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JUMP DUE TO AERO MWIC ASMG OF A KESSILE
W% VARYING ROLL RATE

Although the theory of aerodymmic Jump for essenti&Uy symetric

missiles with slight aerodynamic asymetry and constant roll Is well knovn,

the dependence of this Jump on varying roll has not been considered. If

roll is produced by differentially canted controls, the rolling ution

can be described by te parameters. The nagnitude and orientation .'If

Jump is presented for the pertinent Azige of these parameters. ;--



TABIZ OF BD4BOLS

A 2 0 C" , a measure cf the angle turned through as the roll
a1)

rate approaches steady-state

B

C is roll damping coefficient

CD  is drag coefficient

C iis roll moment coefficient due to roll

p
C1  I t roll moment coefficient due to cant

CL ( CN - CD

C is aent coefficient due to aerodyric asynmetry

C is damping moment coefficient

Cma is itatic moment coefficien,,

% k  is moent coefficient due to cross-accelcration

C,( is moment coefficient dud to control surfece deflection

C x to normal force coefficient due t aerodyammc Q.w.ps y

C a is normil force coefficient

C 4 i normli force coefficient due to coutrol srfsc detlctlon, . r ! (i-I' ,~")

f(r) - )r (1C"l r)

a, I'M [CC D-k"(M
Ix to "141 mmint of inertia

I n I arenertese mawta of Laii'U
7 [3

o :JA . 1"0,o



k 2 C LC

t

k Is dimensionless axia1 radius of gyration

kt  in dimensionless transverse radius of gyration

I is reference length

L is roll moment

m in mass

M + IN in linear aerodynamic ment

p - 0 the roll rate

+ ir is transverse angular velocity

d f V dt, dimensionless distance along flight path

A

S is reference area

t is time

V in velocity

xy,z are components of a space-fixed coordinate uysteI defined

in the text

Y + iZ is transverse aerodynamic force

a is angle of attack

1 In angle of sidcallp

6 is cant angle

q6



, is angle of Aeflection of control surftace

+ GZ, the complex angle of attack

is air density

0 is ro..l angle

0 is initial roll rate

is steady-state roll rate, defined to be positive

OM is initial orientation sngle of asymetric mnawa

ON is initial orientation angle )f asyinet.-$ force

is initial orientation angle for adym~ery due to c

L lir e 4s1 ds2 , the coefficient of J in

the jmwp equation

CIO aUf e Af(r) Irs the ratio of to the mittde

of constant-sr.n f

( )t denotes d-rivative with respect to s

( ) indicates forces and wments arn asured In am-rolling

coordIrate system

I'



The Ju vzgle is defined to be the angle between the launch direction

of a missile and Its "effective" line. of departure. (2Bie effective line of'

dregture to the line joining the Winch point dau a distant point on a

graivty-free trajectory.) In Reference 1 relattons for the u din to

aerodynomic forces are derived for an essentially sysetrlc issile vith a

slight configurational asymetry and constant roll rate. Lbortumtely

most assiles of this type build up their roll over an initial partion of

their flight path and so this analysis Is not directly ap.licsble. Mm

this row vs will consider the influstwe of a varying rol rate on

aeroadynmic jw.

It wil be asnse that the onLy erodyic mts associated with

the rolliug notion are a roll Inducing mut caued by a differeatial

cant aW. a roll doam" g mut.

where L is roll ga nt

p is air density

V is velocity

8 Is Wrefrece ame
J is reference lenth

77 C is roll amut oeffitoent #us to rol

C" is roll gmsut coefficient de to cat
pis roll rate and

6 Is cant amol

I ", ~script refers to the roll gmuaet



From this roll moment tane foli)wing equation for Lhe roll angle can be

derived.2 (The roll angle at s 0 was sele-'t,,d to be zero.)

0(8) )' (+ -) (2)

wiere 0 is roll angle
(! ) Is Initial roll rate

S0

a V dt is dimensiordiess distance along flight path

0 '= - - .~ is steady state roll rate
C + k CD

k is dimensionless axial radius of gyration

C D s drag coefficient and

C =-08 j(k "  C + CD) is roll damping coefficient

In order to avoid consideration of both positive and negative values

of the steady state roll rate, we will select our space-fixed coordinate

system in a rather special way. The positive direction of the x-axis Is

defined as the launch direction. If the roll angle to measured from the

positive y-axis, then 0oo is positive or negative accordingly as steady

state roll has the same or oppotiite direction, respectively, of a 900

rotation frca positive y-axis to positive &-axis. Thus we czn restrict

0oo' to positive values* vithout loss of generality by definlng the poltive

z-axis as that axis obtaine4 by a 900 rotation of the fixed positive Y-axsl

in the direction of steady state roll. This celection of coordinate axes

vill, therefore, be used throughout this report.

Since we Intend to study the effect of different rolling motions on

the aerodynamic jump, it would be desirable to reduce the aber of

parameters in Equation (2). This set of three paramters can be reduced

The special case of vero steeady-state roll corresponds to a parabolic
deflection of the missile instead of thl linear deflection descrlbed by
Jump. We will not consider the case OO - 0 in this report.

lO



to a set of two by propi.rly se).ctizg the scale for a. This can be
.1 A

done by the tranafoation s C°  S.

0 (c C 18) - A[Is (B-1) (e-4 - 1 (j)

vhere A - C"

000001

As can be seen frcu xquation (2), C"1 to the distance requlked for

the roll rat. to reach a value .37 100' - 00o'linita fr~m its atea4 sate
value. A, then# Is a messureof the angle turned through as the roll

rate approaches 00 . In the special case A O, whIch lmplies C"1 = O

the transfo tion to quation (3) Is Invalid. Me . qumti (2)

reduoew to 0(s) - O..'a fer either C' 0 or Oo , hovwar, we a
consider the case A - 0 as equivalent to A A O, O = 1.

- im

The major line aerodnaynei forces vhich cause aerod mic u ae

defined by the folloving equtlons lP3

Drag - (31/P) pV % ~

+ ar (11/2) Ph [ C~i7+ CIO e,(0 +0 j

Where 17 and are transverse conents of serodymmile force

T a + I (TIs colex agle of attack
S indicates forces and moments are masured In no-rollng

coordtate system

is dimensionless norms force coefficient 6i to

010 ervftnmc asymtry
On1 is initial orientation angls of aamtrIc fame

If the mislle axs alvay. We a mll eagle WIth the laumb direattua

the folloving ve1le differential eo tlIe catwol the lateral tiom

induced by aeroidyimic forcest

BSin" 0 is maswd in raiM prw 14at And C"  Is ortud launi t tance, A is givu In teeM of r a sm ut.

~mite



, +~LI.~"[C + C. (6)

a aa

and prime denote derivatives with respect to a.

The aerodynamic Jump can be defined analytically by the equation

Aero. Jump - a y+ z - + I
X40D 4 -000

o 2 [C, + Ceo o d02 (7

Thus the aerodynamc J.p depend on t and . 0 Is sen by ution (2)

and t can be cyoputed from the aerodynamic moment. Since Jm due to

aerodynamic asyetry is small for hibh r*o rates, low roll rates il

be assumed and the knou* ment thereby negleted. The linear aerodynamic

moment ts defined by the equation:

N (l/2)pV85I iC K + Cq £ttLV

.+ IC%a + (8)

where q, r are transverse cmonant of anglar velocity

C is dimensionless mnont coefficient due to aerodynamic

&)symetry

is initial orientation a&le of stetI nmmt

gquation (, 5, 8) can be placed In the l eyini equstloms a the usual

equation of pitching and yawia motion derived A. (Due to the assmmion

of inall roll rate, the yroseopic terms dro out.)

1' +sT' -H * - e(+ i1 (A)

S=12



vnreIp[C _ CD _ik %k 2 (C." +
rq

psi k-2

M.~~k;' C,

kt -is dinev sonless treasy.tre radius ofIaration

Equation (9) can be solved for t.

+- ' MA ( (10)

fro quation (10) can be substituted into quatica (T) and the
result can then be smpllitied to

Aero. JM n * + 1.'+'T#+

Where j' -*

i- -H J z 0 '

-TA a HJ a o .'.0 &

Uf the missle 1. 4nam 1ta a2 ts ar boaded.

I f-. 82 O

3.00

3.,Op



For a statically simble missile A'-I is negtive. In oroity Vith
aerodynemic conventions 5 , hoveyer, the als nosetiv. points ong ithe

negative y-auis for positive t. (This can be seen from Equation (5)
vhich states that te direction of the ca.lex noral force for the usual

syinstric missile (C-)O, CN a 0), is the negative of that of the
a 0

ccolex angle of attack.) Thus the Jini due to? 0 ' Ts In the direction
of T'.

If the aerodynamic asmmtry arlses fram a sinjae control surface
deflected at an angle c with Initial orientation gl 0, JA reduces to

a si ple form:

psi [ C La C N1 i (12)

Equation (12) reveals the conclusion stated in Referene 1 tbat the
JwW due to deflected control surface is sero when the control surface
Is located near the center of pressure of the caglete configuration,

i.e I units fr the center of su. Figure 1 plots y/x versus

s/x for representative rolling notions, vith o f' I a 3 * 0, vhere

Asro. JAMp - Il-a A

and has the manitude and orientation of the limit points. The rssinder

of this report vill coneen Itself Vth P, the coefficient of JA
8 BqJ?.ATzOI W! IWOYI

In order to consider the Influence of viarying roll cc w vs ill
silify Itbr the folloig aibrao step:

* ]I.aO if 01 (a. ' 1 ) d o, d 82
'

WIl2 010 (s1) d 2ja - oa;l (ie 1 (
B-00D ff

01

ft 0



* By use of a contour integration in the complex plane and the
tinnotoeiimtion of the roll equation used for Equation (3), Equation (13)

can be concideriibly simplified. The mathematical details are given in

Appendix A. O

iM Af(r)(l)
S 0

weef(r) 0 (i&1lr) Lr+ I (B-1) (a-ir

For the constant rolling motion considered in Reference 1, B Is unity and

Thus for a single deflected control surface the jiup has a magnitude

ON IC(E#. -1 aid orientationt4saright angle to the

initial oriactation of the control surface.* This orientation Is In the

direction of the spin If 'IN - e0L Is positive and opposite If this

quantity Is negative.

We will use the maitude of this jump for constant spin as our

standard aid caare the ampItudes of the jups for varying spin with
tt. For this reason the following defintion is introdi ad.

AuIAJ *&f(r) dr

Direct minerloal calculations of are possile ft= 3qi,.ttn (O6)
by botha poer eres epaso (Appefdix 3)San nasymtotic tories
e3Wansion, (Appendix C). The foimer couvergas repidly when A to aml, the



latter when A is largos. Before proceeding to thip calculation, it is
Instructive to see what can be predicted concerning the behavior of

PROED1 UIHVIOn OF

For constant roll, by definition
_ (A, 1) - £ ('7)

By the simple analysis following ,q ati (M, f(o,) must eTal
A, 1). since 9 is a continuous function of A, ve have sane

Indication of the behaviour of ; in the vicinity of zero A:

115 (A,B) - i (18)

The larger part of aerodynamic Ju occurs during the first few
reyolutions. (Figure 1 illustrates this fact.) Fra the pIill lnter-
pretation of A, it can be seen that when A Is large the spin ass stady
state slowly, so that over the first few revolutlonst th spin cam be
reg@erdd as a constant, equal to its ialtial value. us, nrelac ift
by 00' In Equatio (15),

For a fixed A, the mailler the value of 00 the gmter will be the show
in spin during the first few revoautions. 2us wa vaiulA 6qpt this
appra itlon to beome pooer as 5#0. (TIis rathbr intuitive reasmim
is uabtmttated by the more riwwn =thomtieai amlysis In ApUz C.)

A spelal case of tateftst Is that at inital rl. U FM
this cas

X (Call) A (. .+ 0 .. ) (90)

." ( , .. )

If A to suffi ontly larg, 0 Will reach seyevei rVolutti bete t e
cubic term in ftottion (20) haS M Iowtat effect* Thereoer, fo )M At

.: - -6



0 can be approximated by the quadratic term over the regime where jump
occurs. Under this assimptior, we have

OD iAr 2

(A,O) - C dr

4/4fAr &r 2 ("i 16"ff (o i sin- r  ) (22)

00Using the cu~xqai'te Fresnel integral:

~(A~) =i VA[ V(-i2]

= fA (i+i)

a 1.25VA" e 1(450 )  (25)

Thus this approximation* predicts that the jump due to aerodynamie

asy=wtry makes a 450 angle with the iuitial oriertation when the initial

spin rate its zero.

CtO=lD BEHAVIOR OF

Numerical solutions of the expansions in Appendices B and C vere

obtained on the ODVAC for a variety of values of A and B. The results are

plotted in Figures 2, 3 and 4.A Figuren 2 and 5 shw the isa8. and

orientation, respectively, -.t r as a function of A for var ous values of B.

For scaU values of the parometer A, the behavior of is show ae
clearly by Figure 1 which plots both trie masitue wa orlstatiat of
in polar coordinates. From a consideration of these figure ve cm do-

texi"ue the reliability of the approximtIons ex3essed by quatioam (19)

and€5).

Equation (23) has been obtained in a different riner jointly by

C. L. Poor and B. 0, Karpov.

'I V7



Equation (19) APPlieu for values of A as low an~ when B > 1.For B 4.1, the lower bound of the usable ryAnge of A grows rapidly withdecreasing B.

'Ae Wproxsmation of Equation (23) is reasonably accurate for A *as regards magnitud'e and for A > 21t as regards orientation. However,the neatrly coattnt dliferpnce between the computed and Predicted maguitudes,,as shown by Figure 2, is large e.,ough to warrant improvement of Equation(23). TI..retore the cubic term in Equation (21) acniee nA~nj
D In deriving the closer approination:

~(Apo) - (1.25 CA + .2)4) e1 actn() (21e)

AIPPLCATI(jg TO =Z8I0 8T6DOlN
The major concern of a designer Is the effect of aterodynamicasYMwtry on disitersion. This requires a knowledge of the mgnitude of

#TAf * For unit misailgimeut aagsq the MS d Of A ca bestimated from Equation (12). The roil duping coefficient,, C, can usullybe estimted to reasonable accuracy. The "Usle rsduce then to calculatingan upper bowd an for expected VWAlus Of iitil azUw steady statespin. For those missiles whose spin *Wituds Is at least one rotationper distance to target A wose spin directionD does not reves In flight,maimessi for this %vea bound osa be obtained fro 3g*atIo~ (19) An(24)o This par of eq'atcm 3yfe4As the follMiDS OftVfteit n9eOf.th*8awptl~a~e for vaLlues of C, C1, p'eter tha 2 zmdj5fs:

tw esais !ms

Vhor.e 00t 0* 1n C OM Pa eu er eaUnit diStAno. Sd asgie an.
aesWare in toum of redi&.

PIZ8



SUNRY

The jump ee to aeronic asymmetry hap been stualed in some
detail. Curves for its megnitude and orientation which should prove
neetu1 to a designer have been computed.

19



APPUDDX A

DERIVATIQI Or tqtjTTT( (l))

From Eqations (3) and (13) vs can write the Jwp function In
the foru:

" , 1 (1 - % (at) d (A

(- c'I - A[.'a I b (e 1 11 (A2)

where a a Ca

b * B-1

The Intepl'l in Xquaton (Al) can be siMlified by replacing the ral

variable a, by the coplex variable s a x + ly and considerin the Intepal

over the following contour:

1. Along the realaz s fram O to

2. hn iecirculara " r Ae tor a ying frmOtoj

3. Along the iinglnrY axis tm 2 to 0.
Since the integrad is analytic vithin this contour# the 1nteglal vanishes.

4 f (( - X) d(

+ 10( ' ) d.
0IA

+0 (A40 1)

02



In order to deal vith these integrals ve viii make use of the

folloving relations:

_.o I (

!: C(T (A)

e - e RIV (A5)

vhee R~ j -uvhen vau + iv

R Pi2eiQ)) AR fice - ib(eS e  - i}

- Assin -AIR ie e}

b-At sinG + A Ilt (A6)

When 0 ! 0

- sin 0 . (AT)

R f i(ii)3 - y -y b(e 1 y - 14

-4+ Al bj AB

With these relations, upper bounds for the maWltudes of the second

Integral and part of the third Integral In equation (A3) can be comted.

JA (1 ) e jL (~io) *i to doi - IQ t

~/bfQ2A22 + A I b)

0
X12 0 Al ef(A + 1)+ 1 9

(2A)

21
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~0

7 70b1 e (A + 1) +J (AlO)

It sbauld be noted that " t increases, both of the ab, inte~grl.
approach zero. Thus If the limit of the intepral in Nuation (A) for
A-oo In taken, and y is replaced by r, the following equation can be

Vritten:
OD

o f (r) d Al

0

Ift eret(r) 0 (iC"1 r)

. [r + i(B,)(,i " -ii

22
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iRPBXD1X B A

MM MIIE RS M~aWSIOf OF

For small values of' A. a power series expansion can be twed.

1 Af e Af(r) jr

iAb UD-Ar 00(-iAbe- r~n

nuO

i co~ n '-~nr(A+ni) OD

i~ iAb ' Ab e

n=O 0

=iAe iAb 1I (b

etAb A 2b i (ii

A7 21+1



APP=IDDX C
5ADBRM WVANIX 0 ?W

In order to obtain an asjytotic series for we mtke repeated
use of integrmtion by parts.

A
(AB) U f eAf(r) dr

-I O Af'dr
0

0

pm e~ +if ' A

T A-k Fk(O) + IR (c)
k-O

where P0  , .- I

Fk - PO Fk'-

R A'a f Fe"ta

0

By direct substltutlon we am get the esulan for n 2 2.

(c)

Note that the other tenrm in Uustjo (02) grqw a. 3.40 AMd bmc.
coaveoemae for A-Wo v11 be slomer for Miller valuse of 13,

24
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APPENIX D
tRIVATICIN OF IMtUT'X (24)

If we consider the cubic teru In 3quatloa (21), Dmtlcm (16)
can be vritten as

OD~o LAf iAr j

CD Ar2

-C 1 -(1 ) ")LA f dr

CO 00 C lr

IA e d , irr

1 j-1

Thus, if" wemsi In the polar form

thena i(AO)IEuXA *A#. + t) 1/

510

S1. 25 f * .24

N2



and tanO u 0 1

2 2

1 + "-- (D5)

The following table reveals the Iprovp mat of these results over

the simpler approxlastion, Equation (23).

!s&MituM of Orlentation t (RUG)

A Ig.(23) 91.(Dk) ORDVAC 22.(23) lg.(5 UAC
1 1.25 1.49 1.51 45 54.0 59.2

5 2.17 2.41 2.1i2 1.5 50.6 5,4.2

5 2.80 5.o 3.05 45 49.4 50.4

7 3.32 3.55 3.56 15 h.8.8 4.

26
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