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ABSTRACT

A method for solving problems of plane pulse diffraction by a
perfectly conducting wedge is described. The method is extended to give results
when a conductive half-plane lies on the surface between two distinct isotropic

media of different dielectric properties.




THE DIFFRACTION AND REFRACTION OF PLANE PULSES
INTRODUCTION | |

Both in the theory of acoustics which describes the propagation of
infinitessimal disturbances, and in the closely related electromagnetic theory,
reseaich into the propagation of aperiodic disturbances has been overshadowed by
research into the behavior of disturbancés varying sinusoidally with time. It is
possible to uSe a Fourier integral method to investigate aperiodic disturbances
within a single homogeneous medium, but Craggs (1956, 1957) points out that such
a method is useless in cases when total reflexion is to be expected at the surface

of discontinuity between two homogeneous media.

~ Friedlander (1958) has recently published an excellent monograph in which
he discusses the behafior of acoustic pulses. He does not, however, give much
attention to the refraction of pulseé in spite of having derived (Friedlander)l9h8)
an interesting result in this subject. We already know what combination of reflected
and refracted pulses can travel along an infinite plane surface between two media
with an incident pulse having a step~function time dépendence; Friedlander found the
naturg of the disturbance in the second medium when the angle of incidence of the
pﬁlée in the first medium is large enough for total reflexion to occur. The manner

in which such a steadily traveling disturbance can be set up is not known.

The first aim of this research is to learn how a plane pulse in one
medium sets ﬁp a disturbance in a second even in the case of total reflexion.. The
second aim is to find a solution to the problem of diffraction in the presence of
~ a refracting surface; There is no known solution for this problem in the case of
steady sinusoidal excitation, even in the simplest extention of the classical prob-
lem of half-piane diffraction, when we take the obstacle to lie on the surface
separating two distinct homogeneous regions. The powerful method of Wiener and Hopf

gives no usable result.




Craggs (1956, 1957) has shown that an assumption of dynamic similarity
may be tseful in this type of problem. Thus when investigating a scalar function

s(r,@,‘b) which satisfies within a single medium the wave equation

Vs = )is/é)tbl | (1)

{

where ¢ is the constant velocity of propagation, we may take a r/t to be

a new independent variable. Then equation 1 becomes
(1 - )@_:-} 1( A)B L5 0. @
A ~ T o e
For 9\ » ¢, equation 2 is hyperbolic; it may be reduced tc the canonical
form ‘
N 2
Vs e O
SE e :

by the transformation r\ s ¢ sec T" o The general solution of this equation is

- P 0) + glp+9) (>
'where £f and g are arbitrary functions, constant on the family of characteristics
'l 0 - constant, and at +0 constant, respectively. In the plane with polar
co~ordinates (CA R 9 ) these charscteristics are tangents to the circle A =C ;
it is necessary to regard the pé.rts of a tangent on opposite sides of the point of

contact as distinct and of opposite family.

For ;\4 ¢, equation 2 is elliptic. It reduces to

2 2 '
Dy e~ ,
under the transformation = ¢ sech (-v) . The sign of \ is chosen so that

\(~> 1n (1 /c) as ;1—-& 0. It is convenient t6 introduce the conjugate

harmonic functlon 7y, 9) so that the function W = g+ iY’ is analytic in the
I

region of the (v e) plane which corresponds to } & €. It follows that '55/5)9 =’3~y/3\’ .
oand S/BY = U’/‘)Q - 1




Equations 3 and L show the technical start in the solution of a
number of physical problems. In electromagnetic theory, by considering problems
in cylindrical polar co-ordinates (ry © 2z) in which the field components'are
indépenden£ of z; s(r, 9) t) may represent either the field component Ez or Bz.
From Maxwell's equations we can write down equations for the remaining field com-

ponents in both an E~ and an H-polarization. These are

. : - DF.
\//\ QBV }t‘—z ) _ﬂ}__%_e = E—Moda), (5)

— e m———
p—

BJ\»..B

and .
/\aBE'W = - cl'}_E?f- 5 ’ZPE@ = CL—&_@‘ (1m> &)
3 6 S

The problem to be examined all involve infinite prisms with the line
r=0 for apex, We set up a system of plane pulses traveling towards the apéx 50
" that behind the pulse fronts all the appropriate boundary conditions are satisfied.
We take the moment when the incident pulses reach the apex to be t+ = 0, and we
assu#g;in the absence of a fundamental length inlthe geometry, that the subsequent
disturbance is one in ﬁhich there is dynamic similarity. We take the prism to be

bounded externally by perfectly conducting walls.

First we shall derive in Part 1l the results for pulse diffraction within
a homogeneous prism; these results may.be compared with those established‘pre-

viously (see e. g. Friedlander, 1958).

Wé_shall then extend the method in Part 2 to find a solution in the case
when a half-plane with its edge at the origin lies on the surfaée which separates
two distinct isotropic media. We set as the restriction on the angle of incidence
the condition that the incident pulses shall be contained in one nedium only.
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PART I.

PULSE DIFFRACTION IN A HOMOGENEQUS MEDIUM

BY A HALF-PLANE AND BY A WEDGE

Consider the case of a perfectly conducting half-plane in the diffrac-
tion problem where 5 = Bz and the éppropria’oe boundary condition on the
half-plane is that 05 / 20=0 . We set up a plane pulse traveling with
velocity c¢, and with a step function time dependence of unit amplitude. There are
- two cases which need separate examination, that (case a ) with the pulse traveling
towards the edge of the half-plane from the unbifurcated region at an arbitrary angle,
and that (case b ) with the pulse traveling along the half-plane towards the edge,
at obligue incidence. We take the moment when the incident pulse meets the edge to
be t=0. The distinction between the two cases is neehded since, in order to satisfy
the boundary condition on the half-plane for <O in case (b), we must introduce
the associated reflected pulse. The conditions on our problem at t=0 are shown in
the figures 1. In each case we take the incident pulse to make an angle o< with
the normal to the half-plane with o< = 7T /,2, . We fix the co-ordinates by taking
the origin at the edge of the half-plane 0-0 or G-2r.

Uhdér the assumption of dynamic similarity, we may examine the nature of
the solutlon for /{> ¢ in the (:\ ©) plane. Since for t=>0, ﬂ
we find that the initial conditions of the problem fix the boundary conditions on
equation 3 for /‘l ->o2 ., The use of characteristics theory shows us that for
?& — C ‘there are a number of uniform regions separated by lines of discon-
tinuity whlch are depicted in figure 2. The results are precisely those of
geometrical optics. The lines of discontinuity are pulse fronts. These results

determine the value of s on A =




6.::2/ _Fof' o< e < ﬁ 2

8:! Faf‘ ﬁ < 6 < QX__,)
Ce=0 R kBT B,
‘u\!}w te ﬁ/ L i case () .y F,__ JT- K m case (b)) and X:. -

For the region ;L < ¢ it follows from equation L that the
'pro‘blem becones tha’;,)?f gi:ndoing a function w(v +.:|'. G ) = §+it _which saﬁisfies
'the boundary condition/\l on #=20,0=2r ,andony =0 (i.g./z' - ¢ ), and
which is analytic within the semi-infinite strip y>0, 0< 6<27T . We
make the corifomal transformation % = sech V4u 9/2, ’ ‘which maps this semi-
infinite strip into the upper half of ‘the complex % =plane. Then the function
Dw / P ; -, regarded as a function of the complex variable % = 5 +¢ 7
must satisfy the following conditions: - '
i) To co'rrespond to the boundary condition on the half-plane, it follows
that }ug/?if 'is real on the ségment of the real axis / ﬁ / < 1.
ii) To correspond to the boundary condition that s is piecewi'se constant
on the citcle =€ 1t follows that  Qw / of is imaginary on the remainder

of the real axis ( / g// > / ), except perhaps at points where s is discontin-

uous. ,
iii) Singularities of o / 35— are to be expected only at the points
éf: f/) %: 0] , as well as at the points % = sec "‘/:b s sec (ZTM()/Z_

in case (a), and at sec (7T * o¢ )/2 in case (b).
i:v) Since on physicél grounds the magnétic field in this polarization is
" assumed finite, no singularity of Ow / b f may be of higher order than a
| simple pole. '. |
v) Tﬁe point at infinity in the % ~ -plane corresponding to the ordinary
point \//]\ =¢c, §=7T in the (‘//]/‘ 8 ) pill.f?_e must be an ordinéry point
. for |J and rbul/()f , 80 that W =0 (1/§ ), with X>O




The most general function which satisfies these conditions is
’ I

f?w T ' C/

T Fr e e ] )

where Bt and Ct' are real constants which are determined by the discontinuities

(7)

-~ in s at the pomts B and C in the (’l 9 ) plane. To find the constant B!,
we integrate fbw/ Dé) round the small semicircle % = gec /8/2, -+ @(/0 75 y
o¢ P < 77 -, by the method of residues; we find C' in a similar manmer. Tt
follows that B' o of /@/z |
o ./ :
"uity in s on the ~ ecircle at the points B and C respectively taken in the

c! cof (y/& o must equal the discontin-

direction of increasing 8 .

Hence,
n_rbuo 3 —j[,. | fan /g/b " ‘ ‘[af'v\, f/‘b (8)
_— = SR —_—
'?f | (5?1—0/" ,ﬁ — sec Pl | {ﬁ - Sec f/a ’ |
The integration of ﬁhis equation‘ is straightforward. We 'find, after putting
= Ar- /g that
4 ) o (£

n-[w(»;e)-u(o,Qﬁ -—b »/r\,j( ?(, (( @I:e“) _/,Z; (E_ﬁ?“’) .

The real part of this equa'i;ion is

7] S(V,Q)- SCO, 9?]  : - f‘én’l[SakL Y osec £-6 | — /Z/n-,{%t;\lx{ coslec,' /ij’;e]. (7) |

A A

This formula for the diffracted field is eicactly that derived and described by
Friedlander by a Green's function method in his GChapter 5.

‘ The results for the E;polarization may be found just as easily. For the
hyperbolic region in the ( l ) ¢ ) fplané it‘ is clear 4that the reflected pulse
must annul the inr:ideht field instead 61‘ reinforcing it. Hence with reference to.
figure 2 the region with s=2 becomes a region with s = 0, é.nd the disc_oritin—
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uity in s at B 1is changed accordingly. For the elliptic region, we need only
change 'the condition 1. On the half-plane s must vanish, so that its tangential

derivate is zero. It follows that on the segment of the real % -axis /%l < 1L,
D / ? (f is imaginary.

The function satisfying the new set of conditions and with the correct

discontinuities is

Dw _ %ec P/ sec ¢/, \}

ers e
?f % %ﬂ\uc;x Ofnu(cj/-—i

Hence, the final expression for s is

T[S(\C 9) - 8(0, 9-)] — (‘an”[s:;«k _)‘:/ Cosec & 9]_ /Z;'n_I[}mAJ_\:/(oSecéfﬂz' (1)

(10)

2.

The analysis of the problem of pulse diffraction by a perfectly reflecting
wedge is carried out in the same way. We exclude, from this brief discussion, any
case in which the incident. front touches boi}h walls of the wedge » in order to avoid
the complication of multiple reflexion befo;fre the apex is reached. | This leaves us
with the general problem for which the wedge angle ¢ T is greater than 77/z R
and the. angle < 7T which an incident pulse makes with the normal to one face

of the wedge is sméller than 77“(? - ';i‘)

In such a situation we depict an initial state in figure 3. We use the
method of characteristics to determine the solution in the hyperbolic region. This

is dep:.cted in figure kL, hence we note that on the opt:.c cirecle ’k-_-,
s 4 for  0< Q< x(/-x-8) 7

s= 3 for m(~x-g)< 0 < 7r'(/f-o<-¢))
amd S= hr m(lt-g)<l< "F.




This particular situation is valid if %‘ X<,

To find the disturbance in the elliptic region, we use the conformal
transformation 3/ = sech (v+!( 9)/% which maps the sector of the circle < c |
0<B8< f{_' into the upper half 4 -plane. The conditions which must be satisfied .
by the function Qw/ p f are exactly those in the half-plane diffraction problem,
arid_ indeed, equation 10 gives thé formula for 9‘«/)68 in the wedge problem if we
take % = (1~ 'fé)/% " and Y = s (/"‘" ‘f)/?l « Integration of
equation 10 in this case also ‘1eads us to Friedlander's equation 5.5.7. (Fried-
Lander 1958). |

It remains to be emphasized that this technique and the conical flow method
~ of Buseman (1942) are very closely related. Keller and Blank (1952) described the

results of this method very fully for all possible situations in the problem of pulée
&iffrac'bion by a wedge.

TEOITIGAL LIBRARY
© U. 8. ARNY OEDNANCE
ABERBEEN PROVING GROUND, MD.
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PART II.

PULSE DIFFRACTION AND REFRACTION IN A COMPOSITE SYSTEM

INTRODUCTION

The value of the technique described in .part I does not lie in the fact
that it provides yet another, slightly different means of solving the classical
half-plaﬁe problem. Indeed, the only reason for the inclusion of the details in
part I is to confirm the value of fr,he assumption of dynamic similarity in a dif-

fraction problem.

We have alréady shomn that in these two diniensionél problems thé problem
of finding the vector solutions of Maxwells' equations reducés to that of finding
solutions to the scalar wave equation with the boundary coordinates s= O or 25%6-0,
This situation is exactly analogous to thaf. in acoustics if we take S 1o represent |

the condensétion, so that the fluid velocity —i is given by

Bct /6 - _ Vs (12)
and hence the radial and transverse components of veloclty (p.,v) are given by ‘
: 98 C - (3'\)* .
}L = o~ — o 9% , (¢3)

3/1 < ) 2 \}l fa} 26

In this section the method is extended to give the solution in the case
when a plane pulse is diffracted by a haif-plane which lies betweén_ two regions
of different physical propertles. The half-plane N is either perfectly
reflecting or perfectly absorbent. The velocity of sound in the fluid of density

IO is ¢, a.nd wherever qualification is necessary, we show which medlum we are

referring to by the suffixes 1 or 2.

There are several aspects of the physical problem which are of particular

interest. The singularity at the apex of the half-plane is the only lcnmm result




in the steady state problem. Meixmer (195L), who examined the power series expansion
of the solution of the reduced wave equation corresponding to a sinusoidal time
dependénce found the edge singularity in this geometry to be unaffected by the dis-

continuity in physical properties.

The manner in which a disturbance passes from one medium into another has
not been discussed before, Of course, the Fresnel coefficients for steady plane pulse
reflexion and refraction at a plane surface‘are well known, but these coefficients
are without meaning when total'reflexion occurs. Friedlander (1948) found the form
of the disturbancg'in this case, but since both these situations are essentially

steady ones, they give no insight into the transient problem.

Craggs (1956, 1957), who has provided the greater part of the basis for
- the method of solution in this paper, examined a situation involving two right-angled
wedges. No diffrasction occurs in this case, and there is no singularity at the

common apex; it appears that his method need modifying when diffraction effects occur.




SECTION 1

A HAIF-PLANE ON THE SURFACE- BETWEEN TWO MEDIA

We shé.ll first examiﬁe in detail the case when the diffracting obstacle
is a perfect reflecting half-plane (r> 0, 6O = # 7T ) lying on the plane of
' séparation betﬁeen two medi{a. We consider the sitﬁati.on in which the velocity of
sound ¢, in mediuml (r > 0, O~ 8> =7 ) is greater than that (ck) " in

medium 2 (r; 0, 0<9<T). We put c émcl s and /Dz. = ‘klol .

The problem is to examine the propagation of a plane pulse in medium 2
frhich makes an angle ? with the normal to the half-plane. As in part I, in
order to make the assumbtion of dynamic similarity plausible, we must set,‘ up as an
initial state one which satisfieé all the appropriate boundary conditions.- These
» éonditions are that 35,/)9 =0  for O -7 and 0s,/06:=90 for =7,
The conditions at the common surface between the two media are found from the con-
tinuity of pressure and normal velocity. Thus for r > 0, o =0, S rrfl(ﬁ,_,
and ’96,/39 sm 08.,/980 . 1In order to avoid having to ;et up a refracted dis-
turbance 5efore the pulse reaches the edge of the half-plane, we must restrict con-
sideration to the case when t.he pulse arrives from the second quadranf of the
( 0) plane; this pulse is accompanied by the reflected pulse. The initial state
is depicted in figure 5. The assumption of dynamic similarity having been made, we

must now find suitable solutions for equations 3 and L.

SECTION 2

 THE SOLUTION IN THE HYPERBOLIC REGION

The solution in the greater part of the hyperbolic region is determined by
the values of s as g —> ©© that is by the initial conditions of the prob-

lem)and it is found by the method of charactéristics. There are two distinct 'situations.

10




according as ¢ < or > su , Wwhere ?U = sec—l(l/m) is the critical angle; for
_ ? 70 total reflexion occurs. In the (\ @ ) plane the hyperbolic region lies

out.s:.de the sonic circle \ in medium 1 and A =C . in medium 2, and the

C,
values of s in this reglon are shown in figures 6 and 7. The initial fronts

are represented by the lines DI and ER. DE is the front of the pulse reflected

at the refracting surféce , and when the point D is outside the larger sonic

circle, DT is the front of the refractéd pulse. The line BC which is a characteris-
tic line, is the front of the disturbance which having entered medium 1 moves along

the interface at grazing incidence and is refracted back intq medium 2. The solution
at this ‘stage is fully 'de‘qermined in the whole region outside the sonic circles exéept
 within the triangle ABC. Inside this region we introduce the unknown function
g ( /"’z. ) to represent the part of s affected by the disturbance in the elliptic
vegion of medium 1. (This is the function g of equation 3, with the function f

a constant). The constants R and T in the normally refraéting case (figure 7

are the Fresnel coefficients given by ’e

/amyff'-— k("\us*"cfhst ") G4)
lom ¢ + K (m"sec? =1) "% ’

2wk En ¢

(G 7‘ + k(hn"s-e,cf‘sé-l)%‘ g

From figure 6 we see that on 'l = C, in medium 2
/
S = + 3 €or 0O< @< ¢ 5
%2_ :‘:L'f'g /-:-or" <Q \/)
S. =2 For “F<Q < 7T

while s=0 on J’\ =¢; in medium 1. From figure 7 we see that on/’\:C&{nmedium 2.
:»quj Fov 049<7U)
S, = I.(.R For 7V<9v<¢;
S. =X For g <0<,

11
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‘ -
where % =.sec m secf.
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SECTION 3

THE ELLIPTIC REGION OF TE () © ) rnm

We use the conformal. transformation

4 g tem = sech (v + 0 0)
to map the inside of the semi.circle /l: < )—-7T'< e<. O into the lower half of
the complex % ~plane, and the transformation | |

f;’ ’%L 4L 7 - Sech(Vv_+(6)
%o map the inside of the semicircle ]=C, , O < © < 7T into the upper half of
the complex {1 ~plane. The poinis F. 0. A. E. and C in medium 2 ._are mapped
into the points . |
j‘_—. -1, 0, 1, sec% , and- 1/m respectively while the points G, 0, A, D,

(or T), and B in medium 1 are mapped into the point% -1, 0, my m sec/é and 1.

Consider first the solution in the lower half of the J -plane. -Since -
8 1is piecewise constant on the semicircle //{ =cq it follows as in section I

that

i) gw/é/ is imaginary on the section of the real axis /’g / 7 1.
From the condlt:l.on that 98/ 16=0 ono G it follows that

ii) )H,/%/; is real on the seg_ment of the real axis O< "5, < /,
On the upper side of the line AB we know that the solution takes the form -

S’j( /"‘;_1‘9 ) + constant. It follows from this solution and the condition of conmtin-

uity of pressure and normal velocity that

S _ ok s o mk%-% ke Vs, _ kP 07— kD
oA Y N 26 ’SJ% c 9 v, _—k?f;

Hence, we have the condition that 9 S, " l( P 2T fe Atk
Pv; 9y ’

0 RR(r-w )0

v




' ‘ff/\‘u“s £ Fo( Jj ) is a real valued function on the segment m 45 <. 1,

then on this segment 2. ‘ i

w )b () =

,b mk / - £l
d) o |
‘The otheér conditions to be imposed, as in section 1, are that

iv) the only singularities of Dw/ 33 | are at points f’ = *1,

+m, 0, as well as at the points C’/, = m sec 7£ ,

v) no singularity of )w/ / D f / may be of higher order than a simple
pole, |
and

¥i) the point at infinity is an ordinary point.

It is of ‘i‘x.lteArest to examine the function in the denominator in eéuation
15. This function is regular everywhere in the complejc 4: -plane except on the -
real axis, it has branch poin’os at % = + m, - 1, and the branches of the
radicals are chosen so that it has no zeros. The singularity at % = =-m is
not one of those allowed under conditions iv, so that we must factorize this func-

“tion in a mammer which enables us to remove this singularity from the solution

without changing its complex form on the real axis, for m < fg'<l.
SECTION b

THE FACTORIZATION OF. THE COMPLEX FUNCTION

‘ s - h
Consider the complex function M ( % ) = mk +L(;-fl'.”{,) %Mklhich '
is the analytic continuation of the function defined on the segment of the real

axis m <% < 1. The properties of L (% ) = Jo ¥ (f ) are that

al




v‘a) as If’ > oo ’ L(ﬁ(p) =,‘O (/‘) > ,
b) L ( § ) is_‘ regular in the infinite strip - m'< WCf/(m,

e) L f ) is a real function of % within the same strip, since

the continuation of L ( f ) is lni[wk + M= f )/-{-  k ]} ~and
BV F )  is single valued in the cut plane with one cut joining
the point.s - -] and another the points +rm, + | .

If we take a rectangular contour C as shown in figure 9, with sides
, joining the points &, +1iN, 6, +« /\// gl_mr] and 'éw ¢ M , then for

-m< 6, < R (= g G, <m, We are able to use Cauchy's Integral to state .

that
L(§) = .LE). Jz
02.'11“0 f
[
Here _the' integrand is su.fficiently small as ,z[ —y °O to allow the limiting
process, N~> . ‘M —% oo - %0 be carried out separately at the

upper and the lower end of the rectangle. The contribﬁt.ion from the ends of the
rectangle is vanivshingl'y» small, sc we may replace the contour integral by the sum
of two line integrals ’

. . _ % .
L) = -’-‘ﬂ'c ) zf-;’ I T / ==
G, —Co0 : Ve, - Loo -

- /;.w - L

Each line integral _( ‘ﬁ ) and 1L + ( f ) is uniformaly convergent
for values of f taken within the infinite rectangle [ RL( f)/ <m . Taken

separately each integral ma.y be continued analytically into a complete half-plane

since L_ ( f ) is regular for 4 ( f ) < n and ( f ) is

4 ( i |

regular for f [}ﬂ)> m / G.—«Zté) J& »_ / LL(G,-H»L) v (6"‘2 4
Now since L_', (‘oe)fog;'[ _/ =-f ar Y +ih o( -LZ ‘,f Z

G, ~{0

15




and since in [z[< m , L (2) is a real function of z, for real values of"v%
- the integrand is the sum of complex conjugates, and the integral is therefore real

. for any real value of f 7 -m. Likewise IL_ ( j’ ) is real on the real axis
7 '

We may therefore write

wp—L (§) = ff,x:,b‘—l;—(aﬂ)//n(_f) e)

and we see that the function on either side. of this equation is

1) ‘regular in the half-plane Rl (4 )< m,
2) real on the real axis in RL ( f )< m, /
and 3) has the branch points and the complex behavior of [_M ( j(( )] in the

half-plane Rl ( f )

It is also easy to show that I, ( - ;) = =L (d’é) ; this is a

consequence of the even nature of t.he function L (z).

In its present form, the integral I_,‘_ ( f ) is not very suitable for
computation. However, we may add to this line integral one for which the integral
is taken round a semicircle of infinite radius. The path of infegi'ation is thus
closed without changing the value of the integral. The iiqtegrahd has branch poinj:s
at z = ~-m and‘ z = -1, within the contour. The path of integration may now be .

deformed into a loop enclrcllng the cu‘b, so we find that

— L (f) / lan L(z-m )/”/mk(/ - ) ]dz/z*f ('7).

This integrand may be expanded in an ascending series of powér_s of ((m +1 )

the integration of the coefficients of this expan_sioh insascending powers of

( 1 -m) is then easily carried out.

16




SECTION 5

THE SOLUTION IN THE ELLIPTIC REGION

The expression which represents the solution to the problem and which
satisfies the conditions in section 3 may now be written down. The most'general

is that

. L o '
Fﬁ%i‘i" =  exp —-[_4_({,) y{ A + 13 (/f—'-,—g—’——) f -- (8)
J: . mk (1~£:~)l/a.*,d(f,*—m7 - (‘f‘——m sec;‘)(go, ~1/ )

where the function ( % ) has been defined in section L.

% _
The problem which remains is$ to find the disturbance in the elliptic region

1'< C,,0¢< O< 7 « Now eduation 18 has been derived for general values of
J \ in the lower half-plane by means of the principle of a.nalybic cohtinuation,

and we may in turn continue this solution into the upper half %L -plé.ne s because

the solutions in these two regions are linked across the line OA, ,on'whi.ch // =m / L

Across this line 0A the continuity conditions may be written in the

form : .
. e , .
Wik ds. _ 25 .y Mv(,-ﬁ A )y (7
- ’ ~ . - . P ~ ~ e
9302. fa‘f* ’Dfa. ' ! —Mtfl " .
‘S8ince on the corresponding section of the real axis o < g’—. < hv

dw, __ -e;cﬁ-.(,.‘{,) JA‘CB(‘“‘%/{,)'/" (o
" Ry ""“("ff)”"*(”*v‘f’v)'/,b [@“_M sec #)(Fi—1) > Y

it follows from equations 19 and 20 that

\
|

M'l('lT aw" == "é‘x’b" A-/—Gnﬁ’) A"‘Cl(B (%%é")}l/y/ Q.’()

2?1, mk (/-M‘fﬂ)y‘ﬁ—m((-ﬁ) L. - sec 7‘) (,,\/1 _ ,)
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on the section of the real axis 0= fgr)_< 1

The function { ! ‘*‘E (“' > } 424(/: *'L an ) - is regular in
the half-plane Rl ( ﬁ )< 1, it is real on the real axis in this domain of

'regularity and it has the complex behavior and the branch points of the function

: /s
P > in the half-plane R1 ( [, )2 -l.
| +L (/A»hg" , | f 7

As in the case of the other elliptic region we expect the funciion Dwn / a(f -
to have the properties that ,
_ 1) it has singularities at z_ =0, + / , 1/m and + sec jﬁ ,

2) the point at infinity is an ordinary point,

3) it is imaginary on the real’f '~ axis when f S 1/m / <=1 and
1tlsrealonthe real sz_ -axis when . "1<f=— < 0.
There is, however, a branch point at f . = -1/m in the expression on the right-
hand side of equation 21. The only possible way in which the expression 18, which
has the. correct behavior in the lower half-plané , may be continued into an expres-
sion éorrect in the upper region is to take I_A = (; there is, therefore, only the

constant B which remains to be found.
SECTION 6

THE DETERMINATION OF THE CONSTANT B

Ii'. will be remembered that in the i‘igures L4 and 5, we have distinct
representations of the problem for the cas;es» when m sec /ﬁ <. 1 and when
sec 75 > 1. In the case of supercritical incidence shown in figure 5
we may use the method of residues to. relate the discontinuity on the sonic circle
either at the point T or at the point E ;s we find the same result in each case.
It follows that |

- _ 2k lan ¢ % exp ~ ~L Qv\ucf) (Sf—c?‘ l/sacf‘) @)
1 ~

mClaz\f+k(I»~$¢Cf"/) jQ’“‘“’f '/) /

o o f 4 k(”‘m?t )* 18




and hence that

! | See /?CV\ S(c -/ ) (1;)
B o fh = DZ/L/&\”P\ mc,b-f—é_(m £) # (m f/ J) |

In the subcritical case with m sec75< 1, the discontinuities at the
points D and E in figure 6 are related because DE is a characteristic line
in the hyperbolic negion;_ At the point D the discontinuity iri S, as 1
increases is found by the continuity condrblon to be- _A Ba = 11( (
where A 3 is the jump in the function g across the line DE. The discontin-

ulty A 8 at the point E is given, for increasing 9 s by the equation AS -/"*AJ

. 80 that

Ae = mk (As —2) N

The real part of the residue when we integrate the functions D, / ? f/ and
(aw,&/‘afl round small' semicircleé with centres at the points { ; = sec 55
and 5/:.. =m sec 7£ determines the quantities A 3, ,» and ASL . We

find that ,
E - _ .s;ec ¢] y/»
A Uof;, - L‘B‘e)('é" Z.+ (m sec 75) (_QS—ec 75 ./). . ._ ) (&y/
G\k (,-Ma.s;ec?g) V:._* { m lan 7!] (M Sec 7‘ 4"‘ /) .

and that

. . 1 Y ) '
M"’Aw, - — sz( | = T see ¢)///Lo'w\ g ENCLY)
From these equations it follows t.ha’o

w7 As, tan 4 /\SL | = s g)” ey
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. 8o that , ' | ' .
ASJ_ 207k [ in ¢ ) o @‘7/
fon ¢ + K (! e g)™ | | |

W

. v '
—_ v < >/ )
/\S Qk(( - ¢.v// J , ’ <ZS'/,
i s d F R (— e

and o | _ |
85‘;\7(/7, - QI/LPf[« ex,bé_(m.cec/) (2 7‘(#\3—“7(*—/) p@ﬁ):

i

A comparison between equations 26 and 27 and the corresponding discontinui‘tieé

T and 1-R in the supercritical case, which are defined by edua’oion 1h, is instrﬁc-

tive. It shows that modified Fresnel coefficients R and T given by the equatlons
AS,, and R¥ = 1 As , may be used in the subcritical case to

determine the discontinuities within a d:l.sturbance at the front DE of the reflected

pulse,
A 4

Equations 18 and 21, with A = O and with B determined by the .
~ equations 22 and 29 give explicit formula for the derivatives of the functions
e and LW From these fonﬁulae it is easy to write down the expressions for
both the spatial and the time derivatives of | the condensation s _in the elliptic
‘regions; the values of s or the values of the velocity componeni;s maj then be

found by numerical integration.

One result which is worth writing down here is that the jump in s across

the characteristic BC is

exp i L (meecd) ¢ R N\

Z.+ (l) . S n 7/v

N L RN




SECTION 7

THE CASE WHEN 02 j>Cl

In the preceeding sections we have examined the case in which the
initial disturbance passes into the medium in which the veldcity .of propagation

is 'the greater. The reverse situation in which =m > 1, is also of interest.

For the initial situation shown in figure 5, we find the solution in the
hyperbolic region. This solution is shown in i‘igui‘e 8. In particular, we can see
that the value o.i" s, on the sonic circle in medium 1 is

g (/*,-9) for 0 > &>~ ¢
T : for }/J > &> /( a.nd
0  for X> O > where )V sec M ~and K = sec m sec/@(« .

In médium 2 on the sonic circle the value of s~2 is
1+R for ©O< b < f‘ and
2 for P < O<«m

The quantities T and R are the Fresnel coefficients defined previously in

equation 1h.

The triangle ABC, which results from the refraction of the disturbance in the

elliptic fegion of medium 2 which travels at grazing incidence, is now . in medium

1. Now the conditions to be imposed on ? “»/a(}i across the line AB is that

Paltho= PU) S (D

where P ( ) is a funct:_i.on which takes real values on the real %, -axis

N\

when ,/h\ L&(ﬁ,/ < 1. To remove the unwanted branch points at the points

-1, we must mtroduce the factor exp +M n 0/@ ), where

S/

w [ (’P) / o é*:k’(z «1)jllv/2 +f Qo/
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This function is derived exactly as in section L and its properties are very
similar. We may now write down an expression for Qﬂoaf/af» which satisfies
all the necessary conditions, and as before, we are only left with one constant

to be determihed. Thus E
ow see _ B e M) (R )T Y
e om -4 "9“)] (L)L AF=1)

It is necessary to make ca“’g//%fx_ imaginary on the real sz_ -axis when

o< tfz < 1/m +to avoid introducting bbanch points which give an incorrect

sdluiion. On applying the continuity conditions across OA we find that

— ?:f( - B exp ;W7+.th) ( - /%P“>vb j . C3;>’
A It ) S I O P

and this expression satisfies all the required conditions.

4

The constant B, which is found by the method of residues is given by

the equation

| — ced + /)"
B — L P ——/V_)f_ (M sec f) (S.ec <7§~ /) /a/h ¢ t:j;;;/ @3}

This completes the description of the calculation of the velocity and
condensation (or pressure) derivatives in the acoﬁstic}problem, when the angle
of incidence, as shown ip figure 5, lies in the range O < 75 < Zi'. The results
are directly applicable to the electromagnetic problem in the magnetic mode, with a
perfectly conducting half-plane provided that we take the constant % %o define
the ratio of'the dielectric constants‘of the two media instead of the density

ratio.

22




SECTION 8

' THE PERFECTLY ABSORBENT HALF-PLANE

When we consider tﬁe ﬁroblem in.whiéh s vanishes at the surface of
the half-plane, there 1s ohly a slight. change in the method of solutibﬁ. To satis-
fy this boundary condition the reflected pulse must aimul instead of minfbrﬁe the
incident pulse. The ihitia’l situation ‘mus;o be changed accordingly, as 1n figure 10,
For the solution in hyperbolic region in the various cases we may refer to the fig-
“ures 6, 7 > and 8, if we reduce the a.mélitude of the disturbance behind the

" front ER by 2.

Within the elliptic region's the vanishing of s on =21 means
that 9$/ 91 = on the line /L< c, 6 B=2r, Hence %Q/ 9f must
be imaginary on the real axis for -1 < £< © ., All the conditions of the

problem may be satisfied by the expressions

T e A%fa-a@v (30
QJ' _(_(' M 7S )
PR e d )

= A-@C/)“L+@fyiih%‘)l/v

BT a— M.
L) st )ty

No solution which has an imaginéxy,part on the interface between the

D
o,

%)

two elliptic regions is correct, since it must then, according to the continuity

conditions 19, contain unwanted branch points in one medium or the other.

When m sec 75 > 1 the constant must take the value

thw .wC/a : Q“QC/) /M% (Msed"-f/?//b:.




When mn sec.~7S 7 1, total reflexion is expected, and when we use the
method of residues to find the constant A and its relation to the jump across the

front reflected on the interface , We find that this value for A is unchanged.

When m > 1 as in figure ’ﬂ the results in the ellip‘c.ic regions are

[ /Y R g M (’“f) ( )
| I) —b J(f .wcf)(f

— Y f = AM,, M (f) (M f,)//»
R CEET )

(37)

awne

Here A must have the value

e [s—ec;é(s«sﬁw)]’/l acp = M (e )

P sect ¢ =

These results may also be used in the electromagnetic problem in the
electric mode, with a perfectly conducting half-plane, if we take s to be the
quantity E_ /P ¢”  and if we replace the density ratio k by the ratio of

the permeabilities /W of the two media.

LSO
B S T .Llia uufl
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CONCLUSION

By assuming dynamic similarity in- the solutlon, we have found expl:l.clt
’formulae for the derivaiwes of the fn.eld components in a series of pulse dlffractlon '
- problems. These results show clearly how the. pulses are propagated and also how a
_vz'efraéted disturbance is set up even-' in the Vca'se‘ ‘of total reflexion. A most inter-

~esting result is that the dynamically similar solution for the problem of diffraction

by a half-plane r > o, 7 “»—_"1"7 has the same form of solution on the half-
plane © =0 within the smaller sonic circle whether the media in the two
~regions 0% O»-m and 0< © <7 have distinct propert.les

' of the Fact
or not. This statement 15 the immediate consgquence/\ that» F3‘”/ D§ is elthe;‘ real
R in the absorbent half plane problem or pure imaginary in the other case. The results
. in the homogeneous medium follow directly- Frr’om equations1l and 13. Thus for the
reflecting haif-,plane th: pressure is constant, and for the absorbing half;plane the

nom1a1>velocity vanishés on a steadily expa.ndihg section of the half-plané @‘ O= O.

The method described may also be used to analyze the case When the
incident pulse passes into a medium in which the velocity of propagation depends

on the direction of motion of the disturbance.
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