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SUMMARY 

The flight-test techniques for measuring continuous atmospheric 
turbulence are briefly outlined and available measurements of the power 
spectrum of atmospheric turbulence reviewed. The measured results are 
examined in order to determine how well they approximate the idealized 
models of a stationary Gaussian random process and of Isotropie turbu- 
lence. Finally^ some recent results on the variation with altitude of 
the probability distributiv of the root-mean-square gust jLelpcjjty,are 
presented and the application of these results to operational response 
history calculations indicated. 

SOMMAIRE 

Expose sommaire des techniques d'essais en vol permettant de mesurcr 
la turbulence atmospherique continue et revue des mesures existantes 
relatives au srwtre energetique de la turbulence atmospherlqueL    Etude 
des r^suitats elnenus en vue de üeterminer jusqu'a quel    point ils 
s'apnrochent des cas idealises d'un phenomeue furtuit Guusslen stationnaire 
tt de la turbulence isotropique.    Eh conclusion,  presentation de quelques 
resultats recemnent acquls concemant le variation,  avec 1* altitude,  de 
la distribution des probabilltes de la vltesse efflcace des rafales et 
application de ces resultats aux calcul.s des reponses de 1'avion dans 
des conditions d'utilisation. 
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NOTATION 

T 

acceleration 

see Equation (14) in min text 

\ airplane longitudinal acceleration 

I     average chord, ft 

KK.s)  airplane gust response function. Equation (15) in main text 

K 

h(t) 

H(o;) 

I 

L 

mj 

4W 

N. 

N( ) 

01.02 

P(o-) 

0(ow) 

s 

t 

u 

v 

V 

g-npSE 
s 

unit impulse response 

frequency response function 
■ 

distance fro« vane to airplane center of gravity, ft 

scale of turbulence, ft 

slope of lift curve per radian 

>■. 

average number el maximums per second exceeding given value 
»n in operations of 

.- 
b     characteristic frequency. Equation (11a) in min text 

average number of maximums per second exceeding given value 
specified argument for Gaussian disturbances 

« 

output responses 
■ 

probability distribution of a 

probability distribution of a w 

wing area, sq ft 

time, sec 

longitudinal gust velocity, ft/sec 

lateral or side gust velocity, ft/sec 

airplane forward speed, ft/sec 

vertical gust velocity, ft/sec 

■ 

of 

■ 
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:, 

W      airplane weight, lb 

wa      airplane normal or vertical velocity, ft/sec 

a      angle of attack, rsdlans 

y flight-path angle, wa/V 

6 pitch attitude, radians 

6 pitch velocity, radians/sec 

X gust wave length, ft 

p air density,slugs/cu ft 

cr root-mean-square deviation 

#(&>) power-spcctral-density function 

H reduced frequency (Cü/V). radians/ft 

c«; frequency, radians/sec 

, 
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Subscripts 

i input 

o output 
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ATMOSPHERIC TURBULENCE  ENVIRONMENT WITH  SPECIAL 
REFERENCE  TO CONTINUOUS  TURBULENCE 

■ 

Harry Press* 
■■■■' ' '■ , , '..,,-..-„. ,,,,, •_<. j 

8   1.   INTRODUCTION ^ ? 

Aeronautical studies of atmospheric turbulence have,   in the past,  been largely 
based on simplified concepts involving discrete gusts o^ idealized shapes such as 
sharp-tdged gusts,  triangular gusts, and ramp-platform shaped gust profiles     During 
the last few years, a number of developments have contributed to making a more 
detailed and realistic approach to the rough-air problem more urgent.    These include 
oii the one hand, the Increased importance of airplane response to gusts in stability 
anc gnWance problem.    Oi^the other hand, the need for the rapid exploitation of 
airplane performance capabilities has served to place greater emphasis on a more 
efficient structural analysis.    As a consequence,  the gust response, which was formerly 
of serious concern only for large transport-type airplanes and bombers, has also 

Port^^fi^TT 'T^ "** WlQer ^^ 0f airPlane ty0es M ''e11 a8 for ■»^im- portunately, during this period, new mathematical and experimental tools have been 
developed which served to make a more detailed study of atmospheric turbulence 
^ ♦?• 1^

WO;"thy d*vel0P-ents occurred in the theory of random processes,  in the 
in f f ^ :TS f t"rbulence' ^ in »««*» ft* the measurements of tui-bulence 
in flight, and these developments have served to provide the basic tools for a deeper 
approach to gust problems. aeeper 

As a consequence of these new developments, the last 5 years have seen a rapid 
d.v^opmant in the study of continuous atmospheric turbulence and airplane benavior 
in rough air.    The detailed characteristics of continuous atmospheric turbulence 
have been manured in a niaber of studies.    These measurements have served to pro- 

LfLLZ ?     SMT ^^'r beh*Vi°r ^ continuou« rough-air conditions. 
Refere^es I - 25 list some of the more important contributions in these areas. 

Although the number of detailed measurements of continuous atmospheric turbulence 
is still quite limited,  sufficient data appear to be available to warrant a review 
of these measurements and at least a preliminary assessment of the general character- 
stlcs of atmospheric turbulence.    In the present paper,  the genera? Jhods ^eHn 

the measurement of continuous atmospheric turbulenco in flight will be reviewed 
briefly and an effort rmde to summarize some of the more significant features of the 
informa ion available on the characteristics of atmospheric turbulence!   In orSer 
to thr^ti0,nPaf deTiption of turbulence measurements and to provide a guide 

nd rL t       t       * ^ * m0del8 f0r analytiC St,,dies' 80-e of the basic concepts 
and results of random process theory and the statistical theories of turbulence will 
be described In the appendix to this paper.    The important concepts of a stationljy 

of iZrr8; T? Gau8!!rrandom proces8 wii1 ^defined' ^ ^ ^te^u 
^!l f . ^ ^ Wil1 ^ described- ^«se idealized models are used in the 
assessment of the experimental measurements of turbulence in the main body of this 

^   Gust Loo^ Branch. NACA Un^y ^ronauticol Laboratory. Langley Field.  Va., 

- * - -^ _ -, :-.. 



In addition to the foregoing material which is confined to the local characteristics 
of atmospheric turbulence, consideration will also be givm to some  of the broader 
climatological variations in turbulence. In particular, some recently obtained 
estimates of the probability distribution of the root-mean-square gust velocity and 
its variation with altitude are presented and discussed. The application of these 
results to the problem of estimating gust and gust load histories in airplane opera- 
tions is also considered briefly. 

2. METHODS OF MEASURING ATMOSPHERIC TURBULENCE IN FLIGHT 

The need for the consideration of t*»e continuous character of turbulence has. in 
recent years, led to the development of new and improved methods of measuring 
turbulence in flight. During the last few years, two significant contributicns 
were made in this area. These are: first, the general approach pioneered by 
Clementson, at Massachusetts Institute of Technology1 for the determination of 
power spectra of atmospheric turbulence by means of power spectral techniques: and 
secondly, the subsequent development, at both the Cornell Aeronautical Laboratory2^2* 
and the N.A.C.A.n'23 of direct turbulence measurements by means of flow direction 
vanes. Ttese techniques have been used to provide basic data on the detailed 
characteristics of turbulence. A few remarks on these methods and their limitatipns 
thus appear appropriate in order to appreciate the limitations of the available 
information. 

i 

2*1 Spectral Technique 
* 

In Reference 1, Clementson first applied the concepts of random process theory 
(see Appendix) to the problem of airplane behavior in rough air. In this approach, 
the power spectra of the random disturbance and of the airplane response play a 
central role. Clementson showed how output response measurements of a linear air- 
plane system could be used to determine the power spectrum of atmospheric turbulence. 
The approach used is based on the application of the relation between the power 
spectrum of a disturbance and the power spectrum of the response to the disturbance 
for a linear system. The relation between the iwwer spectra is given by 

$C{G>) = ^M | IK-.)) |2 (1> 

where 

m =   circular frequency, radians/sec 
■ 

$0(w) = the power spectrum of the response or output 0(t) 

^(w) r the power spectrum of the input or gust disturbance I(t) 

H(ai)  = the frequency response function for the system and in the present case 
defines the response of the system to unit sinusoidal gusts at the various 
frequencies. 

■ 

The application of this relation to the measurement of gust spectra is schenatically 
illustrated in Figure 1. The reduced frequency argument Q (=aj/v) which is equal to 

■ 

■ 

<rr 



vtrLions of L H*.  WaVelength' is ***  for ^ abscissa Inasmuch as the space 
Z „n~       turbulence are of principal concern in aeronautical applications 
The upper curve represents the power spectrum of an airplane response such as air 

il7stTo:mLTi:ieTrh h
The second curve -^-^ra" c^L": ar;ac- 

the cent!; T  the,f
Sketf sh^ ln W*1 of the normal acceleration response at 

the center of gravity of some current airplane types. The frequency resnonse 
potion nor^lly contains several pea^s which reflect the varTus^rZe"8 esponse 

^ Jl llh    r* th! firSt ^  iS * reflection of the airplane short- 
period mode which normslly peaks at around 1/2 cycle/sec. or a corresponding gust 

~ n ol th! Tl l1^ "• ^ ^^ ^ ^ 0n ^e s^ch is' l 
2 to 5 cvclL/L   I    e ^ Sy^-ric&1  bendin« »hich frequently is present at 
2 to 5 cycles/sec  and corresponds to gust wavelengths of the order of 100 ft  Thus 
wavelengths of fro« less than 100 ft to several thousand feet are of priLpal 
concern in ^ny aeronautical applications. Special problems, such L 1"£ 

?he ILVc^n; TfT^l  'rJVe con8ideration ^ ^en longer guat wavelengths. 
The last curve is obtained by dividing the response spectrum by the amplitude 

T^^Zf^i^^ ™function -yield8 - p^ ^-  ^ 

miJl I* Clear fr0'' EqUatl0n a) that the ^^ 8pectru" of the input m be deter- 
mined from «eanurements of the power spectrum of an airplane respoL ^ne if the 
frequency response function for the airplane is known. This is essential^ the 
procedu^ first used by Clementson and subsequently by others  n these ippllcations 
the general practice has been to determine the frequency response func on by    " 

"^n i^ts"68! JSr^ü^ 0f C0Ur8e' al80 ^ ^ to ****£  «~- tor 
%*J%% wtetLiLeaPPliCati0n 18 ^ Central ^ ^ aer0MUtlCal W1*'"™ 

su^rl   I™      I*™:™™13 LaW,i' at the C0rne11 ^ro^tical Uboratorr. and 
fhT.       * ^f USett8 In8UtUte 0f Technolo^tf^ have extended this tppr^h to 

h     ertic0 l8^ LT"81" 1ter'ining 8eVeral COm*n*DU öf the turbuwTuch L the vertical and head-on or longitudinal components.    This extension requires the 

a ;L rrtr
a8ure"ent of 8everai output ™°om**' •** ™ *£ SSS^ affected by the several turbulence components. "«"»w 

fU^
0!" fcWO di8turb*nce« or *&* co^wnents. I.ct) and I2(t). the relations for the 

output responses are given by -»-*«» ^v« tu« 

0i(t) = Ou^x^i» - t1)dt1 + rji^t^a - t1)dtl 
0

2
(t) '  Oi^i)1!^ ■ ti^i ^ O^a^i^t - t,)dtl 

(2) 

tetieen'itenlr'Lrr 'V* ^^ '* 0i t0 the dlEturb^e Ij-    The relations between the power spectra and cross spectra (see Appendix) of the diiturbances and 
the responses for each frequency n«y best be expressed in matrix forT^ 

I. u 

I 21 

12 

s 
22 

>       ~ 

|Hli|2 

H11H21 

H11H21 
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H11H22 

H21H12 
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HUHJ.2 
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H22H11 

H2 2H2l 

•121 

H22H12 

Ha2Hia 

'221 

$ 11 

$ 21 

$ 
^ 

12 

$ 
22 

(3) 
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^-- -■*■, --   i^  ......V^^--^ M».  ^   ^-.*i.--#>;-     •■       ^:!L=,  «•- 

' 



where 

$ ij    - the power spectra of the input disturbances if i = j or the cross spectra 
between the input disturbances if 1 ^ j 

A 

^ij   = the power spectra of the outputs if 1 = J or the cross spectra between 
the outputs if i ^ j 

HijM = frequency response function defining the response in 0, to unit sinusoidal 
disturbances^in Ij at the various frequencies and is given by 

HijCw) = Alj(t)e-
lrytdt.. 

The asterisk designates the complex conjugate.  If the H^'s are known, measured 

TrlT     J   ij'8 "^ b€*U8ed ln EqUation (3) t0 determine the required disturbance 
spectra and cross spectra ^ The extension to three or »ore co^onents is straUht- 

The principal difficulty with this approach for the determination of atmospheric 
turbulence spectra is the requirement for reliable estimates.of the airplan, fre- 
quency response functions over the wide range of frequencies which are normally'of 

tTlT-ii-M <? ^ freqUeDCy re8P0n8e fUnCti0DS can genera1^ ** stained, but their reliability is not yet considered adequate to warrant the general use of this 
approach for the present purpose. Experimental methods of determining thTfreqLLy 
re ponse functions of an airplane for the goat condition appear to be promising 

L LT^ L' Z\ltm  ^ an "^ 8tate 0f devel0^nt. An additional co^Hcation 
is introduced by the unavoidable presence in flight tests of pilot control motions 

S the^nZ6; ^ direCt ^^ 0f ^^^ M™*  ttot ^ Indexe"' 
of the airplane frequency response functions-are desirable. The flow direction vane 
technique described in the next section appears to meet this need 

■ 

2.2    Flow Direction Vane Technique 

The use of flow direction vane measurements for the study of turbulence was 

ri: Tt eTAtrn.S ^ ^^ Moratory-.- and by Chluo" and 
STJi« H?   

N:*-C-A-    '    •    Pi8"r« 2 illustrates schematically the relations between 
the flow direction and the gust velocity for an airplane. 

The airplane angle of attack aa is given by 

a,_ =   9 + 7 (4) 
where 

e 

7 

- the pitch attitude, radians 

wa/V 

the airplane normal velocity, ft/sec 

the airplane forward speed, ft/sec. 



For small disturbances, the angle sensed by the vane av, neglecting the upwash, is 
then given by 

0^    =   aa + a    -  /2 (Ö) 

where 

a. 

'g the normal (or vertical) gust velocity,   ft/sec 

l     =   the'distance from the vane to the airplane center of gravity. 

Prom Equations 4 and 5,  the vertical gust velocity is then given by 

wg   =   VCOy - 6) wa+ ^ (6) 

Equation 6 indicates that the time history of gust velocity sensed bj the airplane 

can be determined from the simple addition of measurements of airplane vane angle, 
pitch attitude, airplane vertical velocity, end pitch velocity. The use of the 

equivalent expression for the reduction of sideslip angle msasurements to obtain 

the side gust component does not appear to offer any additional serious difficulties. 

ä 

In principle, the application of Equation (6) to gust measuremants is straightforward 

In practice, a number of difficulties are encountered which tend to limit the accuracy 

and the range of frequencies which can be covered. These difficulties stem essentially 
from limitations in measurement techniques. As might be expected, the instrument 

accuracy requirements for such applications are quite severe. For an airplane 
flying at 300 ft/sec, a l-ft/soc vertical gust gives rise to an angle-of-attack 
change of 1/300 of a radian, or roughly, 0.2°.  It is thus clear that in order to 

achieve an accuracy of 1 ft/sec, it is necessary to measure the required angles to ai 
least an accuracy of 0.1° or 0.05°. This high degree of sensitivity is difficult 

to achieve but can be approximated in practice when some precautions are taken. 
In addition, good frequency response characteristics to relatively high frequencies 

are required in order to avoid distortions due to magnifications and phase shifts. 

Plow direction vanes with good frequency response characteristics do not appear 

difficult to obtain. Standard metal vanes frequently have response characteristics 
that are essentially flat to 10 cycles/sec. Lightweight balsa-wood vanes with good 

response to much higher frequencies are not difficult to obtain. Angle-of-attack 

pressure sensors have also been considered. Perhaps the most troublesome of the 

measurements is the measurement of pitch attitude. Although good frequency response 

characteristics can be obtained, conventional pitch attitude gyro recorders are 
subject to low frequency drift. This difficulty can largely be avoided by obtaining 

pitch attitude from the integration of pitch velocity measurements. Some inveetiga- 
tors have had recourse to the use of a sun-camera technique for studies covering 
very low frequencies23. Airplane vertical velocity is generally difficult to measure 

directly but the integration of normal acceleration measurements appe&rs to provide 
a satisfactory measure of vertical velocity when the initial conditions are adjusted 

through the use of a sensitive pressure altimeter or statoscope. 

-::■■»■  *■■■. ■     •     ..* -timäi&&mm>m, ■■::..■        ■■-      ■ -'■■■■■   -■ 
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An additional practical difficulty is worth noting. The necessity for getting 

the vane measurements out of the airplane flow field, in general, requires the use 
of a vane mounted on a boom. Booms mounted at the airplane center line have 

appeared best for rigidity reasons and have the additional advantage of avoiding 

the complications of the effects of rolling and yawing motions. Boom lengths of the 
order of one chord length have been used and appear to be satisfactory. However. 
in practice, the boom stiffness is generally not as good as is desirable. Boom 
vibrational frequencies thus become p. problem, but it is generally possible to keep 

the boom frequencies sufficiently high (5-15 cycles/sec) to be out of range of the 
more significant gust frequencies which are generally at the lower frequencies. 

The sensitivities used in recording the various quantities can considerably    M 
influence the reliability of the spectrum measurements. Because of the general 

character of the gust spectrum and the spectra of the various other airplane 

measurements, the measurements will, In general, contain very little power at the 

higher frequencies. Thus, the results obtained at the higher frequencies particu- 

larly are susceptible to large errors. As a consequence, studies aimed at covering 

a wide range of frequencies may require different sensitivities and particularly 

higher sensitivities for the higher frequency ranges. The fact that w and (9 

are determined from the Integration of acceleration and pitch velocity^measurements 

makes the low frequency accuracy of wa and 6 critical since small errors in say 6 
(orAn)at low frequencies yield larger errors in derived values of 6  (or w ). 

The muserical determination of the power spectra from the time history data is. 
in general, a task of some delicacy. Care is required in the choice of rerling 

intervals, and length of sample record in order to obtain reliable results. The 
actual numerical operations in the determination of the auto-correlation function 

and power spectrum, as defined in Equations (3) and (4) of the Appendix, must 

also be carefully planned to avoid distortions arising from the limited data and 
from the numerical operations themselves. These problems are particularly i«)ortant 

in the gust spectra determinations and are discussed in some detail in Reference 20. 

■v 

The full expression given by Equation (6) is not required over the full frequency 
range of interest which covers the wavelength range of 1 ft to perhaps 50,000 ft. 

In portions of this wide range of wavelengths or frequencies, some of the ten» 

become negligible. At high frequencies, say above 2 or 3 cycles/sec for many 
current airplane types, tne airplane pitch and vertical nration response are generally 

small relative to the gust angle and can be neglected. For this case. Equation (6) 
reduces to 

g =   Vly (7) 

and the vane measurement alone provides a direct measure of the turbulence. At very 
low frequencies, generally less than about 0.25 cycles/sec. the airplane's inherent 
stability acts to keep the airplane at a fixed angle of attack, and the vane 

measurements are then of no use. The gust velocity for these low frequencies is 
then given by 

wg = -Vö - wa (8) 



— 
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and. In general, depends upon small differences between the vertical motion and the 

pitching motion. The accuracy requirements on these two measureuents consequently 

become more critical. The reliability of conventional pitch-rate gyres is soaewhat 
questionable at these lower frequencies, and pitch attitude measurements, using a 

sun-camera technique, have for this reason been used in this frequency region23. 

In order to provide an indication of the magnitude of the corrections Introduced 
by the various airplane motions in the airplane short-period frequency region, some 
recent results obtained in connection with a study of the behavior of a large 

swept-wing airplane in rough air are suamarlzed in Figure 3. Figure 3 ahom  the basic 
spectrum of \fav (the vane indicated gust velocity). The modified gust velocity 

spectra obtained when the corrections for vertical motions (Vo^  - wa) and when the 
corrections for vertical motions and pitching motions (VXy - VÖ- wa + Z^)are 
included, are also shown. 

Figure 3 indicates that the corrections for the airplane motions tend to increase 

the gust spectrum at very low frequencies (fi < 0.003) indicating that the airplane 
pitching and vertical motions act to reduce the airplane angle of attack due to the ■ 
gust. At the higher frequencies (0.003 < Q < 0.010) the airplane motioi» increase 

the airplane angle of attack above the gust angle-of-attack change. This is largely 
a consequence of the pitching motions in the short-period frequency region. The 

magnitude of the corrections is quite large in this region röducing ths gust 
spectrum to about one-third that indicated by the vane angle alone. At still higher 

frequencies, the difference between the vane indicated gust velocity and the full 
eipresslon Is seen to be small, although, in the present case, *.he situation is 

complicated by the presence of vibration effects associated with the aiVpl&ne 

fundamental vibration mode which has a frequency corresponding to about Ü = 0.012 
radlana per ft. It is thus clear from ths foregoing that the correction for pitching 

and vertical motions is quite large in the airplane chort-perlod region and is 
required for reliable gust spectra. 

In spite of the many difficulties encountered in practice, the flow direction 
technique for turbulence measurement appears to provide the most reliable method 

so far devised for the measurement of atmospheric turbulence in flight. The 
experimental results to be described subsequently will be largely restricted to 
such measurements. 

■a 

• . 

2.3 Other Methods 

Two other methods of measuring turbulence deserve mention and will be discussed 
briefly. 

Inasmuch as pressure measurements in flight are a we11-developed art, tho high- 

frequency fluctuations of a sensitive and high-frequency airspeed system provide a 
useful method of measuring the longitudinal (head-on) component of turbulence. The 
longitudinal gust velocity u(t) would appear to be given simply by 

u(t) = AV(t) - r ax(t1)dt1 (9) 

■ 

a   ■ ■ <M8H4tR#MtKISl mi/i**mmmmäimm^*mm 



where 

AV = the fluctuation of the measured airspeed, ft/sec 

ax = the longitudinal airplane acceleration, ft/sec. 

Because of the high airplane inertia, the acceleration a, is frequently negligible 
at the higher frequencies and the fluctuations of the airspeed my soBetimes be 

take« as a direct measure of the turbulence. For «any airplanes, this appears to be 

reUablc for gust frequencies down to at least 1 cycle/sec. The longitudinal gust 
velocities have not, however, yet received much detailed consideration inasmuch as 
their effects on the airplane are generally small. 

■ 

A large body of atmospheric turbulence measurements has been collected in recent 
years by meteorologists using wind measuring equipment mounted on towers  These 
measurements are, of course, restricted to the lower several hundred feet of the 

atmosphere. Also, the direct applicability of these measurements to aeronautical 
questions appears, at this time, to be open to some question, and for these reasons 

as well as for space limitations, it was decided to make no direct use of this 

mterial in the present study. Some qualitative references to these reaultö «U 
however, be made. - ' 

3. CHARACTERISTICS OF ATMOSPHERIC TURBULENCE 

3.1 General Remarks 

In this section of the paper, some of the significant features of the available 

information on atmospheric turbulence are reviewed. No effort will be Bade to be 
exhaustive in covering the available data, but rather the Intent will be to present 

illustrative results co«the various questions of interest. The discussion will be 

divided into two parts, one concerned with what might be called the local detailed 
characteristics of atmospheric turbulence, the other concerned with the broader 
climatological variations of turbulence intensity. 

In considering the detailed statistical characteristics of atmospheric turbulence, 
it will be helpful to determine how well the measurements can be approxiimited by 
sxmple theoretical models that have been developed both in random process theory 

and in general theories of turbulence. Such evaluations are important both for 

guiding analytic studies of airplane behavior which can be simplified by the use of 

idealized model« and also for planning turbulence measurement surveys. The specific 
turbulence properties that are pertinent and are of present interest are- 

(a) The smsr spectra of the component velocity fluctuations 

(b) Homogeneity of the turbulence 

(c) Stationarity of the turbulence 

(d) Gausslanness of the velocity fluctuations 

(e) Isotropy. 
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tion of statistical techniques.  Although there is some tendency for the normal 
arceleratlon to follow at least the more rapid vertical gust velocity changes, the 

two  records are very different. Perhaps the major difference noticeable to the eye 
is the absence of the long waves in the acceleration record. This difference results 

from the airplane's lack of sensitivity to these- longer gust wavelengths. Another 
point of interest is the lack of correlation between the vertical and side gust 

velocities. 

5.2.2 Power Spectrum of Turbulence 

A number of flight measurements of the spectrum of atmospheric turbulence have now 

beoB obtained at CorneirAeronautical Laboratory. Massachusetts Institute of Tech- 

nology and the N.A.C.A. Additional studies are currently under way. These measure- 

ments reveal a rather surprising degree of uniformity in the general shape of the 

spectrum  For this reason, no effort will be made to present the many measurements 

available but rather one set of measurements for vertical gust velocity is shown 

in Figure's  This measured spectrum was obtained in Reference 23 and is essentially 
typical of most of the measurements available and has the added distinction of 

covering, at one time, a vewide range of gust wavelengths, the range of gust 
wavelengths covered being from 10 ft to about 50.000 ft. The result shown in the 
figure for the spectrum is given in three overlapping sections corresponding to the 

reduction procedure used for the several frequency ranges as given in Equations (6) 
to (8)  The most significant aspect of the spectrum of the turbulence is the rapid 

decrease with Increasing frequency of the spectral power. In fact, for frequencies 

ereater than 0 = 0.001. the frequency decreases approximately as fT c or perhaps 

Within the accuracy of the data as VT^.  a rate predicted by the theory of Isotropie 
turbulence  At the lower frequencies, Q < 0.001. a tendency is indicated in these 

measurements, as in other studies, of a flattening of the spectrum. This region 

of frequencies has. however, so far received little attention. 

In many analytical studies, the following analytic representation for the spectrum 

of vertical (or lateral) gust velocity has been used. The expression is given by 

w = v hM 3n2L2 

"77(1 +n2L2)2 
(10) 

where 

a     = the root-mean-square gust velocity, ft/sec 
w 

L  = the scale of turbulence, ft. 

% 

• 

The quantity CTW provides a simple measure of the magnitude of the spectrum or the 
intensity of the turbulence, while the scale of turbulence L provides a measure of 

the average eddy size and Indicates the frequency at which the spectrum changes 
from a flat spectrum to one which decreases rapidly. This frequency is given 

approximately by 0 = 1/L. The curve for <rw
2 = 33 and L = 1.000 ft is shown in Figure 5 

for comparison with the measurements and is seen to yield a good approximation to 

the measurements over almost the entire range of frequencies covered. 

—— - - 
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Except for differences In intensity, or in aw
2. the result shown in Figure 5 for 

the spectrum of vertical gust velocity appears to be representative of the measure- 
ments obtained in flight tests. However, it should be noted that tho frequency 
ranges covered in most studies are quite limited. Also, the meteorological condi- 
tions covered so far in flight tests are limited arid do not include measurements 
under strong convective clouds or at very low altitudes where conditions may give 
rise to a somewhat different spectral form. 

3.2.3   Stationarity and Homogeneity 

As indicated earlier, properties of stationarity and homogeneity of a random 
process specify an invarlance in the statistical characteristics of turbulence with 
both starting time and starting position, respectively. Inasmuch as the intensity 
of turbulence and, in fact, its very existence in the atmosphere is dependent upon 
the broader weather conditions, these properties can only apply in a very limited 
sense. Weather conditions generally involve large-scale organized patterns of air 
motions which frequently cover hundreds of miles and which change relatively slowly 
with time; significant changes ordinarily take place in a matter of hows. As a 
consequence, homogeneous and stationarity conditions might at best only be expected 
to apply within limited regions of perhaps the order of 100 miles and tii^ durations 
of perhaps the order of 1 hour. Some of the available data that lave a bearing on 
tne. questions are presented as an indication of the applicability of ti.Äse properties. 

I ■ '*■ 

In Figure 6, a comparison is given of the power spectra of vertical gust velocity 
obtained fron two successive sections of a flight record. These individual spectra 
each covered a flight distance of about 15 miles. The total record time covered by 
the two records is roughly 4 minutes. The frequency range covered in these tests 
is quite limited but covers the gust wavelengths of about 300 to 6,000 ft, which 
are the more important gust wavelengths for most airplane turbulence response 
problems. The two spectra agree in general form, considering that there are 
differences in both time aad space involved in these records  However, the »pectra 
also display a significant variation in the intensity of the turbulence at the lower 
frequencies, with the turbulence of pert I, overall, being snore severe than that 
for part II. One might surmise from this result that there is at least some degree 
of both homogeneity and stitionarity present in the atmosphere at the higher 
frequencies, although variations do appear to exist even locally for the lower 
frequencies. 

• 

3.2.4   Gaussianness 

The next property to be considered is that of the Gaussianness of atmospheric 
turbulence. As indicated in the Appendix, the condition of Gaussianness implies 
that the disturbance fluctuations have a Gaussian probability distribution. 
Furthermore, a Gaussian random process is one in which the Joint distribution of 
the velocity fluctuations at several (all) points has a joint Gaussian distribution. 
The rigorous testing of experimental data for these conditions is by no means a 
simple undertaking. For present purposes, it will suffice to consider merely the 
overall probability distributions of the velocity fluctuations. This limited 
consideration is by no means conclusive but is generally a satisfactory practical 
guid«. 

-: - :    i» '     *  K mmmpm^ ...   .■:-.■..;.    . .     ■    ■■ 
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A number of such evaluations have been made In the literature (see, for example. 

Reference 23). Some recent results obtained by the N.A.C.A. on this question are 

representative of these results and are shown in Figure 7. The figure shows the 
cumulative frequency distribution of gust velocity plotted on probability paper. ( 

The paper is scaled in a manner that yields a straight line for a normal or 
Gaussian probability distribution. The data plotted were based on 1/10-sec readings 
for a 4-min test run. For comparison with the measured distribution, a fitted 

normal distribution is also shown. It is readily seen that the fitted curve 
approximates the measured distribution quite well although some discrepancy is 

evident. Other comparisons of the same type indicate similar results although, on 
some occasions, the measured distributions appear to depart significantly for the 

extreme values from what would be expected for a Gaussian distribution. However, 
for many practical purposes, the Gaussian approximation appears Quite adequate and 

reasonable. 

m 
3.2.5   Isotropy 

on 
in 

for 

As mentioned earlier, isotropy places a nuirber öf important restrict*cns on the 

allowable turbulence variations. The first property associated with isotropy is the 

property of the invariance of the statistical characteristics of turbulence with 
airplane flight direction. Figure 8 shows some results obtained in Reference 11 

the spectrum of vertical gust velocity as measured in two successive flight runs 
an upwind and a crosswind flight path. These measurements unfortunately do not 

cover the whole frequency region of interest but are restricted to the higher 

frequencies covering gust wave lengths of 10 ft to several hundred ft. However, 

this region of gust wavelengths, the spectra are in very good agreement, suggesting 

that, at least for the : - equencies covered, the condition of isotropy was well 

approximated. 

A second property of isotropy turbulence which is important is the specific 

relations required between the statistical characteristics of various turbulence 

components. As an illustration of the characteristics required. Figure 9 shows 
the lateral (or vertical) power spectrum of gust velocity defined by Equation 10 

as well as the associated spectram for the longitudinal gust velocity specified by 
Equation (24) in the Appendix for the use of Isotropie turbulence. From Appendix 

Equation (24), it may be shown that the longitudinal component designated in tne 

Appendix oy F(Q)  is, for this case, given by 

$.(0) = a. 2 2L   1 
V  77 1 + 02L2 

For Isotropie turbulence,  both the vertical and side component of the turbulence 
sensed by an airplane would be expected to have the same spectrum.    The Inngitudinal 
or head-on component of turbulence, while having the same mean-square-gust velocity, 
does,  however,  have a different spectral form such as indicated for the sjiecial case 
the foregoing expression and as illustrated in Figure 9.    As a consequence of 
Equation (24) of the Appendix, measurements of a single component of turbulence can 
be used to determine the spectra of the other components for the case of Isotropie 
turbulence.    In addition,  for the case of Isotropie turbulence, the measwrement of a 
single power spectrum also permits the determination öf cross spectra between 
directional components at any two points.    The required relations may be obtained 
from Equation (22) of the Appendix and are,  for example,  given in Reference 26. 

by 

■■ ■ 
■ 
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A few experimental results on the question of Isotropy are shown in Figures .10 
and 11. In Figure 10, a comparison is shown of the power spectra of the vertical 

and the sJde (or lateral) components of turbulence as obtained in Reference 11. 
The agreement between these two power spectra is quite good over the frequency 

region covered although the lateral or side component appears more severe than the 
vertical component of the turbulence. As in the previous case, the full region of 

frequencies of interest is not covered, with the data being restricted to the higher 

frequencies only. Some additional data recently obtained at the N.A.G.A. are shown 
in Figure 11. The curves shown here represent the spectra obtained for the vertical 

end the loügltiKilnal turbulence components. The longitudinal spectrum was obtained 
from measurements of a sertütlve and high-frequency airspeed system. Corrections 
for airplane longitudinal acceleration were not made.. As indicated earlier, for 

Isotropie turbulence, ehe spectrum of the vertical and longitudinal components 

should differ in the manner indicated in Figure 9. At the higher frequencies, there 
appears little difference between the two spectra of Figure 11. At the 'lower 
frequencies, the differences appear large, but these results are probably not very 
reliable in this frequency region. 

As a matter of interest, it might be mentioned that efforts were also made to 

obtain the power spectrum of the lateral (or side) gust component for the test data 
covered in Figure 11. Preliminary results obtained appeared to indicate that at the 

lower frequencies the lateral turbulence was substantially more severe than the 
vertical. The reliability of this set of nsssurements has, however, not yet been 
established. 

■ 

It appears from the foregoing that at best, the condition of isotropy may be 
expected to apply to atmospheric turbulence to a limited degree.    In particular, 
the available infor«tion suggests that Isotropy imy only be approxiimted at the 
higher frequencies.    At the lower frequencies, anisotropic conditions apnear to be 
indicated by at least some of the measurements available. 

3.2.6   Limitations 

Mention should be made of the limitations present in the data so far obtained. 
For the most part, the turbulence measurements have been restricted to limited 
frequency regions and to a few atmospheric conditions.    Measurements were,  in most 
cases, obtained under clear-air flight conditions at moderate altitudes from 
1.000 to 5.000 ft above terrain.    There is good reason to believe that unqler other 
atmospheric conditions, the turbulence characteristics might be quite different from 
those so far obtained.    First, for very la* altitude conditions, say below 1.000 ft, 
it might well be expected that turbulence, being frequently wind generated, would 
more closely reflect the local terrain characteristics.    As a consequence, conditions 
of homogeneity would be largely dependent upon terrain homogeneity and conditions of 
statlonarity would be dependent upon persistence of the broad wind field.    The 
spectral characteristics for this case might also be expected to be more sensitive 
to terrain as well as the thermodynamic conditions.    Finally,  it is questionable 
whether conditions of isotropy might be approximated under such conditions and. in 
fact, some measurements now available frcm meteorological towers suggest that 
isotropy. while approxiimted at the higher frequencies, does not appear to extend 
over the entire region of frequencies that is of interest in aeronautical applica- 
tions. 

m 

-   ■ ■ -■              
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The second weather condition that deserves special comment is that of strong 
convective clouds or thunderstorras.    Because of the severe conditions of turbulence 
under such conditions,  thl? weather condition is of particular concern in aeronautical 
applications.    The basic physical element of a thunderstorm is normally of small 
dimens; i-, of the order of perhaps 5 to 10 miles in height and width, ami contains 
a well-organized large-scale flow pattern which generates smaller eddies or turbulent 
velocity fluctuations29.    As a consequence,   it might be expected that the turbulence 
would more closely reflect the larger scale thunderstorm structure and turbulence 
measurements obtained under ether conditions, such as in clear air,  may not be 
representative   of conditions for this case. 

4.   PROBABILITY  DISTRIBUTIONS OF  ROOT-MEAN-SQUARE GUST VELOCITY 

In the preceding section,  it was indicated that for given conditions of time and 
place,  atmospheric turbulence might be considered to approximate a homogeneous and 
Gaussian random process.    Over most of the frequency region of concern,  the spectral 
form of the vertical (or lateral) gust velocity appeared to be approximated by the 
following expression (Equ.  10) 

$(0)    =   cr, 
■ ■ 

w 77 (i -t-n2!/)2 

with values of the scale of turbulence L of the order of 1,000 ft.    However,  the 
values of the root-mean-square gust velocity CTW appear to vary widely with weather 
condition.    In this section of the present paper,  this simplified model of the local 
turbulence will be used as a building block to provide a more general description 
of the overall turbulence history experienced by airplanes in operational flight. 
Such a description is desirable and needed in order to permit the determination of 
the airplane loads and other response histories in operational flight. 

■■ 

The detailed measurements of turbulence and turbulence spectra discussed in the 
last section are still far too meager to supply the information required. Direct 

measurements of turbulence power spectra to provide what might be called a turbulence 
climatology appears to be a distant future possibility. A vast body of statistical 

data from normal operations on airplane acceleration responses in rough air does 
exist, however. T!iese data have, in most cases, been collected in terms of the 

total number of peak accelerations (or effective gust velocities) that exceeded 

given values of acceleration (or gust velocity) in operational flights. Under 
certain simplifying assumptions, it has appeared possible to use these data to 

derive reasonable estimates of the turbulence climatology of the atmosphere in the 
form of the probability distributioas of the root-mean-square vertical gust velocity 

for various conditions. Such results are reported in References 18, 19 and 25. 
Inasmuch as these results provide at least a beginning of a description of tirbulence 

that can be used in spectral-type calculations of operational response histories, it 
appeared appropriate to review briefly the general approach used and some of the 
results obtained. 

'«'-V/'-i,;-::;.? K.:,   :ft 
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4.1    Method of Analysis 

The general siethod used In these studies Involves tiro steps.    These are: 

(1) the derivation of the probability distribution of the root-mean-square 
accelerations from the data on counts of acceleration peaks 

(2) the transformation of the root-mean-square acceleration to root-mean-square 
gust velocities through the use of the airplane response characte^stlcs 

These two steps will be discussed in order. 

4.1.1   privation of the Probability Distribution of Root-MemSamre 
Acceleration 

exis^ Setw^10^ (^*a,n T**1(W Pr0Ce88' Say y(t)' a SiBple ^oximate relation exists between the number of peaks per second exceeding a given value of y and the 
Power spectrum of y and is derived in Reference 26.    This relation S aLo dtec*L 
in References 18 and 25 and is given by discussed 

NOD    =   N0e- 
2/2cr? 

where a* equal to the mean square value of y and N0 can be considered a character- 
istic frequency of y(t) and is defined by cnaracter 

(11) 

• 

0        2v 

OD 

/cc^^d'o.- 
0        ' 

/ $v(üj)da) 
I-    o J 

. 

(11a) 

In Reference 18. this relation is extended to the case of an airplane flyln* 

^1 l^tTTor'r alr ^L1^ S,ÄCtral ^ bUt Variable -t-lnl^re ^Ä^^^t"^ nUfflber ^ ^ aCCelerati0nS ^ SeCOnd 

«(an)    =   N0/ 

where 

M(an) 

P(o-a)e -
an2^a2 

aJ J^ (12) 

v^nTT86 nU,nber 0f ^^ acceleration* ^r «econd exceeding a given VH Au©  or &._. value o/ Op 

^        =   root-mean-square value of an 

P(^a)   =   the probability distribution of a . a* 

Equation S2 per« t» the determination of the probability distribution of the root- 
r^r     ^tÜ^10" P^a) fom measured distribution of acceleration ^1(0 
in iOBt cases, the integral Equation (12) cannot be solved in closed form ^ut       S 

mL si" ^T1 e8tiDftte8 0f P(aa> c- ** readily der^ "see Refuel 25) 
ITftlZ       T06?' my al80 be aP^ied if the "«asurements are in terms of ^unJs^f 
srtrÄr168 by con8idering the effective ^ veiocitiesi^rr 

i. 
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4.i.2   Probability Distributions of Root~Mean-Square Gust Velocity 

The conversion of the derived distributions of root-mean-square acceleration to 
those for root-mean-square gust velocity cr^ requires the determination of the 
relation between the two root-mean-square values.    If the airplane Is assumed a 
linear system and average values of such airplane characteristics as weight, air- 
speed, alr-denslty, center-of-gravity position, etc., are taken as adequate,  then 
for a given operation or portion of an operation,  the root-mean-square values are 
related simply as follows 

=    &„ 

where = .i-    A,(<i;)|H(«)(2da; T 
■ 

(13) 

(14) 

e 

For the case of a rigid airplane free to move vertically but not pitch, the quantity 

Ä is given by 

/QVSm   /l(K.s) 
2W     V        TT 

(15) 

where 
•- 

P = air density 

V = forward speed 

s = wing area 

m =   slope of the lift curve 

W =   airplane weight 

I(K,s) = an airplane gust response function (defined in P.pference 4) which depends 
upon the airplane aass parameter'R = 4W/gfrpSc and s = c/L where c is the 
mean wing chord. 

This case is used in References 18,  19, and 25. 
■ ■ 

If the relation between root-mean-square values of Equation (13) is assumed to 
apply, the probability distribution of root-nean-square gust velocity is then given 
by 

' 

B(aw) Ap(Ara) (16) 

Equation (16) permits the simple conversion of probability distributions of root- 
mean-square accelerations to root-mean-square gust velocities.    This conversion 
step is, for the case considered, seen to depend only upon ths. response quantity Ä. 

■.■..■..;-JT^-..,,.; ,, 
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4.2    Application  to Ouat Load Data 

In this section, some results obtained bv th*» annn^af^» ~# *t 

in the preceding section to ^iX^ttetSi^^ If ^ relatl0nS derlVed 

Three principal proble« are encountered In sucJapp ^^1^     r^     T I,reSented- 
«choice of an appropriate value of the scale of turb^e w^   loT tZT* ^ 
mination of the airplane acceleration frequency res^fLif?'1^'  tbe^ter' 
more particularly,  the value of 3n    ««H Tl 7* r**Por*e function for gusts H(a,)  (or 
teristic frequent; N     ^he value ^f^hÜ de

f
termlnation of *** ^ of the charac- 

^ithn..»), ^1       , 0 of L ch08en for Present purposes was 1 000 ft 
(although other values were also considered in Reference l«n ^h ^ tt^Z   * 
available data, appears to be a reasonable estate ^^1'    ?   ^ ^ 0f 

Pheric turbulence.  In the detenninatlorof the aTrplaL ^reaLLTr" ^ 8tffl0S" 

Set" M     IMT,   tVl     r   TT r""™ '0r thl" """«<' 's «'»« 1" 

or STB^J^X*,™'HA J^Tnir 0,,tU" ^ estl~tes 

.2.1    Koriation o/ p(aw) with Altitude 

In order to arrive at some estiimtes of the variation of h(a ) with «t*^ 

ZeTlV** 8UTry 0f ^ StatiStiC8 giVen Ä^?T     Figure     o?'  ^ Reference 31 preseuts estinates of the averaae «ist exnpr10nno ll       f 
that are representative of contemporary t^oH^^H \t/arious »""^ 
estate the associated ^SS^ ^^^,2^1^ V*" ^ 
which are in terw of derived gust velocities ^!1    £ ye3ocity. ^se results, 
to accelerations by using tS ctaLte^t^ n^    ' convenlenc«.  "rst converted 

altitude bracket, the nunber of peak accelerations; for the various aUiiJe b^L« 
could be approximted by the following distributions for &(cr ) ""^ 

for the altitude bracket of 0 to 10.000 ft: 

ikV    =    0.99  le"r''/l",3
+ 0.01 ^-e"^2-8' 

1.48 2.48 

for the altitude bracket 10.000 to 30.000 ft: 

6(a)    =:     1        e-Vo.as 
w 2(0.32)2 

i 

for the altitude bracket 40.000 to 50,000 ft: 

(17) 

(18) 

v^I/o. P(cr )    =    1_ e '  w 
w 2(0.29)2 

29 

(19) 

' 

■■»' * » 



■ 

g: 

18 

These distributions are shown in Figure 12 in terms of their cumulative probabil- 

ity distributions P(<7W) (obtained by integrating Eqs. 17 to 19 from given values of 
crw to infinity) and indicate the proportion of flight time spent above given valties 

of ow for the various altitude brackets. Perhaps the most important points to be 

noted in Figure 12 are the relatively large amount of time spent in essentially 

smooth air at the higher altitudes (c^ < 2 ft/sec, 93 to 96% of the time) and the 

relatively large amount of time spent In light to severe turbulence at the lowest 
altitude bracket (crw > 2 ft/sec, 25% of the time). The total time spent for 

crff > 5 ft/sec for the lowest altitude bracket is roughly 5 to iO times as great 
as that for the higher altitude brackets. 

4.2.2 Method of AppIication 

The foregoing results may be applied in a straightforward manner to the calcula- 
tion of response histories for arbitrary operations. The method of application of 

these results to the calculations of response histories is based on the following 

relation: 

M(an) «o f r* 0     ö  I 

-anV2(Ar ) ] der. (20) 

which is obtained by substituting Equations 13 and 16 into Equation 12.    The procedure 
involves the division of the operational flight plan into homogeneous portions or 
segments in regard to flight altitude and operating conditions such as airspeed and 
airplane weight.    The appropriate distribution of the root-mean-square gust velocity 
is selected for each flight segment from Figure 12 and Equation 20 is then evaluated 
for each segment.    Actual numerical calculations are facilitated by the use of the 
charts given in References 18 and 25.    The sequence of steps involved In such 
applications is as follows: 

(1) The operational flight plan is divided into homogeneous segments in regard to* 
flight" altitude (10,000 ft altitude bracked and operating conditions such as 
airspeed and weight; 

(2) The appropriate distribution of p(cw)  is selected for each altitude bracket 
from Figure 12; 

(3) The values of Ä for the acceleration or other response are determined for 
each significant segment of the flight plan in accordance with Equation (14); 

(4) In order to obtain the associated distributions of loot-mean-square accelera- 
tion p(oa), each of the distributions of P(CT ) is transfor/ned by the relation 

where 

p(cra)    = ^-p(ow) 

cr 
CT      =  -2. w - 

A 
(5) The values of N0 are most easily determined from flight records,  if available, 

by the methods already indicated55.    For new designs N0 must be estimated 
analytically by application of Equation (11a).    In terms of the power spectrum 
of the gust input,  N0 is given by 
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(6) The distribution of tr^ and the values of N0 are then used in Equation (12) to 
derive the number of peak accelerations per second or per mile for each 
condition.    These calculations are facilltatei by the use of charts such as 
given in Reference (18) or (25). 

(7) The results obtained in step 6 are then weighted in -accordance with the flight 
distance In each condition or segment and then summed for all conditions in 
order to obtain the overall acceleration or other response history. 

5.   CONCLUDING REMARKS 

The foregoing discussion has served to provide a preliminary assessment of the 
characteristics of continuous atmospheric turbulence as determined from recent 
flight-test measurements.    In the discussion,  the general methods that have been 
used for obtaining measurements of continuous atmospheric turbulence have been 
reviewed and some of their limitations indicated.    In spite of the limitations,  the 
techniques used5  and particularly the technique based on flow direction measurements, 
appear to provide a reliable measurement of continuous atmospheric turbulence.    In 
evaluating the measurements so far obtained, the local characteristics of turbulence 
were considered, and particular attention was given to the properties of the power 
spectrum of turbulence.    For the measurements so far obtained,  the power spectrum 
appears to show a persistent spectral form over, a wide range of frequencies and,  in 
particular,  appears to decrease with increasing frequency as l/Ti2 for the range of 
frequencies of principal concern. 

The following analytic expression 

^  " aw7(i +nW 

where 

crw   -    root-mean-square gust velocity, and 

■ 

L  = scale of turbulence, 

appears to represent the available measurements of the spectrum of vertical gust- 
velocity reasonably well.    For the available measurements, the value of L appears 
to be about 1,000 ft, while values of a   vary over a wide range. 

* • 
In addition to the spectral properties, the characteristics of the measurements 

were also examined in regard to properties frequently used in idealised and simplified 
theoretical models.    In particular, the properties of stationarity,  homogferselty. 
Gaussianness, and isotropy were considered and the measurements examined to determine 
how well these properties apply to the atmosphere.    Examination of the measurements 
available suggests that these properties appear to apply to atmospheric turbulence 

• 

- 
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to a llmitsd degree.    The applicability of most of these properties appears best at 
the highest frequencies arid poorest at the lower frequencies.    The evidence thus 
suggests that while analytical studies based on such simple oodels «ay prove useful 
guides, they must be applied with caution.    Further mea^rements of atmospheric ^ 
turbulence are needed in order to cover both a wider range of frequencies and a 
wider range of meteorological conditions.    In particular, a need for measurements 
under such important conditions as very low altitudes and strong comective clouds 
or *hunderstorms is Indicated. / 

In addition to the consideration of the local characteristics of atmospheric 
turbulence, consideration was also given to the problem of applying the techniques 
of continuous turbulence analysis to the calculation of airplane response in 
operational flight.    For this purpose, recent results obtained on the probability 
distributions of the root-mean-square gust velocities were described and their 
method of application to response calculations Indicated. 

* 
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APPENDIX 

Fundamental Concepts of Random Process Theory 

1.   GENERAL REMARKS - 

In this appendix, some of the basic concepts and relations of random process theory 
and the statistical theories of turbulence pertinent to the analysis and Interpretation, 

of measurenents of atmospheric turbulence will be reviewed. Rather con^lete treatments 
of these two areas, random process theory and the statistical theories of turbulence, 

are coateined in References 30 and 27, respectively. The present discussion is aimed 
at defining some of the specialized terminology and Indicating a few of the more 

Important relations that are required for present purposes. The discussion will start 

*ith the consideration of a simple raKdom process f (x) involving the single parameter 
x. The basic concept of a power spectrum of a random process and the  Important case 
of the Geuüsian random process will be described. An indication will also be given 
of the «etheds of application of these ideas to airplane response problems. 

In many a'»ronautical applications, generalizations of the forego.ing simple cases 

are required. For example, recent studies12*22 have indicated that in addition to 

variations o*.' turbulence along the flight path, the variations in turbulence is the 
airplane spanwlse direction must frequently be taken into account in determining 

both airplane lateral and longitudinal responses. The consideration of the turbulence 

variations in these two directions requires an extension to two-dimensional processes 

f(x,y). The most general case that might by considered is a four-dimensional process 

f(x,y,z,t); the fourrdimensional process accounting for the variations in all three 
space coordinates as well as time. However, In practice, this full generalization 

is rarely required and would unduly complicate the present discussion. Turbulence 

variations with time can frequentl.7 be neglected on the basis that the turbulence 
pattern changes slowly with respect to the rapid forward speed of the airplane. 

This assumptior is the equivalent of Taylor's hypothesi8t which is commonly applied 
in studies of wind-tunnel turbulence. Thus, in aeronautical application, the air- 

plane is generally envisioned as sampling an instantaneous cross section of the 
t'irbulenfe In «pace  The yftri»t1cms of turbulence in the z direction my  also usually 
be ignored since in most cases the airplane motions in a direction normal to the 

average flight path are considered small . 

t> 

In addltlcn to the generalization to multidimensional random processes, a further 
generalization to vector processes is frequently required in order to account for the 

directional components of the turbulence. For example, in regard to the airplane 
normal response, an adequate analysis sometimes requires the consideration of both the 

normal and the longitudinal or head-on components of atmospheric turbulence. Thus, 

in the general case, the process f(x,y) has to be considered as a vector process with 
three normal directional components u, v, and w. The general consideration of multi- 

dimensional vector processes rapidly becomes too involved for many practical appli- 
cations. As a consequance, the necessity exists for simplifications If practical 

results are to be achieved. Fortunately, simplifications can frequently be made 
Involving symmetries in the space coordinates and internal relationships between the 
statistical characteristics of the turbulence directional components. The most 

important and useful of these simplifications is the case of Isotropie turbulence, 

which will also be considered. 
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2.    SINGLE  DIMENSIONAL   RANDOM   PROCESSES 

2,1    Random Processes 
• 

The term random immediately implies a lack of definiteness that can only be des- 

cribed in statistical or probability terms.  In the general sense, a random process , 

may be said to consist of a set of functions (ensemble), say f(x), where the para- 
meter x may, for example, designate time or as in the present case a space coordinate, 

and where the individual functions fa(x), fb(x), etc., each occurs with a given 
probability. Alternately, the process f(x) may be defined in terms of probability 

distributions for given values of x. The function p(f1) is used to designate the 

probability distribution of f(x) at position x, and the joint probability distribu- 
tion of f for various positions, x , x,, etc., my  be designated by 

5»,. «aaajpfcpn s 

P(tv .) 

where the subscripts designate the values of f for various values of the paramater x. 
The probability distribution may be said to define the proportion of all members of 

this set that have given combinations of values at the various positions, and is thus 
taken to define the statistical characteristics of the process completely. 

The definition ol a random process in terms of its complete  probability distribu- 
tion is, however, generally too cumbersome for practical applications and recourse 

is generally had to simpler and more manageable properties of the process. Of these, 
the most important are the average values 

/ fp(f)df 
- 06 

Av.{f(x)} = 

Av.{f2(x)> SB f  f2p(f)df 

Av. {fCx^  f(x2)}    =   J J1t3p(fvf2)df1 df2 
> 

-   R ff(x1,x2) 

(A.1) 

Thea« Liü'fce üvoragcä are sufficient and acst uoeful for muXs  purposes. The first 
expression defines the average value for various values of x. The second quantity, 

Av. {f2(x)}, defines the mean-square value, and the quantity Av.{f(x1) f(x2)}, defines 

the average product of fj and f2. In the special case of a stationary Gaussian 
random process, which is of particular interest in present considerations, these 

quantities will be seen to specify the statistical characteristics of the process 
completely. 

■ 
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2.2 Stationarity and Homogeneity 

As defined in Equation (A.1) herewith, the average values are clearly functions 

of the parameter x. In many practical applications, it is useful to consider the 

speeial case in which these averages are independent of the value of x. If the 
quantity x designates time, such processes! are termed stationary end the average 

values and probability distributions do not depend upon the starting point x,. 

A-iv 
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Alternatively. If the parameter 1*5 a space parameter, as is generally the case in 
turbulence applications, the process is termed homogeneous,  under such conditions 

Av.ifix^}    -   Av. (fCXj)} 

Av. {f^xj)} =   kf.{tzixx)} \    (A.2) 

AV. {f(xi) f(Xj)}  =  Rff(xj - Xj) 

Under certain conditions (which generally apply in practice), stationary processes 
have the important and useful ergodic property of the equivalence of averages over 

the set of functions with averages in time (or in space) for a single function. 
Thus we may write that 

Av.{f(x)>   =   Hm   ^/    f (X)dx 

Av.{fz(x)}    =    Um   1/    f2(x)dx 
X-oo^-X 

y (A.3; 

'a>2XJ-) 
Av.{f(xi) fcxj)}   =   UM   i/    f(x) f(x+Ax)dx   =   Rff(Ax) 

x-«2X/-x 

where Ax - x, - Xj. Thus, a single member of the set, which is frequently all that 
is available In practice, may be used to define the statistical properties of the 

entire set.. It will, without loss of generality, be assumed that the mean value 
defined by Av. {f(x)} is equal to zero. For this case, the second moment average 

Av. tf (x)} is generally termed the variance or mean square or power and the quantity 

Rff(Ax) is termed the auto-covariance function or the auto-correlation function. 
The auto-correlation function is symmetrical about the origin and has its maximum 
value at Ax = 0. 

2.3 Power Spectra 

The auto-correlation function is particularly important since it reflects the 

frequency characteristics of the disturbance, and its Fourier transform gives rise 

to the power spectrum of the random process. The power spectrum of f(x) is defined 
by the reciprocal relations 

$ff^  =  iJf"[Rff(Ax)e-i0Axj dA; 

Rff(Ax) = I rU(n)elQAx|dr, 

■■■■ 

>    (A.4) 

where 

Q  = reduced frequency, radians/ft, and 

Ax = space displacement, ft. 

- 
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The power spectrum Is a real and positive symmetrical function because of the 

symmetry of Rff(Ax) and is a particularly useful function since it describes the 

distributions of the energy of f2(x) with frequency. Because of the symmetry of 

$ff(x) and Rff(Ax), Equation (A.4) herewith may be simplified to reciprocal cosine 

transformations. 

2.4 Cross Spectra 

For the case of two random processes, f(x) and g(x), additional averages of the 

form 

Av.{f<x1) gCXj)} = R^Uj - 54) 

are also of inrerest. Such averages reflect the correlation between the two 

processes and thus RfgU-i - x^)  is called the cross-correlation function. For 

stationary and ergodic processes 

Av. {f(Xj) g(Xj)} = lira 2^1 t(x)  g(x + Ax)dAx (A. 5) 

The cross spectrum is not symmetrical and is easily shown to have the property that 

Rfg(Ax) = Rgf(-Ax) (A. 6) 

The Fourier transform of Rf (Ax) may also be defined and yields the so-called cross 

spectrum $fg(0) between f(x) and g(x). The reciprocal relations between Rfg(Ax) 

and ^„(fJ) are given by        « 

'> ■'   : •iQAx 

=   0(0) -  iqcO) 

dAx 

>     (A. 7) 

dn 

The cross spectrum, in contrast to the power spectrum, is complex, having both real 

and imaginary parts. The real part c(D)  is generally termed the cospectrum and 
provides a measure of the in-phase power of the two disturbances. The imaginary 

part q(0) is generally termed the quadrature power and provides a measure of the 90° 

out-of-phase power between the two disturbances. Prom Equation (A.6), it may be shown 

that 

. tfg(n) V") (A. 8) 

2.5  Input-Output-Relations 

The power spectrum and cross spectrum have the important property of permitting 
linear operations in simple form. The response of an airplane, flying along the x 

axis at a given speed, to an arbitrary gust disturbance f(x), may be expressed as 
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z(x) = I f(x - Xj) hCx^dXj (A. 9; 

where h(x) is the response of the airplane to a unit impulse gust at x = 0 and is 

generally termed the unit impulse response function. The linear relation of 
Equation (A.9) leads to the following relations among the power spectrum of the 

response $„„(0) and the cross spectrum between the disturbance and the response zz 

*zztf) = $ff(n)|H(n) 

$^(0)  = *ff(0)H(n) "tz 

(A. 10) 

(A.ll) 

where H(n)  =   r [h(x)e-inx] dx 
and is generally termed the frequency response function and defines the system 

response to unit sinusoidal gusts of frequency Cl.   Thus, it may be seen that the 
integral relation of Equation (A.9) yields simple product relations between the 

spectra. These simple product relations for linear systems provide a major reason 

for the usefulness of spectral methods. 

2.6 Gaussian Random Process 

The special case of stationary random process that is of particular interest 

because of its natural simplicities and because it frequently approximates the 

conditions of natural phenomena, is the case of a Gaussian process.  In the present 

paper, it is of interest to see how well this model approximates the condition of 
atmospheric turbulence. This special case has the property that the probability 

distributions is Gaussian. Specifically, for any value of x 

P(f) = 
*  Q-f Vir2 

cVftf 
■ e (A.12) 

where a2 = Rff(0). The joint probability distribution for several values of x also 

has a multi-variale Gaussian distribution. Thus, for example, the joint distribution 

of f for x. and x, is given by 

PdW 
2n(o* R  2)* 13 

exp - 
^V   -   2Rl2

f-lf2   +CT2f
5 

2(a)» - R12) 
(A.13) 

where R1? = Rff(x, - x1). 

This distribution, as well as higher-order distributions for tv  Xj.Xg, etc., depends 

only upon the second-order averages of the random process given by the auto- 

covariance function Rff(Ax), and in this sense, the process is said to be completely 
specified by the auto-covariance function or its Fourier transform, the power spectral 

density function. 

The characteristics of a Gaussian process have been investigated extensively and a 

number of useful relations have been derived for this type of process which permit 
the estimation of statistical quantities of frequent interest from the basic quantity, 
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the power spectrum. Many of these relations are given in Reference 26. and a few of 

the more important ores in aeronautical applications are given in Reference 20. 

For a stationary Giaussian process, the ergodic property will generally apply, and 
the probability distributions obtained from a single function should also be Gaussian. 
Thus, a single time history sample can be examined to determine if the process is 
Gaussian. 

3. MULTIDIMENSIONAL AND VECTOR PROCESSES 

3.1 Two-Dimensional Power Spectra 

In analogy with Equation (A.1) of this Appendix for the single-dimensional pro- 
cess, we may, for two-dimensional process f(x,y) note that 

Av, {f(x,y)} = / 00fp(f)df 
-09 

Av.{f2(x,y)} = /a,f2p(f)df 
-a> 

Av.if^.yj) f(x2,y2)} = i^f jf 2P(f j. f2)df 1 df2 

>(A.14) 

For the case of homogeneous and ergodic processes,  the property of equivalence of 
space and probability averages generally applies and 

1    f*    fX 
Av.{f(x..y)}   =    lim     4-j^  I v     vf(x.y)dx dy 

Y-OD 

i    rY  rx 

Av. {f2(x,y)}    =    Um      -i. 
**„  4XY J.Y J.3 

Y-»oo 

f2(x,y)dx dy 

Av. {fCXj.yj)  f(x2,y?)}    ^    Um      -— 
X-» 4XY 

Y-oo 

rY 

-Y 

HkA5) 

fCXj.y^ f(x2>y2)dx1 dyj 

=   Rff(Ax, Ay) 

where  Ax    =    x2 - x1 and  Ay    =   y2 - y^ 

Two-dimensional power spectra may also be defined by the reciprocal relations: 

^f(M2)    =   Äf    r[Rff(Ax.Ay)e-i(niAx+0
2
Äy)l dAx    dAy 

lff(Ax.Ay)    =  | j $ff(n1,n2)e
1(niAx+"A) 

>(A.16) 

d^ dn2 
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3.2    Input-fXjtput Relations 

exprled as POnSe al0ng ^ fIlght Path f0r a llnear ^^e. may be expressed as 

rb/2   roo 
zm    =       / /    f/_      _     „  

(A.17) 

/b/z   roo 

/   f(x - x    y) h(xlfy)dx, dy 
b/zJ-m 1 1 

where 

where b is the airplane opan and h(x,y)  is the airplane response along the flieht 
path to a unit impulse gust impingins on the wing leading ed^e at x " 0 and at sL 
position y     „uation (A. 17).  as indicated in Reference 22^ leads to'the follow ng 

relation between the power spectra of the disturbances and the res^nse * 

$
ZZ^) -f>\n(nvn2)i^ft0i,a2Hnz ■       (A.18 

v -CO 

^1^2) = /b
b/

2Tjh(x>y)e'i(QiX+D2y)] ^^ 

x^axlf ^'f^6 airPlone reSPOnSe t0 mit sinuso^l gusts of frequency Q   along the 
x axis and frequency 0J along the y axis  (,f(x.y)    =    (sln Q^  (sJn ^ al0ng 

3.3     Isotropie Turbulence 

For the special case of Isotropie turbulence 

*ff^     ^y)    =   Rff/(AX« + Ay^    =   Rff(r) (Ail9) 

*{{Pvn?)  = #ff(Q) (A.20) 

r2   = Ax? + Ay2 

the twn-rtimon»^^!    * ff*  ^    lUght tests permits the determination of 
tne two-dimensional spectrum $„(0) bv mpRn<! nf  fhQ ^n 
Reference 22 following results given in 

~      2 / 
^) = -/ AxJ0(nAx)Rff(Ax)dAx (A.21) 

where J0( ) is the Bessel function of the first kind of order 0. Thus the single 

flight runs may be used to determine the spectral characteristics of the two 
dimensional process f(x,y) 

and 

where 
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3.4 Turbulence Components 

In studying the airplane response to atmospheric turbulence, it is frequently 
required to consider the effect of the several directional components of the  turbu- 
lence. Thus, f(x,y) must be considered a vector process with components u(x,y), 
v(x,y), and »(x.y) along the x, y, and z axes, respectively. The statistical 
characteristics defined earlier for the scalar function have then to be defined for 
each of the three components as well as for six cross-component terras. These cross- 
component terms involve averages of the form: 

Av. {uUj.yj) v(x2,y2)} = Ruv{Ax. Ay) 

The following auto-covariance tensor covering the nine functions which are required 
is of concern: 

R(Ax, Ay) = 

^uu uv Ruw 

^vu 'Srv •*** 

•Sru  ^  ^ 

For the case of Isotropie turbulence, von Karman and Howarth28 have shown that these 
functions may all be expressed in terns of a single scalar function f(r) which depends 
only on the radial distance r2 = Ax2 + Ay2, The relations are 

"tiu = 
f(r) - g(r) 

r« 
(Ax)2 + g(r) 

w t =   ^   =    f(r) ";g(r)(Ax)(Ay) •uv 

f(r) - g(r) ,.2 
>       (A. 

Ay2 + g(r) 
22) 

•^uw - Rwu = Rvw - Rwv - 0 

Rww = 8<r> 

where g(r) and f(r) an the covariances between the velocity components normal to 
and parallel to the vector r. The functions f(r) and g(r) are also related by the 
following differential equation: 

g(r) = f (r) + yigl 
2    dr 

(A.23) 

Thus, for Isotropie turbulence, the auto-correlation functions between the turbulence 
components at various different positions depends only upon the single function f(r). 

The relation between the auto-covarlances given by Equation (A.23) may also be 
used to derive the relation between the power spectra of the velocity components. In 
terms of these power spectra, the relation is given by 

A-x 



2      2  TT (A.24) 

where G(ü)  is the power spectrum of the lateral gust component and F(0.)  is the power 
spectrum of the longitudinal gust component,, The vertical anri siHe gust components 
sensed by an airplane are lateral components, while the gust component sensed by a 

sensitive pitot head is the longitudinal component. Equation (A.24) may thus be used 
to determine one of these spectra from measurements of the other. 

Equations (A.23) and (A.24) are difficult to apply in checking on questions of 
isotropy for experimental measurements since the derivatives of f(r) and P(n) are 

difficult to determine experimentally. However, idealized analytic approximations 

to the measured spectra may be used as indicated in the text to examine measurements 

of F(fl)  and 0(0) in order to determine whether the Isotropie condition inposed by 

Equation (A.24) is met over the frequency range covered by the data.  In practice, 
it might be expected that isotropy will, in general, apply over a restricted fre- 

quency region. 

A-xl 

■ 

.... 



DISTRIBUTION 

Copies of AGARD publications may be obtained in the 
various countries at the addresses  given  below. 

On peutseprocurer des exemplaires des publications 
de 1'AGARD aux adresses suivantes. 

BELGIUM Centre National d'Etudes et de 
BELGIQUE Recherches Aeronautiques 

11,  rue d*Egmont 
Bruxelles. 

CANADA Director of Scientific Information 
Services,  Defence Research Board 
Dppart»ent of National Defence 
'A'   Building 

Ottawa, Ontario. 

. 

OBiUARK «illtary Research Boanl 
DÄNEMARK Defence Staff 

Kastei let 
Copenhagen 0. 

FRANCE O.N.LR.A.  (Direction) 
25,  avenue de la Division-Led ere 
ChatlUon-sous-Bagneux  (Seine) 

GHIMANY WUaenfechaftllche Gesellschaft fur 
ALLI'aWONE Luftrahrt 

Zentralstelle der Luftfahrtdokumfntation 
München 64.   Flughafen 
Attn:    Dr.  H.J.   Rautenberg 

GREECE Greek Nat.   D«f.   Gen.   Staff 
GRECE B.   MEO 

Athens. 

ICELAND Director of AvUtinn 
ISLANDS C/o Plugrarl 

Reykjavik 
Iceland 

ITALY Centro Consultivo Studi e Ricerche 

ITALIE Ministero Difesa - Aeronautica 

Via Salarla 336 
Rome. 

i 

iimmmmmmmmmiim mmMmil^mmmm 

..., 


