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MEMORANDUM 2-27-59E

DETAILS OF EXACT LOW PRANDTL KUMBER BOUNDAR(Y-LAYER
SCTUTLIONS FOR FORCED AND FOR FREE CONVECTION

By E. M. 8parrow and J. L. Gregg

SUMMARY

:& A detailed report is given of exact (numerical) solutions of the
laminar~boundary-layer equations for the Prandtl number range appropri-
ate to liquid metals (0.003 to 0.03). Consideration is given to the
following situations: {1) forced convection over a flat plate for the
conditions of uniform wall temperature and uniform wall heat flux, and
(2) free convection over an isothermal vertical plate. Tabulations of
the new solutions are given in detail. Results are presented for the
heat-transfer and shear-stress characteristics; temperature and velocity
distributions are also shown. The heat-transfer results are correlated
in terms of dimensionless parameters thet vary only slightly over the
entire liquid-metal range. Previous analytical and experimental ‘work on
low Prandtl nunver boundary layers is surveyed and compared with the new
exact sclutions.

INTRODUCTION

Interest in the use of 1liquid metals as neat-transfer media has
been stimulated by nuclear-reactor applications. Because of their high
thermal conductivity, liquid metals are characterized by Prandtl numbers
that lie far below those of copventional media such as gases and ordinary
liquids. As a consequence, the large body of heat-transfer information
availeble for conventional fluids cannot be used directly for liguid
mevals. This circumstance has provided the motivation for heat-transfer
research in the low Prandil number range.

It is the purpcse of this report to present exact (numerieal) solu-
ticns of the laminar-boundary-layer equations for the Prandtl number
range appropriate to liquid metals (0.003 t¢ 0.03). Consideration is
given to both forced-convection and free-convection boundai™ layers.

For forced convection, solutions are cbtaised for flow over a flat plate
for both the uniform-wall-temperature and uniform-heat-flux cases. The
free-convection sclutious are for the isothermal vertlical plate.
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Previous investigations of the low Prandtl pumber heat-transfer
charscteristics of the forced-convection boundary layer have been carried
out with approximate analytical techniques. The method of reference 1
is based on the fact that the velocity boundary layer is much thinner
than the thermel boundary layer when the Prandtl number is small, Thus,
in the outer part of the thermal boundary layer, the velocity wae taken
from the potential-flow solution; and only in the inner part was an
approximate correction made for the nonuniformity of the velocity dis-
tributicn. Another approximate solution is given in reference 2, where
the well-known Kérmén-Pohlhausen procedure is used. The results of ref-
erences 1 and 2 will be compared with those from the exact solutions ob-
tained herein.

For the free-convection boundary layer on an isothermal vertical
plate, isolated numerlcal solutions for the low Prandtl number range
have been reported in reference 3 (Pr = 0,01) and reference 4 (Pr =
0.03). ‘The K{rmfn-Pohlhausen aprroximation method haes been applied to
the problem in references 5 and 6. A somewhat different approximation
procedure is used in reference 7, where polynomials are also uged but
the coefficients of the polynomial are found by satisfying the boundary-
layer equations at selected points. Heat-transfer resuite are given for
Pr = 0.03, An experiment utilizing liquid mercury as working fluid
(Pr = 0.025) is also reported in reference 7. Again, comparisons will
be made ‘between the previous work and the new exact solutions.

An sbbreviated presentation of come of the heat-transfer results
corresponding to the new exact solutions® has been mede in reference 8
(forced convection) and reference 9 (free convection). Other aspects
of these solutions could not be given there because of space limitations.
In the present report, the complete details ars presented, including
among other information the temperature and velocity distributions and
full tabulstion of the solutions. These tabulations and curves should
prove ugeful to future investigators of low Prandtl number boundary
layers; for example, as & source of information from which special char-
meteristics of the boundary layer may be computed (e.z., thickness
parameters), or as input date for the solution of related problems, or
as & standard against which to compare experimentally determined temper-
ature and velocity profiles., In addition, the present report brings to-
gether the existing work on low Prandtl number boundary layers and
attempts to provide an integrated picture of what is currently known.
Finally, the forced-convection solutions for Pr = 0.003, not available
at the time reference 8 was published, are glso given here. The forced-
convection and free-convection boundary layers are treated geparately.

¥After a preliminary printing of this MEMCRANDUM, the authors found
that heat-trensfer results corresponding to exact solutions for the forced~
convection, uniform-wall-temperature case had alsc been published in
reference 13. :
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SYMBOLS

Cp specific heat at constant pressure

e R A A R it

Cp friction factor, 21/bU§

LA
v
Ce modified friction factor for free convection, ﬁ/é(;)

A I R

F Blasius velocity function for forced convection, eq. (6b)
f

velocity funciion for free convection, eq. (26b)

] Gr Grashof number

TALELS

Gr;  Grashof number, g8 |t - t_| 13/w?

|
% Gr,  Grashof number, gB|t, - t,‘xz’i/vz !
4
; g acceleration due to gravity
£
| § h local heat-transfer coefficient, q/(tw . ﬁw) i
§ h average heat-transfer coefficient, Q/L(t, - t.)
:
% k thermal conductivity i
|
§ 7 plate length
: :
% Nu Nusselt number i
| o &
Nup, average Nusselt number, hL/k it
| Nu,, local Nusselt number, hx/k . :%
i Pr Prandtl number, cpp/k %
% P statictpressure %
§ Q over-all heat-transfer rate, f q dx 3
i 0
3
§ q locel heat-transfer rate per unit area
%
% Re Reynolds number
:
|
g
L |
¢
i
i
i
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Reynolds number, U_L/y

Reynolds number, Ux/v

Stanton number, Nu/RePr

static tempersture

wall temperature

ambient temperature

free-stream velocity

velocity component in x-direction

velocity component in y-direction

coordinate measuring distance along plate from leading edge

coordinate measuring distance rormal to plate

thermal diffusivity, k/pcp

ccefficient of thermal expansion, "%(%%)
g

free-convection similarity variable, eq. (26a)
forced-convectinn similarity variable, eq. (6a)

dimensionless temperature, {t - t_)/(t, ~ t.)

absolute viscosity

kinematic viscosity

density

shear stress at plate surface

stream function
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FORCED-CONVECTION BOUNDARY-LAYER SOLUTIONS
Brief Review of Theory

First, attention is focused on the flow and heat transfer about &
flat plate alined parallel to a uniform free stream, as pictured in the

following sketch:
Uy —— T
———
¥ | - ‘
—i
(a)

The problem is governed by the basic conservation lews: mass, wmo-

mentur, end energy. The boundary-layer form of these equations for layd -

nar, constant-property, nondissipative flow over a flat plate is

%% +»§§ = 0 (1)

au* ou _ & (2)
ug—x Vss; vayg
2

u%-&-v%ua?ﬁ (3)

The viscous dissipation term has been deis.ed from the, epergy equation
(3) because of its negligible effect on tae Mzat transfer to low Prandtl
nugber fluids (ref. 10).

As a consequence of the constant-property assumption, the velocity
problem for the forced-convection fluw can be solved without recourse
to the temperature. Turning first to the velocity, the stetement of
the problem is completed by giving the boundary conditions

u=0 u-»‘d..} Y+ =
Yy =0 (4)

v=0

The conditions that u = v = 0 at the wall (y = O) arlse respectively
from the requirements of nc slip and impermeability of the wall to mass.
The mathematical problem represented by equations (1) and (2) with the
boundery conditions (4) wes first solved by Blasius in 1908. Equation
(1) is immediately satisfied by the usual stream function ¥:

w= g, ve-St (5)
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For equation (2), Blasius introduced his famous similaxrity varieble 7z

p.4
i WAL
n = Y- (6a)

and & dimensionless stream function F, given by

F = ¥/ V0, (6b)
This transformation reduces equation (2) to the well-known Blasius
equation,

put 4 FPY = 0, F(0) = F'(0) = O, F'a2 as 1+« (7)

-

where the boundary conditions have been evaluated from (4), and the

primes denote differentiation with respect to 1. Although a solution of
equation (7) was given by Blasius, it was necessary to re-solve to greater

accuracy for the purposes of this investigation.

For the isothermal wall, the energy equation (3) was first solved
by E. Pohlhausen. Using Blasius' similarity assumption (6a) together
with a dimensionless temperature

t -t
) = g e

he reduced equation (3) to the form
8" + (Pr)Fé' = 0 (9a)

where Pr represents the Prandtl number. The physical boundary condi-
tions that t = ty = const at y =0 and t +t &8s y- e are

transformed to
6(6) = 1, =0 as 17 + ® (9b)

The solution of the transformed energy equation (9a) depends ﬁpnn the
prior specifiration of the Prandtl number. Previous investigators have
restricted th mselves to Pr > 0.6.

For he situation of uniform wall heat flux, the surface tempera-
ture will not be constant but, as will be shown later, will vary along
the plate according to tbe law
-2 (10)

e e
hw" u“ﬁm
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where A is a constant to be determined fram the analysis. Taking
coguizance of this variation in t,, the energy equation (3) can be re-

duced to an ordinary differential equation by using the same transforms-

tion variables 10, F, and @ as before. The result of the transforma-

tion 1is

6" + Pr(¥8' - F'8) = 0O (11a)

The physical boundary conditions that t = t, at y =0 and . ~»%
as y - =» become

6(0) =1, 6 +0 as 7 =+ = = (11b)

Previous solutions of equation {1la) have been confined to the range
RIS s

Solutions and Results

Solutions. - The governing equations (9) and (11) for the uniform-
wall-temperature and uniform-heat-flux problems hiave been solved numeri-
cally for Prandtl mumbers of 0,03, 0.01, 0.006, and 0.003 utilizing an
IBM 850 electronic computer. The numerical technique, described in de-
tail in reference 11, is a forward integration procedure that requires
both the function and its derivative to be specified at the starting
point of the calculation for a second-order equation. In terms of the
present problem, it is necessary that the pair (6(0), 6'(0)) be given.
As ic seen from the boundary conditions {9b) or (11b), the derivative
6'(0) is not known. Therefore, the computational problem reduces to a
systematic search for the appropriate values of the derivative that
lead to solutions of equations (9) and (11) satisfying the condition

6=+ 0 &3 7 -e In this way, the two-point boundary-velue problem is
rephrased as an initial-value problem.

The values of 8'(0) that correspond to solutions of equations (9)
and (11) are listed in teble I:

TABLE I. - FORCED-CONVECUTICH
TEMPERATURE DERLVATIVES

Pr | [-9(0)] p | [0 (O e

0.03 0.16878 0.24838

01 .10318 .15512
006 .081449 12345
.0035 .058742 .089850

e
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In additior to their computational importance, these magnitudes are
directly related to the heat-transfexr characteristics of the flow (as
will be shown later) and are therefore of immedia’e practical interest.
in the table, the subscripts UWT and UHF are used to denote uniform

wall temperature and uniform heat flux.

The low Prandtl number solutions of equations {9) and (11) are pre-
sented in detall in tables II and III (see pp. 23 %o 30). For each of
the eight cases considered, the dimensionless temperature 6 and itse
derivative 7' are tabulatedl as a funetion of the independent variable
1. These tabulations should prove useful to future investigators of low

Prandtl number boundary layers.

Temperature and velocity profiles. - Some insight into the thermal
and flow fields may be obtained by inspection of the temperature and
velocity distributions across the boundary layer. These are plotted in
figure 1(a) for the case of uniform wall temperature and in figure 1(v)
for the uniform-heat-flux case. From both of these figures, two im-
portant characteristics are immediately evident: First, that the thermal
boundary lasyer is significently thicker than the veloeity boundary layer;“
and secondly, that this disparity in thickness incresases with decreasing
fPrandfl number. This suggests that the velocity boundary layer will play
an ever-diminishing role in the heat-transfer process as the Frandtl
number becomes smaller. Thus, for fluids with very small Prandtl numbers,
the heat transfer will be essentially the same as that convected by an
inviscid fluid. The solution for the heat transfer to an inviscid flow

(ref. 1) thus appears as a limiting case.

Comparison of figures l{a) end (b) indicetes that, for & fixed
Prandtl number, the thermal boundary layer corresponding to uniform wall
temperature is somewhat thicker thesi that for uniform heat flux.S It
would thus be expected that, at s glven Prandtl number, the uniform-wall-
temperature situation will be closer to 1ts inviscid limit than the

uniform-heat-Tlux case will be to its limit.

1The tables represent a condensation of the actual machive computa-
tions, which were run at a step size &4n of 0.025 and eight figures.

SThis is in contrast to gases or ordinary liquids, where the thermal-
boundary-layer thickness is either the same order as or less than the

veloeity~boundary-layer thickness.
514 may be interesting to note that, for the wall-temperature vari-
ation t, - t_ = Ax", of which equation (10) is a special case, the

thermal boundary layer is thicker as n decreases.

oo TS . o Mg J -
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’ g Heat-transfer results. - The local rate of heat tranefer frod the
surface to the fiuld msy be salculated using Fourler's law!
: - f 3"&‘:“ gu; L %
g= - x\‘gs;}yma 11}
Tn terms of the variubles of the analysis 88 given by equations (6a)
1 and (8), the expression for 4 becanes
& £
o : Iy ; . ﬁ - b o
o am =8 (6« tIY55 000 (12)
where ©6'(0) is a funciion of Prandil nuzber found from solutions of
equations (9) and (11) end listed in tebie I: Clearly, for q 1o be
independent of X, the temperature gifrerence bty - b, must vary as
xl/R, as prescribed by equation (18).
] T is customary to phrase the local heat-transfer results in terme
i of a heat-transfer coefficient and & Nusselt number defined as foliows:
o ] s aiku%a vv‘ ¢
h & "g;%'tﬂi E‘lx a X ilﬁ)
, Utilizing these definitions, equation (12e) becomes
1 R4S
/e~ 2 L
Rey,
where Re, représents the Reynolds nugber. From equation (14); it is
seen that the values of 9'(0) appediring in table I are girectly appli-
¢able to the ﬁussalﬁ«ﬁéynmlé& reiation s
L For luw Prandbl numbers; it is FPaisful to rephrase eduation (1@)
as
N -9'(0 a
—_— ""“%"‘;'7{ 2" = 1/2 (14&)
{ReyPr)~ " 2Pr '

i LSyl

4mmig step is suggested by the fact that Nuf(RexP?)ljz ig & cdon-
stant for the inviscid flow.

L R e e
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where the product BRe,Pr is sometimes roferrsd to as th2 Peclet number,

The dimensionless heat-transfer results in the form given by equation
{i4a) are listed in table IV:

TABLE IV. - FORCED-CONVECTION

HEAT-TRANSFER RESULTS

Pr | Nu/(Re Pr)L/2
UWT UHF

0.03 0.4872 | 0.7170

.01 5159 | .7756

.006 5257 | .7969

.003 5362 | 8202

Pr.c.00 ) ,

Inviscidf | 0.564 | 0.886

There are also included in the table entries corresponding to the limit-
ing case of inviscid flow over a flat plate, for which Nux/(RexPr)l/z
is a constant (ref. 1).

From table IV it is immediately seen that the variation of the
group Nux/(Rex}?r}l/2 is rather small over the entire liquid-metal

range, heing of ‘the order of 10 percent. A more careful inspection of
the table reveals that the variation is somewhat greater among the
uniform-heat-flux results than it is among the uniform-wall-temperature
results. This occurrence may be understood by recalling that the thermal
boundaxry layer is thinner for the uniform-heat-flux problem and hence is
more aware of the presence of the velocity boundary layer. The heat-
transfer results based on the boundary-layer solutions smoothly approsach
thet of the inviscid flow, the uniform-wall-temperature situation always
being & little closer to its limiting value than the uniform-heet-flux
case is to its limit. The heat-transfer results appearing in teble IV
are also plotted in figure 2.

The utility of the Reynolds-Prundil product ss a correlation param-
etér for low Prandtl number, lsminar-boundary-layer heat transfer is
noteworthy; especially since it has also served successfully in corre-
lating turbulent-heat-transfer results for ligquid-metal flow in tubes.

L

eoT-a
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In the cape of uniform wvell tempersture, it is often useful to Enow

the over-all heat tIsd
of plate, @ is found from

L (15)
Q= q dx 15
Jo

The integration may be carried out utilizing the local heat transfer 4q

as given by equation (12a). The final result may be cast in a dimension-

less form by defining an &VETage heat-tranafer coefficient and Nussel®

z — HL
= oy = o 16
s e G (16)

from which it follows that

number,

wm——

ELIL

g;lg'i = -6'(0) (17a)
or
EEL _ -8'(0) (170)

(Gegpr) 12~ Beif2

The numerical values of the dimensionless heat-transfer group given by,
equation (17b) are simply twice those listed in table IV.

Comperison with previous investigations. - As has been‘noted in the
INTRODUCTION, approximate solutions for thi; iow Prandtl number, forced-
convection boundary layer have been given ir references 1l and 2. The
heat-transfer results corresponding to theseé solutions may be expressed

as follows:

s velocity approximation (ref. 1):

k‘ Nuy . 1/2 ,
e = 0.564 - 0.547 Pr (18a)
[(R%Pﬂl z]xm

(a) Morgan'

(.886 - 0.481 Pri/¢ {180)

H w2

R

tl

AR
it

e 3 AR

gfer @ fCrom the entire surface. Por a unit width
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{t) Kfrofn-Pohlhensen method (ref. 2):

gux L " 61529 (lga)
Y1/2 2 ppl/e
(Re, Pr) UWE (1 + 6,82 Pri/©)
. = 0,818 5 (19b)
(RexPr)l?g S Prl/?) ‘

To facilitate comparison with the exact boundary-layer solutions, these
equations have been plotted in figure 2.

Purning first to the uniform-wall-temperature situation as shown in
figure 2(a), it is seen that Morgan's results tend to approacih: the exact
solution more and more closely &s the Prandtl number decreases. This be-
havior is to be expected from the structure of Morgan's solution. The
greatest deviation, at Pr = 0.03, is only 4 percent. The Kermén-
Pohlhausen results fall about 5 percent below the exact solution over

the entire range.

Now, passing to the uniform-heat-flux case (fig. 2(bj), it may be
noted that, while Morgan's results still tend to approach the exact solu-
tion with decressing Prandtl number, the deviations are larger and of
different sign than those of figure 2(a). Because of the thinmer thermal
boundary associated with the uniform-heat-flux problem, this somewhat
less successful performance of Morgan's method is not surprising. The

results from the K&rm&n-Pohlhausen method continue to fall about S percent

balow those of the exact solution,

Modified Reynolds analogy. - It is of interest to determins the form
of Reynolds analogy appropriate to low Prandtl number, forced-convection
boundary-layer flows. It iz to be recalled that Reynolds analogy com-
pares the friction and heat-transfer characteristics of the flow.

As a prelude, it may be recalled that the friction factor c¢p for
flow over & flat plate is given by

: T 0.664 (20)
T 2 ® Ralfe
(pu2/2) T Rel/
Next, the Stanton number is introduced by its definition
N
St x (21)

- Re,Pr

EOT-3
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Then, taking the ratio of (21) to (20), there is obtained

. . ke (22)
¢ 0.664 Fr 4| (Re,Pr)t/E ?

As has been pointed cut in compection with table IV, the bracketed

factor varies only moderately over the liquid-metal range; therefore, to

achieve a concise result here, an average value will be used. With this
approximation, equation (22) becomes

(?E = Q770 - (23a)
Celpr et '

T Pr

St) 1,15 g
83t = 25b
(“f P/t By

It is important to observe that these relations deviate fram the form of
Reynolds analogy used for ordipnary fluids, the difierence bg?@g in the
] L 4

appearance of Prl/® rather then in the more customary Pré
FREE-CONVECTION BOUNDARY-LAYER SOLUTIONE
Brief Review of Theory
Now, attention is turned to the free-convection flow and heat
transfer about an isothermal vertical plate. Two physical situations

that come within the scope of the theory are ghown in the following
sketches:

Grevity

|
"
g 1 N
| | \
|
}

fh) £y ?t, (e) 6y <t
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Diagram (b) depicts the case in which the wall temperature exceeds
smbient. For this situation, the buoyancy forces are upward, resulting
in an upflow of fluid in the boundary layer. In diagram (c), the wall
is cooler then ambient and the boundary-lsyer flow is downward. If the
coordinates are taken as shown in the sketch, there will be no need to
make any particular distinction between these two situations.

The free-ccnvection flow and heat transfer are governed by the
basic conservation principies. The boundary-layer form of these laws as

given by equations (1) to (3) still applies, except that a buovancy
force

+gB(t - t.) (24)

is added to the right side of the momentum equation (2), The plus sign
is associated with sketch (b}, while the minus sign is used with sketch
(¢c). The appearance of a temperature term in the velocity equation
means that it is no longer possible to solve for the velocity independ-
ently of the temperature; instead, simulteneous solution is necessary.
In this regard, the free-convection problem becames more complex than
the forced-convection problem.

In addition to the governing equations, it is necessary to give
the boundary conditions in order to complete the statement of the prob-

lem. They are

n =0 u =0
ve0)y=0 L
t"t'g

where tw is a constant

The free-convection boundary layer on an isothermal verticel plate
was first solved by Schmidt and Beckmann. The conservation of mass
equation (1) was satisfied by the usual stream function ¥ as given by
equation (5). Then, turning to momentum and energy conservation, new
independent and dependent variasbles were introduced as follows:

1/4
£ = %‘(l W ) (26a)
t -t
£(¢) = L, o(f) = ==  (26b)
(64eB|ty - talx"’)li ¥ te - Y

.
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where [ is called a similarity variable, while & iz @& dimensionless
temperature and f is related to the velocities of the problem. The
absolute magnitude signs have bezn introduced 1o make the results appli-
cable to both ty > te and ty € te. Under the transformation defined by

equstions (26a) and (26b), conservation of momentum and energy is reduced
to the following pair of ordinary differential equations:

ot o4 3er" - 2(f)% 4+ 6 =0 (7a)
6" + 3(Pr)f6' =0 (2m)
while the boundary conditions {28) become
f =0 f'a O
[+ =™ (27¢)
£' = 0} =0 g0
g =1

The primes denote differentiation with respect to {, and Pr repre-
sents the Prandtl number. Since f and 6 appear in both eguations,

simultanreous solution is required.

Previous investigators have concentrated mainly on the range
Pr > 0.7; the existing solutions for low Prandtl number have already

been mentioned in the INTRODUCTION.

Solutions and Results

Solutions. - Numerical solutions of equations (27a) and (27b) bave
t For Prandtl numbers of .03, 0,02, 0,008, and G.003 on

been zarried ou
an IBM 650 digital computer. The numerical scheme previously described
for the forced-convection problem must now be modified to include simul-

taneous equations. Instead of looking for & single quantity 8'(0) as
vefore, a pair of quantities (9'(0), £"(0}) must now be found that leads
to solutions of equations (27a) and (2Tc) satisfying the coadltions
B-+0 and £'=> 0 as { = = - :

The values of 8'(0) and f£"(0) for which solutions were obtained
are listed in table Vi
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TABLE V. - FREE-CONVENTION TEMPERATURE
AND VELOCITY DERIVATIVES

Pr -6'{0) £"(0)

.08 | 0,12484 | 0.93841
02 | Ji118¢ | .9569
.008 | .072464 | .99550
.003 | .045139 | 1,022% |

These quantities are not only of importauce in the execution of any for-
ward integration procedure; but they are elso related to the heat-
transfer and shear-stress characteristics of the flow. Hence, they are
of direct practical utility.

A detailel listing of the solutions of equations (27s) and {27b) is
given in table VI (see pp. 31 to 37). For each of the four Prandtl
numbers considered, the dependent variables 6, 6'; f, f', and f" are
tabulated as functions of the independent variable (. These listings
should provide useful information in future studies of low Prandtl number

boundary layers.

Temperature and velocity profiles. - The distribution of tempera-
ture and velocity across the boundary layer is plotted in figures 3(a)
to (d), esch graph corresponding to a specific Prandtl number. The ve-
locity profiles have their characteristie free-convection shape; rising
rapidly to & meximum near the wall and then subsiding relatively slowly .
to zero with increassing values of {. All velocity profiles contein an
inflection point just beyond the maximum: The temperature profiles have
their usual simple shape, always concave upward.

Two features of this set of graphs are worth noting: The first is
that; with decreasing Prandtl number, the region of high veloeity gradi-
ents ocecupies a relatively smaller and smaller portion of the thermal
boundary layer:. This suggests that, as the Prandil number approaches
zero, the effects of viscosity on the heat transfer will steadily dimin-
ish and become negligible: In the limit, the heat transfer would be ex-
pected to approach that of an inviscid fluid. The second has to do with
the apparent increase of the boundary-leyer thickness with decreasing
Prandtl number. That this trend may not be real is easily realized by
observing that {iuid properties appear in the abscisse variable (. With
changing Prandtl number, these fluid properties will change, tending to
affect the asctual physical dimensions of the boundary layer.

Heat-transfer resulis. - For free convection; the heat transfer is
the gquantity of prime practical interest. The local heat-transfer

,,,,,
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rate q is again computed from Fourier'c law (eq. (12)). Introducing
the dimensionless variables of eguations (26a) and (26b), the expres-
sion for g becomes

o . 1/4
a=-K(ty - t) (gﬁ‘t“’ 3 t"‘) 0'(0) (26)

4xy

A rephrasing of equation (28) in terms of dimensionless variables leads
to

Nux - "8‘(0) (29)

1/4
er/ oI %

where Nuy, 1s the Nusselt number as previously defined and Gry is the

Grashof number. Since the values of -6'(0) depend upon the Prandtl
number, so will the Nusselt-Grashof relation.

The Prandtl number dependence of the dimensionless heat-transfer
results may be considerably reduced by rewriting equation (29) as

Nuy - -9'(0) (30)
(Gropr®) Y/t (zpr) 1"

Such a step is suggested by the fact that Nux/(erPrz)l/4 is a constant

for the inviscid free-convection fiow. Numerical values of this heat-
transfer parameter for low Prandtl number boundary-layer flows are given
in table VII, along with the limiting inviscid result (ref. 12):

TABLE VII. - FREE-CONVECTION

HEAT-TRANSFER RESULTS

Br | Nux
(6r Prz)l/é
X
0.03 0.5497
02 5582
.006 5729
003 5827
Pr-)n}
Inviscid 0.6004

omprcancsne i MR ey st
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Inspection of this table shows that the group ﬁgxf(arxPrz}ifé

possesses the desired characteristic of being almost independent of the
Prandtl number, the variation over the entire liguid-metal range being

about 6 percent. It is also seen that the boundary-layer heat-transfer
results smoothly approach the inviscid-flow result as the Prandtl number

decreases. The information appearing in table VII is also plotted in

figure 4.
For engineering purposes, & simple and very adequate representa-
tion of thesge results is

Nuy, = 0.565(GrePr?) /% (31)

The maximum deviation of this expression from the entries of table VII
is 3 percent.

Aside from the local values, the over-all heat transfer § from
the entire surface may be of interest. An expression for the over-all
heat traansfer may be found by integrating equation (28) in accordance
The result of integration may be put into the following

with (15).
dimensionless forms:
—Lo - (g2 (s2e)
(GrL) 7 =
or
Nuy (ﬁ -6'(0)
= \z (32b)
(GrLPrz)l/4 3) (2pr)H/?

The right side of equation (32b) may be immediately evaluated by multi-
plying the entries of table VII by 4/3.

Friction-factor results. - The friction force exerted on the wall
by the free-convection flow may be computed by the Newtonian shear law,

- (Bu)
mu.giy,::o

In terms of the variables of the analysis, equation (33) may be evalu-
ated as

3/4 ~

gR| T, ~ tg!

t = éuvxl/é(’ By - O £"(0) (33a)
\ 4\!2
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in constructing & dimensionless form of eguation (ﬁsa}, the uysual fric-
tion factor cannot be used because there is po characteristic velocity
in a free-convection flow. An alternative friction factor that is some~
times used in free convection is as follIows.

- (34)

where (v/x) plays the role of a velocity. With this, equatior f33a) can
be rephrased as )

*

¥4

e (e}

The numerical values of f"(0), given in table V, vary only by 8 percent
over the entire Prandtl number range of liquid metals. For engineering
purposes a sastisfactory representation of the shear-stress results would
be

I3

c; = 0.98(4Gr3)l/4 (35a)
X
Comparison with previous investigations. - Studies of the low
Prandtl number free-convection boundary layer that were performed before
the present investigation are described in the INTRODUCTION. The heat-
transfer results as reported by previous analytical workers are summarized

in table VIII:

TABLE VIII. - SUMMARY OF PREVIOUS ANALYTICAL

HEAT-TRANSFER RESULTS FOR FREE CONVECTION

Pr 3)1/4 Reference
Nux/(erPr ' investi-
gation
0.03 0.544 7
WOB 559 4
0L .S74 3
All | 0.508/(Pr + 0.952)1/4 | 5 and 6

To facilitate comparison with the presernt results, the contents of this
table are plotted in figure 4. The experimental data of reference 7

also appear 1n the figure.

}ﬁﬁ%%;#



In common with the current study, references 5 and 4 carried cut
numerical solutions of the boundary-layer equations. As seen from figure
4, thefr heat-transfer results fall slightly high relative to those of
this investigation, the deviation being no more than 1 percent. Since
the older work was performed on desk calculators and slover computers,
such deviations are not at all unreasonable.

The approximation procedure of reference 7 also gives very good
egreement with the present solution, falling only about 1 percent below
at the point of comparison, Pr = 0.03. The result reported as correspcnd-
ing o0 reference 7 is the average of three levels of approximation, the
maxinum spread among the three approximations being 16 percent.

The results based on the K&rmin-Pohlhausen method lie from 7 to 12
percent below the exact solution. This agreement must be regarded as
remarkably good when one considers the relatively broad assumptions used
in carrying through the K&rmin-Pohlhausen procedure for this problem.

The experimental data of reference 7 for mercury fall within the
crosshatched band as shown in figure 4, the deviations from theory being
confined to 6 percent. This very good agreement may be interpreted as
a strong support of the analytical predictions.

CONCLUDING REMARKS

Although laminar-boundary-layer theory can supply information on
heat-transfer and skin-friction characteristics, it cannot predict the
region of applicability of these results. For sufficiently high Reynolds
or Grashof numbers, the flow will become turbulent. On the other hand,
for sufficiently low Reynolds or Grashof numbers, the boundary layer is
relatively thick, and certain asgumptions of the theory are no longer
valid. It remains for experiment to define the limits of applicability

of the theory.

For lov Prandtl number forced-convection flows, transition to turbu-
lence should occur in the same Reynolds number range (5x104 to 106) a8
for high Prandtl number fluids. On the cther hand, in the absence of
experiments involving liquid metals, it cannot be stated which Reynolds
numbers are sufficiently low to invalidste the boundary-layer assump-
tions as a cousequence of & too thick thermal boundary layer. All that
can be stated is that the (thermal) boundary-layer assumptions will not
remain valid to as low Raynolds numbers for low Prandtl number flows as
tney do for high Prandtl number fluids.

For free-convection flows, it is rather uncertain that information
on lsminar-turbulent transition for high Prandtl number fliuids can bz
applied to low Prandtl number fluids. Therefore, at present, the extent




¢9T~-4

AR

L AR ikt

sumber flulds must de regarded 88

of the laminar regime for low Prandtl
nty exists as to when the boundary-

unknown. Further, a state of uncertal.
layer assumptions become jnvalid because of a too ~hick bovndary layer.

For geses, it has been established that boundary-~layer hest-transfer pre-
dictions are correct when GIy > 5x10%., PFor liquid metals, it may be
conjectured that this 1imit will be at a higher Grashof number, but it

ig not known how much higher.

Lewis Research Center
Netional Aeronautics and Space Administration

Cleveland, Ohio, December g, 1958
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TARLE II. - FORCED-CONVECTIOH SOUPIONS FOR UNIFORM-WALL-TEMPERATURE CABE
{Coverning differential equation:
6" + (PrjFg' =0, 8(0) =1, 820 as 7§ e
where 1 1s the Blasius functiOnJ

{a) Pr = 0.03
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TABLE II.

-~ Dontinued,

(») Pr = 0.01

n e’ ] i 8! o

0400 -0, 1032 160000 6420 -0, 0773 064102

010 -.1032 09897 6440 -. 0756 « 3949

«20 -. 1032 9794 6460 -. 0740 +3799

+30 -.1032 + 9690 5480 -. 0723 «3653

W40 -. 1032 +9587 700 -. 0705 +3510

s50 -.1031 09684 7420 -. 0688 03271
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TABLE II. - Coucladed.

(2} Pr = 0.003
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bl g! é
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~. 0471
- Q467
-. 0462
=« 0457
- 0h44
-+ D631
- 0518
“« 0404
- (321
- 0377
-- 0363
-« (0350
-. 0336
-.0322
~. 0309
-. 0295
) 0282
- Q269
-. 0256
-. 0243
-.0231
-.0219
-.0207
-.0196
-.0174
-.01%¢&
-.0138%
-.0118
"10102
-.0088
-.00Th
- Q084
-.008%
-. 0046
‘00033
-.0032
-. 0026
~. 0022
-.0018
-.0014
-. 0012
~. 0009
] 0007
-. 0008
-.0005

-. 0004
-. 0003
-. G002
-. 0002
-. 0001
-. 0001
bt} 0001
-, G001
«0000
« 0000
<000
¢ 0000
« 0000
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.
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TAULE I71. - FPORCED-CONVECTION SCLUTIORS FOR UNIFORM-HEAT-FLUX CASE
[coverning @ifferential equation:
6" + Pri{Fg* - F'9}, 8(0) =1, §+0 B 1 + =

vhere F is the Blusius functianj
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S

e

AN i £

P

sesinenr

(a) Pr = 0.03
e
1 gt e n 6 ]

G 00 -0. 26484 10000 Lok =0es(0941 0e2122

el10 -« 2482 09752 4060 -. 0877 + 1940

e 20 “. 2476 9504 %480 ~.081% 61771

¢30 -« 24466 09257 5,00 -. 0757 01614

o4 0 -~ 24583 «9011 5429 -. 0701 21468

e50 . 2636 e8766 5040 -+ 0649 ¢1333

¢80 ~. 2416 08524 5,60 -. 0599 e1209

+70 -.23%2 08283 5680 ~. 0551 01094

o R0 - 2366 28045 £400 -, 0507 20988

2«90 - 2337 07810 6620 -+ 0465 s0891
1,00 -. 2305 27578 6640 “s 0426 «0802
1,10 - 2271 07349 6660 ~-0389 «0720
1020 -, 2234 2 TYr24 6080 -+0355 e 0646
130 -. 2196 06902 Te00 -.0323 ¢e0578
1640 -+ 2156 « 6685 T+20 -« 0294 00516
1,56 -+ 2115 06471 TekO “e 0266 e 0460
1.60 -« 2073 06262 Teb0 - 0241 «0410
170 =« 2030 e 6057 780 - 0217 s (364
180 -» 1986 e5856 8,00 -.0196 00323
1,90 -« 1942 «H659 Be20 ~«(0176 « 0286
2400 -- 1898 05467 8440 ~*0158 00252
210 -+ 1853 +5280 Be60 "+ 0141 00222
220 -. 1809 05097 8489 =<0126 <0196
2.30 -. 1764 04918 2500 ~+0113 «0172
2480 -. 1720 0 4TaG 9220 ~«0100 «0151
2050 -« 1676 24574 9:40 -. 0089 00132
2060 -, 1633 e 4409 9,60 =« 0079 00115
2678 -. 1589 04248 9480 ~=« 0070 « 0100
2¢80 -. 1547 04091 1000 ~= 0061 +GOBT
2:90 -+ 1504 ¢3938 10650 “2 0044 « 0061
3400 -. 1463 +3790 1100 --0032 « 0042
3,10 -. 1421 +3646 1150 =~ 0022 o 0029
3420 ~. 1381 £ 3506 1200 -.001% + 0019
3+30 -.1341 3370 12,50 -.0011 «0G013
340 -. 1301 e3237 13,00 -. 0007 « D008
3¢50 --1262 «2109 13¢50 - Q005 Q005
3,60 -+ 1224 s 2986 14600 -.0003 e 0003
3.TO -«1186 e 2865 14650 ~. 0002 00002
380 ~+1149 02748 15,00 -. 0001 «0001
390 -»1113 «2635 1550 - 0001 0001
4400 --1077 02525 16,00 -. 0001 ’ + 0000
4420 -.1007 e2317 16450 + 0000 1 20000
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TABLE IITI. - Continued.
(b)‘ Pr = 0,01
| -
1 g g 1 ) o

0,00 -0s1551 | 140000 f 6400 -0.0720 | 062975

L. -, 1551 +GBLE 5420 -, DEB4 42833

e20 ~. 1549 s 9690 6440 -. 0668 e 2697

$30 -. 1545 « 9535 6460 -. 0643 02566

04D -. 1541 29381 6480 -. 0618 s 2640

250 -. 152% 09227 T 00 -. D594 s2319

660 -. 1528 9074 Te20 ~. 0870 | 22203

270 -. 1520 ¢ 8922 740 -. 0567 02091

080 -, 1511 58770 7460 -. 0525 21984
«90 -. 1501 +8619 7480 -. 0503 01881
1,00 -. 1489 08470 £400 -. 0482 61782
110 -. 1477 e8322 8620 - 04661 01688
120 - 1565 efil 74 8,40 - 0&él e 1598
1,30 -+ 1451 ¢ 8029 8460 -2 0