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Fres Boundary Problems for Parabolic Equations

Avner Friedman

oduction. Free boundary problems for the heat equation have

been ﬁenl:ldnmd for over & %mm (foy references prior to

1020 ses Brillouin [1]). In & few specisl cases the solutiom

4 explicitly, but existence thecvems for general
sasoe started essentislly about ten yesrs ago. The well knowr
one-dimenyionsl Stefan problem conosrning the melbing of lce

when heated at the boundary with @ certain prescribed temperature
wss considersd by Rubinstein [22] [23] [24] [25] [26] [27] and
Dacev [2] [3] [4] [5] (see also Datzeft [8]). They ussd different
4 in thelr papers (22]

&s whose basie Teatures can be fou

Another Stefan problem where the heating at the boundary
1s given in tersts of the fiow of heat wa } considered by Evans
{117 (sse siso [10]), J. Douglas snd Gallle (7], Sestini [28]
por [20], J. Douglsa [8) and Kyner [191, In the

this problem (sxistence and unigieness for all

and water or just m tlone are pmsmt st the begirming.
The papers of Dacew on the Stefan problem are of heuristic
tuelly he did not give any precise proof to his asaser-
tions about existoncs (he did not prove at all uniqueness). Ii:'
' of should be quite involved, On the other
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hand except for a few incomplete detalls Rubinstein [22] proved
existence and uniquensess, but only for small intervals of time,
In [25] he stated that he can prove existence and uniquensss
for any interval of time with the ald of certein lemmes on
superparabolic functions,

A method to solve free boundary problems was developed
systematically by Kolodner [18]s This method was applied by

Mipanker [20] to solve a Stefan problem mentitned above. It was

sarlier applied by Keller, Kolodner and Ritger [14], Kolodner
[15] {16) and Kolodner end Ritger [17] to study the problems of
. evaporation and condensation of liquid drops.

In this paper we refine the method of Rubinstein [22] and
apply it to solve Stefan problems for all future times and the
problems of evaporation and condensation of drops for small
Lntervals of time.

In Part I we are aasentiany concernsd with the Stefan
problem when the heating at the 'boundary is given in temms of

s temperature and wator is present already at the beginning,
" In ¢1we formulate the main result. In ¢ 3 we reduce the
1 problem to the problem of finding & unique solution of

origins

& certain nonlinsar integral equation. In proving this reduc-
tion we use an auxilisry lemna proved in §2, In ¢4 we prove
that the loce-water 1ine 13 an increasing function 4in time. In
§5 we prove the sxistence and uniqueness of the solution of the
Integral equation. Our methed is a modification of the method
of successive spproximations (both on v(t) snd s(t)) used by
Rubinstein [22] and is much more suitable for the purpose of
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continuation of the solubtion inte the future, In §>6 .vie prove
exiztence and uniqueness for &ll future times, The decisive step
¢ is an & priori eatimate on the x-derivative of the jsolution'
u(x,‘tﬁ defined for cst<t o} the bound being independent of ¢, In
~§ 7 we mention that all the previous results hold for gensral
parabolic equations with smooth cg;er:f:‘icients . We conclude this
section with a feu open questions,
In Part II we conslder the problems of evaporation and
condensation of liquid drops, In § 1 we state the main results
which we proceed to describe, If the initial vapor density on the

A e s

surfaco of the drop 1s equal to the saturation density then in
case of condensation (ol<o) existence and unigueness are asserted

for all future times and in case of condensation (d >o0) only as

L S w R Lo e s

long as the radius of the drop is not "too small", Here & is a
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certain physical quantity which 1s assumed to be sufficilently
small in absoclute value, If there is a jump from the initial
vapor density on the drop to the .aatufation density, then existence
is asserted as above but uniqueness is asserted only under the
sxtra condition that the drop does not start to grow "too fast",
Weo finally atate that the radius a(t) of the drop in case of
condansation grovs at most like A + Btl'/ 2 ; Where A, B are
aporopriate conntants, ’

The proof of the above results is ziven in §§ 2«5, 1In
§ £ the gmblam is reduced to solving a certain nonlinear integral
squation, This ejuation differs from the analogous equation of

Part I in the .x""&ct\ that it contains terms which have a singularity
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1/2 at t = o, The main reason for dealing with that

like t~
equation (rather than trying to sliminate the singuiarities by
some integrations by parts) is that we prove (in §3) existence

and uniqueness in an interval whose length depends on |ulx,t)]

and not on qu(x,t)l. The solution obtained however might have
a singularity like t"l/e at t = o,

In §‘4'we prove existence and unigqueness for large time-
intervals, showing also that the above mentioned singularitles
of the solution are removable (Lemma 2), In ¢ 5 we establish
the above mentioned a priori bound on a(t),

In Part III we consider the nroblem sf dissolution of pas
bubble in liquid. This problem is similar to the one of Part II
with one exception: The law of conservation of mass at the free
boundary leads to an or@inary‘differential squation which we
cannot solve explicitly, Thus we first derive certain estimatqs
on the solution of this equation without solvingpit'expli@itly;

and then we can proceed by the method of Part II, The results

are stated in Theorem 3, The results of Parte II, III can also

be extended to general parabolic equation with smooth coefficients,
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In this Part I we shall essentially be concerned with the
1llowing Stefan type problem:

U, "Wy, O<x<alt), t>o

(1.2) ufo,t) = £(t), £{t) 20 t>0
(1.3) u(x,0) = ¢(x), ¢{x) 20 oxx<b, ¢b)=0,b>0

(1.5) ue (8(6),8) = s(t), ¢ > .

x = a(t) is the free boundary (for instance, the water-ice line)

which 18 not known and has to be found together with u(x,t).
The conditions (1.2), (1.3), (1.4) are the usually given data
whersas the additional condition (1.5) (the equation of heat
balence) 1s a condition on the free boundary x = s{t). The
asaumptions £ > o ¢ 2 ¢ result from the fact that the tempera-
ture of water Lia nonnegative.

Pafinition. We say thui: uix,t), g{t) form a solution of
the: mm (1.,1)»(1.53 for a1l t <o (0 <0 s00) 1f P%u/p2®
and Ju/2 & are oontimious for o< x < s(t), 6 <t <0, 37 u ans

/5% are contimious tor o<xxo(t), t >0, If u 43 contimious

for t =0 o<x<band 0 < lim inf u(x,t) < 1im sup ulx,t) <o
as t<d o, x=db, Ar s(t) (ost<es) 1s ﬁvmtiwmly differsntiable
and, finally, if the equations (1.1)-(1.5) are satisfied.
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The main result of this Part I ie the following theorem.,

. R Maﬁ* ri{t) (o £t <oo ) g_ggg olx) (o <x< b)

gtions. Then there exists
one“.,anad anl “one_sclu‘tion u(x,t), s(t) of the system (1,1)-(1.5)
for. gl mOPS, the funotion x = s(t) 1s monotons

- The proof of Theorem 1 1s given in $§2-6. In $2 we prove
a1 auxilier;

lemna (stronger than e lsmma stated and applied in

[18))s Tn ¢ 3 we prove that for any- possible solution s(t) is

monotone nondecreasing in t. It 18 also shown that Af el ther

9(x) % o or £(t) ¥ o in some small interval o < t < § (£ > o) !
then s{t) 1s a stric tly increasing function of t. In $4 we

raduce the original problem {1.1)-(1.5) to & problem of solving

| 2 certaln nonlinear integral equation. In this proof wo make use

- of the lemma

-proved in $2. In $5 we prove existense and
unlqueness of solutions for the nonlinesr integral equation for a
anall interval of time ¢, Finally in $6 (using the results of

f$ 8-5) we px'bvs that the solution can be continued, and uniquely,

©0-a1l future éimaa» In §7 we glve various genmeralizations of
Theorem 1.
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Since we may assume that right side of the last inequality is

smaller than 1,; we conclude that the brackets on the right side
(lx-—a(t)l + |a(t)=s(T )l

Substituting in (2.7) we £ind that

(268 L P o <A, | w= L w——

Thus, in order to evaluate Il it is enough to evaluate J,
Substituting in the integral of (2.6)

(x-a8{t))
and noting that x~s({t)<o, we get
5' .

N . .. .
€ LY
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Combining the last result with (2.8) and (2.5) and using
the definition I = Ildi'ﬂI-. s 1t follows that

(2.10) Mmﬁw It + 2n/2) £ ag g2/

which 1s squivalent to tha stectemem: (242)
From the sbove evaluation oF Il it also follows that

Having proved (2,2) we proceed to provs that

The proof of (2.18) follows immediately using the Lipachitz
wmtmxw of s{t). The proof of (2,12) follows from the
beundedness of I, (8ee (2,11)) and of |

noting that K, < |Il, + K,

With the aid of (2.2), (2.12), {2.13) we proceed to prove

S -
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%g we claim that
?f (20157 1lin Bu ‘Ll + 2171/ (t)‘ < Alo(él/g* Qeu-bciy(t)"f(t)i )0
? x—»3(t)-0 ted 2T <t
3
i | | N |
{  Indeed, writing in (2,14) P(T) = pP(t)+(P(T)=-L(t)) and using
§ (2:2), (2.12) and (2.13), the proof of (2.15) follows, |
5 We next ovserve that the functior
:
|
|
(§ >0)
satisfies
(2417) m L, =0,
x-38({t) *
Combining this remark with (2,15) we get
| (2.18) 1im Fup 1(I.1+L2)+2w1/2 F (6} shy o 51/ + z.u.b. lf(t)-?(t)i)o
x~>a{t)-
| Since the left side of {2,18) is independent of § we conclude,
' on taking §—>o, thet 1% 1s zero, and the proof of the lemma is
' compléted.
Suppose u(x,t), s(t) fomm & solution of the system (1.1)-
(1.8). By the maximue principle [20] u(x,t) is nomnegative for
o<x«<s(t), t>0, Singe u=o on x = s(t), u, < o and hence, by (1.5),
s{t) > 0. This proves that s(t) is nondecreasing in t.
We shall now prove that if either ¢(x)% o or £(t)% o in
some interval o<t<é , then a(t) 1s strictly increasing in %,
NIT L T e e R ST D L S AR tw;;;:»:,.;:.:T.::,.,;M:s.;:;:s;ﬁ,f::;u:w,,.,:;:,; o Tk TEI TN e - o A .
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Indeed, in the contrary oase there exist two poinfs t' > t"

such that a(t) = a{t') for all ¢! < t = t". Theprefore, by (1.5),
w, = 8 = o on the straight segment x = a({t) t' =t < ths Ve
ﬁn now use the strong maximum principle [21] to aimr that
ul{x,t) > o for 0 < x < al{t), t > os Since u%aﬁ(t),tf = 0 we can
ups [12; Theorem 2] to conclude that u_ is negative at the
points (s{t),t), t' < t < t". This laat conclusion however

implies that s(t) > o for t* < t « t" which is & contradiction.

Fd

PO L ORI Vi b 1C7 )
Suppose uix,t), s(t) form & solution of the system (1.1)-{(1.8),

Integrating Green's identity

over the domain o <% <e(T) E<T<iué and letiing £-9 o ve
(1.3), (1.3}, (1.4)

get, on usin
| t

u{x,t) = ugfa’(thﬁ)@fx, :;8(T),T)AT + if (,t"mg(x,:tgo,’t )at

+£ (€ jolx,t; 5,004 = Mo+ M+ N,

whiore %i*i denvtes the ~tb integral. Denoting

T A R T e T S O M S R et e - - e e T e -
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dirferentiate both sides of (4,2) with respect to

)ep, Using Lemma 1 we nave
t
1im A, = de(s) + Sv(‘t)G, (elt),t38(0), TIAT
x->8(t)=0 9 %v A x ’ ’

ve procesd to
x and let x~—salt

(4e4)

Here we ussd the fact that the second torm of G is & regular
(aince s{t) is nondecreasing

gunction since x + 8{T) 2b >0
An 5

We procesd to svaluate oM,/a %, L = 2,3, Denote by

(4,5) Nix, 535,0)= —

It sabisfies

the Neumapn funotion Zor the half apace X > Oe

G, = -, §" We now have
Me Sf(‘t)@r §(x,b'o,‘t T = jr(’t )Nt(x,t 0,1 4T

(4:6) ‘ ‘t

= -t(om(x,t,a,o)- ST M(x,530,T AT

y R
={ )0, (x,5;§ ,0)a =e (o) (x,t;0,0)+ 5&(§)H(x,‘t:§,o)dt

0

Using (4.4}, (446), (4,7) we obtaln on dirrerentiating (4.2)

with respect to x snd taking Xx—¥8 (£)-o,

| b
v(t) = 21@(@)-»1’(o)m('zf;t,},t;:o,o:)* 2 f SN (s (t),t; 5
0

:Q}dg

(4.8)

& t
2{ 2 (TIN(s{t),550,8)4T +2 (v(z )G;x(s(t-)»ﬁ%”“)v”dt
A %
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where, by (1.5) and (4.3),

(4.9) a(t) =42 -j" v(T)at.
0

We have thus provad that for every solution u,s of the system
(1.1)=(145) v (defined by (4.3)) must satisfy the integral
equation (4.8), where s(t) is defined by (4.9).

Suppose conversely that for somes o > o v{t) (ot<o") is
a continmious solution of the integral equation {4.8) where s(t)
is defined by ( 4.9). We shall prove that u(x,t), s(t) (where
ulx,t) is defined by (4.2) with u % (a(T),T) replaced by v(T))
form a solution of the aystem {(1,1)={1.5).

First of all ons can easily verify (1.1)-(1.,3). We now
differentiste u(x,t) with res. ct to x and take x—» s(t)=o.
Using Lessna 1, the previcus cﬂaulationa of 2 Mi/a- x (1 = 2,3)
and the integrsl equation (4.8) we find that u (8(t),t) = v(t),
8inss by (4.9) vit)= «alt), (1.5) follows., We remark that
uix,t) and a{t) have all the regularity properiles in order to
form a solution in the sense of $I. Thus it remains to prove
that uls(t),t) = o,

To prove tmt, we Integrate COreen's identity (with ¢ and u)

in the domain o « § < 8({T), €<T< t=f and lot ¢—>o. OCom=

tegral representation for u(x,t) thus obtained with

it =p ir o«:x":s(t): o<t=o,

W cleim that Wix,t) = o if s(t)<x<o0, o<t<om, Indeed 1t
vahishes on £t = 0, b €« x <00, tends tc zerc as x—vs(ti+c

ORI . = F ot e e Lt e R — e
(ORI - ¥ : ¥ i it = i = TS NGt e - : - i
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(by (4.10) and the contimity of Y (x,t) in the whole strip
o<t <o), and tends to zero as x-—¥o uniformly with respect
to t, o <t <0 . Hence, by the maximum principle, W(x,t)=o
for s{t) <x <00, 0 <t <o .

Applying Lemma 1 we now get

- [2¢l |2t = uls(t),t)  (o<t<or)
° [%ﬁx | x38(t)-o0 Jx-s8(t)+o aet o=

We have thus proved that the problem (l.1)-(1.5) is equi-
valent to the problem of finding a continuous solution to the
. where > |
integral equation ( 4.8?,\.3?1; ) 1s defined by (4.9). In what

] follows we shall solve this nonlinear integral equation.

5. Existence &

3_Uniqueness for Small Times

In this chapter we shall prove that the integral equation
(4,8) has & unique solution for o <t <0, o being a suffi-
clently smell number., We denote by C, the Banach space of
functions v(t) defined and continuous for o < t <o~ with the
uniform norm, nemely Ilvl] = £L.adb.]v(t)]. We denote by Co M
| the clossd sphere ||v || < M of radius ¥ in C,~. On the set c(,. M
we define a transformation w = Tv in the following way:

. X ’ b

* w(t) = 2[‘?(0)*1’(0)]”(3(‘5) ts:°a°)+2 f w(g )N(B(t) b, g o)d§

[+

-2 S £(T)N(s(t),5;0,T)at +2 ;v(‘(‘.)(}x(a (t),t58(T),t)dT
(o] O

a\
ta
<
Ia
9
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where

” £
(5,2) s(t) = b + jnv(t)d"t .

We shall prove a few propertles of T.

M

5.1, T maps O

into itself. From (5.2) 1t follows that

(5.3 {a(t) = a(T)| <H{t=-T ).

In what follows we shall denote by B,_ appropriate positive con-
stants deyending (and continuously =0) only on b, We shall take
g to satisfy

(544) MO <b, o<1
so that
(545 v < s(t) < (o<t s ),
With the aid of ( 5;5), (5.5) we easily find that
(8.6) v} < 4 Hell + B, (¢ (a} + £{0)+ liE o + Bzu%* /2,
Defining.
(5.7) M=aligll +1
and teking O to satisfy, beocides (5.4),
(5.8)  Bylofo) + £lo) +lI£lho + Byla [ibll + 11202 <1
we conelude that |lw|l < M, that is, T maps Q‘w’u into itself.
Using {5.7) we can replace the conditiona (5.4) by
(5.9) 24 |lell41do- <b, o<1

BB, 1 is a contraction. Iet w = Tv, w' = Tv' and denote

(5»1@) . "V - """ = €
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If s'{t) corresponds to v'(t) by (5,2), then we have the follow-
ing inequalities:
(5,11} Is(t) - st(®)] st &, Hs-8ll=€.
since Jjv |l =¥ llvil =M we alsohave
(5.12) |s(t)-s(T)| s M-T), |8t (6)-8t (T )] < M(t-T), & <M,
Pinally, teking o~ to satlsfy (548) we have
(5,15) b < s(t) 5 Bb, bca'tt) s ostzo.

With the aid of (5.11), (5.12), {5.13) we now proceed to prove

that for small o T 18 a contractione.

We write
whore
(5,18) Vy = o{0lo)-£(0)1[N(s(t},t30,0) - N{s'{t),550,0)]

b ,
(5.18) V, =2 S ¢(E) [N(s(t),t3 § ,0) = N(s'(t),ts §,0)]ak

=27 /2v4== v{

(5.18)

(>

(5,17) Vg =~ i e{T)iN(s(t),t; 0,1:)-N(ls’(t),t;o,t)}d‘t‘
o
[ v
o

Using the mean value theorem, (5,11) and (5.,13) we szaslly get

(5,29) V] 2 Bylelo) + (o)1 E
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To eatinats Vg we first eatimate

We may assume that s'(t) > s(t) and divide tha integral into

thrse parts:
b sft) s'(t) b

‘Vﬁg’ x:j = S * + ; = ¥1 + YZ‘ +* Y3
o) o S’ﬁ;) |

vhere 1t is understood that for instence if s(t) < b < s'(t) then
the last integral dves not appear snd the upper edge s'(t) of
the second integrel is veplaced by b. To <ﬁs:*£~m% f!-.. we use the

mean value thsorem noting that if s(t) < ¥ < s'(t) then

{e >0) «

Wo get

whers we made use of (5.11).
1‘2 pan be satimeted iz amla? manner. PFinsllw,

[¥l < Lot (t)-alt)] [Jé]] -}ﬂ.: ello-22¢ .

Combining the estimates of the ¥, we get

(s5.71) o'l s Bg lello-2e .

We can sinmilarly estimste 2n'/2y .V} whioh 1s squal to the
right =132s of [5,20) with § replaced by ~§, We obtain
{8.28) !‘Vgt < Bﬁ n ; “ T /8 €.

B o e

To estimiis Vy we uss ths msar walue theorem, (5.11) snd

j
i
]
r
¥

Sl mwm%&%mﬁmﬁmw R S - G S TOTI e

A u«f’-ﬁ,, o ok, ,g@ «l'-:« e T
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(5.15). We conclude that

(5.23) el =B, Htllo€ .

To estimate V, we write
(5.24) 2t /Ry, =y + W,

whers

Iv(T)v (T Bib/zss L

(5.25) W. L
- (=T )°

o\.‘-\ P x

| (5026) W2

To estimate W, we note that the brackets on the right side
of (5.26) are equal to

(T <% < ).

Hence, using (5.11) we obtain

(5,29) Wyl sBMo e,

A
- A e - —_ —
L e P
G4 . o
- - - - i s s o A
E 3
A+ -
=* P a4 -
e
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To estimate W3 we note that the second braces on the right

side of (5.27) are bounded by
ﬂ%‘:ﬂ"[S'(t)~8(t)]~[8'(t)~8('9)]l[ls’(t)-s'(‘t)G"'IS(t)-S(T)“

(5,30)
sEME(L-T),
If we take o= to satisfy
(5.31) Mo <1
then the right side of (5.30) is bounded by 1. We then conclude
that the brackets on the right side of (5.27) are bounded by
B, oM € (t=T)e Making use of this last remark and of (5.12) and
(8.,31) we get

t.,
. W \ ~11/2 2n B 3/2 2, 1/2
(5.32) W] < B, M€ j (6T 220t < 8B, pPo- 3% < BB, Mo /3¢
(¢}

Combining the estimates (5.28), (5.29), (5.32) with (5.24)
we get |
(5433) v, < By Mo %

Combining the estimates (5.19), (5.22), (5,23), (5.33) with
(5.14) we get

(5.34) LL¥=¥tl. < B, [9(0)4 (0) 1o 4B, || dlior /248, || |l 4B Mo /2,

L

provided o~ satisfiss (5.31). In view of (5.7), (5.31) becomes
(5.35) (4}l ¢l+1)% <1 .

Using (5.7) we conelude that if o~ satisfies (5.35) and

(5.36) Bgl@lo)+£ (o) Jor +86"r3!|a’1/2~+3,, “i‘lb‘mn(é I @ll 1o V2

then T 1s a oontrsction c¢perator on C T M°
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5¢3. Completion of the proof.

We have proved that if ¢ satisfies (5.8), (5.9), (5.35)}

and (5.36) then T is a contri;tton on Cv',M and maps ca";M into
a

itself. It is then well known,there exists a unique fixed point
v(t) of T in Cor, e

Having proved the existence of a solution v(t) to the in-
tegral equation (4.8) (with s(t) defined by (4.9)) we proceed to
prove uniqueness, Suppose v'{t) 0 <t <& (¢ <o ) is another

solution and replace in the considerations of 5.1, 5.2 M by

M' = max(M, L.ub.ivt(t)]).
osb=g

Then instead of o we get ! (0! <¢) which satisfies the
that
inequalities which guarantee that T 1s a contraction and,T maps

Cor 1yt into itself, Since v(t) and v!(t) are both fixed points
|

inC

1y OF the transformation T we have vit) = v'(t) (ost<o').
,

Now let 0"1<5" be any number such that v(t)Z v'(t), ost<oy.

- Then v(a'l)w'(c"'l). If we show that for some € >0 v(t) = vi(t),

o<t< oy+E then the proof of the uniqueness is completed,
et u(x,t), u'{x,t) be the soiutions of (1.1)-~(1.5)

corresponding to v(t), v'(t) reapectively. If we apply Green's
formula as in $4 we obtain integral equations for v(t) and v'(t)

analogous to (4.8) in the domains o <t <o~ and 03 <t <&

respectively and with ¢(3 ) replaced by u( § »7) and u'(3,07)

respectively. We recall that u(¥ y T ) E w (0 7). Proceeding
as before (in the case @"; =0) we conclude that v(t)= v(t!) for

Gq St <0, +€ for some £> 0, We

have thus completed the proof of exlistence and uniqueness of

solutions for small times,

B ¥ T ek LT A - ;=
- PRy " £ s . . I e Sy
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6. Existence and Uniqueness for All Times

We now apply the prcof of $5 step by step. To show that

such a process can bs carried out so as to obtain a solution
| u(x,t),a(t) (or v(t)) for all times we have to prove the follow-

ing statement: If the solution v(t) (or ulx,t), s(t)) exists and

18 unigue for o < t < t. then it exists and is unique for

o<t <to+£ for some £ > o,

We first prove existence. To do that we shall first prove
that v(t) (0 <t < t,) is a bounded function. In this proof we
shall make use of the fact proved in ¢3 that s(t) is nondecreasing
in t. Thus, s(t) > b. We shall also use the fact that v(t) =
-s(t) < 0.

The method used to prove (4,8) can be used to prove that

v(t) = e[u(o,ton é )af(to- $ ”N(S(t):t;osto" §)

&(to*s)
{6.,1) +aé uel§oty= 8)N(s(6), 655, b~ §)a5

t t
- 2 { £(T)N(a(t),t;0, T)AT + 2 ( v(?)Gx(s(t),t;s(T),T)&‘C
678 t -5

S

= P

1= 1

where { >0, t < t, and T, denotes the i-th term on the right

side of (6,1). Since v(t) < o we only have to find a lowsr bound
% on v(t). Denoting

‘; (6.2) Vi{t) = g. £.,b. v(T)
. t0-6<1:<t-



jo— - cobrnre S R A g Komed = A s =

’-229-

we proceed to evaluate T 4°

(bnT e (5m1)372

t
\ ‘ "y Y2

a/Pr, = o f v(n) S0 et {altlos (D)) a2
to-o
" (6.3) .
' 2

R S y(r) 2lbltelD) oy falblie BN 3ot = 1y + 1),

sl (®-<] ;

Since s{t)~s{l) > o and v{(T) < o we have
4

(6‘4) T > OO
4 o~

Since s(t) + s(T) > 2b we have
b 2

T3] < [w(t)] S -E-_lj-f exp{- -&f}dt
£0-8
(6.5)
SsBlYM®)§ = vt
if
(6.6) 5 5EL ‘

12

We now fix § such that it satisfies (6.6). There exists a

constant B! (depending on 4, but not on t) such that

(6.7) ITl + Ty + Tsl < B! for all to-é <t<t,.

Combining (6.4), (6.5), (6,7) with (6.1) we conclude that
| 1 ‘

(6.8) v(t) > z¥(t)-B! (t,~8st <t,)e

Taking the g.£.b. of both sides of (6.8) when t -§ <t<t' we easily

get
Wi(tt) > -2B!
©  and the boundedness of v(t) (t,-§ <t < t )follows,

e i A
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We now differentiate (4.2) with respect to x, and make use
of Lerma 1, (2.12), the boundedness of v(t) and (4.6), (4.7). We
then find that ux(x,t) is a bounded function for o < x < s(t),
©<t <t,. ulx,t) 1s also bounded in this domain (by the maxinmum
principle).

From the inequalities (5.8), (5.9), (5.35), (5.36) which
restrict the length O of the time for which a solution was proved
to exist 1t 1s clear that if we proceed with the method of §5
but start from t = t°~§ upwerd, then the inequalitles restricting
o~ will be independent of & . Thus, if we start with § suffi-

clently small we shall get a solution v(t) for t -§ <t<t +f for

some € > o, This solution coilncides with v{(t) for t -§ <t<t,,

since we assumed uniqueness for o < t < &,
To prove that there exlats only one solution v(t) for

0 <t <t +€ we can use a reasoning similaer to the one used in

563, Dotails will be omitted,

7. _Generalizations

Tele A wesker definition of a solution. In §1 we defined a

solution of (1.1)-(1.5) as a”paix," of functions ulx,t), s(t) which
satisfy the equations (1,1)-{(1.5} and certain differentiabllity
properties, Among these differentlabllity conditions only one may
ssem to be unnatural, namely, that u. (x,t) 1s continuous on x=o.
We shall now prove that this conditiocn is superfluous, that 1is,

AT r(t) is_continuously differentiable and if ulx,t) is

solution of (1.1), (12.2) then u,(x,t) is continuous near and up

to x = o,




Xy

Introducing Green's function
) o)

i’ K(x,t;€,7T) =y »—--7-—-—--—17?1 s 6Xp{- (x+4]::a-§‘ ) }
’ g J— 2.”1 2(tmc) 4(6"-% )

K==00)

L (7.1)

,; | 1 (=X+4kam= 5 )‘E3
, - ; oni/Z (4T 172 oxpl- =gre-gy !

= OO

in the rectangle 0 <x < 21, o < B <t <¥ , we have the following

representation formula for u(x,t)‘

2a
wlx,t) =$ w(k,B)K(x,t35,8)dE + { mx,t,g,t )1 4T
‘ ) £
0 B
(7.2)
( 2.
- L u(2a, T )[afK(x,t;g , T )]§ zzad‘t .

The proof of (7.2) follows by noting that the right side of (7.2)

is e solution of the heat equation with the same boundary values

as u(x,t). We now differentiate (7.2) with respect to x, perform

in the second integral integration by parts (compare with (4.6))

B N

and then let x-—=3 0; the assertion then easlly follows.

prn
AT

g; 7+2. General parabolic equations. Theorem 1 can be generallized
to parabolic equations
(7.3) alx,tlu., + dblx,t)u, + oc(x,t)u = uy
provided c¢(x,t) < o and the functions
e 2a a a
‘: ‘ ax: axgx g‘g b, ax_: c

are Holder continuous for o <x <00, t > 0,

R g AR T
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Indeed we have only to construct Green's function in the
domain x > ¢, t > 0o and then proceed as in the special case of
the heat equation. To construct Green's function we apply the
method of [13]. We first extend the coefficlents of (7.3) into
the whols strip ¢t > o by defining

al-x) = a({x), e(=x) =c(x) for x>0
b(«x) = -b(x) for x > 0.

Then we can construct a fundamental solution (x,t;f,T ) (by
[(8]) which will be continuous for x #{ , 0 <§ <00, =0< X <00 and
continucusiy differentiable for x #f , 0 <¥ <00 o0 <x <0

and o < § <w, ~00 < x < 0, We take for Green's function the

function

Flx, 658 ,t) = M(=-x,85,T ).

yroblem. We shall consider the case where

the temperature of the ice 1s not constantly zero and 1ls kept
under control at x = ¢ > b, We then have the following system

2 au
(7.4) af%”“f'a“% for o <«<x <sit), £t >0
X

. o |
- ou, |
{7.5) ?-a—u-% = axg -;-% (ag ¥# a%) for s(t) <x <e
< .

(7.6) Uy (0,8) = £(t), £3(t) 20 for t>o0
(7:7)  uy(x,0) = @9(x), ¢;(x) 2 0 for 0o <x < b, ¢;(b)=0 (b > o)

(7.8) ug(x,0) = ¢5(x), #5(x) s 0 forb <x<e¢, ¢3(0) =0 (¢ >b)

(7.9) ug(@,t) = fe(t), fz(t) <o for t >o0

-




R
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2O

(7.10) wu,(s(t),t) =uy(s(t),t) =0 fort 2o, s(o) = b

aul(S(t),t)
cXx

Fu, (s(t),t)
2 ax o— (kl>0, k2>O)Q

+ k

(7.11) s(t) = -k,

With the ald of Green's functions G, for (7.4) (in the domain
x > 0, t >o0) and G, for (7.5) (in the domain x < ¢, t > o) we
can reduce the problem (7.4)-(7J1) to the problem of solving a
system of two nonlinear integral equations which we symbolically
write in the form

(’7012) Vi(t) = I(S(t), Vl(t), Vz(t)) (i = 192)

whore s(t) 1s defined by

t t
(7.23)  s(6) = -ky [ v(Dat kzj v, (1)aT +b.
' (o) (o]

Using the method of &¢§ 5-6 we then can prove that the
system (7.4)~(7.11) has a solution ul(x,;,t), u, (x,t), s(t) for
all values of t as long as the curve X = s(t) does not intersect
the line x = ¢, The curve x = s(ﬁ) increases monotonicelly in t,.
The previous method of proving Theorem 1 can also be modifiled

to solve the system (1.1l)=(1,5) with (1.,2) replaced by
(1,2')  ulo,t) = £(t), £f(t) <0 for t>o

and to solve the system (7.4)-(7.11) with (7,3) replaced by

| au, (o, t)

(7.61) lax’ =1£,(t), f£,(t) so fort>o
or with (7.9) replaced by

,_ ou, (e, t)

(n.9!) 5% = f,(t), fy(t) 20 for t > o,

7.4« Some open problems, From the contractive character of the

transformation T which appears in the procf of Theoram 1 it
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follows that the solution v(t) (and hence u(x,t), s(t)) can be
éalculated by successive approximations for a small range of time.
Using this remark one can easlly show that the solution changes
continuously with the data f, ¢. We ralse the following question:
Ir £'>f, ¢' > ¢ and s', 8 are the ice~-water curves for the
corresponding problems, is s'(t) > s(t)? In a few particular
cases this question is answered by the affirmative, however we

do not lknow whether the answer is yes for any f, ¢, £, o', A
similar question can be asked for other Stefan problems.

The case b = 0 was excluded from our considerations. 1In
that case Rubinstein [23] proved existence for small intervals of
time under some additional restrictiona on £, It remains to
prove existence without these restrictions, TFFurthermore, the
question of uniqueness is still open. We can prove very esasily
(using the law of conservation of energy, which is obtained by
integrating the heat squation) that if u, s and u!, s'! are two
solutions, then s(t) and s'(t) must intersect each other infinite
number of times in any interval o <t < &€ (€ >o0). In this
proof we only assume that f(t) 1s a continuous function and

therefore this result contains the result of [26].

¢
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Part II: Evavoration or Condensation of a Licuid Drov

1, Stctement of the Main Result

A liquid in the presence ¢f an undersaturated mixture containir
its ovwn vapor will evaporate, while if the mixture is super-
saturated the vapor will condense, Assume that we have a
3-dimensional drop and that in the process of evaporation or
condensation the drop will remain swvharical due to some extraneous
mechaniam such as the surface tension and that the saturation
density g is independent of the radius of the drop, Assume also
that in the case of condensation; no new drops are created, Let

/P denote the density of the drop, iie further assume that the
initial density of the vapor 1s a fuacticn co(x) of x, where x
denotes the distance from the center of the drop, and that
c,= lim oo(x) (x =o0) exists,

Denoting by D the coefficient oy diffusion and making the
aubstitutiqna

»

t

X=+x, t ol il c(x,t) = z(x,t) = clx,t) - Ca

g8 = ¢,

whers c(x,t) is the vapor density at the point (x,t), we get for
z(x,t) the following systo.l of equations (see also [18]):

(1.1) Az=1z, for s(t)<x<oo, t>o0

(1.2) z(x,0) = Y(x) for x>s(0) =b (b > o)
(1.3) z(s(t), t) =1 for t > o

(1;4) oz, (s(t), t) = 8(t) for t > o0
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where s(t) 1s tie radius of the drop and

g -c °o(x) - %

o = Z , \9) (x) = g - ¢, )

In vhat follows we shall need to assume the following additional
conditions on z(x,t) at infinity:

.

J
o/

uniformly with respect to t in finite intervals,

xz(x,t) and [xz(x,t)] are bounded as x =",

(1,5)

Thus we shall have to assume that x Y (x) and‘T;%— [xy(x)] satisfy
the same boundedness conditions, This means that co(x) tends to
its 1limit o "sufficiently fast", We shall also assume below that
Y(x) <1, -This means that _

ifd> o0 (or 6, < g then c_ (x) < g
and similarly

ifo<o (orc  >g) then ¢ (x) <g. (Note that

A > -1,)
The first case is the case of an undersaturated mixture and the
second case ocorresponds to a sypersaturated mixture, It is thus
seen that the assumption § (x) < 1 is natural,
Using the maximum principle (21] we casily conclude that

s (s(t),t) < o, Therefore, b; (1.4), if 4 > o then s(t) < o and
the drop decreases (evaporation), while if X < o then s(t) > o and

the drop yrows (condensation), As in Part I we can prove that if
¥ (x)Z 1 then s(t) is strictly monotons in t,
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Denoting u(x,t) = xz (x,t) the system (1.1) - (1,5) takes the

form

(1.6) W, = u for 3(t) < x <™, t >0

(1,7) u(x,0) =v(x) for b<x <o (elx) =s(o0)¥(x)< s(o
(1,8) u(s{(t),t) = s(t) for t <o

(1,9) o(ux(s(t), t) = s(t) s(s) +A  for t > o

o n u(x,t) and u_(x,t) are bounded as x - o<
(1'10) \X, ) L&( ’ )
uniformly with respect to t in finite intervals,

Definition, A pair of functions u(x,t), s(t) is called a solution

of the system (1,6) - (1,10) for t <6 (6<>3d if they satisfy
these equatiox}a y if U s U 8re continuously differentiable for
s(t) < x <08, 0 <t <¢, if u is continuously differentiable for
8(t) € x <o, 0 <t <(, 1f u is continuous for s(t) < x <,

0 <t <f and 8(o0) < x <X t = 0 and \¢(b) < 1lim inf u <

lim sup u < s(o) as (x,t) =+ (b,0), if s(t) is continuous for

0 <t<§ and, finally, if Q(t) is continucus for o < t < ¢ and

1inm tl/aé(t) exists (or lim tl/zl& (s(t),t) exists) as t - o,

If w(b) = b then we shall also demand that a(t) is continuous
at t = o and that u(x,t) is continuous at (b,o),

We shall need the following asswiption on ~g(x):
(@) The runction.sv(x), F (x) are continuous and bounded for

o<l

b < x <o° and j l\e(x)ldx exists,
b

. m——, W i i e

e -
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''e can now formulate the main result of this Part II,

Theorsm 2, Asgume that \p (x) satisfies the condition (),

(1) _I_‘;‘_;?'{b) = b and «< o and satisfies (3,50) then there exists

a_unique solution uix,t), s(t) to the systea (1,6)-(1,10) defined

for all o < t <noo, Furthermore,

(1,11)  s(t) < A + Btl/2 (o< t <oc)
where A, B _constents deperding only on d, b,w, (i1) If

p(b) = b anda>0 and satisfies (3,50) then there exists a solution
u(x,t), s(t) as ;ogg as _the radius R = s(t) satisfies (4,6), (4,7),
(111) Ir @(b) < b then the
gQng reagt s 6f (1), (11)) about existence remain true, The

) the additicnal condition

(3 54) (___tg s, replaced by s),

The proof of Theorem 2 is given in ¢ §2-5, In §2 Wwe trans-

form the problem into a problem of solving a nonlinear integral
equation, In 93 we solve the integral equation for small time-
intervals by a mthogi different in some important respects from
the method of Part I, 1In é( we repcat step by step the process
of <§3 and prove (using Lemma 2 and (1,11) that this process can
be continued so as to obtain the assertions of Theorem 2, Finally,

in ?5 Wwe prove the inequality (1.11),

2._The Intecral Fouation

—

Suppose u(x,t), s(t) form a solution of the system (1,6)-(1,10)




s g
- ot e
R et

32w

Using Green's identity with u(x,t) and

' 2
(2,1) G({x,t; €,T) = > é_ (x- &)
§ 2ﬁ/2(t-t)1/2 ‘”‘p( 4(6-T)

in the domain s(T) <x <»7, £ <[ < t - & and using (1,6), (1.7),
(L.,8), (1.,10), then letting ¢ - o, we obtain

00 , t
a(x,8) = [ 6(x,85 7, 0) (§) Ag - [ 6 (x,85 8(T),T)ale)
b o
/t
(2.2) -)' G(x,t; 8(T ), 7) uls (T),T)aT.
o’

Depote
(2.3)

vit) = u, (s{t),t)

The x-derivative of the second integral on the right side of
(2.2) 1is equal to

t t )
: o ) = - ”i H (
of Ge(x,t; a(T),T) s(T) atr JLE)‘C G(x,t; 8(T),7) s(T)
t .
@ .4 +J 6y (x,85 8(T),T) 8(T) s(T)AT=6 (x,8; b0} b

¢ t
+,/ G(x,t; s(T),T) s(T)dT+ f G{(x,t; 3(T),T) (o v(T)=-4)d
0 o

where ve made use of (1,9), Differantiating (2,2) with respect to

x and making use of (2,4) and (1,9) ue obtain, on letting x ~ s(t)+
and using Lemma 1,
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o

(1+ ) v(t) = =2bG(s(t),t; D,0) +oi+ 2)(91(3(1:),1:; {,0)e(8)dg
t ° 3
2.5)  +2etf Gls(0),4580 1), DT - * e lat0),85 8(T), 00T
o} 0
; T
| ‘ v _
-QC(J G(s(t),t; s(T),03 = d ¢

o
t , . .
«2(Lle ) j Gx(S(t),t;S(t),T) vit)a T,
0

If we integrate (1,9) and make usc of (2,3) we find that

t
1/2
(2.6)  s(t) =68 - 20kt - [v(T)a )] /

We have thus proved that 1f u(x,t), s(t) form a solution of
the system (1,6) - (1,1C) for o <t < 6 then v(t) (defined by
(2,3)) is a solution of the nonlinear integral equation (2,5)

(with s(t) defined by (2,6)) for 0 < t <46 and tl/zv(t) is a
continuous function for o < t <€, Conversely (as in Part I) one
can show that if v(t) is a solution of (2.,5) (with s(t) defined

by (2.6)) for o < ¢ <4, and 1f tl/zv(t) is continuous for o < t <§
then u(x,t), s(t) “orm a solution of (1,6) = (1,10) where u.1s
defined by (2,2) witn ux(s(t),t) renlaced by v(t).

The reason why we did not perform integration by parts in the
third term on the right side of (2,5) 1s that ve wish to define
M and § depending on X ¥) and not on &'e( 1;). The reason {or that
last wish is that the method of Part I to £ind an a priori bound on

v(t) or ux(x,t) fails in the present situation, and if we want to

- ——— - - "
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cqntinue the solution to large intervals of time we have to find
.y - independent of %5(15).

However, the third tern on the risht side of (2.,5) (as well
a8 the first term) docs not behave regularly at ¢ = o, It behaves

essentially lilke t'l/g, We thercfore define

(2,7) v(t) = t220(t)
and traansform the intezral equation (2,5) into an integral ecuation

in v(t),

3, uaxistence and Uniquensss for Small Times

Consider the transformation w =T Vv defined as follows:

1/2

(Lt )W (£)=-20t2/2G(s(t),650,0) +xt1/24

v2 (126 (s(),5 §,0) pl 1) 4
b

t
+ 2o [ %), 5580 1), Tk

(3.1) ° ot ~
2w [ tY% (s(t),5; 8(T),T) ar
0

1/2 , 7§1‘2
-2cxf t7/"a(s(t), t; s(T”),T) d’
, T/ %s(7)

0 ¢

5 ~
2(1-0) [ Y20 (a(e),4; a(0), OF) aT
A :

vhere

(3.2) (6) = b - 2ex( ft—""-{ﬁ’ 0y
. 8(t) = b - 2X(t - L4 ,
- o‘(

. ——— e e - — et -
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This transformation 1s defined on the Banach space, C; of functior

(3‘

(t) continnous for o < t <7 and with the uniform norm

v ]l =1.ub, |v(t)]., Denoting by OG;M the subspace || v || < M
ve shall prove ithat tor some Hositive M and ¢ Ly maps CE;H into
itselsf and is a contraction,

3.1 T maps CELM into 1itself, 1If we choose ¢ such that

2
(3.3) 2lca) &+ 4o ]y V< 3

then on using (3,2) and the “nequality |! ¥ || < M we get

(3.4) -%5_ s(t) < 2,5, , t1/2|a(t)| < 2]cd 6.1_/2 + 2'9{' M,

We shall also need the following inequality:

(3.5)  jal(t) - a(T)] sz—t{%l-'-‘ (6= )

provided

(3.8) 12 <y,

In what follows we shall assume that (3,6) holds, The proof of
(3;5) follows from

FA

t
< Epln j%\-ﬁv&l{-‘l(e-t)

t .
- 1/2_ ,.1/8 2 .
f—(\%ﬁ,‘, e (M- s g -7y,

:

¢ I
a(t) = 8(T) =li’im)d.\l = | |t o S35
r
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where we made use of (3.4).

With the aid of (3.4), (3.,5) it 18 now easy to estimate

[|w|l| . We have

. 2
_ { oA
(1 +0) 17 1< Lp + 1216 7%+ 2 hgll s g S5,
| | ™

b
(3.7)
. 8|o! Mo -1/2, 4, |a*'l!él-azu2 .
Y1 b Ti b -
We define
L 11w1/2
1‘1 (1 +D()
and assume that 5. satisfies
.. 2
(3.9) 48 =] Lli A) (b + ”,_{/””1/2) < 9B (o< 0<1)
AL (1+:1)
for some & , If 5 satisfies
oy 2
1/2 4 -, BO°M _1/2  8|A M ~1/2 1= )b
(3.10) & sl vl e v 2 + a/° <
' 7% T b T/ b 1)

then 1t follows from (3,7) and (3.8), (3,9) that {|w || < M, that is,

T maps Csy 1into 1tself,

3,2, T is a contraction, In what follows we shall denote by

A, appropriate universal constants, Let w="y%, ;'.o =¥ 70 end

denote

(3.11) 17 -5,01= €




Since
(3.12) Ivh<M dlv, Il <N,
we find as in 3.1 that

(3.13) % < 8(t) <3, 5 < 8,(t) f.%g

(3.14) £2) 508y < ﬂ%ﬂ.ﬁ , Y2 )] s 4ot | M

' \ ot
(3.15) la(t)-s(T)} < Ebi(s-T), o ()-8 (T )< Epmte-T)
bt~ ‘bt
vhere s_(t) 1s defined by (3.2) with v, s replaced by ?6, 8,0
In proving (3.13) we make use of (3,3) and in prcving (3.14),(3.15)

we make use alsc of (3,.6).

Next we have

Bzft)-a (t)]

|v(I')-v (If)l
|.'(t)'8°(t“ ——Wilm-— —LB_L !

Hence,

(3,16) |s(t)-s (t)] < é.l.%‘_l X%

We shall also need the inequality

Ban [ae) - a0 < ke

To prove (3,17) we first use (3,2) to conclude that

(3.18) |s(t)a(t)-s (t)s (t)] =5‘% 17(t)-¥_(¢)] 51—:1‘%- .
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Next, using (3,14) and (3,16) we get

la(t)a(t)-s (t)a(t)] = |s(t)] |s(t)-s°(t)|5§%¥-‘ﬂ§lgtl/2

- 16 ME
b

Combining (3,18), (3,19) and using (3.13) we conclude that

Is(t)-s (t)| < -'(L-I}g- & ME —m=) < gLi%*;g ’

where in the last inequality we made use of (3,3)

We now proceed to estimate w - ﬁ;. We write

(3.20) (1e) (wewy) =2V
i=1
where

Vy= -2bt1/2 [G(a(t),t;b,o) - G(ao(t),t;b,o)]

> N 1 . s (t)-K
v2=_Jt1/2[.'.L%L_~_ G(8(t),t5 < ,0) » —Sp—t G(s (t),t; § ,o_)} e (E)a
b

t

=) 20080883807 ), Tighery - Bla (8,858 (T Dty

t . R
"4“]”1/2 }M’“‘k_’t‘p G(a(t),t;8(7),T)
o

s (t)-s_(T) ~
e Gla,(t),t; 5,(1), )] 4T

— — = - —
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-G('a‘o(t).t;so( r),T) Ema )

0

t -
/t1/2 ._L%._J—-lf’ t "*‘r 4 G(a(t) t;8(T), T) 'ST}zvtr

o

s (¢t)-s (T) v.(T) '
- a(s (V) 438, (T)s T) —9175-J atT,

To estimete Vl we use the moan value cheorem and (3,16), Ve
get
(s.21) |v,| <2 (-g--);/zlal& < |ot| E’

® - l - n—e - ]

To estirste V2 we write Vz = Vz' + Vz" where

(T AlE) -8 (e)
Vo' = -Jt - -—-F-g—— G(s(t),t; £,0)e (&) d &

b

"
Vo

¢ =
s (t)-
J 1/2 ’9"1:-—' [ (a(t).t,{.o)-G(s (t),t; = 50) Y (‘)

Using (3.16) we easily get

(3.22) PRIPE. - -y
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To estimate V2" we use the technique used in estimating V,'
in Part I, § 5, ''e divide the integral of Vz“ into three parts,
namely,

.'x;

(3.23) -Vz" = J(

b

(t) 8 (t) o2

= gf + J + ‘j = s1 + 8, + 33

a(t) 8,(t)
whore without loss of generality we assumed that bes(t)<s (t),

The estimation of 82 is immediate, Indeed,

(3.24)  |S,] < |8 (t)=s(t)]? —Iome < 32 ! € .
: 20 =" RV R v A
. n v
Here we made use of the inequalities °
. e 1
"o(t)'ﬁl < |s°(t)-s(t)|, IG(x,t,F;,o)l SW

and of (3.16),
To estimate 83 we use the mean value theorem and the inequaliti

2 2
S -x7/2
*Ve=T oz e o 13-¢1 2 lagte)-¢|
where s(t) < &' < 8,(t). We get aftor some caloulations

(3.25) |8,] < 8—@—;&-‘- Helle |

To estimate S1 We write in the integrand of 83

8,(6) ~£= (o (t) - s(t)] + [a(t) -§),
We then obtain two integrals, Tho one that corressonds to
{a(t) -(] ocan be estimated as 83. The second integral ia bounded by
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AES ]c,(m 63 £ 40) + Gls (8),85 % ,0)] |y (Z)]ag

8l A& |
< 8 iy,

Combining thsse last estimates with (3,25), (3.,24) and (3,23) wve
got

2 ~ 2 |, ‘ ‘
(3.26) V"l <322y s + (16 Bl e &L jppe

b

Combining (3.26) with (3.22) we conclude that

2 .
| AM o, oag 12 LRl
(3.27) v | <32 re £ + 35 L=l ¢ |
2 T/ b

- "
To estimate Vs wo write Vs = Vs' + V3 where

<
n

t .
] 2°‘J tl/z[(}(s(t),t;a(?.),'C)%-G(ao(t),t;ﬂo('t),ti) &

t :
vy =23 | M2, (8),858,(T), O sy - ter] oT

(o)

To estimate Vj' consider first the axpression

L7 T — =TT

The braces are bounded by

(s (t)-s (t))a-(a(t)-n(t))z' :
(3.28) F &1l - exp- } .

(3.29) m}_—t—y D so(t)-a(t)hl so(t )-8(T )ﬂ[lso(t)-so(t )

- "
+ s(t)-s(T ", = 3‘-32-’3- ;

b



here we made use of (3,15), (3,16), TFor later purposes we shall

assume that O\ satisfies

)

- (3.30) 48 -‘lgg*-z- <5 .
Using (3,29) and the inequality & < 2M we then conclude that

i

2,.
o < e 2 .

Substituting (3.31) into V,' we get

t
' 419
(3.32) (Vo' = 2lot] | 2 a(s(t),t;8(T), T)F— aT]< a 2L
v lllg (6),£38(T), Tigematls mi2hllo

To estimate Vﬁ" we first note that

l6]cLl€ -1/2

1 1 4
(3.33) l—-(-—-)--—-(——)-l <= |s(T)-s (T)] <
s\T 8o T b ° T b
Substituting (3.33) into VS" we get
(3.34) |V,"] < vE s/,
(3. 3 | < A5 3 <N [

Combining (3,34) with (3.32) we conclude that

3 2 :

We proceed to estimate Vg. e write V.= V ' + VS" where

L 2



t
V5' = «2d / t1/2 EG(a(t;),t;s(‘C ), I’)—G(so(t),t;ao(t),t‘)

0
?gra AT
T/%s(T)
_— f 1/2 . v(T) ‘;6(7:) al
V5 —de{ t G(lo(t),t,so(l’),’()[;{-ﬁ-m—y ;175.
(o]

We can estimate Vs' by the method uve used to estimate Vs'. Using
(3,28), (3.31) we get

- A 172,
(3.36) |Vg'l = A4 L—;&—-O' / £ .
To estimate Vs" we rirst note on using (3,13) and (3,33) that
- v (T) j

- v( 2§ AIME 1/2
(3.37) |;’:€-}-;ﬁ-‘—i,—yls T+16 ) T .
Substituting (3.37) in Vg" and using (3.,3) we obtain

- ol o
(3.38) 1"l < A4L§,J- (1+vo/fg
Combining (3,36) with (3.33) and using (3.30) ve get

(3,39) Ivgl < As%l-ﬁls‘b)gl/zg .
To sstimate V6 we urite

(3,.40) Vg = (1-) (v6° + Vgl + V")
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where t
v° =ft1/2 2=l L) o(s(0), 65000, TIFT)F,0)] S
/ .
t
: 8 (t)-s (T)
vg! = [/ [ale)all) . o 1 atate),638(0),0)
O
v,(T)
aT
I
t
 (t)-8_(T) .
V" =ftl/2 o ) [6(a(t),t;8(2),T)-Gl8, (£) 858 (T) T
(o]
5 |
o at.
T

Using (3.,15) we easily get

Gun) Iyl s Sy LRI ¢

To estimate Vg we divide 1t into two integrals

t t/2 t
(3.42) Vg! = j = J + j = N, + No.
t/2

o

Using (3,16) we get
(3.43)  |ny| < 28y l&IH
1 T 7e &

Using the mean value theorem and (3,17) we get

(3.44) [Ny < %‘3; g1y,

[ e SR R PO
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Combining (3.44), (3.43) with (3,42) we find that
(3.45) vy g leX 62 Lali o
pn\
To complete the estimation of Vo it remains to estimate Ve".
Using (3,15) and the inequality (3.31) we sasily find that

» 1/2 3,3 |
(3.46) V" < 238 (-—->/ lelire |

b
Combining (3.46), (3.45), (3.41) uvith (3,40) we conclude that

(3.4 |Vl < [26 Lgl¥ ¢ + 240 ‘Ptj (1-ol),

It finally remains to estimate V4. From the similarity betweer
the expressions V, and V, one can without any difficulty derive the
following inequality:

| 2 .
(3.48) |Vl = A (§= V% -“-“-“;-5‘-2-41/25) :

Combining (3.,4¢), (3.47), (3.39), (3.35), (3.27), (3.21) with
(3.20) we et

I | 2
(1+u,).!..__.L!<[‘j| +1995.§-+35L‘.Z*.LFKIJL

(3.49)
3,
+ (26 1ALH L o4 lﬁ-&—‘f- ) (1-a) + 4 sY/2
b

where A is an appropriate continuous function of b, &, ||| if
b # o (note that M 1s a function of b, |[p|l, by (3.8) ), We

g i i i o e e g i —— aa % PO w
A & SN ”_"1'w L3 ¥ X s "‘Wn Y : “ b . -
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recall that in proving (3.,49) we assumed thatol satisfies (3.30).
343 Conclusion, It remains to choose d in such a way that

(3.9) and (3.30) will be satisried and such that T is a contraction,

e remar here that the previous estimates are not very sharp and

can easily be improved, However, we decided to sacrifice a proqiao

evaluation of <A for the sake of simplicity in the calculations,

Proceeding with this »oint of view we shall now prove that if P
1 1 “He . /

.50 ol gy, lal i <gy , 1ar i< gy /

then T maps Co'“;M into itself and is a contraction,

Indeed using the definition of M in (3.8) we easily find that

(3.51) 1‘—’;'——" < %5

and, in particular, (3.30) holds, Using (3.51) and (3,50) we alas
£ind that

Wew |
(3.52) I - Al < % + aql/2

Thus if 1 satisfies (in addition to (3.3), (3.6), (3.10) )

Aul/2< +

thon T 1s o contraction,
The condition (3,%) for some (<l is also easily verified on using
the first and last inequalities of (3,50),

Having proved that T maps ¢ !;H into itself and is a
contraction we conclade that there exists a function v(t) in C .M
such that v = T¥v; vw(t) = t'l/eiv'(t) is then a solution of the ’
integral equation (2,8),
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If v (t) 3s another solution of the integral equation (2.5)
avd 1if Vo(t) = tl\/zvo(t) satisfies

(3.53) 1im l?o(tn <M
t-o

then V_(t) =V(t) for o < t <§ where g 1s sufficiently small,
Using the definition (3.8) of M and (1,9), it follows that if
vo(t) is such that

1/2
1/2;° 2/ ] bt Vi
t-o 1% o 4Y%

then u_(x,t) =u(x,t), lo(t)'-'-‘_-,l(t) for o < t <& , where u

8
o’

is the soluticn of (1,6) - (1,10) corresponding to v,e We have

o

thus completed the di.cussion of the existence and uniqueness of

solutions for small tiame-intervals,

4

As vlready remarited in ¢ 2 the method used in Part I to prove
existence and uniqueness for large interwvals of time fails in the
present case since we cannot find an appropriate a priori dound on
w (x,t) as in Part I, Ve shall therefore use a different method
based on the inequalities derived in ¢ 3 and which involves an
a priori bound on u(x,t),

We first discuss the problem of uriqueness, Suppose first
that ‘I'(b) = b and psrform integration by parts on the third
integral on the right side of (2,5), We easily £ind that the sum
of the first three terms on the right side of (2,5) is equal to

(43) w s 2 [olslt),es £, 0) L (E) A,
b
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Thus the right side of (2,5) includes only terms which bshave
regularly &t t = o, A comparison of the integral equation (2,5)
with the corresponding integral equation for v(t) in Part I shows

that the methods and results of Part I ¢ 5 remain valid with slight

E changes, Hence, there oxists a unique solution for small intervals

of time provided o >-1, By a solution in this context we mean that
it satisfies the syatem of equations (1,6) =- (‘1.10) and all the
regularity properties mentioned in §l. (thus, s(t) is continuous
at ¢t = o and u(x,t) is continuous at (b,0)),

As in Part I ve can also prove that the uniqueness of
solutlions for any interval of time follows from the uniqueness of
solutions for small intervals of times, Thus, if (b) = b then

there exists at most one solution (in the sense of 41) whereas

1f »(b) # b and two solutions coincide for some t =g > o

then they coincide in the whole t-interval of their existence,

We proceed to discuss the question of existence of solutions

; for large intervals of time, We shall need a certain result which

i Wwe state as a lemma,

|  Lerma 2, If (b) =b and v (t) satisfios V=TV foro<t <,

% then v(t) = t']'/z?(t) satisfics (2,5) and is continuous for o <t <

Proof ., As was proved in ¢3 if vo(t) 1s another solution of (2.5)

which satisfies (3,53), then v(t) = vo(t) for all sufficiently
small t, Now, as was mentioned above, if @(b) = b there exists
a sclution v (t) of (2.5) ‘continuqua also at t = o and 1t

;  evidently satisfies (3.53, Hence, for suffie

‘ olently small v(t) =v _(t) (0 <t < §). This proves the

Tt i . o i ¥ P e - =
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continuity of v(t) at ¢ = o and the proof of the lemma is thereby
completéd,
Supnrose now that we have constructed a solution for all

o< t < eo snd assume that

(4.2) 0o < R:=1lim s(t) < o,
t-‘to

Furtaer assume ( compare with (3,50)) that

(4.3) JJ-"RJ- lim sup |u(x,t)]| < 2'2176
t-t,

(4.4) J%L T1im sup Iu(x,t)l} 2 < I%’G ‘

- t*to

From the results of 93 it follows that there exists & positive
number 4 independent of t o Such that we can construct a solution
v(t) to the integral equation v =T ¥ defined by (3.1) but with
0, b,y ) replaced by T, 8(V), u(@,¥), and that v(t) exists
for T<t<tT+4, Since u(s(¥),t) = s(¥), we can use Lerma 2
to conclude that v(t) = (t-%) -1/ 23(t) 1s continuous at t = t.
Prom the uniqueness results proved above it follows (as in Part I)
that the v(t) just constructed coincides with the v(t) whose

' existence was originally assumed for all o < t < t, in their comnon
interval of existence, Since J§ is independent of t_, We have thus
proved that the solution v(t) (or u(x,t), s(t)) can be continued
above to to the 1ncgrvn1 o<t < to + 8 » 88 long as (4.2), (4.3),

" (4.4) are satisfied,
If o < o then s(t) increases in t, Condition (4.2) then means
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that (s(t) remains bounded for bounded times, A quantitative
result wnich includes thils statement will be proved in § 5, It

thus remains to consider the conditions (4.3), (4.4).

If X < o then, by the maximum principle,

(¢.5)  Julx,t)| < max (s(t), |lll) .
Substituting (4,5) into (4.,3), (4.4) and noting that s(t) > b we
obtain the conditions

|d|m(1,n§u)<2%-6, ‘@'u;‘gﬁ(]_‘%'o' .

which coincide with the conditions (3,50),

If o> o0 we get the conditions

(4.6) R >200 o max (b, |lpll)
. .

(4,7) R® > 150 o max (bz, ll\all2 )

We have thus completed the proof of existence andé uniqueness of

solutions .

Remark, Although the bounds on Ol can be improved, they are

already quite satisfactory from the point of view of physics,
Consider for illustration, the case of condensation o <o and let
¥ (x) = o. Then (3.50) reduces to || < 1/200, or (using the
definition of ol.) '

(4.8) cy = 8 < go%(f-s) .
Take the case of water-steam, Then r = 1 and if the temperature is
below 140°C then g < 1,968/10°, Thus (4.8) roughly states that

the density ¢ o of the supersaturated vapor is not 1larger than two

- ¥
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and a half tinos the saturation density g, If however this
condition is violated new drops will be created too fast and the
system (1,6) = (1,10) might not represent any more a reasonable

approximation to the physical situation,

S, An a Priori Bound on s(t) for o< o,

In this chapter we shall complete the proof of Theorem 2 by
proving that if a solution u(x,t), s(t) 1s defined for o <t < t_
then there exist constants A, B depending only on A, b, ||l| such
that for o < t < ¢

(5.1) s(t) < A + Btl/? |
Only in this chapter we make use of the assumption that

v o .
(5.2) f',p(x) | dx 1s finite,
b

Wo first remark that for every t <« t,

£5,3) 1im sup |u (x,t) | < 2 lipll .

X~ e
This follows by differentiating (2,2) vwith respect to x and then
carrying out intogration by parts in the second integral,
If vwe integrate the heat squation (1,6) over tho'domnin
8(7) < <K, 0<T <t and make use of (1.8), (1.9), we get

¢ X
Jux(lbt) AT~ ghe (1) ¢+ gl b? -t = u(x,t) dx
o a(t)
+ [ () T at -J elx) &
o)



B

We procesd to estimate

X
(5,5) 1= ! lu(x,t)| dx (H = Hotl/z)
s(t)+KH

where Ho is a constant %o be determined later, Using the integral
representation (2,2) of u(x,t) with u,  replaced according to (1,9)
and no‘;cing that 8(t) > 8(T), x - 8(T) > x - s(t) > H, we get

> 12
21t f /( —1i7z exp{-.(.’.‘i.ts.l_}dx] lel8)] ag
b o :
o | [ [k o (- GRAE | ot
s(t)+H o
(5.6)

I °(1) aT| ax
4
=) M
1=1

vhere M, denotes the i-th term on the right side of (5.6), In

what follows we shall denote by 61 approoriate positive constants
depending on b, ct and \p(x) .

'y
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Substituting p= lx-§ [/1:]'/2 in the interior integral of M,
and using (5,1) we get
(5.7) M <Gy .

To estimate M, we substitute f= x - 8s(t) and note that
/) > H, He chtain

> ¢ 2 .
M, < 8(t) / ( t/-‘t‘ “p{ - -T)}JQFQ
H o
o (t)j"t {-é’cf)d“
S Vo8t exp { J 2 ,

Substituting § = /J/tl/ 2 and noting that H/tY/2 = H, we get, on
taking H, > 1, |

(5.8) My < cym(t) ¢2/ J-bl-.-g -zp{ - ‘63'} arz can)

In a similar way we get
To estimate M4 we first perform integration by parts and

thus obtain
ocC

N .
| 2 | . | - (x-s(t 1)
My < Cga(t) .ém[! —v -xp{ - el }dTde . c,

Subititutingf= x=s(t) we get

o0

2 :
M, < Calz(t) [t up{ {r } }‘-,)4 + 0

7

-
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Substituting y =/,U/t1/2 and taking Ho to be such that

oK
(5010) C8 [ "%" exp{ - %2—-1 dy < Ir];—r - —%——
o v }

we get

(5.11) M, < (qéa’ - ) 85(t) + Cy,

Combining (5,11), (&,9), (5,8), (5,7) with (5,6), we get

(5.12) 22 I <o+ Gt + 0t %a(6) + (qE - ) )

e now note that by the maximws principle |u(x,t)| <.
max(|jvll, s(t))., Hence,

s(t)+H

(5.13) PERSIECE A ¥ AR KA TOP
s(t

The inequalities (5,12), (5,13) give the desired estimate
on the first intesral on the right side of (5,4) ., The second
integral on the right side of (5.4) is equal to

TUL
Using these results in (5,4), then taliing K —o° and using (5,3)
we get the inequality
(5.14) 82() < Cjp * Cppt + c,,tY/2 s(t)
from which (5,1) follows,
m 'From tfho above proof it follows that A, B depend only
on b, A, |-l !I{OII and the integral (5.2),
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Foramula (5,1) is physically quite satisfactory since it was
experimsntally verified that s(t)s(t) approximates a fixed number
for large times,

Soncluwding Remark, Theorem 2 can be zeneralised to second order

parabolic equations vith smooth coefficients as in Part I, It

can also be generalised to systems with (1,8) replaced by & more
general equation of the form u(s(t),t) = h(a(t))'whoro h is a
given function satisfying appropriate conditions,




_ - s i e e o e ot -

NSy —
= S pp——— T

Pert IIIt Dissoiution of Gas Bybbls in Liguid

We shall denote every formula (n.,u) of Part II by II(n.m),
Let a(t) be the radius of a gas bubble submerged in a liquid
and let c(x,t) denote the concentration of the gas dissolved in
the liquid, where x is tho distance from the center of the drop,
If the effects of the surface tension are taken into consideration
and 1if the concentration of the ges on the boundary of the
bubble 1s 1 (which we may assums) then s(t) and u(x,t) = xo(x,t)
satisfy the following aystem of equations (compare [;81):

(1.1) Upx™ Uy for s8(t) < x <ec , t>0

(1.2) u(x,0) =g (x) for x>s(o) = b (v>0)

(1.3)  u(s(t),t) = (1-k)s(t)+kb for t>o

B

(L) aug(s(t),t) = (s(t)+mb) #(t) + ab(dk_ , ;ﬁ’-) for t>o,

"Here Kk, m,a are constants and k>0, m> o, a>-1, nndp(i_)/«b is the
glven concentration of the gas at two, PFor simplicity we shall
@ssume in the proof of Thecrem 3 below that k< 1, however all the
considerations remain true for any k, The system (1,1) - (1.4)

Teduces to the system II(1,6) « II(1,9) ir kma=0, Beside the

g
%
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A
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i
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system (1,1)-(1,4) we shall make the following condition on u:

(&;5) u(x,t) and u (x,t) remain bounded as x-»v> uniformly
with respect to t in finite intervals,

We shall say that u(x,t), s(t) form a solution to the

system (1,1)-(1,5) if they satisfy these equationa and if, in

addition, tlwy satisfy the regulerity proportié: mentioned in

the definition of II 41,

_ e _thet ¢ (x) sag | opAit I‘H@).
(1) ;; v(b) = b m a ;__m (3933} M 8 is o certain

‘ ¢ o 2R Ko,mg AL k< k,, m<m,, then
u(x,t), s(t) go the system (1,1 -
o< t <§ for which R = s(t) satisfiena

(2.32),
t1) It\a(b) <b !2“ the abowve nguruon about existence still

holdl holds,

b tb . mddit 10!3:1

| (2035)0

m P ocan be taken independently of k,m for maall k,m (for
instende k < 1, m < 1) and then 1t 1s of order of magnitude of
& fow hundreds,

With G definad by II(2.1) we heve the following representation

for ug

TR B E W R, B R R WG o Lo - e ‘T
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u(x,t) = {)(G(X:ti’gy 0)0(5) dg

(2‘.1) -j G (2,65 8(T),T) [(1-Kk)s(T) + ktg} dT
o

-f ¢ (x,t; 8(1),T) w (8(0), T) aTl,

0
Define

(2,3)  w(t) = u (8(8),t), |
If we differentiate the second term on the right side of (g,l)

with respect to x, we get

-j Gn(x,'t; s(T), T) L(l-k)s(t) + kb] aT

t . . |
=f [=2=olx,t; 8(0), T)] [(1-0)s(D) + k] 4T

o

-_j ¢, (x,8; 8(r), T) [(1-k) s(D) + ko] 3(0) aTl
(2.4)

= -ba(x,t;b,0)=(1-k) j 6(x,t; 8(T), T) 8 (T) Al
0

+4"t G, (x,t; 8(T), ) [(1-&) s(C) + ‘kb] s (1) ar.

Disferentiating (2,1) with respect to x, using (2,4) and (1.4),
-,;é then letting x - s(t) + O and using Lemma 1, we get
e
4
i

o
J—4
—

- e e e o e - c— e - —
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2

dv(t) = é G, (s(t), 5§, o)p (§) d%=- ba(a(t),t;0,0)

t - -
-(1-0 [ ala(e),6:000), T) T EEE - s 8
o

* STET ‘;_ )J al
(2.8) =4 [Qewaoee] [aptl . 20 Lk, %e7)]

t .
+ [ ogtate)esat ), Ty [a-na( O BEE - Ty

o

N t ) )
(@n Tgﬂ"] d_'('-j g  (s(t), t; s(T ), T) v(T) 4T
o

and s(t) 1s defined by (1,4) with \&(l(t),t) replaced by v(t)
end 3(o0) = b,
Conversely one can show that if s(t) is defined by (1,4) with

w, = v-tnd 2(o) = b and 1L v(t) (o<t< @) 1s a continuous solution
of (2,5) and 1lim tl/zv(t) exists (as t -+ o), then the u(x,t)
defined dy (2.1) with uy replaced by v forms together with s(t)
& solution to the aystem (1,1) - (1,5)., It thus remains to
scnsider the integral equation (2.5).

Denoting the right side of (2,5) Ly 1/2 Tv we conclude that
v is a fixed point of the transformation w = Tv, Defining

Tt = 2t , ¥ () = s Pu(e)




-60=-

this transformation tokes the form W = Tv, We want to apply the

mothods of Part II to the present case. To do that, we have to

prove some inequalities on a(t), %e state them in a few lemmas,

The first lemma is an analogue to the inequality II (3.4)

which holds ~-r all ¢ satisfying II(3.3).

p——y

Lemma 3. Assume that [vll= 1,u.b,.|v(t)| <M and let s(t) be
o<t<g
defined by (1.4) with u =v and s{o)=b, Ifc satisfies

/2 2

: 1

(2.6) Llalc + Llalu6 " < —§—

then

(2.7 Zsalt) s & for ostso.
Proof. Introducing the functions

(2.8) s(t) = s(t) 4mb , y(t) = s(8)]3,

(1.4) (with ugmv) and tha condition s(o) = b reduce to

2akb
ylt) + 7 " ;%95- v(t) -2a(1-k),

y(o) = (1+m)2b2,

A Wique solution exists for all ¢ (o<t<s) as long as

1/2 )
(y(t)) / -mb remains positive, For >0 sufficisntly small we

have

- e amm—— i B B s s o o vniwd
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(200 B = (0¥ < 3 1t o<t< £.
- 2
Denoting
| (2,11) A (t) = 20k
x (y(£)) Y2y
§
g we then have
i
‘% (2012) |>\(t)l_<_ h'ﬂlk Y

Integrating both sides of (2,9) and using (2,12) we get

f—

(2,13)  |3(t) - (1m)2®}< blalt + bla]| uel/?

By i it i AW <ol

It follows, on using (2,10), that

(2.4) 13N Y2, (Qamp| = LE(t)=(1+n)202]

(y(£))/24(14m)

< L (4lajey)afuet’?) <
x Ay (hlajteble +
3 |
(2,15) blale + hlajue M2 < o2

We have thus proved that (2,10) imgplies

. (2.16) s < (J(t))l/e.m g-b- if o<t< ¢

provided £ satisfies (2,15), A simple argument about continuation

now shows that (2,16) remains valid for all o<t<¢ 4if ¢ satisfies
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(2,6) Us.§ng the definitions (2,0) thc proof of the lemma is
completed,

The next lemma establishes an inequality analogous to
I1(3.5),
Lemma 4, Assume that || ¥ || < M and let s(t) be defined by (1.4)

with u reolaced by v and s(o) =b, If 6 satisfies (2,6) and if

(2.17) a2 y g
then
(2.18) |8(t)-s(r)| < :‘*: (¢=T.)  for o<T <t< & .
Proof, Using (1,4) we have //
t —
s(t) - 8(V) = 8(R) 4. =]'!% ¥(d) dA
é 2 77 (s(A)+mb)

t . - = S
+j s( \)+mb [ls!* sl}{i J ad.
T

Using Lerma 3 we get

(t)-s(v AE (6-T) + 2L (¢ o1 Slal u
ls)a(L)lst N (8] +—L( )5:{7%13—:

where we made use of (2,17),
With the aid of Lemmas 3, 4 we can proceed to prove that for

into itself, The final inequality is

some & , M ¥ maps (3“,’14i

, 2
(2.19) 1%l < ;%75 + 2llell + alal+2lan + 12(1+2(4] )L - Bel/2
' T

Fum

- ———ie W e
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where 3 is an anpropriate r'unction devmending, only on 4, M, b

(v # o).

We next turn to the proo7 that T is a contraction, The method
of Part II can be asalied if we H>rove aprropriate analogues of the
inequalities II(3,16), II(3.17)., Ye shall first prove an analo:ue

of 1I(3.,16),
Leima 5, Assume that § satisfies (2.6), (2,17) and that

(2.20) 163~ < 1.
b

If s(t), so(t) are solutions of (1,4) uith u =8, u =8 respectively
and s(o)= s (o)=b and if || v - voH ={ , then

(2.21)  a(t) -a(0)] < 12 gl 220

Proof, Using the notation (2,8) and defining

(2,22) n (8) = 3(t) - y (¢)
where Yor 2 correspord (via (2,0)) to s,» ve obtain,

b’ (2 09) ]

Q

(2.23) n (t) q.*/u(t)v\ (t) =%§5 g_?(t) - ?o(t.)] ’ v\(O)=o

where

A (8) = ~2oikb {[(y(t))l/z-@] EATINAEY

(2.24) y a1
| g 1/2 |
ren2 + (yeen?] |
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Integrating (2,23) and using the insquality (see (2,10))
(2.25) | (0)] < Q‘%L
o b
vie get
(2.26)  |n (8)] < 4l ¢ g1/2 exp{ls L—%—& < 12)4] ¢ t1/2
vhere we made use of the inequalities (2 20) and || < 1l, Using

tha definitions (2,22), (2,2) and using (2.26), (2.10) we find

that
|8(t)-a (6] = [2(t)-z, ()| = LElEyp ] < 12lEe1/2
(y(£))™ "+(y, (t))

and the proof of the lemma is completed,

Vie proceed to prove an analogue of II(3,17), In what follows

we rhall nesad the inequality

(2.27) |8(t)] < a‘-’;‘ﬁf-

which follows from (2,18) on taking [ =t.

Lomma 6, Under the assumptions of Lemma 5 the following inequality
holds:

(2.20) (003,000 s 20l3he—

Proof., Trom the proof of Lemma 5 we get

305,000 = Lol 130 -go01 + EZL 1567, (0)

glof 1 ¢ o1/2 |, 2d gldlE |
(2.29) < -;zllziué.t +—‘tT§g£s_ e
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in the last inequality we made use o (2,20) and the inequality
ld]< 1, Using (2,8) we conclude from (2,29) that

(2300 |(a(t)emb) i(t) - ( (e1embli(e)] s Yy

o next £ind on using Lemma 5 and (2,27) that

| (s(t)+mb) 8(t) ~ (s_(t)+mb) &(c)| = |8(t)] |a(t)=s (t)]

(2,31)
coodgHE (EAE
b t '
in the last inequality we made use of (2,6),
Combining (2,30) with (2,31) and using Lemma 3 we get

l'a(,t)'-iott) < ‘.';Tg*rg' 1%&7%&‘ < 20 {%ﬁ;

and the proof of the lemma is completed,

With the aid of Lemmas 3-8 we can now use the method of
Part II to provo that T 41s a contraction, and that the (unique)
solution can be continued as long as R = s(t) satisfies

(2,32) R® > £ || max (0%, el
providsd <« satisfies:

A . : . ne .
(2.33) Jdl <2, ldl 15-"«;.

where /6 is a constant depending on k , m  where k< k,, mem , For
reasonably small k, m (auch' a8 k <1, m < 1) /8 is of order of
magnitude of a few hundreds, Ws can also prove by the method of
FPart II that
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(2,34) a(t) < A+ ppl/% (4>0, B>0) ,

e finally remark that in case (D) # b the condition

(2.35) 1in £2215(8)] < AK| Eﬂ%ﬂl- (A>0)
-.o

implics uniqueness, as in Part 1I, Here A 1s an appropriate

constant depending on ko’ m, where k < ko, m<m, ,

Remark, Theorem 3 can be generalized to general parabolic

equations with smooth coefficients, Furthermore, it can be
extended to more general boundary conditions than (1,4) for which
Llemmas analogous to lemmas 3-6 can be proved, The boundary
condition (1,3) cari also be replaced by more general boundary
conditions of the form u(s(t),t) = h(s{(t),b,k) where h is a

given function,
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