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SUMMARY

A report, PIBAL number 167, was written by Salerno and
Levine on the buckling of cylinders and titled "Buckling of
. Circular Cylindrical Shells with Evenly Sopaced, Equal Strength
Circular Ring Frames. Part I."

In discussiid that report Dr. Kennard pointed out certain
apparent inconsistencies in theory.

4hpAﬂdﬁhﬁwmanat-ao;:;;fipe material presented ir. PIBAL
‘ 4a££n=-167 is discussed togetler with the remarks made by Dr..
Kennard. It appears that some of the theory presented in PIBAL
auq£59~167'is 6pen to question but, nevertheless, t*e conclusions
obtained therein hold without modification, A——

This report is divided jinto three main parts,. In part 1
i8 presented some material on the theory oi instability, and
some of the quantities contributing to the total potential energy
for the current shell problem are derived in detail.. In part 2
is discussed the csssntial differences betweeh the work of
Salerno and Levine and of Kennard. It is shown that although
some of the work of the. former authors is open to question and
to oriticism the terms represanting the differencc between their
work and that of Kennard make no essential differencs to the con-
cluding eigenvalve formula, In part 3 the e¢ffects of ths terms
in question in both treatments are traced and considered in de-
tail. as one conclusion it appears that certain terms proposed
by Kennard, although aairissible, lead to a result different from
that obtained by Bryan for the limiting case of an infinite
cylinder,




LIST OF SYMBOLS

R = yradius of middle surface of shell
h = thickness of shell

L s distance between ring frames

L, = L/R

v = volume occupied by shell

B = modulus of elasticity

v = Pojsson's ratio

x,8 = axial and circumferential coordinates
= angular coordinate circumferentially
= x/R

u,v,Ww = displacements of shell

] = curvature

X = change in curvature

G = stress

e = strain

Nxx'Nas’Nxs = stress resultants per unit length

HyyaMggMy, = moment resultants per unit length
P = radial pressure
= axial pressure
U, = gtrain energy arising from stretching of middle surface
Ub = gtrain energy arising from itembrane shear stress
U = 8train energy srising from bending moments and torques
induced in change of state
Ud = gtrain energy crising from work done by external force

system
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= gtrain energy stored in the reinforcing rings
= work done by radial pressure
= potential due to axial pressure
= number of half waves circumferentially
= number of half waves axially
= nlR/L
sRpg Ry = ring parameters
= pR/K
= Ph/K
= h®/12R?
= Eh/(1-v?)
-o--'C1 = coefficients arising in expansion of determinants

3.




bes

PART 1. GENERAL THEORY

1. Instability Conditions.

We consider a closeq, right circular cylinder in an initial
state of zero stress. The cylinder is assumed to be very long
in comparison with its diameter, and to contgin many similar bays
formed by a set of equi-spaced internal circular reinforcing
rings.

Let this shell be now loaded by an external hydrostatic
force system. We desire to compute the magnitude of the pres-
sure at which the cylinder will buckle between adjacent ring
frames., o '

(1) Let the hydrostatic load system be applied to the unstressed
shell in such a manner that, although on the point of bugkling;
the cylinder has not actually buckled. Let the associated hydro-
static pressure be p. '

We will call this stressed state the state A, It is an
equilibrium state, _

In the usual theoretical approach to a shell problem of the
I * sent type it is generally assumed that the cylinder is come
nressed uniformly by the hydrostatic pressure before the rein-
foreing rings are positioned. Thus in state A cylinder generators
are straight.

(1ii) Now, without alteration in the magnitude of the hydrostatiec
load system, we enforcc 4 swall change in the shell shape so that
it takes on an adjacent beat shane, We will call the associated

stress-state state B, In state B the generators are no loﬁger
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straisat.
Such an adjacent deformation could be induced, for instance,

by the action of a small additional force system acting normal

to the circumferential wall of the shell.

If, en the removal of this small additional force systeum,
the shell remains deformed in the adjacent configuration, then
we say that the hydrqatatic pressure p is the buckling pressure
for this shell structure. ‘

For the buckling pressure p, state B as just described
(with the small additional force system removed) is also an
equilibrium state.

(iii) Let the total potential energy (i.e. strain snergy minus
work done by external loads which are assumed as constant in
going from initial to final deflected shape) associated with
state A be HA.

Let the change in potential energy in going from state A
to state B be HB.

Let the total potential energy in state B be II, measured
from zero stress content.

Then, since state B is an equilibrium state, the Potential

Energy Theorem of Elasticity states that
=10, + I
is stationary, Hence, for small variations in disnlacements

e = sln, + i) = 0.
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But HA is alec an equilibrium state, so that

6HA = 0,

Thus, for p to be the buckling pressure, we require

ofig = 0. (1)

(iv) We can obtain another result from a clightly different
viewpoint, We krow state R to be an equilibriun state and, for
the p associated with state A to be an inatability pressure, we
sgk for the existsnce of a neighboring statu which is also an
2vailibriun state under the action of the same load systen. VFor
L3 té ve so Une change in potential esunergy in going from state

4

h 0 gtate 2 i.ust be zero. Hence

T o
LB 0. (2)

We shall use condition (1) as the criterion by means of
which we will evaluate, approximately, the %uckling pressure p.

We could equally well, of course, use the criterion
8li = O,

2. Potential Energy HB'

It is convenient to consider the strain energy of th= stress-
ed shell as consisting of various contributions: those due to
middle surface stretching and chearing, and those due to hending
and twisting. To do this it is necessary to be able to write

down quantities representing changes in curvature, etc,, in going




from state A to state B.
It would, perhaps, hbe better to consider the strain energy
in a purely formal manner, and write it as

Al
B =

o J';ro’ijeijdv ) (i,3, = 1,2,3)

™

vhere the usual summation convention is implied, and

O35 = 034 (eij)

via the stress-strain felations. To do this, however, would
require a detailed knowiedge of all the strain components
throughout the shell wall expressed in terms of displacement
components. This approach has net been used in PIBAL aumber 167,
and so will not be used here.

The potential energy, then, will be taken to consist »of
five contributions:
(2) That arising from stretching of the uiddle surface in going
from the "plane" state A to the adjacant "bent" state B, Stipu-
lating state B to be an adjacent state implies that it is very
close to state A even though the deformation pattern is different.
As such it is assumed that the changes in magnitude of the normal
membrane stresses are swall in compariszon with their magnitudes
in state A, In fagt, frequently it is assumed that the normal
membrane stresses remain constant in going from state 4 to state
B. We do not do so nere, however.
{b) That arising from membrane shear stresses, In state A - a
state of uniforay ocompression -~ the membrane shear stresses are
zero; in state B they are finite though small, Hence, in com-

puting the membrans shear stregs contribution to nB' cognizance
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should be taken of this growth. The strain energy contribution
will be

Uy = ;-J;(shear stress)p(engineering shear strain)B'dV.

N,

Again, as with the variation in the normal mwembrane stresses
in going from state A to state B, frequently this quantity is re-
garded as small in comparison with HB and is neglected. Never-
theless, we will retain this term.

(c) That arising from bending moments and torques induced in

the change of state.

(d) That arising from the work done by the external force system
while the structure deforms from the "plane™ state to the ad jacent
"bent" state. During this deformation the external hydrostatic
pressure remains constant in magnitude (and even if it did not

it would be assumed that it did), so that the work.done is equal
to p times the change in volume occupied by the shell.

(e} Strain energy in the reinforcing rings.

3. Computation of sotential Energy Contributions.

Since we only are concerned with state B it is convenient
to take stressed state 4 as datum for purposes of measurement of
the additional displacements involved in going to the "adjacent"
state. Accordingly, we assume that in state A the cylinder is of
radius R, wall thickness h, and is of length L center to center
of ring frames.

Let u,v,w be the displacement components in state B measured
from zerc in state A, These displacements are taken as positive

according to the scheme
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u in the direction of x increasing,
v in the direction of s increasing,

w in the direction of r increasing,

where the coordinate system x,s,r is as shown in Fig, 1. As can
be seen, w is thus positive when measured in the direction of
the inward normal to the shell curved surface.

Let the energy contributions associated with (a), (b), (c],
(d), (e) of §2 ve U,, Uy, U, Uy, U, respectively. Then, with
barred quantities denoting the stress and moment resultants (per
unit length of arc on the middle surface of shell wall) existing

in state A, and unbarred quantities denoting the changes in

those resultants in going from state A to state B, we have:

(a): U, (ﬁixexx*nssess)da +] (Nxxexx+nss€ss)dA , (3)

(8§ = constant

4 Txx ! } (4)

constant ,

=23
%

[P = Mocto] 1 5
/

{Ngg = Ngglegg)

and the region of integration L is the surface area of the cir-

cumferential "middle surface! of the shell wall.

(b): Uy, =

baV) g

JANxsexsdA ; (6)

where

Nyg = Nyglexs) o (7)
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and s is the engincering (i.e. not the tensor component ) shear

strain at the middle surface.

(e): u, = %J;(Mxx”xx + Mggigg + Myghyg JdA (8)
where

Moo= M O am ), ete, (9)
(d): U, = p-AV (10)

wheve AV is the decrease in the volume occupied by the shell in
going from state A to state B.

(e): wWe will not consider U, in detail in this paper.

L. Detailed Computation.

From static consideraﬁions we know that

N._ = - Rp/2 i.e. compressio
ﬁés =~k

where as usual p is the applied hydrostatic pressure.
Also, from the strain-displacement relations for a circular

cylinder, we have that

= 3u, 1 9w B
Cxx = dx ' 2 (32) )
Jv. w1 ,9mw,®
63823—8-- R-l- ) (-é-g) ’ (12)
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In addition, we have the stress-strain relations

Osse [E/(l-va)J(exx *ve )

L}

g

o5 = [E/(1v3)1(e + ve

)

XX

it

Tys [E/2(1+v)]exs .
80 that the stress~resultants are given by
Nés = [E/{1-v¥)]legg + veyy) (13)

N g = [Eh/z(l-c—v)]exs .

Substituting (12) into (13) then gives the stress-result»uts in
terms of displacements.

In the second integral in expression (3) we normally disre-
gard terms of degree higher than the second so as to obtain a
linear problem when finding apnroximate solutions by means of

the Rayleigh-Ritz technique. On so doing, we obtain, therefore,

U, = = (Rp/2) J;{ux +2v, - 2{w/R) + (1,/2)wx3 * wsz_}dA

+[Eh/2(l-v2)]JC&h;+v:+(w/R)2~2vs(w/R)+2v(uxvs-ux(w/R)!}dé
(L)

where now for convenience we use tlie notation

’ du
LV etc,
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For Ub we havei

Uy = (1/2) SN, e b
= (1/2)[B0/2(14)] S (ug + vy + won ) %aA (15)
= (1/2)[En/2(1+v)] S (u, + v,)%as (15a)

A

on neglecting terms of degree hiéher than two.

To oconpute Uc we need expressions for the quantities Hoyd**
in terms of displacement components u,v,w, and quantities M ,-°-,
in terms of curvatures or displacements via stress-strain rela-
tions., Since these terms have not been mentioned in the discus-
sion by Kennard we assume the results of PIBAL number 167 without

comment or elaboration (PIBAL aumber 167, page 4), and so have

Ug = (0/2) f {lxy + %)" = 2010} xyx, - 2)}an

where

Xy = Wyx

XQ) = Wgg T w/R?

£ =w, + (v,/2R) - (u /2R) .
Hence

U, = [Eh3/24(1-v? )] .,’;{(VrlmC +w

212
s * W/R)

= 200w )W wgg 1 Wewy /RE - (Wl + v, /2R - u /2R)]}aA.
" (16)
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To compute Ud the contributions from the end forces and
from the radial forces will be considered separately. We note
that the end thrust produces (among other things) a stress re-
sultant ﬁ#x of magnitude - Rp/2. If, now, we consider an ele-
ment of the curved sufface‘of the shell, of length dx and (circum-
ferential) width ds, and defined longitudinally by the two points

AB as shown in Fig, 2, we have:

diSplacemenp in x direetion of point A = U

displacement in x direction of point B = UA-o»duA .

Hence, for the element in question, the Qork done by ﬁ*x is given
by B

AUde = (Rp/2)[uA - (uA+du4)]ds ,

and so

Uye = = (Rp/2) .,2 u dA . (17)

In passing, and although not stricﬁly relevent here, we note
that if the oylinder were short and closed at the ends the work
done by the erd thrust would be

. .  X=0
Ude = P éﬁd Lu]x; dA .

For the second contribution to Ud we note that if any
normal force p at a given point ‘on the curved surfagce of the
shell moved with the point during the displacement of the point

on taking up state B, then (and as is usually done in-Elasticity)

the work done by such a force at that voint wouid be, simply,

U&r'? pw.
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Following Kenuard®, however, we congider this matter further.

5. Work done by Lateral Hydrostatic Pressure,

In more detail, we consider a point C located on a lateral
surface generator in state A, and displaced to a position D in
state B, Fig. 3. Let D' be the projection of D on the generator
passing through C, .Then, if the normal applied force moved with
C, its normal displacement would be LA If, however, the force
originally at C remained in that same position and did not move
with C, its normal digplacement would be [ch. This we can take
to be the situation ag far as the lateral surface hydrostatic
pressure is concerned. From Fig. 3, on allowing for the cireum-
ferential displacement v, of point C (not shown on the figure),
we see that to within a first derivative correction [w]c is given
by

[wl, = We = uc (wx)c - Vo (ws)c .

Using this result we can compute the change in volume of a
cylinder of original radius R and length L. The original volume

ig J'L IR?dx , The final volume is
(o]

Ve f/2) SR - )1 do}d
=, - (W~ uw, - vww X ,
5 { o x g/d 99;

or

’L . "2IIR 2
V=y {{1/2R) 4" [R - (w- uw, - vw)]%dslax .
0 o

* Kennard's discussion on PIBAL number 167 is included for con-

venience in this revort as Appendix IV,
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Thus the change in volume ls given by

v =.£{w ~ {w*/2R) - uw, - vw_}dA

where terms of degree higher than the second have been neglected.

Hence we see that the work done by the radial forces is

Ugp = p.j;{w - (w2/2R) - uw, - ww

ajda , (18)

where, as usual, A is the area of lateral or curved (middle) sur-
face of the shell in state A.

To all the foregoing we should, for completeness, add energy
terms due to strain in the end reinforcing rings frames., This
we will not do here, however; and, when such terms are reo“irasd
we will take them direct from PIBAL number 167,

With the above materialtas framework we ars now in a position
to discuss material contained in PIBAL number 167 together with

the remarks on that material by Dr. Kennard.
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PART 2. DISCUSSION.

6. Quantity (U,-U4q) derived here and by Kennard.

In his work Dr. Kennard obtained some energy quantities
which differ from those given in PIBAL number 167. Essentially,
the: differences occu? in the energy contributions U, anc Uj. We
consider, then, the quantity Ug-U,.

From (14}, (17), and (18) we have

U -U4 = -(Rp/2) J:;{ux-i-ZVS-(Zw/R)-p(wxz/z )"’Wsa}dA
+[Eh/2(1~v?)] {¥p§+v§+(w2/R2)~(ZVSW/R)+2v(uxvs-uxw/a)}dA

+(Rp/2) u; u,dA-(Rp/2) {{(ZW/R)*(WZ/RZ)D(Zqu/R)-(ZWs/R)}dA-

Further, we note that v is periodic in the cjrcumferential direc-
tion, with a consequence that d:. vgdA has magnitude zero. Thus

we have
Ug-Ug = Rp.i{(wz/an)+(uwk/R)+(va/R)-(W§/b)~(w§/2)}dA+(AU,)b

where
(A.u1 )b = [Bh/2(1-V)] .};{L§+vg+(wz/nz)-(2vsw/n)+2\,uxvs-(2vuxw/n)}dA,
(19)
This is the result obtained from the foregoing considerations
only.
On making obvious changes in notation, exoression (19) is
in complete agreement with the corresponding exnression {g) given

by Kennard.,
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7. wuantity (Ua-Ud) obtained from PIBAL number 167.

After a little manipulation the quantity (U,~Uj) obtained
from the work in PIEAL number 167 is given by

U,~Ug = Rp J;{v-(w/R)+(w3/2R2)+(w Wgg/2)-(w u,/2R)

- (g u)=(wg?/h)- (a2 /1) ]ah « (a0 ) . (20)

Note that as written here this is not the expression (e')
quoted by Kenrnard in his work as the PIBAL result in question,

It should be remarked here that in (19) no account has been
taken of the membrare shear stress contribution Ub' On the other
hand, as obtained from PIBAL number 167 as will be shown shortly,
{(20) comes from {but does not include) quantities which take into
consideration such effects,

From a comparison of (19) and (20) there ars obvious dif-
ferences, and it would appear that the latter expression is in-
correct. Nevertheless, although a portion of the theoretical
treatment presented in PIBAL number 167 seems in error, it will
be shown later that the results and conclusions given in that
report remain essentially the same as those obtained from (19).
Before doing this 1t is of interest to discuss the deviation of
(20) further.

The PIBAL number 167 equivalent of (20) is made up from

equations® (3), (20) and (Z5) of that report, For completeness

% The numbers of the PIBAL report equations are here shown as

barred numbers for clarity. In that report the numbers are the
same but they are not barred,




they are repeated here. We have

2
(1) U, = [BB/A1- A1, S

o o § 9 )
3)
where
Uy is "the energy of stretehing",
Y « x/a or, in our nctation, = x/R,
Lo = L/R;
2n Ly —
(11) Ve (P/2), S (s v3+ w2 ) dgdy , (20)
1 3 o & & &
nhere

V1 is the "potentisl caused hy axial pressure', and, on interpretation

of guauntities given on Pibal pages 17 and 19,

P = pR/2h,

and on paze 9 of the Pibal report P is dat'ined as the "axial pressure";
an L , \ —,
(1i1) Woa(l/2f f pwi2+u . ~{r+a VRERdxdp , (25)
2 o o P

ahere

Y:'-.‘z is the "work done by thue radial precsure.”

Fo note that (3) as just presented and 8 used in Pikal number 167
represents the total strain energy due to all membrane strassus, i.s. shear
g8 well as normal, anc wo sve that V1 as def'ined abovu 13 the negative of

the work dons by the preasure acting on the ends of the cylinder,

L .
0{112 +(v _w)‘)' + ZVuE(V(P-w) + (1~ v)@am f/2} dt dg
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In virture of the definition of Ue Just given, it follows that Ue
reprasenta our exvression (U, + Ub). In consequence of this, and the fact

that Ub is not present in (19), it is convenient to write U, as

Ug = Uy + Uy N
1 2
where
1} o fEh/Z(lp-vz )] J\zﬂ Lo{uz + (V - “)2 + 2y u (V '-W)}dg d(P »
© o © E ? E @

1

L
"o {(l-v)(va * u(p)2/2} g dp .

2
U = [EW2(1-A)1)
e 0 a

2
To transform these to our notation we use the sybstitutions

L= J?/R: s=Rop ,
from which
d& = dx/R, dp = ds/R ,
and, on noting that L = L/R, it follows that
agk L
U, = [Eh/4(1s v)] 0.?' J (Rv, + ma)2 ax ds/R®
] (o]
ch19:] L 2
= [Eh/4(+v)) S S (v.+u ) dxds ,
fo) 1) X 8

= Ub [

Consequently, in obtaining {2C), i.0. the equivalent of (Ua - Ud) »

we mist usa Ue instead of 1
1 a




Using the same transiovmstions for F end o we obtain for Ue the
1

expreseion

2R
U, = [En/2(3~v")] "
8 o

PP ‘ 2. 2
] o ERE s (g - w) 4 2y Rux(Rvs-w)}dx ds/R,

2
X

: - 2nll L

B >~ - " "‘ 1 2 ¢ {2 2 2 i Y e
= [Eh/2(1-v )] A {‘lx + v‘; (Zav /R)+(W*/R%) + 2vu,ve2v wux/rt}dx de .
(1)

Q

In sinilar janner we can compute Vi- wa , noting thut we require this
diffurence since VI is the negative of the work done by the "end forece",

e have

. L .
v, - LACRS (Ph/z)s'ﬁofo (uz + vg + wz ) 45 dg

H

Ak , |
- (1/2 J pw{:n.xx..(w,ww)/&}ndx dp ,

and, on noting that

Ph/2 = (pR/2h)(0/2) o p R/L

this becomes

anR L '
7 - - = (D} o i 2 o YV 2 2
G- em ) S S @ e k) e (Rw)® fox s/

: L
' ) . i 1
" \1/2)0,1 & o] {2 ru - (w+ szss)/fij dx ds,

21R L ) -
o - pnud oj‘ r {("‘f:/l*)*(vfd“‘)"'('i/")f + w{z mx-.(mﬁzwss)/ﬁ} /2Rh:
2

! L o .
o LY ) 03t BN~ 2 (62 (o g o 20

= pn’j:

(22)
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Thus, on romparison we sse firmlly thet (21) is the szime as
(A'J1 )b of {20} and (22) 1& the sams 3s the auanvity undar the integral
aipn in (20), so Lhut the aquantity from Pibal number 167 te be compared

with (U -Ug), taesly L‘e1+ V,~ W, 18 given by (2C) as was state,
8. Hotivation of durivation in Pibal number i$7.

As the authors of Pibal report number 157 are now not aveilable, it
canniot he stated with any certainty what weras the bases on which the
expressions coptributing to (20) were dwrived,

Tt is conjacturad that for ue of Pibal number 167, that is the cnurgy
contritutions from all membrane styesses, only the second integral term
in (3) was used instead of the full two-term expresaion of (3); in addition,
of course, the guantity U, as given by (6) was also usede The second term
of (2) rarpesenis energy due only to the changs in magnitude of the normal
membrane strosses in golng from state A to state B, and the U of Pibal
rusber 147 apparently nuglsats the existonce of normal. musbrans stresses
slready presovut in state A,

In the axpressions for the wodt done by the end forces, the Pibal
number 167 exproscions can be derived by sssuning that the compleie none

iineay strain axprecsion, numely

2

”
24 /-
b ™ By + (U] 4 v+ wz)/z.' ’

holds, &nd then by Imposing the condition tliat the huckling process is

vssentially ineztensiomal, i.d4. o, = 0, wte. It Is usw.liy considered
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that the norwiinesr terns ui, v: are of highur order th:uu va s and in
the Pibal report all terms arising from tiese were subsequently eliminated
from the final results, That this was the mainner of derivation in the Pibal
work is a;gain pure conjscture,

The Pibal expression for the work done by the radial forces, i,a. (25),
is open to eriticism in that it scems that to compute the loeal changv in
radius of the original circular oylinder the radius of curvature of the

deformsd cylinder (state B) was used, If this was so, it is incorrect.

9. Effect of errors in original derivation.

Having obtained (20), and discussed the possilils manner of the original
derivation of that sxpression, we now consider the difference, D say, be-
tween (20) and (19). ‘iriting

P = (19) -~ (20)

wa have

Do Bp ST {00 w/28) + (F/0e(2/0) = (5 wge/2) + (/)

« {(ww/R) + (v W /R) ~ (v2/2)} Jaa

whore the quantity in the first set of curly braces ccnsists of the terms
left from Pibal number 167, snd that in the second sst of curly braces is
from Kennard's work when terms common to (19) and (20) are cancelled.

As will he discussed in detail later, in the rirst cuantity certain

individual terms are subsesuuntly neglected in Pibal number 167 on the

has

in
The

O™

vhel

and
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basis of a smallness argument, The turms so nezlocied are

wu/R |, v;‘i/l. R ui/l. .

In a similar mannor, thst 1s for compurable accuracy (sgain to be discussed
in detail later) two terms in the second quantity can also be neglucted.

These are

u wx/R y v ws/R .
Thus, essentially, the difference between (19) and (20) is given by
D=~ (Ro/2) S ww, + 0" -20/R dA. (23)
A 8

From Pibal number 167 the chosen displacement coefficisnt functions

wory

uw 4 c;os my cos AL = A cos (ms/R) cos (Ax%/R) ,
v =B sinmg sinAf = B sin (ms/R) sin (M‘/f‘) s (27
wa=C cosmp sinAf = C cos (z-ns/Rs sin {rAx/R) s |
where m is the number of curcumfurential hgli-waves,
A = nnR/L R

and n is the muber of halfewaves in the axial direct.c.

Substituting (—2-'7) in (23) we obbaln thu result mzntioned earlier,
D=~ (Rp/2) ) {w Wog + e 25R} A =0 . (23a)
5 s

This is discusgsed in more dstall in Appenddx ITI.
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Thus we cunclude that, although in no way a justification for the
theoretical treatment given in Pibal number 167, and deponding on & smallness
argunent still to bs presented, the simplified formila (28—) given in the

Pibal report stands. The formwula is

M(1-vA/(n® + 23 + R, + kin? +A%)
B o = ’ (18)
(-1 + A2 /2)

where the various suantities and symbols concorredwill bo muntioned in

detail lator,

P

It can furthar be stated that the numerical work relating to };iba‘l .
number 167 was based on vouation (48).

The eneryy terms of Pibal number 167 were used in other Pibal reports,
namely Pibal numbers 169, 177, 182 and 185. These reports oxtsnd tho
previous work by considering other shell constraints at the frames, by
discussing various aspscts of shell bshavior and (in 18Y) by considering
the ovorall buckling of a reinforced shull oetween bhulkhisds. In aJ‘.l
roports deflsction functions ars ussed which satisfy equation (23a).
Smallness arguments similar to those presentud here are used in th.ese
reports in the derivation of the simplifivd formulas which weru used for
numordcal calculstions. On this bagis it ssems that the working formulas
and numerical work of the Pihal reports using the energy expressions of

Pibal numbuer 167 are valid,



PART 3. DETECTIVE VICHK

10. Essential stops in obtain’ ..g__(E ) of Pibal number 167.

Having shown that, on neglecting certein terms, the main result
obtained in Pibal number 167, namely (48), still holds, we now discuss
the justification of the approximations rasorted to. To do so it is
necessary to outline the work presented in the Pibal report.

In the main body of the present report it has not been emphasized that
the oylinder being considered is reinforced with ring frames and, in fact,
expressions for the strain snergy in the rings have not yet been given,
These we will not discuss hers. We present, instsad, the complete expros-
sion for the total potential energy as used in Pibal number 167. Note that
this includes the supposedly incorrect contribution (20). Consequently,
after discussing the methodology and manipulst:ion used in the Pibal report,
we 4ill then draw corresponding conclusions obtainud on using (19) instead of
(20).

From Pibsl number 167 we have for the tolal potential cnergy t:s expres-
sion

UT-Ue+Ub+Ur+V1+Vz (ﬁ)

where the individual contributions Ujseeeey ¥ are given by (3), (), (13) ’
(20) and (28) respoctively. Here

UT = total "potential', i.¢. total poiuntial energy,

U, = "strain energy of stretching, i.¢. membranc stressss strain enorgy,
Ub = M"strain energy of bending",

U, = "energy stored in a ring",

V' = "potential caused by the axial pressure®,

Vz = "potential energy due te the radisl pressure®,
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In Pibal nunber 167 the work thcn follows the usual motivation of
the Rayleigh~-Ritz process for computing approximations for sigenvalues.
The chosen displacement functions (57) are inssried in (34) and the indi-

ratod integration carricd out,

Condit.ions necsssary for raendering UT stationary, namely
GUT/GA = 3Up/dB = U, C =0 , (35)

are then imposcd. Those lead to a set of thrue simultaneous, homogensous,
algebraic equations linear in A, B, C. For a non-trivial solution to uxist
the ramiliar condition that the determinant of the coufficicnts of 4, B, C
mist be gero is then used, which lsads to the eigenvalue determinantal equa—

tion (39), namely
A2+ oR(1-v)(Lek)(1/2) {= Anl (1/2) (e v)k/2)(1-9) 1} v ~(1=v) hkn?
+R, - xzqaz} + R e r/2}

{*An{(1/2)(l+v)—(k/2)(l~\*)]} {ne (1-v) (1+k) (A2 /2)- 7?(1}2’5 {-n{ 1+ (1-V)A? kf;

{Av =(1-v) A kn? (-l 2= A2KY ekl (n24A2) 41202 20271,
i ~32g, ~(m? -
+Roe B A2 + R, =3g, ~(n? -1)3 |
£D)

Tt is then shown in Pibal number 167 that, for a cylinder for which

the distance betweon adjacent ring framss bocomes largs (+-o00) » the solution
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of (3'9-) yiclds the classic Bryan solution vor an unstiffened cylinders
p e (nf-1) {22000~ v3)} o (%)

In this treatment various qiantities wsre introduced, in particular

we have

K = Eh/(1~v?) R k » h3/1R% (29)
® = pR/K (= pRQL ~v2yfEn)
2, - Ph/X (= pR(1-v?)/2En)
for the hydrostatic losding case discussed hure, so that
Q1 /2 - Qa . (4—3)
As mentioned in Pibal numbas 167, "the complete expansion of the
doterminant (39) leads to a cubic equation in 43] and q)z .t Consequently
as a first approximation (ssee Appendix 1), in the oxpansion powers and

products of <I>I s ébz, and k greater than tho first can be nuglected,

This leads to the approximate expansion

C +C k=¢ c 12

. + 2 3@‘* “Qa ’ (42)
or, using (.4_3.)’

C;+ G k= (Q3+ C“/Z)q;] .- (ITZ)

Expressions for c1 gevens 3“ are given by (448),..., (%4d) of Pibal

nugbsr 167. On inspuction of these it is apparent that for m large (s.g. m > 8)

sach expruscion contairs on¢ turm dominant in compariscn vith the remaining

torms of that expression. This dominant term is independent of the ring
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paramuters. In the exprecssion for C1 therv also occurs a sucond

dominant twrm of similar megnitude bui involving the ring parsmster Rc .
If only th: dominant terms are retaincd and need in (44) we obtain,

finally, tho approximate result (48). Further, if in this equation the

torm containing the ring param:tar is delwtud, the simplified von iiises

rosult follows, {45)s Actuslly there is a small discrspancy hure, for

in lisu of the derominator term {mz ) (AZ/Z)} of (45), the von lisels

result noglects the =1 contribution in compurison with u?

11, Justification or neglect of certain small Pibal torms,

The foregoing discussion retraces the main steps tak:n in Pibal number
167 in obtaining (ZB-). In the procees many ssall quantities were neglocted.

Agong them are terms related to the torms mentioned earlier, i.c.
wu /2R, v: /L wlh o .

We now discuss thuss three terms in more detail,

If (39) is written as

;aij' = 0 F) i,d = 1’203 ()

it is sasy to trace tho follaming connsctionss
(i) In L the quantity )ﬁr;az cones directly from the term u® of
' 2

(20), that is from ui .
(1) In a,, the quantity A,zq>2 com:s directly from the term vg of
2

(20), that is from vy o

(ii1) Ina . and 2,

@ u /2 of (26), that is fromw ux/zn.
(4

the quantaty A, /2 comss directly from the term
&




Further, it is simple to show that the R turm drops sut from the
denominators of the torms ui s v: .

In the expansion of (39) these three quantitics lead to torms in
<I>] and Qa of degree highsr than the first (and so can bc neglected)
and to contributions in the non-dominant terms of C 3 and C 4 They
make no contribution to the dominant terms retained in deriving (38).
Thet this 18 so is showr in detail in Appendix I.

12, Eigenvalue Determinant for the Kennard Energy terms,

Having discussed the technigue and reasoning used in Pibal nunber
167, we now apply the same thoughts and drqree of appraximation to the
onergy quantitios deducod by Kennard,

For the tutal potontial enargy Up wo have

Up= U, + U+ U Uy + 0,
whero
Ua is the envrgy due to the normal mambranc stresses, (14),
Ub is the enorgy duc to the shear mumbrane strosscs, (l5a),
Uc is the energy due to the momunts, (16),
U A is the work donc by the uxternal force system, (17) + (18),
U, is the energy duv to ring deformstion, (33) ..

Thus, in this UT we use cxpressions from Pibal number 167 for itc and
U0 s 8fter transforming them to x,8 coordinatas.
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On following the procedure prescribed infl0, in lieu of (39) we obtain

tho determinantal. equation

a2, 02(1-v) (1+k) /2 - .Mn {‘(1+\;)-k(1-\’) } /2 {hv ~k AmP(1~V)
+ 8} + R+ A0 .
wAn {@v)k(1ev) } /2 {02 + (1) (eiA?/2} wals @, 4k A2(2eV)]
[-Av-eiaf(lev) 200 4kAX(1)] R R L LRIV
+ Ryo +AD } + By = (0% e A2/2)d.5‘}

(24)

The complute wvxpansion of (24) leads to a quadratic eouation in tb‘
and <I’2 » where thosc quantities are thc samo as previously defined.
Again, as a first approximation, pomers and products of Q1 and k can be
neglected in thu expanaion and, so doing, we obtain

05+ cek'C:’Q‘ [} (25)

Here C 5 and 06 ars non coefficients corresponding to C, and C, of Pibal
muber 167, and the new covfficiont c7takos the placc of the previous
(Cg+ C, /2). Expressions for Cs5, Cs ; C; are given in Appendix 2,
As before, on inspection of thsse uxpressions it is sppsrcnt that for
m large (>8, say) each one contains one dominant term mhich is indopendent
of the ring paramvters, and in C 5 there is also s sucond torm of similar
magnitude involving the ring psrametor RC . Purther, it can bs swen that
those dominant terms are the samo a3 those in ths expressions for G1 yeres 04 .
Again, on retaining only thoe dominent torms in Cs s C s > Coo (25) loads
directly to the provious rosult,(i8),
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13, Justification for neglect of certain small Kennard terus,

In the immudistely precuding durivation of (_l:é) rany quantities
have beon naglectud. Among those so treated are auantities arising

from the terms

uw /R, vw‘/R .

As hafore, ws nom discuss these two terms in detail.

If we write (24) as
lbijl = o » i’J ] 1’2’3,

it is a simple matter to trace the following conncctionss

(1) In b' . and bal the quantity ml comes diructly from the turn u w x/l?. 3

(11) In b, and b, the quantity m-;;1 coix8 dirvetly from the term v w ‘/R .
In the uxpsnsion of (24) these quantities lesd to second degres terms

in Q' and Qz(and so can be nogluctud), and to contributions tov the non-

dominsnt torne in ¢ - Thoy make no contribuidion to the dominant terms

rotained in deriving (48). This is shown in Appondix I,

14, The Kennard Detumminant, and the Bryan Solution,

7o consider, now, tho aifuct on tho Konnard determinsntal equaticn
(24) of allowing tho distancs botween the ring framos to become large.

On letting L.-»o0 or, what is ths samc thing,A -»0 in (24) we obtain

n® {1 - (14 (151)2 + fI)' (1-m®) + k(m? -1)2} =0,
(26)
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If we oxpand this, nuglect & in comparison with #, , snd substitute

for f‘D' in terms of p, we cbtain
p = {12~ 3+ 4/ )} { 31N~ vH) |,
which is not ths Brysn solution (1), If, however, we write simply
(Le, =1

in (%), we do obtain the Bryan solution. Obviously in so doing we are
not approximating consistcntly.

The torm producing this inconsistoncy can easily bs traced back to
varlier considerstions. In (26) the term (1 + Ql)z comss from the terms
bsa, bypin (24) on letting A—»0, And in b, b, , the quantity <I>1 in
the term (1 + cIl‘ )‘°’ comes directly from the term v w E1/15: which ras intro-
duced opriginally in the expression for the work done by the lateral thrust,
The other term of similar character introduced in thet same exprossion,
namely u wx/R dcos not survive here since its end product in (24), nemcly
Mf:' s vanishos with )

45, Furthor Discussion of Work Dons by ixternal Forces.

The computation of the work done by oxternal forces warrants further

discussion, We have just seun that use of thu expression
Ugp = P {{w~w2/2R-uwx~vw8’}dA s (18) bis

for the work dong by ths forces nurual to the lateral curved curface of

tho shell leads, apparently, tc an inconsiteacy in comparison with a result
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obtained by bryan. The inconsistoncy arises not from an error but rather
from an order of magnitude disagrceement.

The torns w w,, v w, rafur the ffinal position, after deformation to
state B, of a point on the latersl surface back Lo its original position,
and so allow for a more correct integration than is usually the case
(in so far that a slopo correction has been added) with respect to % over
the range 0< x < L which defined the cylimder in state A. Nevertheless,
even whan using non-lineer strain components, this correction is raroly
uged in Elasticity problems. Ususlly, vven though deformation has taken
place, no allowance is made for the chanmu in area of an elumsnt of sur-
facc and integration is carricd out over regions defined by original
unstrained boundary positions.

The Potential Envrgy Theorem, used in Elasticity and hure, states that
for an equilibrium stats the potential emsrgy*U

UeE - Tyu ds , ial,2 3 (27)

[
SB

is stationary for arbitrary varistion in displacuaonts. Here

- 1 » PR
L = = t{ G, = d‘f ’ l’J = 1,2,3
s 2, 4y
aith
- 5., (8, )
GiJ 31,j ij

via the stress—-strain law, and Ti ) u:L s 1 = 1,2,3, are the components of

—————

. et at fe B4 Gy mine s et h oy s e

T b rm atn msae s s w werm  Gat s Smaied maaeieBmemntes B oee s tasems

¥ For the presunt we refur all quantities to an orthogonal Cartesian
coordinate systomj sec Sokolnikoff "Thuory of Elasticity!,
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surface traction and of the corresponding surface displscemsnt. The

portion of the surface desivnated as SB is that pvortion for which

In particular if surface tractions arc specificd over the crnbire surface
of the body in nucstion; then 5'1‘1 ¥ 0, and sB ¥ ontire surface,

In these vdrious uxpressions the usual summation convention is
understood, and ii1 all applications the 1imits of integration are the
‘original dimensions of tho unstressud clastic body.

If wo formally apply thuorem (27) to the present »roblem the term
corrusponding to the "sork done by the hydrostatic pressure! on the lateral
surface of the sholl is

U;r-{pﬂdl\ (28)

whore, as usual throughout this papur, di = ds dx, and A rcfers to the
curved surface area of the shwll in state A,

An exprossion such as the last represonts a camputation correct only
to the f{rst ordor and, tmly, the Kennard correction turms added to the
normal displacement w yields a quantity U dr which is more aceurate than
is (28).

As an sltwrnative to the Kennard computation one could, of course,

compute the work donc by the lcueral thmust by using the formla

it
(:dr - JA‘" pPw d4

where now, on writing dA = dx ds, the rangc of definition of x would be

0 £x <L ~AL, vwhero AL is the shortening of the cylinder on going from
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state A to stato B and is given by equi
the
AL = uL -u . Wl
Homuver, if the quantity U:;r wore ussd in this connection, then similar
limits of integration should aiso be used in all other computations throughout to
this work., This, of course, has no% been done, 2T - equ
Tt seems, thon, that on retaining the terms ’ von
com
un, , VW
in tho expression for U dar® computation throughout the treatment is not in -
consiatent in accuracy. ' fici
‘ Again, in retaining the limits 0 < 8 < 2nR, the turm ¥*/2R in (13) is1
refora to the chango in the length ds of the ¢lement on going from state A sol
to ;tat,e B. Thus, for accuracy conslstent with that in all other surface
area computations this term, likewise, should not be used. obt:
16, Consequence of ds correction torm, wit!
dent

Since in all the foragoing work the term w2/2a has been retained it
18 of inturest to trace its consequences, and so discover the effect of
ignoring it.

On substituting the dufluction oxpressions (-27) in the total potential
snergy oxprossion (52) and performing the differantistion with respect to
the arbitrary paramters A, B and C, the torm w%/2R leads exclusively to
the quantity (-1)in the costficient of @‘ in tho a33 turm of the deturminantal




3%,

squation (39). The quantity persists, and appsars in ths denominator of
the finel simplified expreseion for the critical pressure of a reinforced
eylindor, (48).

FPor tho casc of a cylinder with simpls end supports, which amounts
to setting tho ring parem>ter torm of (48) equal to zero, the simplified
equation of von iisus is obtainud with the w1 retzined in the denominator,
von Mises then drops the -1 ih coisparison with turms n® and A% in order to
compensate partially for his previous approximations,

Thus, if tho turm w?/2R is not used, the effuct would be that the -1
in the denominator of (48) would nover appear, so giving {on suitable modi--
fication) tho final simplified von Hi.aes result directly. Nevorthsloss, as
is woll knomn the approximete von Mises result doss not roduce to the Brysn
solution, ‘

It is of intorest to note that thu value of the eritical preseurc as
obtained from the Donnell oquation for circular cylindrical shells agrecs
with the simplified von Misus result; the -1 term doss nut appear in the

denominator,

cul

We

an

wid

Ale
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APPENDIX I

Discussion of Approximations msde in Pibal number 197,

1, The complete uxpansion of the gensral determinant (39) leads to a
cubic squation in <I>1 s @2 and k. As an approximaticn the oquation was

linesrized and took the form
C, +szﬂc3g_)1+0“@z .

We now discuss the validity of neglecting the torms containing powsrs of
¢, and k of order hicher than unity.
, .;y dafinition
k= (W/RP/12

and
® =28, = Ro/K = (p/E)(W/h)i1-v?) .

By definition of a thin sholl, thas thicknose h must be small compared

with the radius R, i.e. (h/R) << 1. Honco
k®? e (h/RY14 << k << 1.

Similarly
k3<<k?® .

Tho buckling pressure p must alwavs be small comparcd with the
module: of «lasticiiy E of tho matorial of which the shell is constructed,

Also, for the range of shell dimunsinns considered in thls work, the
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ratio (p/f{R/h) << 1. 1In tho mumeriesl uxawmpls cucted in Pibsl number 167
the fimures vers
h/& = 0,000068 ,
Popyg = Y70 pes.i
together with

K = 3.068x10 °

3

4847 x 10 ° , (irom 18),

o
[}

1}

P 224 x 170,

2

which justifies the linusri:stion for this casc. vimilar results follew
for the rangus of shell an¢ frame guomdtry ahich Pormed Lhs basss

of charts prusented in subsequont reports.

2. In the bouy of the czport it was statud that tho t.rms w u, /2R,
v:/l, and ui/l. in (20) when intograted le¢ to turus of ordur hi-her tl'fan
thosc given by the ruwinder of tho terms undor the Intugruls Consequently
they werc ignorec.

Congior the turm w ux/ZR in (20). It can be elnwn that this quantity-
lvads only to the turm Q’ A /2 in th: clewunts a‘ 3 and 831 or thc gerw-rsl
determinant (33). Upon expaznsion of the determinszat this ferm contributes
to (73 s that is the cocfficient of d”‘ o The minors of the torms 8’3 and 831
show that the contributions to 03 by this term are of order mﬁ , m¥%Ak,
m? A3 k, with othsr quantitics of lewer order inm and A . On the other
hand, uxasination of the whole uxpressicn for C3 s (4e) of Pisal number 167,

shows that turi:s oxist of orter m2) %, m% )2 , m6 , with othur terms
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ratio (p/T(R/h) << 1. In the numorieal oxampls cuoted in Pibal number 167
the fimres wers
h/R = 0,000068 ,
P.pig = 970 pes.i
together with
k= 3068x10°

3

® = 4847 x10 , (irom 22),

5, - 20024 x 2,

which justifivs the iinvarication for this casu, bimilar results follow
for the rangas of shell ané framoe guomctry which formed Lhs bases

of charts prusented in subsequent reports.

2.  In ths boiy of the rzport it was statud that the v.mms w u, /2R,

vi/z, and ui/l. in (20) when intograted lsc to t.rus of order hi-her than
thosc ziven by the ruminder of the turms undsy the Intugrsl, Consequuntly
they nore ignorec,

‘ Congidor the turm w ux/ZR in (20). It can be ehovn Lhat this quantity
luads only to the tomm @1 A/2 in the olusunts a1 s and a31 o’ the general
detorminant (39). Upon uxpansicn of the determinsnt this term contributes
tn 03 , that is the coefflicient of ¢"l « The minors of ths torms 813 and aa’
shon that the contributions to C, by this term are of order md, , @Ak,
m?A3 k, with othsr quantitics of lewur order in m and A . On the other

hsnd, uxaination of the whole wxpression for C, , {14¢) of Pisal numbur 167,

shows that turi:s uxist of order m2) #, m% 22 , m6 , with othur turms
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in m snd A of lower ordur. It will be showmn in ths followming that the
latter verms, m3A% , m*A% , m®, are nlone dominant inC, .

Similsr consgidsrations will also show that thc terms vf/l. s ui/l.
lead to terms in 03 of loww:r order in m and A than the so-called dominant
tuerms.

To show that the highur powers of m snd ) dominate in the expression
for 03 , and indwod in tho exprossiciis for c] ’ (:2 s ond 04 as woll, we
recall the dei'initions of m and A . Thus, m is tho numbor of circumforcvntial
half-waves, whilc A = (anR)/L, ahere R/L is the radius of the shell divided
by the distance betwesn reinforcing rings, and n iz the numbor of longitudinal
half-naves,

For shells of the type considersd he:re, i.e, with closely spaccd
rings, the 4/L ratio is of the order of 2 to 6. In ths xpression for C .
(%ha) of Pital number 167) the first two terms on Lhs risht hand side con
tain A% torms, whils ths remaining terms contain ) raised to a lower
pomer.  Copsoouuntly, all but. the first two terms can be neglucted,

Gimilar consideratione, snd the fict that k<< 1, indicate that for
c2 » C 3,ami ¢ ? all torms other than tho first can be neglected.

Yor shulls with large R/L ratio it would be reasonsbls to cxpsct
the number m of circunferential lobes to be large. Thus torms containing
the higher powers of :n would dominate in the uxpressions for the coeffi-
clents C] seeeey C_,k . IY 80 happtns that tha terms already neglucted in vir-
tua of the forsgoing discussion are aiso the turas of lower pomurs of m than
those r:tainud,

Ve conclude, therefors, thaf:. the final expressions for c, geeaey c“
which can safely be used for computing the critical presemre are as given
by {47) of Pidal mumiur 167. Hotc that these eu(ﬁrossions are only valid

for large values of m.
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Discuasion of JApproximaticns mads to the Kennsrd expressicas,

1 In the vody of ths report it mas stated thst, correspondfng to nsglect
of the Pibal terms w ux/R, vi/k, u)z(/l,, the Kennard terms u w./R and
v ms/R can likewise he neglocted.

Consider the term u wx/R in the integral of (19). As was stated
earlier, this turm icads to quantities in the coefficient 07 which are
negligible compared with the results of other terms in that intogral.

It r1n easily be seon that the cuantity u wx/R leads to the turm rp’x
in the elements bmand b,, of thu general determinsnt (24). As in Appendix
I, we again consider the minors of thuse two elements. They lead to turms
of order m2)\ , m*Ak, m2A3k toguticr with lower urder terms. Examine
ation of the total sxpression for C 7( sve Halow) shows the dominant terms to
bte of oxder m*A % |, m*2% and m® . %o conclude thet omission of the
torm u /R negligibly affects the buckling pressure.

2 It was shown in the body of the roport that the quantity xi), in the
eloments b,, and b32 of the determinant (24) must be neglected in order to
arrive at Bryan's result for the buckling of a cylinder of infinite longth,
This quantity can be shosn to result from the torm v ws/R in the integral of
(19). Howevsr, aven if the Lurm was retained it would only lsad to non-
dominant terms inthe exprossion for C iy

3.  The expressions for 05 s C6 and 07 » rosulting from the expansion of

the detorminant (24 ), ares
. 4
«35 e [ (2~ v)/2) {7\" (1~ y2) + Rc(ma + ARR 4+ RcRi;“ }f&- %‘-%T)

2 2 - 2 2.,.-.
+A%R, + 2M(n? = AR, - K (2% 20/(im )1}




L1.

= [0-)/2 {2 ed9" o 2n2 AD2(1m2 i) (124 A2) (RAR) (1 V)

. R Py
- (n® +vA 2)"'+>J°~(1—z.m"‘)nA + R"(h2+ -‘ff;}[(mg a2+ Lan® - 2003
+ 2A (2n"+ 2m207 ~ 2R~ yAR) R~ ARR®
&

aC

2 2\2 2

+ Rc[(m +A°)e 4 A RA]} ’

c, = [(-v)/2] {(m2 4+ 2%2) (02 AR = 202 (a2 + yAR)
+ k(n? <1 +3%/2) (0 + A2)% « 202 A2 (2024 2 p2-1)

+ [2/(1~ v )R s —%—2'- (1~ v)(1 + k)X RA(ma-l + A;) + 2 R‘C]} .

The various simplificstions of these covfficiunts ers the ssme as

those vutlined in § 2 of hppendix I.
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APPEMDTA IIL.

Remaining Differences between Pibsl number 167 :nd the present report.

Tt was statud in the vouy of thu rurort that ossentiaily the differences
betwesn Pihal number 167 and the prusent prevort rocuce to showing that (19)

snd (20) ars virtually the samo numerically, that is
(19) - (20) = 0 ,

Aftir accounting for sevéral of the terms in this equation the remaining

differonce D was shown to be

D = - (1/2)Rp ,,;' (w';’ +®w_~26/R) dA ,
m Lo,
a=(Y2)8p J S (w3+ wa - 2w/R) dx ds. (a)
[¢] [+

The dufl:ction function w assumed in Pibal number 167 was
Y o_ ﬂnM .
% = C cos = A (b)

Consider the torm % on the right hend side of (a). Using (b) it can bo

rowritten as

2nk L 2R L
S J (w/R)dxds= S f Sfcos B8 gin{Ax/L)ix da= O ,
o o R o o R

This term would also b zvro if w woru any deflscticn function of the

form

w = X(x) cos (ms/R)
(¢)
or
w = X(x) sin (ms/R)

where X(x) is any suitably continuous function of x.
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naxt, consider the remaining two terms of (a). For the assumsd

function (b) we havo

o 2 .
?,“sd‘\"" {nwasdA
g0 that ths two terms cancel each other. This result is also trus for
any other dofloction functions w of the form (c),
Wo conclude, therefore, that for any w of the form (c¢), the final
rosults of this report coincide numerically with the final results given in

Pibal nusbor 167.




APPIIDIX IV

Buckling of 8 Cylindar under Uniform Pressure

Note by E. H. Kennard

I. Fundamentals
Coordinates on median surfaces
X, 8= ag , & = radius,
¢ = angle abd;xt axis,
By assumptions of Sslerno and Levine (PTBAL 167), in uouilibrium

state just before buckling ths stressus arec, P denoting “axial pressure,”

o, "~P Ogo * —235/2h = =~ &p/ha

In comparison with those, the radial struss is nuglucted,

Hence equilibrium strains just bofore tuckling arc

g = (1/E)(~P + vap/h), Ego ™ (1/B)(vP ~ ap/h),
X0

Now ths clastic envrgy will contuin cortuin terms involving c.ly the
equilibrium stroins, others involving only the adiud buckling straine, and
finslly cross products betw.on theso two pirtisl strsins. Buckline is con-
trolled by terms in the unurgy snd in the external work (or in the "potential")
that ore cuasdratic in the buckling displacutiunts or their derivatives, Hence,
in general, turms in the buckling strains thab are cuadratic in “his sense
must be rotainad, since in ths erosa products thoy make & quadratic con-
tribution to the <lustic vnergy. However, quadratic strains containing

ux(i.u. dufd x), vs( 8v/3x) or ® need not be retained, for squares of




iyt

1‘5.

these quantitiss ocour in ohurgy terms arising from the buckling strains
alons, and in comparison with thsse terms any cross products quadrai,i;:

in Ry Vs OF ¥ w1ill contain also an equilibrium etrain #s8 a vory sasll’
factor, so thst such cross products sre nugligible for practical purposes,
It 1s othormisc with v, and LA

An adequate calculation of the strains aftor buckling is, thoretove,

1/2
- 2 w2, oRgy2 -
e [+ e, »u)” ax®s A= dx®] fax -1

1

' fe
= l » Al (] \2 d 2 2 2 Lad
eo ((1+ £t Vs v/e)" ds® + w_ ds*]1"/fds -1,

whenoe

.2 2
£ €E +u +w /2 *V eE w</2
x * %o y x/: 68"880 s /3"' B/ ’

Let U, = extensionul olsstic ensrgy, E_= E/(1 - v®),

Then

n

U = (hES/Z).,J'(exaa- eﬁ +2v e 88) dx ds .
The value of U, just before buckling is
v - 2
(h"‘s/z).f.i (exoh €50 *+ 2y Ex0 530) dx ds,

The increase in U; by buckling or AU, is, thuroforv, through turms of 2d

order in u and w,

nn 2 wr 2

AU, = (hEg/2) o, [exo( M+ 2y V2 y w/a + SRR ws)
W - P4 2
+ 580(2 Ve o+ 2V 2u/a +VNE 4 w_;)

2 2, 27,2 _ 2 . .
+ul + vEi4 wE/aB 2 vsw/n + 2y, v8~2vuxu/a] dx ds,



II. Spscial casu: o = 0 at ends,

Lat it be assuned that the ends of the eyiinder rerain plana,
Then
J.Tux dxds =y (“L"“o)ds’ up = uatx=L,

u,=uatx=0,

Alea,
2 nna

Jv dxdsmjSdx S vde=0.
8 o 8

Hence, substituting for €eo and exs ’

AU, « (hE/2)J(uE 4 v2 & wofa® . 2 vu, Vo= 2vu, w/a )

)
- 2 va/s)dxds + ap,.” (w/a - w2/2)dxds
I}
2m /
— -l > 'B 3 -~ r‘ 1 - Ve
2 hPu, L oxas - Hp (aL uo)da.

)
[FPor comparison with PIBAL 167, change notation thus:
A -—-.€l E_ ) 8 -—-’-a (p od

{Term in Ea eguals lst 3 terms of PIBAL 167-(3); last term in (3) is
shear enurgy, not hure consicerod, Terms in p end P in Au, represent
cross~-product terms which are omitted in PIBAL 167.]

Work by end forces, If' w = O at the cnds (but rot othersiss, since

2d-order terms in the displiacenent must be incindud)
¥y | 9,
W] ="hP°J'(ULr-u°) ds /‘*

(provided P is unilorm around the shell)_.
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Here P is assumed constant during the displacaiient.
{PIBAL 167 has, from (20),
Y . ) 2 2 ( ‘
f:] - vl = (1/2) f\f (ux +vE o+ wfs)dxde. ,6)

The deduction of (20) is not understood.]

Work by radial prossure p.

This work equals p times decrease in volume,

If » = O at the ends, offocts of end displacomcnts can be ignored
as arising from third-orduzr changes of volume, since FG and F'G' are them
selves of 2d order in u, w. (Fig. 3).

Any radius is shertenud by [w]c or

WeelUw =-VWH
X 8

Hence decrease in volume is, through quadratic torws,

27a
n 1 .
Jrd dx ~ dx G,," '5(8 - w4+ uny + v )l(a = 4w wavw )/a]da

=l dx,” (W~ w2/2a U -V ws) ds

and work is

23

o (- w - (%)
'y = Riv (w~w/2a ~u n v w )dxds .

{PIBAL 167 hac in (25)

) . ’)
LA FUACER /28 + u W - an % /2)dxds. (s)

The deduction is not well understood.]



Ovurall comparison with PIBAL 167,

For an overanll comparison, assums, as in tho applications, that P

is due to p on end closures, so that (nvarly cnough)
P = ap/2h . ($)

Wirite ( AU')b for the part of AU, in ( a ) not containing P or p, this
part agrucing with PIBAL 167.
Then, from ( ¢ ) ( B ) ( v),

W, =W - 0. SR - SR S -}
AU, =W, - W, =(AY, )b+ap.)f(2a2 %‘ g ax-n- - Yaxds  (8)

[PIBAL i67 would get, from AU, = (AU] )b and { B', v'),

AU, =W, =W, = (AV,),

, 2 WW .
+ ap, (- -z— + -"—'2-;-2'-.. 2” ~un/a - u2 - v2 . wZ)dxds, ()

Thu first-order (1) term appezring hrare is oliminated by the spocial
n

assumption thet J wdgp = 0 .)
o
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FIG. i COORDINATE SYSTEM AND
DISPLACEMENTS FOR CIRCULAR
CYLINDRICAL SHELL
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