissociation energy per molecule, also diffusion coefficient
Dij binary diffusicn coefficient {'or molecules of type i into
molecules of type J
e base of natural logerithms, also electron charge
e~ electron

$
-
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Le?

n

energy per mol, alsc electric fleld strength
energy per mol of component 1

energy per mol at zero absolute temperature
degeneracy of the 1th state

degeneracy of the nth electronic state
Planck's constant

enthalpy per mol

enthalpy per mol of component 1

molecular moment of jnertia, also icnization energy per
molecule

resonance potential for ionization

rotational quantum number

Boltzmann‘constant, also thermal conductivity

reference coefficient of thermal conductivity (eq. (77))

coefficient of thermal conductivity acue to molecular
collisions

coefficient of thermsl con~uctivity due to chemlcal reaction
chemical equilibrium constant for concentration units

chemical equilibrium constant for pressure units

DpCP‘

partial Lewis nuu.ué.,
Mk!

logarithm to the base e

mass of a gas particle - o 5

moleci lar weight per mol of component 1

mean molecular weight per mcl of a gas mixture

molecular weisht per mol for undissociated molecules

P oo s s o e i s
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vilrational quantum number, also electronic quantum number,
alsc concentration in moleu per unit volume

n(Ai), }. conceni.;ation of components Aj, Bj, ... 1n moles per unit

n(By), voluue

N nitroge- atom, alsc atoms in general

No Avagadro aumber, n-lecules per mol

Nt nitrogen plus ion, =lso plus ions in general
No nitrogen m: Lecule

NO nitrie oxi .-

0 oxygen atom

ot oxygen plus ion

O oxygen molecu. <

P pressure

reference pres-ure, 1 atmosphere

p(Ai)’ }- partial presswie of components Ly, By, «n-

P(Bi ’
Unm
Pz Prandtl numbw.v, .o
v g
T’
Pyt partial Prandtl umber, —&
Mk !
Q tctal partition function !
Qg translational partition function
Qp rotational partition function
Qv vibrational partition function
Qe eiectronic partition function
Qe total partition function for a standard state of unit
concentration, 2 q _iﬁ i
RT :
i
?{.
%
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]
Qp total partition-function for a standard state of unit
pressure, pQ
A
gﬁgBi;’ .} total partition functions for components Aj, By, ... i
, “ e e
iy distance between atoms
Te distance hetween atoms where the potential is a minimum
R universal gas constant, energy per mol deg
S entropy per mol
81 entropy per mol of component 1 at 1 atmosphere pressure | i
So collision eross section for undissociafed alr molecules !
SiJ or
s(1-J) collision cross section for particle 1 with particle
T absolute temperature
{
ug mean molecular velocity for molecule ftype i
Uy mean molecular velocity for undissociated air molecules
U potential energy between gas particles
x mol fraction f
X4 mol fraction of component 1
x{4y) ... mol fraction of component Af ...
|
M
Z compressibility, EMQ or — :
T M :
o molecular symmetry number (equal 2 for homonuclear diatomic '
molecules), also polarizability
B Morse function constant (eq. (61)) |
: : ‘
Z ratio of specific heats, 6? |
v
€ fraction of molecules which are dissociated or of atoms

which are ionized

L IR
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€4 energy of the 1th state

€n energy of the nth elrctreoalc state

¢ dimensionless distance paraw-ver, gi -1

! coefficient of viscosity

Tn reference coefficient of viscosity (eq. (67))

N mean free path for molecule type 1

Mo reference mean free path (eq. (71))

v vibrational frequency

o7 density of molecule type 1

o reference density (eq. (70))

o collision diemeter

Subscripts

P partial derivative af constant pressure

p partial derivative at constant density

G pertial derivative at constant entropy

s d i1ndices referring to molecules type 1 and J

L7 A indices referring to the contribution of iranslational,

rotational, vibrational, and electronic energy modes,
respectively

THERMODYNAMIC PROPERTIES

As & preliminary, a brief review of some of the results of
statistical mechanics will be given, This will include the definitions .s

of the partition functions and will sumsarize those relations between
these functions and the thermodynamic properties of gases which will be
used in the apprcximations to follow,
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Partition Punctlions

All of the thermodynamic properties of a gas may be calculated from
its partition function. Consequently, the first step in determining the
properties of air is to caleculate the partition functions for the
components in air. The partition function may be defined as

@ .4
Q=) & & (1)
i=1

where ¢; 1s the energy of the ith state of the gas particlie =nd gy
1s the degeneracy, that is, the number of states of the particle which
have this same energy level. The energy may be due to the translational,
rotational, or vibrational motion of the particle, or to the moticn of
the electrons within the particle. The temperatures being considered in
this paper are in all cases low enough that the excited nuclear energy
states may be disregarded. The usual asswption is made that no coupling

SXISTS Ustween the different wodes of energy. Then the partition function

may be expressed as the product
Q = QQrQQe (2a)

The factorc on the right side of equation (2a) are, respectively,
the partition runctions associated with the translational, rotational,
vibrational, and electronic energy levels of the gas particle. Each
factor is determined independently by an equation of the same form as
equation (1). By the methods of statistical mechanics it is found that
for diatomic molecules these factors are:

= (2 E or (25)
\\ hé‘!/ p

_ b2J(J+1)

00
'
oah®
J=0 -1
@ o o
Qp = ZJ e ¥I' - [1.¢ KT {2d)
n=
© _fn
Q‘E = z Ene kT (2@)
n=1

ne

Hw
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The notations used above sre common ones and the derivaticn of the
equations may be found in any standard *ext on statistical mechanics,

such as refercnce 16 or 17, For monatomic particles, which have no modes
of rotational or vibrational energy, the rotational and vibrational par-
tition funections take the value unity. The translational and electronic
partition functions for such particles take the same form as equations (°b)

and (2e), respectively.

Consistent with the stated purpose of this paper, only those
exponential terms are included in the electronic partition function
(eq. (2e)) for which the energy levels, en, are less than six times kT
at the maximum temperature considered (15,000° K). Actually, the levels
are so widely split in this range that the closest to this cutoff is the
sixth state of the atomic nitrogen ion, Jjust a little more than four

times kT at 15,000° K.

Table I presents the atomic and molecular constants which were used
in calculating the partition functions. The molecular constants for
rotation, vibration, dissociation energy, and electronic energy levels
were taken from Herzberg (ref. 3). The 9.76 electron-volt value for
nitrogen dissociation is used, and it is assumed chat the rotational and
vibrational constants for all excited electronic states are the same as
for the ground state. The atomic energy levels are taken from Moore
(ref. 18). The constants have been rounded off to the nearest 0.5 per-
cent, and the second and third electronic energy levels of atomic nitro-
gen have been combined since they lie within 0.% percent of each other.
The same treatment applies to the second and third electronic levels of

the atomic oxygen positive ion.

The functions which are to be used directly in the calculations to
follow are ‘the logarithms of the partition functions. From the partition
function constants (table I) and equations (2a)-through (2e), these

functions become

ZnQ(N2)=.glnT~-O.h2-Zn l-e T M np (3a)

an(Og)=-;(-1nT+O.ll-ln 1-e T\,

-mmp (3b)
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aze
= -
m Q(0) = é— T+ 5.5 4+ Zrz(+3e + e T,
_ 22800  _ 43600
5e T - mp (3c) ,
) } 27700 _ 41500
mQ(N) =< m T+ 0.30+ In[k+ 10e + 6e T -
t
(3d) |
4 _ 38600 _ 58200 ‘ |
In Q(0*) = g In T+ 0.50 + |4+ 10 T 4 e T - Inp
(3e)
_ ) 7o¢e _ lss.9 ’ ,
n Q(N+) = gAZn T+ 0.30+ In[1+ 3e + Se T 4 ‘
b
_ 22000 _ 47000 _ 87900 -
5e T 4,e T L5 T - lap (3f) |
i
] ;u
ZnQ(e"):-gulnT-llh?_h-lnp (3e) ;

where T 1is the temperature in degrees Kelvin and p 1s given in
atmospheres. i

It will be surmised that those components of air which are not
: represented by partition functions above are to bte negleeted in the :
i approximstions which are to follow. The absence of a partition function
for nitrlﬁ oxide may be found surprising, but it will be seen later that,
t0 the order Of aceursey belng considered hiere, the formaticn of nitric
oxjde may be neglected in computing thermodynamic properties over a wide
; range of pressure and temperature conditions, including those conditions
. which will generally be encountered in high-speed flight, through the
atmosphere. This occurs because NO has about the same the rmodynamic
properties as an average for nitrogen and oxygen molecules , and the NO

ST
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formaiion does not greatly Influence the equilibrium mol fractions of
nclecules and of atoms. The possible influence of nitric oxide on the
transport propertles of air will be considered later.

Energy, Enthalpy, and Specific Heats for the
Components of Air

According to statistical mechanics, the energy and enthalpy per mol
of pure gas are given Ly the following relations

_E_T@_z_na_ez S &l G (%)
RT of /4 dr
H-Eq /3 1 Q d In Q
= T ———— = —
RT I\ aT & E ar (5)

The quantities Qc and Q,D are the partition functions for the standard
states of unit concentration and of unit pressure, respectively. These
are related to the total partitlon function by

Q = Q (6a)

=1

rQ (6b)

Qp

and they are functions only of temperature so that it is their total
derivatives which are related to the energy and enthalpy as given in
equations (4) and (5). The quantity E, is a constant representing the
energy of the gas at zero absolute temperature. The choice of this level
1s arbitrary, but by convention E, is taken as zero for the molecules
of nitrogen and oxygen. Then Eg for the neutral atoms is Just one half
the energy of dissociation per mol of diatomic molecules, and E, for
the ionized atoms is the sum of this dissociation energy and the energy
of ionization. With all the ionization energy attributed to the ionized
atoms, Lo for the electrons must be taken as zero, of course.

By definition the specif. heats per mol of pure gas are
SR
c =(.9-”'-)
v =\t . (n

o = %:%—) (8)
P

ek b

& ¢
4 ¥
R U %& = =
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From equations (2a), (2b), (2e), (L), and (5) it is seen that the

energy and enthalpy per mcl of £€as due to translation and electronic
excitation are given by

€n
) e
n— e ==
E-Eq 3 L_,k‘-’-‘gn
Fw) ~5* : L
t+e n

< )
RT
t+e

énd the specific heats given by equations (7) and (8) can be expressed

E-E + 1
RT
t+

e

€ E &

AR &

-n kT B
s 3 Z(H i ngﬂe
—] =324 - (11)
R'b.,_e 2 .,.;EE —;I..l.

ge M Zgﬂe KT
ot

(12)

(P—E) = <SV_> + l
A t+e R t+e

Equations (), (10), (11), =nd (12) give that part of the energy,
enthalpy, and the specifie heats which is due to the translational and
electronic energy for either atoms or molecules. Tke contributions of

rotational and vitrationgl eliergy must alsy be included for the molecular

case, of course. According to equations (2¢) and (2d4) the expression

-1
E h by
Y | kT
— =1 + = |e -
<§T P kT

should be added to equations (9) and (10) in order to obtain the total
energy and enthalpy for diatomic molecules, while

(13)

—

o

(10)

)
3
%

e e g e
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: 4 2 : -2 q4
v v |
L T ....._.) (sinh S (14) :
(R)rw - T\ KT 2T
should be added to equations (11) and (12) to get the total specific i

heats for these particles.

The entropy of a pure gas 1s related to its partition function by

=mQ+T<§-—l-n—9-> (15)
S

Tl

and frcm equations (5) and (6b), the entropy of the gas at unit pressure
may be expressed

H-Eq
= (16)

S ,

The calculated valuesgs of the partition fu .tions for a standard
state of*f’a@yosphere pressure, the energy, and the specific heat at ,
constafrt density for the major components of air are given in table II |
in 500° X increments of temperature. The concentration standardized
partition functions, the enthalpy, entropy, and the specific heat at
constant pressure are not listed since they may be easily found from the
properties tabulated and equations (6), (10), (12), and (16). The tabu-
lated properties for each component are given for the range in tempera-
ture in which the component exists in air, at pressures between 0.0001 3
and. 100 atmospheres, up to the maximum temperature considered, 15,0007 K. l
We shall now examine how these values may be used in computing the
thermodynamic properties of ailr. ‘

o

BEquilivetun Ccrnatents

In order to determine the equilibrium mol fractions for the components
of air, it will be necessary to calculate the equilibrium constants for
the chemical reactions which occur. These chemical reactions may be
expressed in the general form

2311\1 & zbiBi (17)

where the A4 are the reactants, the Bj the products, and aj and by
are thelr respective stolchiometric coefficients. The pressure equiliib- :
rium constant for this reaction is defined in terms of the partial -

pressures

|
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Mp®t
Kp - pa‘(Bi) (18)
IIp"=(A4)
and it is related to the partition functions by (see ref. 16)
mn & < A 'ﬂb In Q,(B;) 1 Qp(Ay) (19)
Kp=-45 + ) b1 p(Bi)- ) ay p(Af {

where

Qg EZbJ’.Eo(Bi)' ZaiEo(Ai)

is the zero point energy of the products less the zero point energy of
The reactions

the reactants, both referred to their standard states.
considered here are the dissociation of molecular oxygen and of molecular
nitrogen and the ionizatlon of atomlc oxygen and of atumic nitrogen.
According to equation (19) and the partition function constants given in
table I, the equilibrium constants for these reactions are

: ﬁ 000 _ .

w K (0, >20) = - 5_9:@__ + 2 m Gl0) - m Q(us) (202) |
I

In Kp(Nz = 2N) = - -]-'-1-11529-0- +2 m Qy(N) - I Qp(N2) {2Cib) |

- 158,000 -
n K,(0 - ot+e") = - ﬁ;—- + In czp(o*‘) + 1 Qp(e”) - n Q(0)

I's (200)
m Kp(N > Weew) = - 288D L 1 o (v 4 1 gy(en) - m ap(W)
T f
(204)
The concentration equilibrium constant is detfined by
I bi B
ot (B1) (21)

Mn*t(ay)

: where n(Aj} end n(Bjy) are, respectively, the concentrations of the
chemical reactants and productis. This quantity will also be needed for
subeequent caleulations, and it is obtained by replacing the pressure

sty o MO

ver S . .
e L b o

A, e
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standardized partition functions, Q,, with the ccrresponding concentration

standardized partiticn functions, Q¢ (eq. (19)). From eauation (b) it
is seen that

Ko = Kp(RT)Z4-201 (22)

The logarithmic derivatives of the equilibrium constants will also
be required later. From equations (5), (10), and (19) these become

d in Kc O E'EO E-EO i
< 2b g BN 2
T3 T <RT) / \RT (23)
By Ay

d InK d InK !
T p=TTQ+Zbi_Zai (2’4)

The equilibrium constants and their logarithmic derivatives for the
reactions represented by equations (20a) through (20d) are listed as
functions of temperature in table III. These quantities will now be
used in calculating the component mol fractions end their derivatives,

Calculation of the Equilibrium Mol Fractions
and Their Derivatives

The possibility that approximate solutinns in closed form could be
obtained for the properties of air suggests itself upon examination of
the results of Gilmore (ref. 9). His tables of the composition of air
show that there are four chemical reactions of major importance. These
are the dissociation of molecular oxygen and of molecular nitrogen, and
the ionization of atomic oxygen and of atomic nitrogen.

Op ~»2 0 (25a)
No ~> 2N (25Db)
0= ot 4+ e- (25¢)
N-> N + e (25d)

With one exception, all other reactions which occur yield component
concentrations which are the order of 0.1 percent, or less, of the major
components given by the reacvions ahbove. The exception is the formation
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of nitric oxide, NO, which :* sea level density may become &as much as

10 percent of the air aroun? “000° X (see ref. 9). However, even this
much nitric oxide does a0t st . ,.gly intluence the resulting thermodynamic
properties of air, and at densit ~»7 less than 0.0l normal sea level
density, where the NO 1is less tuaen 1 percent, the effects are very

small.

Two distinctive features of the chemical reactions given above are
observable from Gilmore's results. The first is that at all pressures
the dissociation of oxygen is essentially complete before the dissocia-
tion of nitrogen begins. This means that these two reactions can be
treated independently for the purpoees of our appreximation. The second
feature is thal nitrogen and oxygen atoms ionize at about the same tem-
rereture and with obout the same energy changes. (Note, e.g., the approx-
imate equallty ol the eqtilitrium ccustants for the two fonimation
reactions, table III.) Consequently, it is possible to assume that once
alr 1s completely dissociated, all atoms constitute a single species
which has the population weighted average properties of the nitrcgen and
oxygen atoms. Then the problem conveniently divides itself into three
cases, and in each case only three components of the air need to be con-
sidered simultaneously. These three cases are described as follows,

where the ratio of nitrogen to oxygen has been taken as 4 to 1.

Case I.- At relatively low temperatures, the three components of
air which may exist simultaneously are molecular nitrogen, molecular
oxygen, and atomic oxygen. If € 1s the fraction of the initial number
of moles per unit volume which have become dissociated, then the partial

pressures for these three components may be expressed

0.8 (26a)

i

p(Nz2) = x(No)p

0.2-€ P (26b)

p(02) = %(0z)p =

=& (P6e)

p(0) = x(0)p = == p

where the x(Ai) are the mol fractions of component A;j. Tt is assumed
that the gas components each behave like an ideal gas. Then the equation

of state is

ZRT
o (27)

o ld

where the compressibility Z 1is 1 + € 1n thils case. This quantity 2
It

is the total number of moles per initial mol of undissociated air.
is also equal t= the rdatis Of the initial moleculsr welght of
undissociated air to the mean molecular weight, M,/fl.

R 2w N
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The equilibrium constant for the oxygen dissociation reactiorn is

e & _p2(0) _ Le2p p
KP(O“ ¥ 20l p(02)  (1+€)(0.2-¢) (&)

Then the fraction € 1s found by solving the quadratic egquation (28)

-0.8 + [o.éh + 0.8 (1+%-§P-
¥ N

€ = 2 (29)

2 <}4-&2
Kp

The condition of no dissociation which occurs at low temperatures ‘is,
of course, Just the limit of case I where € is zero.

Case II.- At Intermediate temperatures the oxygen is corpletely
dissociated and the nitrogen dissociation commences. For this case, ¢
will be defined as the fraction of the initial air which dissociates into
nitrogen atoms. Then the compressibility 2« 1s 1.2+ € for this case,
and the partial pressures of the comporents are

p(Nz) = x(Na)p = L:8=€ p (30a)
1.54¢
p(N) = x(Wp = =5 (30b)
1.24€
0.4
p(0) = x(0)p = —= (30c)
) ) 1.2+€ ,
The equilibrium counstant for the nitrogen dissociation reaction is
2(N 2
Kp(Nz = 2N) = p=(x) = he2p (31)
p(Nz)  (1.2+€)(0.8-€) |
whence € 1is given by g
]
-o.u+/o.16 + 3.84 l"% ;
= = (32)

hp i
2 <l+--
P |
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Case I1I.~- At high temperatur:s, the dissccistion of nitrogen 1s
also complete, and the ionization of the atoms begins. PFor this case
e assuuwe thel the atoms are a single homogeneous species symbolized
by N. The term € will now “e the fraction of the atoms which have

been ionized, and then *“e partial pressures become

p(N) = x(N)p = £ p (338)
l+e

p(N) = x(M)p = =—p {33b)

p(e”) = x(e”)p = £~ p (33¢)
l+e

Note that the compressibility 2 1in this case 1is 2(1l+e). The ionization
reaction equilibrium constant is

Ko(N = NF4e™) = p()p(e7) = €%p (34}
P p(N) 1-¢2 |
and then € becomes I
.1 i
€ = <1 + %) ® (35)
g !

The derivatives of the mol fraction compressibility products, Zxj,
will be needed in addition to the mol fractions. For case I, from
equations (28), (26a), (26b), and (26c) it is seen that

?_g_ﬁa:@f?o_;_g) -g—;)p (36)
0] @)
-%%@:P =0 - (39)

[
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vhere the subscript p refers to the fact that the partial derivatives
are taken at constant pressure. In order to find these same partial
derivatives at constant density, the equilibrium constant is expressed

in concentration units

Le2n he2 »p
Ke(Op =» 20) = 3 £ 40
(02 ) (L+€) (0.2-¢) 0.2-€ M, (ko)
whence
d n K P 1 /5(—:
e el B g e LMW O 1
aT <€ E O.2-e> \oT/, (42)

and the mol fraction derivatives at constant density take the same form
as equations (37), (38), and (39) except that the quantity (E)e/BT)P is

replaced by the quantity (de /{3'_'[')p found in equation (41). For case II
a similar set of equations for the derivatives occurs

ar - <€ 1.0te O.8-€> <8'I‘ B ee)
d InKe (2 il d¢
ar (e * o.8-<—:> 5T>p (42b)
oZx(N) oZx(N. e
- 92x(N2) _ 5 3¢
3T ST ST (3)
a_zgé.‘ll 510 ()

Finally, for case III, the equations are

d Ky /5 g 1 Y 5e)
—dT-f&-@'m*i.—e (ﬁp (45a)
dmX (2, 1 ae)

ar <€ Y%, (55 A (45e)
dzx(N) _9Zx(e”) _ _ Zx(N) _ . 3¢

r o - - 3 2% j6)

where, as before, the partial derivatives are given for constant pressure
or for constant density depending on the corresponding vpartial derivative
of € which is used. With these quantities in hand we are in position
to calculate the energy, specific heat » entropy, and the speed of sound

for air. :
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Energy, Specific Heat, Entropy, and Speed of Sound
for Ailr in Equilibrium

The energy per mol of air is simply the sun

E = ZXiEi (4()
i

where the Ei are the energy per mol for component i, Generally in
aerodynamic problems the energy per fiv:d mass of gas is needed rather
than the energy per mol. The mass Oof sus in a mol of undissociated air
(29 gm) will be used as the constant reference quantity for this purpose.
Then, in dimensionless form, the energy per mol of initially undissociated
air is

© ZE S 'y
L = 48

while the dimensionless enthalpy per initial mol of air becomes

ZH  ZE
£ iy g LG
RT ~Rp T (43)

The compressibility, Z, and the dimensionless energy, ZE/RT, which
have been calculated from the preceding equations, are listed in
tables IV(a) and IV(b) and are graphed as functions of temperature in
figures 1 and 2. The enthalpy ig easily obtained from thecc values via
equation (49). At this point it is desirable to compare the calcuiations
of references 9 and 10 with the results obtained above. It is not possi-
ble to compere the numerical results directly since both references 9
and 10 present the properties of air as functions of temperature at con-
stant density rather than at constant Pressure as is done here. However,
the results of these two references are the same, and reference 10 tabu-
lates the properties in close enough intervals so that constant Pressure
values can be obtained fairly accurately by interpolation. The values
for compressibility and energy interpolated from reference 10 agree with
the approximate solutions within 5 perccnt in all cases, and generally
within 2 percent, so that on the scale of figures 1 and 2 the differences
are hardly discernible. 1In view of this agreement, it is concluded that
the solutions presented here gre useful aprroximeticns for the thermody -
namic properties of air. Therefore we shall proceed to use those approx-
imations to calculate the entropy, specific heats, and speed of sound in
air.

The entropy per initial mol of air is simply obtained from the
entropies of the components of air through the relation

-
sl

S ot i, 5 ot 8
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where pg is the reference pressure for the standard state, in this case,
1 atmosphere. The entropy values are listed in table IV(c) and are shown
graphically in figure 3.

Tt is necessary to take the derivatives of the products ZE and ZH
for specific heats if the latter are to have their usual meanings, that
is, the change in energy which occurs in a fixed mass of gas per degree
temperature change. Thus the constant density specific heat per initial
mol of air is given by

28y 1 (3uE) g\ x G Z(@.l.) (ain>
X "R aT)p" Lz_.xiRJ“T. T ANEA (51)
l .

where Cj 1is tbe derivative of energy for component 1, that is, dEj/aT.
The correspona’ng specific heat for constant pressure is given by

dzH\ (G y Ei Qzx1
<_a-T_>.,_ = zle <—E + 1> By <§7f + 1> o= >p (52)
X i .

1

Z0p _
L -

el e

The specific heats calculated from equations (51) and (52) are
listed in tables IV(d) and IV(e). It may be noted that when chemical
reactions occur, the difference between the specific heats per mol is
not equal to the gas constant, as in an ideal gas, but is given by

C
7
<9_12_9_V_ :1+’£7 El(a_zﬂ> b BZX1> (53)
R R, Z /[ RT\BTP RT an
i

Both of the specific heat functicns have the same general features.
mhese features are illustrated in figure 4 where the specific heat at
constant density is given as a function of temperature for pressures
of 0.0001, 0.01, and 1 atmosphere. At low temperature Cy increases
from 5/2 R to T/2 R as the vibrational modes of energy become excited,
Then, with increasing temperature, the specific heat goes through three
distinct maxima where the chemical components change most rapidly with
temperature; the first maximum is due to the oxygen dissociation reaction,
the second to the nitrogen dissociation, and the third to the ionization
reactions. As pressure decresses, these maxima increase in sharpness and
in magnitude and they shift to" lower temperatures. It has been pointed
out (ref. 16) that the values determined from the partitior. functions
cannot pe highly accurate oecause the second derivatives of the partition
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functions are required, and the error in neglecting higher order terms
is magnified in the process. However, the curves of figure 4 would
merely be shifted slightly in temperature and have somewhat different
peak values if the calculations were more exact. Certainly the qualita-
tive features of the specific heats should be correctly giv ...

The specific heat values determined above enable us to calculate
This speed of sound will be defined by

a2 = §—§> (54)
8

the speed of sound in air.

that is, the limiting value as the frequency, of sound approaches zero.
The partial derivative given in eguation (54) will not be calculated
directly, since it is not convenient to treat the entropy as an inde-
pendent variable which cen be held constant (see eq. (50)). However,
equation (54) may be transformed with perfect generality into the form

, |
a2 = 7 (2) (59)
b/

where 7y is the ratio of the specific heats, Cp/Cy. Equation (55) is,

in turn, equivalent to

& 5 2 %Ij_).e (56)
&),

which, from the equation of state (eq. (27)), may be expressed in terms
f warlatles which have already been calculated

a2 2
-—E=7
P T az>
1+ 7 \5r
P

T (oZ
l+ (M>" (57)

The dimensionless speed of sound parameter, a82p/p, is listed in table IV(f)

and is plotted as a function of temperature in figure 5.

on the right side of equation (57) is generally near unity, so that fig-

ure 5 is also indicative of the varistion in vy with temperature.

The range of pressure and temperature in which the dissociation of
oxygen, the dlsscciation of nitrogern, ard the fonlzaticn of atome are the

G

The second term
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important chemical reactions is indicated by dividing table IV into the
regions case I, case II, and case III, respectively. Figure 6 preseants
the same information in & graphical form from which it is convenient tc
Judge the chemical state of alr for a given pressure and temperature.
It will be noted that boundaries between the chemical reactions corre-
spond to end points in the charecteristic cycles that occur in the
thermcdynamic parameters graphed in figures 1 through 5.

Aerodynamic Considerations

The thermodynamic properties obtained at this point are those
required to perform calculations of inviscid air-flow problems by the
method of characteristics. These properties are given for a range of
temperature from 500° to 15,000° K and of pressure from 0.0001 to
100 atmospheres. It is of interest now to examine the altitude and
velocity at which these conditions will occur in flight. A grid of the
pressure and temperature at the stagnation point of a body in flight is
shown in figure 7 as a function of flight altitude and velocity. The
stagnation enthalpy per unit mass was simply taken as one half the veloc-
ity squared, and the stagnation pressure was related to the static pres-
sure (and thus to alsitude) with the results of Feldman (ref. 19), who
computed the pressure ratio developed across normal shock waves in air
at various altitudes. Generally lower temperatures and pressures will
be attained at regions other than the siugnation region, so the range of
these variables will be adequate for such cases also. At very low pres-
sures, such as occur at high altitudes or in expanded flow regions, aero-
dynamic effects may often be disregarded. However, if necessary, the
approximations of this report may be extended to pressures below 0.0001
atmosphere. It is not advisable to extend them to pressures much greater
than 100 atmospheres, since there occurs an increasing overlap of the
chemical reactions in air as pressure increases and, in addition, the
nitric oxide becomes such a large component of the air that it must be
considered. As a result of this overlap in the chemical resctions, the
calculated properties of air show irregularities in the region of transi-
tion from one reaction to snother. Slight irregularities can be observed
at the transition regions for 10 and 100 atmosphere pressures (figs. 1
through k), for example. However, the deviations are small at these pres-
sures and it can be seen from figure 7 that the thermodynamic properties
of air can be closely approximated in closed form cver the range of con-
ditions of current interest in aerodynamics. Some of the results of these
approximations will next be used in estimating the transport properties

of high-temperature air,
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TRANSPORT FROPERTIES

Collision Cross Sectiuns

Consider first some qualitative aspects of the collisions between gas
particles. The particle trajectories are influenced by a potential U
which is negligible at long range, which may be attractive or repulsive
at intermediate range, but which always becomes strongly repulsive at
very short range. A purticle with kinetic energy kT will not be greatly
deflected if it passes only through that part of the potential field
where ,Uf << kT. On the other hand, the particle will be deflected appre-
lably 1F 1t passes where !U! a3 KT, The direction of the defleotion is
unimportant so far as transport properties are concerned, for it is the
absolute value of the deflection which determines the change in mass,
momentum, and energy fluxes caused by the collision. To a first approxi-
mation, the absolute value of this deflection is independent of the sign
of the potential and the effective collision diameter ¢ 1is the order
of the largest distance where U = kT. The effective collision cross
section S will be defined as xo2.

In the rigorous treatment of the transport properties of gases, <he
effective collision cross section S 1s found to be an integral function
of tgs’ggglgction angles produced by a collision, and this integral i a

¢tion of the relative velocity of the colliding particles. The
so-called "collision integral" is a function of temperature only which
is S times a velocity function integrated over all velocities. Thus
the collision integral may be thought of as an average effective colli-
sion cross section, and the transport coefficients can be related directly
to thece integrals. However, not all the interparticle potentials have
been developed which are needed to calculate the collision integrals for
air, In the present paper then, plausible estimates of the effective
collision cross sections will be used to determine the mean free gaths
for hard elastic spheres, and for such particles the transport cee .
cients can be releted to these mean free paths (ref. 1). The effects of
the interaction potentials will be taken into account by letting the
spherical cross sections be appropriate functions of temperature.

The effective cross secticns for collisions between diatomic
molecules can be obtained quite accurately by the collision integral
method. However, at high temperatures, the very steep repulsive portion
of the intermolecular potential is penetrated so that the molecules do
behave essentially like hard spheres., Consistent with the approximaticns
vhich are to follow, it will be sufficient to use the Sutheriand formula
fcr the molecular cross section BSg

—_2.:*;1-{-

5. - (58)

where C 1s 112° K and S,, the molecular cross section at infinite
temperature, is 3.14x10715m2,

i3

A e T T T R T TR ¢ e T g L e <ty P



. NACA TN L150

For atomic collisions, the picture is compllicated by the fact that

two avo.s may approach each other along any one of a number of potentials.
For example, the potentials between two nor-

mal nitrogen atoms are shown qualitatively

of these potentials, designated Uo, has the
lowest total electron spin and it is the one
normally responsible for the vibrational
energy levels observed in the stable molec-
ular state. Therefore Uy can be expressed
quantitatively from experimental spectro-
scopic deta. Unfortunately, the higher lying
potentials for the atoms in air are not known
quantitatively at present, so we are reduced
to estimating an average collision cross
sectinn for all of the potentials by mesans

of the known lowest lying potential Ug.

\ For this purpose it is assumed that the
Sketch (a) colllsion diameters o are given by

Uo(o) = -kT (59)

and these diameters will be used to evaluate the coefficients of momentum
and energy transfer. A somewhat deeper peszelration of the potential is
normally required for a collision to affect the particle flux, so that
the diameters ¢! which will be used to evaluate® the diffusion
coefficients are assumed to be given by

Uo(o') = -2kT (60)

It may be pointed cut that Hirschfelder and Eliason (ref. 20) have
examined the relation between values of the transport coefficients given
by the hard sphere model and by the more rigorou: collision integral
method. They find that U(c) and U(o') are about -0.6kT for a wide vari-
ety of attractive potentials, that U(o) is about 0.9kT and U{g') is
about 1.6KT for a similar variety of repulsive potentials. If all the
interparticle potentials were known, it would be simple to use these
criteria to obtain a weiglted average collision diameter. All the poten-
tials are known for two normal hydrogen atoms (ref. 2l) and it is found
for this case that equations (59) and (60) yield values for o and o
which agree with the weighted average collision Aiameters within 8 per-
cent over the range of temperatures from 1000° to 15,000O K. Of course,
there is no assurance that these same relations will hold as closely for
collisions between the atoms in air. In fact the average collision diam-
eters for normal oxygen and nitrogen atoms will probably be overestimated
by equations (59) and (60), since the shallow intermediate potentials
(such as U, and Up, sketch (a)) must e considered for these atoms,
vhereas they do not occur for hydrogen. The effect of these intermediate
potentials will be partly compensated for by the fact that some of the
&50us will be in excited electronic states which have collision diameters
the order of three times larger than the normal atoms (ref. 20). The

s ot 4
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in sketch (a) (see ref. 3). The lowest lying
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fraztion of atoms in excited slates is small over most of the temperature
and pressure range considered so that collisions between excited parti-
cles are relatively rare. The encounters between an excited and a normal
atom are the ones which significantly influence the mean free paths, anrd
the cross sections for such collisions are about four times normal. The
fraction of each constituent in air which is excited is listed as a
function of temperature in the following table:

- Fraction of Fraction of Fraction of
Oé oxygen atoms nitrogen atoms ionized atoms
excited excited excited
4,000 0.002 0,002
6,000 .013 025 0.012
8,C00 .032 JOSIL .032
10,000 .055 .153 .060
12,000 .079 .228 .089
14,000 .120

The first two excited states of atomic oxygen and of the atomic nitrogen
plus ion are very close to the ground state (see table I) and so they
have not been counted as excited states. It can be seen that the frac-
ticn Cf exelted particles 1n atr wiil gtuclally Le less than 1U perceént
and in the very worst case considered atout 20 percent of the atoms will
be excited. This occurs at 100 atmospheres vressure where the ionization
reaction is repressed untll temperatures beycnd 12,000° K are reached and
23 per.ent of the nitrogen and 8 percent of the oxygen atoms are excited,
For a pure gas in which excited particles have three times normal colli-
sion diameters, the average mean free path is decreased 28 percent vwhen
10 percent of the particles are excited, and is decreased 45 percent

vwhen 20 percent of the particles are excited., Thus the error introduced
by neglecting the long-range forces of the excited atoms is probably the
same order of magnitude and opposite in effect to the uncertainties caused
by neglecting the shortened range of the shallow, intermediate coliision
potentials.

The lowest lying atom-atom potentials may be approximated by the
Morse function

Uy’ D [(# ; e-ngi -1] (61)

where D 1is the dissociation energy and { 1is the dimensionless distance
parameter (r/re-1); re is the interatomic distance at which Up is a
minimum (sketch (a)); B 1s a constant related to the vibrational fre-
quency v of the stable molecule and is given by v(s2I/2D)1/2, Although
the Morse function is not very accurate at long ranges, it will be needed
only at r&ther’hi | temperatures where the potential is fairly well
described for |Uy| 2 KT. The Morse function constants were taken from
Herzberg (ref. 3) and these are listed in the following table:

Sk ot e e e g
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28
r.Atomic b{k; ) '.E " - re;.
particiesl YK angstroms
0-0 59,0oo 3.24) 1.207
N-N 113,200[2.9A] 1.09k
N-0 75,400)3.18] 1.151
o-ot 75,200[3.18] 1.123
N-N+ 101,200)2.94] 1.126

From equations (59) and (61), the momentum and energy transfer
collision diameter o 1s given by

;";=1-an<-/1--’§—> | (62a)

~

and by equations (60) and (61) the diffusion collision diameter o' 1is

given by
EL:l-Bm(l-/l-—-sz) (620)
re D

The atom-molecule collision diameters will be taken as the arithmetic
average of the atom-atom and of the molecule-molecule collision diameters.
This assumption corresponds to the concept that the collision diameter is
a measure of the effective range of the electron distribution about the
molecule o1 atom, and thut a COlllSlOn occurs whenever these electron

distributions overlap.

With the onset of ionization, several additional types of collisions
must be considered. These are the ion-atom, electron-atom, and the ion-
ion, ion-clectron, or electron-electron collisions. The ion-atom colli-
sions may be treated in the same manner as the atom-atom collisions, since
the spectroscopic data for ionized molecules are available to be used in
setting up the Morse potential function between the ion and the neutral
atom. The Morse function constants for thesc cases, which occur In air,
are also listed in the preceding table. The ion-ion, ion-electrovi, and
electron-electron collision diameters all depend on long range electro-
static forces of identical magnltude. The criterion for the zoilision
diameter will be taken as befoure |U(c)l kT. The function U in this
case is Just the coulomb potential between two charges, and the collision

diameter thus becomes

g = (63)

e2
kT
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For electron-atom ccllisions, the atom will be polarized by the
approach of the electron and there will result a charge-dipole type inter-
action. In order to calculate the magnitude of this interaction, the
polarizability of the atom, a, will be needed. The polarizability is
defined as the dipole moment produced in the atom by an electric field, E,
of unit strength. The interaction energy of the induced dipole moment
with the field 1s aE2/2, and when the field due to the presence of the
electron is substituted for E, this energy becomes

u--.g_:_‘,:. (64)

It will be noted that the polarizability need not be known with
great precision, since the collision diameter depends only on the fourth
root of this quantity. Experimental values of polarizability are only
given for the molecular state of oxygen and nitrogen. However, Joos
(ref. 22) gives an approximate method of calculating the polarizability
of atoms in alternating fields which, extrapolated to steady state fields,
becomes

O\
\J1
S

1/ he Y
* = 0 \21TIO> (

where m in this case is the mass of an electrcn and I, is the
resonance potential for ionization of the atom. This resonance potential
is 9.11 e.v. for oxygen atoms and 10.25 e.v. for nitrogen utﬁm% (ref. 23).
Using these values, one finds the polarizability is 13.2x1C~ 2518 and
10.3x10725m3 for oxygen and nitrogen atoms, respectively.

The collision diameters will enter the calculations to follow in
the form of a ratio with the collision diameter for two dlatomic molecules
at the same temperature. These ratios were calculated by the methods
outlined above for those collisions which ocrur between the major com-
ponents in high-temperature air. The results are given in table V as
functions of temperature. Wherever two or more types of collision give
the same result within 5 percent, there is not much point to considering
them separately, In view of the ctlier spproximmtions imvelved. There-
fore, for such cases, the values have been weighted and averaged, and
only those final averages are given in table V. The atom-molecule cross
sections 8(05-0), S(Nz-N), and S(N,-0) are very close and these are all
designated by the single symbol S(Np-N). Similiarly the atom-atom and
atcm-ion cross sections 8(0-0), S(N-N), S{N-0), S(N-N*), and S(0-0%)
are all grouped under the noteticn S(W-). The atum-electron crosc
sections S(N-e) and S(0-e) are given the single average value listed
under S(N-e). In the same way, all the atom-molecule and atom-atom
diffusiom oross scctims are given by 8'(W=-N) ard 5'(7-N), respectively,
In view of the order of the approximations involved, the electron-atom
cross sections for diffusion are not differentiated from the cross
sections for momentum and energy transport.
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Viscosity

The viscosity of air will be calculated from the simple summation
formula for a mixture of hard spherical molecules

I

In view cf the other approximations involved, a more sophisticated
formulation than this does not seem warranted. The constant 5ﬂ/32 is
chosen to agree with the value which accounts for the persistence in
velocity of the higher speed molecules (ref. 1). Tt will be convenient
to use, as a reference value, the viscosity which air would have at the
same temperature if the molecules did not dissociate or ionize

o = :5_1(_ PoYoo (67)
32
In cgs units, this reference viscosity becomes
T g
N, = 1.462x105 (68)

1+112 /7 cm-sec

where T is the absolute temperature in degrees Kelvin. The ratio of

mean veloc.ties is
o /E
Ug M

and the ratio of densities, where the total number of moles per unit
volume is the same, is

(69)

P M,
. (70)
o M

Under these same conditions, that is, the same mol concentration, the
ratio of mean free paths is (ref. 1)

1/32
M
NP S
kd
’"_Dnz %y | el (71)
}ii -l E(_ll E &
: /
i
, = 1‘
s 2 b i iy g fhn i
M ‘ = : ; ik



NACA TN L4150 31

Then the ratio of viscosity to the reference viscosity becomes

:L_,Z/E.i. M 5
Mo - MOXi)‘o (72)

Before equation (71) can be applied to the case where ionization
cee. 5, 1t must be observed that the atom-electron collisions are not
tu be counted in evaluating the atom mean free paths, nor are the ion-
electron collieione to be counted in evaluating the ion mean free paths.
This is because the mean free path which occurs in the derivation of
viscosity is the mean distance between those collisions which cause a
relatively large change in momentum of the particle being considered,
elther in direction or in magnitude. Normally all collisions qualify
in this sense, but when a heavy particle like an atom or an ion collides
with an extremely light particle like an electron, there is practically
no change in the momentum of the heavy particle, and this momentum is
carried intact to the first collision with another heavy particle.

A feature of the ionized gas which should be mentioned is that charged
particles under the influence of coulomb potentials may be deflected by
the cumulative effect of many long-range collisions., Then, as pointed “out
by Cohen, Spitzer, and Routly (ref. 2k), the effective collision cross
seciion is larger than for a single collision at short range. However,

a charge-shielding effect limits the range of the coulomb potential and
where charge density is large the correction to the collision cross sec-
-ion is small. For the range of variables treated here, collisions with
neutral particles generally predominate when the charge density is small.
Thus, in the first approximation, the mean free path is considered to be
= colbelierte ot single, iudependent coliisicns as in equation (71).

The coefficients of viscosity for high-temperature air have been
calculated from equations (68), (71), and (72) and the resuits are pre-
sented in table VI(s) and in figure 8. The terms in the summation of
equation (72) will also be used in the evaluation of the coefficient of
thermal conductivity which follows.

Thermal Conductivity

A theory for the thermal conductivity of a chemically reacting gas
was perhaps first outlined by Nernst (ref. 25). The form in which this
theory has been developed by Hirschfelder (ref. 15) will be used here %o
calculate the conductivity of higli-temperature air. In this theory the
energy transfer through the gas is treated in two independent parts. The
first part is the energy transferred by molecular collisions, and this
mode of energy transfer is the one responsible for the ordinary thermal
conductivity of nonreacting gases, The second part is the energy trans-
ferred by diffusion of the molecular species and the reactions which
occur as the gas tends to maintain itself in chemical equilibrium at each
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point. We shall first turn attention to the calculation of energy
transferred by molecular collisions. If one invokes Eucken's assumption
(vef. 26), that the internal energy is distributed among the gas particles
independently of their velocity distribution, then the simple linearized
expression for the coefficient of thermal conductivity in a mixed gasc

becomes

St AL (5
=2 piUy —— [ & Cp + Oy t) {73)
kn 1% g \2 " * Cint ),

——
32 L,

where Ct 1is the specific heat per mol due to translational energy
and Cipt the specific heat due to the internal energy. It is noted
that

Ci = (Cg + Cint)y (74)

N (L 9R ;
ky = = P{U{ N i * Mi> (76)

It will be convenient to define a reference coefficient of thermal
conductivity just as was done for the viscosity, that is, the value air
would have if 1t did not vibrate, dissoclate, or ionize. This coefficilent

will be
19 R '
ko = e o \ (77)
or in cgs units
= 1.36k O
o . o em-see “K (78)

where 17, 1is in gm/cm-sec.

The ratio of the thermal conductivity cocefficient to the reference
coefficient becomes

&
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o VI N o [ (9) .2.]
ko"iZ(M.)xiko ui[la AT oP]

The first factors in each term are Just the terms already calculated for
the viscosity. It may be noted that the same collisions are to be neg-
lected in tnis case as for viscosity. This is because these electron-
atom and electron-ion collisions have only a small effect on the magnitude
and direction for the energy flux vector of the heavy particles. Actually,
all of the electron collisioms couuld-have been negiected for the purpose
of computing viscosity, for the electrons carry a negligible fraction of
the total momentum transferred, due to their small mass. However, because
of its high velocity, an electron transports a large chare of the kinetic
ener;ly, in fact much more than a heavier gas particle. Therefore the

heat conduction terms for the electrons are needed in equation (79).

The second mode of energy transfer, which takes place whenever the
gas undergoes a chemical reaction, is due to the diffusion of the chemical
species. These particles then react with one another, giving off or
absorbing the heat of reactlon and causing heat transfer which may be
couslderably larger thaun the ordinary hLeat transter due to molecular
collisions, Hirschfelder (ref. 15) has formulated this problem, but in
terms of the multicomponent diffusion coefficients which are difficult
to estimate. However, Butler and Brokaw (ref. 27) have shown how
Hirschfelder's results can be modified to make use of the binary diffu-
sion coefficients instead, and their sclutions are in convenient form
fur computational purpcses. DMNoreuver, Butler and BErckaw show that
Hirschfelder's method of predicting thermal conductivity agrees very well
with the experimental resulls for a number ot gases which dissoclate or
rescet chemteally gt Ordinuary tenperatures. Thercfore we shall be able
tc avply this method with some confidence. That part of the coefficient
of thermal conductivity which is due to the chemical reaction will be
designated ky, and according to the results of reference 27, this may

be expressed as
din Kg\°
R <# —=k
aT

kp =
84
——— (aixj-ajxi)
z: E: nDy 3xq P
i J

where Dy 1is the binary diffusion coefficient for molecules of type i
+ato molecules of type. J, and the ai are the stoichiometric coefficients

of corraregnts Af in the chemical reaction written in the form

(80)
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ZaiAi = 0 (81)
According to reference 1, the binary diffusion coefficients are given by

8 5 MiM i/2 o'
5 *[; <M1+MJ> (RT) 1,5 1 (62)

Now the reference coefficient of thermal conductivity (eq. (77)) can be
put in the form

95 Nxt R [RT

=i 64k NgS, N Mg

(83)

Substituting equation (82) in equation (80) and dividing by equation (83),
one obtains

12?2 fT d I KN
92 o (84)

kr
/2
ZZ l: MiMJ :] Sij ai (aiXa-aJXi)
3 Mo (Mi+My) So Xy
i

In order to simplify the computations somewhat, the differences in
mass between oxygen and nit crogen atoms will be neglected Then, since
some of the collision cross sections may also be given the same value,
the double summations in the denominator of equation (84) take on the
relatively simple form as follows:

k

For case I (oxygen dissociation reaction only)

S'(Na-N) [ [x(0)+2x(02) 1% kx(Np) x(Np)
= i + + (85)
- {3 s, x(0)x(05) x(0) J2 x(05)
for case II (nitrogen dissociation reaction only)
33 ) 2 L i
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Zijwmzm[[ﬂmwﬂ%H2+xm) 4 81(H-) 2x(0)
1]

Jis, x(N)x(Nz) x(N>) So x(N)
(86)
and finally for case III (ionization reaction only)
;“ Z _ [.l S'(N-N) . 1 8 (N—e")] [x(W)+x (N ]2 (87)
A R 230 s x(W)x(N")
i

The total coefficient of thermal conductivity is just the sum, ky+kyp.
The values of this sum were calculated for air and the results are pre-
sented in table VI(b) and graphed in figure 9. The coefficient of thermal
conductivity has about the same functional features with respect to tem-
perature and pressure that were observed for the specific heat (fig. L4).
The Prandtl numbers were calculated from the relation

-

Mc 19 \ R/ k/kg

and they are listed in table VI(c) and are graphed as functions of
temperature in figure 10.

As noted, nitrogen and oxygen have approximately equal collision
cross sections, so that up to the point where ionization begins, air can
be treated essentially as a two-component mixture of atoms and molecules.
Then it is possible to characterize tne system with a single diffusion
coefficient, and the differential equations of fluid flow may be analyzed
vwhile keeping the terms describing heat transfer by chemical reaction
separate from the terms describing ordinary thermal conduction. This
methed is followed, for example, by Fay and Riddell (ref. 28) in their
enalysis for the heat transfer to the stagnation region of blunt bodies
in high-speed flight. 1In using such an analysis, it must be realized
that the thermodynamwic and transport coefficients are defined somewhat
differently than in the present paper. The coefficients which appear
in reference 28 will be called the "partial coefficients" and they will
be designated here ty a superscript prime. The partial specific heat,
the partial coefficlent of thermal conductivity, the partial Prandtl num-
ber, and the partisl Lewis number, respectively, are related to the
quantities defined in this paper s follows:
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Cp'! =in(ci+1)

Fr' = @ ﬁ (89)
Mk!

Le' = DoCp'

J

The partial Lewis number, Le', appears as a coefficient for the
chemical reaction terms in reference 28. The diffusion coefficient D
is the ordinary binary diffusion coefficient DiJ given by equation (82),
and from equation (83) a dimensionless group is

ZDoR S'(N-N) 72

The Lewis number is conveniently calculated from the expression

ZDok ZCp' /R
koMo Zkp /ko

Let

(91)

Table VII lists the calculated values for the partial coefficients
ZCh' /R, ky/ko, Pr', and Le'. The numbers Pr! and Le' are also graphed
as functions of temperature in figure 11. The partial coefficients are
not given for temperatures where ionization occurs because the air is
then at least a three-component system (neutral atoms, ionized atoms,
and electrons) and the partial coefficients, as defined, do not apply to
this case. It can be seen that Pr' is a relatively constant quantity
with an average value sbout 0.72. The partial Levis number, on the other
hand, decreases as dissociation proceeds to completion. From the result
that the partial Prandtl number is approximately constant, it follows
that the factor C_'/Mk* decreases as n-1. The factor Dp/M increases
at about the same rate (see eq. (82) or (90)), and the product of these
two factors is relatively constant; thus the partial Lewis number varies
approximately as M, that 1s, it decreases by a factor of about 2, from
about 1.4 to 0,6.

A list of conversion factors is given in table VIIT for convenience
in converting the tabulated and graphed parameters into dimensioned units.
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DISCUSSION OF RESULTS

the transport broperties of air in g discussion of the variations in
Prendtl number with temperature. At low temperatures the air is like a
bure diatomic gas with g specific heat about 7/2 R. From equation (88)),
the Prandtl number for such & gas 1s 14/19 or 0.74. as temperature
increases, vibrational energy is excited in the molecules so that Cp
approaches 9/2 R, while from equation (76) the thermal conductivity °
approaches (23/%;(Rno/Mb). For thir limit the Prandtl number tecomes
18/23 or 0.78.

At sti11l higher 2ZCp

temperatures the oxygen 7R
dissociates and both
Cp and k go through \

the pronounced maxima

shown in figures 4

and 9. To a first

approximation, k {s

about proportional

to C, Just as for a
4

nonreacting gas. How-

ever, due to the influ-

ence of the chemical pr= 13 (ZZCP) ik}

reaction, the maximm B \7R k/kg

in k ocecurs at 0

slightly lower temper- Temperature, T

atures than the maximum Sketch (b)

in specific heat asg

indicated in sketch (b). The viscosity coefficient is not greetly infly-

enced by the oxygen dissociation, S0 from equaticn (88) it is apparent

that the Prandtl number will follow an § shaped function as shown in

sketch (b). This shape for the function can be seen in the. curves of
figure 10.

o4

At the temperature where oxygen dissociation is essentially complete
and nitrogen dissgociation has not yet begun, the Prandtl number can be
calculated for a two-comyonent mixture from the known conditions that
the mol fractions are X} =2/3 and x5 = 1/3 and that the molecular
welghts are relateq by My = 2M; (where subscript 1 refers to nitrogen
molecules and subseript 2 o oxygen atoms). If the collision cross
sections are all assumed equal, the mean free paths are related by

7\2 L4 J-ﬁ'
== — (92)
L 2443
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Then tne Prandtl number becomes

- 1l + JE‘EE
DO-GB)radn [ @
R (23 1542 2
M \%T "8 X

which checks closely with the values for Prandtl number shown in figure 10
at the transitions from oxygen to nitrogen dissociation.

As nitrogen dissociation proceeds, the Prandtl number again follows
an S shaped function of temperature for the same reasons which were
outlined for oxygen dissociation (sketch (b)), The fully dissociated
air is like a pure monatomic gas with Cp "about 5/2 R and k equal
15/4 (Rn/M), so that the Prandtl number approaches 2/3. The Prandtl
numbers of figure 10 go through this value of 2/3 at a temperature where
the dissociation is essentially complete but the ionization is still

negligible (Z = 2, fig. 1).

Up to this point, the Prandtl numbers lie within the range from 0.6
to 1.0 in agreement with the conclusions of reference 29. However, when
ionization begins, the Prandtl number may drop to somewhat lower values.
For very small degrees of ionization it can be shown that the ratio of
electron to atom mean free path is about A2 and that the coefficient of
viscosity is infiuenced very little by the presence of the electronms.
However, the thermal conductivity is greatly increased by the electrons
because of their high thermsl velocity, and the effect is illustrated in
figure 9 by the abrupt change in slope for k where the ionization reac-
tion first begins. If the fraction of ionization, €, is so small that
chemical reaction terms may be neglected

15 R fEM,_)
k = == = —
T 1 <} + € = (9%)

where M; 1is the atom mass and Mo, the electron mass. It can be seen
that k increases rapidly with the onset of ionization because the
factor (2M1/M,2)1/2 is. large, about 230. Accordingly the Prandtl number

is found to vary as
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A very small value of € 1is sufficient to reduce the Prendtl number
considerably below 2/3, the value for a pure monatomic gas. As the
ionization proceeds, however, the chemical reaction terms which were
omitted in equations (94) and (95) become predominani sach that

becomes approximately proportional to k again, and the Prandtl number
levels out at about 0.3 as shown in figure 10. At this point another
factor gradually predominates, namely the decrease in ccefficient of
viscosity which occurs as the mean free paths become very short as a
result of the long range coulomb forces acting on the charged gas parti-
cles. Consider, for example, the completely ionized gas. The mol frac-
tion of ions (subscript 1) equals the mol fraction of electrons
(subscript 2) and the collision cross sections are about equal. Then
the ratio of mean free paths is

y ¥ JZ2

Moo1+42

(96)

where, as before, the electron collisions do not count toward the ion
mean free paths. The ratio k/n is approximately given by

NECE SR

=z = (97)
noob Mg 5 M
and with Cp/M about 5R/M;, the Prandtl number becomes very small
C M-
2N, k14VE M 0.01L (98)
Nk 342 My »

as shown in figure 10, With the assumption that the Prandtl number
retains its usual significance, boundary-layer regions in highly ionized
flow should be much better heat conductors than in the fiow of neutral
gas particles, This result is of theoretical interest even though fully
ionized air flow will not be obtained at flight velocities below escape
speed (figs. 6 and 7).

The Prandtl number functions of figure 10 are similar to those
predicted by Kaeppeler and Krause (ref. 30). Their calculations were
based on the low wvalue for nitrogen dissociation eénergy and so the pres-
ent estimates exhibit more distinctly separate maxima. This is because
of the separation between the dissociation reactions which occurs when
the higher value for nitrogen dissociation energy is used. Greifinger
(ret. 31) has also made some estimates for the transport properties of
alr at high temperatures. He assumes constant collizion cross sections
in a manner such that, up to the point where ionization begins, his calcu-
lated Prandtl number 1s s constant lacking the struacture shown in fig-
ure 10. However, reference 31 Predicts the same order of effect due to .
ionization which has been discussed here. 1
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Recsll that the nitriec oxide in alr has been neglected and that the
calculated thermodynamic properties of air are not greatly affected by
this omission, It 1s not obvious that tae transport properties of air
will be similarly independent of NO formation, since NO 1is ionized
rather easily compared to N, and Op molecules. Practically all of the
electrons which appear in air at intermediate temperatures come from
the NO ionization reaction. However, Gilmore finds that the gquantity
of such electruns 1s very small, the order of 0.0l percent or less (ref. 9),
and from equations (94) and (955 it can be Jjudged that this amount is not
yet sufficient to alter greatly the transport properties of air.

At present there sare no direct measurements of the transport
properties for air at the high temperatures considered here. One experi-
mental comparison which can be made at the moment is to insert the calcu-
lated coef"icients into a theory for the heat transfer to a simple
aerodynamic shape; and then compare the results with measured heat-
transfer rates. For example, reference 32 compares the values for heat
flux to the stagnation region of a blunt body in high-energy air flow
which were measured by Rose and Riddeil (ref. 33) with the theovetical
predictions based on the transport coefficients developed in the present
report. Tt 1is found that the calculated heat flux deviates less than
10 percent from the mean of the measured data. This is a faverable result
in view of the approximations involved in the theory and of the scatter
in the experimental data (the order of #20 percent). It should be empha-
sized that this comparison is not a sufficient test for the reliability
of the calculated traunsport coefficients, as it is possible that errors
in the coefficients compensate for each other or for approximations in
the heat-transfer analysis. Nevertheless, the favorable comparison is
reassuring inasmuch as it means that at least a necessary condition for
the corrzctness of the theories is fulfilled.

CONCLUDING REMARKS

In conclusion, the thermodynamic properties (including compressibility,
energy, entropy, specific heat, and the speed of sound) and the transpori
properties (the coefficients of viscosity and thermal conductivity and
the Prandtl number) have been estimated for air at high temperatures.
These estimates were made from approximations in closed form, and it is
found that these approximations give fairly accurately the thermodynamic
properties over the range of pressures and temperatures for flight through
the atmosphere. The transport properties were calculated by methods which
have given reasonably good results for gases at ordinary temperatures and
for gases which dissociate and react chemically. Moreover, the values
calculated for the transport properties can be used to predict the same
order of heating ratez that have been measured at the stagnation region
of blunt bodies in high-energy air flow. Therefore it is concluded that
the results presented in this paper are useful engineering approximations
for the properties of high-temperature air. 1In particular, it is an
advantage that the solutions appear in closed form because the functional
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relationships can be visuulized. In addition the air properties can
conveniently be computed in ver,; small inteivals to give tavles that caa
be used in obtaining solutions 1o real air flow by the method of char-
acteristics, or for numerical scluticns of boundary-leyer flow. It is
expected that the calculated coefficients of viscosity and thermal con-
ductivity will prove to be lower bounds to more precise calculations or
measurements., The prediction that the Prandtl number for highly ionized
flow will be small compared to unity is of interest, for it implies that

boundary-layer regions in such a gas will be very transparent to heat
flux,

Ames Aeronautical Laboratory
National Advisory Committee for Aeronautics
Moffett Field, Calif., Nov. 18, 1957
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