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SCATTERING OF SURFACE WAVES ON AN IDEAL FLUID 

By 

Harold Levine and Eugene Rodemich 

g 1. INTRODUCTION. 

Problems relating to the generation, propagation and scattering of 

surface waves on a fluid have received considerable attention. The bulk 

of the theory deals with gravity waves in perfect fluids, and is appro¬ 

priate to infinitesimal wave height. In this framework, Havelock (1917, 

1928), Kotchin (1939, 1940) and Ursell (1953) discuss a number of two 

and three dimensional problems where the surface waves are generated by 

prescribed motion of floating or submerged bodies. A group of related 

studies on gravity wave motion in perfect fluids, due to Martin, Moyce, 

Penney, Price and Thornhill (1952), was inspired by atomic bomb tests, 

and features an attempt to improve on the infinitesimal theory for sta¬ 

tionary and space periodic waves; there is also an account of the dif¬ 

fraction produced by a semi-infinite breakwater inclined at any angle 

to a parallel harmonic train of infinitesimal waves in water of uni¬ 

form depth. 

Using a variety of techniques, Dean (1948), Heins (1948), John (1948, 

1949, 1950), Lewy (1946), Stoker (1947) and Ursell (1947) solve problems 

in which infinitesimal time harmonic surface waves are incident on fixed 

or free obstacles located in the fluid. Thus, Ursell obtains the reflec¬ 

tion and transmission coefficients for deep water waves scattered by a 
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rigid (and infinitely wide) plane barrier extending vertically downwards 

from the surface to an arbitrary depth, when the wave crests are parallel 

to the plane of the barrier and the problem is of two dimensional nature. 

The formulation hinges on a one dimensional integral equation for the normal 

fluid velocity in the plane of, and below the barrier, and by adjoining the 

derivative of this equation in the same plane, an explicit solution is 

effected. Stoker treats the problem of deep water waves incident at an 

arbitrary angle on a vertical cliff which is of infinite extension, both 

parallel to and downwards from the free surface. After separating a known 

factor of the potential function, which contains the dependence on the 

coordinate parallel to the shore, the two dimensional residual function 

satisfies a modified potential equation and is subject to the mixed bound¬ 

ary conditions on the free surface and at the cliff. Following a device 

of Lewy, the residual function is obtained on solving a partial differential 

equation, whose inhomogeneous term represents a function which also obeys 

the modified potential equation and has zero boundary values, thus advancing 

a simpler primary calculation. For explicit realization of the latter func¬ 

tion a singularity has to be introduced in the finite part of the plane, and 

this is placed at the shore line, or intersection of the free surface and 

cliff, although the condition for infinitesimal waves nearby is then violated. 

Effecting the integration suitably, Stoker is able to construct progressive 

wave solutions which exhibit a parallel wave front at large distance from 

the shore line. John also employs the Lewy-Stoker method to study a gener¬ 

alization of the problem solved by Ursell, namely with the barrier inclined 

to the vertical at any one of a discrete set of angles, zero included. The 
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auxiliary harmonic function with null value at the free surface, obtained 

on differentiation of the potential function, is continued analytically 

across the latter surface and defined throughout the plane, vith a cut at 

the trace of the barrier and its reflection in the surface. 

The present investigation is aimed at extending the integral equation 

and Lewy-Stoker methods to cope with a wider class of problems, such as 

those where more than one characteristic length is involved. A complex 

Fourier transform analysis of the typically singular integral equation is 

used to advantage, and also the possibility of exact solution on approxi¬ 

mation to the kernel. Two features distinguish our calculations from 

those of Lewy and Stoker. The first pertains to the disposition of singu¬ 

larities (in derivatives) of the velocity potential, which is linked with 

the occurence of singularities in the fluid velocity at immersed sharp 

obstacle edges. The second refers to the use of conformal mapping for 

construction of the auxiliary function with zero boundary values on the 

free and obstacle surfaces. 

I 
A plan of this paper is as follows : First, the problem of scatter¬ 

ing of straight crested surface waves at a plane vertical barrier is 

resolved by the integral equation method (^--g) in the manner of Ursell; 

the same problem is discussed by a modified Lewy-Stoker (maüPinß) tech- 

The latter method is next applied to obtain an approximate solution in the 

su case of oblique incidence for a deep barrier and the mapping 

technique is utilized (§ 6) to derive a complete solution for two par¬ 

allel barriers at an arbitrary separation, which problem does not appear 

\.M H *«• 
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capable of resolution by integral equation procedures. Finally, a correction 

i 2. INTEGRAL EQUATION METHOD I■ 

Consider a fluid of semi-infinite extent, with x and z axes in the 

plane of the undisturbed surface, and the y axis directed vertically down¬ 

wards, in which there is a rigid vertical barrier, with the trace x = 0 , 

0 < y < 1 , at any value of z 

(Figure l). A steady state situ- 

X 
ation is contemplated, wherein a 

(0,1) regular train of waves incident 

normally on the barrier from the 

y 
y 

left (x < 0) is partially re¬ 

flected and partially transmitted. 

Figure 1. If the fluid is incompressible and 

inviscid, and performs irrotational, 

time harmonic motion, there exists 

a velocity potential 

$(x,y,t) = cp(x,y)e 

such that 

ht = (2.1) 
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and 

V2q> - <|>xx + «Pyy = 0 , y > 0 . (2.2) 

When the wave height is infinitesimal, the free surface condition 

expressing (to first order) constancy of pressure and equality of surface 

and fluid velocities, takes the form 

or 

where 

$tt-ßfy = 0> y * 0 

(dy + k)<P = 0 , y » 0 

K 

(2.3) 

(2.4) 

(2.5) 

and g denotes the acceleration of gravity. At the rigid barrier, the 

normal fluid velocity must vanish, whence 

òx cp = 0 , X = 0 , 0 < y < 1 . (2.6) 

In the absence of a barrier, the equations (2) and (4) admit the 

surface wave solution 

^inc = ei<x-Ky 
(2.7) 

which may be designated as the incident wave function. The problem is 

now to solve (2), (4) and (6) with the asymptotic requirements 
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X - œ 

(2.8) 

X -» + 00 

where R and T denote the reflection and transmission coefficients for 

the surface waves. The terms omitted in (8) are ordinary potential func¬ 

tions, which tend to zero uniformly throughout the distant regions of the 

fluid. 

The effect of the barrier on an incident wave train can be formulated 

in different ways according to the choice of fundamental solution (Green's 

function) of the differential equation 

(âx + ày)G(x>y;x'>y') = - 6(x-x')ô(y-y') , (2.9) 

where the inhomogeneous term contains a product of Dirac delta functions. 

If the barrier is regarded as an obstacle in the otherwise uniform fluid 

medium, the free surface condition 

(òy + k)G = 0 , y = 0 (2.10) 

may be conveniently appended. An explicit representation of the function 

satisfying (9), (lO) and also the outgoing wave (radiation) condition is 
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G(x,y;x-,y')=-¿log(H/R*)+ieÍKlX-X,le-K(y+y,) 

+ - / e"^X"X'cos Ç(y+y')-< sin Ç(y+y')) , 
* o Ç V 

- oo < x,x' < oo , O < y,y' < œ (2.11) 

with R2 = (x-x')2 + (y-y1)2 , and R*2 = (x-x')2 + (y+y')2 . In (ll), 

the second term refers to the surface wave mode of excitation of the 

fluid. 

The application of Green's integral theorem to the functions q>(x,y) 

and G(x,y;x',y') results in an expression 

q>(x,y) = cpinC(x,y) - /q f(y')àx, GÍXjyjOjyOdy’ (2.12) 

for the velocity potential at any point of the fluid, where the secondary 

contribution arises from the discontinuity function 

f(y) = cp(-0,y) - <p(+0,y) , 0 < y < 1 (2.13) 

at the barrier. Applying the boundary condition (6), 

ò cpinC(0,y)= lim ò / f(y,)àv,G(x,y;0,y,)dy' , 0<y<l, (2.14) 
x X -»0 o 

and this can be expressed as an integro-differential equation, 

, 7 - ' 

* * 
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Ik e“Ky = -^/ f(y')0(0,y;0,y')dy' , O < y < l . (2.15) 

dy¿ 0 

If the surface x = 0 , y > 1 (all z) below the barrier is regarded 

as the common boundary for the domains x ^ 0 , then by defining Green's 

functions G+ therein, according to the equations (9), (10) and the addi¬ 

tional condition 

ò G = 0 , x = 0 
x + 

it follows that G+(x,y;0,y') = 2G(x,yjO,y') , whence the representations 

00 

<p(x>y) = 2 / v(y')G(x,yjO,y')dy' , x> 0 (2.16) 
1 

and 

(p(x,y) = cpinc(x,y)+ cpinC(-x,y)- 2 / v(y')G(x,yjO,y^dy' , x <0 (2.17) 

1 

are obtained; here 

v(y) = - dxcp(0,y) (2.18) 

is the normal fluid velocity below the barrier. 

The requirement of continuous variation in the velocity potential 

when traversing the surface of separation leads to an integral equation 

e~Ky = 2 / viy'MOjyAyOdy' , y > 1 (2.19) 

1 

for the normal velocity. 

. ..<> 



When X -4 + co , and the Green ' s function is represented asymptotically 

hy its surface wave component, ie1*^”* ^ ^ , it follows from (12) 

that 

qj(x,y) /V q)inC(x,y) + < e~ iKX"Ky / f(y)e'<ydy , 
o 

vhence the reflection and transmission coefficients R,T take the forms 

1 
R = 1 - T = K / f(y)e'<ydy ; (2.20) 

o 

similarly, from (l6), (17), 

00 

R = 1 - T = l-2i / v(y)e_<ydy . (2.21) 
1 

Ursell has given a method for solving the integral equation (19)> 

which is based on simplification of the kernel; the procedure is illus¬ 

trated here with reference to the integro-differential equation (15). 

Two successive integrations of (15) yield 

d 1 
/ f(y')G(0,y;0,y')dy' = - ie"^ + A , (2.22) 

and 

1 
/ f(y')G(0,yj0,y')dy' = i e~Ky + Ay + B , (2.23) 
0 * 

whence . 

1 d 
I f(y')[<G(0, G(0,y;0,y')]dy,;3 A(l4Ky)+kB , 0<y<l .(2.2^) 
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The operator <£♦*> applied to 0(0,7,^0,71) resulta in a sinçler 

expression than that of the latter function alone, and takes (2k) into 

the form 

/ log 
o 7+7' + 7^ + = Ciy + C2 ’ 0<y<1 (2-25) 

where (^ = - 2n<A , Cg = - 2nA- 2kkB . Define 

F(y) = / ^(7)^7 , 
y 

(2.26) 

with dF/d7 = -f(y) , F(1) = 0 , and then 

/ f(7')log 
0 

y-y' 
y+y' 

dy' = - / log y-y' 
7+7' 

dF(y') 

so that (25) may be written 

/ tf(jr')-/(F(y)Hyir . ^rldy' = + c2 , o<y<i . (2.27) 

The constant Cg = 0 , as inferred by choosing y = 0 , and thus a 

principal value integral equation 

^■,-r^k . 
7 -7 

0<y<l> ^(y) = f (y)-KF(y) (2.28) 
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of a type familiar in airfoil theory, is obtained. The solution of (28) 

which vanishes at y = 1 is found to be (Schmeidler, (1950)) 

whence 

Fiy) = » 

dy 

(2.29) 

and 

f (y) . °i e-Ky / . ^ e-^ PM , 

y /l-f 
(2.30) 

say. 

There remains only the specification of , which calls for substi¬ 

tution of (30) into the original integro-differential equation (15), that 

can be written as 

4 f f(y')íie-'c(y+y')+ i /"dt , 
dy 0 L ”0 ç(ç2+ K ) 1 

0 < y < 1 . (2.31) 

Now 

C, 1 
f f(y)e"<ydy = / P(y)d e_2Ky = ^(x) , (2.32) 

where denotes the cylinder function 

= \ JL(ix) . (2.33) 

% 
»■4 . ; 
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If 

\ * J e Ky P(y) COB Çy dy , 
o 

1 
Qp = / e~Ky p(y) sin Çy dy , 

then integration by parts in reveals that 

ÇQl - <Q2 = 1^(0 , 

and therefore 

c. c. 
/ f(y)(Ç COS ^y-< sin Çy)dy = (^-<Q2) = J: ^(ç) . (2.34) 

A few preliminary manipulations suffice to verify that 

00 dt MO 
^ ~2~2 —T~ cos Çy-Ksin Çy)= - ^ e'<yK (k)+ 1. (l-fcy) , (2.35) 
O Ç +K ^ 1 K 

where denotes the cylinder function 

K1W = ' (2.36) 

Substituting the results of (32), (34) and (35) into (31), the 

constant turns out to be 

2jt 
ci = Ti^^TTk^T ’ (S.S?) 
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and thus, by (20), (32), 

n I^k) 

+ -1 -T • (2-38) 

The reflection and transmission coefficients given in (38) are modified 

for a barrier of depth d by the replacement of Ki for < ; these are 

the results of Ursell. 

8 3> CONFORMAL MAPPING METHOD^. 

Let us define 

= (ft + «)<p(x,y) ; (3.1) 

then by (2.2), 

V2 * = 0 , (3.2) 

and the boundary conditions (2.4), (2.6) imply 

\Jr(x,0) = 0 

*(0,y) = 0 , 0 < y < 1 

(3-3) 

The asynçtotic terms of (2.8) are eliminated by the differentiation in (l), 

so that 

ifoy) -> 0 as r -4 00 (3.4) 

#7 

^18 calculation was described at the international symposium on the 
behavior of ships in a seaway, in Wageningen, Holland, Sept. I957. 
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f is singular at the edge x = 0 , y = 1 of the barrier. The velocity 

potential (p varies with the square root of the distance from the edge; 

hence cpx has an inverse square root singularity and cp has an inverse 

3 Xy £ power singularity there. 

With z = x + iy , the conformal transformation 

= A77 (3.5) 

(taking the branch of the square root for which Ç z at oo) maps the 

region of the fluid onto the upper half of the £-plane. By (2)-(4), 

if is a harmonic function of Ç in the upper half-plane which is zero 

on the real axis and at oo, with a singularity at Ç = 0 , namely the 

image of the edge z = i under (5). From the behavior of ÿ near the 

edge in the xy - plane, its behavior near Ç = 0 may be deduced. The 

most general harmonic function which has this behavior and satisfies the 

boundary conditions is of the form (bar denotes complex conjugate) 

c, Imi- t c„ In i- , 

Ç Ç3 

where and Cg are constants. By (5) , 

(1« ) •W + C2 Im „..-2,3/2 

for some , Cg 

+ = Im (3.6) 
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Equation (2.8) shows that 

(^ + ^)9-+0 as X -+ + oo , 

and thus, integrating (l) with respect to x separately for x ^ 0 , 

ò X 
(^- + ^)9 = / (x ^ O) 

+ 00 

or 

For y > 1 

and hence 

^ (e<y tp) = eKy I t(6*y)dS ( 
+ « 

the left hand side of (7) must be continuous across x = 0 , 

/ t(5»y)d6 = 0 , y > 1 
-00 

which reduces by (6) to 

(3.8) 

(^=0 . (3.9) 

The integral of (7) with respect to y is 

9(x,y) = e Ky f+(x) + e Ky ¡y eKrl ^ fx ^(|,n)dç , x I 0 . (3.10) 
“ +® . 
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Integration by parts and the application of (2) simplify this to 

'P = e <y[f+(x)+ ! ♦ (|,0)d|--^ /y e^t^Xjtiîdii]- ^ fX * (|,y)d{ . (3.11) 
K +00 K +00 

Now 

V2(p = + K2)f (x) + fX t (|,0)dg] = 0 , 
dx - +00 y 

by (2.2), vdiich provides the ordinary differentiell equations 

(½ + k2K+(x) * - J* tv(|,0)d| 
dx - +00 * 

for f (x) . From (6) and (9), 

3C2 x 

♦v(x>°) = ±-0^72 
y (l+x2)5/2 

whence, evaluating the inhomogeneous terms of (I3), 

d2 P — ^P 

(~2 + K )f+(x) = /, a 3/2 • 

X ^ 0 

dx (l+xc)- 

In the general solution of these equations, 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

, (3.16, 
+ 00 (1 + £ ) j/ 

V-' • . . :1 . 
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the constants of integration may be determined by observing that (ll) implies 

a common asymptotic form of q) and e~K^ f+(x) as x -»+ oo . Recalling 

(2.8), the appropriate choice of constants is such that 

T e 
i/cx 

f+(x) * < 

[eiK\Re-iKX 

C fx sin k(x-ç) 

+ » (l + J2)^ 
(3.17) 

(where C = Cg). 

C, T and R must still be determined. One equation relating them may 

be obtained by imposing on (ll) the condition that cp(x,y) exhibit a contin¬ 

uous behavior across x - 0 for y > 1 : 

f+(o)- f (0) + 1 2 (/-/ )+v(l»0)d|- ~k f eKT1[t (0+,q)- ♦ (0-,q)]dq 
4*00 »oo J £ ^ 0 A A 

Employing (17)» (6) and (9) , this may be simplified to 

= 0 f 

or 

T-l-R-2 Crtl^K) = 0 (3.18) 

The remaining condition is that the normal derivative of cp(x,y) vanish 

at the barrier. By (ll), for 0 < y < 1 , 

«■ W"«™ '>[ . 
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f 

Vx{0+,y) - e Ky[f|(0) ■ ^ 

• r (o) . 

Hence, 

f;(o) = 

or 

O-«) 

Solving (18) and (19) for R and T again gives the result (2.38). 

ë INTEGRAL EQUATION METHOD II. 

A different approach to the integral equation for the normal fluid 

velocity in the plane of, and below the barrier, involves preliminary 

Fourier transformation. By analysis of the functional (transform) rela¬ 

tion, a new integral equation for the transform of the velocity is estab¬ 

lished, which has some advantages over the original integral equation. 

Thus, it will be shown in this section that the transform integral equation 

can be brought to a form where the kernel is a difference function, and 

solved explicitly. In the next section, the inhomogeneous nature of the 

integral equation is exploited to obtain an approximate solution for the 

case of oblique incidence, with improved accuracy as the depth of the 

barrier increases. 

ikT 

ik(l-R) 
* + C / cos JLL 

+» (1+1 ) 
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The Green's function representation (2.11) is convenient for the iden¬ 

tification of propagating and non-propagating motions along the surface 

(x direction), and is less convenient for exhibiting the dependence on 

the normal thereto (y direction). An alternative representation may be 

derived, where, in the interest of Fourier transformation, the differential 

equation (2.9) is replaced by 

(ò^ + ^- £2)G(x,y;x',y') = - ô(x-x')&(y-y') , e > 0 . (4.1) 
a y 

The solution of (l), subject to the boundary condition (2.10) can be 

displayed in the forms (y,y' > 0) 

where R, R* are as defined in (2.11). If € -»0 in 

(4.4), so that 

V 
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and 

I e IÇ(x-x') 
-ç(y+y') 

n-x 1Ç . 2 /o COB Ç(x-x') 

with the path of integration indented below the point Ç = < , then the 

form (2.11) is easily recovered. 

Let the domain of the integral equation (2.19) for the normal velocity 

be altered to y > 0 by the displacements, y = ÿ + 1 , y' = ÿ'+l . Then 

e-<(ÿ+l) = 2 /o viÿ'Mÿjÿ'icLÿ' , ÿ> 0 (4.5) 

where K(ÿ,y') = G(0,ÿ+lj0,y'+l) 

- t I) * è /" e-6(Î+ÿ,+2) , C.6) 2n e |-< HT2 
/Ç - € 

by (3) . If the integral equation (5) is extended to the infinite domain 

- 00 < y < 00 , in accordance with the scheme 

u(ÿ) 
> + “S 

-<(ÿ+iy 

= 2 / 
fv(ÿ-n fÿ > o 

< >K(ÿ,ÿ')dÿ' , { 
I 0 J [ <0 

(4.7) 

the result of multiplying by e and integrating with respect to y is 

S<5)-+ ^'ls) 1_ r~2 2 6 
■/(;+€ (Ç"i|)4^"e2 

(4.8) 
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Here 

and 

û(0 = / e"1^ u(ÿ)dÿ , 
- 00 

^(0 = / e v(y)dÿ . 
o 

(4.9) 

The function ü(Ç) will be eliminated by bringing equation (8) into 

the form 

Fl(0 = f2(0 » (4.10) 

where F^) is analytic for Im Ç > - e , F2(Ç) is analytic for Im Ç < e , 

and each function approaches zero as Ç -» co in its half plane of regularity. 

From this it follows that F^ and Fg are two representations of an entire 

function, which is zero by virtue of its asymptotic behavior. Hence, (8) may 

be replaced by 

F2(0 = 0 • (4.11) 

To accomplish the indicated reduction, first multiply (8) by JT- iÇ . 

Then the first terms of the left and right members are analytic for 

Im Ç > - e and Im Ç < e , respectively. The remaining terms are each 

readily broken into two parts, which are analytic in one of the f 

planes. The result is 



, iíü-, +1-] a* íLlik_dl 
- Ç-i« ni J i-K - - -05 ^ i-« « e (-* (ç.lí)/rt 

an equation of the form (lO). Hence, as in (ll), the right side of this 

equation is zero. Let Ç = - it , and then 

(-it) = e'^yfc+ë _ 1 7 v(-it) .-26 I ^ d; , 
Æ5- tw « £ (t+i)VT7 

which is valid for Re t > - c . If e -♦ 0 , 

(4.12) 

v(-lt) 3 e~* ^ . i f” iÜ v(-i£)e~2S d 

t+< ”Jo s-* (ttS) 5 • 
(4.12') 

Assume that at ÿ = 0 , v(ÿ) ^ Ay . Then, for Re t > 0 , 

v(-it) a/ A i/jt t ^-^2 as t -» oo . Let 

—— v(-it) = A -/it [l + w(t) ] , 
Jt 

(4.13) 

and thus w(t) is analytic for Re t > 0 and approaches zero as t -» oo . 

Hence, 

, a+i® . 

w(6) = 2^ï / v(t)eSt dt 
a-i® 

* 

(^.14) 

7 . • •• ■ 
. ' ’ 
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(where o is a positive constant) is defined for real positive s . w is 

the Laplace transform of v : 

v(t) = / v(s)e-8t ds . (U.15) 
o 

To find the integral equation satisfied by v , first eliminate v 

from (12') by (13); this yields 

A [l+v(t)] = ^ - A (t+<)/o e"25 d| . (U.16) 

Taking the limit t -* oo in (l6) gives a condition which will be satisfied 

later, 

A ^ = e’* - A /" LUíÍA! e-2Ç d. 

^ o 5-< 5 
(^.17) 

meamrtiile, (l6) can be simplified to 

Multiply by eSt and integrate over t as in (l4); then 

or 

“(8) = ; C e'<8+S)E[l + /“ i{u)e-îu du]dS ) 

w(s) 1 1 r“ w(u)du 
jt(s+2) it g u +S+2 (4.19) 
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Equation (19) may be transformed into an equation with a difference 

kernel. Let s * eX- 1 , and 

p(x) = ex/2 w(eX- 1) . (4.20) 

Then (I9) implies 

p(x) * ¿ sech I + ¿ /Q sech ^ p(t)dt . (4.21) 

If it be assumed that v(y) approaches zero sufficiently rapidly as 

ÿ -*oo , then v(0) is finite, and from (I3), (14), 

w(s) = Oís"1/2) , S -»00 

so that p(x) is bounded. 

Let (20) be extended to an integral equation on (- 00, 00) , 

according to the scheme 

1 , X If“ , x-t 
ÕT sech õ + 27 / sech — 2« 

P(t) 

L 0 J 
>dt 

fx > 0 

t<oj 
(4.22) 

whence 

q(x) = 0(eX/2) , X -» - 00 . 

The integration of (22) with respect to x , after multiplication by 

e"^X , can thus be effected, if 0 < Re Ç < |- , and yields 
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p(Ç) + q(ç) s —L_ + ÍÍ¿L , 
b ’ cob nÇ cob nÇ * 

or 

[1 + p(Ç)l(l - ) « 1 - q(Ç) , 0 < Re Ç < i 

where 

p(0 “ J e"^X p(x)dx 
0 

5(0 = / e'^X q(x)dx 
• 00 ~ 

(ï-23) 

(U.24) 

The second factor on the left in equation (23) my be written as 

the ratio of two functions analytic in the appropriate half planes by 

applying the basic formula 

8in *z = r(z)r(i-z) 

to obtain 

1 - 
_1_ 
COS JtÇ 

r(g * ?)r(g - 0 

r(u |)2r(i-1)2 
Using this in (23), 

(1 + p(01 
2'ç ç2 r(| + 0 

r(i + |)2 
2 
Jt 

2"ç r(i-1)2 

r(| - 0 
U - 5(01 (4.25) 

The left side of (25) is analytic for Re Ç > 0 , and the right side is 

analytic for Re Ç < | ; thanks to the factor 2"^ , both are 0(|ç|) 
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as Ç -400 in the respective half planes. Hence, the entire function 

represented hy the two sides of (25) is linear, and 

2"Ç ç2 r(| + 0 
[1 + p(C)] -7-p-- BÇ + C , (4.26) 

r(i + |)2 

for suitable constants B, C . The constants are determined through the 

limits Ç -» 0 , Ç -» oo , with the latter requiring asymptotic forms of 

the P - functions. It turns out that 

B = -IÏJÎ. , C = 0 

and consequently 

r 2 
r(i + |) 

r(| + 7) 

This result must be transformed back to a formula for v . 

The procedure begins with inversion of (24) , 

1 a+i” b 

= 2ÏÏT ^ p(C)®X^ 
a-i°o 

a+i» 

a-i® 

r(i + |)2 

r(| + 0 

» 

(4.27) 

(4.28) 

where a is a positive constant. To secure an integral with improved 

convergence properties, note that 
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(^.29) 

(4.30) 

This may be reduced to an integral of elementary functions by the integral 

representations 

B(f ?. I Î) 
1 -, 

j1 y ¿y 
1 

Btj . 0 . f1 é±Êi 
r(|*ç) 0 ’ 

where B denotes the beta function. Utilizing these in (30) and inte¬ 

grating the first term yields 

q(x) = - X + 
■/2 n i a-i°o 

a+i» xf i r-1 , 1 ¢-1 
/ Si dç /1 I1 ^ 1 

b 0 / 0 0 

dz 

'i-y 
/L-z 

The Ç integration may be carried out by closing the path of integration 

at 00 , in a way which depends on whether ex yz ^ 1 . The result is 

q(x) = - X + — / 
Jt -X 

e 

dy 

y 

dz 

zvrr (4.31) 
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Differentiating once removes the z integral, to yield 

--1 f1.* - df ■ 0.-32) 
' A(i-y2) (y~e'x) 

The integrand of (32) is an analytic function in the upper half pleine which 

is real along the real axis on the intervals (-1,0) and (e_X,l) . Contour 

integration around the upper half plane shows that the sum of the integrals 

over these two intervals is zero. Hence, the integral in (32) may be replaced 

by an integral on (-1,0). Replacing y by -y in the latter integral, 

q'M - -1 / -. dr . 
^y(i-y2)(y+*’x) 

This may be differentiated directly, and by (29), 

p(x) = q"(x) (^.33) 

lx/2 
2 (4.34) 

where F' is the derivative of the hypergeometric function with respect to 

its last argument. The result (34) may be verified in several ways, for 

example, by expanding the integral of (33) in powers of (l-eX)/2 . 

From (15) and (20), 
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and 

v(t) = 1 r°° -Bt 
p / e 
¿ o 

1 
2 , 1,- 

» - 1 + t e"8t F(|, - 1,1 , - |)da , (4.35) 

on integration by parts. Differentiation under the integral sign, followed 

by integration by parts and application of the hypergeometric différentiel 

equation 

[(82+ 2s) 4(s+l) ¿ -3]F(| ,- i, 1,- |) = 0 , 
ds 

shows that l + w(t) is a solution of the equation 

<‘2 ¿ - *2 a: - = ° • 
Qt 

Hence, l+v(t) is a linear combination of the solutions 

Vt e1 ^(t) , i/t e1 ^(t) , 

where , are the modified Bessel functions. From (35), 

1 +v(t) iv 1 , t -» + oo 

and therefore 
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i+woo =/7et V1) • 

The constant A may now be determined from equation (17) : 

kSñ = e~* ViT - J 
k-/2 ^ ^ 

« 0 i-K dl 

Using the integral representation 

00 u e 
^(5) = / du , 

1 J*, vu -1 

the integral in (37) can be written 

£ udu f" e-(wlH JÏ a¡ 

1 /~2 0 5-< 
vu -1 

Make the change of variable | = x/(l+u) in the | integral and 

the order of integration. Then the integration with respect to 1 

elementary, and as a result 

r^eÍK(i) -X , 
/ -—i-dS . / S_ (. LjiZi ),^ 
0 5 0 Æ Æ 

= - «Æ+* i" 1' (1 -XA) 
0 Vx(2 - x/k) 

dx 

(^.36) 

(^.37) 

reverse 

is 

(^.38) 
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The function v is obtained from (13), (36) and (1+0), namely 

V^it^ = « ^(/c) + i FT 

t e1' ^(t) 

(k.kl) 

By (2.21) and (9), 

R = 1 - T = 1 - 2i e'K v(-iK) (4.42) 

it I^k) 

= It I1 ) + i ^(K) » 

which agrees with (2.38). 

I 5- INTEGRAL EQUATION APPROXIMATION METHOD. 

Equation (4.42) shows that the reflection and transmission coefficients 

are directly related to the velocity transform v , with argument - Ik ; 

the transform is determined by an integral equation, which takes the forms 

(4.12), (4.12') according as the parameter e is different from or equal 

to zero. It is noteworthy that the integral equation evidences an inhomo¬ 

geneous character, and moreover that the inhomogeneous member can be iden¬ 

tified with an approximation to the original integral equation (4.5), 

wherein the kernel is given by the first term of (4.6), namely the Green's 

function of a totally unbounded region, omitting a free surface boundary 

condition. Thus, an iterative procedure for calculation of the velocity 
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transfonn may be expected to yield useful information when the lower edge 

of the barrier is deeply submerged. In order to assess the significance 

of the results, consider the approximate form of the reflection coefficient 

(2.38) when K is large. By employing the asymptotic expansions for the 

cylinder functions, 

1 - 
i K^k) 

n L^k) + i K^k) (5.1) 

1 - i e 
-2k 

(1 + 57 ■) , K » 1 (5.2) 

Using only the inhomogeneous term of (4.12'), v(-ík) = e~K/2 , and 

it follows from (4.42) that the corresponding reflection coefficient 

agrees with the first two terms of (2). A first iteration in (4.12') 

yields 

¿(-K) - i e-‘(l - 2 -A 

0 I - K 
d|] 

whence 

(5.3) 

R-l-ie-^l+i^...), (5.4) 

and there is a discrepancy with (2) in numerical coefficient of the term 

in 1/k . Further iterations supply contributions to reduce the gap 

between - and £ , though the convergence is rather slow. This aspect 

diminishes the utility of the iteration procedure, but the concern is 
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only alight, since it has been shown in the preceding section that the 

transform integral equation can otherwise be solved explicitly. 

The procedure is restored to importance, however, when the problem 

involves oblique wave incidence, and the transform integral equation has 

the form (4.12), which cannot be solved directly. 

Let the incident wave normal make an angle a with respect to the 

X - direction, so that the time Independent part of the velocity potential 

is 

(plnc _ eiK(x cos a + z sin a) - /cy 
(5.5) 

Then, a rigid vertical barrier in the plane x = 0 , which extends from 

z=-oo to z = + 00 , between y = 0 and y = 1 , will scatter the 

incident wave, without altering the z dependent factor. The complete 

velocity potential can therefore be represented by 

<p(x,y,z) = t(x,y)e 
ikz sin a 

(5.6) 

where 

(5.7) 

(äy + k)* = 0 , y = 0 (5.8) 

X = 0 , 0 < y < 1 (5.9) 

i ••o.« 
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and 

iKx cos a - Ky „ -ixx cos a - xy 
\|fA/e rf+Re ^ X —» - 00 

(5.10) 

rüT ei<x cos a ~Ky X -4 + 00 

An integral equation reformulation of this boundary value problem 

is carried out as in the particular case of normal incidence (a = 0) , 

except that the Green's function pertains to the différentiel, equation 

(4.1), and the explicit parameter e = fc sin a . With such adaptation, 

equations (4.42) and (4.12) serve to characterize the reflection coeffi¬ 

cient R , namely 

R * 1 - 2i e~* v(-ix) (5.11) 

where 

v(-lt) _ e K Vk(1+ sin q) 1 ,00 |+k v(-it)e~2^ 
— ■ - + .1. ii- J * -is _ 

(5.12) 

One iteration of the integral equation (12) yields 

1+ sin a 2 V sin a -2« sin a 
-5-e 11+- --— e 

■/ük cos¿ a 
+ • • •) , K sin a » 1 

(5.13) 
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and thus 

V i 4/1. 2 /sin a -2k sin a » 
R = 1 - i(l+ sin a)e (1+- —^— e + .., ^ 8in a » 1 . 

/ñ¡< cos a 

In contrast with (4), the second term in the parentheses above is of an 

exponential order relative to the first, and subsequent iteration will 

generate distinct lower order terms. 

i 6. TWO PARALLEL BARRIERS. 

The conformal mapping method may be applied to a two dimensional 

flow with any number of vertical barriers, of various depths and sepa¬ 

rations, but the details become somewhat cumbersome. The simplest case 

after that of § 2 is two barriers of the same depth, which will now be 

treated. 

Let the barriers lie in the planes x = a and x = - a(a > 0) , 

each occupying the strip 0 < y < 1 . The trace of the flow region in 

the xy - plane is the image of the upper half of the complex Ç - plane 

under a Schwarz - Christoffel transformation, which involves an elliptic 

integral for this geometry. 

In the following, z will denote the complex variable x + iy . 

Normalize the mapping from Ç to z by the conditions 
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and 

z (O) « O , 

z(oo) >oo , 

z'(0) » 1 . 

-r -P ■ata 
_1_1_L- 

r 
_i_ 

IL 

Figure 2. 

Then there are six symmetrically 

located points on the real Ç- axis 

örtlich are mapped into the corners 

of the image region. The points 

are so named that (Figure 2) 

a -»a -., 

P -»a + i , 

r -> a + 

In terms of these quantities 

- a - a + 

- P -+ - a + i , 

- y -+ - a - . 

(6.1) 

2 2 
P -t¿ 

e 0 Aa2-t2)(r2-t2) 

dt , (6.2) 

where Im t > 0 along the path of integration, and that branch of the 

square root is used which is positive at t = 0 . 

a,ß and r are determined by (l). Setting Ç = a,P,y in (2) 

provides the characteristic system of equations, expressed in terms 

of standard elliptic integrals: 

■;r 

. I . ‘ 
. . '■ 
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a[K(k)E(M). E(k)F(M)] = E(k) , > 

I a = a E(k) , ! 

where 

k = A - 02/r2 , 

Í = sin’1 i Æe2/r2 . 

> 

> 

(6.3) 

(6A) 

The usual notation for the complete and incomplete elliptic integrals of 

the first and second kinds has been employed. 

The potential cp is a solution of Laplace's equation in the half plane 

y > 0 with cuts X = + a , 0 < y < 1 , and satisfies the boundary con¬ 

ditions 

(òy+ K)q> = 0 , 

dx cp = 0 , 

y = 0 

> 
x = + a, 0 < y < 1 . 

(6.5) 

The asymptotic behavior of cp is again given by (2.8). From this it 

follows that 

t = àx(ây+ O? (6.6) 
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is a harmonic function in the cut half plane vhich approaches zero at oo 

and is zero on the boundary, except for singularities at z » + a + i , 

the edges of the barriers. Near these points, 

* * 0(|z Ta - if3/2) . 

Transforming to the Ç - plane by (2), \|r is a harmonic function in 

Im Ç > 0 , which is zero on the real axis and at oo . It has poles 

at Ç = + ß , where 

t-o(|ÇTPr3) . 

If the constants 

♦ = A Im + B 

A, B, C and D are properly chosen, 

Im[—-—r- + -2-5-] * D Im[ 

(t-e)3 (ç-e)2 
1_ 

(^ß)3 

P 

u+ß)2 

■] 

(6.7) 

(6.8) 

The expressions in brackets following C and D are proportional to 

“3/2 
the leading terms in the expansions of (z - a - i) J/ about a + i , 

and (z+a-i)"3/2 about - a + i , respectively. These combinations 

with 

a2r2+ ß2(a2+ r2)- 3ß2 

2ß(r2- ß2)(ß2- a2) 

must be used to avoid logarithmic terms in <p . 
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In the following, f(x,y) will denote the function in the xy - plane, 

determined by (7) and (2) . It is convenient to perform the operations of 

taking real and imaginary parts in a formal way, treating A, B, C and D 

as real numbers. If this is done, 

where 

t(x,y) = Im f(z) , 

fM = A ♦ è; * t-JLj ♦ DM 

(6.9) 

fZß + 775 + Cl-Õ ♦ + D——*-3] . (6.10) 
ç s (Ç-P)3 (ç-p)2 (ç+e)3 (ttß)2 

z and Ç being related by (2). 

Integrate (6) separately in each of the regions x > a , x < - a , 

and - a < x < a . This yields 

cp(x,y) = e'Ky ly eKV dv /* t(u,v)du + e'Ky \ (x) (x J a ] (6.11) 
0 , _ + lx < - a/ 

and 

q)(x,y) = e Ky !0 e<V dv i|r(u,v)du + e',<yn(x)+ v(y) , -a<x<a . (6.12) 

The functions \+(x) , n(x) and v(y) enter as constants of integration. 

They satisfy ordinary differential equations which are obtained from the 

2 
relation V cp = 0 . Employing (ll) , 

k2)\ (x) = -/ i|f (u,0)du 
dx + y + 00 

v* ■ 
, 

. 
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_ 

or, by (9), 

<75 ♦'Xto - - t(x> > Ixîta) ' 
dx' 

(6.13) 

From (12), 

2 
(—Õ + < )nM+ I * (u,0)du+ eKV * (0,v)dv+e<y v"(y) = 0, -a<x<a, 

ry Kv 

dx o Ty 

and, using (9) again to eliminate y , 

.2 p y 

(—£ + < )(i(x)+ f(x)- eKy Re f(iy)+ K / eKv Re fiivjdv + e^ v"(y) = 0 . 
dx 

According to (12), n(x) is only determined up to an additive constant. 

This constant may be fixed by placing 

d2 2 
(—p + K )n(x) + f (x) = 0, - a < X < a 
dx 

(6.14) 

and then 

d /__\ \ -Ky fy kv 
—« v(y)-Re f(iy) + K e" ^ / e Re f(iv)dv = 0 . (6.15) 
dy 0 

The functions \+(x) are uniquely determined by (13) and (2.8), 

which imply 

«•> , * • 

■ 
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1 x 
x.+(x) =--/ Bin K(x-u)f(u)du + 

+ 00 

T e 

Ixx 

ÍKX 

+ R e -ixx 

The second of the conditions (5) , 

òx<p=0, x = + a , 0 < y < 1 , 

when applied to (ll), (12) yield 

\|(+a) = 0 , p'(+a) = 0 (6.17) 

consequently, the relationship of R and T with f may he obtained by 

differentiating (l6), and setting x = + a: 

"1 —4 is a ® 

T = ’ ix e C0S ^(61^)1,(x)dx > 

D -2ÍK& 1 -iKa 7a . . . . 
R = e " îx e / cos ^(B+xîfixîdx 

/ 

(6.18) 

(17) also furnishes boundary conditions for (l4), whose solution is 

1 x 
n(x) = -- J sin K(x-u)f(u)du 

K 0 
cos <(a+x) 
K sin 2ka J cos /c(a-u)f (u)du 

0 

cos K(a-x) /-° 
K sin 2/ca „ cos «(a+u)f(u)du ; a < x < a (6.19) 
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if &ca is not a multiple of it . 

The first part of (5) , 

(òy+ k)<p * 0 , y = 0 

is automatically satisfied for |x| > a . On |x| < a , applying this 

condition to (12) yields 

v' (O) + K v(0) = 0 . 

The solution of (15) subject to this condition is 

v(y) = ^ (l-e Ky+Kv)Re f(iv)dv + Ao(l-<y) , (6.20) 

where Aq is a constant to be determined. By (2), 

Ç A/ Z -> CO (6.21) 

Using this in (lO), 

Re f (iy) = 0(--) , y -»00 . 

y 

Hence, the integral in (20) approaches a finite limit as y -> co . For 

<p(x>y) to approach zero as y -» co , it is necessary that v(y) -+0 . 

v(y) bounded at co , Aq must be zero, and then (20) becomes To make 
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v(y)-i/(l-.-^^ÍR.fdvjdv . 

Moreover, v(co) = O if the additional condition 

(6.22) 

¡o Re f(iy)dy = 0 (6.23) 

is satisfied. This may be written out in detail as an integral in the 

Ç - plane, by (2) and (10). With = Im Ç , it becomes 

The value of p is such that after an integration by parts the preceding 

relation can be expressed in terms of complete elliptic integrals as 

A -B 
(r2-ß2)(p2-a2) 

where k is given by (4), and thus, from (3) and (8), 

A-B=-|(C-D) . (6.24) 

Additional equations to determine the coefficients of f(z) will be 

obtained by equating the values given to cp by (ll) and (12) on each of 

the lines x = + a(y > l) . Integrating by parts in each equation and 

applying (9), (22) and (23) brings them to the more useful forms 
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»(».y) ■ I í tMi* e1" Se f(x+lr)d» + x (x) , |x > a | 
+00 ^ 0 +' ' ' lx < - al 

(6.25) 
and 

1>(x.y) * i/^(u,y)du- i f(x4iv)dT. i f Be f(iv)dv4n(x) , 

- a < X < a . (6.26) 

Let X -+a in (26) and the first equation of (25), with y > 1 , and 

equate their difference to zero, whence 

/* "Î Ay 

?/o ♦(u,y)du+- /y Re f(ly)dy. «_ U, ,<v Re[f(a4e4l7)-f(a-£4lT)Jd 
-<y 

e -*0+ 

+ e ^[^(a)- u(a)] = o , y > 1 . (6.27) 

The limit in the third term is constant for all y > 1 , since as e -» 0 

the integrand approaches zero uniformly for 1 < yQ < v < y . Thus the 

first two terms taken together must approach zero as y -* œ . These terms 

combine to 

i» 

J- I Im(f (z)dz) . 
+ »+iy 

By shifting the path of integration far away from the origin and using 

(21) and (10) , 

V -t • 01 -tv1, *" ' * 

:\ , * 
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-½. 

i00 2 i00 
Im(f (z)dz) = ^ / Im(f(z)dÇ) 

+ «+iy 7 +“ +iy 

= - — 5- (A + B) . 
K cry 2 ' 7 

Hence, 

A + B = O . (6.28) 

Now the sum of the first two terms in (27) is zero, so that 

\ (a)- n(a) = lim eKv Re[f(a+e+iv)- f(a-e+iv)]dv . (6.29) 
+ * e _0+ 0 

The limit may not be taken under the integral sign because of the poor 

behavior of the integrand at v = 1 . Let us rewrite the integral as 

follows : 

e<v Re[f(a+e+iv)- f(a-e+iv)]dv 
0 

,, . a+e+iy 
-e )Re[f(a+e+iv)-f(a-e+iv)]dv + e Im[/ 

a+e 

a-e 
f(z)dz+ / 

a-e+iy 

f(z)dz] . 

(6.30) 

In the first integral on the right the limit e ->0 may be taken inside, 

“I/2 
for the integrand is 0(|v-l| ' ) . The remaining integrals are inde¬ 

pendent of path, so that they may be carried out along curves which bend 
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around z ■ a-fi when e ■ 0 . Inserting (30) in (29) reduces it to 

\W-1*W • (e*V-e*)(f (a+O+lv) -f(a-0+l») ]dv* i- e* Im / f(i)dz , (6.31) 
Ci 

where is a curve from a+ to a- in the cut half plane occupied by 

the fluid (Figure 2). A direct computation in the Ç - plane shows that 

by virtue of (24) and (28), 

/ f(z)dz = 0 . (6.32) 
c 
C1 

The first integral on the right in (31) can be rewritten as an integral 
9 

over . For convenience later, another multiple of the integral in 

(32) is included, giving 

^+(a)- h(a) = / (e +iKa - 2 cosh x)f(z)dz . 

C1 

The left side of this equation may be expressed in terms of integrals of 

f by (16), (18) and (I9). After some simplification, the equation becomes 

-2ixa a o 
/o =08 <{a-x)f(x)d* ♦ / 808 K(a«)f(x)dx 

-a 

"i/ca miC'Y 
■ e J0 e f(iy)dy + 2i / [cos K(z-a)- cosh /c]f(z)dz = 0 . (6.33) 

C1 
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A similar relation may be obtained by requiring continuity of <p 

across x = - a , y > 1 . The incident part of cp gives a term not 

involving f . This equation is most conveniently written in terms of 

the extension of f(z) to an analytic function in the whole z - plane 

with vertical cuts from a+i to a-i and from -a+i to -a-i . The 

equation corresponding to (33) is 

-2ifca 
e_ 
sin 2xa 

a 
/ cos <(a-x)f(-x)dx + 

sin 2*a 
/ cos «(a+x)f(-x)dx 
-a 

- e"iKa/0 e"Kyf (-iy)dy+ 2i / [cos «(z-a)- cosh K]f(-z)dz = - 2k e iKa . 

° C1 

(6.3^) 

Note that the left sides of (33) and (34) are the same except for 

replacement of f(z) by f(-z) in the latter. The sum and differ¬ 

ence of these equations are accordingly equations for the even and 

odd parts of f(z) . By (10), (24) and (28), if 

and 

^(z) = îè Ò. è. i _ 

(ç2-e2)3 (ç2-e¥ 

gp 6 

f u). t3+ iêIí i gppt 
2 (ç2- e2)3 (Çs-P2)2 

(6.35) 
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then 

f (z) = (C-Djf^z) + (C+ D)fg(z) (6.36) 

This is the decomposition of f into even and odd functions. Using the 

symmetry of f^ and fg to effect simplifications, the equations vhich 

follow from (33) and (3¾) are 

(c -“ihw - e'll<a *21 ]’-K e'l<a • 

(cV2’- e'll<a h®*21 = « t'1™ • 

> 

t 

(6.37) 

irtiere 

a 
It (j) = / cos /c(a-x)f (x)dx \ 

0 j 

I2(J) = /" e‘*y fj(iy)dy > j = 1,2 . 

I.(J) = / [cos ic(a-z)- cosh x]f (z)dz / 
J p J 

By (18), 

_ 1 -i/ca _ f -ixa+i/cx ., s, 
T = - 7— e Re/e f(x)dx , 

a 

(6.38) 

and when the integration path is replaced by a combination of those 

in (38), 
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T = - ££■ e i<a {- /^ cos K (a-x)f (x)dx + Re ie~i<a Iq e'** f (iy)dy 

+ Re / e~iK& + il<z f(z)dz) . (6.39) 

C1 

Equation (32) allows the last integral to be put in the form 

; [e-Ka+Ks _e-*]f(a)dz , 

C1 

and now may be contracted to the barrier, where Im f(z) = 0 . 

Hence, the last term of (39) vanishes. By (36) and (38), 

1 «1 if A 
T = {(C -0)(^(1)- sin /ca 1,,(1)]+(C+D)[1^2)-1 cos xa I2(2)]) . 

(6.40) 

The elimination of C + D by (37) yields 

T = 
. -iKa 
i e 

sin xa[l (1)- sin kb. I0(l)] 
- -i--- 

.^(1)- sin kb I2(l)+ 2i e1^ sin kb I3(l) 

i cos Ka[I^(2)-i cos kb I2(2)] 

I1(2)-i cos kb Ig(2)- 2 eiKa cos kb 1^(2) 
(6.41) 
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4 

and similarly 

„ -2i<a . -i<a 
R = e -fie 

sin <a[l1(l)- sin Ka I2(l)] 

[1^1)- sin Ka I2(l)+ 21 ei,Ca sin Ka I^l) 

i cos ica[l. (2)-i cos <a I0(2)] 
+----> • (6.42) 

1^(2)-1 cos Ka I2(2)- 2 e1Ka cos Ka 1^(2) 

The six integrals in (4l) sind (42) can be evaluated numerically. In 

the Ç - plane they are integrals over the intervals (0,a) , (0,i oo) and 

(a,r) . The trigonometric and exponentiell factors in the integrals depend 

on values of x or y which are given by the following formulas, deduced 

from (2): 

Ij.: * = a[¿ E(^, sin’1 l)-(¿ _i)F(2L, sin’1 £)] , 
0 0 

0 < Ç <a\ 

: y = T + “ taa’1 ^ E(k, tan’1 J) , 0 < n < oo 
ß 

where r) = Im Ç = - ÍÇ 

-1 

ß n 40! 

I~: y = a 
2 . /2T2 . fT 

~2 E(k, sin"1 )- FC^sin’1/^ 
ß 7 -a¿ y r -a- 

4)1 a < Ç < 7 

(6.43) 

For computation, is contracted to the barrier, reducing cos K(z-a) 

to cosh Ky . 
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The case in which 2/ca is a multiple of n calls for separate 

consideration, as (19), (33), (34) and (37) require modification. The 

final formulas (4l) and (42) remain valid, and also equations (35) and 

(38) which define the integrals ^(l),..., 1^2) . Corresponding 

fractions drop out in (4l) and (42), so that R and T satisfy a 

linear relation similar to that of (2.20). If 2k& = n« , 

('I)" R = 1 - T . (6.44) 

(4l) and (42) may be put into another form which, while less 

suited to numerical calculations, is more convenient for other pur¬ 

poses. Notice that the combinations L^l)- sin xa I2(l) and 

1^2)-1 cos <& I2(2) which appear in (4l) and (42) are each the real 

part of a single complex integral from ioo to a- . These may be 

replaced by integrals from a+ to +00 . If 

2 00 
Kj(<,a) = K cos ^U-a)fJ(x)dx , J = 1,2 (6.45) 

then 

1^1) - sin xa I2(i) = - |x ' 

and 
(6.46) 

1^2)-1 cos xa I2(2) = - i « K2(x,a) 



! 
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Define also 

M*»6) * B f cos <(z-BL)f.(z)dz = £ I.(J) , 
21 

T J0( J’ HK y (6.^7) 

and the scattering coefficients T, R take the forms 

T = ie 
-lx a 

sin xa (x,a) i cos xa K2(x,a) 

_K1(x,a)-2n e^sln xa (x,a) K2(x,a)-2idelxacos xaigtaa} ixa 

►(6.48) 

_ -2ixa . -Ixa 
R * e +ie 

sin xa ^(Xja) i cos xa Kg(x,a) 

_KL(x,a)-2n e^sln xa ^a) K2(x,a)-2xie:L<a cos wa^(x,a) _ 

The quantities Kj(x,a) and (x,a) approach the modified Bessel 

functions K^ix) and I^x) , respectively, when a -» oo . To obtain 

their limiting forms, observe that (3) gives the following information 

for large a : 

7 - 

ß 

ß = a + ¿ + 0( j) , 

(6.49) 

These relations allow (2) to be expanded in inverse powers of a , for 

z on or (a, co) . The result may be solved for Ç , to yield 

. f"'. ,-.- 
1 , ' ’ 
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Ç = P + /1+(2-a)2 f 1+ -L + _i_ lz-a)‘ 

80 /1+(2-a)2 [2a+/l+(z-a)2] a 

If this le substituted in (35)» (45) and (47) may be reduced to 

0(à>} • 

Kj(<»a) = ^(^[1 - ^ + 0(-L)] , 
8a 

Ij(<»a) * I^kHI - -% + 0(i)] , 
8a a'3 

J = 1,2 (6.50) 

assuming that k is not small. Substituting (50) in (48), 

T = 

and 

(V«))2 +0(^00^00 

[Kl(<) -2n eiK& Sin <e. ^(x) e1*0 cos /ca I^k)] 
(6.51) 

R = e 
-2i«a 2n 8in 2K& K (<)!(<)- e2iK&(K (<)) 

+_ -*• ^ X_ 

Fir Jjfa . _ / vir— . . I*». 
[^UJ-Sne sin xa 1^(()] 0^)-2 ni eooe kbJ^k) ] a 

Î5----11 + 0(-3)] . (6.52) 
nr« 1/¾ T i !/• 11 « -J 

This expression for R can be reduced still further, when k is large, 

by noting that 

KiW Of 
îjttT" °* ) K —> 00 ; 

. *. 
t • ■ 



■ 
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the result Is 

R = e 
-21/ca/, C ri 1 

(1 + ^ î^y U +0(3) + Oie"^)]} , (6.53) 
X 61 

where 

1 , sin 2<a ^ 0 

- , sin aca = 0 
(6.54) 

The behavior of T for large K and a is obscured by the error term 

in (51). 

A direct expansion of (48) for large K may also be performed. 

If the path of integration in the formula (45) for K.(<,a) is shifted 
J 

to a vertical line from a+ to i 00 , then the dominant terms in both 

Ij(K,a) and Kj(<,a) stem from the parts of the integrals in the neigh¬ 

borhood of z * a +i . Here 

Ç = ß + Ar[z-(a+i) ] + j ipr [z-(a+i)] + , (6.55) 

with 

r = ^Ar2- ß2)(ß2- a2) . (6.56) 

Applying this expansion to (35)» 

fl(z)l 

f2(z)j 

f2(z)-f;L(z) 

2{ir[z-(a+i)]} 3/2 
+ 0 

|z-(a+i) IÏ72 

2ß i/ir[z-(a+i) ] 

*; ; :i . 

+ 0(1) . 

(6.57) 
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Now, by (1*5) and (^7) 

V‘’a) ■2 !fi 

= ‘ ~?Z \j2 t1 + 0(r)] > 
ßVnr K* K 

Kgi'fja)- K^(<,a) = ß/p -3/2 ^ + • > 
K 

(6.58) 

The last two expressions are needed for T if sin 2Ka ji 0 . Then T 

can be written as 

e-2i*a V*’a)[l2(K,a)- I^a)]- I 0<,a)[K (/c,a)-K (K,a)] , 
T-—---^-±-+ 0(e"4K) . 2id 

For all other cases, only the first two lines of (58) are needed. The 

result of applying (58) to (48) is 

^ e 2i*a[i- i e~2K + 0(^-)] , sin 2Ka ± 0 

R = < 
(6.59) 

-2iKa, 1 -2« 
^ e [1- - i e + o(—¡p-)]> ein 2<a = 0 
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/ 

T = (6.60) 

, il e'2* [1 +0(i)] sin 2kr s 0 

Note that if ein 2k& ■£ 0 , the value of R given by (59) and the 

more accurate value for large a given by (53) agree with the result 

(5.2) for the single barrier, except for the factor e"^*6 , which is 

due to the displacement of the first barrier from x * 0 . This is to 

be expected, since the amplitude of the waves below y = 1 decreases 

exponentially with increasing K . 

8 7. A CORRECTION FOR FINITE DEPTH OF THE FLUID. 

According to (5*2), the reflection coefficient of a single barrier 

with depth d takes the form 

(7-1) 

_2Kd 
when xd » 1 . The contribution, * i e , stems from an approximation 

to the integral equation for the normal fluid velocity below the barrier 

in which the kernel or Green's function is that appropriate to a totally 

unbounded region. This suggests a corresponding approximation in the 

case of finite fluid depth (h > d , Figure 3) > with a rigid bottom, 

* ï 
U. 



-58- 

i n—" 
d 

^ 1 ¡ 

Figure 3. 

are described by a velocity potential 

namely use of the Green's func¬ 

tion for a semi-infinite region, 

with the boundary condition of 

vanishing normal derivative at 

the bottom. 

The two dimensional, time 

periodic free modes of a fluid 

with free surface at y = 0 

and a rigid bottom at y = h 

<p(x)y)e Íü)t , such that 

and 

V + «Pyy = 0 ’ 0 < y < h 

(òy + K)<p = 0 , y = 0 , K = u)2/g 

dy <P = 0 , y = h . 

(7.2) 

(7.3) 

(7A) 

A solution of (2) which satisfies (4) is 

cp(x, y) = °ggh ^h-y) elEc 

cosh kh 
(7.5) 

and from the free surface condition (3), 

k//c = coth kh . 
(7.6) 
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The latter relation determines one real positive valuí; of k ® k(> k) , 

the wave number of a mode which propagates along the surface; since 

k -» K when h -♦ co , the limiting form of (5) is ei'CX '<y , or the 

surface wave potential on a fluid of infinite depth. All other values 

of k that satisfy (6) are purely imaginary, and correspond tu non¬ 

propagating modes. 

In terms of a Green's function G(x,y;x',y') with the specifi¬ 

cations 

2 2 
(*x + àJG(x,y;x',)r') = - &(x-x')6(y-y') , -oo<x<oo, 0<y<h (7.7) 

and 

(òy + k)G = 0 , y = 0 

G = 0 , y = h 

(7.8) 

(7.9) 

the following representations of the velocity potential <p(x,y) apply to 

the left and right of the barrier in Figure 3, when a propagating mode is 

incident from the left (conçare (2.l6), (2.17)): 

,.\ cosh k(h-y) , ikx -ikx4 . ,h . .. . 
,y^ = cosh kh (e + e )'2 L v(y )G(x,yjO,y')dy', x < 0 (7.IO) 

<p(x,y) = 2 / v(y')G(x,y;0,y')dy' , 
d x > 0 . (7.11) 

Wk 
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Matching these expressions in the aperture x = 0 , d < y < h , provides 

an integral equation for the normal velocity v(y) there, namely 

2/\(y')G(0,y;0,y')dy' , d<y<h . (7.12) 

The propagating mode part of the Green's function, 

ik|x-x'I 
—-cosh k(h-y)cosh k(h-y') , 
kh + ^ sinh 2kh 

is solely responsible for the asymptotic behavior of this function when 

|x-x'I -*oo , and thus, according to (10), the reflection coefficient 

takes the form 

B = 1 - .i!^ alhYan. í T(=,)cotó 

Assuming that kd » 1 , let us approximate to the kernel of the integral 

equation (12) by a Green's function which satisfies (7) and (9), only, 

viz: 

G 3 " ¿ loe[(x-x')2+(y-y')2]1//2- ^ log[(x-x')2+(2h-y-y')2]1^2 . (7-1^) 

Then the integral equation becomes 
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/¿ v(y')[log|y-y' |+ log(2h-y-y') ]dy = - jt , d < y < 

or 

^/6 V(5')log(|52- 5*2|)de' 
n o 

= .ço«hkt 0<|<S 
cosh kh 7 5 

after the transformations 

Ç = h - y , 1' = h - y' , v(y) ->V(ç) , 

and denoting 

6 = h - d 

as the aperture width. A further change of variable. 

£ = ö cos 5- 
2 7 

.2 & r, i =-5-(1+008 

enables (l6) to be written in the form 

- / log(2|cos d - cos í'|)[V sin 4-]di' 
T'- r\ C. 

2 fn cos ní cos nfl' r„ , 
J X /o-;-tv Sin Tldä' 

2 cosh(kS cos ^/2) . 
a cosh kh + 7 0 < i < n 

h , (T*!?) 

(7.16) 

(T-!?) 

(7.18) 

(7.19) 

(7.20) 
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vhere A is constant. By virtue of the orthogonality of the functions 

cos nfl on the interval (0,n) , 

oo 

■ln f = ; 
/ n cos 
o 

ní cos nfl' {! • (T-21) 

The constant A evidently makes no contribution, and since the normal 

velocity tends to zero as k -»oo , the constant B must equal zero. 

Now, 

11 * 1 • +2kh ’ I 6ln |lCMh(k8 cos |)M < <î-22) 

and substituting from (21), it follows that 

R = 1 ' sinh 2kh +2kh Ç n^I2n^k6^ 

üf 1 - l6nie_2k^d40^ 5In(l2n(k6))2 , kd » 1 (7.23) 

where denotes the cylinder function of order 2n . A comparison of 

(1) and (23) reveals the correction factor for finite depth of the fluid 

(note that the wave number correction k - < ^ 2« e is exponentially 

small), 

A=l6ne-2k6f:„(l (k5))2 . 
.J* f 1 

(7.24) 
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The sum in (2^) c&n be evaluated explicitly (Watson, 19^) > 

result 

oo 
nd^O)2 - V K^W)“- I0WI2(«)1 . (7.25) 

and therefore, replacing also k by K , 

A = 2n(<6)2 Io(xB)l2(<6) ] 

0(/c&)4 , Kb 0 (7.2Ó) 

— 1 , X& -» oo . 

The quantity A rises from zero to unity without oscillation as 

Kb increases. 

I 

I 
I 
I 
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