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FLEXURAL VIBRATION DAMPING OF MÜLTIF LE-LAY** PLATES 

SinOfARY 

In th« present report the flexural vlfcr&tlon damping of a thrae- 

layer compoalte plate is analyzed for several damping configurations. 

When homogeneous damping layers are applied on one or both sides of 

the plate, the damping mechanism is associated with the alternating 

extensional strain of the visco-elastic damping material. The damp 

ing achieved is roughly proportional to the product of the young's 

modulus and the square of the thickness of the dsnping layer. When 

a stiff layer (foil) covers the damping material, then the damping 

is associated with the shear motion of this material. The camping 

is proportional to the stiffness of thu foil; but, there is an opti¬ 

mum thickness of the damping layer, which is a function of frequency 

and temperature for each material. This optimum thickness may be 

quite small. The theoretical relations can be used to calculate 

optimum damping treatments for various applications. Experimental 

results are in gratifying agreement with the calculated values and 

verify the general validity of the various physical assumptions 

concerning the damping mechanism. 



i. siomncAjicg of the phoblct 

Th« damping of f*ajmral vibration« ir. plat«« it becoming in¬ 

creasingly iaqoort^r.v a« a ra«an» of noia« and vibration control. 

Not only can damping r«duc« the noise radiated by vibrating plat««, 

but also it can combat «tructural fatigu« ard «quipment malfunction, 

".'hs* self-nois« of a sonar device is oft«n attrlbutabl« to boundary- 

layer turbulence. In such a case, damping can be important in re¬ 

ducing the vibration amplitude* of the sonar enclosure. Damping is 

also of importance in other Navy problema dealing with sound and 

vibration control. 

Although all elastic systems have some internei damping, this damp¬ 

ing is usually negligible when compared to the damping that can be 

achieved by applying treatments making use of visco-elastic damping 

materials. Such treatments take several forms. A single homogeneous 

layer is often used, an example being automobile undercoat. A damp** 

ing layer constrained by an outer layer of relatively stiff material 

le another promising type of damping application that is being used 

extensively in aircraft. Multiple applications of this "damping 

tape" and combinat!cns of homogeneous layers are also used. An 

understanding of the mechanics of the damping of flexural vibrations 

is essential to the designing of optimum treatments for various 

applications. Since many of these damping configurations involve 

one or two layers applied to a basic structure, we have considered 

the general case of the flexural vibrations of a three-layered 

structure. 
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Historically, darplng hse oftsn bssn trsstsd is s »oaewhSw «y«- 

tsrlous phsno«**ív>n, best tpprosched by trlal-and-error Methods. 

In recent years, Oberst^-^/ and Llénsrd^-^7 have successfully 

analysed the damping by single homogeneous layers of vlsco-elastlc 

damping materials. They have found the damping mechanism to be 

associated with the stretcnlng of the damping layer. More recently 

Kcrwlnl^ has shown that the damping of a constrained layer is 

caused by the shear motion of the damping layer between the stiff 

foil and the plate. By considering the general case of a three- 

layer structure, we are able to derive the expressions ior a 

single homogeneous layer and a constrained layer as special cases, 

while developing the general method for handling various types of 

damping applications involving visco-elastic damping materials. 

♦References are appended. 
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11 • a**LY3I3 0y nrg THRKE-LAYP PLATE 

A» a first step in considering the danplng of practical structures« 

we have considered the special case of the propagation of straight- 

crested flexural waves in a large plate The flexural wave motion 

of any shape plate can be considered as ^.he superposition of 

straight-crested flexural waves. Thus, the results derived here 

are iidlcative of the damping to be expected In the more general 

cases of plate vibration. 

Assumptions 

In the most general case of a three-layered structure, the middle 

layer may be so soft that the coupling between the bottom and top 

layers Is not complete, and these two layers may vibrate with dif¬ 

ferent motions. In toe present analysis, we assume that the middle 

layer Is stiff enough so that the entire structure partakes of the 

same flexural motion. Stated another way, it is assumed that the 

thicknesses of the layers of the composite bar are small compared 

to the shortest wavelengths of any type of vibration within each 

layer. Specifically, the wavelength of shear waves in the damping 

layer must be large compared to the thickness of this layer, as 

these waves have the shortest wavelength. 

The general approach is to find expressions for the equivalent 

undamped simple plate so that well-known solutions (Lord Rayleigh, 

Morse, Timoshenko) may be used. One then introduces internal 

visco-elastic damping by replacing the material properties. Young's 

modulus and the shear modulus, by complex quantities, both the real 

and imaginary terms of which are functions of the frequency and 

temperature. The present analysis of the three-layer plate is a 

-4- 
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logical exten*Ion of that for a two-layer píate. The wajor 

complication In adding the third layer la the shear motion or tne 

middle .ayer which now must be considered, and which actually may 

supply the major damping mechanism in many applications. 

Basic Equations 

The approximate differential equation for a plate in flexural 

motion is: 

(1) 

where : 

z is the coordinate of the neutral plane 
o 

B is the flexural rigidity 

pA is the mass per unit length 

In writing this equation we have omitted the corrections for rotary 

inertia and for the transverse shear that are usually neglected In 

the analysis of a thin plate. The general solution of this equation 

for the free motion of a finite structure having negligible damping 

is a combination of the various normal modes, each of which Includes 

two "major" terms of the form: 

e 

terms of the form and two "minor" 
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The wave-number, pn, and the angular frequency, o^, 

by: 

B “ pAa>^ 

are related 

(2) 

For the second and higher modes, the vibration amplitudes are dis¬ 

tributed in an essentially sinusoidal manner, and the "minor" terms 

may be neglected everywhere except very close to the edges. Por 

these higher modes, the wave numbers are related to the length in 

the direction of the wave, L, by: 

( . ^ (3) 
pn * ^ ± i) t 

where the plue sis-i applies for free-free or clamped-clamped end 
conditions and the minus sign applies for one end clamped and the 

other end free. Substituting Eq (3) In Eq (2) and solving for the 

natural frequencies, one finds: 

As written above, th* equations apply to undamped motions. Damp¬ 

ing is included by replacing the various real quantities by complex 

quantities. The bending rigidity is a function of the elastic 

moduli of the materials making up the beam. If any of these moduli 

includes a damping factor, then that modulus will be complex and 
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the flexural rigidity «111 a¿so be coapiex. TT'« natural fraquenclea 

will then be complex, the out-of-phaae component being the attenu¬ 

ation caused by the damping. It is assumed chat the damping factor 

of the composite is small enough Ihat the basic sine-wave shape of 

the vibrations is still valid. Eq (4) Is more generally written: 

The problem of the multi-layer beam is to calculate the effective 

flexural rigidity and mass in terms of the dimensions and physical 

properties of the various layers. The mass per unit length, pA, of 

the composite bar is simply the sum of the masses per unit length 

of the Individual layers; but the effective flexural rigidity is 

more difficult to calculate. 

KLexural Rigidity of Three-Layer Plate 

The geometry of the three-layer plate la shown in Pigs 1 and 2. 

Pigure 1 represents an element in flexure, showing the shear dis¬ 

placement of the middle layer. The angle 1> is the flexural angle 

of the element, while the angle f measured relative to $ in the 

opposite direction is the angle of shear of the middle layer. The 

neutral plane is displaced from the center of the original beam, 

here assumed to be layer 1*, by the addition of the damping treat¬ 

ment. Figure 2 present« the various thicknesses and distances used 

in the analysis. The displacement of the neutral plane from the 

neutral plane of the bottom layer Jit represented by D. 

♦This assumption does not influence the generality of the resultant 
equations . 
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Con.l-.rln, W- tnr..-l*y.r .1—nt of nm~ » 2 

exprtas th« bündln« moment M Ml 

^ - B ^ 

3 

1 

3 

"11 * H FiH 
1 

io 
(6) 

where: 

Mll is the moment of the 1th layer about Its 

own neutral plane 

p is the extenslonal force of the layer, and 

H is the height of the neutral plane of the 

10 layer above the neutral plane of the composite 

lD0âni • 

■he various -.•'ment» Ku are given by! 

*"•11 - K1 Ï5 'S* 
(7rU 

(7-2) 

(7-3) 

th 
«her. K, 1. the extenslonal stiffness of a unit ler*«! of «*_i 

t:z a* vi> - ^ 18 the of the radlui of 8yratlon 
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Figur« 3 #how» in« distribution of th« «xtsnslonsl strsss. Thl* 

stress Is proportions! to tho product of Young's modulus for th« 

material and the extensions! strain. The extensions! force on 

each layer Is obtained by integrating the stress for that layer: 

H10 H 
(8-1) 

P2 “ K2 ^ H2C) 37 

f3 “ k3 (H30 ^ 

Thus, each force is the product of the stiffness of the layer and 

the extensional strain at the center of that layer. Each expres¬ 

sion involves a distance from the composite neutral plane. Part 

of the problem is to determine the displacement D of this neutral 

plane relative to the neutral plane of the bottom layer. As the 

net x-direction force on the composite element must be zero, we 

can solve for D by setting the sum of the forces equal to zero. 

0 » > y Pi “ "(l^+Kg+K-j) D || + (K2H21+K3H31; 3* 
i 
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ttoenc«: 

T, _ lcg1:21 * K3H31 (10) 

where j is used to represent • Writt3n in te ■‘rms of known 

dimensions and the displacement of the neutral plane, Eq (6) for the 

flexural rigidity becomes: 

L 

(ID 

Before this result can be used together with Eq (10) to calculate 

the flexural rigidity for particular cases, a relationship between 

the shear angle and the flexural angle 0 is required. 

Shear Strain of the Middle Layer 

The shear strain of the middle layer may be calculated by consider 

ing the forces exerted on this layer by the adjacent layers. As 

shown in Pig 4 these are equal to the net forces on the top and 

bottom layers. The shear stress will be the smaller of these two 

almost-equal forces, which we may assume to be exerted by the top 
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where is the width of the middle layer. Because the two added 

layers are assumed to experience the same wave motion as the pri¬ 

mary layer, the second derivative of the shear strain is related 

to the shear angle by: 

P> (13) 

Taking the derivative of Eq (8-3) for the fore#» on the top layer 

and substituting Eq (13) gives a relationship for the shear angle 

relative to the flexural angle: 

H, (¿w;) 

( d2<t>/òx.2) 

h31-D 

1 + 
G2w2 

k3h2p‘ 

(14) 

The second tern in the denominator is a dimensionless shear 

parameter which is a function of the wave number p as well as of 

the snear modulus of the middle layer and the stiffness of the 

top layer. For the nth mode, pn is given by Eq (3). Using g as 

the symbol for the shear parameter*: 

*KerwinLt5/ gi^eõ a physical Interpretation of the shear parameter 
as a measure of the ratio of the bending wavelength to the dis¬ 
tance in which a localized shear disturbance decays. 



Um. 

(15) 

¿quations (10) and (14) are simultaneous equations Involving D and 

2*. They may each be written In terms of known dimensions and the 

shear parameter; 

(16) 

Kj + + gOtj+Kg+Kj) 

+ K0(Hol-H-1) KiH31 + K2l H3rHgl 
(IT) 

+ TJ— + g(K2+K2+K2) 

Equations (1^), (16), and (17) together with Eq (11) constitute a 

complete set of equations for the flexural rigidity of a three- 

layered plate in terms of the dimensions ana physical properties 

of the three layers. Substitution of Eqs (16) and (17) directly 

Into Eq (11) would result in an unwleldly algebraic equation. 

The general solution is particularly unwleldly when the effect of 

damping is Included. When the internal damping of the various 

layers Is represented by making complex the corresponding moduli, 

then D and ^ become complex as well as the flexural rigidity B. 

The general solution may be used to obtain the damped solution for 

various special cases by making the assumptions appropriate to each 

case before combining Eqs (11), (16), and (17). Pour special cases 

of practical interest are illustrated in Pig 5. These will be used 

to illustrate the use of the general solution. 
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'fwo-Layer Bar 

The first case Is that of the homogeneous damping layer considered 

by Oberst. The second layer Is the vlsco-elastlc damping layer 

having a complex Young’s modulus. The third layer has zero thick¬ 

ness and stiffness. The shear parameter is infinite, and tne damp 

ing mechanism is entirely Independent of shear. Eq (iú) for D 

becomes : 

D* 
VH21 

k1 + Kg* ITT (--2- 
(18) 

whence, the flexural rigidity is. 

3* = K- Hî + 15 + 
H2 

K2*T5 + 
K1K2* !h + H. 

Ki + X"1 
2 

(19) 

Expressing the complex quantities In terms of their real components 

and a loss factor: 

B* » B(1 - It)) 
(20-1) 

K2* ” V'1 - iT*2^ 
(20-2) 

and using lower-case letters to represent the various properties , 

of the damping layer divided by the corresponding property of the 

original undamped plate (e.g., b - E/^ , m ' *tc'’ the 

finai expressions are: 
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1 4 ♦ ók^hp ♦ 
b ----- 

1 + k2 

and 

/k2 \ / 3 + 6hg + 4hg + gkg 

Jl + k2J[i + ^k2 + 6k2h2 + i+k 

where like Oberst we assume that the product of the damping iactor 

times the stiffness of the damping layer is less than one-tenth 

the stiffness of th2 original bar (k2r\?« 1). 

The relative damping factor for a bar with a single homogeneous 

layer is a function of the relative elastic modulus as well as the 

relative thickness of the damping layer. In Pig 6, the damping is 

plotted as a function of the relative thickness with the relative 

Young's modulus as the parameter. The curves also snow an approxi¬ 

mate square-law relation for damping as a function of thickness. 

It is convenient for calculation purposes to plot the ratio of 

to k h as a function of h2 for several typical values of the 

relative Young's modulus. This is done in Pig 1, where it is seen 

that over the range of thicknesses from 1/h to about 3 times the 

thickness of the original bar, the relative damping factor is about 

14 times the product of the relative stiffness and the relative 

-1--14 k0h0. 
n2 2 ¿ thickness; l.e., 
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Daaipl r.g Mate riel on Two Sides of ft Beam 

A second example considers equal applications of damping material 

on both sides of a beam, taking the thickness of each damping 

layer as half of the total thickness of damping materJal (in 

order to readily compare with the single-sided application of an 

equal amount of material), and calling the original plate "layer 1" 

even though it is in the middle, we obtain: 

D# “ T+'i’gS' (Hl + (23) 

where D* represents the displacement of the neutral plane of the 

composite relative to that of the low^r damping layer. The ex¬ 

pression for the relative shear strain of the base layer is: 

H2 
,. Ò** D* H1 + 3- 
Hi = g- - —g; (2it) 

If the plate is thin compared to a wavelength of the flexural vi¬ 

bration, and/or the stiffness of the damping layer small relative 

to that of the original plate, then the shear motion will be very 

small and the shear parameter will be very large compared to unity. 

The relative flexural rigidity will then be given by: 

b = 1 + k2(3 + 3h2 + h2) (25) 

and the relative damping by: 

IL. 
k2(3 + 3h2 + h|) 

1 * k2(3 + 3h.? + h'2) 
(26) 
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Comparing Eq (26) with Kq (22), we find that the application of a 

given amount of damping material on on* aide of a plate la more 

effective than dividing the material and applying it equally on 

two aides. The two methods of application are equally effective 

only for very thin applications (h0<< 1). Por most practical 

thicknesses the single-sided application is at least twice as good. 

Thl* -esult was to be expected because the effectiveness of a damp¬ 

ing ayer Is proportional to the square of the thickness of the 

lay 

Pract. Applications 

Recognizing that a high product of Young's modulus and the loss 

factor, and a low density, are desirable qualities in a damping 

material. Oberst and his co-workers in Ocrmany^^/ have developed 

a series of filled high-polymer materials with excellent damping 

characteristics. With these materials, damping factors as high as 

0.2 are possible over a wide frequency range with layers of thick¬ 

ness equal to twice that of the base plate. 

Experimental damping curves have agreed so well with the calculated 

values that damping tests are now considered to be an acceptable 

way of measuring the elastic properties of materials. Details are 

available in articles published by Bruel and KJaer. w 
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IV. COWSTRAINEE PAMPINO LAYERS 

When the vleco-elastlc layer la constrained by a stiff foil, the 

mechanism responsible for the major component of the damping should 

be the shear motion of the damping layer. A relatively thin layer 

may be quite effective and the requirements for optimum damping 

materials are quite different from those for the single layer where 

the damping mechanism Involves the Internal losses of the visco- 

elastic material undergoing extensional strains. 

Equations 

In adapting the general three-layer equations to this case, the 

only assumption made Is that the extensional stiffness of the damp¬ 

ing layer Is small compared to that of the base. As relatively thin 

damping layers are customarily used, and as the material Is also 

relatively soft, this assumption Is not restrictive. With this 

assumption, Eq (l6) for D becomes: 

pn . S>K3 H11_ (27) 

Kx + g*(K1 + K3) 

and Eq (17) for the relative shear strain is: 

„ hi K1H31 _ (28) 

2 ^ = Kx + + K3) 

When these relations are substituted into Eq (11), the resultant 

expression for the flexural rigidity is. 

-17- 

■4 
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B* a kh2.i kh2+ 8<,kik3 h3-1-‘ 
T?Kl"a + T? k3H3 +Ki+e>{h + k3) 

Expressing the ¡omplex shear modulus by: 

0* - 0(1 - iß) 

the shear parameter is then: 

g* - e(i - ig) 

(29) 

(3D 

and the resultant expressions for the real part of the flexural 

rigidity and for damping factor are: 

b 
1 + k3h3 

12g *3h312(l + fe(l-tß2)(lftc3)) 

1 + 2g(l+k3) + g2(l+ß2)(l+k3)^ 
(32) 

and ^ - 

These expressions are considerably more complicated than those for 

the single layer. Although moat practical applications require 

the retention of all of the terms, there are two special cases for 

-18“ 
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which the expressions are simpler and which still exhibit the same 

general features. These are thin damping tape and the sandwich of 

two identical stiff layers with a thin damping Isye? between them. 

Thin Damping Tape 

If the damping tape is very thin relative to the base, then Is 

small relative to 1. The distance from the middle of the top layer 

to the middle of the base is then approximately half the thickness 

of the base. Eq (32) becomes: 

b s 1 + 
3gk-^(l + g(l+eg)) 

1 + 2g + g2(l+3^) 

and the equation for the damping is: 

3gk3 

1 + 2g + g^Ü+ß2) 

(3^) 

(35) 

If the damping factor of the material Is less than 0.3, then the 

expression for the damping is simply: 

< 36) 

which is a very simple approximate result having most of the 

features of the more detailed expression. 
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All of the expressions for the daaplng factor have aaxlna In the 

Vieillit? of g • 1. Thus* for low values of the shear parameter 

(s » 1)# It Is Inversely proportional to g. When 0 Is small, the 

maximum occurs at g * 1; and, for higher values of 0, It occurs 

at somewhat lower values. 

As the shear parameter Is dependent on the thickness of the damping 

layer. It follows that there Is an optimum thickness of damping 

material for each constrained-layer application,. This is in con¬ 

trast to the single-layer case, for which the damping increases 

with thickness of the layer. In constrained-layer damping, it is 

the foil stiffness that governs the maximum amount of damping ob¬ 

tainable. In fact, with a given foil stiffness, many damping ma¬ 

terials can be made to yield closely similar damping factors, 

provided the proper thickness of each is chosen. 

Sandwich Plate 

A sandwich beam consists of a thin damping layer between two iden¬ 

tical stiff plates. Taking to be the total thickness of the 

two stiff layers and H0 as the thickness of the damping layer, 

the resultant expressions for D and ^ are: 

(37) 
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whence the flexural rigidity is: 

(39) 

and the damping factor la: 

I g (I + 2h2)2 
(40) 

If the damping layer Is relatively thin, then the terms Involving 

h0 become small and the damping factor for a sandwich plate can be 
id 

approximated by: 

3g (41) 

The maximum damping obtainable with the sandwich Is readily found 

from this equation and Is plotted as a function of ß In Pig 8. 

For most practical values of ß, the maximum damping occurs when 

g * 0.2. For low values of the material loss factor, the maximum 

loss factor of the composite sandwich Is 1/3 that of the damping 

material, while at higher values of ß this ratio decreases. 
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C*lculAtlon« for Con<traln»d D—plng L*yr» 

Tht sh«ar pär*m*ter d«fln#d by Eq (15) is a Matura of tha co«- 

potltt damping traatMnt contlttlng of damping layt- and constrain- 
Ing foil. In waiting engineering calculations concerning damping 

tapes it Is more convenient to separate the effects of the foil ana 

of the damping layer. The foil can be characterized by Its relative 

stiffness, while the damping layer can be described by 

a modified shear parameter; 

KjHgP' 
(42) 

As a first approximation, the wave-number at any frequency can be 

assumed to be that for the original undamped motion. With this 

assumption, the shear parameter can be expressed as a function of 

frequency by; 

r 
Zrr/lF f 

E1H2 
(^3) 

where co is the longitudinal velocity in the base plate. Por many 

metals, the longitudinal velocity is close to 16,500 feet per 

second and the shear parameter can be calculated from; 

r 
E1H2 

(44) 

where H2 is the thickness of th<; middle layer in feet. 
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For cottputotlon purro»««, (33) fo»* relative damping : act or 

la beat expressed In the form: 

. . “ 1 "31___ 
* 

1 + r [’R) 1 + 12h^1 
[(¾) * 

The quantity h.^ is the relative distance from the middle of the 

base bar to the middle of the top layer. It is calculated from: 

+ 2h2 + h^) (46) 

If the foil is assumed to be made of the same material as the plate, 

ther. h^ = and the distance h31 can be expressed as: 

If further, we assume that the thickness of the damping material 

is smaller than that of the foil, tne damping factor becomes rela¬ 

tively insensitive to the exact value of h2> It is then possible 

to plot the relative damping as a function of three major variables 

k , expressing the stiffness of the foil; r, representing tne shear 

properties of the damping layer; and, ß, the loss factor of the 

damping layer. Taking typical values of k^ (and corresponding 

typical values of h2), families of curves of the damping factor as 

-23- 
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a function of f hava »>#an calculated for valúas of 3 fro« 0.2 to 

2. The specific formulas used for each value of are summarized 

below, where the terms are identified by the equation.- 

I 
AV(l+Bh2) 

i + cr + 01^(1+32) 
(^8) 

.025 

.05 

.08 

.10 

.15 

. A_ _B _C_ 

3.15 4.0 85,5 

3.3 3.8 46 

3-5 3.7 31 

3.6 3.5 28 

4.0 3.4 22 

D 

1820 

520 

25O 

170 

108 

•20 4.3 3.3 18 

• 25 4.7 3.2 17 

• 30 5*1 3*1 16 

80 

62 

57 

•33 5.3 3.0 15 51 

•50 6.0 2.7 14.5 35 

Figures 9, 10, and 11 are families of curves for the calculation 

of damping factors for three typical values of the relative foil 

thickness. Values of the coefficients A, B, C and D in Eq (48) 

can be found for values of other than those tabulated by refer¬ 

ence to Fig 12. For applications in which E3 does not equal E1, 

similar computation techniques can be used. 



JWport Mo. 364 Bolt Borarwk and Nommh Inc. 

Figures 9 to 11 show very similar familles of curves. For low 

values of ß, the peak of the damping curve occurs for f of the 

order of k^, which corresponds to g ¿ 1. For Increasing values 

of the material damping factor, the relative damping of the com¬ 

posite is unchanged at low values of T but Is appreciably lower 
at high values of F. Consequently, the peak value shifts 'o- 

gressively to lower values of F and becomes somewhat lower in 

magnitude as the materia] loss factor ß increases. 

The damping calculations that are made using Figs 9 to 11 or the 

values of the coefficients A, B, C and D in Fig 12 are only ap¬ 

proximate. A typical value of h? was assumed for each set of 

curves, at least insofar as h0 enters in the denominator of the 

damping factor equation. However, the error introduced should 

be small compared to that in the material properties themselves. 

Actually, the major dirriculty in calculating damping by visco¬ 

elastic materials is in obtaining accurate values of the ivnamlc 

shear modulus or Young's modulus ana of the loss factor. 
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I V. PROPERTIES OF VISCO-EIASTIC MATERIALS 

Thâ aim of damping calculations Is to compute the loss factor of 

a given treatment as a function of frequency and temperature, and 

to be able to choose the optimum treatment for a given frequency 

and temperature range. To do this, the mechanical properties of 

the materials must be known. While the Young's and shear moduli 

of a metal vary only a small amount with temperature and/or fre¬ 

quency, these properties of a visco-elastic material are very 

seuoitive functions of both frequency and temperature. Measure¬ 

ments may be available at only a few discrete points and it may 

be required to make damping calculations for other conditions. 

It is, therefore, important that we understand how to interpolate 

and extrapolate these data. 

I 
Frequency-Temperature Scaling of Elastic Properties 

The elastic moduli of high polymers (rubberlike materials) are a 

function of the average chain length of the molecules between 

hindrances.* The longer the chain, the lower the elastic moduli. 

s For "soft" rubberlike materials, the modal! sre of the order of 

10 dynes/cm , while "hard" materials have values greater than 

io10 dynes/cm2. The effective chain length is a function of both 

temperature and rrequency in that there are numerous cross-links 

between molecules, and the breaking of these is a relaxation 

phenomenon. Thus, at higher temperatures the bonds áre weakened 

and the moduli are low, while at low temperatures they are stronger 

and the moduli are high. Similarly, at a given temperature, low- 

frequency vibrations occur with a period long enough to break most 

of the cross bonds, while high-frequency vibrations occur too 

quickly and the bords are effectively rigid. 
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Working with the concept of a relaxation spectrum for the bonda In 

high-polymer materials. Ferry, Williams and their associates—— 

have found universal functions that correlate temperature and fre¬ 

quency effects for the elastic moduli of most simple high-polymer 

materials. They define reduced elastic moduli by: 

G Vo 
Tp ' G" (^9) 

wnere p is the density of the material, T the temperature, and G" 

is the imaginary part of the complex shear modulus (G" = Gß). The 

subscript zero refers to an arbitrary reference temperature Tq. 

They get single curves of Gq and Go" plotted as functions of a 

reduced frequency; 

(50) 

The function a^ is practically a universal function of temperature 

for the first 100°C above the "glass transition" temperature. 

Empirically, 

T - T 
log- a a_ * -8.86- (51) 
^ 1 101.6 + T - Tg 

where Tg is an empirical reference temperature for each material 

and is about 45°C higher than the "glass transition" temperature. 

Fig 13 is a plot of the logarithm of the temperature-frequency 

coefficient aT as a function of T - Tg in degrees Centigrade. 

Above 50°C, different materials follow somewhat different relaxa¬ 

tion curves and the dashed curve represents a mean that can be 

used when lacking detailed data. 
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With the concept of temperature equivalence of frequency provided 

by Eqõ (50) and (51)» It la possible to uae dynamic mechanical 

data taken at a moderate number of frequencies and temperatures to 

Interpolate and extrapolate to other frequencies and temperatures. 

The only constant that must be found Is the reference temperature 

V 
Polyisobutylene 

The measurements of the dynamic shear modulus for polylsobutylene 

by Perry, Orandine and Fitzgerald^/ can be used to demonstrate the 

effectiveness of the temperature-frequency method of correlating 

this type of data. Measurements covering the frequency range 40 

cps to 4 kc and the temperature range -45°C to +4C0C are Included 

In Pig 14. The real part of the shear modulus and the loss factor 

have been plotted directly as a function of log. Q fa,*, without re¬ 

sorting to the correction of the dynamic modulue data to a standard 

temperature by means of E.q (49). The reference temperature Tg Is 

-33°C for polylsobutylene. The range of T-T covered by the data 

is -12° to +73°# extending well Into the dashed portion of Pig 13. 

The excellent correlation of the polylsobutylene data shown in 

Pig 14 supports this method of handling dynamic moduli. 

3M Adhesive* 

The experimental configurations used by BBN to test the validity 

of the damping calculrtions have mostly used an adhesive by the 

Minnesota Mining and Manufacturing Company. Measurements have 

♦"Sound-damping-tape" adhesive, currently being used by the 
Minnesota Mining and Manufacturing Company in their aluminum 
foil tape series. 
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been r.iade by this company of a sample of their adhesive at five 

different temperatures In the range -30°C to -fóO°C. An average 

of three valid measurements were made at each temperature. In the 

frequency range 30 CPS * ^c* Assuming the same reference tem¬ 

perature as for polyisobutylene, these data are plotted as a function 

of log10 faT in Pig 15. With so few data points, it was not felt 

that any better correlation could be obtained by revising the choice 

of Ts. 

Using Pig 15, values for the real part of the shear modulus and the 

loss factor of the 3M adhesive were determined at selected temper¬ 

atures as a function of frequency. (Figs l6 and 17). Original 

data points are included in the figures and again show that the 

smoothed curves based on Fig 15 are a valid representation of the 

data. All of the calculated curves to be presented below in the 

section on experimental confirmation are based on the data in these 

two charts. 
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VI. EXPERIMENTAL CONFIRMATION 

Th« general theory for the threa-layer plate can be checked by 

experiments on the various configurations that are covered as 

special cases. Tests of the single homogeneous layer are reported 

in the llteraturei^/. The case of constrained damping Is more 

general, because it Includes the shear motion of the middle layer. 

It is also the more Interesting because of the relative newness of 

the tneory. In this section we report on the comparison between 

experimental and calculated damping factors for a set of constrained 

layer configurations prepared at BBN and tested both by BBN and by 

Convalr Division (San Diego) of the General Dynamics Corporation. 

The measurements reported here were all obtained as part ol a 

Convair-sponsored investigation of damping materials. 

Experimental Method 

There are several methods of measuring the loss factor t, of a damp 

mg configuration^. The method adopted Is the resonance method, 

useful over a broad range of damping factors In the middle ground 

between very low and very high damping. In this method, the sharp 

ness of a resonance is measured. The sharpness of resonance is 

determined by the frequency interval df between the two half-power 

points on each side of the resonance frequency f0. The damping 

factor Is the Inverse of the "Q" of the resonance: 

1 df (52) 
71 ' 5 - t; 

The method Involves measuring the sharpness of the separate reso¬ 

nances, and accurate results are only possible when the separation 

of the resonances Is at least twice their bandwldths. The flexural 
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resonances of bars have wider frequency sepaxatlons than do tho** 

of slmllar-slze plates. For this reason, measurements are mad« 

on bars whose widths are small compared to a wavelengt.» Instead 

of on plates. 

The experimental apparatus used for resonance measurements Is shown 

schematically in Fig 18. The teat bar is suspended vertically with 

upright piano wires attached to small screws in the edges of the 

bar two inches from the top of the oar. It is driven near the 

lower end by means of a small loudspeaker voice coil cemented to 

the bar and a loudspeaker magnetic structure that does not touch 

the bar. A capacitive pickup located near the upper end senses the 

motion. As the oscillator frequency is varied around a given reso¬ 

nance, the bandwidth and center frequency are determined by the 

monitoring Instruments. The loss factor is calculated from Eq (52). 

Although the damping 1 actor is determined at a series of discrete 

frequencies, the results are described as a continuous function of 

frequency. 

The measurements reported here were all made with aluminum test 

bars 36 Inches long, 2 inches wide, and 1/8-lnch thick. These bars 

have 17 resonances in the frequency range below 3 kc, the lowest 

being at 20 cps. The resonance frequencies are given closely by 

fn i 2.25 ( 2n + 1)2 n - 1, 2, ... (53) 

Interspersed among the flexural resonances are torsional resonances 

that are not effectively damped by the damping material. The sus¬ 

pension wires are about 4 ft long, and the fact that very low values 

of Tj (well below 10"^) are measured for undamped bars indicates that 

the suspension has negligible effect on the behavior of the damped 

bars. 
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The nine teat bars were made up Including all possible combinations 

of three thicknesses of 3M adhesive and three foil thicknesses. 

(See Table I). The damping treatments, and their corresponding 

dimensionless thicknesses are listed in the table. Room temperature 

measurements were made at BBN and the bars were then shipped to 

Convair, where measurements were made at a variety of temperatures 

from close to -30°C to room temperature. The two sets of room- 

temperature measurements show reasonable agreement. 

Results at Room Temperature 

Figures 19 and 20 present the measured and calculated loss factors 

for six of the test bars at room temperature. The solid curves 

are the calculated values, and the broken curves represent measured 

values. Data for Bars Q, R, and S are given in Pig 19» while Fig 

20 presents corresponding data for Bars W, X, and Y. These sets 

of bars differ only in that the damping layer for Bars W, X, and Y 

is four times as thick (0.010 in.) as that for Bars Q, R; and S 

(0.0025 in.). See Table I. 

The measured data agree quite well with the calculated curves. 

The general shape of the measured curves, as well as the spacing 

between the curves, is as expected. The theory predicts that the 

general damping curve for a constrained damping layer will have a 

broad maximim as a function of frequency. We see that at room 

temperature, bare Q, R, and S provide damping at the peax of this 

broad maximum. The thicker damping layer used on Bars W, X, and 

Y reduces th¿ shear parameter, g, enough to place the damping of 

these bars on the high-frequency side of the peak of the damping 

curve. The curves for these bars, the*;, slope downward with in¬ 

creasing frequency. It is interesting to note that a constrained 

damping layer can provide a darAplng curve that either rises, falls, 

or is relatively flat with frequency. 



I 

Report Ho. 56* Bolt Be ran« k and Me«NMn Inn. 

Bar Adhesive 

Q 

R 

S 

T 

U 

V 

W 

X 

Y 

.0025 (in.) 

.005 

010 

TABLE I 

Dimensions of Test Bars 

Thicknesses 

Foil h 

.006 ( in.) 

.010 

.020 

.006 

.010 

.020 

.006 

.010 

.020 

2- 

02 

04 

08 

.048 

.08 

.16 

.048 

.08 

.16 

.048 

.00 

.16 

2h 
31- 

1.09 

1.12 

1.20 

1.13 

I.I6 

1.24 

1.21 

1.24 

I.32 
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Resulte at Low Temperatures 

Low temperature data on the same six barn appear In Pigs ?1, 22, 

and 23. As beforey the calculated curvee1 are shown as solid curves. 

Figures 21 and 22, for a temperature of -6°C, make an Interesting 

contrast to Figs 19 and 20, the room temperature curves. At this 

lower temperature, the damping material has become stiffen, result¬ 

ing in higher values of the shear parameter, g. The effect of this 

change is to shift the curves toward the left on the general damping 

curve. As a result, the data for Bars Q, R, and S (Fig 21) are now 

on the upward-sloping part of the curve, and the data for Bars W, 

X, and Y are nearly at the peak of the curve. 

Data for Bars W, X, and Y at -27.5°C appear in Fig 23. Here we 

see a further shift toward the left on the general damping curve, 

and consequently the curves for the individual bars rise more steeply 

with increasing frequency. 

We note that the agreement between theory and experiment is less 

good at the lower temperatures than at room temperature. The 

shape of the curves remains approximately as calculated. However, 

the spacing between curves is greater than the calculated spacing, 

showing lower measured damping factors for the bars with thinner 

constraining layers (Bars Q, and W). The disagreement becomes 

serious for the data at -27.5°C in Fig 23. 
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Conclualons 

In comparing the theoretical and experimental values of damping 

factor for the teat bars shown In Pigs 19 to 23» we may draw 

several conclusions: 

a) The general shape, as a function of frequency, 

of the experimental damping curves Is as pre¬ 

dicted by the theory. A broad maximum Is ob¬ 

served, and the portion of this broad curve 

lying In a given frequency range depends on the 

value of the shear parameter g for the system 

under test. 

b) The general frequency-temperature-equivalence 

hypothesis Is borne out by the data taken at 

low temperatures. The shift In position on a 

broad, general damping curve that results from 

a change In temperature Is seen to be equivalent 

to that which would be expected from an appro¬ 

priate shift In frequency. 

c) For the particular damping material used in the 

tests reported here, the agreement between theory 

and experiment deteriorates as temperature Is 

reduced significantly below room temperature. 

However, this does not appear to be the result of 

a flaw ir the theory, but rather may result from 

a discrepancy In the low-temperature dynamic 

properties of the damping material from batch 
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to batch. That la, the damping material used 

In the experiment was undoubtedly from a dif¬ 

ferent batch than that for wnich the material 

properties were measured. Significant differ¬ 

ences In properties can exist between batches 

of hlgh-polymer materials that are supposedly 

prepared In the same manner. These differences 

would be more serious at lov temperature. 

Our general conclusion is, then, that the theory for the general 

three-layer bar, as specialized to the case of a constrained 

damping layer, adequately explains observed phenomena. Further¬ 

more, this theory allows the calculation and scaling of the 

damping by simple constrained damping layers, and establishes 

procedures that may be used to analyze multiple constrained damp¬ 

ing layer applications. 
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FIG. I ELEMENT OF A THREE - LAYER PLATE IN 
FLEXURAL VIBRATION, SHOWING THE 
FLEXURAL ANGLE ÍP AND SHEAR ANGLE f 
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NEUTRAL PLANES 
OF ADDED LAYERS 

NEUTRAL PLANE 
OF COMPOSITE PLATE 

PLANE 
OF PRIMARY PLATE 

FIG. 2 DIMENSIONS USED IN ANALYSIS OF 
A THREE-LAYER PLATE IN FLEXURE. 
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FIG. 3 EXTENSIONAL STRAIN AND STRESS DISTRIBUTIONS 
FOR THREE-LAYER PLATE ELEMENT IN FLEXURE. 
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FiG. 4 SHEAR FORCE ON MIDDLE LAYER. 



*CPO*r no *4 HOLT &FQAMÍ.X b NEWMAN K 

DAMPING 

PLATE 

DAMPirjG 

b.) EQUAL DAMPING LAYERS ON BOTH SIDES 

E3 STIFFENER 
G2 DAMPING 

E, PLATE 

C.) DAMPING TAPE (THIN LAYERS) 

E, PLATE 

G2 DAMPING 

E, PLATE 

d.) SANDWICH 

CASES OF THREE-LAYER PLATES. FIG. 5 SPECIAL 
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FIG. 6 RELATIVE DAMPING FACTOR FOR 
HOMOGENEOUS DAMPING TREATMENTS 
(FROM OBERST, REF. I) 
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FIG 8 MAXIMUM DAMPING OF SANDWICH STRUCTURES 
HAVING THIN DAMPING LAYER. 
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FE. ic APPROXIMATE CALCULATION FORMULA 

FOR CONSTRAINED DAMPING LAYERS ?Ej-E,) 
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FIG 13 FUNCTION RELATING TEMPERATURE TO FREQUENCY FOR 
HIGH POLYMERS (WILIAMS, LANDEL, FERRY, J AM CHFM SOC 

77, 3701, 1955) 
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FIG. 14 TEMPERATURE - FREQUENCY CORRELATION OF 
DYNAMIC SHEAR MODULUS OF POLY ISOBUTYLENE. 
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FIG. 15 REDUCED PLOT OF DYNAMIC SHEAR 
MODULUS DATA FOR 3M ADHESIVE. 
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FREQUENCY (CPS) 

FIG. 16 REAL PART , G , OF SHEAR MODULUS OF 

3 M CO. "SOUND DAMPING TAPE" ADHESIVE 

(DATA POINTS BY MANUFACTURER.) 
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FIG. If NORMALIZED IMAGINARY PART , 0 » OF 

SHEAR MODULUS OF 3 M CO. "SOUND 

DAMPING TAPE" ADHESIVE. 
(DATA POINTS BY MANUFACTURER.) 
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FIG 18 APPARATUS FOR MEASURING LOSS FACTOR 
OF TEST BAR BY RESONANCE METHOD. 



FIG. 19 COMPARISON OF CALCULATED AND EXPERIMENTAL DAMPING 
FACTORS OF THREE BARS AT ROOM TEMPERATURE. 
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FIG. 20 COMPARISON OF CALCULATED ANO EXPERIMENTAL DAMPING 
FACTOR OF THREE BARS AT ROOM TEMPERATURE. 
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