
UNCLASSIFIED

AD NUMBER

LIMITATION CHANGES
TO:

FROM:

AUTHORITY

THIS PAGE IS UNCLASSIFIED

AD216662

Approved for public release; distribution is
unlimited.

Distribution authorized to U.S. Gov't. agencies
and their contractors;
Administrative/Operational Use; JUN 1959. Other
requests shall be referred to Office of the
Chief of Research and Development (Army),
Washington, DC.

OCRD D/A ltr, 15 Mar 1973



W-'‘ ;

/• >:y ■

/ , ' .-"•FK^

’4jImi

ASSIflED

Armed Services Tecknical Information Agency
ARLINGTON HALL STATION 

ARLINGTON 12 VIRGINIA

“““ 111TMT
CONTROL OlfLT 1 1 1
mnn wuM aovummn <a onna nuDaiai, iprancAnOM 

D*u «* *1" vmpon anon niw « cimacnCM witu a d 
ooniniisifT AMTinmiT opnuTni. m u. a aonmaam i 
iio—pci—mr, MB AMT MuoATn muTnvu; and TB« I
gCTOBfr MAT AATl rOMCTLATlP, TTIWlfl. OB n AMT WAT 
B^lmwBICIAAMBgnCATKIB^OBOrfmaATABMOrTOBBBlO 
agUCAnOBeBOWgBWlAlBIAIITMAIBIBB ucano tb* bol 
PBMN OR COUORATIQH, OR CQHTITIMU ART IIMMU OR PBIMRBC 
MB OR ttLL AMY PATBimD aRTBRnOR TRAT MAT IM AMT WAT K 1

1 OR OTSKR DATA 
l>lNrril.T RILATBO 
RSUBT mcum
•ACT TRAT TH* 
•OPPLIRD THR 

UUBMDRT 
OCR OR AMT OTHER 
M TO MAMUrACTURB, 
RELATED THERETa

i£

......................................................................... ■■

■• ~ - ■' ■■



i

f
. i

mm
imc-

U.

riLf COTY

STAFF PAPER 
ORO-SP-4
Second Printing

n«t«r« ♦•

AST I A
AtLIMOTON MAU fTAllOM 

AAUMOTOM I». VltOIMlA twww.'-

TISSt

. L--- ----------- --- .._J

Optimum Duplux Spruad (U)

0^
. Its*

At

K. L. Yudo-iteh

_ ASTIA
fri) - --“'‘/rnpA 
k" !!



^x^rnam •*M. 

' 

;.?.. 

i 

■ ^ i       ^»     , 

■-"t  ; ■'^mlUriiifaiinim-i nü> ■„.■iiiiiriamniiiniiriiiihWI r " I 

=*<• 

TACTICS DIVISION 
INFANTRY GROUP 

StoffPoptrORO.SP.4 
Second Prjntlnj Jun* 1959 

Optimum Duplex Spread (u) 

K, L. Yudowitch 

4^ OPERATIONS  RESEARCH   OFFICE 
Th« MIM Hopkins University Bethesd«, Marybnd 

, -    .*!*■.-. ^^n^'r^*^****^^^ 

-? \m 

Ä4 



,! 

*muiu*ma*~*i*miamatsaKi 

Optimum Ih^lex Spread 

!• Controlled Di8|)ersion 

BACKQROUND I H 

The SALVO program Is concerned with enhancing the effectiveneaa of 

the infantry rifleman by increasing the rifleman's hit probability. The 

primary technique proposed for boosting this chance of hitting is the 

use of multiple projectiles •-/ Under the aegis of the 0C0 SALVO Steering 

Coonittee, following the specific suggestion of CRO,-' a contract for the 

development of multiple bullet ammunition was let by thn Ordnance Corps 

to Olin-Mathieson Winchester Div. This contract produced several varieties 

of multiple bullet rounds, notably tandem duplex and triplex rounds. In 

the summer of 19^6, a field experiment was conducted to determine the hit 

probability of these prototype multiple rounds compared with ordinary single 

ball rounds in a combat-simulating context« The duplex used in that test 

has emerged quite successful,-' 

The contractor at the time of the test was able to supply either of 

two types of duplex ammunition. The so-called random dispersion yields 

separate groups for the front and rear bullets^ the rear bullet group being 

at about Ho'clock relative to the front bullet group. The spread apparent 

in each group is similar to that obtained in an ordinary single ball group, 

Awnunition supplied for the test however is the so-called controlled dis- 

persion. For this ammunition the front round maintains a dispersion 

comparable with ordinary single ball ammunition« The rear rounds fall 

y   0RO-T-2ii$ 
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within A narrow ring which ia apprcaciiimtely concentric about this small 

front round group. For either dispersion, the angular separation between 

bullet« Is 3 rails • This controlled dispersion duplex thus provides in its 

front bullet alone all the hit probability of single ball, with all rear 

bullet hits clear bonus* 
CONTROLLED DISPERSION MOEEL 

fo deal analytically with the controlled dispersion duplex ammunition 

tested, a simplified model of the dispersion pattern was assumed« The 

simplifications basic to the model are; l) the dispersion of front bullets 

is normal and symmetrical about the line of firej 2) the ring of second 

bullet impacts is narrowed to a circle of negligible width and 3 mils radiusj 

3) the circle of second bullet impact is concentric about the corresponding 

front bullet impactj h) the angular location of second bullet impacts on 

the circle is random« A fifth simplifying condition is used in our compu- 

tations: 5) the target is circular« 

Fro» the geometiy of Fig« 1, the fraction of the rear bullet circle 

which lies on the target is given by; 

F -(i/IT) arccos £ (R2 - T2 ♦ r2) /2RrJ' (1) 

For a radially normal distribution of front bullet Impacts, the prob- 

ability of a front bullet impact at a distance r to r ♦ £r from the target 

center is given by» 

f 0 • rf r^ exp (-r2/^) (2) 

■'^»^mmmmtimm^^m^m^^^g^mf' 
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Fig. 1 

Geometry of Controlled Dispersion Duplex Hita 

•^1 

■ target radius 
• rear bullet circle radius 
■ radius ▼octor from target center to front bullet Impact 

Using the fraction (F) and the probability element (fo) with the 

geometry of Pig, 1, duplex hit probabilities are readily deduced. 

The single ball hit probability isi 

Nl " Jr-o So - 1 - exp (-1-/2^) 

3 

(3) 
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The duplex hit probabilities of interest are« 
ps-Ni-N

2*ir
R-xT r

)T-B 
/T 

P    « N    ♦     ' i 
d        2       >fT-R| 

. P8 . 2 Pd - ^ . N2 ijpjRl 

(h) 

(5) 

(6) 

— wheres 

e 

N. 

/pgo 
- Probability of a single hit 

•   Probability of a double hit 

- Total hit probability (All hits / shots) 

J 0 - 1 - exp (- fi-n/ft /T-R /2ol) 
r«o 

For^Rj N2  vanishes 

ForJfEß,  jjT^j vaniahes 

Nianerical integration has been substituted for expressions which are 

not amenable to integration. The hit probabilities are functions of three 

variablesi the duplex spread (R), angular target size (T), and the 

angular aiming error fr-). It is quite possible then to compute the hits 

of each type which may be expected with a duplex round of known spread on 

a target of a given angular size under conditions of kncwn aiming error« 
DISCIB3I0K 

The question has been raised whether the 3 mil separation of the 

test ammunition is optimum for controlled dispersion duple::« In an attempt 

to answer this question, we herein answer precisely a more restricted 

question! What is the optimum angular spread for the controlled dispersion 

.~i,«,.*-SK-?öW? ife*^^'.- 
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duplex roimd satisfying the five assumptions of the model and applied 

to the particular target system jmd context of the experiment? The reason- 

ableness of the simplified model has already been verified by the agreement 

of predicted duplex hits with experimental data. 

The major restriction then upon the interpretation of the results to 

be reported here is that they apply precisely only to the target system 

of our experiment. It is, however., a unique experiment, in that extra- 

ordinary pains were taken to make the test conditions as combat-like as 

possible. All the essential characteristics of the target system and 

environment were carefully designed to reproduce as exactly as feasible 

those conditions of combat affecting target size and aiming error. It 

is therefore not unreasonable to generalize with caution the results from 

this unique target system to the battlefield. It was arbitrarily decided 

in the firet instance to limit consideration to daytime firing, A similar 

computation is prssible for the nighttime data. 

It is necessary, as indicated above, to determine the angular size 

and aiming error to be associated with each target of the system in order 

to predict the specific duplex hit probabilities. The angular target 

sizes are readily computed from the target dimensions and ranges used in 

the experiment. The aiming error associated ^/ith each target is computed 

from the single ball hits on each target as measured in the test. To ensure 

statistical significance (particularly on those targets which were hit the 

least), we lump together all 22  runs of single ball daytime firing» 

iMMBipfcaÄWrfsias*-?^^ ^^g)ffi%j''a^3Bfc^^- ■ ^'^^tk&p^mMmmm^^mwTfam. mmmvmmmms&mmMty**^*»®»*^** ^^■'-     ^   > .'■'V-'iA.j.I^i  ;. '■■":,.%<■ 
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Table 1 

No« of Runa Weapon Firliig Poaitlon 

Sitting 

Standing 

Sitting 

Standing 

Sitting 

8 Ml caU 30 

h ^a cal, 30 

h Tli8 cal, 22 

2 TiiÖ cal. 22 

li Carbine cal« 22 

Table 2 liste the angular size (T) in mils of each of the 22 targets 

of our daytime target system« Also lifted in Table 2 are the number of 

shots (S) fired at each of these targets during the 22 semiautomatic daytime 

runs« The final column of the table gives the number of hits (H) scored on 

each of the targets« These 66 numbers comprise the basis for the coraputaMon 

to follow« First, the aiming error (IT) is computed on the assumption of a 

normal distribution from equation (3) i 

(7) 

From Table 2 we have directly the values for T, and from equation (7) we 

compute the values for CT  , It is necessary only to supply values for 

the duplex spread (R)« Preliminary theoretical investigations have already 

suggested that the optimum value for (R) should approximate the width of 

a target at combat range« A reasonable average value for such angular target 

width is Just about 3 mils« Several values of duplex spread (R) centering about 

a value of 3 »Us should include the true optimum« We arbitrarily select the 

values R - 1, 2, } and h mils« We thus have 22 x b, or 86 evaluations to 

perform by numerical integration in order to arrive at the desired hit 

probabilities« 
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Table 2 

H 

3.87 270 83 

3,72 1238 1*36 

U.61 1*21 192 

3,22 1137 381* 

2.58 997 210 

2,25 1*1*1 79 

2.06 135 10 

2.61 619 111 

2.U5 606 88 

2.U2 970 188 

2.1|0 2099 521 

2.31* 199 23 

2,25 217 16 

1.32 188 3 

1.31 251 27 

1.62 381 53 

1.53 756 100 

i.ae 92 3 

1.06 1011 62 

0.86 232 13 

0.65 216 1 

0.8U 8^8 ß2 

13,31i* 2637 
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lo  determin« the optimum spread (R), we must maxlrdze a sinßl« 

expression which is a proper measure of effectiTeness. As there is a« 

significant velocity or weight da.fference between front and rear bullets 

of a duplex pair, we may conclude that either bullet is equally effective 

on a live target. The compound effect of a double hit on one target is 

a matter of some conjecture to be explored later« — For a first model, 

however, we assume no compound effect. Thus in the case of a double hit, 

the second bullet is assumed to have precisely the same effectiveness as 

the first bullet, except that if the target ia alreatty" killed by the first 

bullet, the second bullet's effectiveness is wasted» This overkilling 

effect Is simply accounted for in the expression for kill probability (K)i 

"-^♦VW^V'i. (8) 
where P is the probability of a single hit,f  is the kill probability per 

-1 L 

hit or lethality and P. is the probability of a double hit.» 
d 

To be unconcerned with possible lethality differences between single ball 

and di^"V x ammunitione, we use the probability of effective hits H* rather 

than kills as our measurei 

H' .^l.P()*2Pd-PtfPt (9) 

The first two terms in Equation 9 are clearly Just the total number of 

hits fPt)t 

H« -Pt-PdrL (10) 

It is clear now that effective hit probabilities may be computed for 

each of the 22 subject targets from Equations (1), (2), (5), (6) and (lü). 

« A double hit refers to two hits on a target from a single trigger pull* 
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This has been done for ©ach of the four values of R, In order to evaluate 

the integrated effectivenees on the entire target system, it is clearly 

necessary to conoider the effectiveness on all targets. To achieve this 

integration of «ffeet with appropriate weighting on each target, we merely 

multiply the computed value of H1 by the corresponding value of S, the number 

of shot» fired at that target. The product, of course, gives us the number 

of effective hits predicted for each target. The integrated effect is then 

simply the sum of these products for all 22 targets, which is Juat the number 

of effective hits on the entire target system» 

Inasmuch as we have designated no value for the lethality (!*£), our 

resultant expressions retain that term unevaluated. 

It ia instructive to reduce the number of effective hits to only Wie 

number of extra effective hits over the number obtained with single ball anmu- 

nitlon. TM, »cunt, to ^ -..btracUng th. t«^ fro« .„uation (11). 

This term is of course identical with the sum of the column headed (H) in 

Table 2, merely the total of single ball hits on all targets. Our measure 

of relative increase in effectiveness (I) is then given byi 

I -^ t  V 1 - i 1 P 

or <— (12) 

- P. 

For simplicity, coefficients a and b have been substituted in equation 

12, The boundary cases for zero and infinite values for duplex spread R are 

also included in Table 3« 

-ii:.;.^      ■*■'.     ■ . . - ,      «3St»V : ^ S -.->-.k.^^~^!,-'~:^.-*: -        ,■•■■^4       xm-te"-    '■~~'-:--- -■ ■■■■■- ■■ ■■... -. ,- 
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Table 3 

a 

0 100 100 

1 8    96.5 76,6 

2 67,3 53.1t 

3 76.3 3^.1 

u 59.5 18.5 

oo 0 0 

Now, let ua assume Yftlues of P, over the entire range fro« eero to 

unity. Relatire effectlreness increaaes Z are tabulated for each of 

the several selected values of P_ > 

Table h 

■■? 

R lo ha %h W hj •^•o 

0 100 80 60 liO 20 0 

1 96.5 81.2 65.1 50.5 35.2 19.9 

2 87.3 76.6 65.9 55.3 Wu6 33.9 

3 76.3 69.5 62,7 55.9 19.1 U2.3 

k 59.5 55.8 52.1 ii8.lt hk.7 ia.o 
m 0 0 0 0 0 0 

The relative effectiveness increases (1) of Table k ere shown 

graphically in Pig. 2. 

10 

| 

•'v* 

: 

SPBHBBBHBI -4K< , 

*'«***#.^rr"*f*f .< »Hi», m  g 

^       , 



-. i m«m.Mmmtm,a ma. in M »M lmmm'm'■ ***■*•*****'* mmm- .a.wJ—»wMw^ir^.^^^.^.^,.^ .^^.- ,**~**~*,^..,:.^^:-:*,*..:.:::, -.A,*^:.^. 

100 

r 

f 

:riS. 

I 

■ 

€ 
a» 
CO i 
2 

en 
a 
> 

o 
to 

W    40 
a» 
> 
IM 

cs 

2 3 

Duplex Spread g (m.is) 

Fig. 2-Relative Effectiveness Increase (I) vs. Duplex Spread (K) 
{-for a range of values of lethality (PtJj 
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INTERPRETATION OF RESETS 

It is clear that aa the single bullet lethality increases from 0 

to lOOjS, optimum duplex spread increases from to 3,14 ndla» - Currently 

available figures on the lethality of either single ball or duplex 

ammunition are both about h$% at ranges up to lüO yards. This figure 

is based on a criterion of thirty second incapacitation against defending 

troops« Prom our curves, this corresponds to a optimum duplex spread of 

1,S> ndJUu In interpreting these results we are now obliged to consider 

the validity of the lethality criterion and of the experimental context« 

It is necessary to resort to less quantitative considerations in oon- 

teroplating the perturbations imposed by reevaluation of these conditions» 

The lethality criterion is a source of possible modification of our 

conclusions. Experienced Judgment suggests that the h$% value of 30 second 

incapacitation would be applicable more to the extraordinarily heroic soldier 

than to the average. The criterion is apparently based on actual physical 

Incapacitation without regard for associated demoralizing effects. It is 

suggested that the operationally elfectii'e lethality criterion might be 

clcser to double the hS%  required for actual physical incapacitation. 

Such a change in the lethality criterion would increase the optimum duplex 

spread on our experimental, target system from 1,9 to 3,U ails. 

It is quite apparent that the experimental environment knowingly fell 

ahoi - of true combat in its simulation of aspects of stress and camouflage 

in particular, aa well as other characteristics affeotiry» the aiming error. 

The targets were readily identified by the white paper faces which were 

more easily discerned than would be the darker uniforms of enemy soldiers, 

12 
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Also, the riflemen were permitted to fire from feirly comfortable posi- 

tions, likewise enhancing their marknanship. Perhaps more important, 

the riflemen were not in mortal fear of their li^es, and took full oppor- 

tunity to aim at any targets which appeared» —That is, where in battle 

a rifleman might raise from his cover for only the minitmim time required 

to get off a shot, in the experiment the men exposed themselves freely 

to take full advantage of the target's appearance as long as It re- 

mained visible* All of the&e differences from combat tanded to rediice 

the aiming error in the test. Such reduction was essential in the 

experiment in order to obtain adequate hit data. Whereas in actual cor. ^at, 

the hit probability of the aijned fire is probably under 1/6, the totals 

from Table 2 reveal that the experiment produced a hit probability of 20$, 

As the duplex advantages accrue from inaccuracy of aim, it might 

be Intuitively predicted that the existence of a larger aiming error in 

combat would dictate a larger optimum duplex spread for combat. This 

intuition is borne out by sample calculations made on several pairs of 

individual targets from Table 2, Comparing targets of approximately equal 

size (T) but different hit probabilities (S/H), for any value of lethality, 

the optimum duplex spread is larger for the target with the smaller hit 

probability. We may thus conclude,, without attempting careful quantifica- 

tion, that in generaiizin/'; our results from experiment to combat, we must 

increase the optimum duplex spread, 

13 
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Despite the qualitative nature of the perturbations imposed, 

particularly by the increased aiming error of true combat. It is 

require! that our best Judgment be utiliawsd to recommend an optimum 

duplex spread for combat. Our conclusion is that a spread 

of 3 to 1* itftls Is approximately optimwm, and that (from Fig, 2) 

a variation in either direction of 1 rail in diapereio» induces less 

than 3% Tariation in the number of effective duplex hits» Thus, 

we recommend that future controlled dispersion duplex rounds be 

manufactured with this same dispersion of 3 mils, and note that up 

to a full mil rariation in either direction from this ralue is of no 

substantial consequence. 

i 

> 

Hi 

•.'' I 
■■■■" " ,.■,*• 



DfKL/OTIED

llrineil Services Technical Information Agency
ARLINGTON HALL STATION 

ARLINGTON 12 VIRGINIA

MICRO-CAia> 
COKTROL ONLY 10FI1

NOriCR: WHEN aOVERNMBKT OK OTHU DRAWDiai, SPEClTICATICHi OR OTHER DATA 
> rOK AMT PURPQEE OTIIBR THAN IM COMMICTIOM Wm A DEnNlTELY RE LATEO 

oovuoaam pwxaREMEirr omratioh, tie u. e oovEMNiiEMr thereby incurs 
NO REtraanurr, nor ant r>BUUAT10N WRATBORVER; and the > act that the 
OOVERMMBMT MAT HAVE rORECOLATRO, niRMnED, OR IK ANT WAY SUPPURO THE 
BAB ORAWORB, SPRanCATlQA, OR OTHER DATA B NOT TO BE REGARDED BY 
UBPlJCATiaM OR OT'EERWBE AS IN ANT MANNER LICRMBINC THE HOLDER OR ANY OTHER 

OR CORPORATION, OR CONVETIMO ANT RKEfTB OR PEREIBBION TO MANUFACTURE, 
OR BELL ANY PATENTED INVKNT10M THAT MAT IN ANT WAT BE RELATED THERETO

JJKLAOTED,
i


