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BALLISTI™ RESEARCH FTABORATORILS

REPORT NO. 1077

CBMurphy/JWBradley/sec
Aberdeen Proving Ground, Md.

Mey 1959

JUMP DUE TO AERCDYNAMIC ASYMMETRY OF A MISSTIE
WITH VARYING ROLL RATE

ABSTRACT

Although the theory of aerodynamic Jump for essentially symmetric
missiles with slight aerodynamic asymmetry and constant roll is well knowm,
the dependence of this Jjump on wvarying roll has not been considered. If
roll is produced by differentially canted controls, the rolling notion
can be described by h/i parameters. The magnitude and orientation ~f
Jump is presented for the pertinent :unge of these parsmeters. -




TABLE OF SYMBOIS

A 2 ¢m' C'l, a measure cf the angle turned through ae the roll
rate approaches steady-state

B 8, /8,

C is roll damping coefficient

CD is drag coefficient

c P is roll moment coefficient due to roll

c ’Z is roll moment coefficient due to cant

LT

Cuo is moment coefficient due to aerodynamic asywmetry

0::“q is damping mmment coefficient

C“a is static moment coefficien.

c“d is moment coefficient due to cross-accelcration

c”e is moment coefficient due to control surface deflection
' c"o 1{s normal force coefficient due ftu aeruvdynamic asymmetry

C“ is normal force coefficiznt

Q
c' is normal force coefficient due to control surface deflection

s 8
P . - 1u-.1— (73 T v 3y ) a.;'

8400 0
1 -1

t(r) = 5P (17" r)

K R o )

I is axial moment of inertia

I’ . X. are tranaverse muments of tasrxtia

f a -t Y
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c
L
ot - 2 a
TN g
a
ka 1s dimensionless axial radius of gyration
kt is dimensionless transverse radius of gyration
) is reference length
L is roll moment
m is mass
. P84 -
M = %
a
8L -2
h TR N

';1' + {N 1is linear aerodynamic racment
p = ¢', the roll rate

q + iT 1s transverse angular velocity

s = ![’ dt, dimensionless distance along flight path
’s\ = Cg

8 is reference area

t 18 time

v is velocity

Xx,¥,2 are components of e space-fixed coordinate system defined

ir the ‘ext
‘; + i.'Z is transverse aerodynamic force
&' 18 angle of attack
E is angle of sideslip
o) is cant angle
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18 angle of dcflection of control surface

5 + 15, the canplex angle of attack

is air density

{8 roil angle

ias initial rol! rate

is steady-state roll rate, defined tn be positive
is initial orientation sngle of asymmetric moment
is initial orientation angle of asymmet-!: force

is initial orientation angle for asymmeiry due to €
lim e 1

a-ono[ A[ e dal d52 » the coefficient of JA in

the jump equation
o0
6.'§ - u[ e M) 41, 14 the ratio of § to tna magnitude

of constant-spin §
denotes derivative with respect tu s

indicates forces and moments are measured in non-rolling
coordinate aystem




INTRODUCTION

T™he Jump angle is defined to be the angle between the launch direction
of & missile and 1ts "effective” line of departure. (The effective line of
departure is the line joining the launch point and a distant point on a
gravity-free trajectory.) 1n Reference 1 relations for the jump due to
aerodynamic forces are derived for an essentially symmetric missile with a
slight configurational asymmetry and constant roll rate. Unfortumately
most missiles of this type build up their roll over an initial portiom of
their flight path and so this analysis is not directly applicable. In
this report we will consider the influence of a varying roll rate on
asrodynamic Jump.

ROLL BQUATION

It w1ll be assumed that the only seroiynsmic momeats associated with
the rolliig motion are a roll inducing moment caused by a differential
cant and. & roll damping moment.

SL e (gnfu[c, ‘V’”"a’] (1)
P
vhers is roll momeat
is air density
is velocity

is referencs area

18 reference length*
c is roll moment coefficient ¢ue to roll

w 0 «§ O ¢

is roll moment coefficient dus to ocant

is roll rate and
is cant angle

0.
o vwo «

A2
§ wo » subsoript vefers to the roll moment ,



From this roll moment une following equation for Lhe roll angle can be

2]
derived.” (The roll angle at 8 = O was scle~tcd to be zero.)

g(s) = 8" +(u)(° 1) (2)

where P 18 roll angle

¢0' = (gg) 13 initial roll rate
0
8 'f% dt is dimensioniess distance along flight path

-c, &
' = ——— . 1a steady state roll rate
¢, +k ¢C

I/ a D

P

k -/ —x-g 1a dimensionless axial radius of gymtion
ns

c is drag coefficient and
c ..(ﬁ% ) 'k 2o, 4 1s roll daxmping coefficient
J ( a ‘p D ne

In order to avold consideration of both positive and negative values
of the steady state roll rate, wve will select our space-fixed coordinate
system in a rather special vay. Tie positive direction of the x-axis 1s
defined as the lasunch direction. If the roll angle is measured from the
positive y-axis, then ¢oo' is positive or negative accordingly as steady
state roll has the same or opporite direction, respectively, of a 90°
rotation frcn positive y-axis to positive z-axis. Thus we can restrict
¢ m' to positive values* without loss of generslity by dsfining the positive
z-axis as that axis obtained by a 90° rotation of the fixed positive y-axis
in the dircction of steady state roll. This celection of coordinate axes
will, therefore, be used throughout this report.

Bince we intend to study the effect of different 1olling motions on
the aerodynamic jump, it vould be desirable to reducs the number of
parameters in Equatiun (2). This set of three parameters can be reduced

r
The special case of trero steady-state roll corresponde to a parebolic

deflection of the missilec instead of thg linear deflection described by
Jump. We vill not consider the case ¢m = O in this report.

10
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to a set of two by properly selrcting the scale for s. This can be

done by the transformation s = ¢t &,
g - afi- o et (3)
vherc A = ¢m' C"l
B« ¢/8

As can be seen from Rquation (2), C1 1s the distance required for
the roll rate to reach a value .37|¢ ' - ¢0'|unm from its steady state
value. A, then, is a measure®of the angle turned through as the roll
rate approaches §_' . In the special case A = 0, vhich inplies C™ = O,
the transformation to Equation (3) is invalid. Since Equation (2)
reduces to f(s) = ’oo" for etther €t = 0 or ‘m' - ﬁo', however, we can
consider the case A = 0 as equivalent to A £ 0, B = 1.

ARRODYNAMIC JUMP

The major linear serodynami= forces vhich cause asrodynamic jump are
defined by the folloving equations *3;

Drag = (1/?) p¥8 €y (%
Y+1% = (1/2) o8 [- Gy £+ % ollf+ ’lil (5)
a

vhere ¥ and zm tranaverse components of asrodynamic force
T = % +1& 1s complex angle of attack
~ indicates forces and moments are mesasured in non-rolling
coordinate system Py
c'o is dimensionless normel force coefficient dus to
aerodynamic asymetry
ﬁ. 1s initial orientetion angle of asymmetric foroe
If the nissile axis alvays makes a ssall angle with the launch direction,

the folloving simple differential equatio® coatrols the laterel motion
induced by serodyramic forces:

—
. Bines §_' 1s measured in redians per
units of%distance, A 1s given in terms

1
"
]
i
t
:
7

|
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+12" e8] Y e1(¢+ ) 6
ﬂ_‘.__ g2 clu!*c"o ¢u‘] (6)

vhere C, = -
L, "ua )

and primes denote derivatives with respect to s.
The aerodynamic jump can be defined analytically by the equation

Aero. Jump =« 1im LE1Z . 34 L1
X900 & =900

s 8
2 -~
- 5 1 %’f f [-cL i+, e‘("’l)] as) a8, (7)
89 Y5 9 a 0
Thus the serodynanic jump depeads on Tand . § 1s given by Equation (2)
and § can be computed from the aerodynamic moment. 8ince jimp due to
aerodynamic asymmetry is small for high roll retes, low roll rates vwill
be assumed and the Megnus moment theredy neglected. The linear asrodynamic
moment is defined by the equation:

N+1N = (1/2)9\?33E1%T+cu
q

vhere Q, T are transverse componants of angular velocity
is dimensionless moment coefficient dus to asrodynamic

asymmetry
¢,‘ is initial orientation angle of asymmetric moment

Bquations (&, 5, 8) can be placed in the iynamic equations and the usual
equation of pitching and yeving motion derived>’®. (Due to the assuxpticn
of mmall roll rete, the gyroscopic terms drep out.)

T" *B?"“r' uA.i(¢*¢“) (9)

12
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viere 8 = 23! [I‘u Cp - k (c" (‘u]
no- 2 °ua
- %,
kt = ﬁ -‘/'—T;: is dimercionless transvirse redius of

Sration
Equation (9) can be solved for 1.
T - u? [?' ‘(" * ”u] (10)

T from Equation (10) can be substituted iato Equatica (7) snd the
result can then be simplified to

pero, hap = I B e T eg, @ v (1)
c

whereJi"- kta %

Jg= BI R0
a2, _%\;. ]
“m?j o ds, ds,

3 L-"” f(J‘;’ +ng)4l2]

If the miseile is dynamically atabls, !Mltl integral are bounded.
:."o.

13
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Yor a statically stmble missile J'g" is negative. In conformity with
aerodynamic conventioans, however, the missile's nose points along the
negative y-axis for positive . (This can be scen from Equation (5)
vhich states that the direction of the cosplex normal force for the usual
symmetric missile (c'a) o, 0'0 = 0), 1s the negative of that of the

camplex angle of attack.) Thus the jusp due to %' 1s in tne direction
of TO ',

If the serodynamic asymmetry arises from a single control surface
deflected at an angle ¢ vith initial orientation angle ﬁ‘, J, reduces to
& simple form:

c, C

N
A N A e (2)
“o

Equation (12) reveals the conclusion stated in Reference 1 that the
Jump due to deflected control surface is sero when the control surface
1s located near the center of pressure of the complete configuration,

C
1.0.(510-) 4 units from the center of mass. Pigure 1 plots y/x versus
Iy

o
t/x for representative rolling motions, with ‘t'o' - lo = E = 0, vhere

Aero. Amp = 1lim l-*-;?—“- - 59
X0

md{hu the magnitude and orientation of the limit points. The remainder
of this report vill conce™n itself with P » the coefficient of J,.

SDELIPIDATION o T yucTIon ¢

mordertocmimtmwlm«otmmnm’,m\nn
sinplify it by the following algebraic stepe:
s

)
2
$- .1.1:00-:- [ o (s) ds, ds,

. Ool o (o)
..1.1..“-.-4[[10 (s) ds, a8,

s

1h
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By use of a contour integration in the complex plane and the
transformation of the roll equation used for Equation (3), Equation (13)
can be concidernbly simplified. The mathematical details are given in
Aprendix A.

. é ‘M fw eAf(r) ar (18)
(X ] = r'

® %
i -] r -ir
vhere f(r) = I¢ (1¢™'r) = - Lr + 41 (B-1) (e"7°-1)

For the constant rolling motion considered in Reference 1, B is unity and
§- 1 g0 (25)

Thus for a single defllected control surfece the Jump has & magnitude
c
%‘ L g1 am tatt
c' -Tc (oo orientationat a right angle to the
€

initial ariectation of the control surface. This orientation is in the
. C

Ne Ly

dircction of the spin if c' - is positive und opposite if this
€ B;

quantity is negative. a

We vill use the magnitude of this jump for constant spin as our

standard and compare the magnitudes of the jumpe for varying spin vith
it. Por tm.ﬂuuon the following definition is introduced.

$- 1t 4

®
» ! e“( r) dar

o)
-« Q) (26)
Direct numerical calculationsef 3 are possible fram Rqustion (16)

by both a power series expansion (Appendix ) and an asywptotic series
expansion (Appendix C). The former converges repidly vhen A is mmall, the

15
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lacter when A 18 large. Before proceeding to thie calculation, it is
Instructive to see what can be predicted concerning the behavior ofi .

e
PREDICTED BEHAVIOR OF Q
For constant roll, by definition

81 -1 (17)

A
A~ By the -inpleﬂmnyail following Equation (3), f(o,n) must equal
@ (A, 1). 8ince § 1s a continuous function of A, ve have some
indication of the behaviour of @ in the vicinity of zero A:

lim 6(:\,3) -1 (18)
A0

The larger part of aerodynamic jump occurs during the first few
revolutions. (Pigure 1 1llustrates this fact.) Proa the physical inter-
pretation of A, it can be seen that vhen A is large the spin nears steady
state slovly, so that over the first few revolutions, the spin can be
Tegarded as & constant, equel to its {nitial value, Thus, replacing '
by o' in Equatiam (15),

Q(A,n) I8 o (29)

For a fixed A, the smaller the value of f,’, the greater vill be the change
in spin during the first fev revolutions. Thus ve would expect this
approx ‘mation to became poorer as B90. (This rether intuitive reasoning
is substactiated by the more rigorous mathematioal amalysis in Appesdix C.)

A special case of .ms interust is that of serc inisial roll. Por

this case 2 3
g a0 (20)
oo P(r) = 1 (.5.2. + %’.’ *00r) (21)

If A is sufficiently large, § vill reach several revolutions defere the
cubic term 1n Bquetion (20) las an tmportaat effect. Therefore, for largs A,




¥ S

§ can be appruximated by the quadratic term over the regime where jump

occur's, Under this assumptior, we have

@® :le‘2

2 : i
Q(A,o) il e dr
[a)

g0 2 2
12Af (cos%—-isin%—)vgdr (22)
0

Using the cuw .picte Fresnel integral:

z 1 Von [% fg(l-i.)]

§ (1,0
= % nA (1+1)
/3

-0
1.25/a (¥ (23)

n

"

Thus this approximation* predicts that the jump due to aerodynamic
asymmetry wakes a 45° angle with the iuitial oriertation when the initial
spin rate i5 zero.

N
COMPUTED BEHAVIOR OF Q

Numerical solutions of the expansions in Appendices B and C werc
obtained on the ORDVAC for a variety of values of A and B. The results are
plotted in Pigures 2, 3 and 4., Pigures 2 and 3 show the magnitude and
orientation, respectively, -.° ; as a function of A for wariocus valuss of B,
For svell values of the parcmeter A, the behavior of § is show more ,
clearly by Pigure 4 which plots both tue magnitude and orientation of @
in polar coordinates. From a considerution of these figures, we can de-
teidne the reliability of the approximations expressed by ¥quations (19)
and (*3).

v
Equation (23) has been obtained {n a different manner jointly by
¢. L, Poor and B, G, Karpov.

17
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Equation (19) applies for values of A a5 lov as x when B>1,
For B £ 1, the lower bound of the usable range of A grows rapidly with
decreasing B.

“he approximation of Equation (23) 1s reasonably accurate for A >%
&8 regards magnitude and for A >2n as regards orientation. However,
the nearly coustant difference between the computed and predicted magnitudes,
as shown by Figure 2, s large chough to warrant improvement of Equation
(23). Thurefore the cubic term in Bquation (21) {s considered in Apgendix
D in deriving the closer approximation:

A .38
dno) - (1.25¢% + .24) o MO tan (1 'vr ) (24)

AFPLICATION 10 :ZSION SNOIES

The major concern of a designer is the effect of serodynamic
asymmetry ca dispersion. This requires s knowledge of the magnitude of
.rAf » For unit uicalignment angle, ¢, the rgnitude of J, can be
estimated from Bquation (12). The roll damping coefficient, C, can usually
be estimated to reasonable fccuracy. The problem reduc  then to calculating
an upper bound m"l for expected velues of initial an steady state
spin. Por those missiles vhose spin magnitude s &t least one rotation
per distance to target and Vhose spin direction does not reverse in flight,
expressions for this upper bound can be obtained from RBquations (19) and
(28). is patr or equations ylelds the following convenient rule-of-thumbd,
applicadble for values of ‘o' ¢! Greater than 2 redians:

Vhave ’o" ‘n' and C are asasured per unit dietance and angles are
asarured Lr: terws of redicans,

18




SUMMARY
The jump fue to aersdymamic asymmetry has been stuaied in some
detail. Curves for its megnitude and orientation which should prove

nseful to = designer have been computed.
ek,
cho }e Mewn
NURPHY

CHARLES H,

Jomma b7 Do
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AFPEDIX A
DERIVATION OF EQUATION (1k)

From Equations (3) and (13) we can write the jusp fumetion in

the form:
Y B, 24
$- %:-mc'fo (- ) e WY i (a1)
3(3) = @(c"'8) = A[E‘l -b (e"gl -1_)] (A2)
vhere ? = Cs
b = B-l

The integral in Equation (Al) can be simplified by replacing the real
varieble 3, by the complex varisble 5 = x + iy and constdering the integral
over the following contour:

1. Along the real axis from C to 8

2., On he circular arc s -ﬁ“roromtrmowi

3.  Along the imaginary axis from 3 to O.

8ince the integrand is analytic wvithin this contour, the integral wvanishes.
.'.}(1 - -5) eiz(') as

Pl

Xy B o
J o

X
Z

‘8 1J Q- c“) o)'a “'“) o9 20
(v}

, if’u,;’;,,:um‘,,

« 0 (a3)




In order to deal with these integrals ve will make use of the
folloving relations:

'1 - e‘°' « ¥2(1 - cos @)
< k) - o (AK)
|e" L {v} (A5)

Vhere R{v} =y when W = u + iv
A1Q
R {13(%“)} = AR iiﬁ‘e“’ - (e . 1)}

10
= - A sinO-AbR{ieae }

&- A8 otn 0 + A |l (A6)
When 04 0 £3
-8in 0% . -‘3-0- (A7)
R { 13(1:)} - mi- y - tb(e Y -1)}
4 - ay + || (a8)

With these relations, upper bounds for the magnitudes of the second
integral and part of the third integral in equation (A3) can be computed.

b %
7

'-‘1J (1 - !9 oB(3e'®) 10 aol X} '1 - .“l & {‘3}«
o o

x
3 2020
L e‘.-;‘—”'b” a

">

(o]

__,._:::‘)‘"’; [ RPN .1] (49)

el




o )
f % eiaU'Y) dy [ 3 %[ 3’9(.M + A'b') dy
[a)

Albi «
. %-L-' M (A8 + 1) + 1:] (A10)
4]

It should be nobed that as @ increasns, both of the above integrals
approach zero. Thus if the limit of the integrals in Equation (A3) for
800 18 taken, and y is replaced by r, the following equation can be
vritten: ‘

Qn&‘;.}o- e‘u(r)d.r (All)

Wiere f(r) = %¢ (10-1 r)
- - [r + ib(e'ir -Iﬂ

a - [r + 1(B-1)(e" " -1)]

.




APPENDILY, B A
POWER SERIES EXPANSION oF

For small values of A, a power series expansion can be used.

[¢ 5]

6: m[ e AT(X) 4,

L 2 -ir)n
iAeiAb[ oAr E ‘__'__-M:e dr
n=0 )

Q) o 0]
-r(A+ni
 aelft o l-1Ab)%e r(Atni)
, al (Aml)
n=0 0]

X n
. ue““’z s-iAbz
n. +ia
n:O
1Ab [1  1Ab (Ab)°
- e 3-8 - iy s

2 4
o [ug;gﬂiﬁgn] (32)

&)
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APPENDIX C N
ASYMPTOTIC SERIES EXPANSION o7 ¢

A
In order to obtain an asymptotic series for q, we make repeated
use of integration by parts.

A g0
¢ ap) - m[ AT 4y

A
- 1f -r-rkf'dr
0
Jo o
AL
« o3 14" e Af'dr
mi-if (..r.T) ~XF—
(v}
n
-k
= 1_5_ A rk(o)unn (c1)
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By direct substitution we can gt the expansion for n = 2,
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Note that the other terms tn Ruatton (C2) grow as 3 =)0 and hence
coavergence for A~dm will be slower for smaller values of B,
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APPENDIX D
DERIVATION OP EQUATION (24)

If we consider the cubic term in Equation (21), Bquation (16)
can be written as
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Thus, 1f ve express iin the palar form
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. 148 (D5)
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The folloving table reveals the improvement of these results over
the simpler approximation, Equation (23).

A

Magnitude of i Orientation cf i gm)

A Eq.(23) Eq.(Dk) ORDVAC £q.(23) Eg.(D5) ORDVAC
1 L2 1M 15 45 40 %9.2
3 217 24 2.4 %5 50,6 5.2
5  2.80  >.08  3.05 45 9. 0.
(f 3.32 3.55 3.56 L Y] 48.8 4.5
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LATERAL DEFLECTION DUE TO AEROCYNAMIC ASYMMETRY
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