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SINGLE CRYSTAL ELASTIC OONSTANTS OF LITHIUK 

HARRI C. NASH ani CHAR.LBS S. SMITH 

Case Imtitute or Technology, Cleveland, Ohio 

ABSTBACT - The elastic constants o! single crystal lithim haYe 

bem measured b:, the ul tra90nic pulae~cho techniCJ1•• The result a ir. 

units of 1011 dyne ca-2 11reJ 

78 
155 
195 

1.08 
1.00 
0.96 

0.116 
0.111 
0.109 

1.33 
1.25 
1.20 

where B8 is the adiabatic bulk modulus. Theee results are compared 

with Fuchs' theoretical calc1.1J.~t:icr:. :.: i.he Coulomb contribution tr, the 

shear stiffness of the alkali metals, which in lithium is the only sig­

nificant contribution. E.xtrapol.ation or the experiment.al values to 

absolute sero giTes values for both c44 and (c
11

-c
12

)/2 which are lower 

than the correspmdl.ng theoretical values. The extrapolated anisotropy, 

C44/Cc
11

-e
12

)/2., is higher than the value predicted by the theory. 

\. 
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INTRCDUCTION 

1uch11 has calculated ~ . ret1cal values tor the shear elutic 

constants or the alkali metala lithiua, sodium, 111d pota1si111. In 

these calculations the dominant tena i1 the long-range electrostatic, 

or Coulomb, stittness. Since thia •- phy•ical tem occurs as a con­

tribution to the stittneas of all ■etals, it is dvairable to TerU'y 

th••• calculationa experi•ntally to th• fullest extent p011ible. Uth­

i1 ■ost suitable for thia pul1)oae becauae the electrostatic stittnua 

is relati ft~ a more important contribution in lithiua than in any othe.· 

MtalJ all other contributions to its shear constants are aall. Other 

1nntstigatora213 haYe •••ured the single cryatal elastic constants of 

sodium and potusium. One er the.,e, O. Bender3, attempted to produce 

single cryst.&18 or lithium., but the various methods he sployed •re 

unsuccessful. Thia paper describes a method of gro'Wing single cr,.stala 

ot lithium, aud the results of elastic constant determinations at three 

temperatures by the ultrasonic pulse-echo technique. 
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!:XPERIIENTAL PRJCEDtm 

Lithium single crystals were grown !ran a melt of COllmercial grade 

lithium in a crucible or 3pecial design shown in Figure 1. ~ unusual 

feature or this crucible is Unt the nucleation tip l• termed at the top 

ot the :aelt, and 9011dification proceeds downward !re. the surface ot the 

melt. This cn.i.cible for■ •u1 devaloped when atteapt■ to proclice single 

crystals with crociblN ot the usual shape were unsucceer.rul. Thi uaual 

crucible shape has a aall diMeter nucleation tip at the apex or a con­

ical bottom, and 1s suitable for groaing crystals of auuv- metals by 

freezing upward from the botto-n. H011ever, the high eurface tension al'li 

low density of lithium do not all01' it to now i nto a bott011 nucleation 

tip whon the inpot is melted. Also, some ot the surface containation 

on the ingot settles to the botto■ or the melt, producing spurious nu­

cleations. With the crocible or special design, illpuritie1 which tend 

to settle are at the enJ or the melt which solidifieo last, and ther► 

tore have no effect on the ?l rt or the crystal to be used. Impurities 

which rise to the surface are ski.1111u!td off before ceystal growth begine. 

The entire r,rowing process was carried out in an argc,n atmosphere. 

The sample and all airfaces touching it were lieJ'ltl.y coated with pet­

roleum jelly. This costing wae round rece3sary to 'JO• tl°'.-~ -::-.~~ical 

reactions at the surface or the s aaple. 

Briefly, the growing proce<\ire was the followinga The lithium 

stock was melted and cast into a cylindrical i~ot. Thia ingot wae 



COOLING FINS 

COLLAR 

BOTTOM PLUG 

PLUNGER 

STAINLESS 
STEEL 
WALL 

Fig. l. Crucible UNd in ~_:'Q'lling lithium c171t&la. The cNcible :h heat­

ed by a hot plat.• at the bott011 and nucleation starts at the top. 
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melted in the cup or the growing cruc! l>le and heated at 315°c tor one 

hour on a hotplate. Th~ plunger, pret.e,,.~d t'-' Jls°c., was t.~ la11ered 

into the crucible., forcing the molten lithium up through the center chan­

nel., until a bead or lithium fonned at the top. The .cijuatable collar 

h~ld the plunger at this position 1lil ile the bead ot 110lten lithiUll w1 th 

any surface contaminatio, 'WAS remond. Next the cooli~ fins wertt att­

ached to the top oi the plunger. By m.anual control, the hotplate tea­

per1ature was lowered at a rate of JO c0 
per hour until s, lidification 

wa1 coaplete. 

Under tho~ conditions the cry1tal :iuc~ a ted at the top ot the plunc­

er bore, and growth continued downward. .l large teaperature gradient, 

0 
initially about 20 C per centi•ter, •e produced by t.he :ollt>ined effect 

of the controlled hotplate at the bottal, the copper ooollng fins at the 

top, and a sta lrues1 steel crucible wall. The cnicible bottom plug a1d 

the plw,rer were •de ot llild steel. 

After cooling, the s•ple ••s oxamined far grain bouniaries. The 

coating of petroleua jelly remaining after the growing process was re­

moved by rinsing the s Sltple in xylene. Methanol proved to be a suitable 

atchant. Best results ,rer., obtained by etching tor a few seconds and 

then rinsing in xylene, repeating this process !our or ti ve times. If 

either the !&Jll)le or the etchant became too w1.rm, the reeulting vigorous 

etching :..c-l:.ion .led t -: ·.; , J.,t..:>r ,:rain-boumary definition. Thia oper­

ation and all succeeding oMs were carried out in air, protecting the 

sample 111th a coating of petroleum jelly except when etching. (The re-
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action ot t.'ie air with the sanple between etching in •thanol and rinaing 

in ~len• ia an essential. part or the etching technique. Atwapts to 

toll.ow the ea• procedure in an argon atmosphere were oo■ple tely unsuc­

cessful. A white cniat coYered tbt 1eple aa soon u it wu remOYed tm■ 

the •thanol. Thie cniat waa not aoluble 1n xylene.) 

It no grain boundaries were brought out by the etching, the auple 

was ex•■1ned by x-ray diffraction techniqma. The back-retlection I.me 

dittracticm ■et.hod uaed on the heavier •t&l.a 11 not applicable to 

lithiua becau• or the low scattering power ot 11th1WI at0■1 am the et­

tecta at theJ"ll&l agitation. Howftr, tranaailsion Leue ditrraction pat­

terM can be obae"9d directly on a tluoreecent screen. Theae haft been 

obeernd eatiaiactorily through the tour centimeter langt.h or a single 

crrstal 1pec1.atn. The x-ra,y exa■ina ti.en ot the sa nple ••• pertomed by 

placing the P■ple on a traTuling at11e and tranalati~ it thn>u~ tm 

x-ra7 be• in auch a wq that the orientation ot the Alfl'le w1 th respect 

to thl x-ray beu did not change. In thia 11a7 each saaple was examined 

throu1hout itfl ,olume. WhlneTer the x-ra7 be• croeaed a grain boundary, 

eaaily obse"abla changes in the diffraction pat.tem xcurred. 

The ciyatal growing •thod which ha■ been described ••• UHd until 

a aufticient atock ,,r single cryatala wu 1n hand. loughl3 50 per cent 

suec••• wa" ~ncountered. The c1711tal1 were tree from aoaaic atnicture 

aa jmged by- rlsu.al exaination or the etched crystala and ot the Laue 

pattema. The i~ote !hared no erldence of frozen out 1mpurit1ea am 

spectroscopic analysis of the crystals ehowd no •jor illpuriti•• Sol-
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uble magnesium in particular analysed at 0.01 per cent. 

In measuring the elastic constants of a cubic material by the ul­

tra90n:S.c pulse-echo technique, it 18 adnntageous t,o have the direct:lon 

of wave propagation alone a [llO] di.rection.4 It is then possible to 

determine each of the elastic shear constants by ai imepmdent measure­

ment. In lithium the anisotropy of the shear constants is larga (approx­

illlateiy 9). Because of this, the e~erlmental meaearement of hc4h zshear 

con.•tants on one single crystal saq.,le 18 feasible only for prcpagation 

directions Tery close to [llg. 

lacil single crystal sample was cut to produce twc, parallel faces 

pe:tpendicular to a [llQl direction. To accomplish this, the sample was 

mounted in a two-ci rcie goniometer in the x-ray beam, and the angle be­

tween the sample axis and the nearest Q.10] direction was measured bf 

rotating the sample until a GlOJ Laue pattern wu obeerved on the nu­

orescent screen. A lapping ring was made to hold the sample at this 

angle. The specimen ends were cut orr parallel to the lapping ring faces 

by means of a string saw charged with methanolJ about two hours were re­

quired tor one cut through a one-halt-inch diameter sample. The surfaces 

obtained were srnewhat irregular and therefore the cut was poe iticned 

to leave about 0.05 inches of natA :ial to be removed by lapping. The 

faces of tha sanple were ti.nishld by lappi~ them flat and coincident 
0 

with the l~pping ring faces. The lap used consisted ot paper toweling 

placed on a plate glass backing and moistened liberally w1 th mthanol. 

A tranamiasic:n Laue diffraction photograph taken with the ample 

race perpendicular to the x-ray beam provided the orientation '4 the 

___..... ..... ·- If' 
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finished aupla. All ~,,unp:U.s were within two degrees ot [p.(8 • The 

proper polarisation dtrections tor the ala, and fast shear wayea wen 

also noted from this film to facilitate positioning or the shear wave 

tral.'sducers. 

Ttie elastic conatante were measured by the ultraaonic pulee-echC' 

met:-tod. The appropriate 10 megacycle quartz transducer was cemented 

to or.) end ot the single r~rl! }.~ .. sample. At 19.s°X a?Xl 1;;01, petrol-

eum jelly wac a au:1. table c•ment. The transducer was attached to the single 

crystal sanple at roo■ temperatunt wit.11 a thin layer 0: petroleua jelly. 

The sample was enclosed in an alumimm cartridge and cooled to the measui­

ing tempenture. When cooled, the canent transmitted both shear and long­

itudinal waves aatistactorlly. ltte..,t! to use this ce•nt at 76<'r were 

un9Ucoeaatul becauae the quart.z transducers cracked. A snail • DDunt ot 

rubber dl.saoln1d in the petroleu■ jel~ produced a ce•nt which was satis­

factory at this temperature 1! the sample was not cooled t.oo rapi~. 

The electronic equipment used to produce the pulses md 1111uure the 

transit times has been described previously.' 
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RESULTS 

The primary data are the transit time measurements. The longitud­

inal and the two tra~sverse acoustic-wave velocities propagated in the [110] 

direction as found from these transit times are shown in Table 1 for the 

lithium crystal designated as "I" below. To obtain these values, the length 

0 
of the sample was meascred at 298 K, and the lengths at the measuring temper-

atures wPre calculated rlth · aid of Pearson's measurements of the lattice 
6 

para.meter of lithium at these temperatures. The lattice p,3,rameter values 

used werer ).5~0 A, ).494 A, ).489 A, and ).482 A at 298°K, 195°K, 155°K, 

and 78°K respectiTely. 

The single crystal adiabatic elastic constants of lithium were cal­

culated from the velocity data. These constants at 195°K are shown in 

Table 2 where Zener' s notation for th9 +,wo shear constants C • c44 and 

C' • (C11- c12)/2 has been used, and B
5 

denotes the adiabatic bulk modulus, 

(c11+ 2~ 2)/). Table 2 also compares the results for thre~ samples of dif­

ferent l~ngtha and slightly different orientations as measured at 195°K. 

The agreement of the three speclmens is seen to be good. Crystal I was con­

sider~d to be the most reliable of the three for experimental reasons; the 

results for it are quoted in the remainder of the paper. 

The lengths of the three ~rystals are also given in Table 2. The 

range of len~hs u~ed is not large but there appears to be no systematic 

dependence of elastic constant on length such as would arise if a "transit 

time error"' were present. This error would not be expect.ed to be larg8 

since the acoustic mismatch between lithium and the quartz transducers is 

large. Extensive experirnP.nts with dummy transducers showed no error from 

this source. 
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Table 1. Acoustic-wave velocitier.. in the [11Q} direction. Results are 

expressed in units of 1J cm sec-1 and are for Li crystal I. 

TEMPERATURE, °K 

78 

155 

195 

SLOW SHEAR 

1.46 

l.4J 

1.42 

FAST SHEAR 

4.44 

4.29 

4.22 

LONGITUDINAL 

6.69 

6.50 

6.)7 

Table 2. Comparison of the elafttic constants or three lithium samples 

at 195°K. Results are expressed in units of 1011 dyne c■-2 • 

SAMPLE c• C Bs Length 
(Cm) 

I 0.1086 0.960 1.197 1.11 

II O.lOSL 0.969 1.20, 0.98 

III 0.1064 0.959 l.193 1.40 

Ave. 0.1068 0.96~ 1.198 



- 11 -

The results for the three measuring temperatures are given in 

Table J. Also shown in this table are the values of the density which 

have been used in the calculation of the elastic constants. The densities 

were obtained from Pearson's lattice parameter measurements6 and Hutchison's 

atomic weight determination. 7 

The values shown in Tables 2 and 3 have been corrected for the dif­

ference between the actual direction of propagation of the acoustic w~ves 

and the U,l~ direction. This difference was only a few degrees in the 

~orst case, and less than one-half deeree for Crystal I. Perturbation 

correctionsL are zero for the [110] direction and were found to be neg­

ligible for the actual orientations. 

Because Barrett8 has reported that . transfonn.tion from BCC to FCC 

can be induced in lithium at 78°K by plastic deformation, the elastic con­

stants were measured at 195°K both before and after the measuN>ments at 
0 

78 K. No change in the elastic constants was obserYed. 

Finally in Table 4 are given the adiabatic stiffnesses, Cij and 

compliances, Sij 
0 

ror the 195 K temperature. Isothermal quantities have 

not been computed owing t o the lack of specific heat data at this tempera­

ture. 
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Table). Values of the adiabatic elastic constants of lithium arxi 

of the density. Elastic constants expressed in units of 

1011 dyne cm-2, and the density in gcm-3• 

TEMPERA TUR!, °K 

78 

155 

195 

C' 

0.116 

0.111 

0.109 

C 

1.oa 
1.00 

0.96 

1.33 

1.25 

1.20 

o.5454 

o.5421 

0.5398 

Table 4. The values for lithiUII of the measured &diab.tic ela~tic 

s s stiffnesses C, and the COIDputed adiabatic Cl)fflpliances S. 

Units are 1011 dyne cm-2 for C and 10-11 cm2 dyne-1 for S. 

T 

78 1.481 1.248 1.077 

155 l ,401 1.179 0.997 

195 1.342 1.125 0.96o 

2.948 -1.348 

3.094 -l.4lh 

).162 -1.442 

0.929 

1.003 

1.042 
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DISCUSSION 

This problem was undertaken to test the v&lidity of tho Fuchs 

theory1 of the electrostatic shear stiffness. In the one previous case 

where a canparison can be made, that of sodium, the calculated values of 

C and C1 at absolute zero are lower than the extrapolated experimental 

values.9 But since the exact fonn of the extrapolation is somewhat uncer­

tain, it is difficult to evaluate the degree of disagreement,. 

The Fuchs theory gives the electrostatic contribution to the shear 

constants of the alkali metals in the f orms 

1.. I 

C C>. 7422 ~ ... ) C (1) 

where "a" is the cubic lattice cont:tant arxl "e" is the electronic charr,e. 

The theory can conveniently be cor.·pared with the experimental values by 

plotting the difflf'!nsionless qu..ntity a4c/e2 Ts. temperature, placinr, the 

co11111on theoretical value for all alkali meta.ls ~t T • o°K arxl the experi­

mental values of individual metals at the measuremer.t temperatures. The 

reader may then make his own extrapolation. 

Figure 2 presents thP. experimental findings of this work, those nf 

. 2 3 Quimby and Sie~el for sodium, and a single point for potassium due to Bemer, 

toeether with the theoretical values of Fuchs, for the two shear constants C 

and C1 • (The lattice constant of potassium has been estimated rather crudely 

from the room temperature values to be 5.248 A. at 78°K.) It is seen that 

there is r~~gh agreement between the experimental values for these three alkali 

metals and those calculated fx•om 'Equations (1). 

- - ·-I 
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The experimental values for both C and C' for lithium increase as 

the temperature decreases, but the increase is not sufficient to bring 

the extrapolated values up to the predictions of Eqs. (1). On the other 
C 

hand, the experimental values for sodium at 80 Kare already higher than 

the theoretical values, and extrapolation J .,creases the discrepancies. 

The same statement holds for potassium if£ ~urve similar to those for 

lithium and sodium is passed throueh the singl t• point which is available. 

The elastic shear constants of Li, Ka, and K fall in a monotonic 

sequenc9 in Fig. :~ which is the same as their sequence in the periodic 

table. The number of nodes in the actual ~~" wave function for tha three 

metals follow~ the same sequence. In Fuchs' calculations the effect of 

~hear strain on the wave function in the region of these nodes is neglected, 

Eqs. (1) being obtained by considering a coru,tant valence electron charge 

density. These two facts taken together sugeest that a more sophisticated 

treatment of the "electrostatic" term may be all that is n~cessary to bring 

about more det.ailed agreement between theory and experiment for all the alkali 

metals. However, we consider here some other possibilities. 

As Fuchs points out, Equations (1) may be modi.tied on reasonable 

2 
grounds by the introduction of a common factor "f " on the ri~t side of 

each, "f" being physically the electron density at the boundary of the unit 

µ~lyhedron in the m~tal. Fuchs gives t t e factor "f" as unity in the case of 

sodium and potassium. Its value is unce,rtain for lithium. 

Because of the uncertainty in thf! "f" value for li thiuni, the theory 

and experiment can better be compared r,y ,inspecting the anisotropy, C/C', 

in the elastic constants, which is indepeooent of the value of "f". The 

anisotropies have been plotted in Fig. 3. Again there is 'basic agreet1ent 

with the theoretical values, but detailed di:Jagreement in a monotonic sequence 
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as noted in connection with Fig. 2. We note that th~ small uncertainty in 

the lattice constant of potassium present in Fig. 2 ~4s also cancelled out 

in the anisotropy. It is apparent that the differences between experiment 

and Eqs. (1) shown in these two figures cannot be resolved by the simple 

device of introducing "f". 

In addition to the electrostatic contribution to the shear constants, 

Fuchs in his original papers include• a term for the repulsive interaction 

of the closed-shell ion cores, and a van der Waals term. We regard the 

theoretical values of these terms as exceedingly questionable, but the 

effect of introducin~ them may be con!:ide=-cc! :L-i eu,µ.i.d1,;o,l Lei1us. For thi~ 

purpose th~ van der Waals term may be grouped with the repulsive interactio:i 

since both are short range and operate only between nearest neighbor ions. 

If W(r) is the short-range interaction energy per ion pair, or "booo" 

(such that 4W(r) is the ~nergy per atom in these BCC metals), the contri­

bution of W to the shear constants may be written1 

// I 

1: ~ "l IN -t .1. r;, IN l 

9 9 J 

I I 
_n_Co =- ~ r.0 W. 

" .3 

(2) 

where SL is the atomic volume, r is the equilibrium separation of the 
0 

nearest neiehbors, and differentiatio~ with respect to r is indicated by a 

prime. For a net re;mlsive interaction we have W" > O, and W1 < 0 and for a 

short ran~e interaction I r;wtt { >> / r;,W' / • Thus these contributions to the 

theoretical values will be positive for C, and negative and smaller in mag­

nitude for C'. Inspection of Figures 2 and 3 shows th.:;.t the agreement of 

the::>ry and experiment for lithium cannot be improved for both C and C1 by 

the introduction of such a term alone. The theory and experiment •.:an be 

brought into ~r. tailed agreement in the case of lithium 'by assuming reasonable 
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values for CR and CR' anc combining these with a suitable value of r2
, but 

this process amounts to satisfying two experimental numbers by three free 

parameters arxl we do not feel justified in pursuing the point. 

Bardeen10 has calculated the bulk modulus of lithium at absolute zero. 

This val~e is shown in Table 5 together with the values determined in the 

present work. The r"'der of magnitude agreement is good. Also shown in this 

table is the room temperature adiabatic bulk modulus obtained from Bridgr.ian's 

data by the: following approximate relat~.onr 

8s 9 : C>< 1.. 8r_) 
/C,:, 

where ~ • o • .532 gm cm-3, and ~ • 46.6 x 10-6 deg-l were taken from 

P 6 C O 816 1 -1 d -1 (11) 11 -2 (12) earson , p • • ca gm eg , and Br • 1.127 x 10 dyne cm • 

The agreement is considered satisfactory, cons~dering the inherent diff~cul­

ties in Bridgman's method of measuring &r of li thlwn. 
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Table 5. Experimental and theoretil;al values of the adiabatic bulk 

modulus of lithium. Results c:re expressed in units of 

1011 dyne cm-2. 

=========================================================== 
TEMPERATURE, °K BS SOUR.<Z 

0 Theoretical 1.19 Bardeen10 

78 Experimental 1.33 '!'his paper 

155 Experimental l.25 This pape:r 

195 Experimental 1.20 Thi!! paper 

303 Experimental 1.17 Brid~12 

-~- ..,, - &.a 
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