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ABSTRACT

Meny wvriters have heen ~oncermed with the problen of justifying
the uss of stendard tests based on pormal theory asswmptions vhen ip
fact the underlying distribution is suspected of being non-normal.
This ressarch hes besen concerned mainly with tests based only on
univariate situations. They bave found that the standsrd ¢ and
P tests are remarksbly ineensfiive to deviations fronm normelity.

¥ere, the sulilvariate generalization of the t <teat iz investi-
énted. The Tirst four permatation cumulacts are deteramined for &
statistic vhich 13 & simple Tunction of ths commonly used Bots.liing's
2%, In ths wnivarisse situatica T® simply Yecomes the syuare of
€, and tests bDased on I° sre ldentical vith tests based oo t.
Ccoaplete detells of the inveatigation are caxzried through for coly
tw dimsgsions Yut similar mstheds should spply to sore dimsmsions.
he derived purmxtatios cumilsnts are applied to data obtained from
» saapling sxperiment. The seaplss are from bivariate norms)l and

y Fectangular populations. The ssples drawn from the oorsa! populs-
tim served as a verification of the theoretical computations and
8i10 providad a compaTiion for the empiricsl resuits bdeased on the

v s&aEples from the rectanguler populatios. The sctual expivical cal-~
culsticns consisted in obteining all the permutations of the statistic
uasd (& function of T2) for each semple and obtaining freguency dis-
*Tivubivas of bhe nuwm.ar of persutations which give values for the
statistic vhich are grester than those obtained from normal theory

sssugrtions for & certain significance level, 1% iz chserved that
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theva is mild disagreement betwesn the nominal percentage point of
the test based oo ths assumption that the underlying distrinhution is
normal and the actual percentage point obtajined by considering s}
permutations of each sample from the reciangular population.

A discussion of various veys of adjusting the test criterion is
included when cone suspect. that the data does not come from a normal
dietributicna. These methodsn are used on the samples from the rect-
sngular distridution. OQne of these methods provides excellent agres-
wout at the wvarious significance levels investigated,

Suggestions toward directions for future investigations are given.
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Chapter 1
IRTRODUCTION AND ONE-DIMERSICMAL CASE

1.1 Introduction

The prodlse of justifying or modifiring analysis of variance pro-
cedures whan the form «f the population governing the observations is
not known to be normm) has been investigated by Pitasn [12], Welch {14)
and othera (1, 3, 7, 8, 9). The earlier papers of Pitman {10, 11]
mds it clear Lhat he originally set out to find an approximstely non-
piramsiric test based on qusdratic expressions. Pitmen [12] goes
dseper into the randoms zation theory for the aimple two-way layout
the.. does Welch.

The problem considered bere ig the exteniion of Pitman's analysis-
of -variance rsndomisstion test to the case of mors than ove response.
8Such an extensisg might, ir the case of two treatments, be expected to
iead to justificaticn or sodification of the use «f Hotelling's T°
{5]. Pull dsteils have besn carried thisugh for cmly the case of two

treatmsnts and two responsss.

2. Pitean's Treatment of the Uniwveriste Cese

Bince the multiveriste problem vill be treated alimg ths lines of
Pliman's treatment of tde unimriste csea, it oedms logicel o begiv by
outlining his procedure. He considers X blocks (csiled "batches” by
Pitamn), each consisting of » indfoidusls,  Each sat oF B Individeale

49 not necessarily comsidered as having come from & lavger population.
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The 1 treatments are assigned tc the individusls of & block at random.

he experimenta) arrengsment 1z

(14

hus io the Torm of rendemized blocks
and the intarest is in testing vhether differences in treatments have
produced any rsal differences in the r»sponse measured.

For k blocks, each vith n treatments, the rasponses x5y can
be displayed as follows

1 %zt My

%,

21 X

22 eos Xa,

sess:rvescerecroReser e

xkl sz see ln

vhere Xy xar, sesy X 8TE the responsas of the k {ipdividusls
subjected to treatment .

Lot
n
1
o= Tha*y
: X
X5 0t K|ty 11
1 8 1 £ , ko2
and x o= Tamty " RN ot Eoaeogm Xy
X oa
The total sum of aquares S v defined to de 1=l J2L 1), This sum

of sguares can be partitioned ma follows:

3

k k a
B o= yhhxgy m e s By -z ek Eixg-x ¥

¥k n
P - - .
+ 15_11 ,35. gy =%, =%, +xu) 1.2
where the fousr gusntitles om the right of equetica 1.2 are respactively

the sum of syuares (M) assignable tu the overall mear, bloexs {A)},



treatments (B) ond residual {C).

The usual snalyeis cof variancs retio for testing the null hypothesis
Ro: the effect assignable to treatment J 13 zero; versus the alterna-
tive hypothesis Hy: the effect assigneble to treatment J 18 not zero;
for s11 J ls

n

K G (g o )Y .

1% ng (xij -x -x - x")’/'(nol)(k-l)
In order for this ratio to bave an I distribution with (n-1) and
(x-1){n-1) degrees of freedom, it is sufficient that the Xy be
random independent cbservations from normal populations with the same
varisnces. It is also necessary o assume that the effacts of blocks
and treatmants are additive. Anaiytically, this last assusption
states that the means of the normal population associated with the indi-
vidual cells are assumed to be of the form:

u '“*”1*"3

13
vith
mi-o and 213-0.

The paraneter i 1is the aversge of all the population means, 91 is
the averwge effact essignable to block i, The assumption of additi-
vity impliss that 1f Llock i gives rise to a measurement ten units
greater than the weasurement on the same treatment in some other block,
then any other measurement jn block 1 will be ten unite larger (in
the population mean) taan the corrcsponding measurement in the other

block .

B . e Bt By A
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It can be shown that the sums of squares on the right hand side of
equation 1.2, wvhen divided Ly o2, the common population veriance,
sre each independently distributed by chi-square laws with (k-1)}{n-1),
(k-1) and (n-l) end 1 degrees of freedom respectively. It follows,
then, that under suitable mssumptions expression 1.3 1s distributed
according to an P with (n-1) end (k-1)(n-l) degrees of freedom.

Instead of the F ratlo, Pitman [12] considered the ratio

W o= s E{Trestments )®
I(Treatoments }® + L(Resi

This ratic will now be denoted by W = B/(B + C). Under the above
assumptions B and C vhen divided by ¢® are indspendently distri-
buted a8 X*'s with (n-1) and (k-1){n-1) degrees of freedom respec-
tively. It follows that W has a beta distributiom with (n-1) and
(k-1){n-1) degrees of freedom.

Pitman [12] treated the problex of testing the pull hypothesis
that the treatments are all equal without making any assumption sbout
the xu. IZ the null hypothesis ies in fact true, the value of W
observed is the result of ibe treatments, nov mere labels, being dis-
tributed at random to the various individuals in the blocks.

An equally likely value for W would arise if the observed res-
ponses were shuffled within tha blocks. Consider for example the cese
of three troatments and threa hlocve uhsrs Uhe Gale sre given i1n Tadble
1.1(s). The value of ¥ from this sct of obseivaiions 18 21/6%.

If the null hypothesis 1s true then the otserved vaiues 4, 2, -3 in

Block 1 might bave appeared in the order 2, -3, 4, say, and Blocke



7 and 3 might have read 1, -2, 2 and 0, -1, 3 respectively as
given in Table 1.1{t). After this ehuffiing, ¥ = 57/65. It 1s to
b+ noted that the biock sums of squeres remains unchesnged under auch

reshuffling. The sums ¢f sqQuares wihjch do vary are treatment and

Table 1.1
Treotnents Treatments

Blocks 1 2 3 locke 1 2 3

Y o2 -3 1 2 -3

2 2 2 1 2 1 2 2

3 ) 3 -l 3 o - 3
Treatment sum of squares: 14 38
Residual swa of squares: B3/3 16/3
(2) (v)

residual. The pumber of different values that W can take oo for
thie example {s exactly the nurmber of ways in which the blocks can be
reshuffled in such a way that the treatment means are different from
every other set of treatment means obta'‘ned fram the other shufflings.
The number of values of ¥, each value being equally liksly, for the
case of n treatments and k blocke l1s the number of ways that o
numbers can be arrangsd (n!) raised to the powsr k, the number of
blocks. These (n!)x values of W contaip multiplicities becmuse
many of the shufflings vill give rise to wvhat is eguivalent to inter-
changing the colums of numbers in Table 1.1(s). The number of such

different interchanges is n!, Thus the pumber of distinct equally

o ke i ok 1 S Wb ey



likely values of W {8 st most (n&)k/n! or (n!)k'l. At most refers
to accidental equalities of W dun to the date being rounded. An
axaet teat for the nul) hypotheetlz would be Lo cogpars Yhe aclual ouserw~
ved vajue of W from the experiment with all the other values of «
from ths (ni}!’“l shurfflings. If not more than some pra-assigncd b

of these (n! ye-l

values of W exceed the experimentel vals cuew re-
Jects the null hypothesis at the 0% level. To avoid the computation
required to find all theze values of W, Pltssn investigated the dia-
tribution of W when the underlying disirivution devi.tes from ncrrmlity.
There are tvo different d'siributions ¢f ¥ Dbeing dilscussed. Ove is
the distridution of W which is associsted with the underlying distri-
vution agd hence does not depend op the indlvidusl velues of the sempls.
the other i& the dlstribution of ¥ obtained from the peraxtations and
depends divectly on tha sangple. Tusse distrivutions will be éenoted

by wcenditional and conditional respectively.

Under the sasumpiion that the underiying distridbution is normsl,
the uaconditional dlstribution of ¥ 15 & beta with (n-1) and
(¥-1}{n-1) degrees of freedon. If W deviated vexry little from the
wets distribution for any ressopable underlying distribution, then cpe
«ould "essume noymality” and procesd to use the F test without too
wuch concern, since & “0f test” would, in gaperal, reject really
true null hypotheses approximstely of of the time.

% vas shown by Rden end Yate: [3] that there was good agreesment
between the beta distributios and the conditionsl distridation of W

in & particulsr sampling esperimspt. Pltasan [12] obtsined the first



four permutetion momentz of W in torme of the first four moments
and cumalants of the choervaticns. Welch [I%], 1a tbe péper that
parsllels Fitusn's, obtaiped only the first two moments. By looking
at the moments, Pitman wins able to draw certain conclusions sbout the
distribution of W as tle underlying distribution deviates from
normality. Pitusn's moments cen be made to look simpler and hence

easier to study by introducing a change of notation. Lat

2 2
o - g_!-:l(xi -x')
X -
£ )3
- 3 tere RN R
k].’l %JGJ vhere k3j ¥ T
k
Y

ku - GJG: vhere kkJ - élé(-;i—!—{—:ﬂﬁ- - 3u§
The notation I" 1is used to denote summation over all subscripts
contained inaide the sumsation omitting all teims of the sumstion for
vhich the subscripts sre squal. Purther "avep” {s used to indicete
that the average is being taken over permitations within blocks. with

these notational changes Pituan's moments nov appeAr ss

k P
- ¢ b cicf
Y '3 Feey LY b
GYCEI\W ~ avypiwy ;] = "—"S % 2
k“(n-1 2
z
(x o)
4 b4
w 222 3,
3 " g ¢ a h{(n-1)(n-2} 2" g g 0 0
e 3 - g, -V
svep{(W - evep{W})’) = PR P B Y 3
Bila=l; (E o )J L (: 52)3
¥ O




K 22 : £, 22
. 12 (" olo’) b ™o
avepl [V -apegiy] )"’} - 9 .lk,,, Pa v ps
e ye o . 1 o
K {n-l) (x u;)h k (n l) (n+d) (L o )14
K o~ k
. L8 {."zi;a;oini . 8(n-i)(n-'2)(n-3) L"z G ahoh
3 0k . 5 3
k (n-1) vk k n”{n+l) 2.4
(2 &) (2 o)
kK »
96(n-2) 2" B a e
. " r
Ko N
(5 o)

[}
These formulss cun be sinplified somewhat by letting T = L .
\/ z ai
Also inetead of giving the first four mowents of W we will write down
These are il average, variance, skewness and elonge-

cwmlants of XW.

tion (or kurtosis).

avep{xW) = 1
(x) ((xi (i) )2 L3 22
varp = avep((kW - avep{ku} )} = ETff ‘I’p‘rq
. 8 kK 222 a-1)n-2) &,
skep{kW] = avep{(kW - svep{kw = = I"rTrTr o+ A4
plkv} p{( ep{ k) }°) GaE I —-‘-—-—2{-—13 2'a 8y
o 2,,2
elop{kW) = avep{{kW - avep{xw)) } - 3{avepllew - avep(kw))*))
LB k 2D ia k A~
- - [l Sk A R vt 15’ +
{n- .L) “(ne1) ¥ P9 (11-1)3 1 K4

.y X k
nd -(—-—)i—v—”.{ n-3 2 G G T *rb + 26_{__5_)_0 = i:"&paq'ré'rzil Ti
n

n5(n+1)



0f these four cusulants of W -~ aversge, varispoce, skewneas and elen-
gation -- only the average is independent of the particular observetions

from “he experiment.
The mesn and varisnce of a beta distribution with (n-1) and
2{k-1
2
k (ko - k+2)
The average value of W obtained from rendomization is thus the came

(k-1)}{(n-1) degrees of freedom ar= % and respectirely.

as the aversge value for the beta distribution with the proper number
of degrees of freedom. Vhen the variance of the beta distribution i

equated to the variance of W one gets the condition

2 z,.1_272 - 2(k-1
n-17 pq kn - k2
2 2 1
When all ¢.L= block veriances are equal then Tp - Tq -z for 1< p,

Q < k. Thus the left hand side for egual block variapces becomes

2 k(k~1) u 2(k-1)_
(n-1) K x(n-1)

The right hand side of the equation can be written as [ i_k'l‘_
vhich is alweys smaller than g{-:—%%— but by an amount wh.ch becomes

smmll a8 k and n increase. The value of the left hacd side de-
(k-1
X{a-

than the othera. Thuc the variance of W 18 not greater than 2-1—-)3’{"“ /—
k’{n-1)

creases from to zer, as one block variance becomes much lerger

and {t takea this wealne wvhen the blosl woriancss are sgual. Woen e
variance of W is near a maximum, the conditional varlance sagrees well
with the variance ¢f the appropriate bveta dlstribution,

If a few of the block variances are very large relative to the




- 10 -

others, then the conditional varisnce of W wil: be smaller than the

varisnce cf the corresponding bele distribution. Pitman sugg=ats three

possidbiliities when this arisee;

{1) Diacard the blocks which have large variance relative to the other
blocks.

(41} Fit a beta distribution by the use of the first two moments of W
(investigated b Welch [14])., This will wean a decrease in the
number of dagrees of freedom in the beta distribution which applies
under nermality.

(1ii) Make a1l block varimnces equal. This of course requires the cal-
culation of each of the block variances snd the adjustment of the
cbssrvatione in each block to meke the necessary changes in the
block variances.

One should not coneider doing (1), (i1), or {(#l} 1if suitable
normality assuzmptions can be made, even if the block variances seem to
bs very 'mequal.

Shevhart ¢~d Winters [9] tested Student's = distributiocn for
the two-sample problem by taking samples from normel, rectangular and
right -triangular distributions and found that there wvas only satisfec-
tory agresespt for the case of the sample from the normel population.
Peertor [7] 414 & sinller apalystis for sampies drawo from several non~
narmal Pearcenicn Adstributicus bul bis resulis were somevhat inconclu~
sive., Rider [8] has treated the case of samples from U-shaped dis-
tributions and Baker {1] has similarly treated theoretical non-homogeneous

populations.

WO 2 o o o . I
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If the block variances 02 are all egual, or approximately equal,

1
the second moment of W under rendomization theory will be too large,
but this has an appreciable effect ouly when Xk snd n are saall.
Tve veriance of W is fairly insensitive to changes in the values of
the block variances vhen k is large. Pitmun recommends tha. the
second moment of W be calculated and compared vith the variance of
the appropriate beta distribution when k or n 1s less than 9.

Pitman further remarks that {f a beta distribution iz fitted by mesne
of the first two moments of W, the third and fourth muments & likely
to agree well provided that the second moment is ot too smll. Por

equal block veriances, fitiing a Lets distribution in this manner gives

s good approximation provided k(n-l) is not too small.

3. Some Further Remarks

Besides lhese regults of Pitman, other writers have investigated
the analysis of variance procedure when the underlyling distribution 1s
non -norwal .

It is often suggested that before mnking an analysis of verieance
test it is wise first to make a test for homogeneity of variances (e.g.
Bartlett's test). Box [2] shows that when little is known of the form
of the underlying distribution, meking such a test is often more dan-
gerous than omicting it. Box further states that vhen thera are unacual
treatment slwes iy and the veriaaces from treatment to treatuent are
suspected of being unequal, then {{ seemz that the usual sralysis of

variancs procedure that eays to pocl the wichin trestment estisstes



should be replaced by s criterion that erploys s weighted estimate of
e’ :aen treatment variance as suggested vy Walch {15] zad by James [6]).
To illustrate this, sesume & witustion in which wve have n t{treatments,
the <'I' treatsent having k( units. If s{ 1@ the estimate of
verignce for the 1B treatment, x;, 1is the mean of the 1'B treat-

n k ki
ment and x, . = E) L) "1.1/1&1 k; 18 the overall mean, then the

2 2
criterion would be 12“1(::1‘ - x”) vbere v, = ki/ni_, in place of
E 2,2
the ususl pooled estimsmte critericn *:’l‘xi -x )/s Wi Te

2 121(1‘t - l)lf /i;i’l k . In fact Box suggests that the criteriom
based on & weighted estimmte of the betveen treatment varionce might
aven be used for the case of equal groups where heterogeneity of variance
might occur. The criterion would be 12:1("1. - x“)a/{: instead of
the usual i.rél(xi. - x“)e/fs2 because it sesns more reasonsble to weigh
those trestment pesnz which have large within treatmsnt variauces less
than those treatments which have smelil vithin vreatment variances. This
criterion seems sensible to use if one first computed the covariance
between (xi_ -x )2 and -12 and found it toc be positive, as, it is

hoped, would wsually be the case.
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Chapter 2

DYADS AND DYADICS FOR THE MULTIDIMENIIONAL PROBLEM

2.1 Two Treatment Multidimensional Case

Conslder a tvo-way layout as in Chapter 1 with k blecks but
with only two treatments per block. Suppose nov that several charac-
taristics are measured on each fndividual, instead of but one, as was
the case with the vork of Pitman and Welch. The two-vay classification

~an b displayed +«s follows:

TREATMENTS
BLOCKS 1 2
= 1 *12
2 *a1 Y22

X W e

where x 11,2, .00, k; J=l,2 {8 the measu-ement of tie

15
response of the J"'h treatmeni applied to an elemeat in the 1Y% block
and 15, 1n general, a m-dimensional vector. The k%3 component of

x 18 the responss of the k' character measursi on the 1% vlock

1J
subject to the JYM treatment. Detsiled consideratics here is iimited
to onle L90 LrGaluxnis, DUL the nethods used should geperalize tc includs
more than two treatments. Thus it mixht be possibls to find results

for multidimenzional analysis of varisnce that are suitably analogous

to Pitman's resulis in the univariaie case.

S e e A 58,
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2.2 Multidimensional Mathematical Tools

One problem that immediatsly arises in the multidimensional case
is that 5f understanding the meaning of vhat, in a single dimension,
wap & sum of squares, For exarzple, we have to be able toc sgeneralize
the meaning of such things as 1§l JnEl(xia - x“)2 vhen the x5 and
x“ are m-dimensicnal vectcrs. It is nlso necessary to define them
in such a way tha'. they are converient to use. One way of defining
sums of squares of vectors was treated by Tukey {13]. He makes use
of quentities called (by Gibbe {4#]) dyads and dymdics. Dyads are

formed by the "product” of vectors in a way best shown by the following

example ;

"‘1‘2 alb >

(al) bl)‘(.?' b2) - a b b
271 17¢
The sum of two or more dyads is called a dysdic. 'This addition to

form & dyadic is performed componentwise:

Al bl cl\ 52 b2 °2'~\ ‘1*32 bl +b2 r.tl+c,c
dle be + d2e2 f‘2 - d1+d2 et fl+i‘2

1 1}
& B i & by 1, B, + & hy +hy 1) ¢,/

<

These operations ne2d not of course be restricted to two or three
dimensional vectors. For an analyais of variance with vectors incstead
of scalars, we may replace the sum of squares by & dysdic of sume of
squares and cross-producte. The suma of squares resuvlting from a set

. 2
of k m-dimensional vectors will be & dywdic with m components.



As an exemple consider & deaign consisting of only two experiments
with two measurements being taken in each experiment. Suppose thai the

resuiis are &8 follove:

Experiment
Character I Il
A 5 3
B 3001

The dysd which is the comtribution to the tolal sums of syuares and
cross products from the first experiment is the product of the vector
(5, 3) with itself. Thus the total sums-of-squares-and-cross-products

8 1is the dyadic with four cozponents

a5 15 o2y (29 17
8 = (5;3)0(5;3) + (2,1).(2,1) -( ) + ( ) - ( )
15 9 2 1 17 10

2.3 Dysds as Applied to a 2 x k RExperiment in m Dimensions

We will now proceed to spply these miles of operation of dyads
and dyadics to the 2k vectors given in eection 2.1. Let ¢y be
the difference vector (x,, - x.,}. Furthermore let ¢ o for

11 i2 171

1 <1 <k be the set of differance vactors when the x,J are permuted
within block 4. In this way, ¢; = +1 1f the differesce vector 1s as
found from the ¢.gerved data and -1 if the ditference vector is ss
found afier interchanging tha vectsrs in hlock 1, The iolal “swm of

squares” of the differe-ices for such an errangemsnt cen ve partitiocned

as follows:

e e a3 sl S
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k - 1 k 5
z N . e 3 ¥
i-;(elt'i’) !-{(1-1 €0 ¢ RESITUAL
: 2 1 8 2
tet A= I(ee), B = Frege,), and C = RESIPUAL

Purther let us dancte tha components of the m-dimensional vector €4

ear 2
by (4., €8, ... ‘1'1-)‘ Then A 18 & dysdic with @ terus

obtained by adding k dyads, the 1th  one of which ie

®1 21%2 vt %11™p
a ‘2 a, . 2
%1%12 12 12%in
a,.8 a,. . .2
11 im 127im im
Thus
\
kK, X K
153 Brate o 15%%a
Y. :
ihtate B R AT ol T

A =

.

. .

¥ X
b b
$=1%00 %y 1m®2% e

K
2
Z
1-l&im /

B, on ths otker nend, ls a dyad which is Tormed by teking times

"

the product of a vector D by itself where D 1is obtained by summing

over the Xk blocks.

the m-dimensicawl vectors €9,



X K k
D= Ghemne (Bt o 1 Ri6tia)
X . k K x k
’ T .
heay) Ghegrsn )G Eemy) Gheaen)Gae L)
Aol . -
£ £ Lea ) L L
B= %D‘D o Gheta)Ghete) Ghes) v GEs )Gt )
' K X K
YL oy
Gheen)hemm) GRato)hie® ) Gy )
K 3 ¥

Pitman considered, in the univarlste case, vhat wvouid, in the

present notation, be denoted by B/(B + C) where sach would

€ty
then b3 a scalar, Since B + C = A, the ratio may aleo be written
B/A. This ratio in the univariate case ig merely a (dimepsionless)
numerical quantity, The "ratio” which will be used hers in the muiti-
dimansional eituation is B/A looked at in such a wvay that A remains
constant. A convenient constant for A is the m x m dyadic whose
dlagennl elements sre all one and vhose off dlagonel elements are all
zero. A further discussion of this “ratio" B/A is given in Chapter
3. It would then be enough to compute moments of this newv dyad.

Purtbermore one would not need to attampt to attech a meaning to the

“ratio” of an artitrary dyad and an arbitrary dyadic.

This simplificat{on requires that Eiui.j’ 1=1,2, ..., k and
ko

J =1, 2, ..., 3 ue reniaced by new pumbers Ql‘i“) such that ;213"; P
kv il I

for L<p<m ad La

Liajal =0 for 1 <pfFg<n. Toe class ul
rig
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transformmtions which meet thess requiremants 1s & linear one. or

the special case of two dimensions & trensformation satisf'yisg these

requirements is given by

k
%tp2
a, - & Pl pe o
1 X, 1l
. 11 , La”
&y " X and 8/, “LQTR&
2 2
Z a e Za.a
/p-i pl £fs - p=lipilp2 , \
1 a2 [ gl
4\ £ g2
p=lpl
This is only one of many transformations such that
La2 . 1,02 :
M ' s ' ' »w i & -
Apl = p_l&pa 1 and p-laplapE D Tre class of transforme

tione, of whi:h the transformmtion given by equations 2.1 is & member,

consists of all ‘;l' 3;2 such that

a* « a' cos 8 -a' sin 6
p2

Pl Pl

2.2
* - ] ] &5
e.p2 “p2 ein 6 + .'pe cos &

vhare 0 <@ < 2x. Mathematical definitions for the class of trens-
formationgs for the geoeral m-dimensional situation follow directly

froa the twe dimensional definition given by 2.1 anda 2.2.

2.1



Chapter 3

PISCUSSION OF THE CRITERION B/A

2.2 Partitionin

F of tha Com
.4 reruitlionln & Wl Lan GiLln

Congider for the present the general univariaste case of n
trestments in k blocks as discussed by Pitman. We axe given

the measurements

th

where xij ig the observed response of thr 1 block subjected to

the th treatment. The most general quedratic form relating these

1
xi.1 s 1s given by

k. n k n
¢ = I h iE B entgXe 3.1
In order for Q to be invariant' under interchanges {shuffling) of
blocke among themselves and of treatments among themseives, certain
conditions involving the aiJIJ

conditions, suppose that JJ 1s fixed. All termm in ¢ for which

are neceguary. To determine these

this is true are

kX k 4
) = L ! o
1=1 1 ®1750% ILTRTILIE AIT PR MUIRIE IO 3.2
Suppose all but two of the X, 3 are zero. FPurther, suppoge that the
tve non-zero x,,'s Appear 1n the same block.  Let ue deaote these
~

B e ot 2 PR %3 CE ﬁb:w.;ﬁy,_—,qﬁ.qﬂ



x by x and x__. The first summstion {let 1% be dencted by

1w %y pJ o ‘ i

£.)} on the right hand side of acuarfon .o will Rave cxasily oo

b

nou-zero tern a X_ X .. suppese now the blocks are shuffled so
PIpd ) Pd

that block p no longer contalus the two nou-zero xlg'a, the value
i
Y- te X b J
of the only non-zero torm in 2‘.l will nov be ap'Jr"pr'pr'J where
block p' {8 now the blocek contalning the non-zero xu’e.. Unless

-8 & will not remein unchanged under shuffling

*papy T fpraers T Ny
of the blocks. I we rnow suppose again that only two of the xm's

are non-rerc but this time assume that these two non-zero xu‘s are
in two eeparat= blocks, the second swmation (denoted by !:2) on the
right hand side of equation 3.2 will have exactly two non-zero terms
GPJQJXPJXQJ and anpJXqupJ' Again, supposing that the blocks are
shuffled, it is necessary that the coefficients ap,}qJ and anpJ be

constant for fixed JJ. Thus it 1s necessary that equstion 3.2 te

of the form
kK K " K
- z *
& Bttt T %0 5%t * Pr 1, Fer® gt 3.5

By reversing the roles of the blocks and treatments and rejeating the
sbove argument it folliows that a general quadratic form satisfying
the required symmetry with respect to blocks and trestments can be

partitioned as follows:

K no, n k k n k n
o z e - i1 ; x\l N1
o=l By ek ooy ok g Rt 4 T g Rty 39



3.2 The Adequacy of Studying B/A, provided A f6 scaled as 1.

From the pregediag argurents on the partiticoning of s quadratic
form it follows that the total gum of sguares ol the xij‘a can be
partitioned into four parts. With some algebraic menipulation the
partitioning can be reduced tc a sum of squares involving the mean of
the xi‘)'s, one invoiving the means of the treatmente (X.J)‘ one
ipvolving the meane of the blocks (1»(1 .) and finally one involving
both the treatment means and the block means (residual or error sua
of squares ). Without sny prior information on the mean of the undsr-
1ying population, any cr.verion which tests for the dffference betveen
treatments should be independent of the overall mean. Since, moxeover,
randomizations within Llocks leave the bloca sum of asguares unchanged,
we nead concern ourselves only with a criterion involving the treatment
sun of squares and the error sum of sguares. Theee two sums of squaree
vere denoted by B and T in Chapter 2. A ratio involving B and
C 18 chosen arvitrarily, fcllowing the Pitmau approach. The most
geverel ratioc involving E ana C 13 of the form (uB + BC)/(7B + BC).

Consider for the purpose of {jlustration the anscial case vhare
only two treatments are under test and where unly a single response is
baling measured. Luppoue that «e scale the measurements such that
B +C = 1. We will derpote 2 Ly By eand € by €3 wwler this
acaling .

Swppose AL experiuLt consists P ive blocks with twe treatments
pes vlovk and one L aperiuent on each treatzent in each block. The

respouses Can e exoressed oy {ive numbers which are the §ifferences



of the yfeirds in the five blocks. Furthermore, these five differences,

call them a can be displayed as points on & line as shown in Figure

i)

3.1, If we now change all the signs of the a ve obtaln five more

1}

[« =

ik Atﬁ )il 53‘3:2

Figure 3.1

points %o place on the lipe which are the sams distance from 0O in

the oppoaite direction as showr by Figure 3.2. By a rescaling of

TR AT L% ; = - |9

\n

Figure 3.2

these differonces e, we cén find & unit of measuremen. such that

1
5
ra? « 1,
ial 1

When thies has been done, any particular randomization R giviag rise

b
or -1 {depending on whether a, o~curs without .r with & chenge of

Yo differences (5351' € 8-, 5393, €8y é,)aﬁj, vhere ¢ le +1

) rat E(ca )’ el. m r 5( 2
sign) is auch tha 15'1(“1&1’ « 1. w sum of squares T, iiti)

is B +C and any criterion based on the a, other than one which

haa B + C = 1 {or some other convenient constant} or s multiple of

~

B + C 1n the dencaiinator will have a dif'ferent denominator for each

rardomization chosen. The numerator can have any linear comdbination
5
of L aund %).-(‘Z“)eial }° = 2. A remsonsble criterion is thus of the



form (aB + 8C)/(B + C). However, by finding the randomization
cumulants for a special case of this criterion, numeiy B,/{B + C) or
B/A scaled such that A = 1, one can then find the randomization
cumulants for the rmore general criterion (B + 8C)/A.  The Jormmles
relating the randomization cumulants for the general criterics (GB + BPC)/A
in terms of the cumulants for B/A are pow derived.
avep{aB + BC}) = a avep{B] + p avep{C]
» O avep{B) + g avep{l - B)

= (a -B) svep(B) + g

vaxrp{op + BC} = varp({a - B)B)
« (a - 8)2 varp(B)

skep{aB + BC) = ekep{{a - p)B)
= (o - )3 skep(B)

elop{aB + BC}) = elop{(a - B)B)

. (o -8)" elop()

3.3 Multivariate Analog of B/A

In the multiresponse situation the condition B + C = 1 becomss
B+C el where, for the case of m responses, I 18 & mx a dyad
vith 1's on the diagomal and O's elsevhere. Again 1t will make
no dif’erence whether we are conaidering B (B under tha conditioan

B+ «I) or C. or some linear coabination of B, and C,. As

I T

was the case in the univariate situation, the randomization cumdants
for the criterion 5 with suitable scaling so that A = 1 are suffi-
cient for obtaining the cumulsats of any arbitrary linear combination

of B and C.



avep(aB + BC,

varp{oB + pC)

sxep{aB + §C)

Pinally

alop(as + BC)

v

i

=
i

avep{aB + B(1 - B)}

—

&I + avsp{{a - B)F
81 + (a - p) avap{n)
varp{a® + B{I - B))
varp((a - p)B + pI)
varp((a - p)B)
avep((a - p)Bo(a - B)B) ~ avep((a - )B) avep((a - 8)p)
avepl{a - p)2p.p} - (@ - 8)° avep(B] eavep(B)
{a - ﬁ)elavep(B.B) - avep(B} ,avep(B)} }
(a - 8)? varp(n)
skep{oB + B(I - B))
ekep((3 - B)B + 81}
skep{ (a - p)B}
evepi [(a - B)B - avep((a - B)B}).[(a - B)B - avep({a - B)s} ],
{{@ - @)B - avep((a - 8)B) ))
evep{(a - B)(B - avep(B)).(a - B)[B - avep(s)).
(x - B)3B - avep(B} ]}
(ix - 8)3avep((B - avep(B) )o(B - avep(B} o (B - avep(B) )}

{a - 5}3 skep{B}

elop{aB + B{I - B))

slop{{a - £)5 + 81}

elop{{a - By

avepll{a-8)B - avep((a-8)E}lol(@8)B - avepl(a-8)8} ]
[{a3)8 - avepl(a-p)B) Jol(aB)s - avap{(a-# )8} |j

- 3 varp{{a-8)B) Jvarpf {a.4 n)



avep({c-B)[B - avep(B) le{a4)}[3 - svep(B) Je(a-#)[B ~ avep(B} .
(1-8)(B - avep(3} ]} = 3-8} varp(B)e(c-p)® varp(s)

(Q-a)h avep{(B - avep(B) Jo(B - avep(B) }a(B - evep(B) ).

(B - avep(B})) - 3(a-$)" varp(B).varp(s)

(a - a)“ elop(B).

Tha dsrivation of the firet four cumlants of B Tor all permuta-

tions of rign 1s glven in Chepter b. In keeping with the notation of

Clmpler 2, the dQymd B is formed Ly taking tbe product of ibe vector

k
of sums of differences, 1Elc1' with itseelf, divided by Kk, the nuaber

of blocks. This can be written as

x ko
B - i{ 151 ,) ( 1y )

The results of Chapter b are:

avep(B)

varp(B)

skep(B)

elop(B}

k pmlp P

i lz‘:"(c.o::.c.c 4+ C_oC_oC oC )

K p,ul P 4 PTQ PR

i ;" (¢ ot #¢ ot JolC o0 +¢_oc Ja{C_sc +c_ac )
k3 p,q,rel B0 @ QNPT Ty

1

k' p,q,r;osd

b ((cp.c + cc;.v: Jolc ac_+ ¢

q b < r r'cq,)'(cr'cn+ cs‘cr)’

p R .
\cs.cp+ cp.cﬂ) + (bp.cq«\ cq.cp).,(ca.cp+ cp.cs).(cq.cr¢ cr‘cq)'

(cr.cs+ cs.cr) + (cp.c + ¢ .cp).(cr,c'+ °a°cr)'(°m'° + e .ce).

9 9 P ¥

(cq'cr‘ :r,cq)) b ;l(cp.cqr cq.cp).(cp.cqx\v cq.cp);

C_oC + € _oC Jel{C o2 + «c 1}
(epecq® cqeoplelepeegt cqecyt]



J.4  Juvariants and Cumulants over Rotation of B

In order to provide & procedure o testing whether, 1o any given
instance, the two treatments are really alike, 1t is desirable 1o ba able
to compute & suitable quantity from the data and compare it with some
predetermined value. The quantity that is computed in mach instance
ghould be ‘ndependent of the particular choice of coordinstes in terws
of which the responses are expressed. The elements of the dyad B,
aven with the restriction that A De equal to 8 given comstent, will
depend on the choice aof the transformetion used to mae A  the parti-
cular constant we wish (most conveniently 1). However the trace of B
i independent of the cheize of trangformation which makes A equal
10 some convenient constant.  This 16 pow shown,

For convenience i, notation let the observations after scalling to

make A =1 be given by {ag, bl) in block 1. Then

4 P k X
z b3 )
. (,Z,8)) (B, M. Io)
B = W
X K k 2
(1}.:1"1)‘151"1) (i{-\b ) P

1, k& 5 K -
. .1 2 5 P2
trace B i{(izl&i) + (1-=lbi) ]

Let us nov wrlte trace B ia & Courdinece wysiem {a', ©'} wnicn
nas been rotated thiough an angie ® from {4, b}. Then
a = a' cous & - b’ osin @

¢ = &' sip 8 + b’ cos &



Eence
k P X
3

= [ Z(a! o - h! ai s [L{a!a ' 1E
trace B ‘1-1(51 cos 6 hi ain 6)1° 4 ;i“&( H 1in & +bi os 8))°

K X
' 2, - s ’ ]
iﬁ_n cors + (iElb Bin"# 8(15151 (1511)1)(:“ 8 sin 8

X I3
+ ( Ela'!e 8106 + ( éb')e cos’8 + 2(,% ar)( }_Ilb')cou 9 ein @
i 1 1 i JONERAS TS

(4E 8 1 * (1-1 1) y

Thus trace B does not depend on the sngly 6 through which the axes
were rotated sald {s therefore independsant of the orientation of the
responss variables.

To obtain the cumulants of trace P over rermutations ve need o
dafine some pew quantities. [et th”a denote & linear form of the
elesmnts of B, HNere & is a double subscrigt. In particular, if
xu is such that x.dna is trace B. ther one only needs to express
the permtation cumulants of La’a in terms of the permitation cumulants
of B. Denoting the elements of :u by Lu, Ll?’ Lo, L22 and those

of B, by B, ve have

X 11s Blar Bays Baco
svep{lyB,) = avep(ly By, + LB, + LyiBy) + LppBoo)

iy aveplB ) +

.Ld
The right-hand wiue of 3.% is equivalent to L, opersting on avep(B).

Thua we have

&

avep{L 5} = La(avap[n})a . 3.6

tvep(312] + Ly avep(l!al) + Ly, svep(Bze) 3.5



o obeme

.28 -

Similariy varp(L B} = Iulﬂa(varplﬁl )w 3.7
sxePllgBy) = Ilgigh, (sken(B) g, 3.8
elop(lyly) = Iglnl Ly(elop(Bl )y g 3.9

Thus the first four permutation cumuleants of trace B can be ohteined
from 3.6, 3.7, 3.8 and 3.9 by replacing tha o srstors Ly L’,

L7 and 1‘6 by &a cperator which has elements Lll - x‘22 el and

g = Lgy = -

i 1
evep{trace B} = i Q 0> : (0 D « 2 3.10
ep e % N 3

1 ok 1 0\\
varp{trace 3 : X C 40 aC o + C_oC _«oC #C_ )
l'pi ce } -k 1/] p'q‘l( P. qo pa&-q P. qs Q’ p) KO l/
4
..?-27 2 (am ¢ bpbq)z 3.1
X p,q=l h
Similarxly
g X,
skap{tracs B} » == " (s & _+b b }Haa + bbb Jea +bbk )} 3.12
k> p,q,r=l Fa patpr pritqr L
and fiaaily
4

W3 " ,
- [+
eslop{trece B) 5 E (a_a_ + pbq)(ﬁpar + bpbr)(lql

K p,q,r,e=l e °

rs

16 & b
- " (a8 +1b b ) 3.13
K p.gml P % P A

The ease of computation of the pormute<ion cumulente of trace B
higher than the firet will deperd on our ability to write ther in s

vay which requires tie sumaing of & comll number of termeg rather tban

+ bqbs)(a a + D

s



as they are given in 3.11, 3.i2 and 3.13. Since trace B ia
inveriant with reapa.t 10 the orientstion of the {a, b) sxes it
seams desliracle to cormpute th» cusulspte of B aversgsed over rota-
tions of the coordinate systam to vhich the vectommdefining B‘ are
referrad. In this vay, tue sloments of these averaged cumulants of
B wiil be invarisnt in the sams wey that trece B is invariant.
It turns cut that Lhe elements of the averaged cumlants of B can

all bs expreszed as linear combinaetions of seven basic invariants.

These invariants are:

kK 2 2.2 B2, .23 o2, 2 ko2, .222
3 2 E
Lo GRlag+n)% hilagee)y Diles+w)y [E(e] #0071
. . .
pqnl.(“a +bb); and pq-l(pq-bp‘&
Since

avep{trace B)] = ave avep{trece B;
[}

- ave Lb‘[‘vnp(b!]t,

p s

xh[n;a zvep(B] ]or

and {t can be showvn in & eimilar Tashion tost
varp(traca B) « %“;’ varp{2; ] y 2

skep{trece 3) = %Ly{.;.;e skap{s, )($7 ,
= - !
sid elopitrace A} 1[1.51,113{5:: elop{ 3} }q, e

then the cumdants of trece B cen bs found dir etly from the permste-
tion cwsmalants of 7 aversged over ali orientatl ms of ¢hs underliying

coordinste systen, in this wey ths cusalants of trace B can be

e : T e e ¢ o D s RTINS T~~~



e

.30 -

expressed as lipear cowbinations ¢f the seven besic isvarients given
above. All these invarianits can be computed quickly and easily in

any specific case.

3.5 Derivation of Cusmulants of Trace B in Teras of a Set of Invariants

The formwas 3.11, 3,12 and 3.13 for the second, third and
fourth cumulanis of trace B can be expressed in the wore computa-
tionally convenient way deacribed in Section 3.4 by applylng the
results of Chapter 5. Oune can easily write these cumulente in terms
of the set of invariants that are obtained for the four cwmulants of

B aversged over rotation.

2 [s¥]

avep(trace B} =

verp{trace 8] = ?-?:"(a.a + b b )2 -
ki P& Pa
-2§“(a2n2+23brb +b?’b2)
L1 ra pPPeq P4q
2 k 2% 2 o2 k 2z 22
. 1-3¢E b " . b
;-:[( %1(5 * )) f(p+ p) %‘E(“p+ pl 1]
-%{2-!:(1 +b"’)? 3.15
K

Tiene results can also be arrived at directly without the use of the

results of Chapter 5, for

X 5 -~ XK 22 X L
au +b b)) = (L-fad)-srae+ {1 -50
e ng + v2,) (L-Za) T p (-rv)

4 s S 2 ot FAA S 6 his ode e TSR e




& K .
- 3" * ! . Y
skep{trace B} = 53 i. (apaq + bpbq_)(apﬂr + "pbr)‘&qar + bqbr,

- E-E"aaaeu2+3ar.bab +5ahnbb +bb?'b2
31 P9qr 9T PPAQr

. %{1 . §§(. W2 v § Fa2a?)3 g)f.(.f,»,bf))"‘ .8 }f,(.gm:ﬁ

1P P

L]

2.2\2 203 2,2 §.2..2y3
&g('p*bp) +g»£a +b) i g§u+bp) +g§\..p+bp) ]
o S4o . 2, .22 5 B2, 243 5
;-3-{2 3 g(ap SR WEEER Cb 3ok 3.16

This result also can be obtained directiy for

z:"(: a2+312cbab +3nbsbb +b2b2b2“

3 P Qe rr Pa4q
w2 £ 6 kK. ez2 .k . 2
1-3 e -Ew 3§aps§bq 6}13531; sgb 3xn“bp
. 2 kK, 3 ..k 24 Lo Bk 2 6
3 g‘nsbi‘b 2 6 % ‘ybp‘q"q 3 f‘}p +1-32%0b Ehp
o b k ¢ k 22 h o2 ha _k 42
2 3§ap+2§:up 3}1:app+3l:apb +6§cb "’;:.pp

k k P
2«3 }f(a: + aaibi +b:) + 2 };(ns + k:bﬁ + 3a§‘b:; + bs)

X 2 22 k 2 2.3
2 - e” + B°) 2 .
- 3He, 4B} 42 Kap v b))
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Lg K,
elop{trace B} = ;E § (apaq + bpbq)(apmr'r bpbr)(a.qas& bqbsi(araa+ brbs)

v
A0 T
- ant ‘o [}
Tl 2
48 .., 2222
- Fi: ( ‘p‘q‘r‘e + b apc.qarbra'b. + b “qbq" b b + 2 upb p"qbq‘rbr"sbs

2 . k &
ks bab bR’ 2) - 5 bb
tha el Qbr .t bi‘bibrb.) F z (apaq +b q)

k k‘n kn 3
. n + -E(QS )1: ‘p"q‘rbr‘sbs 16 }1: agbpaabq)

“a"a - 16

o !‘;ﬂ’

L

retape

2.2
PQ

~

k
k, 2 k.22
48 I"a°a b a_b b° lSE'aabaab)d»—E(kGZ"ababablb
3 K 3

*
h‘i&'

p g rrs I PPaea R M A
kK, 2222 h, ok 20 3
- 16 E"a%0%aD) + 48 8. b a b bD b-s b
Eraprady) ;5( L'a 0 2Pl - ;“ppqq)

k PN
+ 2ug z"be,bab‘be 16 2:" b b )
X 1 var
Froa Table 57 Chapter 5, one then obtains

elopltrace Bl = L{(LB+4B) + (-108-24-24-2%-108) %(a§+b§ 12+ (120+43+B+b8.120)
k
k2,23 435.97.43-19.57-435, ¥
Fo2aly « (IR Ha2n?)t + (1bi-2i65)
Ié(u +h )2]2 + (20+1M+8+1k+20)§“(a a +bb )h + (~12-6-20483-6~12)
AT e P 1 Fa r3

f (8pbg- bpuq) !

a 51(6 -18 x: e +b ) 2k z(n ¢ )5 ~12 E(ad#c ¥ +3(§(a.+b2)2}

; X 4
.{3" b, X, Y 1
l} - - .
+ l(axaH)b) 3Z(abqbpaq)l 3.19
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k 2,2
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[ e 1.

26 k 22BK4 k 22 X o4 K
P 'f‘ﬁbp‘?bp'f‘:bp’f‘ﬁ"p’af‘gb?‘:bq
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badbbe e~k
Laphpe »p

PpPrqa4qre

k 22 €
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When theese formulas are substituted in the formula for elap{trece N}

and the terms are collected the result checks with equation .17,
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Chapter &

UMULANTS POR B URLER RANDOWIZATICN

DERIVATION QF

h,1 Some remarks on Notation

The quantity for which Pitman found the moments corresponds to

vhat is called -:— in Chapter 2 in thes multidimensional aituation.

This ‘ratio' reduces to B 1teelf wvhen considered with 1espect to

s suitable class of transformations with A = I, as dercrited ip

Chapter 2. In the two dimenszional case thie can be written, with

respect to a particular coordinate system, in the form:

/Y Ty L)
1 2 r
ke i Er,)
k k X
1, « T 1 2 ¥
g 58 ) Eey) iEpy)
When the treatments are randomized cver blocke the dyamdic B takes
the form
4 1.4 e
1, -2 i w2
i/ E Tet
Fia€®y) ATISLTLIRIOE LIS )
K K K
oy ' y 1 32 /
ka0 e ) (G Bevy)

*efore procceding with the cumuiants averaged over randomizatione,
one nesds some furtber knowledge on how to work with dyads and dyadics,
It 15 necessary, to deseliog with mosents higher than the first, to
find sverages of ‘povers’ higher thean t . first of dyadsa. It e
necegsary to define the product of two or more dyads, and hence the

sguere and higher powers of Jdyads. Sluce a dyad was formsd by taking



the product of two vectors, the square of a dyad or product of two
dyads results in & four-dimensional array which can be displayed as

fnllowe

These four 2 x 2 arrays really should be thougnt of ms a single
2x2x2x 2 array. One might wiah %o think of the =zlements of
such en &rray as forming & k-dimensional cube witk the elements
themselves &s vertices. In the seme way higher rowers, or more
generally multiple products, can be represented. Further notations

will be defined ss the computation of cumulants »roceeds.

.2 Cumusnts of B uade - Randemization

The Tirst cumulant of B for the m-dimensional sitvation under

randomizetion is
§

Wbomd M et
k) b )0Ghem) o Hhen ) Bep)
X 1 X 2 y ¥ k
ave® <121‘1“11H1:1‘1°12) ATEAAIPY o B ) Eee )
(permutations . 5
within blocks) . . : .
¥ X K x K i
1, 1 S PE-3 2
b T 3 E E
( el Womemy) ihas G ee ) o Bt [
® It 15 understocd that i+ the remainder of this chapter "avep” Implies

average over pelaaontions within blocus,
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Tc make this expression mors manageable, let us write It in vector

notation by letting o,

avep{s} =«

Recalling pow hov ¢ i

avep( €¢ i)

represent (a,l, B, -1, &
1

wag criginally defired,

i im

avep[)%( Lo ci)'(i;u ci))

1 k Kk

T avep( Z 5 Jﬁlcie,jci’cjl
k k

L ZZ e, avep{e, €,)

k 1=l jJu l €12 19

= 1

aveple e ) » 3(+1) + &(-2) = © for

Making use of

ve obtain

k k
avep(B) =~ i iﬁlavep €€.C9¢, + i‘-i :l‘vap(eie c
9 »

3
1
« = I
DI AT
k 5
Since, from Chapter 2, iElci‘c‘ w ¢ therefore avep{Bj =

” z -
L" again to pean 1,3-;1’(1’(,1

k k k

varp(B] = avep(B,B] - avep{B}.avep(B)

k
avep(3.8) =» a»wpik (Liegoge (Bl

L kK k Kk
- ;I_ avep(pi‘h NE, r§1 sglepup.ech.ercr.eacsl
1 Eokokok X
- :a avep{p;l ‘El 5 a‘-’r"\lépiqirée CpeqtreCal
- -‘-—\’ é‘l T &C c o+ C o€ + ;2.\" ¢
BT S ‘;?‘1 p*p*"a""g ¥ 5,4y
¥
p,gil 2o c, QL&on)

B T L R

k k

¢ F inl 1 1’1 =151 ]

y.

£ I
1= gm1*1¥y

Then

it {8 clear that

143

'CJ

1
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" K
1 k
avep{B) .avep(n] = ;E{pzl“p'cp"(pf» Facp)
K
€ oC #C_oC by
"Q{p~l 2% p*p * p,q1%p¢
C_eC S
Thus varp(B) —§(p,q-lcp‘°q‘ p°a * p,qe1%*¢

skep(B) = avep{(B - avep{B) )o(R ~ avep(B}}s(B -

[
p* q’“qj

oCeC, )

S

avep{B] )]

» aver{BoBsR - BoB.avep{B] - B,avep(B].B - avep(B)ad.B + Boavep(B).avep(Bj

+ avep{B) JB.avep(B] + avep(B)a.avep(R}
skep{B] » avep{B.2.B) - avep(B.B).avep(B} - ave

+ 2 avep(B).avep(B) avep(n)

oB - avep{B] ;avep(B)Javep(B)}

o{Be&71p(R) 4B} - avep{B) .avep{B. B}

k k ; k k X
avep(B.B3] = svep[ -l P p'q-l q q'r-lercr‘sak s a8t 1 t t‘ugl€ < l
k
- {l L ¢ o0 _oC aC ol _oC {c_ac ,c eC_ el of + C_oC of 2l of_aC
VI N0 - A F Taf PP P49 PPP LP Y

+ C [ [s4 ¢ C 28 + C [ 4 34 [ <
PP R" " P g P ey e p
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qc - po pa qc P po po q. qn P. P

+

»C_oC oc
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q*%p*%p a*%q* e
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* e p*ppe

+ C_aC C_¢C [ <
7 Rt R A "'

+ C_ 4C [ [ [
P a*p*%q*p %

+ C a€ (o] [+
2 p ¢

r ¢ “a*°r

a9 P P PP

C ol oC gﬁ ol _«C
) T

P 1

_p.cr.uq.cq.cp r

C_at aC o4C ol ol
p G

Q rrp

%

Qp‘cr'cp'cq'“q'cr

Cpscrcuqqclcw 134 )

ﬁ:rnl(c -C o sC ccroc + C oc ol #C

+ C ol o 3C o0 _of

P e P g Irr

4 C_ol_oC_oC ol_aC
et " " p
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P 9 rr
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P. o ?‘ q. P 4

}

4+ £ 2C 2 #C_oC o€

P aqgp rr

aC #C

+“p*r
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P e q

+ C o€ aC_aC_aC_ol
pd & rs q. r. p

a*°r
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avep(B . Bleaver(B) =

N k K k k k

P B0 0t ol o0+ E' 0 40 o8 oC 4 IV 0 40 o0 oC. + L' .C o¢ o€ o I ¢ 40
;'3’(9-1 PP PP Pl P PTRTa pye=l et e Py pygmiTp® et gt pTpe1Cp*tp

3

l z H "
'-< C o0 _eC_oC_ oC_eC z C_oC_of_oC oC o¢ + & C _eC_ ol _oC oC »C
JIVENS T s e it b 2 s TP ST 2 36 S I TP s 20 MM N

X ) 3

C oC_oaC _oC oC oC _+

+ £ = C oC_aC oC oC_ oC_ + _L" . C oC oC oC oC_ aC
Pl P P 90" 9" Pl PO PR T r 7 p,qel

P9 P e rprPp

k k

+ I c c c + L' C a0 eC oC oC_aC_ + L' [ C_oC eC oC_oC_of
P, 1 5p*%q"p*%q %" q * 5,4, Pl q S %0 r*Cr * pram p* %" p P

K
eC _oC _oC_oC oC ¢C_oC _oC_oC ol )

+ B ¢ + I ¢
P,a=l P ¢ Q" P 27 Pp,qr=l T Q" Q" P r'r

Similarly

k k
avep{Beavep({B) JB] = i—i{pﬁlcp.cp.cp.cp.cp.cp + pf;“&(cp.cp.cq.cq.cp.cp

+ & C C wC oC o€ _ 4+ T ¢ C _oC oC _oC + C C oL o 2. oC
PP M % e et Rt et " q e T pt et P e p e

- C_oC_ + C_4C C_aC_eC + ¢ & 144 <
“p*ta"e*°q"p*q * p*Ca*p " p*q*%p * poq %" "%’

b - N
+ P, q,r-.l( Cpacpocr.crucqccq + cpocqo vrocr‘cp.cq + cp.cqocr.cr.cq.cp ) i

and
) 1, ¥ K,
avepiB) avep(BLB} = g{pﬁcp'cp"cp’cp“p'cp + Pfq-l(cq.cq.cp.cp.cp.cp

4 C [ C_¢C (44 c [+ C [+ (o} (4] (4 + ¢ c c [+ [ ¢
et p % T St e T o %" %%

4+ ¢ ¢ (o4 [+ c Q2 + C {J [ ¢ (o] + ¢ c [+ C aC [+
2*%q P %¢* 7% ¥ Sp*%p"*Cq g% * Cq*Cq*p %" %)

”
> C_oC_oC_sfc 4+ C o€ oC oC oC_ o + c
p,q,rxl("r' *® pg p.cq.cq r*Cr* P. Q' P. o °r'°r'°p‘ ‘:UCQQC?)]

e VIS PN . . il Rl s S Lemea e -
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k k 19
L
avep{B} oavep{Bl.ave (B .= ;ii\p§f%'cp)“(p§1cp°cp)'(pglcp‘cp)1

J:-‘

Y
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X
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1
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k
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e
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rnl\"p'cq‘cp e r

eC _#C 8C_oC_oC
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P9 G Frpr

+ C_af ol ol C ol + C 20 £C aC_alC «C 4 U _4C o0 _o€_oC_aC_+ C_oC _oC o0 &l =2C
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+ cp.cq.cr.cq.cr.cp)

” :? p,gjm(%“’q + cq‘cp)‘(cq'cr + cr.cq).(cr.cp + cp.cr)

elop{B) = avep{{® - savep(B))eld - avep(B] )e(B - uvep(B])a(B -~ avep{®) )}

- 3 avep{(B - avep{B} )o(3d - avep(B} )l.avep({P - avep(B])s.(P? - avep(B}))

ave( (B - avep(B) Jo(B - avep{B) )e(2 - svep(B) )o(B ~ avep(B} })

@ 3vep({BeBeBsB] - avep{R.BeBeavep(B)) - avep{B.Baavep{B) B} - avep(Beavep{B}.B.B)
- aven{avep(B) sBsBsB} + mvep{P.B.avep(B) .avep{B}) + avep(B.avep{B].B.avep(B}]}
+ avep(Beavep(B).avep(B) .8} + avep{avep{B]B.Baavep{B}}

avep{avep{B) B.avep(B) oB] + avep{avep{B).avep(B] oBoB)

+

- 3 avep(B) savep{B] ;avep{ B} ;avep(B}).

After considerable algebraic menipulation the fourth cumulant of

B sversged over rendomizations within vlocke can be written as follows:

k
1 v : ~
elop(B) = k-n-{ p,g, r,oal i« LR q+cq.cp)_ of cq.crwt.cq) of ¢ eC, +-‘.cr).( CgatytCyeC, )

+ (cp.c‘1 + cq.cp).(cs..t:p + cP.cs).(cq.cr + ::‘_.cq).(t:r.cs + cs.cr)

+ {c ec + ¢

0% q.cp).(cr.cﬁ + c‘.cr).(cs.c +c .cs).(cq.cr + cr.cq)]

P P

o + ¢ .cp).(cp.c +c .cp)@(fzp.cq +C

. I . .
2, 4e1{5p°% * g a*t % Splelepecy + cquep )l b

q Q q

Yor reference we repeat here the resulte for the lower cusmuliants, nomely

1 n f
skep(B) = z C aC_ + C o0 C aC_ + C_oC C_4C_ + C_oC k.2
p(®) ;‘fp,q,r=l\ p*q q° p)’( q*°r r* q)'( °p ° r)‘
verp(s) = E" (T ot ot 0l + C o€ &C o€} i3
TR 2 PrasitTp et p e T pte* g p’ )
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avep(B) - }}2 Lo -
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Chapier 5

DERIVATION OF TER CUMIJLANTS OF R AVRFAGED OVER ROTATIONS

1. Sope Introductory Remaris

Ho are intersated in aversging the randomitstion {permutation)
cumniants of B over rotations of the coordinate system in vhich the
vectors defining B are expressed. ‘The derivation given below is for
the 2-dimensionsl case. Let the vector c, be dencted by (‘1' bi)
for 1 <1<k vhere the a; and by are acalars for asy 1. Recall

now that 1f B s looked &t in a coordinate systsm such that A is of

the form
1 o
G )
ke k 2 k
then 15131 -1}-:1 bi a1 and 151 .1b1 - 0

Consider nov an erbitrary rotation of axes in the (a, b) plane
such that the nev coordinates are denoted by (a',b‘'). Then a point
(ag, By) 1in the old coordinate system will now be given by (ni, bi‘)
in the new coordinate systea where

a, = al‘c==9=h‘ 8in ¢

b

) 1
bi - 31 31n8+b1c0l8

and 8 1is the angle between the old and the nev axes.

2. Derivation of the Cumulents of B Averaged over Rotations

From Chapter b,
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avep(®) = F Lty 7§
) - K ) S
. &
AL VL e
X 2x k
ave £ a2t o i ¢ e B . b s | @
( tlt-ions)(t-laij 57 / T{sj cos @ - sin8)%48
0 imd
k 2% 1)
- ko1 / (a'2 Co8°6 - 2a'b! cos 7 sin § 4 b!° ainze)tw
2x i 171 i
iwl O
3 Fd ?21 - X 2x 4 ?25 2
- 5;[ zai‘[co-‘eaa -21‘.&{!)!:]::069 sin 6 49 + L b" ] sin"¢ a6]
iel * 0 w1 0 1=l © O

x . X,
= & La + 4 L)
1al 1=}
2 2
o PEACAR S Yo
S 2
< 3 5y )
Also
k
ave z -
(rot.) 1=1%1%1 0
and

K k
ave ) 2 2
(rot.) 15101 = ¥ yE(af + b))



LI (al +v)) o
ave avep(B) - t=ld !
(rot) ko, 2

P L ia” "y
\ o Saltegr v/
. 4
ave verp(Bl _  ave 1 £ (e o oa ¢
(!‘0'4) (X’Otm) ;:é‘ p,qnl( 'Pacqevpﬁuq p&»qouqo p)l
- . ~ » ( y 3
“pq*"n*%q (o0 Bplelags bodelay, bodulsg, )
N\
asa ab A a8 a b
P g ra g Pq

(ba bb S “wa vy /
PQ pPg va pg

This product can be written as a 2 »x .. » < x ¢ array

aanaa aaab abaas & L ab
s Pap4y rarpa P qQE g Par4q
H H
;oA .
A& ba aabb 4 Yabbva abeob 7/
rFe9rq vap g Fapd papra
be aa b b8 b b baa bbab
Pipa 4 p 4 P qpy PaPa-

Nbava batb 7 "bbba ©obbb -
prara  vara slgpte papraq

This product of two dysds contalns elecuwents of gix daistined types:

2 D a0
1) aa” ; a’s b abab ; L) a'n”
W &2 (@) Wan s (D) abad s () 4l

(5) apbubq ; {6) bpbq

< .cq.cq., , the preduct of dyads ii the variance of B, can aino ve
writien as 8 2 x ¥ x ¢ x ¢ array and the distinct elemenis appearing
in such &n array are ideotical vith those above, We will now consider

the e ‘fect on the elements (1) to (6) when the coordinate ssstem

{a, b) 1& rotated through san sarbitrary angle e and then the average
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is taken over O < g < ZR.

R . ko 22 -
TR L R £ [ {mlcos o - vluin 6)(acon 6 . bisip 8) a8
{rut} plgmi®py 2 el b P 1 )

1 ) -3 2 o P
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en P,q=l G P PP I
(e\‘ecoege ~2a'd' cos 9 gin @ + b"aineg)do
q 9 q D'}
Lk § 3
-5 I ]ll %a %08 9 - h‘ &'b'cot”e oin ¢
P, qml O q q q
5 - s
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. 2x . en
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I ex
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haceuse s;‘ + b

Similacly

X .
2% ave P 4 b - 0
(2 (rot) pya=1®%q"a

(33 2% g"&bnb w ~l§:(12+b2)
{rot) pral p P 3 Q Sp=1'"p ¥ p

X

k
‘ AVE ~ 2.2 1 2 2.2
a - - A
) (rot) pra=d’p o 1-gphala, + o)

k
nvye ™ ® ,“2 - 0
() {(rot) p,aml®p p’q

x "
ave 2.2 2 2.2
o e 1-2 K
(6 (rot) prgmi®®q = ?* gp-l('p + )

Consider now the third cumulant as given by formule &.2

a K" P \
shap{B] = ;?ip’!‘-‘-)rd(»p- e * %t He ot + crccq)(cr-cp ¢ epecy)

e PR T
-g—{t' (C. @C oC_0C 3C aC_ + €_oC of aC_ o al. + C_af eC_sC oC oC
K3 BeLralPTURTR YT Ry T T T e e e e T T Ty

= 4+ C 2 [+] S # 4] ¢
+ Cpocqafrocpo@rch p“’q’cq‘c:“ p‘q‘r + ﬂpo q‘cq‘cr‘ !“Qp

C_oC C o€ + & ol &C C_»%
+ pc qoerocqa po » p. Q‘ r’cq’ r* P)]

By a similar procedure as wes used for the averige over rotaticas of
the varimnce of B it can be shown that all the above terma ic the

skewness of B contain only elemants of the folliowing types:



oC

¥ ” - S =
™ 22e 16 zﬂ 2.2
(1) p,qr=tpta’r 2R LN LN
P22 5
2 T aAfa v : aban
(@) Rrer® % L N
k. g
( En &~ ,2 8\ xi b bé‘
3) 5, G el B) 5,5 ret® %% r
k 2 k S
» ™ 5 b 8k t £ e bl
() % e 9 et
(5) B 22 (10) o b2b2b2
p;Lr=lpagr P,q,r=l p

Instesd of doing the rotation on these elements directly, as vas done
for the first tvo cumilents, an alternative procedure vill be used
vhich eliminntes some of the drudgery of the slgebra. This procaaure
proves to be very satisfectory for the aversging of the fourth cumilant.
Toe altermetive procedure makes wuse of the fact that af'ter averag-
ing over rotations the elements are given by linesr combinations of
the inverients. By finding all the invariants in u:hm.nca, ofi: can
sasily find the ccefficients wvhich express sach of the eloments as such
iinesr comwbinations.
Qince
& = a'cos @ -b' ein 3 and
b = &' 3in &+ 0’ cos @
then
&’ = B COS & + 0 ein 8 and
b' =« -a ¢in 6 + bcos G,
o an infinitesimm] change A9 in 6 vill chasge &' by an amount

b'As, Repce en infinitesimal change A9 in 6 will change
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“

PR IT] . "
L' aeonta’ by snsmouwnt & &' s b oal “n”. h two-wmy table csn
Py;r=lpqQr PyQur=ip oy ogr

be conziructaed to shov the effect of an Infinitegisel chapge in & on
£

¥ o by
sach of ths

n)

laments perlalning to ithe siewness.

i

Teole 5.1
Coefficienta of the lLinear Combinations of the Blements of

ehep B after an [nfinitesimel Change {n 6

@) 1) [(3) [(4) {(5) [(6) 1(7) [(8) | (5) Y10)
(1) 2";;2){5.3 - 6
(2) aiai&rbr -1 - 1 b
(3) n;aibi -2 - L
(%) a;aqbqarbr -2 -l 2
(5) aiaqbqpi -l |2 - b3 2
(6) v’ N 2
(1) apbpa.qbqarbr -3 - 3
(8) o bpuqbqpi -2 PR N
(9) ap‘on - !_7_ " . 3
(10) b;b:p: 6| -
The numhers ir Tehla 5.1 refer o the coellicicuis in the linear
coabinations obtmined by making an (nfinitesimal change in €. ¥or

K, a0
example, & change N0 in A changes L avbp" b
pe ¢ e D A

k ; A k 4
(- ' azbzbr‘ -5 abaw 52 s, \\akasz\l\/' .o

."p,‘l,rsi pgr PyQiel P D QQr  p,q,ral p g Bs o find




all the invarisnts under rotetion ope only needs Lo Tind thogse con-

blaations of (1) through (LO) which mre unaliered by an inflnitesimel

changs in 4. Thvee eiw;
h " " ~ )
(a) w_E" 88 n’ + 2 8% b ab +n252b‘+a.2ban"4-,.babb2+‘:2b%2)
prelt pgr Ppar par rpa4qr Far
k - o) . oA -
" .{uz(@“a‘?+23bub +bab2)+b‘f(u‘£a“+2a.ba!: +b2b£)
Pys¥™L" P Q7T qqrr qr P 4ar aqrr qr
qwrnl(‘ +b )(na. +b b )
- k(a +b)§" (aa +bb)-213"(a +b)(|a +bb)2
PP,Q=l » P e PG
But
k , ® . k
£ (aa +bb ) La’). Ia 2 - ™me)?
pram (B * Bp0e)” = (L))" Thsy ) “p-&pp) Bob b+ [(m))
) 4
2 2.2
2« L{a  ¢0b
b ol * bp)
spnad
2 2
& 4!3 a8 o b
pq-l( ¥ %t % q)
- 2“ (l.n «)gesbab +l.2b%24-a2))252+25 h3a.b fbe
Pra=s [+ PP Q4 Prg PF S pPPpqQQ ]
f 4 by e ")‘J k 6
ia-s +L‘n’%‘4&”\: -a"" +A2b -ab-?a‘b P
= palfy 3 pe fa T g

3
%]
-p.&(n +b) - % +‘op),

-}

P
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Thus
k ) 3 k
2 2.2 2 .22 2 2.3
- -2 L - 2 .
{a) 4 2p_}_(up + bp) 2pl'«](ap + ‘op) + apZ: (;P v bp)
- 2&---\t;f:(Lg4-}:»2)24»2 (ng&b2)3
Pl p TP p=lp P’

Similariy
) 3
(b) = p,{rd‘f‘i 3%%%2 + %ab%f qubehf "% rnl(° b2 )(. +b )(; 053)

- 8-6 (. +b)2+2_1(. +b)3

and

2 2
(c) = q,r'd(‘p.qbq“rbr - . nzb + 8 nqb ve - nabab

x X
2 2 .22
bab -ab - 24+ L .
prrar (80800 = Ay )(" te ) * phle v o)

Thase three invariante {(a), {t)} and (c) are such that no other
linear combinatién of (1) through (10) can be found independant of
them. Furthermore, these three invariante are independent of each

other and are all expressible in the form
k 4
- .2 2.2 2 2,3
a b + Y L b
MLT AR R LM

where &, B and y are constants. Consequently

ro thrce convenient invarianls end all eiemenis of the tphira cuma-
lants of B {vhen saversged over all rotations of the coordinete system)
)2

mus* be expressible as a linear coabipaticn of 1, pgl(. + ba and

-l(‘ +b )J



ry choosing sune simple sets of vectors one can easily cospute
tha values of (1) through (15). This methed will now be oullined.
let us choose the following thres sets of vach

{a) ) (»}

1 0 /2 o \ /3 o
0o 1 /2 o ‘ 1//3 o
o 0 o 1i//Z 3//5 o

]

Do o 1/E 0 1//3’
o o \o 0 o /3

0o 2 / 0 1/,/3/

Kk K ]
L (a2 4 b9)° 2 £ (a® 4+ b9)° .
per(8; + )7 = 2 (ag + )

for the 8.t Q

(5]

for the set B

k k
2 2,2 2 223 1
z - I =
pul(ap + bp) 1, p-l("p + bp) =
for the set 7
k k .
2,22 _ 2 §.2..23 _ 2
pralep * B)7 = 3 phle vt . 5

Any third cumulant element averaged over rotalions i{s of the form
i 2 2\2 2 2.3
ave - 8_ +0 + o Lla_ + b
frey y B(a2 + ©5)% & ¢ ZlaZ + b2

vhere L 1g an arbitrery expression of sixth degree in a and b.

-1 G By 7, be tae values of an arbltrary quantity L averaged

bl 7 o erky i

over rotations Jor the sets @, B and 7y respectively. Then

ao - ¥ + 2y + 22

Bcux«r Y +

2
70 - x+§y




and, solving these equations,

1 ) 5 o7 A 2
sl d = Gag -t r B o g v 8 - D 45

n

™

A N
- 9 T 2 243
+(ga, ~68 +% 7o)p_l(al, + bp)

[ 48

A table of a, ao and 7o T (1} through {10) 1ie shown below
as Table 5.2. The values of the coefficisntes x, y and t 1y the

expression for ?ve(L)\ may then be written down, using this table.
rot.)

These valuss sre given in Table 5.3,

Table 3.2
Values of the elements in skep B averaged over & for the vectors
o, pendy
%ol Po | Y
21) 0 3/16 7/18
2 0 o d
(3; o | 7/16 | 11/18
(&) 0o | -1/16 | -1/.8
(5) 0 0 5]
(6) 0 7/16 | 1i/16
{1 0 ¢ c
(8) O ! -l/16 | -1/16
(93 o 0 o]
(1o 0 3/16 | 7/18

Table 5.

Coefficients in the linesr conbinations expressing the slemenis of
ave skep B in terms ol three convenient invariaants.
(rot)

[ 1] pe® . weye z(n‘? + bg)a
I P__P

(1) 1 -9/8 5/8
() 0 0 0
(3) 1 -5/8 i/8
(%) 0 -1/8 i/8
(=) 0 0 0
(6) 1 -4/8 1/8
(7} o] o - 0
§é§ 0 Y 1/8

9 ) o 0
10) i -4/B 5/8




The fourth cumulant of B contains product  of Ayads of the forr

T . of t .
cp.cq“p.c_r.cq.gu.cr.cs and of the form cp.cq.c_;

aC o7 al o7 o€
G 0 "0 p "

Pty
To rind the average ouver rotations of elop B we first need to find
e maximal set of ludependent invariaats. It will then he possible to
find that linear combination of these invariants which results, efter
rotation, from esch of the distinct elements in cp.cq. ’Ca pad

C oC o ....cq. The distinct elements are

P Q
1 ; a‘a’a%s” 16} £ ata!
nuTelpqars F,97 P g
422 4 2
2 eaael a a’b
) rqQrsa i rqq
e Zb2 4 22
a‘a’s
3) LA 18) apaqbq
22 i 4 .3
L bab
+) &pﬂqarar“s . 19} apaqbq
22 2 4k
b b 20)
5) apaqar ¥y 20) "‘pbq
3 2
6 e%v% 1) 3y adb
) pqrs 3 praeanq
o 3 ) s ] 3 C
7) upu}bqarnraabb 22) u;'bp ‘ibq
[a)
8 &8 bbb 223 b s v
) T ’ Bp%qe
L) 1 o
3 a"g b 0 DY ) 3p pt
9 PNl T Y * apbA’Lq
10 PO 2 25) Ebc Ebc
) »qrs : aP rFaeg
5 o . 2, 7 3
11) apnpaqt q'lrorasbs “8) apbpe.qbq
2} alaval bé &7y E[T:'Dltrlé
- nE Qg r s < PrQ
13} ababbty #3) A tiu b
prayrs P PGQ
i) AR o) s o
pp g s ppa
15) 1) N




t:

The coefficients rolating 1) torougih 13) and 10) through 30) with

the result of an infinitecslinal change in & are giveo in Tabie 5.4

Coefficlenin of the linear combinations of the 2lements of elop B
after en Infinitecimal change in &

o
N
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=
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