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PREFACE

In many applications one is frequently confronted with the problem

of obtaining a bound for the pi'obability that a random vector falls in

a certain region. Alternatively, the bound may be specified and one

may want to define the limits of the region. This report is concerned

with the theoretical development of two such bounds, and we now give

several examples which illustrate the use of the results.

1. MULTIPLE DECISION PROCEDURES; SLIPPAGE PROBL-7MS.

Several authors have considered these problems, e.g., Bechhofer,

Dunnett, and Sobel; Paulson; Karlin and Truax. For this situation we
tthave a random vector- t= (tl,...,t ), "here each ti has a student's

t-distribution. However, the ti are correlated because the estimate

of varience is the same in each ti . In choosing the population with
i,

the largest mean or in deciding whether the mean in one of several

populations has slipped, the relevant statistic is max t
l<J<k

Thus one requires information about P (max tj > c) < a. In this case

one may desire the value of a if c is given, or the value of c if

a is siven.t Since the Joint distribution of the ti  is known, one might hupe

to obtain more accurate bounds for max t1. However the distribution of

max t!  is not e~aily determined so that Chebyshev type bounds can be used

as an approximation.
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Some typical problems where this arises are:

(i) The determination of which of several types of alloys

will produce the highest mean tensile strength,

(ii) the determination of which of several drugs produces

the greatest mean effect,

(iii) the determination of which of several lots of projectiles

will produce the longest mean range.

2. ANALWSIS OF VARIANCE.

A parallel situation to 1 prevails in some types or analysis of

variance problems. Here we have a random vector F = (F,...,Fk), where

each F has an F-distribution, but the F are correlated. Again the
i i

relevant statistic is max F . Some tables for small values of
l<J<k J

k have been given by Ramachandran.

3. PHYCHOLOGICAL TESTING.

in certain testing problems there may be a number of tests which in

some sense increase in difficulty. For example, an ordering u difficulty

might be addition, multiplication, calculus. Following a model of Guttman,

the score on test one is given by y, the score on test two by y, +

and the score on test J by yl + "' "+ yJ" Thus zhe :ncrease in difficulty

from test J to test J+l is represented by Y j+l' Given v~rious

assumptions on the y's, one is Interested in some perconnel assignment

problems in finding a bound for the P[1 max (y .. + y) c

~(iii)
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A ONE-SIDED I1J-EQUALITY OF 'rhE CHEBYS--V TYPE

by

Albert W. Marshall and ingram Olkin -

0. Sumry: Let x = (x,-.. ,x ) be a random vector with Ex. 0 andV k
either (i)ExI T 2 ,2 , i,j =,-",k ,or

( 2  X
2

(ii) j , i 1 ,k . In each case a sharp upper bound (only

involving the specified moments) for P(xI > 1 or ... or x, >l) is

obtained. A formulation for more general one-sided bounds is a-so discussed.

1. Introduction: Let x be a random variable with mean 0 and variance

2
. Then according to Chebyshev's inequality,

5.,2

the corresponding one-sided inequality

( .P(, P > 1) _< 2/(a2+ 1)

13 also 'enown (see e.g.[2,p.198]). Both inequalities are sharp.

A generalization of. inequality (1.1) was obtained by Olkin and Prat Ell

2 ,2
for r " I>I) in the case Exi =0, ExoS a

Exx j  X 2 (iJ) , i,J - l,",k . We are concerned here with the

correz.ponding bound for P(xcT) 3 P~x1 > 1 or "'" or xk > l.

C_ 1ea, of ab ,ece from Michigan State University. This research "waz
aponsored in par-: by the Office of Or-.ance Research.
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Consider a real-valued :'!n.to.. f(x) E "(xi,-.,xk) such -hac

(1.3) f(x) >o for a-l x, f(x) >1 for x T;

then

(1.4) E f(x) f(xdP > PxeT)

Since we wish the bound to be a function of tat covariance matrix

= (aoj) , we choose

(1.5) f(x) (x-a) A (x-n)' ,

where a (a,," ,ak) , A (ajj) k x k . A "best" bound is one which

minimizes

(1.6) f ,(x) tr A(Z + a'a)

-1
sub-.ect tn (1.3) . Let z = (x-a) D ! where P = diag (1-a,...,1-ak)

and let A = D AD Since f(a) 0, (1.3) implies that a f TI-a 1-a

i.e. ai < 1 , - l,-",k . Thus (1.3) becomes

(1.7) z A z' > r, for all z, z A z' > I if s.ome z >I

By the results of il) the bound (1.6) will be minimized by a posItie

• tI



defiitematrx A (or n trn A fo whih B (A hs oes o th

deaindieonatri Ths (oerobe ns turn transo r me thic BtAhas one oinmthen

(.)tr A(Z +a'a) -tr B 1DI) (FZ+a'a) D1
1-a 1-a

for a< 1 and B (bij) positive definite with bi 1 1 i 1 ,-",k

Any such a and B will yieid a valid bound which in general wdill not be

sharp.

The problem of finding a sharp bound has not been solved for general

covariance matrices even when k -2 . We give a solution for the case that

a 2 a 2 P(~j and an example which attains equality in

Sections 2 and 3. in Section 4 we give a shearp bound which only involves

the variances.

We will fruquently encounter a class 9 of Positive def'inite matrices

a - (8 ij) with 6 11 1 8j (ijj) . Then A can be written as

(1.9) A (-)I+ 5 ele,

where e ~ 1",).Such a matrix n~sy be transformed to diagonal formi

by an orthogonal matrix r' whose first row is e/vrk i.e.

(1.10) rA~ (1-6) 1 +~ 8 reler

,Iislg (1+(.k-l)F I8



Hence A is positi:e definite if and only if (k-1Y1 < <

2. Derivation of the bound: If Z e D, then because of sy=etry we
suspect that the minimizing B = (1-4) - be'e e Z and a = ae . In
any event, we may find the best bound obtainable from such B and a
and an exaxple of sharpness would Justif-I the choice.

* By using (1.10) and assuming a ce , B e 0D, the bound (1.8) can

be written i. the form

H(a,b) (-cr)-2 trB'(z + ae e)

-- a(I)" tr (r 1 r') I (vrE r, + ap re'erP).

and e' (re o0,-..,o) so that

(2.1) r 2. 2,.. 2,*~ t.)~.W
(2.a) H(u,b) : -!- +o + -

( )k +(-!)b b a

=k 2+ a2 + b(c2 t- 2)1

where

(2.2) t

ij'



* - - .. .- o, - . .. • , - -v ,

The solution of H/a = 0 for -a is given by

(2.3) % -(l+bt)/(-b) ,

from which

(2.4) H(a0 b) k a(lbt)[l+(k-l)b] -  (l.-b (i-At)1 .

The equation aH(ab)/3b 0 becomes

_2 tj,. (0,2_& P) 0

and has roots

(2.6) b = -+-
t .t -t t1 --7 t l) . )

Using (1.10) , we see that the term l+tp *, (- 1)fl(k-I)o] > 0

and we assume that I-a't > 0, so that the roots are real.

B is positive definite if and only if -(k-l) "l < b < I , i.e.

k-l-t < (,+t)(k-.-t) < +t(a.7) ~ 71DYL -<t< -
ift>0I< ) tn th - Ml)(l-t)ti

If t > 0 (t < 0) , then t.he U' S ., R/ ar-. positive (negative),



V

-6-

and the lower sign is impossible. We denote by b the root with the positive

sign, and by B the corresponding matrix.0

Lemma: B0  is positive definite if and only if

(2.8) k > a 2 ( k-l)(l+t)

Proof: The condition that B be positive definite is equivalent to

the inequality (2.7) with the plus sign. The second inequality is (2.8),

and the first inequality always holds. !f

An example of sharpness will show that b leads to a minimum. We
0

assume (2.8) and ,alu .t, ) by khowfina Ozing (1.6)) that

ka (14b t)
(2.9) H(%,bo ) - [

(+(k-I)b 1 2 - b (0- 2 1t)]

Then substituting for b0 , we obtain

(2.10) H(a ,b 0 u -o/(u-2 v)

vihere u -272 + t(k-2-(k-l)a'] + .,-l) , aid v - -

Rationalization of the denominator in Z2.10) and aLmplif~cation yields

ff
J

i-

f' ,,. * ."
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(2.) H(,b)2(u+2)0 0) [t 2 -k-a 1 k-1 ) 12

After substituting for t frcz (2.2) we obtain the theorem.

Theorem: Let x be a .-andcz vector with Ex =0, Ex_ "o?,EZ xX-a 2

if (I) 1-o2t >0, (11) k > (k-1)(l+t) , then

(2.12) P 9 P(x. _> ? or ... orx k 1l < H(ao,bo)

ka2 (/[(+(k-13ol[f+2-a(k-1)(1-o)) + (k-1);1-P)a

_2 2

otherwise P < 1

6For the special case o = 1 , the inequality reduces to (1.2", and for
4

S-1/(k-1) , the bound ! (-c2 which reduces to (1.1) for k - 2

It should be noted that The Iound H(ao,bo) < 1 is equivales;t to

({2(a k .- a(( (k-l(o] - a .

3. Sharpness: We show sharpness of (2.12) by exh.bing an ex a!e "'±:

achieves equality whenever the conditions (i) and (1i) of the thec-em -e

atlified. For wes that the theorem p-)vides only the tr'vial -ound iu.:-.

we give examples when k - 2

Let z be a rar.dom vector with te o'Ln diatribution:

ant

-&. a4 -



(i

P(= b(z ) = p/k , -,k

P(z = 0) = i-p

".tere b(i) is the i-th row of B 0  If x (I- o)z +oe satisfies

the conditicns of the theorem, then

(3.1) E(z) = - %e/(- [I + (k-i)bolp e/k,

(3.2) z'z) = (. + a2 e' e)/(1-c )2 = p B 2 k00

Substituting for a fro (2.3) in (3.1) and solvineg for p , we obtain

P = H(ao,b O) , *there H(%,bo) is given by (2.9). Because of the special

for-- of Z , th -htrix -quation (3.2) is equivalent to the two equations

(3.3) [(1 b_ ) +2b (i-b) + b2 - plk = (a2 +o1).(I- o),

(3.-) (2b (1 b) + b2 k Ip' = (a + a ( - )

Substitution of p and a0  fron (2.3) in (3.3) and in (3.3) minus (3.4)

lields (2.5) witr b b In each 2ase. Hence (3-1) and (3.2) are satis-

f.cd ".cn p = H(:,b ) , :at is, when p Is given by the bound of (2.12).

Since P~zi  1 for some i) = p , and 7 1 . if and -nly If' x, > I , it

follovs that x a)z toe auhieves e-.lality in 9r.12).foi-!vs tat x= - 0



Now suppose that k = 2 , in which case conditions (i) and (ii) becom

1 +2 > 0, and 2 > a2(1- ) , respectively.

If I + 0 p < 0 , then a aistribution having the prescribed moments and

achieving the bound of one ic:

P((1,-c)l ?((-c,1)) = p1/2,

?(c,-c)) P((-c,c)) = p2/2 ,

P((ii)) = 1-pl-p 2

where p1=2 
2 (1+0)/(c2-1) P2= (1+2P)/(!-c2), c 2 (}++110 (1+p)2+4

The cond-.tion i + a o < 0 implics that i > 1 and c > I . Hence 0 < pjp
i~ 2pP < 1

if 2 < ( -  and 1 + 2 > 0 , then a distribution with the moments

as =rescribed in the theorem ard achieving the bound of onc is:

14 P{(1,-c)l = ((-c,l)l p/2 P((d,d)) 1 --p ,

2d 2a2(1-0) c 1+(1_02) (,+,y0)

2d+c-l 2 P Jp = =(1. )2 ' =

(C - /2 f" I 0) . The condition 2 < c2(1-p) implies that c > ,

which I:, turn implies that p < 1 . t 5lao i=nlies I +c < a2(1-p) %which

is equivalent to d = p(c-l)/2(i-p) > I

l 'Ilor,
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P 0 , then the above distribu-Ion "ith d 1 2

p = 2/(l +j ) is the required exanple. [
4. An inequality involving variances. If x , ,x. are random variables

with Ex= 0 , x2 = t e = , ",k , '::1.1)
i o i

k k
(4.1) ?fjxlI> 1 or ... or -x.1 >. 1) < ljI )_x.

This inequality was proved to be sharp in (1], and the unique distribution

attaining equality has zero covariances.

The corresponding one-sided inequalityby (1.2),is

2 2
(4.2) P~xl > 1 or ... or xk  < >1 P x-,C 1)i < - j o (l +a

If' the bound is < 1 , the unique distribution attaining equality is

~, 2 2 2 2 ~2
-oa 2 3) ..... all al s

P*I -1 , , ,-o) 2= (+ ,

222 2 2
, ) = -0 a /(1 +a-)

..< ,
2 2 2 2c) 2 . q j,€+<P{ (- -C , '2" ", "%-i' a-(

Uniqueness follows by an argument similar to that used in [1). We note that

in this zase the covariances F = 2 2

i a o

____ ___ ___ ____ __ ___ ____ ___ ___ ____ ___ ___ ___
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An alternative proof of (4.2) following the procedures of Section 1

-2is to choose B = I in (1.8) and minimize tr D (Z + a'a) with respect
1-a

to a < 1. The minimizing aj j

RF.ElNCES

(1] I. Olkin and J. W. ?ratt, "A multivariate Tchebycheff inequality,"

Ann. Math. Stat., Vol. 29 (1958), pp. 226-234.

[2] J. V. Uspensky, Introduction to Mathematical Probability, MGr-v ill,

New York, 1937.
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=4 ,r

~--nav (see e.g. [11 p. 193) ltr=- fo every -pu-:4-e

:t .~- z -iteg-able random varlable wi.' :ero eeTaicn,

at~tz an '--equality is obtained that.amrl~e thli !m the

zw---z Koizcor.:.'s inequality general-= ~s C ebyshv euly

~~ ~ can be achieved. The possibilp: c:' gra~zn eater

A1-S&!s discus~sed. in Section 3 -m extenzsion *tc, ==n-iious

~~~~i 0 aultairted, an-d a --~n zder wr- eq-La.ity

--I eTel is given.

n

- ,-.-. ':hen *~or every posi1tive

*-*A >

4..--A X

-~~~~~~ 1~4 2 14~4 n -- ~--

Pal
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n '-2

,.wof: Let F(x) F(x,,X...,,X-) = ilet

K 12

n
V.:,dP 57 f F(X)dP=

1. [4 c > X,.s2 +2c>xk V ,C- d
2 2 7 f n +5(c +S n) kal A k ~ i~ +2(~l i-~s (,l

1 k 2
(2 )2 f (c >-jXi+sn)2d i k)=~ 'Max t+-+

2=c 'F(X'd? us ie2+ 5 the proof' i.z comaplete..n n

Tz uo- h equa1 I y cai be' R(!hifved in (2.1). L-nt s. 7 ,

m .2.., and let Z (Z1l",Z .z n be a ran~d=~ varzible -w~n the

2

1 2 2F 2 '1k

.. 1 2 2 2

V, r t,- -
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It is easily veriL !ed " induction on J) tiat

(2.2) Pk 2 1 -
2 /( 2 s) = 1,2, ,n

k-1

so that this is a-v Probability distribution. Let us check that the.

random variables -..- ,Z satisfy the conditions o'f Theorem 2.1} Trivially E(Z1) = 0 o- 1 < j <n , E(ZjIz. 1 # - q./)2 0 a. e.

Usince . - implies Zj 0 with probability one. Using

(2.2), it 'ollows 1J. E(ZjIZj_ = - aj 2 /) i a.e. proportional to

p(C 2+ s.)/ -( - = 0. Hence E(ZjIZj.) = 0 a.e.,

and it is clear thiut ZJIzJ. 1) Z E(Z IZ1 Z2 ,...,ZI) a.e. Again

I (ZJ-1 j 11 S. 4 l 21 ( 1 Z ~using (2.2), it :"iU.m. that i(Z)  C).
j - k=1 p J

S - 1 ,2,-.- ,n . :!:e7 random variable Z satisfies the conditions oi

Theorem 21.2; fur te . equality holds in (1.1) whenever X=(XI,X 2 ,.

a.e.

It is natur-L r.-= "a ask what the best upper bound is for

P1 max "Y----+ X) > 1) under the conditions of Theorem 2./1

(where > , = ,n) . Unfort nately thi3 boand has no i.m.la-

expre3.i n even :'a- m n , and is not easily obtained. It is given tere

only 'or n= 2

j Theorem 2.Z:- !t X and X2 be random va:lable , with E(X1 ) 0 0 ,

-X, S x x1 ) 0 a.." X 2 < co i , r, i r >G

and c > 02

57'. . .
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-ado

2222 2,

(2.3) ~~~I~> c 1 (av ~ 2 2 2  2 4G A12 2 2

aier 2 (a 2 (

2 2 2

Fy2=) (x +) ,2% + a1-
- 2

and e t A, .:t 1 ~ A2  XL~,X > t.3 Since

a2 tl> !.t:.-!lows that c,?0 and

f F(X ,~dP [CIF, (x 1 ) + C, 2 + C X F2(X.+

A 1  
2122 %-1 2 2' '+cL2dJ

A 2

ThuF (X(X )..P +c F2 d X, ',]d? id > +CF2A) 1)d

~ Pt 1  1 2L 21 !2 (C I aih?::r 2ovrf

A-, 2
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upon integrating the function F(XI,X 2 ) , one obtain. the bound gi-en n

(2.3), and this completes the proof.

To show that equlity can be achieved in (2-3). let (Z,Z ) have the

following Joint distribution:

P{k(Zl' = ( ,o)) - a-/

2 2
p{(zlz 2) = (- +z a) _ 2

a l Ia 2 2 + a2
2

2 2 2 2

a 1  2  a1  q12 a 2

P((z 1 ,z2 ) = (- , 2 2
~ 2  al(al, 2 +_2 2

it is easily verified that (ZI,Z,) satisfies the conditions of

Theorem 2.2 . Furthermore,

2 a2. a a )2

P((zz ) =(1)) Pi(ZZ) 12 2i
142 7 T a 2 " 'z 2

2

PIZ,- or Zl+ L _,  el or Z +Z>' +

0 1 Z2 ,1 
2 - 1 -2

so t at equol-ty holds In (2.3) whenever (X,,X., - ,Z1,Z2) a.e.

Seve. a Inequalitiaa follow f.-; 2.3 simp-y by a chnzge of* variables.

The corollaries below are given to illu.trate *he ;.;tlit .

Corollary 2.3: !.e. X and X. be rtdz= iarlibles .itr a



II

E(X2 1XI ) = bX + ca.e.(-here b' -I), and Var(X) a c o , 1,2.

Then if c a >0 and (c2-5(a+ab+c)]/Ib+lI >0 where = sign(b+ 1),

122 2
cr2 2 2  (+ 2 ohI 2

(2.4) Pr(x> or 0(X+2) _ 2 b', +1 (b )2% il

=7 -b 2 a, (=]b+l ./l

where at  a qli , I 1,2, and 'q2 = (E2-8(atab+c)/Ib+l

-l in(C1-4.1n2)

Proof: This follows from Theorem 2.2 by making the change of variables

Xi = X, + a, X× = bX..+ (b+l)x2 + ab+c, e = c + , e = elb4lj +6(a+ab+c)

and dropping the pri=es.

Note that by taking a = b = c = 0 in this corollary, one obtains

Theorem 2.2

Corollary 2.4: Let X and X2 be randcm variables such that E(X1)= u,

';r(X 1 ) I j - < Co , 1 1,2, CoV(XlX 2 ) = 1 2 0 , and suppose that the

regression of X. on X is linear. Then if C > 0 an

(6 2 2 u2 )/, 1 2 > 0 where 5 = sign c2 ,

2, 2 2 2 ( 2
(2.5) P(X1 l or x2 -X - l 1 z 121 1

C a a 2 a,2 ) z

I ,0A4. ~ '4v
L1 NMI'~
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whtere Cc = a1  + q i = 1,2, and 12 (8 -Cr' 12)/O12

i= mn( c'- 1 '12 ) 

Proof: To obtain (2.5) from (2.3), make the change of variables

X' = x ,+ = '2(X 1+x2 )/al
2 1 + p , = - p and + ( a 2Xi 1l U '2 X f'2X 2 1 11 2l 2 IC 2'

in '2,31 and then remove the primes.

3. An extn'Aon to continuous parameter martingales.

We begin by assuming that the underlying probability space is such that P

is complete. Then we have the following

Theorem 3.1: Let (Yt' t ? 0) be a separable martingale such that for

all t >O E(Yt =0 and E(Y t) = a(t) < co . Then for every positive

C and T ,

(3.1) sup >  2 + a2tc(O,t ] - U 2.)

Proof: Let 0 =t. < r <... < t . Then X Y and X Y -
I± 2 - -n t t' Ij i

i = 2,3,...,n zats:fy the conditions of Theorem 2.1, o that

(3.2) P ) max Y, > .< 2(')/2 e.+(O l
'l < i < -'

i -- , -
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Let S be a countable set satisfying the definition of separability and I
containing the points 0 and - . Ta!-ng the supremum of the left side

of (3.2) over all finite subsets of S((0,t] , we obtain

p ft sup y' > ej<c' ()/[2 +

teSO, '] -

But

P tt sup [0, t > el Pt~o I su -

and the proof is complete.

Theorem 3.2: Equality car. be achieved in (3.1) if a2(.) is right

continuous.

Proof': 'is order to dcfine a martingale that achieves equality in (3.1),

let n - U (0,co) , Abe the Borel subsets of 0 , and, let " be the

zrobability measure defined on Sby

P(B 2,/[2 + tin [2(x)4 XBn (-I) + "(BO jO,co

where XV tj t::"! characteristic function of the set E and a is the

menmre induced on t.he Borel subset. z'f (O,co ) by the rlgh continuous

1131.rbutln function (.)/ .. ) • Le Zt, >0 be defined

i-i m -- -u- ... ... -

by,
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< <t

Then

sup Pt C0

and it remains only to ':erify that the process (Z,, t > 0] satisfies

the condi-ions of Theorem 3.1. We compute

E(Zr) = - 2(t)P(w > t)/e] + eP(O < < t) = 0

and similarly obtain E(Z 2) a2(0 , t> 0 . Clearly E(ZtIZ 5 = j = Z8

where 0 < a < t are fixed. Let V = VI t  -
2 t

relation

0 Pr= ' Iz = to, -. -- - s ., ("s - .... , ,

we obtain 6 = -a2(.3),e . 'fence the prozes iZt, 0 > 1.3 a martingale

..... j.,, the conditi.ons of Theorem 3.1 and achieving equality in (3.1).
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