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BAffDBOOX OF SUPERSONIC AEROOYRAMICS 

Voluae 3 - Section 7 

Preface 

A preface to the entire Handbook of Supersonic Aerodynamics 
appears in Volume 1 and includes a brief history of the project. As 
stated in Voluae 1, "The priaary criterion used in selecting material 
for the Handbook is its expected usefulness to designers of supersonic 
venicles. Thus a collection of data directly useful in the design of 
supersonic vehicles, results of the acre significant experiments, and 
outlines oi basic theory are included 

The present edition of the Handbook, printed and distributed 
by the Bureau of Ordnance, is being puo!ished in separate sections as 
aatenal becomes available. The contents of the entire nork is given 
on the back of the title page. It may be noted, the aajonty of sec¬ 
tions of the Handbook are being prepared by Individual authors for the 
Aoplled Physics laboratory. Those sections are noted for «hich an 
early publication date is expected. The selection of material, edit¬ 
ing, and technical review of tve Handbook of Supersonic Aerodynamics 
continue to be carried out by an editor and a technical reviewing coa- 
aittee at the Applied Physics Laboratory. 

Volume 3 of the Handbook of Supersonic Aerodynamics contains 
three closely related sections, "Two-Dioensiona-1 Airfoils" 'Section (.), 
"Three-Dimensional Airfoils" (Section 7), and "Bodies of Revolution” 
(Section 8). A fourth related section on ving-body interference 
(Section 9) is placed in Volume 4 mitL sections on stability and con¬ 
trol because of its importance to this later subject. 

The stiff cf the Aerodynamics Handbook Project » the Applied 
Physics Laboratory gives grateful acknowledgment to the Aeromechanics 
Division of the Defense Research Laboratcry of The University of Texas 
for the large amount of computational work carried out by them for the 
Sections 6 and 7 of the Handbook. 

The numbering system of Volume 3 
that used in the last preceding volumes. 

is essentially the same as 

j. .- .- V V \* ,■ r, 

'• i - -** 

m » - • % 
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Agencies and individuals interested in the ae-oaautical sei- 
ences are invited to submit and to recommend materai î^înc us on 
in the Handbook; full credit mill be given for alî such later âîüed 

înK?helKa hÎT ^e'‘'Ctlon of “'erial and the preparation of the volume^ 
c?ts e “a"db°?V Series, the Applied Physics Laboratory earnestly solt- 
tò d rUCtlVr criticls"s and suggestions. Correspondence relying 
to the editing of the handbook should be directed to * 

* r -pervisor. Aerodynamics Handbook Project 
App. .;:ysits Laboratory 
The Johns Hopkins University 
8621 Georgia Avenue 
Silver Spring, Maryland 

be d,rectc!í0rõUnlCatÍ0nS C0n0erntn« dtsí-¿í>uíion of the Handbook should 

Chief, Bureau of Ordnance 
Department of the Kavy 
■asbington 25, D. C. 
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Infinite Triangular Ming. ... 
•’upersonic and Subsonic Leading Eoges 
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Wings 
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Parameters tor Lift and Moment Data 
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Reversibility Theorem 

Numerical Examples ...... 
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SECTION 7 T».»*- DIKENSIONAL AIRFOILS 

£ _,! Symbols 

V ('1rs •y of sound 

u2 
ratio: 

»: r' -pan (twlr - the 
»•tance fron the 

■ to the rx)t 
rd) : 

T>r 

««•ig chord 

o. coefficient: Drag Force 
“ ï j- 
\pV¿S 

*ft * -»efficient: Lift Force 

5pv2s 

*ft-curwe slope: 

>*tching moxent coefficient: 

pitching Bornent about the 
X aP** of the leading edge 

¿pv- Sc. 

(•here a positive moment is defined 
as a Bornent tending to tilt leading 
edge upsard) 

ent-curve slope: 
da 

su-e coefficient: 

' 'A’.' ‘wv’v'.1- 
W V VA--7-V V V-V.V- 

. O - * 4 m % . . 

•_• - • 
C'S’ V %■ • 
■/7<-.N--/>/>V7N';y-- 
N* "V* ** N*'“s- "m* %* ‘ 



■ VI»' l 

I T ^ 

^fayaii  ....—  .—y—-   .t'-'v'-/vv' 

-i 

> V 

\ 

“fc ' • ' fc w ' 

:^- 

*■ 

NAVORO REPORT 1488 (Vuluae 3) 

Syaools Page 2 Three-Dlmenston»I Airfoils August 1957 

VVl ~ ( 0 cot A )2) complet« elliptical Integral of the second 
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kind, ot modulus Vx - ( ß cot A 

source intensity per unit area. 

Mach number: — 

pressure 

wing planform area (two panels) 

thickness of wing profile 

thickness ratio 

components of perturbation Telocity 1» 
a-, y-, z- directions 

velocity of the undisturbed stream 

rectangular coordinates 

moment arm of wing elemental lifting area 

angle of attack 

V' v -1 

tip rake angle (angle which tfp makes with the 
root chord direction; defined as positive 
when the tip is raked inboard) 

leading edge sweepback (angle which the lead¬ 
ing edge makes with normal to root chord 
direction) 

trilling edge sweepback (angle which the trail¬ 
ing edge makes with normal to root chord 
direction) 

taper ratio (tip chord divided by root chord 
for unraked wln;s with straight leading 
and trailing edges) 

Mach angle: sin”* i 
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rectangular coordinates used te specify ce-irce 
dist rIbutIons 

density (of amblent fluid) 

perturbation velocity potential 

total velocity potential 

slope ci wing surface measured with respect 
to the x-direction 

Auxiliary Sybols 

reference to lower surface of wiaf 

reference to root section of wing 

reference to tip section of wing 

reference to upper surface of wing 

partial derivatives with respect to coordinate 
variables. 

e.g. 0 , ¿i 
* dx 

reference to the undisturbed stream conditions 

. k~-'. V 

'-.«'o %' >_• - . ■■ -- " 
• \ ’•.s V. *JS * . ‘ . X ^ - 

■v - ,-■'. V-' .v /-.--1-. ,--.-. .-. .-. -- 
• v -,. , ,-.-.- 

L • • - • Jfl 

» \ «t % w - - ^ k # 'a kV . - J 

{• m m m 

’ * ^ i • w " -.T » *k • * *. ‘ 
*.> V * • -/ r.v4.* */ •> > *. 
• - >V- .■ .-- .-* 

- •. M M 

•'.•V'/.-.-.V///>.-/..-./; 

•.-\‘ V- / /.- -.-.-//.- -.-.-.-.-.- 

•.-•v,-:.- 
.-/..--1-. V.V. V/.-.-.////.-, 
/■•;//-/////.■/.•/////// 

• -. •/--.---.--/-'///.•> .V-// 

m m m m 

- * -V /- w’** k"- k * /- ^ .--1 

r'- .-/- /- .V .-. .-/. vV-L 
*»/ -/ -_**'* «L.*1 - “ - “ - “ * 1 

1M -M « 

^-V////-'.'/////.-//V//. 

-a-/.'-:-/-/.-/'/.///.\n-.. , , , a, _ 
" • _• mjrn ' - * • - • a ■ - - ■ « " • * 

. w. .. " • *■ t - . . ■ rn.* , • • • * , 

* ® « • 

\r .* *“ -• k " .> sN .> L • . 

’■ «Tn • 
:--...-.-^-.7-^ .V-¾ 

J»_ 5... :1 
/- /^•.^/-■/v/Ã/// 
» %_W s • • w "J- * 1» - .- 0- -- .- -- .- - » ' . • -jw ' k " » • ■ • a " . .-.- 
, k - 
-/ */ •/ •/ * * O -/-/ V a • •n-a-n-a .’*w"a * W " J» " • * . 

*> V V V v\* V V V *. *_ " ^ •• 1 » 1 ay - * n. . . , 

• • _ • • 

■7/a*:-'.///ja.1.1. 

t'--.. • l>Mw-v^>v3S}vyvsj 



August 1957 Introduction 700.1 

SECTION 7 - THREE-DIMENSIONAL -.1R FOILS 

This section of the Handbook of Supersonic Aerodynami 
prepared at the Applied Physics Laboratory of The Johns Hopa.ns uni¬ 
versity. Many of the formulae and graphs for lift and marnent charac¬ 
teristics of three-dimensional airfoils »ere especially prepared for 
this section by the Defense Research Laboratory of The University of 
Texas. 

700 Introduction 

This section of the Handbook present* the aerodynamic 
characteristics of a limited class of finite «ings in a convenient 
form for use in design calculations. The treatment of finite vings is severely limited to uncambered mlngs *ith- rere a.igle of attack 
or which thickness ratio and position of uaxim.vt th ckncs* are held 

at a constant *alue. Section 6 of the Handbook (Tvo-Dia^nsional Air¬ 
foils)- nay be used for guidance in estimating viscosity effects and 
the effect of changing the angle of attack, thl-.kness ratio, camber, 
and position of maximum thickness. 

Section 7 treats mlngs alone and ignores the fact that, in 
practical application, mings are attached to bodies. Bodies alone 
are discussed in Section 8 of the Handbook (Bodies of Revolution), 
and interference eiiects of the wing-body combination are treated in 
detail in Section 9 of the Handbook (Mutual Interference Phenomena). 

Section 7 also Includes a summary of the underlying theory 
with particular emphasis on the limiting conditions which affect the 
range of applicability of the data presented. 

700.1 Scope of Contents 

Theoretical airfoil characteristics for lift, pitching 
moaent, and pressure drag are computed by the method of supersonic 
source distributions. They are presented in graphical form using 
non-dimensional parameters which define the aerodynawic and geometric 
properties of wings in supersonic flow. The lift and moment analysis 
is discussed first because much of it is also a basic consideration 
in the drag analysis. The calculations at ¿.ero angle of attack in¬ 
volve linearized theory only. The reader is relerred to Section d 
of the Handbook (Two-Dimensional Airfoils) for a comparison of lin¬ 
earized theory and higher order theories. 

Throughout the discussion theoretical analyses are reduced 
to a minimum consistent with ijte'ligent use of the data, and a 
reference is made to the original sources containing the more de¬ 
tailed analyses. Sample calculations are included *o demonstrate 
the practical use of the graphs in determining the aerodynamic char¬ 
acteristics of several wing configurations at specified flight con¬ 
ditions. 
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A brief comparison of theory and experiment is Included in 
order to provide a convenient basis for estimating the ¿'■curacy and 
reliability of theoretical predictions from the linearized theory. 
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RosuBe of Basic Theory 

A resume of baaic theory Is sketched out here to assist the 
reader in his understanding and interpretation of the material pre¬ 
sented in graphical form. This discussion is limited to a considera¬ 
tion of a supersonic source solution. The more complex questions 
e.g., boundary conditions, conical flow solutions, and so forth áre 
referenced where appropriate. 

701.1 Basic Flow Assumptions 

The subsequent analysis is based on the assumption of a fluid 
prescribed by the following characteristics: 

Compressible fluid 
Inviscid fluid, without heat transfer 
Absence of all external force field« 
Steady motion, i.e., flow quantities are independent of 

time 

Irrotatlonal flow, l.e., the flow field is free of 
vorticity (see item g below) 

Shock waves are Infinitely weak 
Adiabatic processes, i.e., no heat transfer at the 

boundaries 

701,2 General Equation of Motion 

The equation of motion governing the flow under these condi¬ 
tions Is expressed in the total velocity potential form (Ref. 1 
P. 2.17, Eq. 2.31) as follows: * 

«I 
*2 

¢. 
yy 

4> 4> 
2*yz —- 2 <1. 

» J- 

<t> <t> 

- * -V* ’ 0 . 

(701.2-1) 

a a- a 

where 4> is the total velocity potential defined by 
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701.2 PaKf 2 Thrrr-Dimonslonal AirfolIfi 

The primed hymbols represent the total velocity components as con- 
trarted with perturbation velocities wnlch are designated by symbols 
without primes. 

Here a ** the velocity of propagation of an infini- 

tesi 1 pressure wave at constant entropy (sonic velocity). 

701.21 l.lnear l7.ed Equa t ion of Motion 

Solutions for this second order non-linear differential 
equation (Eq. 701.2-1) have been found for only a limited number of 
cases and, therefore, some simplification is necessary if any practi¬ 
cal applications are to be uiade. In applications to the flow past 
finite wings, a large range of important wing configurations meet the 
requirements of the linearization of this equation. This lineariza¬ 
tion is a consequence of using the small perturbation theory in which 
it is assumed that the disturbances produced by a body in a fluid are 
very small compared to the velocity of the undisturbed flow The 
wings of aircraft flying at sup.rsonlc speeds are usually sufficiently 
thin so that, at small angles of attack, the velocity disturbance» can 
be assumed to satisfy the requirements of the small perturbation theory 
at all points In the flow, except la the lamediate vicinity of the sub¬ 
sonic leading edge. 

The linearization of Eq. 701.2“1 by the theory of small per¬ 
turbations is accomplished as follows: 

m. The total velocity components u*f v*, w* in the undis¬ 
turbed stream are: 

u* = V (constant) 

v' * 0 

w* * 0 

b. The corresponding total velocity components in the 
presence of the disturbance are: 

u* * V ♦ u 
V* * v 

w* « w 

where u, 
limited 

V, and w. t?- disturbance velocities, are 
by the small perturbation theory to 

u « V, v « V, w « V. 

Since the flow external to the disturbing oody is assumed Irrotatlonal, 
a perturbation velocity potential, 0, is introduced defined by 

*«• V » * 0. 
y’ 
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Substituting in the general potential Eq. 701.2-1, and neglecting 
terms of second order and higher In the perturbation velocities and 
their first derivatives, we arrive at the following linearized form 
of the equation of motion: 

[“~2 -.] 0 - 0 -tí = 0 
a* yy zz (701.21-1) 

where II 
_ V 

is the Mach number of the undisturbed flow. This 

1inearizatioa leads to solutions of the same degree of accuracy as 
that given by the first order theory for two-dimensional airfoils 
which was treated in Section 6 of the Handbook. 

701.3 SolutIon oi Linearized Equation by the Method of Supersonic 
Source? Distributions 

An eleneutary solution of the linearized form of the equa¬ 

tion of motion (Eq. 701.21-1) is defined by the following function 
(see Puckett, Ref. 2, Eq. 3): 

(*. r. z) s 

-v/o 

where 

O2 - [(7 - IJ)2 ♦ (z - £ )2] 

'(701.3-1) 

1 . e2 = »J 

The function defined by Eq. 701.3-1 represents the potential 
at the point (x, y, z) Hue to a point source of strength proportional 
to C and located at the point P (( , q. Ç ) (see Heaslet and Lomax, 
Ref. 3, p. 149). This function becomes imaginary outside the cone 
shown in the figure on the next page and described by the equation. 

(* - O2 - ¿J2 [(7 - q)2 ♦ (X - Ç)2] o. (701.3-2) 

This cone has its vertex at tne point P ( ( , q,{ ) and has a 
semi-vertex angle of 

M = tan-1 i = sin'1 I 

It corresponds to the Mach cone formed by the stationary wave front 

prod-iced in a flow at Mach number Mao 07 * disturbance at P ( (, q, C ). 
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Zone of 
Dependence 

for PoinJ P 

Zone of Influence 
of Point p 

A disturbance at P ( (, »}, Ç ) cannot he felt outside the cone down¬ 
stream from this point, but is felt withlu the cone, thereby defining 
zones of inaction and action respectively. The zone of action is 
noted as the Zone of Influence in the figure above. Likewise, condi¬ 
tions at P ( , Jj, ( ) depend only on events occurring within the cone 
upstream of the point. This zone is known as the Zone of Dependence. 

Solutions of more general applicability are obtained by as¬ 
suming distributions of sources of varying strength. This is permis¬ 
sible since the differential equation is linear and the principle of 
superposition applies. Puckett (Ref. 2) has applied th>î distributed 
source solution to the evaluation of the flow over a thin triangular 
planform wing. The analysis is summarized here as a means of illus¬ 
trating the application of the small perturbation theory to the 
determination of wing characteristics at supersonic speeds. The thin 
wings under consideration are assumed to lie essentially in the xy-plane 
and the sources are distributed in that plane. Letting g represent the 
source strength per unit area, the differential element of the pertur¬ 
bation velocity potential, dO, is obtained by writing (g d/ dr;) in 
place of C in E«,. 701.3-1. Therefore, 

(701.3-3) 

where 
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701.31 Déterminât ion of Velocity Potential for Thin Wing» 

The velocity potential at cny potpt on the «mg surface Is 
obtained by the irtegratlon of Eq. 701.3-3 over the sing area in¬ 
closed vkithjn the Zone of Influence for that point. Puckett (Ref. 2) 
demonstrated that the source intensity, g, at any point is dependent 
only upon local conditions, and is given by 

« 
* * 7 (701.31-1) 

The boundary condition simply requires that the local velocity bo 
parallel to the uing surface at any point, that is, 

(701.31-2) 

»here is the slope of the *ing surface relative to the x-directlon 

at a given point. Since these »ings are assumed to lie in the sy-plan», 
it is sufficient to satisfy the boundary condition in that plane 
(z = 0). The velocity potential at the point (x, y) becomes, after 
substitution trk.a Eqs. 701.31*1 and 701.31-2 in Eq. 701.3-3, 

0( x. y> ’ - y 

//- 

u>Ä d Ç dq 

AS 
(x -a2 -02 (7 - r,)2 

(701.31-3) 

.%/-vVv> V V > 
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»here AS is the area of source distribution intercepted by the fore¬ 
cone from the point ( x, y) and thus lies »ithin the Zone of Influence. 
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701.32 Perturbât ion Velocity and Pressure Coef ficlent 

The horizontal perturbation velocity in the x-directlon, Ö 

is obtained from Eq. 701.31-3. The pressure coeflicient, defined as 

rrj- 
2pV 

(701.32-1) 

Is 

-2u 
V (701.32-2) 

.-.V* .- V 
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as obtained from the linearized theory. 
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701*42 Horizontal Perturbation Velocity for a Triangular Wing 

Puckett’s analysis (Ref. 2) treats the Infinite triangular 
•Ing with a supersonic leading edge. The Mach li.e from the wing apea 
In this Instance divides the wing surface into tw .cgions. and the 
Integration (indicated by Lq. 701.31-31 is accomplished separately for 
each of these regions. The horizontal perturbation velocity u Is 
constant in the region ahead of the Macn line (Region A., Fig. (a) on 

the precedln^page), and is given by the tollo*!»« equation (Puckett. 

u 
V 

-ii»x ( ß cot A ) 

ßAß cot A ) ÏTT 
(70I.4Z-1) 

In the region behind the Mach line (Region A^ Fig. (a)) the perturba¬ 

tion velocity is given by the equation (Ref. 2, Rq. 35) ; 

-2wx (0 cot A 

*ß-S(ß cot A 

1— eo.-< 

)2 - 1 V cot A )2 -/32(*): 

(701.42-2) 

Stewart, using the method of conformal transformation, deter¬ 
mined the flow characteristics for an infinite triangular wing iith 
subsonic leading edge and his results (Ref. 5. Eq. 45), rewritten in 
the present notation, give 

u 
V 

-u> (0 cot A ) 

ß VÍ /Scot A )2 - /32(£)2 E (>/l - cot A )2 ) 

(701.42-3) 

:(vi~ ( ^ cot A )2) it, the complete elliptic integral of the where E^ 

7Ín°ío 7lní‘ OÍ “odulus vl - (^ cot A )‘. Equations 701.42-2 and 
701.42-3 show the perturbation velocity, «. and hence the pressure 

coefficient, cp = -^ü, remain constant along radial lines drawn from 

the ape* which, according to Busemann (Ref. 6). is characterictic of 
conical flow phenomena« 
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701.5 Analysis finite Vtng Planforms 

The aero.lynamlc characteristics of tb»m. flat, saopttuck 
finite .mgs are determined by suitable modifi-atioo and application 
of the results for infinite flat triangular «1=**. Vhrn the boundary 
of a finite centiguration crosses the basic triangular wing a correc- 

^ fetersl?ed *hlch la eííect cancel, the pressure field of 
e infinite triangular wing beyond the boundary of the finite configu¬ 

ration without altering the specified boundary éditions. In 

e‘Ky fKr * trlan^“Ur planform, it is sufficient to locate 
the t.ailing edge boundary and disregard the dwastream portion ol the 

mitte)íre field OÍ \he **nK; siBCe Pressure disturbances cannot be trans¬ 
mitted upstreac. An example of this type of analysis is given in the 
compjtat.on of the drag of a triangular planform with a double wedge 
cross section (see Subsection 102.22). ^ 

i s . 0ther Platforms having supersonic trailing edges require more 
? lí »K*le,rnd deiaUed -’ressure-f ield cancelling techniques acco^i 

1iIeV disturbances radiating from planiorm discontinuities 
such as the leading edge of a tip chord. The flow about wings moving 
at -«Fjrsonic speeds with subsonic trailing edges must satisfy the we’l- 
known lutta condition which requires the velocity to be finitl at the" 
vrai ting edge» 

sa»!,, a"*î>s*f! ,nd d*** presented herein are limited to wings 
load?*, back ^adlni: only* for wings with sweptforward 
leading edges can be determined by means of the reversibility theorem 
discussed later (see Subsection 702.3), from data for equivalent^ingi 
having sweptback leading edges. «^uivwieni wings 

?ou£f* aistribution methods cited in Puckett (Ref. 21 
nd Evvard (*ef. 7) offer the most convenient m«mns of calculâtingthe 

tr.nine'eLe raTÍerÍSíÍC? ÍOr Planfür-S supersonic leadingC.nS 
trailing edges. The calcultfloo of the flow properties far wings with 
subsonic leading edges is acco^illshed through The use of solu^ns 

trian^larlniStCW?rt *"d La«erstrom l***- «) for the infinite 
triangular wing plus suitable pressure cancelling techniques. Two 
such ""hods or techniques appear to be generali, used. One of these 
methods, discussed by Rirels (Ref. 9), uses supersonic doublets and 

Cohen^f Ref ^ Till ° c,lrved '»“‘""»»«■les. The second method, discuss-d by 
Cohen (Ref. i0). uses the superposition of conical flow fields oriei- 
nal y introduced by Puse-ann (Ref. f>)\ The details of theij pr«îir«- 

Handt>^knCelUtl0n tftchni<Jues ar*. however, beyevad the scope of this 

An extensive table of conical flow functions is given in the 
Princeton Series. Vol. Vll, pp. 156-165 ( *cf. 37». ' 
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Calculât Ion of Wing Charactcrl.it if m 

for...... ','i ?“!: "d,T;‘„iur:r«sL[''pr‘'";i‘u,c 
bast'd on the method oí sunnrwfmi^ c 0l lh*i Handbook. These results are 

*octlo,.s 701 thSh ioHrÄe When in ^ 
oi attack, the Huw «ust satîsfv îho ï»?. *ínK iS íakon at an anKle 
velocity it the traiUng clg ?^ Í » ?îîa condltlon Hnlte 
component of flow is supersonic automaticrf|edge.,0f whlch the normal 
G «...eral solutions tor the s^soníc tra th‘S cond*t‘on. 
been obtainej. Consequently the lit» 1 a* dg° conditton h«ve not 
this section Cre rest2ïC?'iJ and.BO,0Ont data Presented in this section are restrict..* t.! . «ornent data presented in 

results do not experience this limitation b”»11"* ®dgcs* Th* dra* 
here to zero angle of attack. il"itation ^»use they are restrict! restricted 

702.1 LltL ar|d Moment Characteristics 

for Supersîïrc1MÎ!aies?rictistîheTiîiPtT;Urbatl0n theory 
ang 1rs of attack! The .lopes of t0 thi" Wing;1 at 
of attack depend on the wing plínfSrm ÒÍÍ* '''l''™ '“lh a,,gl* 
thickness. The wing therefore cwl sii .,y a"d nut on the camber and 
lift (under the small angle of attack UmitMio ?“i* 11,4 p,ate- and 
the normal pressure force obtained by íhe íníegrí 1100*0?“^ t0 
over the surface of the wing. Thoreïore. ÍhÍ lift “ AM* 

t = Í ,p. - 
Pu)dS 

lilt ts rewritten by use of Eqsf 701 aí-^aíd 701 ÍOr th* 
coefficient expressed in 1er.2 if J“ a 

CL 5 

? . u») 
s jlv V / dS* 

The ratio of the perturbation velocity to the free stream velocity H 
is shown bv Eqs. 701.42-1 701 42-» as* nm a« a ’ v’ 
to the slope of the wing tur'-ce2 1’ Ll°l'i2~3 ProPOrtlonal 

* ur ,re- ws* The upper and lower surfaces of 
P a e wing are parallel and, under the small angle of attack 
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limitation, the slopes are equal to (-a) and (or) respectively, »here 

a is the angle ot attack in radians. Therefore, the slope of the lift 
curve is given by 

dC 

'L«- 

JL 

ài 

i /-u 
S J V 

(702.1-11 

7Õ d3. 

slope is 
The integral expression for the wing pitching-aoment-curve 

dC 
C_ * 

da 

I fh [-ff> . 

(702.1-2) 

where xcp is the distance from the center of the clement of area to 

the moment axis, and cr is the wing chord at its root section. 

The evaluations of Eqs. 702.1*1 and 702.1-2 are accomplished 
most conveniently by use of the superposition principle, since the per¬ 
turbation velocity, u, is not known as a single function of the wing 
surface coordinates. The triangular wing is used as a basic configura¬ 
tion for which oasic lift and moment-curve slopes are obtained by the 
us of Eqs. 701.42-1 and 701.42-2, or 701.42-3 in Eqs. 702.1-1 and 
702.1-2 depending upon whether the leading edge is supersonic or sub¬ 
sonic. The integrations are simplified by using a triangular element 
of area with its apax at the wing apex and bounded by radial lines and 
a segment of the wing boundary. This reduces the double integrals in 

tqs. 702.1-1 and 702.1-2 to single integrals, since the function for 
u -- - ^ 

a • 
Va remains constant along a radial line, 

used by Cohen (Ref. 10). 

The new variable is as 

The methods described in the preceding paragraphs have been 
applied by various researchers to the determination of the lift and 
moment-curve slopes for commonly used finite wings moving at supersonic 

speeds. Formulas rerulting from these analyses are presented in Cohen 
(Ref. 10) ana Piland (Ref. Ill along with references to the original 

sources. Additional applications have- been made at the Defense Rosearen 
Laboratory f The University of Texas (Ref. 12). This latter reference, 
which also includes charts presenting the lift and moment-curve data 

from all of the »hove sources, is used as the main source of the numeri¬ 
cal data presented in this section of the Handbook. 
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702. 11 Parami-tt rs Í jr LI ft and «orçiU Pat» 

,, S/r'™ üíl.lh<, ‘‘»‘«ti"« data and of the »othods of presenta- 
t ton ,,as >‘‘d to the choice ot the ioUo*in(? parameters for the presen¬ 
tation of the lift and moment data; ^ 

0 A 

/3 cot A 

0 c, 

Mach number-aspect ratio parameter 

Mach number-leading edge swecpback parameter 

Mach number-lift-curve slope parameter 

0 c 
a 

Mach number-moment-curve slope parameter 

/} . a rjic variations of the Mach number-plauform parameters J9 A and 
Æcot A with Mach number for certain constant values of A and A are 
s own in Fig. 702.11-1. The planlorms of swept wings with unraked tips 
can usual.> be specified by three parameters; (1) aspect ratio A ** 
(2) leading edge sweepback angle, A , and (3) taper ratio. A. ¿nlv 
used wing planform categories are defined by the following relations. 

1 - A 
rrr cot A (702.11-1) 

where > , -, and < specify sweptback, unswept, and swept forward trail¬ 
ing edges respectively. Planforms having fore and aft symmetry are 
defined by the relation * 

(702.11-2) 

Illustrations of typical configurations so defined by this relation are 
shown in Fig. 702.11-1 for taper ratios of A = 0 and A = 0.5? 

70, a,, .w1! h,,S been Sh°*n earllcr (soe t‘8ure given in Subsection 
i. *j ¿ that rc*Jions oi subsonic and supersonic leading edges are de- 
Iined by 

0 cot A I 1 

where < , =, and > specify subsonic, sonic, and supersonic leading 
odge respectively. Regions of subsonic and suoorsonic trailing odees 
can be delined by simple relations between tne'planform parameters as 
given on the following page. ers as 

.« c. . * m 
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Sweptback trailing edge: 

> 4 j—T V * ß A 

or f-rt flcotA < 0A 
ï - ßcot A > 

(7C2.U-4) 

where the signs < , -, and > designate subsonic, sonic, and supersonic 
trailing edge conditions respectively. 

Sweptiorward trailing edge: 

T^r 
-0A 

< < 4 fr4 P co* A 
> ^cot A • orß * ; g cot a- 

(702.11-5) 

where < , =, and > specify subsonic, scsic, and supersonic trailing 
edge conditions respectively. Subsonic and supe-sonic trailing edge 
conditions are shown in the following figure. 

i Mach Lint s*- Mach Lint 

(o) Subsonic, Sweptboch 

Trailing Edge, A * 0 

(b) Supersonic, Sweptforword 

Trailing Edge, X -05 
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August 1957 Calculation of Winn Characteristics 

Wing planteras with taper ratios, X 1 0, 0.5 and 1 0 corres¬ 
ponding to various combinations of 0A and )9 cot A at an arbitrary ilach 
nuaber of M = 2 24 lß= 2) are shown in Fi3s. 702.H-2 tSSM-M 

as2ArLt àehPístlsely ln order to ilústrate the variations in planforms 
associated with changes m the planform parameters. The short-dashed 
lines shown on eath diagra. indicate the Mach lines for the Mach number. 

♦he 2Ô 41 *lVon a^°ve- The aí10,< of each «Ins leading edge designates' 
.he ¡j A ...o pcoi A coordinates associated with that winr olanform 
Equations 702 11-1 and 702.11-2 show that the unswejt Írínín” ^ »nd 
symmetrical planforms are associated with values of ßA and fleoti 
lying along a radial line defined by constant values of the ratio, 

/Scot A * The sonlc I«*»«*»''* edgr. and trailing edge boundaries defined 

by Eqs. 702.11-3, 702.IÎ-4, and 702.11-5 are represented by solid lines 

traner0?^!1**: 102.U-¿, «02.ÏI-S, and 702.11-4. A similar fijure for 

L sho« í¡ Fl2fS702?ll-5!Ch the planiorB P*ra“^«s are ßA and ^tan 6 

702.21 

702.2 Prag Characteristics 

^ ^ The drag of finite wings is comprised of three parts: namely 
drag due to thickness of the alrtoil section (usually referred to a* 

drIcrrfnrtraw.°VaV? dra5 at Zer° draK due to l‘«V(or induced «raí»> • and skin friction drag» 

702*21 D1scussion of Drag Components 

r. .. . , TÜe Press’ur,f dra« ‘s ‘he integral, taken over the «Ing sur- 
Ts* à OÍ *he^dra® component of the pressure acting on those surfaces. 
This drag is known to be zero for a body moving at subsonic speeds in 
a nonviscous incompressible fluid. In an actual lluld. however, there 
exists a wake due to the viscous boundary layer and, due to the pres¬ 
ence of this wake, the full pressure recovery over the after portion 
of the wing suriace is :.ot realized. Thus, in an actual fluid some 
pressure drag is always present. Nevertheless, efficient wings moving 
at subsonic speeds produce such very small wakes that the actual pres¬ 
sure drag is small and therefore is included with the experimentaiiy- 
determined skin friction drag to make up the well-known profile drag 
of wings at subsonic speeds. 

The integrated pressure drag for finite wings moving at super¬ 
sonic speeds in a nonviscous compressible fluid, however, is not zero. 
This component of the drag is commonly referred to as the pressure drag 
(or wave drag) at supersonic speeds and is treated separately from skin 
frictl°n drag Pressure drag at zero lift is presented in this section 
of the Handbook* 

• 1 i,,. 11, ——— 

The drag due to lift is generally referred to as induced 
drag. Induced drag is made up of two parts in supersonic flow. One 
part is the loss of momentum in the general flow direction caused by 
the deflection of the airstream, i.e.. the reaction to the lilt force 
oi. the wing. This component of the drag in supersonic flow corresponds 

(continued on following page) 
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The skin friction drag is the direct effect of the »iscou* 

Iieed»“OVil!f ln a d‘rectlon relative to the wing and is Fresent at Ill 
ÏI thl'.h™ co"P°nfnt ot «‘n« Jrag is best dotermned experi.entally 
l*t\nn t C^e 0/ reliab1^ data ‘“is kind, however, a useful Isîi- 
natlon of skin friction drag can be obtained by a eefhod presented \m 
Section 6 (Subsection 605.1) of the Handbook. presented is 

702.22 Pressure Drag at Zero Lift 

airfoil prTssur* draK at zer> “ft for a wing with a syasctrlcsl airfoil section is given by c.iicaa 

J Ap sin(tan-1 wJdS« = 2 T u»x Ap 

«• » 

dS . 

■here 
(702.22-1) 

“a 18 the sl°Pe ol the wing surface 

Ap is the surface pressure measured with respect to the pressure 
of the undisturbed stream , pressure 

701 77 7 ♦IPreKSed *S * drag c°efficient, and using Eqs. 701.32-1 and 
coles 2* * expression (Eq. 702.22-1) for zero lilt diag.iel 

D !_ _ 4 f / -a \ 2 
I^"S / ds - (702.22-2) 

The terms within tho parenthesis are grouped for the convenient appli¬ 

cation of Fqs. 701.42-1. 701.42-2, and 701.42-3, and the * 2 indicate. 

the^ndependence of the drag on the sign of the slope of tie wing sur- 

(continued) " —~ 

to the well-known induced drag of subsonic flow. The second nart is 

rIlp,‘IdIiriolIo™eIme diIK ?VCr,the Pressure drag wave dr»¿) cor- 
somltlmll í i Tíe flrsl part of suPersoni*: induced drag i, 
felrll ^ "e lnducod vortex drag, while the second part is re- 
icrred to as the Induced wave drag* ** * 

• - ’> *_* * ■ 
. “ m * m% • • . • 
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S* is the wetted area of upper (or lower) surface of the wing, and 

S is the wing planform area. 
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Calculation of Winij CharactcriHt ics 

The expressions for CD, -ith ^ given ty 

Eq>. 701.42-1. 701.42-2. and 701.42-3. »ay be in¬ 
tegrated Imnediately to yield the drag of a »edge 
shaped triangular wing with an unswept, blunt 
trailing edge (see Puckett, Ref. 2). However, by 
the principle of superposition oí eleaentary solu¬ 
tions given by the linearized theory, the results 
given above nay be extended to treat the double 
wedge sections discussed in Subsection 702.23. For 

a 

r-v. 

:-- 

, A 

V i, ! 

ff 
77. 

. - i. I .- ™ 

exanple, the drag due to the wing segaent atai' of 
the inset figure can be found by super‘.»posing the 

solutions for the triangular wing att* of slope ui 

and the triangular wing mtt’ with slope -u.- . The 

drag due to a single wing segment atnt' (denoted 
hereafter with the subscript an) is given as a‘ 
function of and A of the segaent in a con¬ 

venient set of charts in Multhopp and «inter 
(Ref. 36) and reproduced in Fig. 702.22-1 of this 
Handbook by courtesy of the Controller. Her 
Bnttanic Majesty’» Stationery Office. England. By 
suitably conbining solutions, the complete double 
wedge can be constructed. If the functions A F 

am* 
A FBr, and AFar correspond to soiutions for the 

appropriate segnents, the total drag is given by 

Section Through 

Root Chord 

( Aran * AF.r - Arar>- 

These results are easily generalized to any polygonal cross section. 

The results of Puckett for the triangular planform with an 
unswept trailing edge way first extenoeu oy Puckett and Stewart 
(Ref. 13) to wings with sweptback and swept forward trailing edges. 
Similar source solutions using a somewhat different approach were found 
by Jones (Ref. 14). Margolis (Refs. 15. 16, and 17) appl.ed the method 
of Jones (Ref. 14) to the evaluation of zero lift wave dra.*, of swept 
tapered and untapered wings having a double wedge profile. Harmon am*. 
Swanson (Ref. 18) and Harmon (Re!. 19) applied the same methods to the 
evaluation of the wave drag for wings having a symmetrical biconvex 
profile. Cnang (Ref. 20) applied the Von Karman integral method to the 
analysis of the flow about a general swept tapered plantons wing at 
supersonic speed. The wave drag expressions, derived by these writers 
and used for the computation of drag values, are long and complicated. 
These formulae are published in available sourcts and are not there¬ 
fore, reproduced in this Handbook. 

Reference is made here to a comprehensive survey by Lawrence 
(Ref. 21) of sources of supersonic drag theory. Drag data obtained 
tiom the original sources, supplemented by the results ol additional 
computations, are presented in Lawrence (Ref. 21) in chart form lor a 
wide range in planforms of double wedge and biconvex profile wings. 
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702.23 Discussion of the Curves for Lift. Moment, and Zero Lift Drai 

Values of the lift-curve and the moment-curve slopes for a 
range of several commonly used finite ving olanforms in supersonic Horn 
have teen computed at the Defense Research Laboratory of The University 
of Terias. These data are presented in the form of a modified lifr.- 
curve slope,/3C^ , and a modified moment-curve slope./JC f plotted 

df "a 
against 0 cot A for certain designated constant values of /} A. The 
charts presenting values of the modified lift-curve slope,/9C, , are 

L _ 
a 

extended into the subsonic swept forward trailing edge region by means 
of the reversibility theorem (see discussion in Subsection 702.3). 
Since this theorem docs not apply to the moment characteristics, there 
is no data available for the moment-curve slope, ßC , in the subsonic 

"a 
swept forward trailing edge region. Lift-curve and moment-curve slopes 
for the subsonic sweptback trailing edge condition have not been ob¬ 
tained (see Subsection 702). 

The zero lift pressure drag data for these wing planforms 
with symmetrical double wedge profiles are presented in this Handbook 
in the form of a Mach number-drag-thickness parameter. ßC / 2. This 

7<f> 
parameter, ß^0/t 2, is plotted versus ß cot A for constant values of 

/ (r) 

ßA as was done for the C and C data. ma 

The lift-curve slopes, the moment-curve slopes, and the data 
for pressure drag at zero lift for finite planforms where A = 0 0,5 

hH'«and traPezoldal »inRs are pre-.enied in Figs. 702.23-1 through ’ 
702.23- 16. Similar data for rectangular wings can be found in Figs. 
702.23- 15 and 702.23-16 ( tan 6 = 0), and Fig. 702.23-12 (ß cot A = «cj. 
Composite diagrams showing the areas of solution for the lift-curve 
and moment-curve slope curves and drag curves of these planforms are 
included in this group of figures (Figs. 702.23-1, 702.23-5, 702.23-9. 
and 702.23-14). Primary reference sources for the data are cited in 
these figures /or the convenience of the reader. 

702.3 Reversibility Theorem 

The assumptions of the linearized, potential-flow theory make 
possible the statement ol a simple reversible flow theorem. Several 
authors have treated this problem under various restrictions (see Refs. 
22 through 26). Brown, (Ref. 27) has shown that the lift-curve slope 
and the thickness drag remain the same when auy alrfo.l, or system of 
airfoils, is reversed so long as the Eutta condition of finite velocity 
at the wing trailing edge applies. This theorem has enabled the exten¬ 
sion of the data presented in this Handbook into certain areas not 
otherwise calculable. It allows one to determine the characteristics 
for those planforms which can be identified with an equivalent configu¬ 
ration for which the lift-curve slope and the inickness data are avail¬ 
able in the Handbook. Examples illustrating these applications are 
included in the following subsections. 
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Xuxeracal Exaapleti 

The «valuation oí finite »mg characteristics by the use of 
the data presented in this section of the Handbook is illustrated in 
the folkoaing evaxples. 

703.1 Exaaipîe I: king alth a Supersonic Leading and TrailIng Edge 

The ¿»et ruination of the theoretical l.ft—curxe slope, the 
■onent-curve slo$«r. and the pressure drag coefficient for the folloving 
finite syevetriral double wedge wing is Illustrated in this example. 

Given: 

Vach nuwiber 
king spoctfteat ionj 

Leaoisg edge sweep angle 

Thickness ratio 

3.16 

60* 

= 0.09 

Tip oto »cd 

king spaa 

Computatioos: 

cot A * 

« - 

- 1 

3.000 

0.577 

4 b 
3 — (given from the geometry of 

r the inset figure) 

2 

6.000 

1.731 

Thus. gJk - 
and ¿cot A = 

Figure 702.11-3 indicates supersonic leading and trailing edges. 

ßc = 4.11 (from Fig. 702.23*6) 

ßcm = -4.03 (from Fig. 702.23-7) 
a 

4.59 (fro» Fig. 702.23-8) 

Results: 

1.37 per radian ( 0.0239 per degree) 

C, 1 -1.34 per rad,aa (-0.0234 per degree) 
01 

* 0.0124 

y-—i -. is W ^ W « 
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703.2 

Given: 

* = 1.25 Mach nuirber 
Wing specifications 

Loading edge eeeep angle A - 30" 

Thickaess ratio 

Triangular panel 

Wing .span 

Computations: 

0 

% -- 0.09 

A = 0 

b = c 

^irrr 
0.750 

0 cot A 1 1.732 
» - 2b . 
A " c (given from the geometry of 

r the inset figure) 

Thus, ß K 

and ß cot A 

2 
1.500 

1.300 

Reference to Fig. 702.11-2 shows that this wing lies in tb<- subsonic 
traUing edge region. Figure 702.231 indicates that the lift-curve 

thePre“Îsîbïîi?ïa?heÔrIIiCifnt bP COm*'ult”J by the 'PP^cation of me reversibility theorem referred to in Subsection 702.3. 

This theorem simply states that the lift-curve slooe and wave- 
drag coefficient given by the lineari/.ed theory for a given wing remair 

viu.»*?» wbe" the n°* «1‘rcction it rotated through 160 degrees* pro- 

di t ion* is aü taaí°ndííl0n ** the ^ge is\atisf,X íhis con- 
ition is automatically satisfied for wings at zero lift as is true for 

the wing data presented herein. ÍOr 

V-, i -. The.Speííí‘cd lcadínlí cdge sweep angle of the sing in 
£:-:: vm « “a * • »• -n,^ 

cot A . -0.703 

fÏLn*?atiVeaSl5* 1"dlcates *■ swept forward trailing edge for the spec! 
íí!l!! L!"d li!re,ore the reverse flow wing woulä ha'e a swep.bacli - • » » ' — — ail ng A t 

th! îün^r* The cu"Putations for the reverse flow wing are made in 
the following Banner* *n 

mp 

- - i 
■ .1 

r/'f-y-y', 

~ tailing 511,1 1 gjjí,—s<,n>c Il>adln* 10ÜL *H0 i Subsonic 

,- .* -.- -.- > -, 

'» * w * « ^ * - » C --- -- 

The determination of the theoretical ltft-c~rve slooe the 
moment-curve slope, and the wave drag coefficient f..r a fin te ^yLaetri- 
cal double wedge wing is illustrated in this example. * 
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703.3 

703.21 Use £i the Kcvcrslbl1 itv Theorem lo Extend the Curven 

Reverse llo* *ln,{ computations: 

ß cot A = 0.527 

= 1.500 

1 2.41 ( fro» ri*. 702.23-2» 

ß A 

£cl 

0C 

ßCr 

z reversibility theorem not applicable 

= 3.74 (from Fig. 702.23-4) 

& 
* 3.21 per radian (0.054 per degree) 

* 0.0404 

.s T.hC c“rv<*,, ri'“i- 702.23-2 and 702.23-4 have been extended 
this example**00*4' ,rail‘n® edKe reKion by the method illustrated in 

703.3 Example 3: Wing »1th a S»ept foraard Unding Edge 

The determination of the theoretical lift-curve slope and the 
»avo-drng coefficient for »ings »ith a s*eptfor»ard leading edge is 
illustrated in this example. These data are obtained by computations 

theorem.e<*ulva*ont Ho» »ing as demonstrated by the reversibility 

Given: 

Wach number g 
Wing specifications 

Leading edge sweep angle A 

Thickness ratio t. 
c 

- 1.80 

* -45* 

= 0.09 

-|C;K 

t 

b 

Tip chord 

Wing spam 

Computations: 

cot A * -1.00 

From the given values of A and K, 

ï C. 

! C. 

cot -0.00 
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ÍÍ X-:- -.:--.---:--:--.---:-1 

•> "j, • 

- ».ia,,:,«'air.a : iv 

• 

- : 
“ - * s * » • „ “ « Æ ■ m ' 

'-.- v -> ■> -,. ' 

.- -.- --.- -./-.--- ---.-- ; 

lV:, 

.-■.--a--. 

¿Mi¿Miáá£ü£¿¿ ¿¿L 





J- ’ ' .J- ' m r -r-.. ■ r" T.'ïr T.1 J". '.»"i-'Pj'i»" ™ ' ■•ï,""? 

•,* I •' 

2-t 

? 

« 

Ñ 

■V, 

i;-: 

% * • * *% . * . * 
T 

■i ■• ftl..»«d— —.ri,',, ■ i. 'ni ito.r ^^u^^h,,,..«,.... ^m***.^ Uix¡m<~m 

August 1957 CompflrlKon of TTieorjr *n.1 Expericprit 7(M 

704 Comparison of Theory a.id Experiment 

A systematic comparison of the measured and the theoretically 
calculated aerodynamic characteristics of a lar««, number ol Unite :ags 
at supersonic speeds has been made by Vincentl at the Ames Aeronautical 
Laboratory of the National Advisory Committee lor Aeronautics (Ret. 28). 
Approximately thirty »Ing models »ere tested at a Stach number of 1.53 
in the experimental investigation in ».hich the lift, pitching-moment, 
and di-ag characteristics »ere determined. Figures 704-1 through 704-6 
in this section ol the Handbook present a graphical summary of these 
results based on Figs. 4 through 9 ol the reference cited above. The 
comparisons given In these figures should give a convenient basis tor 
estimating the accuracy and reliability of engineering predictions 
iron the linearized theory. 

Comparisons ol lift-curve slopes as determined by measurement 
and theory for variations in aspect ratio and s»eep angle are shown in 

Figs. 704-1 and 704-2. The »ings in these instances had isosceles tri¬ 
angle sections of 5 per cent maximum thickness. The agreement »Uh 
respect to aspect ratio is so good that Vincent! suggests that the ef¬ 
fects ol viscosity and support-interference must be almost completely 
compensating for the »ings tested. The trends in the effects of s»eep 
on the lilt-curve slopes (Fig. 704-2) as predicted by the linear theory 
are, therefore, confirmed by the experimental results. The symmetry of 
the lift-curve slope *ith variation in s»eep angle verifies the theoreti¬ 
cally predicted invariance of the lift-curve slope with the fio» direc¬ 
tion reversed. However, the generally acceptable agreement in over-all 
lift characteristics must n*>t be construed to imply satisfactory agree¬ 
ment with regard to load distribution. 

' -ollar comparisons for the moment-curve slope are shown in 
Figs. 7CK , and 704-4. The agreement in these instances is neither 
qualitatively nor quantitatively good. The lack of symmetry with re¬ 
spect to sweepback and sweepforsard (Fig. 704-4) verifies the hon- 
reversibil ity prediction for moment characteristics. Vincentl suggests 
that the development of second-order wing theory may be necessary for 
solution ol the pitching-moment prediction problem. 

The effect of variation in sweep on the minimum drag is shown 
in Fig. 704-5. Again the symmetry verifies the conclusions ol reversi¬ 
bility theorems. The amount ol the Increase in drag with Increase in 
sweep predicted by linear theory is not observed experimentally. The 
difference between the measured and theoretical drag at low sweep angles 
is consistent with a reasonable estimation of the friction drag which 
must be added to the theoretical wave drag to obtain the total drag. 
However, it appears on the same ba»is that linear theory predicts too 
high a drag as the wing sweep approaches coincidence with the Hach line 
direction. Theoretical results for the subsonic trailing edge condition 
are not available, but the generally piedlcted reduction in drag as the 
wing is swept behind the Mach cone is verified by the experimental re¬ 
sults. Figure 704-6 shows a comparison for results on double wedge 
profile triangular wings oi varying maximum thickness position. The 
addition ol an estimated skin friction to the wave drag produced a rea¬ 
sonably satisfactory agreement. 

It must be concluded, therefore, that linearized theory data 
can be used only as a general guide for design predictions. 
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