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CO 'PLI!'-.G COEFF CIE!'-.TS 

by 

John F. Hersh 

November 5, 1957 

Abstract 

A review of the literature on coupling reveals 
that coupling coefficients have not been given a general 
definition nor has their physical significance been well 
explained, particularly fo1· system• with antireciprocal 
or gyroscopic coupling. A new definition of coupling 
coefficient• is proposed in which the cou;>led system• 
are viewed as having a forward transmiaaion path and a 
feedbac:k pa.th and the coefficient• are defined as the 
values of the feedback reoturn ratio with reference to 
the coupling element which ar'- P<) :; i.t ive maximum with 
variations in load and frequenc 1· 'his definition in 
terms of feedback makes possible the use of feedback 
theory to relate the coefficients 1". 0 · 1put impedance , 
c ri ~ic al frequencies, and the cond1t: .m s for stabi · ty 
and physical realizability; this i.. ~ltusi:ratcd by its 
application to s everal ~ lectrical and e ec trornechanic al 
systems, including example• of antirecl}! J ocal coupling. 
The theoretical limit of unity for the coefh denta es­
tablished by condition, of stability or physical realiza­
bility is verified by mea•ured typical maximum values 
for several systems. New methods oi measurement 
and values of the coeffic . nt a are descnbed for the elec­
trostatic and moving-coil transducer :.. 
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I 

INTRODUCTION 

The use of a coupling coefficient a1 a meaaure of the interaction 

between coupled systems ha• been familiar in phyaical •cience for more 

thc-;n a half-century, and it i• natural to a•eume that the concept ia by now 

we ll defined . After some thirty yea::• of use, however, the definition wa• 

not beyond reproach in either clarity or correctne••• a• i• indicated by 

G . W. 0. Howe'• editorial in Wirele•• Engineer ( 193Z) beginning: 

Ia it po••ible to give a simple, •uccinct definition- -or, 
indeed, any definition- -of the coupling between two circuits? 
We do not mean a definition of the method of calculating a 
num~rical coefficient, but a definition of the Fily•ical con­
ception which the word "coupling" is intended to convey. To 
be • atiefactory the definition ahould be quite general and apply 
to the interaction between any two circuit •, however con• ti­
tuted and however couplerl. It ii only when one trie• to draw 
up •uch a definition that one realize • how vague and elusive the 
underlying conception r e ally is. In textbooks and handbook• 
of radio-telegraphy one finds many formulae- - •ome right and 
• ome wrong- -for calculating coupling coefficients for a number 
of •pecial ca• ea, but 111 no ca•e, as far a • we are aware, is 
any attempt made to explain the exact physi cal s igni ficance of 
the coupling between two circuits. One is merely given the 
general impression that it is a measure of the interaction be­
tween two circuits. 

To improve this situation Professor Howe then contributed a new definition 

of the coupling coefficient, and since that time a few others have followed 

his lead m the progre• • ion from gener,j, l impre •• ion to general definition. 

In those ensuing Z4 years the value of such a coupling coefficient ha• been 

confirmed beyond question not only by its continued application to electric.al 

circuits but by its exten• ion to electromechanical systems as well . It is 

- 1-
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coupl n1 c oeff, c ,ent for the movt na- oil tr•n•ducer. S, n e oupl& n1 

c oefficient• have found u•eful mployment in other tran•ducer•, part,­

cularly the piezoelectric, it u another •urprue to find that the extenai ve 

literature on transduc tion reveals no u•e of such a coefficient for the 

moving-coi 1 transc:.!ucer. There i a every reason, however, to expect that 

therf'. 11 such a coefficient for this coupled 1y1tem 1imilar in form and 

application to those of other systems. The only difficult 1 1 n a routine 

apphcation of the conventional definition• to the moV1ng-coil system i1 

that thi1 system i1 anti symmetrical or antireciprocal . In this respect it 

i1 aimilar only to ayroscopic coupling in a mechanical 1ystem and to the 

magneto•triction and moving-armature tran• ducer1; all the other • y • tems 

for which coefficient• are normally defined are symmetric or reciprocal 

1y1tem1. 

The effect of thi1 anti reciprocity i1 deceptively • imple - the trans­

duction coefficients in the equation• of motion of the coupled • ystems are 

eq\!al in magnitude but oppo• ite rather than equal in • ign. But thi1 • im­

plicity conceal • 1ome fundamental difficulties which are far from simple, 

and these have been revealed t:.y the attempt to define a coupling coefficient 

for • uch a •y•tem. The fi,.,t cf the• e i1 the phy1ical • ignificance of the 

coupling coefficient and tile • econd i1 the phy• ical • ignificance of the antireci­

procity. The definition of the coefficient for the moving-coil i• not par­

ticularly difficult - indeed, a • imilar coefficient for the antirectprocal 

magneto• triction tran1ducer ha• been u • ed for • everal yea r1. The phy1i-

cal ju• tification of thi• definition, however, demand• a ba•ic under1tanding 

of both coupling and antireciprocity. 

In the • earch for 1uch under1tanding we join Profe11or Howe in 

a•king for "a definition of the phy• ical conception which the word 'coupling' 

is intended to convey." And we find, indeed, that "lt is only when one trie• 

to draw up 1uch a definition that one realizes how vague and elusive the 

underlying conception really is." It is very easy here, a• elsewhere, to 

mistake familiarity for comprehen1ion. For every student of electric 
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the fraction of the pr1mar flux t ha t hnk• t he •• ondary by the Ira t on 

the •e c ondary flux that link• the primary !o obtain kz? It c an be related 

t• the chanae • in re • onant frequency re • ulting from the couphnf of two 

tuned circuit •, but why are the coapledfrequencie• ( l + k) and ( l - k ) time• the 

uncoupled frequency? It can be related to the open and • hort-circui t input 

impedance •, but why i• the •hort-circuit impedance ( l - kz) times the open­

circuit impedance? And why in thi• caae are the possible reaiative and 

capacitive elements in the •y•tem eliminated from the definition? Mc.st 

of all, what ia it that the coupling coefficient meaaure•? The problem of 

defining this coefficient hat much in common with the deceptive simplicity 

of definin1 the atraight line. 

Thia report will be concerned wit~ the problem of a general definition 

of the coupling coefficient. To be general the definition muat be applicable 

to mechanical, electrical, and electromechanical coupled ayatems, both tuned 

and untuned, reciprocal and antireciprocal. Such a definition should and, 

indeed, almoat must involve in it• generality the physical significance of the 

coefficient and the answer to the queation about what it measures. The 

qualification• of the numerous definitions made during the long hi1tor} of the 

coefficient will be examined in the light of these requirement•, and their 

merit• and demeritt noted. With thi• information in hand an attempt will 

be made to define the coupling coefficient for all ayatema, to relate tllia 

definition to the other definition •, and to iUuatrate it• application to several 

typical •y•tema. 

In ao doing, what Profea• or Hunt ha• de • criptively termed "the 

burden• of antisymmetry" will be added to the problem• of definition. In 

order to determine how the antisymmetry of gyro•copic coupling affect• the 

coupling coefficient defined for reciprocal or symmetric ay • tems, the charac -

teri atic • of ~nti ayrnmetr.y will be investigated. The general definition of 

the coefficient will then be shown to be applicable to both types of ey stems 

by demonstrating that the physical significance o! the coefficient as a measure 

of the stability limit is the same in two systems which are similar in all 
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b wh1 h th o lf1 1 nt an b m aaur d, and t h111 ~port will b 

on erned briefly wuh au h meaaurem nu and with typi c al num ri al 

alue• of the c oeH1 cie nt for varioua types of electro-mechamral i,rr "'!flS. 

Experimental value• of the coeHicient for piezoelectric and ma;1neto­

atriction tranaducer• can be readily obtained from the literature, but for 

the electrostatic and moving - coil ayatem• it has been necessary to make 

original determination~ of such values. 

In the problems of f\..n damental definition and phy aical significance 

the difficultiP- • are more often philosophical than physical. Where, as in 

this caae, the answer• to particular problems are known but the general 

queation is to be found, the logical path from anawers to question may be 

confused by the multiplicity of starting points. It i a certainly be set with 

pitfalls of semantics and of notation peculiar to particular aystems- -not to 

mention that of various languages and more variant investigators. To mark 

a few of the turn• in this path and to by-pass some of th~ pitfalls are among 

the objectives of this report. 

II 

A REVIEW OF COUPLING AND ITS COEFFICIENTS 

The Definitions Summarized 

The hiatory of the concept of coupling itself exhibits one of the 

characteristic• of coupled systems, the m•.1tual interaction of two related 

field •. The original intereat in coupled 1yatem• was generated in the field 

of mechanic•, but the resulting flow of information about mechanical vibra­

tions quickly reacted on a newer branch of physics, electromagnetism. Here, 

in turn, the accu1nulation of knowledge about electrical circuits was fed back 

into the field of mechanics to augment the development of new intere at • there. 

A similar interchange of energy is characteristic of coupled pl1yaical system •, 

but fortunately in the interchange of knowledge the limitation of energy con­

servation doe• not require that the gain in one ay • tem be at the expense of lo•• 

in the other . 
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xp r a e nt • ll b th~ ~o r k ot .en • h ae LA1ran e .Ku hhott , Ke an , 

and Ra le i1h . If we r e1ard the eec ond f'dauon ot Rayleiah ' • The The ory o! 

S01411d, pubh•hed an 1894, •• a •ummary ot the field at that time, i t , a evi­

dent that the analy•i• of coupled •y•tema war by then qui te extenaive, in -

cludinM •uch con•ide ration• a• the effect of the coupling :>n re •onant fre -

quencie• the reaction upon the driving point, and the reciprocity of the effect . 

Although experim_ental investigations did not advance in step wi.th the th-eoreti­

cal, the experiments of Warburg, Konig, and Rayleigh emphasized the effect 

of coupling in changing the natural frequenciea of the coupled •y • tema . 

It is worthy of note, too, that even at thi • early date a connection wa • 

madf! between electrical theory and that of ordinary. mechanic• · The rela­

tion ia evident in the work• of Kelvin and Maxwell, and Rayleigh uaea elec­

trical vibration• frequently in hi • book a • example • of the general theory . . 
Of particular intere • t in regard to coupled circuits i• the fact that Rayleigh 

include a, aa an· example taken from M,xwell' • work, the reaction of a secondary 

circuit upon the primary when the two are coupled by mutual induction, •bow­

ing the re •ulting reduction of inductance and increa• e of re •i•tanc e in the 

primary. · While it ia evident that much was known about coupled •yatem • by 

the end of the 19th century, it is also important to note here that n mention 

during this period ha • been found of a coupling coefficient as a measurP- of 

the interaction of the c·oupled ay1tems. 

It required a new experimental stimulus to advance the theory- -the 

demon at ration by Hertz in 1888 of the radiation of electromagnetic waves . 

Among the many re • ulting improvement • in apparatus to generate such waves 

w.s the Te ala trandormer, a tuned coupled circuit. And the effort a to im­

prove thi • apparatus led to many re-examinations of the theory of coupled 

1y1tem1. Chief &!!long these i • the exten• ive and thorough work of Max 

Wien ( 1897) on the effect• of coupling on resonant •ystema. In a later work 

by Wien ( 1915) the prior history of coupling i• ably rE. viewed. 

Since Wien' 1 work is the basis for much that ha1 followed and al • o 

introduce• the coupling coefficient, it i1 worth con1idering in 1ome detail. 
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thA t t he ante ra u o n o{ t o undamp d r tt 1ona t e le t r a a 1y 1t 1 had be.-n 

1hown to r • u h an t hr produ t 1on o{ bea u b t w e n th t wo na t u r 1 p r 1och 

prod u rd by the ouphng, a phe nome non th.it ha d •eldom been e n ountered 

in a c ou • h • in spite of the fr e qu e nt appli c ation of sim i lar ayate m s In 

order to make clear the baais of thia phenomt.non, Wien e xamined in more 

detail the theory of two coupled reaonant s y stem• which Rayleigh had out­

lined . 

This analysis is concerned with two a y st,ems whose kinetic energy 

T, dissipation function F, and potentia l energy V can be repreaented by the 

equations 

T 
1 2 + 1 2 + = I al lx 1 2 a22x2 a 12x l x 2 

F 1 
bl lx 1 

2 1 · 2 
bl2xlx2 ( l - 1) = 1 + I b22xl + 

V 
l 2 1 2 

= 1 cl lx l + 2 c 2lx2 + cl 2x Ix Z' 

where the dot notation is usec! to indicate time derivatives. From the 

L3grange equation• the differential equations of motion for free oscilla-

tions of the • ystem are found to be 

allxl + b llxl + cl lx 1 + al2x2 + b12XZ + c1Zx2 = 0 

( Z-2) 

•zzx2 + b22x2 + cl2x2 + al,xl + b 12x 1 + C 12X 1 = 0. 

These can be put in more convenient form by dividing the first by a 11 , the 

second by a 
22

, and defining the following ratio •: 2 6
1 

= b 11 / a 11 , 
2 2 

2 62 = bzz1azz· wl = c 11 1a1 l' Wz = Czz1azz· p 1 = a121a1 l'Pz = a1-l.~2 · 

0'1 = b121h 11· az = b1,/b22· t-1 = C1z1C11· 't'z = C1z 1Czz· To 

avoid some confusion , Wien' s notation for damping (h) and frequency (k) 

have here been c hanged to the more common 6 and w. The equations of 

motion now take the form 
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wh er.- the f1r at thr r. t r . 1 r e pr 1e nt the moti on of t h n up l d I / Item • 

and the other t e rm• u pre1ent the r ouphn1 effe t• . The th ree ratio• p, 

~. and ~ are dea ignated by Wie n •• the " c oupling coe ffi c 1e nt1 11 for 

accelerati on, f r iction , and force couplin1 or , in electrica l term 1 , inducti ve, 

re1i1tive, and capacitive: couplin1. 

A• Wien point• out, in two electrical 1y1tems coupled by mutual i :i ­

Juctance M, m utual resistance R 12, and mutual capacitance c 12 , the • e 

coefficient• have the form p 1 = M/ L 1, 0'1 = R 12 / R 1, ~l = C/C 12 • 

Therefore, Wien defined p 1, o-
1

, and -r1 in the following manner: "Through 

the 01cillationa of 1y item Z the number of lines of magnetic force, the current 

line 1, and the li .e • of electric force in 1y item I are altered. The coeffi­

cie nt p 
1 

is equal to thi • cha,nge in the line• of magnetic force divided by the 

number of lines in the uncoupled system 1. The coefficient · 0"1 is equal to 

the change in the current lines divided by the number of current lines in the 

uncoupled system . The coefficient 't'
1 

is equal to the change in the lines 

of electric force divided by the number of line• in the uncoupled ayatem . '' 

We find here th,e first definition of coupling coefficient• in term• of 

the relative magnitud~• of the mutual coefficient• a
12

, b 12, c 12, compared 

to the coefficients of the uncoupled 1y1tem1, a
11

, a
22

, b 11 , b
22

, c 11 , c 22 . 

Since the coefficienL1 a,b,c, are proportional re1pectively to the kinetic 

energy, the dilaipation, and the potential energy of portions of the system, 

the1e coupling coefficient, are al10 energy ratio•. It is not, howe ,·~ r the 

r atio • p, (r, and 't' that are important in the analy1i1 of coupled systems 

but rather the products of such ratio •, e.g. ( p 
1 

p 
2

). a1 Wien found in his 

analy1l1. 

To illusn'.'ate this le_t us consider Wien's solution of the case of a 

simple c-:>upled system without damping and having only force or capacitive 

coupling. When p 
1 

= p 
2 

= O' 
1 

= 0"
2 

= 0 , the general equations (2. 3) reduce 
\ 

to 
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Sol ng th1 for x ! or x Z w obtain th hn ar fourth - ord r d1ff r ntial 

quat ion 

2 2 •• 2 2 
x + (w

1 
+ w

2 
)x t w

1 
wl (1 - !

1
1['

2
)x = O. ( 2- 5) 

If we assume a solution of the form x = et,L\ the characteristic equation i s 

4 . l 2 2 
t,,L + (w 1 + Wz ) j,,L + ( 2-6) 

and H .. solutions are 

When the two systems without coupling are tuned to the same frequency, 

w
1 

= w
2 

= w
0

, th11 natur al frequencies with coupling become, if we let 

~ = J<4', 

( 2- 7) 

Sinc e the Wien coupling coefficients appear here in the frequencies 

of the system as t'1 r'2 , it is convenient to define the root of this product aa 

a coupling coeffic ient t' = 1fr
1 

'l'.z.. This, in iar.t, is done by Wien (1897) 

but without any reference to the new symbol aa a coupling coefficient. How­

ever, an . ther work of Wien' IS ( 1902) lists in the table of symbols the co­

efficients tj, r;, 'r =✓ t1 r
2 

as "the coupling coefficients of the trans­

mitter." Subsequent papers by other authors extending Wien'• investiga­

tions continued the use of this coupling coefficient, and P. Drude ( 1904) 

refers to the familiar "magnetic coupling k
2 

= L 12.L21 /L 11 L2.2.·" 

In contrast with th j ~ rr.athematical origin of the coupling coefficient 

in Wien' s theoretical analysis, we find in a text book of this period by 

.. 
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taon 1n a ••t m of oupl oil• a• follow• : "Th mAgn . ti 1n -

d t1on Hux through the primary u proportion.al to the aelf-indudance co -

f 1 1 nt L 
1

. The f ux wh,ch the primary •end• through the secondary i • 

proportional to the mutual-induc tancc coefficient L
21 

of the two ay atem•. A• 

a result the flux and therefore the amplitude ot oacillation in the aecondary be ­

com~ greater m relation to the primary the greater Lz 1 ia in relation to L 1, 

i.e., the greater L 21 ;L
1
is. Likewiae the flux through the pr·.i.mary due to 

the secondary becomes larger the larger u the ratio L
12

; L
2

. Altogether, 

thus , the reaction becomes more important the greater i• (L2 / L 1) X (L 12/ L 2). 

The root of this k ~ y L
21

L
12

!L
1

L
2 

or, if L
21 

= L
12

, k :-- L 12/.{L1L 2 i• de­

noted as the 'magnetic coupling coefficient' or simply the 'coupling coefficient' 

of the two systems." 

In these quotations from Wien and Zenneck we have the three most 

common definitions of the coupling coefficient: first, in term• of the change• 

in the resonant frequencies of the tuned coupled system; second, in terms of 

the product of the ratios of energy in the coupling element to the energy in 

t}'\e primary and secondary circuit elements of the same type aa the coup ing 

element; third, in terms of the ratios of the flux linking the two circuit• to 

the total primary and secondary fluxes . These definition• have been repeat­

ed with only minor variation• in moat of the other df!scription• of coupling 

up until the present. 

Texts prior to World War I with an emphasis on the uae of coupled 

circuits in wireless 4-degraphy, such as G. W. Pierce'• Principle•!!,_ 

Wireless Telegraphy ( 1910) and Winkelmann'• Han~bu~!1~ _Ph,I_•ik ( 1908), 

contain es •entially Wien' s definition in term• of resonant frequencie •. A 

change in emphasis in postwar texta to more genera network theory pro­

duced some re statements of the previous definition• ir. different term•. 

For example, Alberti ( 1927) in Geiger and Scheel'• Handbuch der Phyaik 

defines the coupling coefficient in the manner shown in Table 2.-1. 

Typical of other definition• are those of Hahnemann ( 1922) and TP-rman 

( 1932). Hahnemann aaya, "In order to be able to give a general definition for 

- --- - - - - -- - -
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· p ' ; n , w 1nt 1 o u trU 

oa illattng n rg nd d 1g~t th tot ~n r 1n th~ (1r1t r u1 t 

1n ludina that 1n th e oup 1ng lement with E
1 

and th nergy app,.ar1ng 

tn th c ouphng f"lement alone with EKl' and with E 2 and EK 2 the corre ­

sponding energies of the second circuit. Then we have k = /EKIEK 2 /E 1F- 2 . 

This relation holds quite generally for all forms of oscillating networks 

and for all forms of inertia and force coupling." Terman puts the definition 

in terms of impedances in the form: "Any two circuits that are coupled by 

a common impedance have a coefficient of coupling that is equal to the 

ratio of the common impedance to the square root of the product of the 

total impedances of the same kind as the coupling impedances that are 

present in the two circuits. That is, k = Zm/ ,Jz
1
z

2 
." 

It is not to be assumed, however, that all work on coupled systems 

subsequent to Wien made use of coupling coefficients. Numerous examples 

of analyses of couphng can be found which ignore the coefficient, among 

them works by L. Cohen ( 1909), Slater and Frank ( 1947), Morse ( 1936), 

and Den Hartog ( 1940) . The predominant interest in electrical circuits 

does not mean, either, that mechanical coupling was entirely ignored. 

Hahnemann and Hecht ( 1920) returned to an analysis of mechanical 

sy1terne and report that "in analogy to wireless telegraphy with electric 

waves and in agreement with the theory of coupled systems we designate 

with k
2 

the expression m
1 

m
2

/(m
1 

+ m
3

) (m
2 

+ rn
3

) which represents the 

product u the ratio• ,>f the oscillating energy in the coupling terms to 

the total energy of eac·h eingle 1ystem and call k the coupling coefficient 

of the two mechanical osci 1\ati ng circuits." 

Although well eilablished by continued use over the period from 1897 

to 1930, the definitions of coupling were not beyond reproach in either clarity 
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Coupling 

Capacitive 

Coupling 

Reaisti ve 

Coupling 

k 

ek - voltage betwe n poanu 2 and 3 

e 1 = in inductive coupling, the voltage on c
1 

e 1 = in capacitive coupling, the voltage on L 1 

e 
1 

= in resistive coupling, the ,·oltage on C 
1 

or L 
1 

e
2 

= in inductive couphng, the voltage on c
2 

e 2 = in capacitive coupling, the voltage on L
2 

e
2 

= in r ois.,ive coupling, the voltage on c
2 

or L
2 

2 

k = 

3 

- 11-
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a• " the r ~ll n .-ewe rat of tr n f - · and th 

• tor d nerg)· o tht- 1r u1t1 B t h po1 • 1bl rate . • m a nt th rat of 

er.ergy tran,f r in the ab • nee of al! ·e1i1tance othe r rhan that uuh zed 

fo1 coupling, since, howe v~ r los l y the two ci rcuiu are coupled, th trans­

fer of energy can be reduced to a very small value by inc reaaing the re-

ai atance, and can be reduced to zero by increasing the resistance of one of 

the c:ircuits to infinity, that is, by opening the circuit . The numerical 

value of the coupling is then 1/w or 1/ y w 1wz of the geometric mean of the 

ratios of the mutually induced e. m. f. to the maximum stored energy when 

unit current flows at the resonant frequency, fir st in one circuit and then in 

the other. " In two circuits with different resonant frequencies w1 and w.,, ,. 
with induced e.m.f. 's E lZ and E~ 1 and stored energies W 1 and W 2 , this 

definition takes the form kz = ( l/w
1

w
2
)(E 1zEz 1/W l W 2). 

Howe objects to the pr ~ valent use of a coupling coefficient for re­

sistive coupling of the form k
2 

= R 1z.Rz 1/R 1Rz. This, he says, has "little 

real significance, for if two oscillatory circuits are entirely free from 

coupling except that due to a small common resistance R which is the only 

resistance in eitht-r circuit, the formula gives a coupling coefficient of uni.ty, 

although the two circuits are in reality very loosely coupled. No formula for 

a coupling coefficient can neglect the storage of energy in the circuits, since 

the ba1ic C'1nception concerns not merely the rate of transfer of energy from 

one circuit to the other, bl.t the ratio c£ this rate of transfer to the energy 

stored in the circuits. 11 In addition to this criticism of some definitions of 

k, he comes ~o the interesting conclu1ion that "in the ase of non-oscillatory 

circuit• it i • que ationable whether a coupling coefficient should be employed; 

it certainly loses much of its significance.'' 

Howe's idea of the coupling coefficient as a measure of the rate of 

transfer of ene-:gy finds support from H. H. Skilling ( 1937). A• he states it, 

"the rate of transfer of energy depends on the value of the mutual para neter 

relative to the other parameters of the network . This relation is expressed 

a • the coefficient of i:.oupling. 11 Particularly interesting in his discussion of 
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nt- r.11ar to tran • f r ner · ,.f , ,. tl fro 

Jt u quate true that lo•e ouphn1 permau a (aater tr n•f r 

o( e n rgy , but 1t doe• not make the tran1(er any more omplete." 

In more rerent work• on circuit theory the coupling coeffi c aent fmd1 

continued u1e and redefinition. The analy1i1 of Tellegen ( 1947) i1 novel in 

tb.t it introduce• k through it1 appearance •• a !actor in the tranafer ad­

mittance or impedance of the coupled circuit,. In conaidering 1y1tem1 of 

1m-. ~ relativf' bandwidth in region, near re1onance, Tellegen find• a real 

coupling coefficient for inductive and capacitive coupling but an imaginary k 

for resi1t1ve coupling. This imaginary k is 1hown to affect the damping of 

the two circuit a in the 1ame manner that the real k afiects the re l!onant !re -

quencie1. And he agrees with Howe in relating the re 1i 1ti ve k to the ratio 

of the coupling re 1i1tance to the reactance1 of primary and secondary, i.e. , 

to the stored energy. 

Another definition that is similar to Telle gen' s in that k appears as 

a term in the relation of secondary voltage to primary voltage i fnund in 

Rocard 19-49). A different definition of the re1i1tive coupling coefficient, 

however, is used by Schmerwitz ( 1937). Using Wien'• analysis he obtains 

A re si sti ve coupling coefficient CT = ,,/cr 
1 

o-
2 

of the 1ame form obtained in 

Eq. l. - 7 for capacitive coupling. But in this case the coupling does not alter 

the resonant frequencies; it changes the damping conatanu of the two circuits 

to ( 1 +a) and ( 1 -o1 times the •damping without co~pling, as Tellegen aiso found . 

The difference is tb.t Schmerwitz'a coefficient is equivalent to k = R1.J,ff
2

, 

which doe• not involve 1tored energy in the system. 

Le Page and Seely'• General Network Analyai1 ( 1952) is notable for 

its complete treatment of tran1former coupling from both the self- and 

mutual-inductance viewpoint and the mutual- and leakage-flux viewpoint. 

However, k is here introduced by multiplying together two alternate forms of 

the mutual inductance M in te rme of the flux ratio a K 1 = f> Z. l / t> 11 and 

K
2 

- ,t,
12

/ d
22 

to obtain M2 = K
1
K

2
L

1
L

2
. In this, they note, "it is customary 

to define a new con1tant k = ,Jk
1
K

2
, which i1 termed the coefficient 1f coupling . 11 
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an ahow a tha t t he r qu r em nl t u t the • to r ed ene r a an the 

• ate m be po ell a e for all al u e • of th o al u r rent • le a d• to the onda taon 

that L l l L 22 - L l Z l. 0 . If , : t:. n , le l. ~ L l Z l. I L l l L 22 b e def,ned a• the 

c oupl i ng c oeffi cient , this c ondition c an be e xpre aaed aa lk 1. The 

limiting c ondition that k cannot e x eed unity can also be expl~ined in terms 

n • 

c, !hue linkage• as the physical condition that all of the flux link• .all of the 

winding a . But thia derivation o! the c ondition "doe• not lend itself to general­

ization, while the method based upon stored energy is readily extended to any 

r,umber o! coupled coils." 

Among the recent reviews of mechanical coupling that of Richardson 

( 1953 ,p. 3) is of interest because of what it suggests rather than because it 

provides any new definition of coupling. In di scusaing coupled vibrations 

Richardaon begins, ''So far we have conaidered what Ray leigh called an in­

exorable forcing system, but in practice the driven will react on the driver. 

Together they form a coupled system . When the two components have com­

parahl ma•• the role• of dri ver and driven may be periodically interchanged 

a• kinetic energy is bandied between them . The coupling coefficient O"' may be 

rega.:·d~d a • determining the rate of this interchange or the magnitude of the 

"feedback" . But no further use is made of the idea of feedback. 

The accelerated re aearch in the field of radio tranamiaaion occaaioned 

by World War I led aoon thereafter to commercial broadcasting and to the uae 

of coupled electrical circuits in every h ome receiver . This was paralleled 

in another field that involved coupled syatema. The connection between 

mechanical • ystems and electrical system• had long been a matter of scienti­

fic interr. st and, since the te lephone developments of the l870's, a matt"?r of 

great commercial interest, too--indeed, there was before 1900 a coupled elec­

tromechanical sy • tem ia e very home tele phone. But it was the military in­

t e rest in electromechar,.i cal transducers for underwater echo-ranging that 

brought about the technological utilization of such a well-known but little-used 

pri nc i ple of transduction as the piezoelectric effect, discovered by the Curie• 

in 1880 . 

----, 
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oth r 1nt• r e 1t an le trome h n d \' e • WAI •tamulated by t h n 

for 1mprc,ved phonoaraph re c ord1n1 and :-eproduca ng equapment. The d -

11gn of •uch devace• wa1 con•iderably facilitated by the uae o! the analogy 

between mechanical and electrical ay1tema, 1ince the theory of electrical 

network• wa1 well ~dvanced by thi• time. The wealth of knowledge about 

electrical tranami1aion 1ystem1 now began to feed back into the mechanical 

through the use of electric-network analog• for the deductive analysis of 

mechanical and electromechanical •Y stem•. And tJ,• appearancE' of coupled 

electrical circuit• as the analog of an electromechanical transducer led in­

evitably to the use of an electromechanical coupling coefficient as a mea1-

u re of the coupling . 

The inevitable , however, often approaches with reluctance, and such 

was the case with the electro.mechanical coupling coefficient. The equiva-

lent electrical circuit for an electromechanical •Y •tern was de scribed by 

Butterworth ( 1915), and h.e concluded that "a vibrating 1y stem of one degree 

of freedom when •et in motion by the interaction of a current on a magnetic 

field is shown to behave aa a parallel combination of a capacity, conductance, 

inductance and when "aet in motion by the interaction of charged bodies on an 

electrostatic field it behave• a• a aerie• combination of indl•-:tance, re1i1tance, 

and capacity." Equivalent circuit• for electrodynamic and electromagnetic 

transducers were described by Hahnemann and Hecht in 19Z0 and for a 

piezoelectric crystal resonator by Van Dyke in ·1925 . 

The increasing interest in the commercial applications of pi e zo-

e lectric crystals promoted the further application of circuit theory to their 

equivalent d rcuit s. An ~clrl y result was the recognition of the importance 

of the ratio of the clamped capac itance of the crystal (C ) to the equivalent 
0 

motional capacitance (C 
1
) as a measure of the electromechanical a c tivity. 

This was first noted by Dye ( 1926), and he defined it ae the "piezoe lectri c 

ratio . ' The ratio is particularly useful since it is .. elated to the bandwidth 

of the system and can conveniently be determined experimentally by the fre­

quency separation between the resonance and antiresonance of the crystal . 
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th tun d I r lt I I ft th phn nt 

And at long It w P . M& on ( I 34) d r1 • a ouphng (i 1 nl 

for th ')' ital from 1ta equ1val nt 1r ult and ahow1 1t1 r e lation t the 

apacitan e or piezoe lectri ratio . From the equation• of motion ,,f the 

coupled e lec tron1echanical system Mason derive• an equivalent T network 

of the form sho,·m in Fig. 2- 1, with the coupling represented by a mutl.lal 

c apacitance C 
em 

Fig. -Z- 1. Equivalent T network of a crystal. 

As in the usual coupled electrical circuits, the coupling coefficient is de-

fined by the equation k 2 = C C /C 2 
Mason then shows that when the 

o m em 
mechanical 1yatem is free to move, i e., F = 0 and the mechanical ter-

minals are shorted, this T network reduce• to the familiar early equivalent 

form ethown i. . Fig . 2 - l. and that the :. a.., ... : tance ratio i II related to k by 

the equation C
0

/C 
1 

= ( l - k
2
)/kl. The relation between k and the 

C 
0 

Fig. 2 -2 . Two-terminal equivalent circuit of a crystal. 
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0 , p . 4 

"The difference between the ree and the clamped conatant II determine d 

by the elec tromechani c al coupling factor fo1 that cryatal. Thu i I d e -

fined as the square root of the ratio oi the energy s tored in mechamc·al 

form, for a given type of displacement, to the total input electrical energy 

obtained from the input battery." Thia atatement contains both an inter -

pretation of kin term• of an energy ratio and another definition in term• 

of an energy ratio and another definition in term• of a difference between 

the free and clamped constant• of !he cryatal. Such a definition had not 

appear~d previously in either electrical or electromechanical systems, 

but, in Electromechanical Transducers and Wave Filters, Mason ( 1942) in­

troduces k throu1h this definition rather than through the equivalent T net­

work described above. From the equation• of motion he find• that the 

mechanical stiffness when the systems are coupled, i.e., the stiffness when 

the electrical tel'mi.1ala are shorted, ia of the form Y = Y ( 1 - D
2

K/4w Y ), 
0 0 

and he defines the electromechanical C\lupling coefficient as k = D ✓k/4w Y . 
0 

The effective value of t h e Young'• modulua Y when th _ electrical termi nala 

are shorted is thus lower than the modulus Y when the terminals are open 
2 0 

by the factor ( 1 - k ) . 

Mason aho define• a coupling coefficient for an electrostatic trans -

ducer in the second edition of Electromechanical T1·ansducers and Wave 

Filters ( 1948), tnia time through the use of a n e quivalent T network with 

coupling through a mutual capacitance C • As in the crystal circuit 
em 2 

of Fig. 2-1, the coefficient 1a here defined as k 2 
= C C /C • And 

o m em 
again Mason says, "The factor k

2 
has the significance that it represents 

the portion of the total input electrical energy stored in mechanical form 

for a static or DC voltage." But here he a dds, "The analogy with the 

definition for the coupling in a coil is obvious since her {~ also the square 

of the coupling repreaenU the ratio of the electromagnetic energy stored 

in the secondary to the total input electromagnetic energy for an applied 

DC current." 
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48 5) Ir th1 • Ae th rotAI n r f« an th o up I J .1 • t m • 1 - on• 1 de r d to 

be th •um of the ene rg 1 • 1n the two •y at nu without ouplifll and th 

mutual energy reault1ng from the c oupling inatead of th eum of the energie• 

of a primary and aecond.ry . Vigoureux exp re ••e• the definition aa 

square of mutual energy 
( 2-8) 

4 times product of individual energie • 

and in Skudrzyk this becomes: "The relation of the spatial average of the 

mutual energy w to the doubled geometric mean of the spatial average of 
em 

the mechanical anci electrical potential energies is defined as the coupling 

factor, k = w / _,-.;--; . " For the piezoelectric 
em 'V e m system considered by 

both authors, the total energy is w = ~ IT1. + dTE + Tl I E 
2 

= w +w + w 
m em e 

where f i• the elastic constant, d is the piezoelectric constant, and 

w , w , w are the mechanical, mutual, and electrical potential energies. 
m em e 

For static deformation this re sulu in a piezoelectric coupling coefficient 

k = d/,.,,-;-i. Skudrzyk shows that k is related to the capacitance ratio 
1. l 21 2 . 

through k = C 1/C
0 

= z C 1 V / z C
0 

V , and "the square of the coupling 

factor is thus equ~l to the ratio of the potential mechanical energy received 

from the cry•tal to the potential electrical energy: k
2 

= W ti W 
1

. The 
po e 

•ential ~lectrical energy is determined by the blocked capacitance ,nd the 

ctrical voltage, the potential mechanical energy by the elasticity and the 

deformation of the crystal which appears in the equivalent circuit of the 

transducer through the capacitance C 1." 

In hi• book on electroacoustics Fischer ( 1950, p. Z6) defines a 

coupling coefficient for coupled electrical circuits and applies this to 

the equivalent circuits of the electromechanical system•. Hi s definition is 

that of Hahnemann in terms of the ratios in each circuit of the energy in 

the coupling element to the total energy in that circuit in element• of the 

same type aa the coupling. This is, of course, also Wien' s definition, but 

Fischer introduces the product of the two ratios as the coupling coefficient 

through it• appearance in the equation for the input impedance rather than 

through the equation for the coupled resonant frequencies used by Wien. • 
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The r ce nt work of Hec ht ( 1954) on tranaducer• aJao re ognu • th 

valu of th Jr, tromechani ... , coupling oef!icient •• a meaaure of tranaduce r 

quality. But he rai • e • •ome que • tion about the uae of the aame term for 

electromechanical coupling •• i• uaed for the electric .. l coupling. "The 

word ' coupling factor' for thi• energy relation in electroacou • tic tranaducer• 

ia al• o not a very happy choice, aince the word 'coupling factor' in coupled 

ele ctrical and coupled mechanical circuit a i• given to the relation of the energy 

in the coupling term to the total oscillating energy in both purely electrical or 

mechanical coupled circuit •." He conaidera the electromechanical coupling 

factor to be that usually measured by the frequencie• of maximum and minimum 

impedance, and "the coupling factor of a capacitive transducer ia underatood to 

mean the square root of the ratio of the mechanical deformation energy to the 

electrical energy of tne condenaer when the reference frequency ia taken far 

below the r sonance frequency, a • in general it ia in practice in auch trana­

ducera." Hecht auggeata that "one could call the coupling factor appearing 

in coupled circuit • the pure electrical or mechanical coupling factor and that 

fa c tor appearing in transducer• the electromechanical coupling factor." 

In th f" book Sonic• by Hueter and Bolt ( 19 55) are repeated tr..e pr e vious 

definitions of the piezoelectric coupling coefficient in term a of the fr c quencie • 

of re aonance and anti re aonance and in term• of the capacitance ratio or the 

ratio of the energy atored mechanically to that atored electrically . An in­

tereating feature, ~1~wever, ia Table 4. 8 on p. 164 , which compare• the 

characteristic a of electroatatic, piezoelectric, electrodynamic and m.i.gneto­

stricti ve transducers. The electromechanical coupling coefficient ia here de­

fined genera lly as k2.,;:: a.ZZ /X - a.Z/X Z ,whereZ iathedamped 
0 0 0 0 0 

e e ctrical impedance, X is the sliffne ss reactance, n is the transformation 
0 

factor for ideal transformer coupling, and a' is the transformation factor 

for T coupling or the TJ1utual coefficient in the equ.atiop~ r~QresF-nted by the 

equivalent T network. From this definition a coupling coefficient for ca.ch 

~f the four type• of ,tranaducera is obtained . For the moving-coil or elec­

trodynamic tran1ducer the definition take• the form 



l wr . 8 ) .. K L . 
0 0 
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w he r l wr N i1 the l~n ie th of ti 0 1 ~ .... 1 . '-Nindang , B u th pola ra zang 
0 

field, K u the di•phragm • t1 fo e • 1, an L i • the voi c e -Loil inductanc e . 
0 0 

Thi• u the only defin1Uon that ha• been found in the literature for the moving-

c oil system. 

In Electroacouatic• by F. V. Hunt ( 1954) the elf"ctromechanical 

coupling coefficient is defined both in term• of the change in input impedance 

resulting from coupling and in terms of the critical frequencies of the coupled 

systems . In t h e: example of an electrostatic transd\·c ~ r the mechanical com­

pliance when the electrical terminals .re shorted is shown through equivalent 

circuits to be [ - 1 c' - (c ) + (-C 
m m em 

Z/C)- 1] 1 =c /(l-k2),wherec 
o m m 

i a the mechanical complian c e without coupling . The coupling coefficient is 

thu• defined explidtly for this transducer through k
2 

= c C IC 2. More mo em 
generally, the frequency spread between fR and fy, the frequencie a at which 

the motional impedance and motional admittance have maximum values, is 

identified as an index of how cloaely the electrical and mechanical meshe• 

are coupl~d. "An effective coefficient of electromechanical coupling can be 

defined by the: following pair of relations: 

k 2 = 1 - (fR/fy)
2

, for electromagnetic coupling 
eff 

( 2- 10) 

k 2 = 1 - (fy/fR)
2

, for electrostatic coupling. 11 

eff 

E • aentially the aame definition a1 that of Vigoureux is uaed by 

Bechmann ( 1955, p. 55) in his analysis of piezoelectric systems . But he ex­

presses tht; total energy as the sum of the elaatic energy W 1, the electrh:al 

energy W 
2

, and the piezoelectric energy W 
12

, and in so doing he divides the 

mutual energy WM into two equal parts--the energy W 12 in the mechanical 

system due to the electrical and W 21 ( =W 12) in the electrical system due to 

the mechanical. Aa the result, his definition of the electromechanical coupling 

coefficient is 

kz = wlZZ/wlwl' (Z-11) 

and the factor 4 in Vigoureu.x' • definition doe• not appear , 
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re•ull . The dut an uon u , ade b I••• fy1 n1 the four equauon• 1nto two 

group• on the ba•i• of the ,r1able be1ng homo1eneou• or mixed. The 

variable• are identified, •• in thermodynamic•. uither •• intenaive paramete r • 

or generalized force• 01· •• extenaive parameter• or generalized diaplace-

ments. Two of the equation• of atate are, thu •, homogeneou • becaua~ the 

independent variable• are extenaive and the dependent intenaive or vice vers;•; 

the other two are mixed becauae the independent and dependent. variable• ar1.1: 

each a mixture of intenaive and exten• ive parameter•. The coupling coeffkient 

definition can be applied to all four equation •, but for the homogeneou• • et it 

yield• the usual value (denoted as kh Z by Bechmann) and for the mixed aet om 
another value (k . Z). The two k' • are related by k . Z = k.. Z/ ( 1 - k_ Z) mix mix -11om -nom · 

It i• evident from it• recurrent uae that the electromechanical coupling 

coefficient ha• proved to be of value in the development of cryatal tran• ducer•. 

It i• not aurpriaing, therefore, that the development of magneto • triction tran•­

ducer • found aimilar u•e for auch a coefficient. The intere at in magneto­

atriction tranaducer •, however, lagged • omewhat behind that in cry1tal tran1-

ducer•. Much a • World War I wa1 re1ponaible for application• of the piezo­

electric effect, World War II re1ulted in a renewed interest in the magneto-

• trictive effe'- r application to underwater tran• ducer •. Again paralleling 

the hi • tory of piezoelectricity, magneto1trict1on had long been familiar to 

• cienti1ta • ince the definitive work of Joule in 184Z but had found few practical 

application • other than those introduC"f!d by Pierce and his atudent• after 191.8 

in the field • of oacillator control and ultra• onic \'ibrator •. 

The inten1ive wartime devclopmer,t :,f magneto• triction tran1ducer• 

led naturally to a theoretical analy • i • of thi• coupling which paralleled and 

embodied the exi1ting theory of piezoelectric coupling. Previou• work by 

~utterworth and Smith ( 1931) had eatabliahed an equivalent circuit for the 

magneto• triction transducer and had employed the critical frequencies of 

thi• circuit in the aame manner that the frequencies of re •onance and anti­

re • onance had been uaed for crystal transducer •, but no u•e waa made of a 

coupling coefficient . In a report of the war reaearch on magnetoatriction 

from the Harvard Underwater Sound Laboratory ( 1946), however, the coupling 
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oe l!1 1en1 11 1nlr odu ~d JU •t •• Ma •on 1ntr odu ed 1 ~ fo r lh q · ata l tr•~ • -

d u er• From th t- ~quauon• of at&l of ti ,. oup l d • atem • tht- me han1 a J 

atJl!ne•• or Young'• modulu• Wlth a onatan l m agn ti fi eld 1nten•1ly (EH) 

i • shown to be rt>l.ate d to thP- modulus with a con•tant flu.x den•ity (EB) by 

the equation EH :: EB ( 1 - ,.,..~ 2µ. /EB) . T he f.actor 4,rX. 2.., / EB = k z ; • then 

defined a• the •qu.are of thf" oupling c oe fficient. In considering the equiva-

lent circuit as a bane-pass filter , an effective c oefficient of coupling i• also 

defin,-d as a me.asur "lf the width of the p.aas band. Thia is the definition in 

terms of fR and fy, the frequenci e s of maximum motional impedance and 

admittance , later used by Hunt. This eff cti ve c oupling coefficient differ• 

from the coefficient first defined because of the inclusion of eddy-current 

effects, but the two can be considered equal at all frequencie• below the 

characteristic frequency for eddy currents. 

In the work of Sussman and E h rlich ( 1950) the development of magneto­

• triction continue• to follow the prec edent e stabliahed by piezoelectricity in 

that they define the coefficient in terms of energy by uaing the p1·eviou• theory 

to • how that "kz i • the ratio of c onverted 1tored energy to input a1tored energy 

for the case of no los • e I or radiation. " An energy definition is aho used by 

van der Burgt ( 1953) in his analysis of magnetostriction in fe1 rite •. He note• 

that "an important quantity is tl-..F, magnetomechanical coupling coeffi c ient k, 

the square of which i• defint-d as the ratio betwe en P-le ctromagnetic and elastic 

ene rgy when only an alternating low-fre qu ency stre•• is applied." From the 

constant• in the magneto1tr iction equations of state , van der Burgt al•o de­

fine • the coupling coefficient through the rquation• 

( Z- lZ) 

where EH is the Young'• modulus at constant field inten•ity nr " . ree •tiffne••• 

E
1 

is the modulus at constant magnetization or "clamped" •tiffnets, x5 is the 

susceptibility at constant • train or ''clamped" •u•ceptibility, and x T i• the 

1u1ceptibility at constant stress or "free" • u •cept ibility. 

The work of Woollett ( 1953) shows that the magneto• triction coupling 

coefficient can also be determined by the same re•onance-antire • onance method 

commonly used with piezoeleclri c crystal •. The k measured by thi • method i • 

shown to be the same k measured by the impedance-circle and admittance-circle 



eth • •nu n abo e when t e d• •• pa u n u ne 1b e Wo ell a ao 

defined an e fle U ve oup h na 0cll1 1ent 1n te rm • o! the rwo - term111Al e q,u • ­

lent circ uit •hown m F ia . Z- 3, whi c h repre•enta a m a1netoatr1 c t1on tran•duc er 

with no internal diaaip~Uon and in the frequency r c1ion of a reaonance. The 

coupling coefficient i• here defined•• ke!fz = Lz/(½, + Lz). 

L 
z 

C 
z 

R 
z 

Fig. Z-3. Two-terminal equivalent circuit 
of a rnagueto•triction tranaducer. f 

Pigott and Kendig ( 1954) alao relate the magnetoatriction k to the fre­

quencie• w1 of maximum impedance and w
0 

of maximum admittance, which are 

aho re•pectively the reaonant frequencie• of the mechanical •y•tem with and 

without magnetoatriction. The relation ii ahown to be kzxR ·:: 1 - (~/w
0
)z. 

where ~ i• the real pa. t of the complex eddy-current factor. A• in Woollett' • 

report, the meaaurement of the•e frequenc;e• i• 1hown to be a rapid method 

of deterrnining k. 

The Definition• Criticized 

The preceding review of the hi•tory h intende~ to aummarize 

rather than to criticize the important contribution• to the definition of a 

coefficient of coupling. The r· _ _ t of thi• review waa to find the general 

definition, the explanation of the phy • ical • ignificance of the coefficient •ought 

by Howe in l93Z. In thi • fifty-year hiatory, however, many definition• h&ve 

been found for many coupled •y stem•• and the profu • ion haa tendea more to 

confuae than to clarify the concept of the coeffic-ient a1 a meaaure of a phyai­

cal characteri • tic common to all coupled • y• tema. There i • little queation 

that almo• t all of the particular definition• are both con• i • tent and correct. 

But there remain• a need for a general definition from which all auch defini­

tion• for particular coupled 1y • temll can be derived. 



t-.r r nt t r b · t 10 t t r df"f1n111on o! n " han1 

o 10llng oetfic1rnt •pproa h th g~nrralat dr•1rrd Jn p•ru u ar . Ma•on'• 

definition in term• of thf' r•t10 o f th •to red e-n rgy 1n the 1er ondar to the 

total input e nergy ha• initial app al in that it invol ve • thP ba•ic c oncept of 

energy in the 1y atem and obviously limit• the maximum kl to unity when 

all of the energy is in th . s c ondary . It is found, howev r , that 1ome of 

theae concepts which are clear whPn attention is focuaed on a limited region 

of application tend to lose definition when the focus is broadened. One of 

the difficulties here is in defining "primary'' and ''secondary" in the coupled 

systems, and this is evident in the fact that where Mason uses the ratio of 

mechanical to total energy for the crystal transducer others define k
2 

as the 

ratio of mechanical to electrical energy. Other difficulties with such ap-

parently succinct definitions are to be found in the explanatory text that ia 

omitted from the definition. To ~e SC'J~ht in the omissions are the re.isons 

why the secondary terminals arE to be shorted before determining the energy, 

why the energy ia to be determined for an applied DC current, why only ele­

ment• of the same type as that used for coupling are to be considered. 

The definitions of Vigoureux and Bechmann in terms of energy have 

the aame promise of generality. But again certain simplifying operations 

on the 1ystem are a11umed b fore the definition is applicable, and the physi­

cal significance is not apparent. In the • e definitions , as in the definitions 

in terms of inductance or capa ci tanc e ratios, e.g . , k
2 

-· (M/L
1
)(M/L

2
), the 

phy • ical significance of thP. product of the two ratios is tantalizingly elu• ive, 

the definition being ju 1tified on y by the appearance of this produ t "'1 the ex­

p re a • ions for the coupled re • onanc frequencies or for the input impedance 

with coupling. 

This 1earch for phy ! ical significance in the energy definitions P.n­

counters new ob • ta:les in systems , such as magneto• triction tr,nsdu-:crs, 

where the coupling is antisymm ,trical or anti reciprocal. The energy de­

finitions of k
2 

in this as are apparently the same as thosP. used for such 

symmetrical systems as the crystal tr,nsducers, but close examination oi 

the equations to which they arP. applied reveals that these equation• are 

symmetrical ir, mixed intenai v~ and extensive independent variables instead 

of in the usual homogene ous variablP-s. TMs difference is, perhaps, more 
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hrn app , d to th aan toetri uo•, t r~n•du , , the ormer th 

ar1abl • ar~ or. •• u,n l th tam111-. r one• of fo r e, olt&ie , elo Uy, and 

,· urrent . But for any of U• a'?tir r. 1proc&l t ranaducer• the energy de!1n1t1on• 

re 1ult in the relation oi the potential energy in one of the coupled •Y • tern• to 

the kinetic f!ne rgy in the other . In the literature there i • common uae of 

"inver•e" analogie • for antireciprocal • y • tem •- -with • ome doubt about which 

analogie • are inver • e--but little explicit recognition and no explan•lion of the 

nece11ity for changing the type• of variable or the types of energy in defining 

coefficients for antireciprocal coupling . 

Further need for clarification !>f the concept i • evident in th~ literature 

in the di • agreement• in regard to the definition of the coefficient for reautive 

coupling and in the doubts about the applicability of the coefficient to all form• 

of coupled ay stems. Howe and Tellegen agree in defining k a1 the ratio of the 

coupling resistance to the square root of primary and secondary reactances; 

while Schmerwitz and other• u • e the •quare root oi the primary and secondary 

resi stances. Howe also que • tiona whether the coupling cuefficient ha• much 

significance if the coupled syatem• arP- not twted or re • onant; Hecht queetion• 

whether the definition i • the 1ame for electrical a• for electromechanical 

•ystems. 

The answer to all the•e question• i1 to be found in a general efinition 

of the coupling coefficient, applicable to the interaction between any two •ys ems, 

however constituted and however coupled, and indicative of the phy • ical 1igni­

ficance of th" coupling. 

Jll 

A DEFINITION OF COUPLING COEFFICIENTS 

The Coupled Systems 

The coupled • ystems here considered are those treated by Rayleigh 

( 1877, I, ~ 82). Their motion takes place in the immedi .. te neighborhood 

of a configuration of thoroughly stable equilibrium, and hence their kinetic 

and potential energie • and the dia• ipation function can be expre •• ed as the 

e •• entially po• itive homogeneous quadratic functions 
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From !he • e the equation• of motion of th e coupled •y•tem• can be obtained 

through Lagrange'• equation 

~ ~ _ d T +­
d t 'd q· dq 

d F + d V -.a--4- .,.a--q- = E, 

with a rt: suiting system of equations of the form 

El = 2 II + 2 12 11 Iz + 2 13 13 + .......... 

Ez = 2 zl I 1 + 2
22 12 + 2

23 I':l + .......... 

E3 :: 2 31 11 + 2 32 12 t 2
33 13 • .......... 

In u• ing the familiar impedance notation in these equations it ha• 

~ 3- Z) 

( 3- 3) 

been a •• wned that the variation of the coordinatP. q with time is of the form 

q = Iejwt The generality is not limited by this aaawnption, since the re­

sult • can be extended to other excitation functions by the u • e of Fourier'• 

theorem. The notatior, uaed in all the equation• i • eli.drical becau• e the 

• y • tern• of intere at are predominantly electrical or electromechanical anri 

all the • yatem• have electrical equivalent circuits, but it ia to be understood 

that mechanical •yatem• can be represented by the •ame equation• when 

voltage ia replaced by forc.e, current by velocity, inductance by mass, capaci­

tance by compliance, and electrical re aistance by mechanical re • i stance. 

The coefficient• L, C, R in the energy function• of Eqa. 3-1 may be 

con•tanta, aa in the uaual electrical or mechanical ayatema, or they may be: 

function• of the variables, a• in the electromechanical ayatems. The •y•tem• 

with constant coeffic ienta and many of those in which the coefficient• vary are 

reciprocal •yatem• in which L -= L , C = C , R = R , as ha• mn nm mn nm mn nm 
been a • a·wned in Eqa. 3-1. In the • e •y•tems the impecance matrix of 

Eq1. 3-3 i• 1ymmetrical about the diagonal, since Zmn = 2nm, and auch system• 



Ar tt- r • • •tr • · H nt . ) t r han . t 

m,. ha:u • an e . t- t ron . han1 a l - at • n L ( or t • 

qu1va l nt) ari • with tht- oord1nat,-a 1n au h f 1h1on t ••t r . • of t 

!1 r • t degree 1n the volocit1e • appear 1:1 the kin h c! ne rg y {1.1n Uon ( T ha e 

been • hown by Le Corbeiller ( 1929) to ha e impedance, with the anti1ym -

m e tric relation Z ~ - Z Theae • y • tem• with an anti • ymmetri a l rnn nm 
matrix are characterized a• anti reciprocal 1y stem 1, and thci r c oupling i a 

1aid to be gyroscopic. The fore : :. in such ayatem1 which are proportion­

al to velocities but not due to di • 1ipation are mentioned by Rayleigh ( 1877, 

I , 82), and Goldstein ( 1950, p. 19) 1howa that auch force• may be included in 

the .Lagrangian e quation• by the use of a generalized potential. These anti­

reciprocal ayatem• can still be represented by Eqa. 3-3 and will be included 

in the following general theory; the effects of the antireciprocity will be 

con1idered later. 

In the Eqa. 3- 3 there are a1 many equation• as there are independent 

coordinate• q or d~gree• of freedom of motion in the coupled systems . In 

each of the 1e equations there is a term of the form Z I repre aenting the 
nn n 

energ~ in the n'th system reaulting from the current I and also terms of the 
n 

form Z I repreaenting enfl!rgy in the n'th aystem reaulting from coupling nmm 
to the current I In general each system ~y be coupled to all the other 

m 
ayatems. The effect a of the coupling will be treated here, however, by c on-

aidering only two syatem• at a time, that is by considering all the current• 

except the choaen I and I to be zero. Since the ayatems are linear the 
m n 

effect• of multiple coupling can then be determined by auperpoaition of the 

reaulta obtained from the paired aystema. 

The equation• of motion, also called the equation• of state or canonical 

equation• of the system, for any two coupled •y • tema may be written as 

E l = Z 1111 + Z l z1 Z 
( 3 -4) 

A• the basic equations of a four-pole electrical network t.hese are fami liar 

in circuit theory and ha ,e been conaidered in detail by Feldtkeller ( 1937) . 

For the reciprocal or •ymmetrical • yatems, in which z 21 == z 12, they re­

pre aent an electrical network of the "T" form shown in Fig . 3- 1. Sine 
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Fig. 3- l. Equivalent T Network of coupled systems. 
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It is possible, and often convenient, to express Eqs. 3-4 in three 

other possible forms obtained by using other of the four variables than I 
1 

I l. as the inccpendent variables. These other forms of the equations are: 

I 1 = y 11 El + yl2 El 
( 3- 5) 

12 = y 21 El + y zz El. 

I 1 = h 11 12 + hl2 El 

( 3-6) 
E2 = hZl 12 + h22 El 

lz = h I 1 1 J. 1 t h' 12 El. 

El = h' Z 1 I 1 + h' ZZ Ez 
( 3- 7) 

The other two pos1ible forms relat ing E 
1 

at'c\ I 
1 

to E
2 

and 1
2 

and vice 

ver aa, are the so-called chain or transfe :.· equation a, useful in cascading • 

networks but of little interest in coupling considerations. The Eq. 3-4 

is often characterized as using impedance parameters, Eq . 3-5 as using 

admittance parameter•, and Eqa. 3-6 and 3 - 7 aa u,.iug series-parallel or 

hybrid parameters. The coefficient s 1n these equations are, of co1.1rse, 

related, and these relations are tabulated by Feldtkeller (1937, p . 90). 

It is useful, also , to characterize these equations as thermodynamically 



h ix d n t h t rrn no I 8 hm a nn ( J ) : 0 th f r 

ar1ab.~ • 1n the • eq a u one the oh•~ • o r ge ne ra u,-d fu r • E 1 and 

El ' are the int en a i ve or ma•• - 1nde p ndent variabl e • . the ur rent• or gene r.a l -

ized d i splaceme nt• I 1 and 1
2 

are the extenaive c, r mass-dependent variable 1 . 

Since the independent variable , are extenaive and the d e pendent intenaive in 

Eqs. 3-4 and vice versa in Eqa . 3- 5, Lheae •eta .are c.alled homogeneous . 

In Eqa. 3-6 and 3-7the independent and dependent variables are bothmixture• 

of intenaive and extensive parameter•. and these equations are called mixed. 

Coupling as Feedback 

In considering the interaction of two systems represented by Eqs. 3-4' 

and the circuit of Fig. 3-1 it i • cu• tomary to regard the coupling aa re • ulting 

from the impedance Z 
12 

common to both sy • tema. In the equation• the cou­

pling term z
21

11 is then a mea• ure of the effect of • ystem 1 on system Z, 

and the term Z l l I 2 is a mea •ure of the simultaneous reaction of 2. on 1. If 

a driving voltage i • applied to only one syatem, say • ystem 1, this a.:tion ind 

reaction can also be expre a • ed by con• idering Z Z ! I 1 .as a measure of the 

voltage or energy fed forward from 1 to Zand Z 
12 

1
2 

as a measure of that fed 

back from 2. to 1. Thia augge •U that the coupled system• may be viewed a• 

a unilateral forward transmission system with feedback of aome of the output 

energy to the input . 

To pur • ue further thi • relation between coupling and feedback con s ider 

a • imple amplifier with feedback, such as tha ~ shown in Fig. 3 - 2 . 

+ lifier 

Gain 

A 

--------=+• ·-0 + 
Feedback Network 

Fig . 3- Z. Diagram of simple feedback amplifier. 
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JI, A8 I d, th bA k n"" t"" rk • nt , na re , nput 

ped•n e, zero output ,m ped•n e, And A vol t• e rAt10 of outpu t to input 

voltAge•, thf" quat1on• for th1 amplifier with ( dbac k and with th e out­

put termi~l • open a• shown in Fig. 3-2 can be written a• 

( 3-8) 
0 = - µ.R I + V = -A e t V

2 
• 

g l 2 g 

The measure of the feedback is usually taken as the raho of the feedback 

voltage e f ~"' the grid voltage e g, and this ratio ecf e g = A'3 is called the 

feedback factor (Terman, 1947, p. 311). The Eqs. 3-8 have a form 

similar to that of the equations of motion of coupled systems. Consequently, 

a set of such ~quations a• Eqs. 3-4 can be represented by a feedback 

diagram, as shown in Fig. 3-3. This is similar to Fig. 3-2 in that the 

effects of one syatem upon the other appear as voltag£ ::. gPnerated ir, the 

system•. The difference is that in the coupled systems these voltages 

are proportional to currents in the two systems rather than to other 

voltages, i. e., there i• current rather than voltage feedback. This 

view of coupling in terms of voltage• fed forward and backward is used 

by Terman ( 1947, p. 53) in his analysis of ; nductively-coupled c,rcui,s, 

but the volta;~• ~re there expressed in terms of impedances and 

currer.ta in computing the effects of the coupling. 

Feed forwar d 

Feedbac 

Fig. 3- 3. Feedback diagram of (.\)upled circuits. 
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.. 
To land or th oupled ar ull• a me a1 re of the teedba k •1 alar 

to the !eedb~ k !actor At, above , ,m11der a volta1e e 11 at the eq1u valent o! 

the ~rad terminal• o! •Y • tern 1 produced by a generator E 1 at the input ter -

minal • and a load ZL (aero•• the output terminah of 1y • tem Z). a • •hown in 

Fig. 3-3. Current 12 then flow • in •yatem 2, and there appear• in • yatem 1 

a feedback voltage e 
12

, which i • related to e 11 by 

( 3-9) 

Hence, the equivalent of the foedback factor A~ = e / e g i • 

= ( (3-10) 

and thi • may be regarded as the feedback factor of the coupled circuit•. 

Such analyaia of feedback in term • of a forward or A circuit and a 

backward or~ circuit i• useful only in particularly simple •y • tem • where 

the A and ~ circuit• are di atingui • hable and independent entitie 1. For a 

more general definition of feedback it i • nece • aary to employ the mathematical 

definition used by Bode ( 1945, chap. iv). Feedback i • there defined in the 

more general term• of a return di!fercn:::c !, correaponding to ( l - A~), and 

a return ratio T, corresponding to the feedback factor ~- The return 

difference for any element ~ in a complete circuit i • defined a• the ratio of 

the value• a •• umed by the circuit determinant when the apecified element 

ha • it • normal value and when the specified element vani •hea, or 

F = 
-w Ao 

A (3-11) 

To apply thi• definition .: o the equation of the coupled sy1tem •, the 

general Eqa. 3-4 will be re-written to correspond to the feedback diagram 

of Fig. 3-3, in which there is an applied e.m . f. from the generator E 1 at 

one pair of terminals but a load ZL and no e.m.f. at the other terminals~ 

the ae equations are 

( 3- 1 Z) 
0 
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b o p uted b u ean, £q - 1 ln apply 1na tha • de!anauon to a o plan 

lement, t-"'we r , a di.tan taon mue t 1r•t be made between balateral and 

unilateral elemenu . Bode define • a bilateral element a• one which 1• a 

c onetituent only of a •elf- impedance Z and a unilateral element aa one nn 
which ia a constituent only of a mutual impedance Z . Thi• distinction 

mn 
is readily made for coupling elements such aa the unilateral vacuum-tube 

con aide red by Bode. But in the usual coupled circuits composed of passive 

element• the coupling element in general appears in all the impedances, Z 
11

, 

z
12

, z
21

, and z
22

; an exception to this is a mutual inductance Mas the 

coupling element. Many circuit elements which produce coupling are, 

therefore, neither unilateral rxr bilateral as Bode defines the terms. 

The problem that arises in finding the return difference with refer­

ence to a coupling element which is a component of both self and mutu.l im­

pedances is that of defining the determinant 1:,.
0 

when the coupling element 

vanishes. A solution to this problem is to distinguish the simultaneous 

functions of such an element in providing the forward coupling, the feedback, 

and al • o energy storage or dissip, iun in the coupled systems. Aa a com­

ponent of z 1l and z 21 the element may be re~arded as unilateral , and as a 

cc mponent of 2 
11 

and 2 
22 

the same element may be regarded as bilateral. 

With thi• cii • tinction, the return difference with reference to the forward 

coupling function of the element, through its appearance in 2
21

, may be com­

puted from Eq. 3- l: by considering f to be the determinant with this element 

zero in 2
21 

but not in 2
11 

or 2
22

. This is the logical eqt,·valent of opening 

the feed-forward link in Fig . 3-3 between 2 21 and e 21 without thereby alter­

ing the impedances of either system. The return difference with reference 

to the ur ·.13te ral coupling impedance Z Z l thu • becomes 

F = 
-Zzl 0 

A 

= 

= 1-T= 1- z l l(Zzz+ZL) 
(3-13) 

Comparison of this with Eq. 3- 10 shows that the return ratio T with ref-

erence to the coupling impedance is the same as th~ f~ edback factor for the 
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Couphna in t rm • o { edba k an a • bt- r pre• nted n a or 

general way v11ually a1 we 11 a• mathem&tl all)· by u11ng the nt-w 11gna l -

flow diagram• of S. J. Maaon ( 1953) 1n1tead of block d1a1ram1 . Thi a 

method 1 1 very uaeful in giving graphic eignificance to Bode'• general 

feedback theory, and it i• well described by Tru.xal ( 1955, chap. ii) . The 

fact that feedback can appear in the flow d iagram of a simple ladder net­

work is mentioned by Truxal ( 19 55, p. 100). and his network is similar to 

that shown in Fig. 3-1 for t!1e coupled systems. When the method of signal-

flow analysis is applied to the coupled systems of Eqs. 3-12, a flow diagram 

ca'l be drawn in the form shown in Fig. 3-4. 

Fig. 3-4. Signal - flow diagrams of coupled systems showing 
feedback loop. 

The feedback is here made evident in the flow diagram by the closed loop 

connecting I 1 and I Z' a re1ult of the dependence of I Z upon I 1, which in turn 

depend• upon I Z. 

Flow diagram• can alao be u1ed to define the return difference for 

any parameter in the circuit. To do thi1 the diagram must be drawn so 

that the parameter appear• in only one branch and as the tran1mittance of 

that brand•. For the determination of the return difference with reference 

to z
21

, therefore, the diagram of Fig. 3-4 is not 1uitable; it may be re­

drawn, however, with z
21 

,s the tran1mittance of one branch, a• 1hown in 

Fig. 3-5. 
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El - 1- 11 z21 e21 -l 12 
zll z22t ZL 

Fig. 3- 5. Flow diagram for the definition of the return 
difference with reference to z 21 . 

The return difference is then deiined by breaking the branch containing z
21 

at the points ~ and!' near its beginning. From!' a unit signal is then 

tran1mitted, and the signal retarning to! is determined: all other inputs 

are assumed zero . The return difference is defined as the difference be­

tween the unit transmitted signal and the returned signal. In the diagram of 

Fig. 3 - 5 the returnee signal is obviously the product of the t ransmissions, 

[ Z 21 ] [ z 12 IZ 11 (Z
22 

t ZL)], and the return difference with reference to 

Z 21 is 

(3-1-ij 

in agreement with Eq. 3-13 from Bode's definition. 

It has been shown that the coupled systems can be viewed a • a system 

with forward tran • mission from input to output and with feedback from output 

to input. The return difference with respect to the coupling element i11 a 

quantitative rneasure of this feedback. In expressing the characteri• tic • of 

coupled sy • tem •, all of the effects of feedback on impedance, sensitivity, and 

stability analyzed by Bode and others can then be related to this return dif­

ference. Although the coupled systems have here been conadered only in 

the form of the impedance Eqs. 3-4 becaus~ that form is the most familiar 

and leads also to the usual presentation of feedback in terms of voltages, it 

is equally possible to start with the other forms of Eqs . 3-5, 3-6, and 3-7 

and to express the feedback in admittance or hybrid parameter .a with com­

parable results. 
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T r turn d1Heren withrefe renceto z
21

, a1 enby £q . 3 - 14 , 

ha• bee n • hown to be a m e a • ure of t h f edba k in the oup led • y at m • 

r e pr e sented by Eqs 3-4 and by Figs . 3-3 and .J- 4 . It wi ll , however be 

more convenient now to ~Or!!Ud e r the return ratio , T = l - F , rathe r than 

the return difference F, and for these systems i t is 

Tz 
21 

= ( 3 - l 5) 

In general this_! is a function of the circuit elements comprising the im ­

pedances z
11

, z
12

, z
21

, z
22 

within the two terminal pairs of the system and 

of the frequency wand the load impedance ZL, which may be considered a=­

variables external to the system. With the circuit elements regarded as 

fixed in value, the effects of the variables wand ZL upon the feedback meas-

ured by T Z will be investigated . 
21 

To facilitate this investigation only the particular, but usual, case 

of reciprocal or symmetrical systems, in which Z 
12 

= Z 
21

, will be con­

sidered at first; the effecu of the antireciprocal relation z 12 = -z 21 will 

be deferred. The systems can then be repre aented by the equivalent T 

net work shown in Fig. 3-6, in which the impedance• have been e.xpre •• ed 

a • a aerie• combination of R, L , and C. For this configuration of elements 

the return ratio can be expre11ed as an explicit function of wand the elements 

R. L, C by the equation 

(Rlz t jwLlZ-jwCllZ )Z 

T = --==-- - ·- -------------------
(R 11 +jwL 11 -j de 11 )(R zz+jwLzz-jwC122 + RL +JwLL -jw~'i:°) 

( 3- 16) 
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Fig. 3-6. Equivalent network of coupled systems with impedances ex­
pressed as series R, L, and C. 

In general this complex T can be varied 1n both magnitud~ and 

phase by changes in w and ZL. Of particular interest, howt~ver, are the 

value• of wand ZL which result in a feedback voltage e 12 whi ch is in 

phase with the input e 11 and maximum in amplitude. For this maxi mum 

positive feedback the real part of T will be positi ve and maximum and 

the imaginary part zero . The values of wand Z required for this can 

be found from Eq. 3-16 at the expense of considerable complex algebra. 

But they ca n be determined almost by inspection from the feedback 

diagram of Fig. 3-3. In thi s and i n Eq. 3-10 the impedances appear as 

volta~e divider • relating e 21 to e 11 and e 12 to e 21 • These voltages wi 11 

be in phase only when the dividers consist of element• of the same type. 

When the impedance• are series combination• of R, L, C thi• will be 

true as w approaches infinity (the inductive reactanr.es predominate), 

a • w approaches zero (the capacitive reactances predominate), and as w 

approaches a resonance (the reactances vanish). The maximum feed­

back voltage, e 21 = z 21 /(Z 22 +· ZL)' will be obtained at all these fre­

quencies only if ZL is zero. 

At the frequency limits of zero and infinity, the values of T which 

are real, positive, and maximum are found from Eq. 3-16 or from the 

voltaie divider • to be 



T 
( ., - 7) 

lim T = 
w-oo- ( 3 - 18) 
Z_c-0 

At a resonance frequehcy which makes all the react.ances zero, i.e . , 
2 2 l/w

0 
::: L

12
c

12 
= L

11
c 11 = L

22
c

22
, the phase angle of both 2

12 
and 

2
11

2
22 

is zero; in.this case the coupling results frorr. R
12 

alone, and the 

real, positive, maximum value of T is 

lim 
w-w 

0 

2LO 

2 
R 12 

T = ~------
- R l 1R22 

(3-19) 

It is also possible tor T to be real and positive at the frequencies which make 

the phase of z12 
2 

equ~to that of Z 11 2 ZZ in Eq. 3- 16 or the phase shifts in 

the divider• equal but opposite in • ign. An example of thi • wi°ll be considered 
• • 

in the exam ination of re • i •tive coupling in Chapter IV . 

The maxima of po • itive feedback with re • pect to. freqlency and !oac\ . . . . 
measured by the maximum po• itive real value • of 'l' in Eq• . 3-17, 3-18, 3-19 . . -
may be regarded as a mea •ure of the pos • ible inherent coupling of the •yatems, 

that is, of the synchronous interaction of the •y•tems determined sole-ly by the • • 

elements regarded aa internal constants of the coupled aysterna . For the 

aerie• coQf°guration of element• 1n Fig. 3-5 there are three value• of thi• re-
. I 

turn ratio, corre •pondirig to ,apacitive, inductive, and reai • tive coupling 

elements. In many co-...:.:>led ayatem1 of practical inte"re • t only one auch coupling 

element ia present, and only one • uch ratio i1 needed to mea1ure the coupling. 

Poaaible configurations of elements more complicated than the aeries R, L, 
' C will not be examined here, but in such caaes it should be possible to deter-.. . . 

mine vaJues of th~ maximUl'TI: positive feedback by the same method . 

It has· be-en .shown that the coupling of two sy atem a may be defined as 

the tranami ssien of energy forward from a driving ay stem to a driven system 

and i simultaneous return or feedback of e nergy from the driven to the driver . 



r r r ra ran• •• r 

, .. r p t r r 

ne eur ot th nt r tt n t • u •• Th • p n • 
g ne ral upon the internal on •tant • nd onf1g urauon of the •t m• and 

upon th • e xt e rnal ar1able • of lo.ad .and dr1 1ng frequency . The fr que n y 

and load an be varied to make the feedback positive and maximum~ henc e 

the return ratio real, positive, and maximum; and the ee value• of the re -

turn ratio can be used as a measure of the inherent coupling of the system a. 

Thia leads to the following definition of the coupling coefficients in terms of 

feedback : 

The values of the return ratio which are real, positive 

and maximum under any variation of frequency and 

load are defined as the squares of the coupling coeffi­

cients of the coupled systems and denoted by the usual k
2

. 

This may be summarized in the following manner: 

The equations of the coupled systems are. 

0 = z 12 I l 

The return ratio i a: 

T = T + j T. = -r -1 

'fhe coupling coefficients are: 

in general 

w such that T. 
k 2 = T for -l 

= 0 

-ZZl 

for capacitive coupling 

= lim T = 

w--o 
z r.-<> 

Z L such that T -r = max . 

( 3 - 12) 

( 3- 1 5) 

( 3-20) 

(3-17) 



r t an 

2 
L ,z 

kL T . ' 1m = 
t 11 Lzz 

(,o,1--00 

z-o L 

for re si sti ve coupling 

kR 
2 

lim T 
R 122 

(3-19) = C: 

Rl 1R22 
w-w 

0 

z-o L 

The Consequen~e s 

The identification of the !!quare of the coupling coefficient with a 

return ratio permits the use of all the accumulated information about feed­

back in the interpretation and application of the coefficient. It has already 

been shown that this feedback viewpoint gives phvsical significance to the 

concept of coupling and a quantitative measure in the form of the J'leturn 

ratio. The definition of the coupling coefficient aa the return ratio when 

frequency and load make the feedback positive real and maximum also give• 

physical aignificance to the coefficient and at the aame time juatifie • the 

appearance in the familiar definitions of the shorted secondary terminals 

and of only elements of the aame type as that of the coupling. The relation 

to the loop transmission through the forward coupling and the feedback ex­

plains, too, the appearance in the definition of the product of two ratios , such 

a1 k 2 = (L
12

/ L
11

)(L
12

/ 
22

). as the two voltage diviaions in the forward trans ­

mission and the feedbac k and juatifies the designation of the return ratio as 

the square of k rather than as k. 

As a return ratio the coupling coefficient should be related to all the 

familiar effects of feedback, such as changes in input impedance and gain 

and the production of oscillations or instability. These relations are most 

easily found in the many theorems on feedback in terms of the return differ­

ence in Bode ( 1945, chaps. v and vi) . Of these theorems the two relating 

to impedance and gain are moat important. 



t 

•• • I th rr 

an adm 1U n e fo rn , 1 th 

y 
= 

I 

n 

n ( 4 ). 11 

qu ti on 

F ' ( with t rmmala open) 
- n 

F (with terminals shorted) 
-n 

p nt • t th 

b r I ( ,p 

( 3- 21) 

The admittance Y is that seen looking into any pair of terminals of the sy stern 

with each source replaced by its internal impedance; (Y)n =O is the 

same admittance when a specified element~ of the system is m~ e zero . 

is the return difference with reference ton, and F' is the null return 
- -n 

F -n 

diffe re nee or the return tiiffe rence evaluated under the condition that the input 

is adjusted to give zero output. Since the current into the terminals is to be 

regarded as the output and the voltage between the terminals as the input, F ' 
-n 

i a the return difference with reference to n with the terminals open and F 
-n 

with the terminals shorted . 

In applying this theorem to find the input admittance of the coupled 

circuits a signal-flow diagram relating the input current to the input voltage 

is of value. This diagram is shown in Fig . 3-7 with the notation of Fig. 3 - 3 

and with the use of the obvious but not trivial relations, E . = E 
1 

and I. = t 
1

. 
1n 1n 

Tne return difference with reference to the coupling impedance Z 
21 

as the ele-

ment n can be obtained from this diagram by the method used in 

in 

ell 

-ZlZ/Z l l(Zzz+ ZL) 

I. 
1n 

Fig. 3- 7. Signal-flow diagram for determination of input 
impedance. 

connection with the flow diagram of Fig . 3-4. For a unit signal at a' the 

returned signal at~ with no input Ein is z 21 z 12tz 11(Z 22 + ZL) and the 

) 



r r r n d1Ue r ence , • th • F = To dererm1ne 

F ,Jhe unit 11gnal 11 1nJe t d t a' together with an input E auc h that the 
- ln 

re1ulting output flow at lin 11 zero; the required input i• -Z 12z ~1/(Z 22 +ZL) 

time• the unit signal at!.' . The reaulting return at! from the two input 

signals i • zero, and the null return differc·nce ia F = l. Thus Eq. 3-l l 

becomes the admittance ratio 

y l 

(Y)z = 0 
ll 

= ( 3- 22) 

or , since (Y)z = 0 = l/Z 11 , the input impedance with coupling is related to 

h . h 21 1· b t at wit out coup 1ng y 

ll ]
= zll(l-Tz ). 

ll 

(3-23) 

The definition of the coupling coefficient in terms of T2 then makes 
21 

it possible to use Eq. 3- 23 to re late thi • coefficient to impedance• at the input 

terminals. The coefficient is defined with the l ociu impedance zero and with 

the frequency or circuit constituents such that only element• of the •~me type 

appear in the impedances. Under these conditions the input impedance with 

coupling Z ~ and that without coupling Z . 
0 

can be related to k 
2 

through 1n 1n 
Eqs. 3-23 and 3-20 by the equation 

Z ~ = Z ~ ( I - k 2). 
1n 1n ( 3- 24) 

Since the definition of k 2 
requires that the load impedance be aero, the in­

put impedance with coupling ia that with the output terminal• aborted. The 

input impedance without coupling, Z 
11

, ia by definition that with 1
2 

= 0, and 

hence it is the input impedance with the output terminals open. The coupling 

coefficient can then be expressed in terms of these open- and short-circuit 

impedances as 

Z . ( open) - Z. ( short) 
1n 1n 

Z. (open) 
1n 

(3-25) 

in which the impedances are either all resistances or all reactances of the 

same sign. 
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In this T is t h<' t ransmi s s 1on fr om a n y point in thP- system to the grid of 
g 

a s p ifir, t ube; T 1 s th e sarn tr n 
g 

; si on with h tube d e ad or µ or 

q ua to z ro : 
0 

and Fg m i ~ the r ~turn di ference with I'P. fer e n 

pp lying tbs tt: e o r rn to the couple d circuits th g of th . t b f'. 
m 

l 

to the 

pre -

v1 ou s a rbi t ra y , but us fu distinc tion of Z 
21 

as the c C\upling impedance and 

Z 
12 

3S the f edba k impe dan ct.. wiH be made; and a comparison of Eqs. 3-12 

of th e oup1 d syste ms to Eq s . 3- 8 of a fee dback ampli fi r then r e veals 

that Z 
21 

o ccupi s a po s itt0n qu1 va _ent to that of the µ or~ of the tube . The 

qu1valc nt ct th.- grid vol tage iA again th e vo tag e 
11 

of Fig. 3 -J. 

Th r l.ation of the vo tag e 

fo un d through th e th or m xp 
11 

to the coupling co fficient can the n be 

d by Eq . _ -.-~o and the d finition of the 

o . ffiri nt a~ F 
2 21 

t o b . r . !le d to t 

• 

l - k 2 

I. t 

T quiv nt g id voltag 
11 

is thus found 

- 27) 

in e e 
1 1 

E 
1 

W~f- n Z 
2 1 

~ 0 . • 
Th rr· lat 1 on 

back fa tor and th 

f gain to ft: e dback is ommo!'.ly mad through the fecd­

qu a t 1on A f : A
0

/ 1 - A
0

f3). whf.rP Af s the gain with 
1. 

Th use of ( l - k ) as the f e dba c k ar,d A is th ga in without f e dbac k. 
0 

e qu1 valent of ( l - AJ}) for coupled sy st ms sugg s ts that a sin i ar relation 

an b . found for th gain in su h sy st P.m s. Sin e the 0\1tput ur.der the short­

u c u1t c ondition for whu:h k 2 s define d is the c urrent 1
2

, t h gain needs to 

b e defined as the transfer admittanc e T - I 
2 

/ E 
1 

The gain w ithout feedback 

isthatwithZ
12 

= 0 andisfoundfromEq . 3-12withZL Oto be 

T
0

--: -z
21

;z
11

z
22

. With feedba.ck t he gain is Tf --: ' Z
12 

- z
11

z2z1z 21 )-l, 

and the ratio of the se gains or transm i ss ions is 

Tf 1 -t;· · • ---z--1-2-z,.--2_1_7_z_1_1_z_2_2_ (] -28) 



Un de r the ondu 1on for wh1 h kl. 1 e defined, thi • an be written 

(3-Z9) 

This relation appears to be a consequence of the theorem of 

Eq. 3 - Z6, but the subtle distinction between bilateral and unilateral 

elements and between z
12 

and z
21 

must be considered here. The 

theorem involves a return difference with reference to a unilateral 

element such as the g of a tube and is generally applicable to the gain m 
of only parts of the circuit, e.g., the transmission from any point to the 

grid. • .• the relation of gain tu feedback above , the t ranster admittance 

was found to depend similarly upon a return d i fference, but in this case the 

reference was the feedback impedance Z lZ' which was set equal to zt.:ro, 

rather than the coupling Z 
21

. The distinction is difficult, since in the 

coupled circuits the two are identical and the return ratio is the same for 

either. In the gain Eq. 3-28 the reference element Z lZ has, in effect, been 

considered bilateral, and a third theorem of Bode (1945, p. 78l, equhalent 

to Eq. 3-Z6 but for bilateral elements, is then applicable. 

Another application of feedback theory to the interpretation of the 

coupling coefficient can be found in the relation of feedback to stability . The 

condition for the stability of feedback system• stated by Nyqui • t require• 

that the plot of the omplex feedback factor ~ shall not enclose the point 

( l + jO). In le•• general terms this requirement can be derived from a 

gain equation such as Eq. 3- 28, from a relation of feedback to input voltage• 

such as Eq. 3- 10, or from input impedance relation• such a • Eq. 3-23. In 

• uch equation• it ia evident that a return ratio or feedback factor which ex­

ceed• + l implies a gain of infinity, a po• itive feedback voltage which exceed• 
the input, or a negative input impedance--all of which mean• the ay • tem ia 

potentially unstable. A • a return ratio, k 2 may be conaidered to be the ratio 

of the maximum energy returned to the source to the energy entering the 

•y stem, ao ;hat when k 2 = + 1 the •y stem can • upply it• own input and o•cillate. 

Thus, ir. • yatema which can be unstable, the coupling coefficient is given 

physical significance as a mea• ure of the proximity of the coupled • y • tern• to 

the point of instability. 
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In pa••• • at m a to wh1 h th o phn nt • • 

applied th r 1 • no poaa1b1ht of u . 1na t bll1t , . • n e ~h r no 1n -

ternal aource • of energy. The oupling o Hi 1 nt of 

cance, however, as the lim i t of phyaical realizabilit y . 

till ha • •1gn1f1 -

A• u ahown by Bod 

(1945, chap. vii) and Hunt (1954, p. 94), the impedances in the Eqa. 3-4 of 

the coupled systems represent a physically realizable system if, and only if, 

the self-impedances are positive quantities and the three ratios of circuit 

elements defined as the coupling coefficients in Eqs. 3- 17, 3- 18, 3- 19 are leas 

than or equal to + 1. This is also the condition for positive definiteness of the 

energy function mentioned by Guillernin (1953, p. 380). The definition of the 

coefii cient as a return ratio makes this limit evident in that energy conservation 

requires that the maximum positive feedback voltage e lZ cannot exceed the input 

e 
11

; henc e in passive systems, withe IZ maximum and in phaae with e 11 , 

z 
= k ~ I. (3-30) 

The aame phyaical limit may be found in the relation of e 11 to E 1 in Eq. 3-27, 

of Z~ to Z~ in Eq. 3-Z4, and of the transfer admittances Tf to T in Eq. 3-29. 
1n 1n o 

The coupling coefficient is thus given pl,ysical aignificance in pa1aive aystems 

as a measure of the approach of the system to the limit of physical realiza­

bility. 

Other physical significances for the coupling coefficient may also be 

found from its definition as a positive real ratio of the voltage• e lZ toe 11 at 

the input of the coupled systems when the output is ahorted. If, in the feed­

back diagram of Fig. 3-3, an input current I 
1 

is applied to the terminal • of 

syatem 1 and the terminals of system Z are shorted, then a positive real ratio 

of e 
12 

toe 11 means a power e 
11

1
1 

entering the system and a power e 1211 
being returned to the source. This suggests that the coupling coefficient, as 

the r atio of the ae powers, may be regarded as a ratio of reflected to incident 

energy at the input terminals when the output is terminated with a perfect re­

flector. A coupling coefficient of unity thus means perfect reflection at the:: 

input terminals; a coupling coefficient less than unity implies that some of 

the energy entering the coupled systems hao been scattered during its trans­

mission from the input to the perfect reflector at the output and then back 

again to the input terminals. 



To fu rt he r the an eaugauon ot the r uon ot au h r efle uon &nd 

acatter 1ng to the c oupling c oe ff1c1ent, the recent de ~lopmenu in :he uae of 

the •c~tterin" matrix a• a powerful analyt ical tool in network t heor y may be 

utilized. The •ummary by Carlin ( 1956) of the characteri • tic • of thi • matrix 

and it • application• i• a good reference for the theory needed in thi• inveetiga­

tion. In the acattering treatment of network • the variable• at the network 

terminal • are termed the reflected and incident voltage •, v and v., and are r 1 

defined as the linear combinations of the ordinary voltage• and currents, 

V and 1, a .he terminals given by 

V = · tr (v. + v ) "V .. o 1 r (3-3la) 

I = (I/Ir )(v. - v) . -V .. o 1 r (3-3lb) 

In these equations r is an arbitrary normalizing number, the value of which 
0 

is usually determined by convenience in the particular problem being con-

sidered. If a normalized voltage and current are defined as v = V / ~ 

and i = I -Jr;, , then the incident and reflected voltage• a1·e related to the•e 

by 
1 V = ! (v + i ) i 
1 

- i ) . V = z (v (3- 3 Z) r 

It should be noted that v . and v do not have the dimensions of true voltage 1 , 
1 r 

but are so defined that 1/Z vivi•' where vi• i s the con1plex conjugate of~: • 

i • the average incident power and ~ v v • i • the average reflected power. , r r 

The reflection factor or •cattering coefficient at a terminal pair 

or port in the system is defined as 

• = 
V 

r 
v . 

l 

= V - i 
V t l 

= z - 1 
z + I ' (3-33) 

where z is ~he normalized input impedance at the terminals and is related 

to the input impedance Z and to s by 

V V 
z = ~= rr = 

0 

z 
r 

0 

1 + 8 
= --r--:--. (3-3,4:) 

For networks with multiple terminal pairs or ports, the incident and 



r t e t • Are r r • 
) 

wh re [ SJ 1• th matrix of the • au ring par m I r 1 . 

in term• of the matrix [ Z) of the normalt z d 1mpe dan 

I t an b pre••ed 

z of the network b 

( S) = f Z - I] f Z + l] -l, ( 3- 36) 

where I is the unit matrix and the exponent -1 indicates the matrix inverse. 

With these definitions and relations of the scattering variables in 

hand, the conditions at the input terminals ot F1g. ·3-3 can now be expresseJ 

in terms of incident cind reflected voltages. From Eq. 3-34 the input im­

pedance is relat~d to the scattering coefficient at the input terminals , s . , by 
1n 

Z . - r 1n o 

l + s. 1n 
I - s . 1n 

( 3- 3 7) 

2 
This input impedance is also expressed in Eq. 3-Z·t as ( 1 - k ) times the 

input impedance without coupling, Zin° = Z 11 , whl!n the output terminals 

a re shorted. It is convenient, therefore, to define the normalizing !actor 

r 
O

as Z 
11

, the input impedance without coupling or with the output terminals 

open. With r 
O 

= Z 11 and with the output terminals shorted, the input im­

pedance from Eqs. 3-24 and 3-37 is 

so that 

Z. I 
1n = z 11 

1 + 8. I 
1n 

1 - 8 . I 
1n 

k
2 = Zs . '/(1-s. '). 

1n 1n 

( 3- 38) 

(3-39) 

The prime notation on Z. and s. here indicates that these quantities refer 1n 1n 
to input conditions with the output terminal• shorted. 

The input scattering r:oefficient s . can be determined from the 1n 
scattering matrix of the network by using the results of Carlin (1956,p. 92) 

for the ratio of reflected to incident voltages at the input of a 2-port termina­

ted in a load of reflection factor s 2: 

( 3-40) 
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(3-41) 

and this can be subatituted into Eq. 3-39 to express k
2 

in terms of the 

scattering pararnetere as 

t I - s 1 1) ( I + 8 2 2> + s J 2 8 21 
( 3 -42) 

The significam;e oi the relation of the coupling coefficient to the 

scattering coefficient i1, however, more evident in Eq. 3-39 than in Eq. 3-42 . 

As a result of the choice of Z 
11 

as the normalizing impedance, when the mput 

is driven by a source of internal impedance r 
O 

= Z 11 the reflection at the 

input terminals will be zero when the output terminals are open. With this 

same source, when the output terminals are shorted the reflection at the 

input is related to k by Eq. 3- 39. When k 2 = 0 the reflection factor a. ' = 0, 
1n 

and there i• no reflection at the input even though there is a perfect reflector 

at the 01 'put terminals. The network with zero coupling may thus be con­

sidered to scatter all the incident energy during it• transmission from input 

to the reflector at the output and back to the input. When k 2 = 1, on the other 

hand, the input reflection factor •· ' = - 1, and all the incident energy i• re-in 
fleeted. The network with unity coupling baa, th refore, perfect tranamiaaion 

of the incident energy from input to the reflector at the output and back to the 

input without scattering . The coupling coefficient may thus be considered a 

measure of the scattering by the network when the re is energy incident at the 

input and perfect reflection at the output terminals. 



APPLICATIONS OF CO ' PUNG COEFf.ICIENTS 

The de{1nit1on of the coefficient of coupling in Eq. 3-Z0 a• a max­

imum po•itive real return ratio with reference to the coupling element 

should be applicable to all sy sterns - - mecho.nical, electrical, or electro­

mechanical - - which can be represented by equations of the form of Eqs. 3-4 

and by the T net work shown in Fig. 3- 1. For the three types of coupling 

element corre:sponding to energy storage in an electric field, energy storage 

in a rnagnet.ic field, and energy dissipation, the feedback definition was shown 

to lead to definitions in terms of the circuit elements given for capacitive cou­

Jii!ll by Eq. 3-17, for inductive coupling by Eq. 3-18, and for resistive cou­

p.ifll by Eq. 3-19. The systems represented by these equations and these 

coefficients are, however, symmetrical or reciprocal systems, in which the 

mutual impedances are equal in sign and magnitude, i.e. , Z l l = Z z 1. 

AM has been mentioned before, it i3 also pos~ible to have coupled 

aystems in which z:
2 

= -z
21

. Such coupling, termed antisymmetrical or 

antireciprocal, occurs in mechanical syatems when the coupling element is 

a gyroscope and in electromechanical systems when the coupling reaults from 

the interaction of a current and a magnetic field. The coupling element in 

such system• neither stores nor dissipates energy., hence can be considered 

aa neither capacitance, inductance ,nor 1·c si atance. Because of thi• and the 

antisymmetry of the equations, apecial consideration muat be given to the 

application of the coupling coefficient to theae ayatema. 

The generality of the definition of the coupling coefficient will be 

demonstrated by its application to examples of the several types of coupled 

systems. It will first be applied to simple symmetrical ay•tems to illua­

trate the important characteristic• of the coefficient and its relation to the 

ayatem parameters. For this purpose electrical circuits with inductive and 

reaiatlve c'oupling elements and the electrostatic and piezoelectric trans­

ducers, with electromechanical coupling through an equivalent capacitance, 

will be considered. It will then be shown that when a.nti symmetrical 

systems, exemplified by the moving-coil, moving-armature, and magneto­

striction transducers, are represented in symmetrical form, in general 
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d f1 n1tlon c an be apphed to the • e • )· ate m • with no c hanae 1n the phy • ic a l 

a1gnificance of the coefficient. 

Reciprocal Sy atem a 

Inductive Coupling. 

As an exam ple of coupled ay stern• with • ymmetrical or reciprocal 

coupling a simple electrical system will be considered first. Thia ia the 

two-mesh network of three inductances shown in Fig. 4-1. The coupling 

originatei, in 

Fig . 4 - 1. Electrical network with i- duc tive coupling. 

in thi• ca•e in the inductance L
3 

common to the two me •he• of the network. 

If an e.m. f. E 1 i • applied to circuit 1, the flow of current 1
1 

produce • a 

voltage e z ,. - jwL3I 1 in circuit Z, and the re •ulting flow of cur rent I z pro­

duce • a f.dedback voltage e 1 Z = jwL
3

I Z in circuit 1. Since thi• network i • 
a particular ca• e of the general Eq •. 3- l Z and Fig. 3- 5, the coupling 

coefficient i • given by Eq. 3-18 for inductive coupling aa 

z 
k = 

L Z 
3 

( 4- 1) 

It is wo1·thy of note that here, aa in moat system •, the coupling element L 3 
appears as a component of L 11(=L 1 + L

3
) and Lzz (=L2 + L 3). 

Although the value of kz can be thus obtained from Eq. 3- 18, it will 

be useful in this • imple example to obtain the coefficient directly fron. the 
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Fig-. 4-2 . 
Fig. 4-1. 

The feedback system equivalent to the circuit of 

( 4- 2) 

Thia ratio will be positive, real, and maximum with reapect to variation& in 

wand ZL for any wand for ZL - 0. Hence, the coupling coefficient is again 

that given by Eq. 4- l. It is al so evident from Eq. 4- 2 that k 
2 

cannot exceed 

+ l for any positive finite values of the mductance• and that it approa hes this 

value only as l 
3 

approaches infinity or as L 1 and L
2 

approach zero . 

The coupling coefficient has been determined here from the equations 

oi the coupled ayatema in impedance form, that i_s, from the equations oi motion 

in the form of Eqa. 3-4, or 3-12. As was mentioned in the discussion of 

Eqa. 3-4, there are other possible forms of these equations of motion. The 

circuit of Fig. 4- 1 could also be represented by equations in admittance form, 

corre1ponding to Eqs. 3- 5. In this case the feedback could be represent~d 

by current generators instead of voltage g~nerators. Consideration of the 

positive feedback would lead again to the definition of the coupling coefficient 

obtained from the impedance equations, but this will not be demonstrated here. 

A consideration of the equations with hybrid parameters, as represented by 



4 

Eq• . ..)-6 and -7, u w , rth • ome auenta on, ho we er, bec &u ae of the di l!erenc • 

re1ulting fr o 11 t hesf" quat1on• . 

The impedance equations for the c irc uit of Fig . 4- 1 a re 

( 4- 3) 

When these are •ol ved i'or E 
1 

and I 
2 

as dependent variables, the resulting 

hybrid equations, similar to Eq1. 3-7, are 

(4-4) 

= 

The notable characteristic I of these hybrid equations are that the matrix of 

hybrid parameter• is antieymme · rical, that is, h
21 

= L
3
/(L

2
+L

3
) = -h 12 , 

and that this mutual parameter in a dimen • ionle•• ratio in1tead of an im ­

pedance or an admittance. 

The anti •ymmetry of the mutual pa1·am~ter• appear • in the feedback 

equivalent of the hybrid equation• a • a difference in the sign of the foedback 

voltage e 12 . In the • e variable• there ia no feedback for E
2 

= 0, but for 

I = 0 the feedback voltage ia e
12 

= + (jwL
3

2 /(L
2

+L
3

)] 1
1

. In the corre •pond ­

ing •ymmetric Eqs. 4-3, however, the feedback voltage i1 

e 12 = - (jwL3
2
/(L2+L

3
)J 11, and the negative sign here indicate • that the 

sourc e voltage E 1 i • e 11 minu• e
12

, a • is shown in the feedback diagram 

of Fig . 4-Z . Con•equently, the positive e 
12 

reaulting from the antiaymmetric 

equations • ignifie • that E 1 i • e 11 plus e 1 z, ao that the voltage e 11 i • le•• than 

E
1 

when feedback i s present; such feedback is negati ve. The return ratio 

with reference to this hybrid coupling pa r amete i ~annot, therefore, be a 

coupling coefficient, aince the coefficient is defined for p fl • itive feedback. 

For this negative feedback, however, the return ratio can be .. elated to the 

k z defined by Eq. 4- 1 by 
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The- appearance of the mutual paramet-.r a1 a dimen1ionle11 ratio 

relating a voltage in circuit 1 to E
2 

and a current in circuit Z to 1
1 

1ugge1ts 

the u1e of the ideal transformer with a ~urn• ratio N = L
3
/(L

2
+L

3
) to rep­

resent this coupling of th ' circuits. It is easy to verify that the network 

shown in Fig. 4-3 (a) using such a transformer is, indeed , equivalent to 

n_e hybrid Eqs . 4-4. The other set of hybrid equations, having E
2 

and 1
1 

as dependent variables, h I the similar equivalent shown in Fig. 4-3 (b). 

These equivalent circuits with transforr:-iers lead to different in­

terpretations of the coupling coefficient, which was defined for these systems 

by Eq. 4-1. In Fig. 4-3 (a), 

Fig. 4-3. Equivalent circuits from hybrid equations. 
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n I rn an • I a r u I l r ah rt d n n anpul • ap •~ a1 t 

t rmanal • ( a r cu&t 1, th anpu l energy n be onaade red 10 be acor d an 
2 

1he andu cane • (L 1 + L3 ) and +L3 / (L
2 

+ L
3

) . Th inductance (L 1 + L
3

J 

may he re be co. aide red aa the "primary , " aince it i • the input inductance 

with th terminals of circuit 2 open. The inductance ( L 
2 

+ L
3

) may 

similarly be regarded as the "secondary." When thia inductance ia moved 

through the transformer to the primary side, it becomes L
3 

2J(L
2 

+ L
3

); 

hence the inductance -L
3 

2/(L2 + L 3) may be regarded as the equivalent of the 

secondary inductance in the primary circuit, the negative sign indicating 

that the input inductance and stored energy is reduced by shorting the second­

ary terminals. Thus, if the input i • provided by a constant-current source 

of magnitude I 1, the coupling coefficient can be expressed in terms of stored 

energiea as 

= 

= 

energy stored in the secondary 
energy stored- in the primary 

(4-6) 

In the equivah:nt circuit of Fig. 4-3(b), however, the primary may 

again be conaidered to be ( L 1 + L 3) = L , but the form of thi • circuit 
p z 

a·11ggeat• that the "secondary" here be defined as [ (LZ + L
3

) - L
3 

/(L
1 

+ L
3
)]. 

When thia sec ondary inductance is moved through the tranaformer to the 

primary aide after the terminals of circuit Z have been aborted it becomes 

shunt indu, :tance Ls= [ (Lz + L 3) - L 3 
2t(L 1 + L

3
)] (L 1 + L

3
)2/ L

3 
z in 

1-arallel with L . With this interpretation of the secondary circuit and with p 
the input provided by a conatant - voltage generator of magnitude .E 

1
, the 

coupling coefficient may be manipulated into another ratio of energies, 

= 

= L 
S 

L p 
+7: 

p 
= 

energy stored in the secondary 
total stored energy 

.!. 1/L E z 
Z s l 

½( <~c.)I.z 
(4- 7) 
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In Eq. -1 -6 from Fag . 4- (a ), th • ondary was defined as (Lz f- L
3

), 

" 

wh1 c h 1 a the 1nductan • n from the terminals of c ircuit l when the te r -

m1nals of cir uit l a r open; in thu case the input was appropriate ly 

provided by a constant- cur rent generator, whi c h has infinite internal im­

pedance. In Eq . 4- 7 from Fig . 4-J(b). on the other hand, the secondary 

was ciefined as [ (L
2 

+ L 3) - L 3 
2
/(L 1 + L 3)], which is the inductance seen 

from the terminals of circuit l with the terminals of circuit 1 shorted; the 

input was h e re provided by a constant- oltage generator, which has zero 

internal impedanc'! . 

The form of the energy ratio expression of k 2 is seen, thus, to de­

pend upon which of the input variables, E or I , is taken as independent of 

the coupling . If the c urrent I is assumed constant, the series impedance 

form of the equivalent input circuit, Fig. 4-3(a). is appropriate, and the 

secondary is defined as the impedance viewed from the output terminals with 

the input open . If the voltage Eis assumed const;i.nt, the shunt impedance 

form of the input circuit Fig. 4- J(b), is appropriate, and the secondary is 

defined as the impedar.ce at the output terminals with the input shorted . 

The choice of the variable is theoretically arbitrary, but it is usually more 

convenient to use constant voltage for circuiU with capacitive coupling and 

constant current for inductive coupling. 

The general relation of the coupling coefficient to input impedances 

with and without the feedb.:l c k measured by k
2 

has been derived from a general 

feedback theorem and expressed in Eq. 3-23 . In this simple example of 

inductive coupling it is easy to compute the input inductance at the terminals 

of mesh 1 with the terminals of mesh l shorted and, with the value of k
2
from 

.E\_;. 4- 1, to show that this input inductance is related to k Z by the equation 

LZL3 L 2 

L . Ll + (L
1

+L
3

) [ 1 - 3 1 = 
LZ+L3 

= (L
2
+t

3
)(t

1
+L

3
) 1n 

= ( Ll + L
3

)( 1-k 2) ( 4-8) 
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Sin L
2 

• L
1

) 1 the input 1ndu t n with th term1n • ot e•h l. open, 

and hen Wlth no feedba k or ouphng . thu on 1rm11 th~ 1enera l relation 

expre1ued 1n Eq . 3-23: The input impedance with ma,umum po•itive feed­

back, hence with element• of the same type and with the load a •hort circuit, 

i • ( 1 - k 2) time• the input impedance with no feedback o r with the te rminala 

open. 

The retation of input impedance to k
2 

for another particular termina­

tion than open or short circuit is also of intereait and can be easily determined 

in this aimple example of coupling. In many of the practical application• made 

of coupled systems one or both of the systems is resonant or tuned. As an 

example of this, consider, therefore, a capacitance c
2 

across the terminals of 

me•h Z, a111 shown in Fig . 4-4. The impedance at the terminals of mesh l 

will then vary with frequency in a manner determintd by the equation 

Z. 
1n = jwL1 + j 1/wC ., .. (4-9) 

From this it is obvious that the input impedahce becomes infinite at a fre­

quency wA which makes the denominator zero, and this .::lntireaonanc.e fre­

quency is 

:: (4 -1 0) 

where w
0 

ia defined as tlte reaonance frequency of the impedance Z ZZ in the 

impeda"lce equation• of the coupled sy•lem•. 

The1 , i• al • o a frequency at which the input impedance i• zero, and 

thi • reaonance frequency wR can be found from Eq. 4-9 by equating the fir•t 

term to the negative of the aecond. It can also be derived almost by in­

apection from the equivalent circuit of Fig. 4-3(b) a• the frequency of reao­

nance of the aerie• combination of c 2 and the inductance• L
2

+L
3
-L 3 

2
/(L 1+L3). 

However, it will be convenient here and useful later to expre sa the input 

impedance from Eq. 4-9 as a function of w
0 

= w A defined in Eq. 4-10 and of 

kz defined by Eq. 4 - 1. Thia function i• 

. z z z 
Zin = Jw(Ll + L 3) [ l - k /(1 - w~ /w )] . (4 -ll) 

From this it is evident that the reaonance frequency wR for zerc, input 
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The oupling 1.. ... ,, f 1 1 nt an th r fore , b~ r •lat d to th e fr e q uenci e ,., of 

r e sonance and anti r aonance at t h input 
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- Fig. 4-4. Indul.: tiv e ly coupled circuits with tuning 
capacitors at input and ~utput . 

terminals when the output is tuned by the equation 

2. 
- w A 

= I - (::j (4- 13) 

If , now, the inp ut in F ig 

a c ross th input t e r mi a , th 

into the se tuned c oupl d ci r u1t 

4 - 4 is a! so tun d by a c apaci tance c
1 

pol s and ze ros of the impedance looking 
2. 

can also be related to k . The general 

case if c omplicated , but the particu ar relation usually considered i s that 

in which C 
1 

is adJuCJted t o t un t e impe d.lnc e Z 
11 

to the same frequency 

to which c
2 

tune s z
22

. T h is fr que n c y , as in Eq. 1- 10, is 

l /w
0 

2. = ( L
2 

+ L
3

) C 2. -=- {L
1 

+ L
3

) C 
1

. Sine Cl i s in parallel with the 

input a <l m ittan e of Eq. 4-9 , it i s onv ni e nt he re to c onsid e r t hP. input 

admittance rathe r t _an the impe d .n ee , and with the aid of Eq . 4- 11 this 

can be written in the simple form 

Yin - jwC 1 + 1/Zin -: jwC 1 - j/ ·~ Ll + L 3) [ l - k
2
/(l - w

0

2 /w2
)] 

2/ 2 
<- w 

0 

2, Z w w 
0 

(4-14) 
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From thu ~quauon it u not difficult to ahow that the 

admittance ia infinite for w - 0, for w = ao, and for w = wR' aa defined by 

Eq. 4- lZ. The · dmittance ia zero when the expre-aaion in bracket• ia 

zero, and thi• will oc:c11r when kz = ( 1 - w 
21,,./·) 2. The antireaonance 

0 

frequenc iel of the input are, therefore, given by 

or 

2 
= w /l+k, 

0 

( 4- 1 5) 

These are the natural frequencies of the tuned circuits when coupled, and 

they are often uaerl in defining the coefficient of coupling. The relation 

of the critical frequencies in these tuned coupled circuits with only c
2 

and 

with both C 1 and C z ie sho~n in Fig. 4- 5, where the variation of the input 

impedance with frequency is plotted. 

+x . 
1n 

0 

- x 
1n 

;: 
✓ 

/1 
/ I 

w' 
A 

1: CZ / 
/ 

I / 
/ 

zw 
0 

IWA 
I 

Fig. 4- 5. The variation of input impedance with frequency 
in the tuned coupled circuits of F ig. 4-4. 

A aimilar analyai• of a T network of capacitance• C 
1

, c
2

, c
3 

instead of the inductances L 1, L 2, L 3 in Fig . 4-4 ehowe relation• between 

the coupling coefficient and the critical frequencies ir. tuned circuits with 

capacitive coupling which differ slightly from those obtained for inductive 

coupling. For the two meshes coupled by a common capacitance c
3 

in 

such a T network the coupling coefficient from Eq. 3- 17 is 



• 

J {Cl. • c J 

Wi th a t un ing indu ta n e r o • t h t f' r r ina l o me1h l. th r q u n 1 

of r e sonan e and an t i r ona n a t the t rmina la of m e 1h I a n be found by 

the wethod use d abo v for indu c t i e oupling . Corre sponding to Eq . 4-1 3 
2 

for the network of inductance s , the relation of k to these criti c al frequen c ies 

for c apacitive coupling is found to be 

( r ( 4- l 7) 

This differs from Eq. 4-13 in that the ratio of wR to wA has been inverted. 

The necessity for such inversion- -and a quick cht-ck on the proper form of 

this ratio- -is to be found in the requirement that k cannot exceed unity and in 

the recognition that with capacitive coupling the input reactance has a pole at 

z ero frequency instead of the zero shown in Fig. 4- 5 for the inductive coupling, 

so that the frequency of resonance must be lower than t:1at of antiresonance . 

When both meshes of the network are tuned to the same frequency w by in-
o 

ductances L
1 

and L
2 

across the terminals, the frequencies at which the input 

i s ant i resonant or the natural frequencies of the c oupled circuit&, correspond­

ing to Eq. 4- 15 for inductive coupling , are found tote for capacitive coupling 

W I 

A 
= w ✓ 1 +k 

0 
( 4 - 18) 

P,e si sti ve Coupling. 

The characteristics of resistive coupling and its coeffic ient of coupling 

will be illustrated by the simple network of Fig. 4-6, in which the coupling 

re suits from a re ai i,tance R 
3 

common to the two meshes. 

Ll Lz 

---C> <l-- -

~---------------0-

Fig . 4-6. Electrical network with resistive 
coupling . 



Th equ uon a or rh • 

E = 
l 

R 

0 p • I lfe I r 

(4- 19) 

The general definition of the coupling coefficient ia expreaaed for re­

sistive coupling by Eq. 3-19, and in thia example the coefficient become• 

l l. 
kl.= Rll. = R3 

R11Rzz R3R3 
= 1 . (4-Z0) 

Theae circuits are, thus, perfectly coupled. The m~gnitude of the in­

ductances does not enter at all in this measure of the coupling. 

The significance of a coefficient which relates the coupling R to 

reactances, however, may be conveniently considered in this simple net­

work, and it is worth some consideration because such a coefficient is 

frequently defined as a coupling coefficient. For this network the return 

ratio with reference to R
3 

is found from Eq. 4-19 to be 

= 

R Z 
3 (4-21) 

The feedback is, therefore, positive only when the frequency approaches 

zero and the reactancea arc negligible, and this ia the condition for which 

this return ratio is defined aa the coefficient of coupling. At frequencies 

for which the reactances are large compared to R
3

, on the other hand, the 

return ratio becomes 

= 
-R z 

3 
z w L 1L

2 

(4-ZZ) 

but the negative sign identifies thi I as a negative_ feedback return ratio. 

Hence, the ratio of Eq. 4-ZZ is not a coupling coefficient as it i I here de-

fined Thia ratio also differ• from the coupling coefficients in being 

dependent upon frequency and in having a numerical value necea •arily 1mall 

compared to unity becauae of the assumption that R
3 

waa negligible compared 

to the reactancea. 
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If an Fa1e . 4 -6 th e and u t n • L 1 a nd Ll a r e tun d b y ae ri e • 
l. 

C 1 and c
2 

tor a o n a t a t th fr qu n 1e 1 g1 e n by w 1 L 1C 1 
w

2
2L

2
c

2 
= 1, th e r e turn ratio can be expresse d aa 

apa It n 

- I and 
• 

= 

R 2 
3 

(4-23) 

""1 wl 
-

2
-) ) [ R 3 + jwL2 ( 1 - - 2--)) w w 

When, in this case, the reactances are large compared to the resistance 

R
3

, the ratio takes the simpler form 

R 2 
3 --:-----2-~ (4-24) 

wl w2 
2 ) . 

w 
2 

Thia ha• a maximum with respect tow when w = w
1
w

2 
= w z 

2 
At this frequency 

= 

R 2 
3 

{4-25) 

and this return ratio is positive real , and maximum . It may, therefore, 

be defined as as a coupling coefficient for such resistance-coupled tuned 

circuits in the region between the resonant frequencies of the tuned cir ­

cuits, provided also that the~ of the circuits is relatively high at such fre­

quencie1. Although in Eq. 4-25 the ratio appears to increase without limit 

as the resonant frequencies are adjusted to make w
1 

= w
2

, the assumption of 

negligible resistance above again restricts the ratio to values less than 

unity. 

Electromechanical Coupling 

The Electrostatic Transducer. 

Aa an example of electromechanical symmetrical or reciprocal 

coupling the electrostatic transducer will be considered. 1n this device the 



p an1 be tween th e t ra nd m h na al • 11te • u reau t o{ t he 

c hang e an fo r c e betwe-, n two barged • u r f& e • when the cha rre a r ae • a nd 

the change in the potent ial between the a l: r1ace • w e n their aeparation var i e • . 

The equat ion• of motion exp re• • ing t hi • i nterac t ion are written by Hunt 

( 19 54, p. 1 79) a• 

z 
e 

S) 
0 

( 4-26) 
z m 

The mutual parameter or transduction coefficient in these equations is 

symmetric and may be written in the alternative forms 

T = T = C! / jw t S = E / jw ( d + x ) = 1 / jwC , em me o o o o em 
(4-27) 

where q
0 

is the polarizing charge and E
0 

the polarizing potential on the 

plates of the transducer, S ia the area of the plates, and (d + x ) is their 
0 

separation. 

In the final form of Eq. 4 - Z7 the tranaduction coefficient is expressed 

as the reactance of an equivalent capacitance C = • S/q . This makes em - o o 
it possible to draw an equivalent circuit of the transducer in which the 

electrical and mechanical meahe• are coupled by the c c--mmon capacitance 

C , as shown in Fig. 4-7. em 

R L C - C -C C 
o em em m 

~-'lf6o}-----i ~.___._.__._---.Hf 
+ I\.__ Z'' ~ Z' 

l 
m 

r 
m 

t 

e e 0 J_Cem_Ci_vl ------nFl 

Fig. 4-7. Equivalent circuit for an elect1."o• tatic tran •ducer. 

Since the form of the equations and of the equivalent circuit of thi1 trans­

ducer is the aame as that of Eqs. 3-4 and Fig. 3- 5 from which the coupling 
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nt w I d,afin d , th inu n n b pph d t th 1e • 1t • with -

ut diff1 ult . Sin e th c o u pling u c apa iu e, th app ropriate o ff1 ien1 

that of Eq . 3- 17 , and, with th,. notation of F ig . 4-7 and Eq . 4 -Z 7 , the 

oupling coefficient i 1 

C r 
o m 
c 2 (4-28) 

em 

This application of the definition of the coupling coefficient to 

lectromechanicaJ coupling can be Justified by showing that the resulting 

electromechanical coupling coefficient has the same physical significance 

as the electrical coefficient. The value of k
2 

in Eq. 4-28 must, therefore, 

be limited to + I by either physic al realizability or by stability. This limit 

is not obvious in any of the forms in Eq. 4-28, where, se~mingly, the co­

efficient can be increased without limit by increasing the poiarizing po­

tential E . In fact, however, the displacement x is a function of E , the 
0 0 0 

polarization, and the static capacitance C .:: E 5/(d + x ) ia, in turn, a 
0 0 0 

function of x . The relation between x and E i s shown by Hunt ( 1954,p . 182) 
0 0 0 

to be 
5 

-x 
o = E 2 

C 0 

I 
0 ( 4-29) 

m 

From this equation and the definition of C , the coupling coefficient can be 
0 

expre11ed as the simple function of x and d, 
0 

-2x 
0 

d + X 
0 

(4-30) 

A negative sign appears here b e cause the direction of x defined a1 poaitive 

is oppo • ite to the d . rection of the force produced by E and the displacement 
0 

x resulting from th111 force. 
0 

2 
When k = + 1, the displacement x ia found from Eq. 4-30 to be related 

0 

to the separation of the plates by 

- x 
O 

= ( 1 / 3 )d . 

But this is just the stability criterion shown by Hunt (1954 , p. 183) to re­

sult from his analysis of the static balance between the elastk restoring 



• 
!or e and LM e e tro1tAU !or ot attraction a una on the diaphraam of 

the tran aduce r . When th.- pol11 ru1n1 potential 11 in rea1ed to he point at 

whi h the diaplacement exceed• 1/ 3 of the initial aeparation of the d1aphra1m 

anci the fixed ele trode, the attractive force exceed• the elaatic force and the 

diaphraam c-ollapae• or "fall• in.'' 

Thia aame atability condition appear• in the relation of the mechanical 

input impedance to k
2

. As waa shown in connection with Eq. 3-Z3, the 

feedback meaaured by kz results in a reduction in input impedance when the 

output terminal• are shorted. In Fig. 4-7, therefore, the effective input 

compliance c I at the mechanical terminah with the electrical terminals m 
shorted (the polarizing E being provided by a source with zero internal im­

o 
pedance) i• related to k

2 
and the open-circuit mechanical compliance c by m 

C m 
• 2 

= c /( l - k ) . m ( 4- 3 Z) 

Here the limit of k
2 = +l correspond• to an infinite input coMpliance or 

zero 1tiffne 11 • , which indicate• again that the diaphragm equilibrium i8 un­

stable at this point. 

The electromechanical coupling coefficient doe•, therefore, have 

significance a• a measure of the approach of the •y•tem to the oo·nt of in­

stability . The inatabihty if poaaible in thi• ca1e, although not in the electri­

cal circuits previou1ly considered , because the tra.naducer has an ·nternal 

energy aource in the form of the polarizing charge or potential. Thia source 

appear• only implicitly in the equivalent circuit of Fig. 4- 7 through the de-

pendence of the elemenu C and C upon the polarization. o em 

It ia appropriate to note here, alao, that in Fig. 4-7 and in the 

coefficient related to that circuit the aaaumption ha• been made that all of 

the electrical field aaaociated with the capacitance C ia inherently a•aociated 
0 

with the electromechanical coupling. In general thi• is not necessarily true, 

and the electrical capacitance must be separated into a "•tray" component 

C " independent of the coupling and an "active" component C ' inaeparable 
0 0 

from the coupling. This re solution of the general electrical impedance into 

two auch components is de•cribed by Hunt (1954, pp. 133 and 205). 

In the particular caae of an electro•tatic tranaducer the atray capacitance 
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a hunt poai tion i • mandatory b t> t1u e thf' c urre nt through thi • tray capac 1 -

tance u not a compon nt of the urrent .t I in Eq. 4-l6 or Fig. 4 - 7 which 

produce• a force in the m c hani al system: the only effect of the stray 

current is to increa a : the input c urrent from th~ source. The components 

of the equivalent T network are not altered by thi • stray capacitance ac ro11 

the input terminals nor are the equation• of motion, so the coefficient of 

coupling defined from Fig. 4-7 and Eqs. 4-26 is independent of the strat 

component of capacitance. The significance of the coefficient as a measure 

of the stability limit is, therefore, also 1.1naffected by the Atray capacitance. 

The presence of shunt stray capacitance across the electrical ter­

minals, however, makes it physically impossible to have those terminals 

"open" , except at zero frequency . Consequently, relations of k to the mechan­

ical or electrical input impedance or to their critical frequencies which have 

assumed an open electrical termination are valid in theory only when the 

stray capacit.nce is removed from the circuit and in practice only when a 

correction is r.1ade for the modifi cation of the terminal impedance by such 

capacitance . Components of stray impedance which are resistive or induc­

tive do not, :,I course, appear in the coefficient defined for capacitive coupling. 

But, whether they occupy a shunt or series position in the equivalent circuit . 

they mu st, like the stray capacitance, be con side red in any relations involving 

the terminal impedances . 

The Piezoelectric Transducer . 

Another example of symme trical electromechanical coupling is the 

piezoelectric tr~n ci~l.4C€r . Th cc,1 ~pl i!lfl of the systems is here the result 

of a stre 1s on certain c. ry statline materials producing a charge on the crystal 

surfaces and, conversely, a charge applied to the surfaces producing a st r. ain 

in he :naterial. This phenomenon of piezoelectricity and its second-order 

effect of electrostriction have found widespread application i~ electro­

mechanical transducers and have been extensively treated in the literature. 

The equations of mot:on or equations of state of the coupled systemE. have 
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been e xpre ••e 1r, man y fo r m • . but thr •• .. r d not a ti on propo • ed b the 

In1titute o ( Radio Engin e r• ha1 be en u1ed b y Ha•kin • and Hi kma.n ( 1950 ) 

and by Bechmann ( 1955) in their exten•ive treatmenu of the • e equation• 

and wiil be u1ed here . 

The • e equation• of state are expre • lt?d in the variable • 1tre•• T, 

• train T, • train S, electri r. field inten1ity E, and electri c di1placement D . 

Aa in the general equation • of coupled aystema given by Eq1. 3-4, 3-5, 

3-6, 3- 7, these equation• can have •everal form 1, depending on the choice 

of independent variables. The set that correaponds to Eq. 3-4 is 

T 
D 

= C s - h D 

s 
E = -hS + ~ D 

(4-33) 

The coefficients c, h, ~ are, in general, function• of the direction• of stress 

and field, but only simple examples in which a single component can be used 

will be conaidered here . It will be presumed that more general ca1e1 of 

cou:: ling between spatial components can be attacked by considering the com­

ponent• in pairs and treating the coup~ii1g between each pair in the manner 

described here. In these equationa of state there is no problem of re-

solving time-phase component• if the coefficients are assumed to be real 

quantities, aince all the term• repre • ent atored potential energy. 

Since thil •et of equation• ha • the aame form as the equation• of 

motion of other coupled 1y stem •, an equivalent circuit in term a of theee 

variable• could be drawn by the uae of auitable analogies, and a po1itive 

feedback of etre••• for example, could then be ueed in defining the coefficient 

of coupling . It ia, however, n .ore conventional, more convenient for com­

parison with other •y • tern a, and more conaistent with the idea of electric -

circuit equivalents to return to F , v, E, and I tt.S the variables. The change 

in variables can be simply made by considering the piezoelectric material 

represented by Eqs. 4- 33 to be the dielectric in a paralle 1-plate capacitor 

of are.ll A and separation x . The stress c~n then be written T = F/ A, the 
0 

strain S = x/x , the field E = E/x , and the diaplacement D = q/A. 
0 - 0 · 

Aasuming the exponential time variation eJwt for the variables in relating 

q to I and S to v, Eqa. 4-33 can be written in the new variable• and with 
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E 
0 I h 

= µ - ---JW 

F 
- h 

I + 
AcD 

= ~ V 
JU JWX 

0 

• By defining the equ ivalent capacitance• C
0 

= A/fi x
0

, 

D 
c m _ x

0
/ Ac , and Cem _ 1/h, these equations become 

E = 1 I jwC I 
0 

1/ JWC v em 

F = ·· 1 / jwC I + 1 / jwc v, em m 

(4- 34) 

( 4- 3 5) 

and th'!y are now the same as Eqs. 4-Z6 for an electrostatic tran •ducer 

having only capacitive reactances in 1t1 electrical and mechanical impedances. 

The equivalent circuit for a piezoelectric tran•ducer ii, therefore, that •hown 

in Fig. 4-7 for the electrostatic, and the coupling coefficient i •, a1 in Eq. 4-Z8, 

= (4-36) 

Thia coefficient for the piezoelectric tranaducer diifer1, howeve., , 

from that for the electro• tatic in that the limit of +l i1 not e • tabli •hed by 

an inatability attainable in practice. The transduction coefficient h/ jw can 

be varied only by choosing crystal structure• which produce different values 

of the piezoelectric constant h; in electro1tro1tricti ve material a, such c1s 

barium titanate , this constant is a function of an external polarizing electric 

field , but an upper limit is still eatablished by the internal structure of the 

material. In available piezoelectric materials the maximum values of the 

coefficient of coupling obtained are considerably leas thah unity, and there 

is no evidence oi any mechanica! instability similar to that in the electro­

static transducer . 

To estab i s a theoretical limit for the coefficient determined by the 

collapse of the material as its mechanical stiffness decreases with increasing 

coupling, a1 was done in Eq. 4-3Z for the electroatatic transducer, the 
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on • tanu C 
0 

nd C n Eq • . 4 - 5 ha · to be r elat ed to t he p olaruauon , 

• they wr re in t he e le tro•t•U Su h re lation• are not to be found in 

e qua tion• of •tate , 1uc h a I Eq1 . 4 - 3 5, wh1 h a r e appli c able only to •mall 

inc rement• in the variable• about an operating point determined by the 

polarization. Additional information about the relation of the mechanical 

reaction to the t.ltal electrical field i• required. 

The requi •ite knowledge of the relation between mechanical de­

formation and polarization can be obtained from electrostrictive materials , 

such as b:arium titanate, which can be depolarized; and the deformation is 

found to be proportional to the square of the polarizing D field, a• noted by 

Mason ( 19 50, p. 289) . This quadratic relation is the same as that used by 

Hunt in the relation of x to E in the electrostatic transducer, leading to 
0 0 

Eq. 4-29 for the condition of balance between elastic and electroatat!c forces. 

In the electrostrictive materials, therefore, the electric force• due to the 

polarization will aimila!."ly Teduce the mechanical atiffne••• and, as in the 

electrostatic transducer, when the coupling ~oefficient of Eq. 4-36 ia unity, 

the polarization mu1t be such that the electric forces in the material ju•t 

cancel the internal mechanical forces and the material has no atiffne••· The 

coupling coefficient has, thus, the limit of +l imposed by the aame condition 

of instability derived in the example of the electrostatic transducer. 

Of the forms of the equations of state other than that of Eqa. 4-33 

there i1 one, having T and E as the independent variable•, which ha• mutual 

coefficients that are symmetric, ar. they are in Eq1. 4-33. When the de­

finition of the coupling coefficient is applied to these equations, a coefficient 

equal to that in Eq. 4-36 will be obtained. The other equation,, which 

have T and D or S and E as independent variables, will be anti aymmetric in 

form , however , and, as was shown in connection with Eqs. 4-4 in hybrid 

parameters, this antisymmetry of the equations implies negative feedback. 

The return ratio for such negative feedback is not the coefficient of coupling 

but is simply related to it, as in Eq . 4-5. The • e antisymmetri cal form• of 

the equations of state lead, therefore, to return ratios which are equal to 

k 2/( l - k 2) and not to the ratios which are defined here as coupling co­

efficients . These return ratios for negative feedback are the one• denoted 

by Bechmann ( 19 55) as k . Z because they come from the equations with 
mix 



.and int n 1 Tl b l • d • r I b d on p a e l. I 

t he ret u rn r t rn for po11t1 f dba k , whi h ha v been defined a, coupling 

oeff1c1ent1, a r e d noted a1 kh 2 be au1e they come from the equation• om 
which are homogeneoua in intenaive .3nd exten1ive variable•. 

The relation noted here in thi• example of the piezoelectric trans­

ducer between the form of the t-quationa of motion or the equations of state 

and the definition of the coupling coefficient is typical of all coupled ayatemai 

with symmetrical or reciprocal coupling. A general rule for such coupling 

is that the sets of P1_uations in which the variables are thermodynamically 

homogeneous (i.~ defined on p. 21 ) are those in which the feedback ia 

positive and those to which the definition of the coupling coefficient as the 

return ratio is applicable. The sets of equations with mixed variable• 

have negative feedback, and the return ratio is not the coupling coefficient 

but is k
2

/( l - k 2). 

A general rule for obtaining the coupling coefficient from the coeffi­

ceint• in the equationa of atate of •y•tem• with reciprocal coupling can, 

therefore, be 1tated in the form of Table 4-1. 

Antireciprocal Syatem• 

The Movin1-Coil Tranaducer 

The moat familiar and, in aome re1pect1, the ,imple•t example of 

•y•tem• with antireciprocal couplin1 i1 the movin1-coil or electrodynamic 

tri\n •ducer, much u1ed •• the driving mechani•m in loud1peaker• and 

electrical mea1uring in1trument1. The coupling between electrical and 

mechanical sy1tem1 here results from the force exerted by a current­

carrying conductor in a magnetic field and from the e . m . f. developt>d by 

the motion of thi1 conductor in the magnetic field. This interaction can be 

expre1aed by a pair of linear equations in the familiar form used for other 

coup led 1y stem 1. 

The usual form of the equations for these systems, used by Mason 

( 1942, p. 188) and others, can be written as 

E = Z l + (B 1) v 
e 

F = -(B 1) I + zm v 

(4 -3 7) 



Tabl -1 - R lation• o t h oup h ng o · 
t o the ocfC uenu n the equauon• of atat 
ayatema w1tti aymmetr1cal ouphng . 

1 1 l nt 
of 

Systems with symmetrical or reciproc al coupling 

such as 

electrical systems coupled by resistance, capaci­
tance, or inductance, 

mechanical systems coupled by resistance, mass, 
or stiffness, 

electromechdnical systems coupled by an electric 
field, as in the electrostatic anri piezo­
electric transducers, 

and having equations of state of the form 

Y 1 = a l l x l + al Zx Z 

m which the coefficients a are coefficients or 
nn 

ratios of coefficients from the same energy function- -
kinetic, potential, or dissipation- -

have a coupling coefficient related to the coeffi-
cients a by the following ratios: 

nn 

if the equations of state are homogeneous 
in ext en si ve and intensive variable• 

if the equations of state are mixed 
m extensive and intensive variables 



n the ae ~qu t1on • ~ ! parameter or tran•du uon oeU1 1ent (Bl) • 

the product of the polaru1n1 ma1netlc field !lux den •Uy and the en1th of 

the condu<.tnr 1n tti.t field. In thi• ca•e the two coe!licienu re ~qual in 

magnitude but oppo1ite in 1ig ·n; the relation can be written 

T ~ (i. / v)r O = (Bl) = -(F/I) O .- -T em = v= me 
( 4 - J a; 

The matrix of the coefficients of Eq. 4-3 7 is, therefore, anti 1ymmetric. 

One immediate consequence of this antisymmetry is that the!i!e equations 

cannot be represented by a i.-mple T network of the form of Fig. 3- 1, a• 

the symmetrical equations were. 

The advantages of i:fUCh an equivaleut network and of all the electric­

network theory applicable to it are retained for the moving-coil and other 

systems with antireciprocal coupling through the introduction by Hunt (1954, 

p. 112) of a space operator k to express the intrinsic orthogonality of the 

electromechanical interactions. This operator or veraor is eo defined 

that the force produced by a current in a magnetic field can be written 

F = (Bl)kl. The operator k indicate• a rotation of the poaitive direction 

of the vector that follows it, +I, by 90° counterclockwiae around the direction 

of the vector, +B, that precede• it in order to determine the positive direction 

of F. With this notation, the equations of the moving-coil tranaducer can be 

written (Hunt, 1954, p. 146) as 

E = Z 
e 

I + (Bl) k V 

F = (Bl) k I + z 
m 

V 

(4-39) 

The tranaduction coefficients are symmetrical in this form, and the uaual 

equivalent T network can be drawn, a • ahown in Fig. 4-8. 

z - Blk -Blk z 
e m 

0 ~ i 0 
+ 

C> ,,::J 

E I V 

Blk 

Fig. 4-8. Equivalent T network of a moving-coil 
transducer. 

~ - - - --

+ 
F 



Th 1n t on oi th o phn 0~{(1 1 n t t r t t b k , 

h we r, d oe • ~o t r eq u1 r &n e qu1 a le nt T n twork A r e t u rn r a ti o with 

r ef renc e to th c oupling el e m e nt an be determined fr m the qua t1ona of 

the c ouple d aystems in the form of ei ther Eqa. 4-37 or 4 -39 . T hu r e turn 

ratio, as in the general expression of Eq . 3- J 5, wi ll involve the mutua l co ­

efficients only as their product. If note i1 taken of the significance of 

applying the operator k twice to the same quantity, it will be e vident that 
l -

k = -1. The product of the coefficients is, therefore, negative in either 

set of terminals, aay E, and a load, zL' across the other termin=-la, the re­

t ·ui-n ratio corresponding to Eq. 3-15 has the value 

T = = 
-(Bl)l 

Z ( z + zL) e m 
(4-40) 

If these impedances are expressed as aeries combinations of R, L, and C, 

the return ratio can be written as 

T = 

1 ( 1 - -Z- wc m + 

-(B 1) z 

1 
WCL 

(4-41) 

c 

An attempt to find for this ratio a positive, real, and maximum value 

when wand zL are varied, as was done for Eq. 3- lb, encounters difficulty be­

cause of the negative sign in the numerator. Examination of Eq . 4-41 reveals 

that the frequency approaching either zero or infinity reduces the ratio ·o zero , 

and even if the reactive terms can be neglected the ratio is finite and ;_nde-

pendent of w but negative . If the resistive terms can be neglected and only 

inductive reactances appear in one system and capacitive in the other or vice 

ver • a, the ratio is again independent of frequency and again negative . The 

conclusion ia that the effect of a.ntireciprocal coupling i1 to make the feedback 

which repre1ents 1uch coupling in the equation• of the •ystems, •uch as 
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Eq • 4 - 1 n 4 - . 1n n rent Jy ne1at1 

Thu d ut111 t 1on of the feedbac k repre1ent1ng ant1r c 1pro al c oupling 

aa negative and that repreaenting reciprocal coupling aa poaitive can be 

aupported by a si m ple phyaical argument. In feedback amplifier• a familiar 

effect of negative voltage feedback is an increase in the input impedance, 

while the effect of positive voltage feedback is a decrease in the impedance. 

A similar change in input impedance should aleo distinguish the sign of the 

feedback in these coupled systems. It has already been shown that an 

electrostatic transducer has i ts mechanical atiffne •• reduced- -poss ibly even 

to zero- -by the electromechanical co .1pling when its e,ectrical terminals .:\re 

aho..:· ted. The coupling in this case is reciprocal; the feedback is poaiti v ~. 

When the electrical terminals of a moving-coil transducer are similarly 

shorted, however , the stiffness of the mechanical system iu increased by the 

coupling--and this clamping effect of shorting the terminals is frequently 

utilized to protect the movements of moving-coil meters from damage during 

shipment. In this system the coupling is antisymmetrical; the feedback is 

negative. 

The p r oblem of applying the definition of the coupling c oefficient to a 

system with antireciprocal coupling ia, therefore, that of expreaaing the 

coupling as positi ve rather than negative feedback. This sa1ne problem has 

already been encountered- -and solved- -in connection with a reciprocal system 

whose equations were expressed in the hybrid parameter• of Eq. 4-4. The 

coupled systems in tha .. case were two electric?: n.'- ~es with a common in­

ductance, and there was no difficulty in defining a coupling coefficient in 

Eq. 4-1 from the impedance equations of the systems. However, whtm 

the same coupled systems were expressed in terms of hybrid parameters m 

Eq. 4-4, it was noted that these equations were anti symmetrical, that the mutual 

parameter was not an impedance or admittance, and that the re suiting return 

ratio indicated negative feedback. 

These are also characteristics of Eqs. 4-37 of the moving-coil 

transducer. The implication is, therefore, that this form of the equations 

corresponds to Eq. 4-4 in hybrid parameters and that another choice of the 

independent variables will result in equations which are symmetrical, as 

were the impedance Eqs. 4-3. It is easily demonatra.ted that this is true. 



. .. -

f Eq• 4 - 37 r ao l e d for land F •• independent variable•. the re1ulting 

quationa are 

E = [ z. + 
,a1lz 

] I + iBl) F z z m m 

(4-42) 

V : !Bli I + 1/z F z m m 

The mutual parameters, (Bl) / z , in these equations are now symmetric m 
and also have the time-phase characteristics of admittances. The definition 

of the coupling coefficient a• a return ratio should , therefore, be applicable. 

The coupling in these equations can be resistive, capacitive, or 

inductive if the mechanical impedance z in (Bl)/z ha• resistive, induc-m m 
tive, or capacitive components. The appropriate coupling coeffici,mt for 

each type of coupling can be found from Eqa. 3-17, 3-18, and 3-19. Of 

these three only the inductive coupling has much aignificance in this example, 

since only electrical inductance is inherently as • ociated with the electro­

mechanical coupling of the coil in a magnetic field; resistance and capacitan e 

are not es1ential in the tran •duction. If, then, the electrical impedance is 

taken to be Z = jwL , it can be • een from Eq. 4-4Z that the feedback can be e e 
positive at all frequencie • only if z = 1/jwc . The coupling impedance 

m m 
(Bl)/z i • then inductive, and from Eq. 3-18 or from the po • itive return m 
ratio obtained from Eq. 4-42 the couplin1 coefficient i• 

(jwL 
e 

= 
L /c + (Bl)z 

e m 

(4-43) 

This definition of the coupling coefficient of the moving-coil 

transducer from symmetrical equations of system• in which the coupling 

is antisymmttrical can be justified if the coefficient can be shown to have 

the same physical 111ignificance and the same ut!lity a, the coefficient• for 

symmetrical coupling. From the form of Eq. 4-43 it i• obvious that for 
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po1it1ve inductan - e and compliance the magnitude ol k
2 

cannot exceed +l. 

An increa1e in the polarizing field B can increa1e th~ coefficient, but only 

a• B approachea infinity will k
2 

approach unity. Ar, increaae in the lenath 

l of the conductor in the field by increaaing the number of turn• in the coil 

will alao increase (B 1), but aince the inductance L ia proportional to the 
e 

square of the number of turns this increase will have no effect upon k 2. 

The limit of unity is set, therefore, by physical realizability rather than by 

stability in this transducer. 

The relation of k
2 

to input impedances can be found from Eq. 4-37 

for thia transducer. With Z = jwL and z = 1 / jwc , the mechanical 
e e m m 

input impedance with the electrical terminal• shorted ia found to be 

8 
z = z + m m 

(Bl)z 
z 

e 
= 

1 

JWCm 

110 that the short-circuit mt•chanical compliance i • 

c 
8 = ( 1 - k 

2
, c 

m m 

= 
l 

• • JWCm 

(4-44) 

(4-45) 

The coupling, therefore, reduce• the mechanical compliance or inc reaae • 

the atiffneaa, and for k
2 ~ +l the atiffneaa become• ~nfinite, the ayatem 

extremely •table. This ia to be rompared with the electroatatic tranaducer, 

where the stiffness in Eq. 4-32 could be reduced to zero by perfect coupling, 

with re1ulting instability. 

The electrical input impedance ia aimilarly affected when the mechanical 

terminal• are aborted. With reference to Fig. 4-8, aborting the mechanical 

terminal • means the force F = 0 and the mechanical system ia free to move 

with velocity v. From Eq. 4-37 the input inductance is found to be related 

to k by 

L 
11 

= L / ( 1 - k 
2

) e e (4-46) 

Thus, with perfect coupling the input inductance become• infinite. Thia 

increas" in inductance may be compared to the familiar decrease in input 

--- ---
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r r nt to ~n ~ I t r a otor wha tr Uh ut 

Th eH ct of U1 r 1pr o aty of th.- ouphna upon th • e r elAt1 on• o 

the coupling coefficient to input 1mpedan c.. e• i 1 1e en to be a 11mple ·nver•10n 

of the !actor ( 1-k Z) or an 1nver 1ion of the open- and •hort-circuit impedance 1. 

In reciprocal •Y 1tem1, 1uch 211 the electro1tatic tran1ducer, the electrical 

input impedance• Z with the mechanical terminal• of Fig. 4-7 open (or the 
0 

1y 1,em clamped) and Z with the terminal• •horted (or the •y•tem free) are • 
related by 

or 

= Z ( 1 - kz) 
0 

z - z 
0 • 

= 
Zo 

( 4-4 7) 

With antireciprocal coupling, a• in the movi:i.g-coil tran1ducer, the 1imilar 

relation with reference to the terminal• of Fi&, 4-8 is 

z = Z I ( 1 - k 2) 
I 0 

or z z -
k2 • 0 

= (4-48) z 
I 

In both of these electromechanical 1ystem1, the analogy of force 

to voltage and velocity to current has been u1ed. As a re1ult, at the 

mechanical terminal• of Fig • . 4-7 and 4-8 "open" mean• zero velocity or 

a clamped mechanical 1y stem and "shorted" mean • zero force or a free 

mechanical 1y item. 

Other analogie1 are not only p011ible but prevalent. The 

1yrr.metry of Eq1. 4-4Z, in which F i1 analogou1 to I and v to E, lead• 

to frequent u1e of thil mobility pairing for the 1ake of the equivalent 

electric network which can be drawn a • the re1ult of the 1ymmetry. The 

re1ulting T or tranlformer equivalent network, 1uch a1 i1 shown by Ma1on 

( 1942, p. 190), use • current a1 the ''through" quantity in the electrical mesh 

and force a1 its analog in the mechanical me1h. The mechanical terminals 

then have velocity a• the "aero••" quantity or voltage analog, and in thia 

equivalent network 1horting these terminals means zero velocity or a 

clamped 1yatem. A1 a re1ult, in the impedance relation• of Eq. 4-48 

the term 1 "open" and "1hort" would have to be interchanged. The tern1a 
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' l~mped " and " free ", howe f' r , remain unamb11uou• in either analo,y . 

Mention ahould alao be made of the other •et of aymmetrical 

equation• for the moving.coil tran•ducer, aimilar to Eq•. 4-42 but in which 

the independent variable• are v and E. The variable• have the ••me mo­

bility pairing mentioned above, and the definition of kz i• again tut 1iven 

b~, Eq. 4-43. This •et of equati on •, however, require• an interchange of 

open-and short -circuit relations on +he electrical •ide when compared to 

systems with reciprocal coupling. 

Since the use of either the symmetrical equation• with the mobility 

analog or of Hunt'll k operator in the moving-coil system make• po••ible an 

equivalent T network, equivalent networks with ideal transformer• of the form 

shown in Fig. 4-3 can also be used to represent this antisymmetrical coupling. 

The coupling coefficient can then be related to • tored energies in these equiva­

lents, as was done for the example of electrical circuit• with 1ymmetrical 

coupling in Eqs. 4-6 and 4-7. The effect of the antisymmetry on the•e re­

lation• can be found by con1idering such energy storage in the equivalent 

circuit of the moving-coil transducer shown in Fig. 4-9. This ia one of the 

equivalents • 

--C> 
I 

<J 
V 

E C F 
m 

Fig. 4-9. Ideal-transformer equivalent network 
of a moving-coil transducer. 

shown by Hunt ( 1954, p. 148), bi.1t here the mechanical impedance baa been 

taken as z = I jwc and the electrical a • Z = jwL . 
m m e e 

In this network, a • in Fig. 4-3(a), the "primary•• can be defined•• 



r r 

the • e on r thr th Ir nd r r into the pr, r 

ar~uu . The anur np ro uy u \ ·1d nt here•• po•ati e ••an on th an-

du tance an aerie• wath L on the primary aade and a ne1ative 811ft on the 
e 

inductance which appear• when c i• moved throuah the trandormer to m 
the primary; thi• i• fo be compared to thf' oppo•ite pairing of aign• on the 

inductance• in Fig. 4- 3(a) for eciprocal coupling. In this equivalent net­

work, when the electrical terminal• are driven by a conatant-current source I 

and the mechanical terminals are aborted, the coupling coefficient of Eq. 4-43 

can be related to the inductance representing the primary and 1econdary by 

= 
L + c (Bl) 2 . 

e m 
(4-49) 

= ener&{ 1tored in 1econdary 
-teta •toTed energy 

A• might be expected, a 1imilar procedure with the other tran1former 

equivalent correaponding to Fig. 4-,(b) and with the "secondary" defined as 

the mechanical input impedance with the electrical terminal• aborted inatead 

of open will re ault in the other relation 

= 
energy stored in secondary 
energy stored in primary 

(4- 50) 

The effect of the antireciprocal coupling on theae relation• of the 

moving-coil coupling coefficient to atored energie• i1 that the 1imilar re­

lations of Eq1. 4-6 and 4-7 for reciprocal coupling have been interchanged 

when the same definitions of primary and secondary have been used in the 

correeponding equivalent networks. This can also be expresaed, ae in the 

input impedance relation •, as an interchange of open - and short-circuit 

condition• when the antireciprocal •yetem ia compared to the reciprocal. 

For example, if the "_•econdary" in Fig. 4-9 i• defined a• the mechanical 

impedance with ehorted instead of open electrical terminals, the energy ratio 

of Eq. 4- 50 will result; this ie the earue re 1ult obtained for the reciprocal 

1yatem with the aame equivalent network but with the other definition of the 

'' aecondary." 
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In r 1proc l •Y •t the ouphna oetl1 1ent waa ahown to be 

related to the frequf'n 1e• o! re aonan e and antireaonance by Eqa. f-1 l 

and 4- J 5 when tunina reactance• were placed ac ro•• the terminal• ol ou or 

both •y•tema. The effect of antireciprocal couplina on the•e relation• can 

now be determined by conaidering the input impedance of the movin1-coil 

transducer under similar conditions. Thi• input impedance will be de-

termined for the simple case of Z = jwL and z = 1/jwc and, with 
e e m m 

reference to Fig. 4-8, with a mechanical inductance 1 connected aero•• the m 
mechanical terminals or, equivo!"'ntly, with a mechanical impedance 

z = jwl - jl/wc and the mechanical terminah aborted. From the circuit m m m 
of Fig. 4-6 or Eq. 4-.37 this input impedance can be calculated, and, when 

expressed in term• of k
2 

defined by E'{. 4-43 and of the resonance frequency 

of the mechanical system, w
0

2 = 1/ c , it it mm 

z. jwL + (Bl~
2 

jwL [1 -( kl) 1 

-1) ]. = = 
1-kz (wz/w z 1n e j(wl - I wc ) e m m 

0 

(4-51) 

From this equation the input impedance i• • een to be in.finite at the 

antire• onance frequency w A = w
0

. The impedance ia zero at a frequency 

wR such that the expression in bracket• i• zero, and thia r ~sonance frequency 

is 

z z z z 
= WO / ( 1 - k ) = w A / ( 1 - k ) (4-SZ) 

Comparison with Eq. 4-13 for symmetrical inductive coupling •how• that 

the relation of k 2 to the frequencie11 of resonance and antire • onance is not 

changed by antireciprocal coupling. 

In this example of the moving-coil tranaducer it has been shown that 

the coupling coefficient of this antireciprocal coupling resemble• that for 

reciprocal coupling by having an uppeT. limit of +l but that its re.ation to 

input impedance a and to stored energy ratio• always differs in • ome simple 

but subtle way, such as an interchange of open- and 11hort-circuit conditioris 

on the terrninations of the equivalent network•. For antireciprocal coupling 

the definition of the coupling coefficient in terms of poaitiv~ feedback ha• 



b ea pp ae b l ~ rl of 11n • lra for t th quail n1 

th coupled ay ate m 1 an whach fore a• ana oaou• to urrent an produ ana po1a-

t ive volta1e feedback . Ju1ti!ication for thi1 ha• been found in the fact that 

the coefficient 10 defined atill ha1 phy1ical 1ignificance a• the limit of phy1ical 

realizability and ha1 uae!ul relation• to the ef!ectl o! the coupling . It re­

main• to be ahown in another example of antireciprocal coupling that thi• 

coefficient al •o ha1 • ignificance a1 a mea•ure of • tability. 

The Moving-Armature Tran1ducer. 

Another example of the antire:sciprocal coupling that i1 characteriltic 

of the interaction of a current and a magnetic field ii the moving-armature 

or magnetic tran1ducer, an electromfl!chanical device which in the telephone 

receiver and in magnetic relay • baa found more wide •pread application over 

a longer period of time than has any other form of electromechanical trans­

ducer. In this form of tronsduction the force exerted on an armature by a 

polarizing magnetic field is varied by modulz.Hon of the polarizing field with 

the field of a current-carrying coil, and the re~c tion of the mechanical system 

upon the electrical results from the motion of the armature changing the flux 

through that coil and inducing in it an e . m.f. 

The electromechanical coupling equations for the moving-armature 

•yltem are expre1sed by Hunt ( 1954, p. ZZ7) in the form 

E = ( Z ,, + Z ') 1 + 
e e T V 

F = T I + (z II + T
2
/Z ') v. m e 

( 4- 53) 

In these equations the antireciprocity is exprea •ed by the operator~. as in 

Eqs. 4-39 for the moving-coil transducer, and the transduction coefficient 

ii defined as 

T - d + X 
k 

( 4- 54) 

where N is the number of turns in the coil linking the magnetic circuit, 



• the pu r a&l"I flux , X aa the on,., ex h at reaaa to r , and ( d + x) a• 

t h~ 1 nath of the aa r 1ap betwee n the a r mat u r e and the pilJe- pa ece . The 

e lec tric al i mpe danc e i 1 wri tten h~ re a• the •um c,f two componenu, of wha h 

Z '' include• all the ohm ic reai1tance of the wind ing and the reactance a• • ocia­
e 

ted with the leakage flux that play• no part in producing atre•• aero•• the air 

gap and :Z ' is the reactance aaaociated with all the a i.r -gap flux and i1 thus 
e 

inherently associated with any transduction that may arise. The mechanical 

impedance is also expressed as the sum of two components, of which z II is 
m 

the mechanical impedance of the armature sy1ttem when the polarization is zero 

and z 1 = Tl I Z ' = 1 
is the added mechanical impedance r esulting 

m e JWC 

from the application of a st~ady polarizing flux. An equivalLnt T network fc., r 

Eqs. 4- 53 is shown in F ig. 4-10. 

R II L" L' -T -T C C 1 r 
e e e e m m m 

.. ~~ + 

) ( m m E 

0-

T 

Fig . 4- 10. Equivalent T network for a moving­
armature transducer. 

Since the coupling expressed by the tran1duction coefficient T in 

F 

Eq. 4- 53 i• anti reciprocal, the feedback in Eqa. 4- 53 with I and v aa in­

dependent variable• ia negative , a1 it wa1 in the aimilar Eq1. 4-Jq for the 

moving-coil transducer. But again a 1ymmetrical form for the equation• 

can be found by using I and F ~, 8 the independent variable•. With the abbre­

viated notation for mechanical impedance, z = z 11 + T
2
/Z ' these equa-m m e' 

tions are 

E = (Z 
e 

V : 

T 2 / z ) I + T /,z F 
m m 

- T /z m I ·t 1/z F . m (4-55) 



Fro the•e eq at on • poait · r t rn .- . u an be bt an and p 1n 

oeH1 1ent• defined !o r the reauuve, apa 1t1 ve, and 1ndu c u e componenu 

of z A• i n the moving- c oil tranaducer, however, only the. inductive 
m 

coupling i• of intereat, aince it i• the only one inherent in the tranaduction . 

For the ••me reaaon only the ''active" component, L ', of the electrical 
e 

impedance will he included in a cuupling coefficient which i • to measure the 

inherent c oupling. The component of z for inductive coupling i• the ca­m 
pacitance of c and c in aerie•; this will be denoted by c 0

, aince it is m e m 
the capacitance with the electrical terminals open. From Eqa. 4- 55 and 

from the definition in Eq. 3-18, the coupling coefficient for the moving­

armature tranaducer is found to be 

( . o T )2 
JWCm 0 

(jwL ' + jwc 
O 

T 2)(jwc 
0

) e m o m 

= 
co T 2 

m o 

L ' + c
0 

T 2 e m o 

( 4- 56) 

when the factor upon which~ operate• in Eq . 4- 54 ha• been denoted as 

T
O 

-N-
0 

X /(d + x). 

Thie coupling cof'fficient has the same form as that in Eq. 4-43 for 

the moving-coil tranaducer. There is, however, a significant difference 

concealed in the mechanical compliance c O in Eq. 4- 56. This com-m 
pliance ha• been defined by Eq. 4- 53 a• the compliance with no current in 

the electrical circuit but with a polarizing magnetic field applied. It is 

related to the compliance c without polarization by the definition of z as 
2 

m m 
z =z" + T /Z '; therefore, the compliance c can be related to m- n1 e m 

o 2 
c and to k by 

m 

= 

or 

l 
+ 

T z 
0 

L' 
e 

= 
1 

0 
C m 

c OT 2 1 m o 
L' e 

= c 
0

( l - k 
2

) . 
m m 

= 
l 

C 
0

(1 m 

(4 - 57) 

If this equation is now used in Eq. 4- 56, the coupling coefficient can be 

expressed in terms of the compliance cm of the mechanical system when 
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T 
2 

( N•o l. )l· kl 
. 
m 0 m ( •-58) [' -: 

L' d + X 
e e 

In this form the c oefficient of the moving-armature transducer re-

sembles that of the electrostatic transducer in Eq. 4-28. And, as in that 

case, it appe,u:' ii that the magnitude of k 
2 

can be increased without limit by 

increasing the polarizing flux, . Aga:n, however, the limit of +I is set by 
0 

the condition that the system be stable. This limit is evident in Eq. 4-57, 

relating the c: omp l" ance c 
O 

with polarization to the compliance c without 
m m 

polarization . As the polarizing flux is increased, the coupling coefficient 

in Eq. 4- 58 increases, but as k 
2 

approaches + l the mechanical compliance 
2 

The value k = +l, c O approaches infinity or the stiffness vanishes. 
m 

t :1erefore, indicates the point at which the .mechanical system become• un-

t;table, just as it did in the electrostatic transducer. 

The antireciproc ity of the coupling in the moving-armature doe1, 

ne ve rthe less, distinguish it from the reciprocal transduction of the electro­

static in thia stability condition . The differenl:e become• evident in om­

paring the mechanical impedance• in Eqs. 4-26 and 4- 53 for the two tran1-

duce rs. In the electro static transducer the mechanical impedance is inde ­

pendent of the polarization when the current I is zero, hence when the f!lec­

trical terminals are open; it becomes .. function of the couplin~ and of the 

polarization, expre s1ed by Eq . 4-32, when the elec ti ical terminal a are 

shorted. In the moving-armature transducer, on the other hand, the mechani­

cal impedance in Eqs. 4 - 53 is a function _of T, of the polari zation, and, as in 

Eq. 4 - 57, of kz even when the current I ia zero and the ele c trical te1minala 

are open. The electrostatic is thus mechanic ally unstable for k 2 = + 1 when 

the electrical terminal • are ithorted, but the moving-armature is unstable 

when the electrical terminals are open. The antireciprocity again pro-

duces an inversion of the open - and 1hort - circuit condition,. 

s·nce the e lectro1tatic transducer is 1table when itl electrical 
I 

terminals are open, the implication of thi1 inversion by the antireciprocity 

is that the moving-armature should be similarly stable for short-circuited 



r r t rn . tr · 

nd z r r - r p 1 n 
n 

u found, with th aid of Eq . 4 -57 , to b r late<l to b 
m m 

J 1 
Tl T Z T 2 

+-
0 0 + 0 - = --- = - - = • (\ 

L I L I L I C 
C C C m 

m m e m e e 

( 4- 59) 

Therefore, the compliance c • with the electrical terminah shorted i a m 
equal to the compliance c without polarization and i1 independent of the m 
coupling. The system must then be a table for any magnitude of the polari-

zing flux. 

Thia stabilizing effect of antireciprocal coupling may be regarded 

a1 confirmation of the characterization of the feedback in such systems as 

negative. It wa • shown in the moving-coil system that thP. coupling 

equation• indicated negative feedback and that the input impedances were in­

creaaed by thia feedback. The mechanical atiffne•• was there increaaed by 

the !low of induced current when the electrical terminal• were aborted, but 

there ii no negative ot~'!ne11 in the moving-coil 1yatem becau1e it i1 unique 

amon1 polarized tran1ducer1 in that the polarization ha• no effect upon the 

mechanica 1 or electrical 1y1tem • other than the couplin1, In the moving­

armature tran1ducer, however, the polarization produce• a negative 1ti!!n~•• 

1/c = -T 2/L I when the current ia zero, but when a abort-circuit current 
e o e 

i• induced by mechanical motion the reeulting negative feedback into the 

mechanical 1y1tem adds an equal po1itive atiffne•• to cancel the negativl. 

atiffne11. Thia cancellation is complete, however, only when all of the 

magnetic flux i1 active in producing stress across the air gap, and this has 

been aa1wned in the analysis of the moving-armature system by negle c ting 

the leakage inductance L". 

In general, as was noted in regard to the electrostatic transducer, 

there are II str&.y" r:omponents of the electrical impedance which are 

independent of the couplin6 In all magnetic transducers the stray or 

leakage component of the inductance must be in series with the active 

component, since all of the current which is active in producing 

forr:e in the mechanical system flows through both inductances. The 
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nt n t work of F ig 4 - 0 n E 

h n e, a n a pp a r 1n a c H1 n t ind t l\ · oup ling defined r o t h t 

- i r uit or tho t: e quation Howe r th oup li ng c o ff1 1e nt h a I been o 

define d as to include only th o m pon n t o f the inductan e a ti ve in th e tr a ns -

duction in order that the o ffi i nt may be limited to unity by the stability 

requirement. A coeffi c ient d e fin e d to include the leakage inductance would 

be smaller in magnitude than that which includes only the active inductance 

because of the increased magnitude of Z 
11

. and insta bility could thus occur 

for values of the former coefficient which ar~ less than unity. Such a coefficient 

has, therefore, little significance as a measure of intrinsic properties of the 

transduction . In the magneti c t ran sduce rs the leakage inductance - - and the 

stray re s i sti vt and capacitive components, both shunt and series, although 

not invol ved in the definition of the coefficient- -modify the electr ical terminal 

impedance, and correction mu.:;t be made for such components in determining 

k from measure m ents at the terminals. 

The Magnetostriction Transducer . 

As the moving-armature transducer is similar to the electrostatic 

except for the antireciprocity of its coupling, so the magnetostriction trans­

ducer is the antirec1procal counterpart of the piezoelectric. The antireci­

procal coupliag, is again the result of the interaction of a current and a magne -

tic field, bu t in the phenomena of piezomagnetism and its second-order effect 

of magnetostriction the current involved is the atomic Amperian currnet re­

sponeible for the magnetic characteristics of the material. The electro­

mechanical coupling from piezomagneti1m i1 produced by tl-\e change in 

strain in a piezomagnetic material when an external applied magne tic field 

is varied and the change in internal flux density when the • tress on the 

material is varied. The coupling of two systems can be expressed by the 

usual pair of equation • of state or of motion. In writing these equation• 

the similarity o.f pi e zomagnetism to piezoelectricity has led to the proposal 

by Ehrli--h ( 1952) of a nomenclature for piezomagnetism which, except for 

the variables used ; resembles the standard forms for piezoelectricity . It 

will be convenient for purposes of comparison to use this notation here . 
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One of the 1ymmetr1ca l for m • ot the1e equau ona , compa rab le to Eq1 4 -ll 

for the p iezoelectric tranaduce r, u 

B = .,._TH+ dT 

( 4-60) 

In thi I form of the equations the mutual coefficient• are symmetrical, and 

all the coefficient• have the same time phase; the feedback i1 therefore 

p ,:,.iti ve, and the r e turn ratio can be defined aa the coupling coefficient, 

kl = dz/ t,l T sH, a1 in the comparable equation• of the piezoelectric trana­

ducer. 

It is instructive, however, to express these equations in the variables 

F, v, E, and I, as was done for the similar Eqs . 4-33 in the example of 

piezoelectric coupling. In this case the change of variables can be made 

conveniently by considering the magnetostrictive material represented by 

Eqs. 4-60 to be the core of a toroid of N turna, having a mean circumference 

x and cross-sectional area A. In an idealized situation with no leakage 
0 

flux the atreas can be expressed a1 T = F/ A, the •train as S = x/x , the 
0 

flux denaity a• B = ( 1/NA)] E dt, and the field intenaity as H = NI/x . 
. 0 

Assuming a time variation of the uaual form, eJwt, Eqa. 4-60 become in the 

new variable• and with impedance coefficient• 

. TNZA 
E = JWt! I + jwNd F x 

0 
H 

jwx • 
jwNd I + 0 F. V = A 

(4-61) 

The•e equation • are alao symmetrical and have the same time phase in 

all term a, so the definition of the coupling coefficient again produces 

kz - dz/ T H - t,l s I (4-62) 

which ia i :idependent of the constants N, x
0

, and A of the teroidal coil. 
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tranEiucere, but 1U saturation value is determbed by the internal struc ture 

of the material; and the maximum values of ic attained in available magne­

tostrictive material• are far from the upper limit. 

A theoretical relation of the coupling coefficient for magnetostriction 

to the mechanical stiffness with and without polarization, such as Eq. 4-57 

for the _.noving-armature transducer, to show that the stiffness vanishes as 

the coupling approaches unity requires information not available in equations 

of state such as Eqs. 4-60. In these equations the constant sH is an im­

plicit fanction of the polarization, whereas in Eqs. 4- 55 for the mc.ving­

armature system the mechanical impedance z at constant current has been 
m 

expressed in Eqs. 4-53 as (z '' + T 2/Z '), an explicit function of the im-
m e 

pedance z "with zero polarization and of the transduction coefficient re-
m 

lated to the polarizing flux by Eq. 4- 54. A similar relation of the com-

pliance sH to ~he compliance with z. ro polarization and to the polarizing 

flux requires a :-.nowledge of the relation of the mechanical strain to the 

polarization. 

1n general, magnetic materials are characterized by the absence of 

simple analytic relations, but in magnetostrictive materials the mechanic l 

strain is, to a good approximation, proportional to the square of the magneti­

zation, aa i• deacribed by Bozorth ( 1951, pp. 637 and 684). A aimilar 

quadratic relation in the moving-armature tranaducer analyzed by Hunt ( 19 54, 

p. ZZZ) led to the expre 11ion of the mechanical impedance in Eq . 4- 53 as the 

impedance with zero polarization reduced by a negath·e • tiffne11 re • ulting 

!rom the f,olarization. The 1tiffne1• of the magnetoftrictive material will, 

therefore, aho be related to the 1tiffness with zero polarization by Eq. 4- 57 

derived for the moving-armature example, and ask approaches unity the 

atiffneas will vanish. The requirement that the material cannot collapse 

with increasing polarization to increase the coupling will thus e stabli 1h for 

magnetostricti ve coupling the usual limit of + 1 for the coefficient of coupling. 
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.rate and ua coeffic ient from thoae of reciprocal •Y atem• . A comparuon 

of Eq1 . 4-61 for magneto•tr~.:tion with the aimilar Eq1 . 4- 34 for the recipro­

cal piezoelectric coupling reveals that, while both •eta of equations are 

1ymmetrical in form, tho•e for magnetoatriction have a ~• independent varia­

ble• F and 1- -one intensive and the oth<.r extenaive--while those for piezo­

electricity have the variables v and I- -both extenai ve. And reference to 

Eqs. 4-42 for the movin1:,-coil and Eqs. 4- 5~ for the moving-armature 

'transducers will show that the equations c. 1 symmetrical form in those examples 

also use F and I as independent variables. It ia, therefore, a c haracteristic 

of ayatema with antireciprocal coupling that the •')mmetrical form• of the 

equations of state or motion are tho1e in which the in.iependent variable& are 

mixed exten1ive and inten1ive thermodynamic variable•. 

Furthermore, an exprea1ion of Eqa. 4-61 with the extenaive variables 

I and v as the independent variable• will result in equation• of anti1ymmetrica ~ 

form , as were Eqa. 4-37 for the moving -coil tranaducer; the mutual coeffici e nt 

wi 11 again not only have opposite aign• but will differ in time phaae from the 

electrical and mechanical impedance coefficients . A1 in the moving-coil ex­

ample, equation, of this form will lead to negative feedback and to a return 

ratio which is k
2

/( 1 - k
2

) rather than k 2 . In system, with anti reciprocal 

coupling, therefore, the equations which are antiaymmetrical in form are thos 

in which the variables are homogeneous . 

The relation• of tne coefficient of coupling to the equatior I of 1tate 

are summarized for ay1tem1 with antireciprocal coupling in Table 4-2 , a. 

they were for r e ciprocal coupling in Table 4- l. 
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to th c oeff1ci nu 1n the eq auon o tat 
systems with antac:upr Lal o pling . 

n t 

Systems with anti symmetrical or an ireciprocal 
coupling 

such as 

mechanical systems oupled by a gyroscope 

electromechanical systems coupled by a magnetic 
field, as in the moving-coil, moving-armature, 
and magnetostriction transducers, 

and having equations of state of the form 

Y 1 = a 1 l x 1 + a 1 2x 2 

in which the coefficient a 
11 

is a coefficient irom 
a different energy function- -kinetic or potential- -
from that of ~

2 

have a cou:,ling coefficient related to the coeffi-
cients a by the following ratios: 

nn 

if the equation, of state are mixed 
in extenai ve and inten1ive variable• 

if the equation• of etate are homogeneoue 
in extensive and inteneive variable• 

a 11 a ZZ + a 12 a 21 



MEASUREMENTS OF COUPLING COEFFICIENTS 

The numerical ·,alues of the coefficient of coupling of some typical 

coupled systems are of interest as confirmation of the theoretical limit of 

the magnitude of the coefficient to a maximum of unity by the general de­

finition in terms of fe~dback on the basis of physical realizability in passive 

systems and on the basis of stability in active systems. Value, of the co­

efficient for many systems are to be found in the literature, and for such 

systems reference will be made to typical maximum values and to the meth-

ods of mea!lurement without detailed discussion. Comparative values for 

electro • tatic and moving-coil transducers are not available, however, and it 

was necessary to determine these values from measurements made on elec­

trostatic and electrodynamic loudspeakers. For these new measurements 

the method and results will be considered in more detail, but the emphasis 

will be more on order of magnitude than on precise values of the coeffi-

cient •. The coupled sy1tem• will be compared only in respect to the approach 

of the maximum value • of their coefficient to the theoretical limit, and no 

attempt will be made to evaluate the merits of various forms of transduction 

on the ba• i1 of the coefficients of coupling. 

Methods of Mea1urement 

The value of the coefficient of coupling, defined as a real , positive, 

maximum return ratio in Eq1. 3-17, 3-18, 3-19, and 3-Z0, can be cetermined 

directly from these defining equations for any pair of coupled •Y stems having 

the requisite equations of state in the form of Eqa. 3-4 and the equivalent T 

network of Fig. 3-1. For this it is necessary not only that the magnitudes 

of the impedances z 11 , z 12, and Z2.Z be known but that these impedance• be 

.teparated into their component resistive, capacitive, and inductive elements 

or, in mechankal and electromechanical 1y1tem • , into the equivalent me­

chanical elements. ln the electromechanical •y1tema a further 1eparation 

of the impedanc~s into active and • tray component, is required by the 
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a t ed fo r e xamp 

·a lue of the o up h n1 

r 

tr 1 - 1 p d n b r 1d e e• • r m nt • th 

1en t a n be omp u te d fr om t he d 1n 1n1 equation 

In many prac ti cal c ouple d • Y•tem • • parti c ularly the ele ,~ trome c han1 c al , 

the c omponent element• are not accea • ible !or di rect mea•ureme nt, a nd the 

c oefficient muat be evaluated from e!!ecta mea • ura ble at the two terminal 

pair• of the coupled •y•tema. For this purpo• e u•e may be made of the 

relation• of k to the terminal impedance• and to the critical !requencie• of 

• uch impedance • which were der : ved a • cor.• equence• of the general defini­

tion of the coefficient. For example, in Eq . 3-Z5 the coefficient was •h,,wn 

to be equal to the difference between the input impedances with the output 

terminals ope.a and shorted divided by the input impedance with open output 

terminals . Thia simple relation presume•, however, that the impedances 

are either all resistances or all reactances of the same sign. The evalua­

ticn of k from this relation is thus possible only if it is known that the im · 

pedances in the coupled systems are all of the •ame type or that measure­

ments can be made at a frequency such that the effect• of all but one type are 

negligible. It is also necessary to know the effects of stray or leakage com ­

ponents upon the terminal impedances in order to establish whether the 

terminals can be effectively opened or shorted by external operations. In 

many coupled systems it is difficult to insure that the assumed condition• are 

satisfied because of stray components and for other reasons: for example, 

many mechanical systems cannot be effectively clamped to insure zerC> 

velocity because of the magnitude of the forces in-. olved. The method c,f 

open- and short-circuit terminations, therefore, finds only lim :. ted appl i.cation. 

A relation that is more generally useful- - and more generally used-- is 

the relation of k to the critical frequencies of the input impedance when the 

output •y• tem is tuned or resonant. Thi s relation was derived for simple 

inductive coupling and is expressed in Eq. 4-13 in terms of the frequency of 

resonance wR and the frequency of antiresonance w A; for capac i tive coupling 

the similar relation is found in Eq. 4- 17. In such coupled systems with no 

stray components, k can be similarly related to the frequencies of maximum 

motional impedance w2 and of maximum motional admittance wy, a I in 
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kl l. l 
- J (wA / wR) = 1 (wz / wy) ( 5- 1) 

and for capacitive c oupling as 

k2 2 
1 l 

= - (wR /wA) = - (wy / w2 ) ( 5- 2) 

These equations in terms of critical frequencies are 

particularly useful in systems with electromechanical coupling sinc e th 

mechanical system usually has a natural resonance. In using these relations 

to determine k, it is again necessary to know the effects of the stray com­

ponents before the critical frequencies can be assumed to measure only the 

components related to the coupling coefficient. But in the coupled systems 

of greatest interest a simple measurement of the effective Q of the resonant 

system often suffices to establish the degree to which the stray components 

can be neglected. The critical-frequency method, therefore, finds wide 

application, particularly in the measurement of electromechanical coupling. 

The Electt'ostatic Transducer 

The theory of electrostatic coupling and itl coefficient is developed 

in Electroacouatics by Hunt ( 1954, chap. vi). 1t i1 shown there that the 

electrostatic transducer ha• the equivalent T network 1hown in Fig. 4-7, so 

the coupling is capacitive and the coupling coefficient i1 related to the cri­

tical frequencies by Eq. 5-Z. Thia simple reiation presumes, however, 

that the 1tray components can be neglected. To determi .,. whether the 

coefficient can be evaluated from the critical frequencies in any practical 

example of electrostatic coupling, the system mu1t be analyzed in 1ufficient 

detail to separate the active and 1tray component,. For thi a purpose the 

impedance and admittance diagrama,deacribed by Hunt ( 19 54, chap. iv), are 

useful. 

The measurements of electric impedance required for such diagrams 

were made on a~ experimental push-pull electrostatic loudspeaker, designed 

and built by A. A. Janszen. In making theae meaaurementl, a routin~ 



r ••• 
n ftl 

• I n t e r n i a p d n I wa1 '" n n nt 

\ 1 - 10 ohnll ! &n be • · • the m ea,uremer,u had to be m.ade w th a 

relati ely h11h ~\)laru1n1 voltaae app h ~d to the •peaker . A br1dae • uitaule 

for reliabl:. mea • urement • of the • e impedance• wa • found to be a capaci­

tancf" bridge with re • i• tive ratio arm • of 10 and l0K ohm• and with decade 

• tandard re • i • tor• and capacitor• in aerie • in the known arm of d1e bridge. 

A General Radio Type P- 508 Owen Bridge wa• readily converted to thi• form 

and wa• u1ed for the mea1urement1. To make the • e mea •urement • repro­

ducibl.e, problem I of 1tability in the loud1peaker unit ari1ing from variation• 

in the diaphragm polarizing voltage and temperature were aolved with the 

indi1pen1able cooperation of Mr. J&ll1zen. The re •ult • of theee mea1ure­

ment1 are 1hown in the impedance and admittance diagram• of Fig. 5- J. 

Fro1n the • e diagrams it can be determined by the method• described by 

Hunt ( 1954, chap. iv) that in this transducer the electrical and mechanical 

re1i1tance• are small compared to the reactive component• (mechanical 

Q grtater than 15 and higher electrical Q), but the • tray component of the 

capacitance C ia not negligible. 
0 

The effect of the stray capilcitance is evident in the fact that the im­

pedance diagram •hows that the frequency of maximum motional impedance 

ia not independent of the coupling and not equal to foe frequency of mechanical 

re1onance with zero polarization (w ), as would be the case if there were no 
0 

stray components. An investigation of this change in frequency led to the 

inclu• ion of a stray component of capacitance in the equivalent circuit and to 

the derivation of the relation of the frequency of maximum motional im­

pedance (w2 ) to w
0

, to the coupling coeffic;ent, and to the ratio of stray to 

total capacitance. This relation, 1hown in Electroacou1tic s (p. 206), is 

z 
:: w 

0 

C 8 +.!.c II ) l. 0 ---.c-.-+-1-c-­
z 0 

( 5- 3) 

where (C + -
2

1 C ") is the stray component and (C + 
2

1 
C ) is the total • 0 • 0 

capacitance. With the aid of thi1 equation, the value of w
0 

can be determined 
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dat b p lotun 
l. equare of the polaru1ng oltaae E 

0 

tr th I aan l. 
the al u • of wz •• a (unc tion of t) 

The rt:eu uni •tra11ht line ha• an 

int r e pt with th E = 0 ax1 • which determine• w , the frequency of maxi-
o 0 

mum motional impedance when there i• no •tray component. The value of 

f = 107 c / • so obtained agree• well with an audible re •onance of the unpolari­
o 

zed diaphrAgrn when it was driven by a sound field of variable frequency. 

With this correction for the stray component of the capacitance, the 

coupling coefficient can be obtained from the critical frequencies , w A = w
0 

and wR = wy, and from Eq. 5-2, which can be written k
2 

= l - (wyh,.1
0

)2. 

The r~sonance frequency or frequency of maximum motional admittance is 

independent of the stray capacitance and can be obtained directly from the 

admittance diagram. However, the erratic distribution of frequencies in the 

region of maximum motional admittance for E = 800 volts indicates error 
0 

in the frequency measurements. An estimate of the correct value of f y can 

be made by plotting E
0

2 
vs. wy 2 

from the other circles and extrapolating 

this linear relation to E = 800 volts; the correction is small, but the 
0 

corrected value of fy = 84 c / s will be used in computing k. The values 

obtained for the coupling coefficient of this electrostatic loudspeaker with 

three values of the polarizing voltage are listed in Table 5-1. 

Polarization fy f k =Vl - Uylfo)z 
0 

300 v. 104 107 0. Z3 

600 94.6 107 0.46 

800 84. 107 0.62 
I 

Table 5-1. Meaaured value• of the coupling 
coefficient of an electroatatic loudapeake r. 

The Moving-Coil Tranaducer 

The theory of the electromechanical coupling in the moving-coil or 

electrodynamic transducer is also developed by Hunt (1954 , chap. v), but 

I 



n nl • Il l r r h • ti l • 

. tan• n .Eq 4 - 4 1 fro Eq1 . 4-41 and lbe • 4"1 a lenc T n &work ot 1"11 . 4 -

!,1n e :he couphn1 11 and"cu e an th11 ca••, the relauon to the c raucal Ir -

uencae 1 11 that of Eq . 5- ! , p1ro 1ded that the et ray componenu can be 

neglected. To determine the characteri1tic1 of thi1 type of tran1duction, 

impedance and admittance dia1ram1 1uch a, tho1e u1ed in analyzin1 the 

electro1tatic tran1ducer are needed. The i!11pedance of a W~•tern Electric 

7 55A Loud1peaker wa1, therefore, mea1ured a• a !unction of frequency with 

a Techr.ology In1trument Corp. Type 310-A Z-Angle Meter, and the re1ults 

are plotted in the impedance and admittance diagrams of Fig. 5-2. 

This • et of diagrams can be said to be, first of all, unfamiliar, as 

compared to the diagram• of moving-armature, piezoelectric, and magneto­

striction transducers, which appear frequently in the literature; impedance­

circle diagram• for a moving-coil •peaker can be found, but the • et of both 

impedance and admittance diagrams is rarely, if ever, to be seen. A• 

compared to the familiar diagram1--and to tho1e of the electro1tatic, which 

are al"o rarely seen--, the moving-coil diagram, are aho unusual in that 

the motional admittance decrease • rather than increase• the total admittance , 

so that the motional admittance cil'cle lie• to the left rather than to the right 

of the zero-frequency admittance. 

One cor11equence of this is apparent when an attempt is made to use 

tl,e relation of k to the frequencies of maximum motional impedance and 

admittance in Ect. 5-1. The frequencie• are equal, and the coupling coeffi­

cient is zero.' The absurdity of this leads to an immediate re-examination 

of the theory and to an explanation of the phenomenon. In examin;ng the 

theory it is convenient to use, instead of the equivalent T network, a trans­

former equivalent similar to Fig. 4-9 but with the mechanical terminals 

shorted (F = 0) and the impedance of the resonant mechanical system brought 

thro\lgh the transformer to the electrical aide; such an equivalent circuit is 

shown in Fig. 5- 3, in which t,1e transformed mechanical compoi'1ents are 
. 2 2 2 

denoted for converuence a~ c (Bl) = f. , (Bl) /r = r, and l /(Bl) = c. m m m 

• 

r 
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Fig. 5-3. A transformed equivalent circuit 
for the moving-coil transducer. 

C 

From this equivalent circuit it is obvious that both the total and the 

motional impedance are maximum at the antiresonance frequency of the 

parallel combination of land c. Hence the frequency of maximum motion-

al impedance is w
2 

= 1/ -./1 c = w , the resonance frequency of the 
mm o 

mechanical system. The total admittance must be a minimum at this anti-

resonance of the total impedance, but conclusions about the motional ad­

mittance cannot be made without resort to a few equations. For this pur­

pose the total admittance of the circuit of Fig. 5 .. 3 can be written in terms 
. - 1 of the blocked admittance or the admittance with v = 0, Yb = (R + JwL) , as 

y = 
t 

Yb (rl l . ) 
- + jw f + JWC ~ 

Yb + .! + .,..,,_ + jwc 
r JW 't 

( 5-4) 

The motional admittance is then tl~e tota l minua the blocked admittance, or 

y = y t - y b = - y Z (Y + .! + _1 -mot b b r jw-{ 
- 1 + jwc) . 

( 5- 5) 

The frequency of maximum Y t can now b~ dete t·mined from mo 
Eq. 5-5. This can be done moat convc:.1iently by conaidering first the 

pa. ticular caae in which the blocked electrical reaiatance is negligible, 

that is, R <<wL in the frequency range of interest. When R can be 



I Je.,L, and Eq . 

y 
mot = 

r l. l. 
w L 

r 

. ., ., m e 

l. L + JwL(w Le - T - .l -' l)J 
( 5-6) 

The condition ti.at the locu• o! Y mot be a r.ircle req:.1ire1 that the chan1e in 

wL with frequency be negligible in compariaon with the variation in the 

aecond term in Eq. S-6. When thia ia true, it i• a:tao true that the maximum 

Y t occur• when that 1econd term vaniahea, i.e., at a frequency w related 
mo z z y 

to WO = 1/lc=wz by 

l. 1 [ Wy : 77 1 + +-] Z 1. L +f] 
wz L L 

( 5 .. 7) 

= 

The definition of the moving-coil kin Eq . 4-43 can now be written in terms 

of the inductances f and Las 

c (Bl)z 
m 

L + c (B 1)2 
e m 

=~ 

and, with the aid of Eq. 5-7, k i1 related to w2 and wy by 

( 5-8) 

( 5-9) 

When R, the •tray component of the electrical impedance, ia negli1ible, 

therefore, the coupling coefficient ia related to the frequencie• of maximum 

motional impedance and adrr.:.ttance by Eq. 5-9, which i• the aame a• 

Eq. 5-1. 

In the impedance data of Fig. 5- Z, however, the re aiatance R i • 

not negligible compared to the blocked reactance; on the contrary, R is 

conaiderably larger than '-'IL in the frequen y reiion of the motional circle. 

In thl• ca1e, the blocked admittance with wL<<R becomes Yb = 1/R, and 

Eq. 5-Sbecome• 

ymot O -[R + r 
(5-10) 
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mouon.1 1mpeda n 

i n th 

a nd dm 1ttan 

motiona l admittan e 1 th u ho wn 

l 
w , wh1 h 1 1 . 1 0 

0 

~z , 80 truat 1n thl 8 a • e 

gram • of Fig . 5 - l of the maxi m a o f 

at th~ s am frequen c y and of a ne gative 

v Eq . 5 - 10 to be the result of the stray 

re1iative ompon nt of ! c tri a !. imp dance b ing large c ompared to th e. 

a c tive indu tiv compone nt in th is transdu c er . 

In this e >eamp 1e, t • ~r e for th F fr e quencies of maximum motional 

impedance and admittanc e ar e not a usefu measure of the coupling coe fficient. 

I t is not safe to conclud e ._ v, e ver that the other critical frequencies cannot be 

so used , since a distinction must be made between wz and wA and between 

wy and wR whenever r.esistive components cannot be neglected. To make this 

distinction , consider the tota .. impedance of the circuit of Fig. 5- 3, which is 

Zt -: (R + jwL) 

( 5- 11) 

If resonanc e and antireC1onanc e are now defined a,s the conditions for zero . 
phast• angle in this impedance , these critical frequencies can be determined 

by the condition that the r e a c tance of the first expression in Eq. 5- 11 be equal 

and opposite to that of the s c ond. W e n e xpressed in terms of the frequency 

w l = 1 / ./. c, this equality become• 
0 

f ,:--
WO l f z. 

z 
r 

+ + 1 = 0 

The trouble •ome •tray R does not appear at all. in thi• relation. 

( 5- 1 Z) 

And the 

mechanic~l r can be eliminated if the approximation can he made that 

w z f.. 2 t r 2<< 2 + { { / L). When expre11ed in term • of the mechanical 
0 

Q ~ r/w i and of k 2 from Eq. 5-8 , thi s approximation become• m o 

Q -::::...:::::. ( 1 - k 2) / (2 - k 2), and this is easily • ati1fied even when the coupling 
m 

is small. In fa.ct , the requirement that the mechanical Q be high enough m 
to prodc.ce an impedanc e ci r cle will insure its satisfaction. With this 

approximation the two so utions of Eq. 5- l Z take the 1imple form 



l 
(.JR w l ( 

0 
) and 

A 0 
( - l) 

The coupling coefficient, related to the inductance• by Eq . ~-8, can 

now be expre••ed in term• of the i,e critical frequencie• •• 

z z 
k = l - (w /w ) A R ( 5- 14) 

This is again the relation derived in Eq. 4-13 for inductive coupling with no 

E"tray components , so that by defining ""A and wR as the frequencies of zero 

phase in the total impedance the convenient relation of the coupling coe · fi­

cient to critical frequencies of the impedance can still be used when the 

coupled systems have a large resistive stray component . Since the total 

admittance is the reciprocal of total impedance, the same critical frequencies 

of resonance and antiresonance will be found in the total admittance. From 

either the impedance or admittance diagram in Fig. 5-Z, theref.>re, the 

critical frequencies are fR = 400 c/s and fA = 81. 5 c/s. The coupling 

coefficient from Eq. 5- 14 is 

k = [1 - (!60 5 )ZP = 0.98 ( 5- 15) 

a •urpri • in1ly high value! 

To confirm that the coefficient i •, indeed, • o dote t.n it • maximum 

value, it i • not difficult to find value• for the con• tant• in Eq. 4-42 for thi • -moving-coil •y • tem and to calculate k from the definition in Eq. 4-43. The 

inductance L with the mechanical •y • tem clamped can be determined ea • i1.y 
e 

by a bridge mea •urement at any frequency well above the mechanical re-

sonance. The mechanical compliance c can be determined by the added-m 
ma•• method of Kennelly and Pierce ( 1912h The ma•• of the moving • y • tem 

ii increa1ed by known increment• and the re •ulting frequencie • of mechani­

cal re • onance are determined from the frequencie • of maximum motional 

impedance; a plot of the inver • e square• of these frequencies againat the 

added ma•• ha • as it• • lope the dynamic mechanical compliance. The 

force factor (.B 1) can be determined by the current-balance method 
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1111 ual poa i t1 on , d t rm1n d b an _ c tr1 cal con t~c t , by a mPaaured u rre nt 

through the voi 0 1 I , t ratio o f th gr,vltatlonal { rc e (mg) to th c urr nt 

(I) is the for e fa tor B 1 

For the We•tern Elec tric 755A Loudspeaker the values obtained by 

these methods wer~ L =- 0. 23 millihenry , c - Z. 8 ~ J0- 4 meters/newton, m 
and (Bl) = 3. l newtons/amp f> r e . With these values of the constants in Eq . 

4-4 3, the co pling oe f!icu=m t is 

k -
[ 

c 'B 1)
2 

ffi l. 

L +c ' B1) 2 
e m 

] i [ 2. 87 

= 0. 23 - z. 87 
5- 16) 

Within the accuracy to be exp ec ted from these rough measurements , this 

confirms the value of the coefficient obtc&ined in Eq. 5- 15 from the c ritic al 

frequencies. 

To determine whethPr this high v2.lue of the coefficient f') 11 nd for a 

high-quality 7 -inch loudspeak e r was typical of moving-coil transducers , 

measurements were a s o made on other loudspeakers which might be ex ­

pected to differ in the ir degr of coupling becauae of the size of their pola r i­

zing magnets. The critica. frequencies determined from a 15-inch Universi­

ty C 15W Super Woofer, havin~ a very large magnet , indicate a couplin& co-

efficient k ~ 0. 98 And similar measurements on an inexpensive Z-inch 

loudspeaker with a very smal. magnet result ink= 0 . 92. It is evident from 

this that a high value of k is characteristic of the1e moving-coil systems 

and aho that the coef!icient is not very closely rt:lated to the quality of the 

loudspeaker as a reproducer of sound. 

In all of these values of the coefficient no correction ha• been made 

for po11ible etray or leakage inductance; and it ia quite likely that there is 

a leakage cornpc;nent b ecause the length of the voice coil ia usually made 

greater than the length of the region in which the polarizing fiux i• con­

centrated in order to ke e p the driving force of the speaker linear for large 



•Pa u T ~, r n t nil • ai( 

maane i field ou d be aried and the •tray o ponent omp~ted fro u 
relat on to the polar i&1na field and the frequency of maximum motional ad­

mittance, a• in the ele tro•tat1 the •tray c omponent of capacitance could 

be determined from Eq. 5-3 and the mea•ured value• of the frequencie• of 

maximum motional impedance at different polarizing voltage•. The nece••ary 

meaaurements have not yet been made because they are not essential in 

eatabli•hing the order of magnitude of the coupling coefficient , with which 

this report i• moat concerned. They would, however, be of interest in de-

termining how closely the coefficient can be made to approach its limit when 

there is no leakage. 

Other Coupled Systems 

In systems with piezoelectric coupling the critical frequencies have 

long been used tc. evaluate the coupling coefficient. The methods and the 

results have been described in the books of Cady ( 1946) and of Mason ( 1950) 

and in the literature to which they refer. The nece saary corrections of the 

measured results required by stray components are described in these re­

ferences. It is nece1sary here to note only that another correction is some­

times required when the capacitance ratio, r = ( l - k 2)/k 2, at times defined 

as the inver•e of this, is not distinguished from kz In numerical value, 

however, this causes •inall error, since the magnitude of kin this type of 

coupling is u•ually le•• than O. 3. Typical va.lues of the coupling coefficient, 

tabulated by Hueter and Bolt ( 1955, p. 119) are 0. 10 for X-cut quartz, 0. 54 

for Rochelle •alt , 0. 29 for ADP, and 0. 5 for barium titanate. 

In piezomagnetic coupling the coefficient has been evaluated both 

by measurements of the constant in the equations of state and by mea•ure­

ment of critical frequencies. Sussman and Ehrlich ( 19 50) deter;nined the 

<.: oefficient from measured values of the permeability, Young'• mod•.1lus, and 

thfl' magnetoatriction constant of the material. They report values of 0. 14 

for nickel and 0. 17 for Hiperco. Woollett ( 19 53) showed t, •. ~t the method of 

resonance - and antiresonance- frequency measurement commonly used for 

crystals is also applicable to magnetostriction transducer•. The relai ;on 

of the characteristic resonance and antiresonance frequenciea in the 
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Sl) to 1nd alue1 o! the coe!!1 1ent !or !errate•: he r port t pa 

D1&X.1mum &lae• !or nickel-cobalt ferrite• ol 0. Z4 and for l1th1um - obalt 

ferrite I of 0. 10. Pigott and Kendig ( 1954) •howed how k c an be determined 

by a critical frequency method u1ing the frequencie• of maximum motional 

impedance and admittance. Hueter and Bolt (1955, p. 175) in a tabu ation of 

coefficients give value• as high as 0 . 31 for annealed nickel with 5100 gauss 

polarization, 0. 12 for 45 Permalloy at 14,300 gau••• and 0. 27 for Alfer at 

11,500 gauss. 

• 
In coupled electrical or mechanical ayatems little t.se is made oi a 

'coefficient of coupling when the coupling is produced by a physical inductor, 

capacitor, or re siator- -or ·their mechanical equivalents- -common to two 

systems. It is moat commonly app ~ied toe ectric circuits in wh1ch the cou­

pling result• from a magnetic flux common to two inductors and the coupling 

element is a mutual inductance. In such circuiU the inductance I can be 

mea 1ured by bridge method• and thti coefficient determined from its def­

inHion as k 2 = M 2
/L

1
L

2
. The coupling between coil• with air cores can 

be given a k = 0. 5 only by special care in construction, but with iron c ores it 

is not difficult to produce transformer• with k = 0. 99. Special toroidal-core 

transformers have been built to hav~ a coefficient greater than O. 9997. 

Summary ,,f Measured Value• 

Typical maximum value, of ~he coefficient of coupling which have 

been obtained in practical example• of coupled 1y1tem• are listed in Table 5-Z. 

Of particular inter•t in thi • tabulation are the two value• which so closely 

approach the limit of unity, and the •,· are the coefficient• of the iron-core 

transformer and of the moving-coil tran• ducer. The • e coupled ay • tem• 

have in. common a coupling which is produced by a magnetic field and. which ... 
is expressed in the equations of the systems by a mutual inductance. In the 

transformer the mutual or coupling factor i • the mutual inductance of the 

coupled coils, and in the moving - coil tran•ducer the coupling or transductjon 

factor is the rate of change of the mutual inductance with respect to dis­

placement of the moving coil, which i • •often expressed a• the equivalent 

force factor (B 1) . A re a ult of such coupling through a mutual inductance 



1 • th ta t that 1n both • •t che c ouph lem nc do • n t pp a r 1n tb 

1mped&n • Z 
11 

and Z 22 of the •y•tem• without ' OUphna And , th thu 

type of '-oupling th electromechanical couplin1 coeHic ient re •emble • that 

oC e~ctrical 1y•tem1 in being limited to unity by phyaical realizability 

rather than by •tability. In the other example a of electromechanical cou­

pling the limit of the coeflicient ia 1et by stability, and the value• of the co­

efficient obtained in pt"actice have been con1iderably lesa than the maximum. 



Table S-Z . Typtcal value• of the maximum ouphng 
coefficient commonly obtained in aeve al example• 
of coupled 1y1tem1. 

Coupled Syatem 

Electrical tran1former 

air core 

iron core 

Moving -coil tran1ducer 
(dynamic loud1peaker) 

Electro1tatic tran1duce r 
(electro1tatic loud•peaker} 

Piezoelectric tran•ducer 

X-cut quartz 

Rochelle •alt 

ADP 

Barium titanate 

Magneto • triction tranaducer 

Annealed nickel 

4 5 Pe rm alloy 

Alfer 

Nickel-colbalt ferrite• 

Lithium-cobalt ferrite• 

Coupling 
Coefficient 

(k) 

< 0. 5 

0.99 

0.98 

0.62 

0. 10 

0. 54 

0. 29 

0. 50 

0.31 

0. 12 

0 . 27 

0. 2.4 

0. 10 
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T H£ PROB LE M l N RET ROS P HEC T AND PROS P £ 

The Benefit• of Feedba k 

In thi• wo:-k bilateral coupling ha1 been viewed a• a combination of 

forward transmission and fe edback, and the coefficients of coupling have been 

given a new definition in term• of the feedback by defining them as the values 

of the return ratio with reference to the coupling impedance which are real, 

positive, and maximum with reapect to changes in the frequency and load. 

Thi1 definition ha• been shown to be applicable to examples of electrical and 

electromechanical sy1tem1 having either reciprocal or antireciprocal coupling, 

and it ha• been ahown to lead to the other definition• of the coefficients in 

common use. 

The advantage• of the new feedback definition are most apparent in its 

ability to provide an1wer• to the questions raised by the critical examinat: on 

of the previous definitions at the end of Chapter II and to the basic question of 

what pro;>erty of tt,e coupled systems is measured by the coupling coefficients. 

It gives emphasis to the fact that the coefficients are a measure of a loop trans­

miasion from input to output and back again to the input and not of just the for­

ward transmiaaion. And it explains thereby the appearance i n the coefficients 

of the product of two ratios, correspondina to the forward transmission gain and 

the feedback network attenuation in the usual feedback amplifier. 

The necessity for shorting the output terminals in defining .. he coefficient 

is explained by the feedback definition in that it requires that the conditions 

external to the terminale be adjusted for ms.xi.mum posi t ive feedback; since the 

feedback is proportional to output currem ~ it is maximum for zero load. The 

usual 11pecification in other definition• for recipro al coupling that all the cir­

cuit element• considered be of the same type i• a con1equence of the require­

ment in the feedback definition that the feedback measured by the coefficient 

be real and positive. This requirement is satisfied by networks containing 

elements of only one type -R, Lor C - or, in networks containing i;c r i es 

c.ombinations of these elements, by the condition that the frequency approach 

zero for capacitive CQupling. infinity for inductive coupling, and for re1iative 

coupling a resonance frequency at which all reactance1 vanish. The feedback 

-101-
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r qu1r d po 1t1v dba k an al u b obtain d at a lr e qu n f r wh1 h th 

pha• ,hift 1n th t- fo rw,ud tran1 m1 anL II d by an e qual and oppo11te 

pha1e 1hift in th e fee dback; the c oupling c oefftc1ent 1• i n thi1 a • e a rat io of 

re • i1tance to reactance, as in the example of tuned coupled circuits in 

Chapter IV. 

Although the feedback definition may be regarded a• a definition in 

term• of energies, since it waa 1hown to be • imply related to the ratio of 

reflected to incident energy at the input terminal• when the output waa 

terminated in a perfect reflector, it avoid• the difficulties of ent;rgy defini­

tion• in terms of primary, secondary, and mutual energie1 by being defined in 

terms of energies at the terminals. The terminals are readily identified as 

primary and secondary, input or output on the basis of operations made at 

the terminations, but the division of energy within the coupled systems required 

by other definition• can not be made without ambiguity and c onfusion even in 

simple systems. 

Th.rough 1ts definition as a feedback factor or return ratio, thP. coupling 

coefficient is also related to the effects of feedback upon input ·mpedance. Th1 s 

was shown to lead to some of the usual definitions of the coefficient in terms of 

changes in input impedance with and without coupling or with the output terminals 

shorted and open. When one or both of the coupled systems are resonant, the 

c rt ttca l freque nc1es of the input impedance are also affected by •he feedback, 

and the coefficient, which measurer. th;.s feedback, was shown to have the simple 

relations to the c ritical frequenc i ei which have often been used in defining the 

coefficient. 

Perhaps the greatest advantage is to be found 1n the fact 'that a coupling 

coefficient defined as a maximum positive feedback factor becomes thereby a 

measure of either the physical realizability or the stability of the coupl ied 

systems. As was shown in the examples of coupled system&, the coefficient 

defined for passi v e systems has an upper limit of+ 1 imposed by the require -

meot that the circuit energy functions be positive definite~ in feedback terms 



t 1 8 I • • : b t a t I al a au • eed a k f tor r r t 

r quire• th t mor- rnrra • f•d k 10 1Le •our e t f an rntrr• thr 

which 1• manafeall 1mpoaa1ble n a pa••1 e •yatem. The fa 1 nr d fin d 

for active ay • te•m. a11ch a• an electromechanical •y•tem with ~n energy •ou · e 

in the polarizing 1upply, wa• al10 limited to value• le11 than + l by th ~ c ondition 

that the input impedance, remain 1rea!er than zero; i n feedback terms this limit 

i1 al• o impo• ed by the requirement that the voltage fed back cannot be of the 

right magnitude and phase to provide i U own input or there wi 11 be "oscillation," 

i.e., motion in the ayatem without an external applied force. 

The problems of rlefining a coupling coefficient for systems w1th 

antireciprocal coupling arising from the antisymmetry of the equa•ions of 

state were resolved by the definition of the coefficient in term • of feedback. 

The anti • ymmetry of the equation• using the usual hom<'geneous independent 

variable, auch as I and v, was ahow n to lead to feedback which is negative, so 

that the feedback definition of the coefficient cannot be applied to these eqnations. 

The equations using mixed independent variables, 1rnch as I and F. however, were 

found to be '"ymmetric and to have a poaitive return r~ tio which can be defined as 

the coupling coefficient. A1 in the 1yatem1 with reciprocal coupling, this 

definition in terms of positive feedback re1ults in the coefficient be1n~ a measure 

of stability, as was 1hown in the example of the moving-armature traneducer. 

In the particular caae of the moving-coil tranaduc"r, the application of the 

feedback definition revealed that the • ,.h,mt of po1 i. . ve feedback, and henct! the 

coupling coefficient, wa• limited by the requirement tha the fore e factor (Bl) 

be finite; and thu1 in thi1 example the limit wa1 1et by phy1ical rer.lizabihty 

rather than by the in• tability that appeared in other electromechanical tran1du er• . 

The feedback definition • how1 aho that in antireciproca· coupling poaitive feed­

back re• ult• only when the reactance of one 1yctem i1 oppo1:t e in sign to that o 

the other ayatem, and it thu1 explain• the appearance of th e product o f 

inductance and • tiffne1• rather than of inductance and ma•• in the coefficients 

of antireciprocal 1y• tema, 1uch a1 the moving-coil and moving armature 

transducers. 

The poaaible relation• of the coupling coefficient to the effects of feed­

back have by no mean• been exhau• ted in thi • inve • tigation. A further line of 
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element•. l n other ~ ord• the return d 1:e ren e for a uni late ral element play• 

the •ame role i n determining the final re•pon•e that the impedance relation• 

at generator or recei ver termin3h would play in an ordinary calculation." 

Sinc e the coupling coefficient ha• been de fi ned a• a return ratio for a coupling 

element regarded as effectively unilateral, the coefficient should embody the 

basic concepts involved in this generalized Thevenin' s theorem. Some use of 

this has already been made in the application of the theo-rems relating feed­

back to input impedances, but all the impLcations have not been investigated. 

In the introduction of the feedback definition of coupling coefficients 

the coupled systems were represented by an equivalent 1 network whose 

branches were composed of simple series combinations of R, L, and C. For 

this case of limited generality, the conditions for positive feedback led to the 

definition of three coefficients, cor rel ponding to coupling through res i9ti ve, 

capacitive, and inductive elements. No attempt was made to obtain a single 

coefficient which would measure the "tightne•• of coupling" when the common 

branch of the T network contains more than one element, but a new approach 

to this problem is suggested by the feedback viewpoint. If the mea• ure of 

the coupling is related to physical realizability or to the condition that the 

energy functions be positive definite, as are the coefficients here defined, 

the 1ndependence of the three energy function, will require three coefficients 

to measure coupling resulting from all three elements. But a useful coeffi­

c ient might be found through further consideration of the complex return 

ratio and of the form of its locus in thE: complex plane instead o f just the 

real, positi ve component c onsider d here. 

The feedback v1ew oi c ouph ng suggested a relation of the c ouph ng 

coefficient to the reflection coefficient at the terminals, and this relation 

wa1 derived in Chapter Ill. It is possible, however, that a general defi ni tic~, 

of the coefficient could be based upon scattering instead of upon feedback. 

Since scattering parameters exist for every physical passive network, 

including systems which have no impedance matrix, a definition in terms of 
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1 au r1n1 11 po• n aall mor 1e11 ral thAn one re at d · n ; d.n r• -

meler1. From the brief ,nve11,,at1on made of the ppla at on• o the 

1catterina matrix to th11 problem, it i• not yet ob aou that re ouching the 

araument in term• of 1catterin1 would 1olve any of th,, problem• in a more 

u1eful way, but further pur1u1t ol thi• line of attack miaht be rewarding. 

The Burden• of Anti1ymmetry 

The application of the feedback definition of coupling coefficient• to 

1y1tem1 with antireciprocal couplina ha• required an inve1tigation of the 

di1tin1ui1hin1 characteriatic1 of anti reciprocity. The familiar characteri1tic 

of auch couplin1 ia the appearance in the equation• of 1tate or motion of 

m ~atual or tran•duction coefficient• which are equal b11t oppo1ite in 1ign, 10 

that the matrix of coefficient• i• anti1ymmetrical. Since no equivalent T 

network of pa1aive element• can be found f~r the•e anti1ymmetrical equa­

tion•, it ia cu1tomary to interchan1e one pair of dependent and independent 

variable•, auch aa F and v, in order to obtain 1ymmetrical eqaation• and the 

ability to draw an equivalent T net,•ork for the coupled ayatema. Thia re1ult1 

in the mobili~- pairin1 of variable• (E-v, 1-F) in the equi valent network• for 

antireciprocal couplin1 in1tead of the impedance pairin1 (E-F, 1-v) uaed £or 

reciprocal coupling. 

An alternative 1olution to the problem of obtaining an .quivalent 

network i• that propoaed by Hunt ( 1954, chap. iii), u1in1 the space operator 

or veraor k to obtain the required 1ymmetry in the equation• of anti reciprocal 

1y1tema with the impedance pai:dn1 of variable•. The re1ultin1 equivalent 

network then ha• E paried with F and I paired with v, ju•t a1 in the equ1valent 

networu for reciprocal 1y1tem•. A third method of dealing with the problem 

of equivalent network• ia the introduction o· , new circuit element, auch a1 

th~ ayrator propoaed by Telleaen ( 1948), to ' tr••• the in\'erting property 

of antireciproca, couplin1. Theee and other 1olutiona to the problem• 

introduced by antireciprocity have been aurnmarized by Hunt ( 1945, p. 110). 

Although an equivalent network can be obtained by variou1 method• 

with either pairina of variabl~•, th~ definition of the coupling coefficient in 

terma of feedback ha• 1erved to empah1ize in another way that a fundamental 
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It w found that h, n th q ua tl • o ~tat r x pr •• d with th rmo -

dynarnically homog n ,; ou d, p nd nt nd ind pend t variabl 5 , e qui va lent 

to the usual impedance pairing t!ie fee dback r e sui ting from the coupling i • 

positive when the coupJjng is r --ri proc31 but negative whf:n the coupling is 

antireciproc a On th ot h r rand . wh n t he t; quat1ons are expressed with 

mixed variables , equivalent to the mobility pairing, the anti reciprocal 

coupling results in positive and th P. reciprocal in negative fe ~dbc::.ck. A 

coupling coefficient defined in terms of positive feedback has the same 

t, ignificance -1s a me a sure of physic al realizability and stability in both 

type• of coupling, but it requires the use of mixed variables for antireci­

procal coupling instead of the homogeneous variables used for recipro.:-;a l 

coupling. This difference appears also as an inversion of the terminal con­

.:iition1 for •tability: a comparison of the electrostatic and moving -armature 

transducers, which are s imilar except for the symmetry of their coupling , 

revealed that the coupling could produce mechanical instability in the 

electro1tatic when the voltage intensive variable) was constant (shorted 

electrical terminal,). but in the moving-armature transducer the instability 

appeared when the current (extensive variable) waa constant (open electrical 

terminal a). 

The nece1sary di1tinction h~twe n thP. two types of coupling has been 

made in several ways--by a chang in analogy, by the introduction of an 

operator, by the introduction ot an w element . All of these are usefu l in 

fitting anti reciprocal coupling to th tools of circuit analysis d signed for 

reciprocal coupling and som of them have bee n used in the solution of th 

coupling coefficient probl m . They do not , however, indicat the s o u r c e of 

the anti 1 eciprocity . The investigation of coupling coefficients has not r e -

qui red a knowledg e of the ource , but it has stimulated an interest in it. A s 

a result, several paths to th f' sourc-E- hav b~en examined but not pursued at 

length since they divPrged from the immediate problem . 

The source of the diffe renc.e s between reciprocal and anti reciproca l 

coupling has been found in analytic mechanics and in thermodynamics . The 

origins of antireciprocal coupling and its relation to the energy functions of 
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t he c ouple d ayatema ha e been er well d c ri b r r ) 

He poinU out that the ori11n of t he anti aymmetr1 or g · r • op v ,..1t n1 

term• i• to be found in the complementary acceleration wh1 h a point under­

goe• in relative movement and that auch term• will appear whene er the 

movement of a ayatem i• related to a system of referenc e whi c h is itself 

in motion. A familiar mechanical example of sue h relative motion is the 

gyroscope, and Le Corbeiller shows that the magnetic transducers have a 

similar moving reference system in their polarizing current. A consequence 

of this relative motion is the appearance ofter! J of the first degree in the 

velocities in the kinetic energy function (T) of the system, and whenever such 

terms are present the Lagrange equations lead to equations of motion with 

antisymmetric or gyroscopic coupling term =, , To illu.strate this. 

Lf! Corbeiller derive• the equations of motion of the moving-coil, moving­

armature, and other magnetic transducers a1 examples of systems in which 

the gyro1copic terms appear and of the electrostatic transducer as an example 

of a system which does not sati• fy the nee es sary conditions for thej r appear­

ance. 

In thermodynamics the necesaary condition• for recip1"0~ i• ' 1 w:1 coupl( tl 

1y1tem• ha • been expre11ed in On1ager'1 principle of microt. • .. 

versibility, developed and extended by Casimir ( 1946) and ·d,· L 

According to this principle, systems are reciprocal and ha.ve 

te -

9 51). 

de 

matrice • of coefficients when the fundamental equations gove r ~ ~ 3 tl. · motion 

of individual particle • are 1ymmetric with respect to past and future or , 

mathematically speaki:ig, when the equations are invariant under a tran1-

formation t~(-t). It is shown, however, that the Lorentz force (~ °"' B) 
produced by a magnetic field is not invariant under such a time transfo rmation, 

and as a re1ult the equct.tions are antisymmetric and the coupling c1..r11. 

reciprocal whenever thi s force appears. 

A lack of symmetry with respec:!t to time has been evident in the 

equations of motion of the antireciprocal systems considered in Chaptf! r IV. 

The e4uations of the moving-coil system, for example, were fo11nd t ave a 

transduction coefficient (B 1) with a time phase different from that of he 

reactive mechanical and electrical impedances (jwL and l / jwc) when •he 
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t r , r op r I th an 1 1 1.. a 1 

t h n . ham al motion u (B 1) = B l )dx / d t . In 

ayat em with r 1p r ocal c o up ling s h a a the elt:c tro tatl c tr anaduce r, th 

~<::uiva lent voltag • are q /C and x / C In r cipro a l c oupling, t here- for e, o em 
t he homogene ous va r ;ible s q a nd x have thP. same relat ion to tim t- , but an a nti -

reciprocal coupling they L ·,e different orders of time di fferentiation. A 

relation of the antireciproc1ty to the time variable was also made by de Goer 

( 1927): He explained the antisymmetry of the equations of magn°tic transducer s 

as being a result of mechanical forces proportional to the current instead of 

to charge, the integral of the current , as in the electrostatic transducer; and 

he demonstrated that a force proportional to the derivative of the current re­

sults in reciprocal coupling by deriving the equations of a theoretical "magneto­

electric" device having such a force-current relation. These appearances oi 

asymmetry with respect to time in antireciprocal coupling suggest a relation 

to the reveraibility with respect to time in Onsager'• principle, but further in­

vestigation is required to establish the significance of thi • relation. 

An interesting argument for the general reversibility in time of 

physical phenomena has been made by Blatt ( 19 56). In a reply to comments 

on hie article, Blatt ( 1957} state• that in the antireciprocal ayeterna, such aa 

magnetic loudspeakers, which involve fixed magnetic field• the irreveraibility 

is only approximate and "holds if, and only if, the reaction of the proce as back 

on the state of the magnet is igno1ed. In a iundarnental analysis, the state of 

the magnet must be included in the descriptic,n of the • y • tem under atudy . 

When this is done, the processes which seem to violate the reciprocity law are 

seen not to be really reciprocal processes a l all! '' The suggestion that the 

antireciprocity i s connected with the reaction on the polarizing magnetic field 

has been investigated in a moving -coil system, but the results thus far have 

not been conclu ,sive. 

In his in·t roduction of the gyrator as a new circuit element, Tellegen 

( 1948) also looked for the origin of the reciprocity relation. He found that 

the reciprocity laws of thermodynamics suggest a source and lead to a re­

lation of the rf! ciprocity of the coupling to the choi c e of independent var iables 

., 
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The s e brief conaiderationa of the origins of antire ci proc ity ha v s e rv e d 

to e atabli sh the condition II neceaaary for anti reciprocal coupling, but they have 

not made it obv1ou s why the coeffici'ent of anti reciprocal coupling mu st be de -

fined from the equations in mixed variables in order to have the same relation 

to physical realizability and stability as the coefficient of reciprocal coupling . 

Further consideration of the reaaona behind these necessary conditions should 

lead to a better understanding of the problem. The burdens of antisymmetry 

have been carried throughout thi • attack pon the coupling coefficient prob le~ . 

but their future handling would be facilitated if some of the still looae ends 

could be more neatly tied together. 
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