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PART I

A one-sided inequality of the Chebyshev type,

Albert W. Marshall and Ingram Olkin

PART II

Page
A one-sided analog of Kolmogorcv's inequality,

Albert W. Marshall 12
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PREFACE

In meny epplications one is frnquently confronted with the problem
of obtaining 2 tound for the probability thst a random vector falls in
a certain region. Alternatively, the bound may te specified énd one
may want to define the limits of the region. This report 1s concerned
with the theoretical development of two such tounds, and we now give

several examples which illustrate the use of the results.

1. MULTIPLE DECISION PRCCEDURES; SLIPPAGE PROBLEMS

Several authers have considered these problems, e.g., Bechhofer,
Dunnett, and Sobel;, Paulson; Karlin and Truax. For this situation we
have a random vector  t = (tl, ...,t.k), where each ti hae a student's
t-distribution. However, the t1 are correlated tecause the estimate
of variance 1is the same in each ti' In choosing the population with

the largest mean or in deciding whether the mean in one of several

populations has slipped, the relevant statistic is LAX tJ.
1<J<

Thus one requires iaformation about P (max tJ b c} <a. In this case
one may desire the value of a 4f c¢ 1is given, or the value of ¢ 1{f
a s given.

Since the Joint distribution of the ti is known, onre might hope
to obtain more accurate bounds for max ?1. However the distribution of

nax ti

as an approximation.

(11}

13 not easily determined so that Chebyshev type bounds can be used
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Some typical protlems whare this arises are:
(1) The detexminaticn of which of several types of alloys

will produce the highest mean tensile strength,

(11) the @etermination of which of several drugs produces

re ¢ Tean elii 19
the greatest mean effect,

(111) the determination of which of several lots of projectiles

will produce the longest zean range.

2. ANALUSIS OF VARIANCE.

A parallel situation to 1 prevails in some types of analysis of
variance problems. Here we have a rendom vector F = (Fl,...,Fk), where
each Fi has an F-distribution, dbut the F1 are correlated. Again the

relgvant statistic is max FJ . Some tables for small values of
l<jy<k

k have been given by Ramachandran.

3. PHYCHOLOGICAL TESTING.

In certain testing croblems there zay be a number of tests whiczh in
some sense increase in difficulty. For example, an ordering ¢ difficulty
migbt be addition, multipliication, calculus. Following a model of Guttman,
the score on test cne is given by yl, the score on ctest two by Yy + ya,
and the score on test §J by Yy R RKE yJ. Thus the ncrease in difficulty
from test J to test J+1 1is represented by yJ+l' Given various
asgumptions on the y's, one is interested in some personnel assignment

-

problems in finding a bound for the P{ max (yl e yJ) > c} .
1<J<k

(111)
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A ONE-SIDED INEQUALITY OF THE CHEBYSHEV TYFE
by

Albert W. Marshall and Ingrem Olkinél

= (xl,---,xk) be & random vector with Fx. = 0 and

re lar
0. Summary: Let i

X
either (i) '-:xi2 = o s ExixJ = cep (343) , 1,3 =1,""",x, or

o, & 2 ‘

(11) EBx,° = o =1,°**,k . In each case & sharp upper bound {oaly

involving the specified moments) for P[xl >1 or *+cor X >1) is

obtained. A formulation for more general one-sided bounds is also discussed.

1. Introduction: Let x be a random variable with mean 0O and variance

02 . Then according to Chebyshev's inequality,
(1.1) p(lx 21) ¢ ¢ ;
the corresponding one-sided inequality

(1.2} P(x >1) < 02/(02+ 1)

bty

13 alio known (see e.g.(2,p.198]). Both irequalities are sharp.

A gencralization of. inequality (l.1) was obtained by Clkin and Pratt [1]

D
for P[lel >1 or +- lxk| >1} in the case Ex, =0, Exle =c¢”

EX,x, = 0% (L43), 4,J=1,*<,k . We are concerned here with the

17

corre.ponding bound for P(xeT) = P(xl 21 orccror x > 1 .

Y Cu leava of ab:ence from Michigan State University. This research was
sponsored in par: by the Office of Ordnance Research.
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{1.3) £f(x) >0 forall x,

then

(1.4) g {x)> [ f(x)ep
{xeT}

> P{xeT} .

2(x) >1

Consider a real-valuved funstion £(x) = f(xl,---,xk) such th

for x e T;

Since we wish the bound %0 be a function of tne covariance matrix

F = .
£ (UiJ) , We choose

(1-5) f(x) =

where a = (al,"',ak)

mininizes

(L.6) Ie(xy = tr

(x-8) A (x-a)" ’

AL +2'a) ,

= diag (l—al,-‘-,l-ak)

ad

j, A= (aiJ) : KX k . A "best" bound is one which

sublecy ta {1.3) . Llet z = (x-a) D , where D
l-a l-a
and let A =D AD . Since f(a) =0, (1.3) implies that a T,
l-a l-a
l.e. 8, <1, t=1,+",k. Thus (1.3) beccmes
+ *
(1.7) xAz'>0 forall z, zAz'>1 {ifgome z,>1 .
By the resul:sz of {1} the bound (1.6) will be minimized by a positive
'§
e )
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* * =
definite matrix A (or in turn A) for which B = (A ) hes ones on ine

main diagonal. Thus the problem has been transformed to that of minimizing

-1 -1
(1.8) tr A(Z+a's) = tr B D (Z+a'a) D
1l-a l-a

for a, <1 and B = (bid) positive definite with b, =1, 1 =3, k.

1 i

Any such a and B will yleid & valid bound which in general will not be
sharp.

The problem of finding a sharp bound has not been solved for general

0

covariance matrices even when k = 2 ., We glve a solution for the case that

¢, = oo » Oyy = cap (1#3) , =and an example which attains equality in

i1
Sections 2 and 3. In Section 4 we give a sharp bound which only involves
the variances.

We wiil frequently encounter a class 9y of positive definite matrices

4L o= \GLJ) with 5, =1, SLJ = 5(4#§) . Then A can be written as
(1.9) A = (1-83) T + Be'e,

vhere e = {1,°**,1} . Such a matrix nsy be transformed to diegonal fora

by an orthogonal matrix [ , whose first row is e/Y/k , i.e.

(1.10) rar' = {(1-8) I + B8 Fe'el
= (1-5) T + 0 (yf':(-’ O,"',O)' (f‘;’ 0,"',0)

= disg (1#(k-1)5 , 1-8,°°",1.8) .

n A A e e et vt R e o

[E————)
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Hence A 15 positiva definite If and only if (k-l)"l <B5<1.

2. Derivation of the bound: If £ eD, then vecause of syrmetry we

Suspect thet the minimizing B = (L-5)I + te'e ¢ D and 2=qe . In
any event, we may £ind the best bound obtainable from such 3 and « ;
and an exazple of sharpness would Justify the choice.

3y using (1.10) and essuming a = qe » 3ed, the vound (1.8) can

be written ir the form

H{a,b) = (1) 2 B‘]'(i: o e e)

=2 (J.-cz)'2 tr (Is r')’l {rer +4° retei)

[a]
. ~ < )
Since Torf'=dteg(le(kx-1)s, 1%, ---,10), PEpiag Meg{ie{n-1)p, 1.5, ..
and el = (¥k ,0,:++,0) , so that
2. 2, .v..2 2
(2.1) Hob) = —2 i oulx-)rofs | Pa1)a))
2.1 , (12 T+(x-1)5 I-%o J

k{04 o+ bloZt -6
(1-0)2(1-t) (L4(-1)3)

where

(2.2) t = (k-1)(1-p) - 1.

e e e

e oy
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The solution of JH/ox =0 for a is given by
2
(2.3) a = -0 (1+ve)/(1n) ,

from which

(2.4)  Hig,p) = k o2(Lebe) L(k-1b] " (106P-b (1-020)]

The equation BH(ao,b)/Bb = 0 becomes f

(2.5] p2U{1-t) + (i-cPt) - (Pep) = 0, !
‘ {
{
and has roots %
!
!
LI{k-1- .
(2.6) b= oL, AN 1, MR Geelt) ,
: X

t/-0%% T elxe1)(1-0%)

Using (1.10) , we see that the term l+¢p = (l-p){le(x-1}o]l >0

[P

and we assuzme that 1-0“t >0, so that the roots are real.

B 1is positive definite if and only ir -(k--l)"l <b<l, l.e.

P

c*

Lot B

'.vir-
L] ]

Hicr

~—
IA

(2.7)

< 4 /?1+t)gk-1-t) L+t
= = — t
e/(1-1)(1-0%¢)

If t>0{t<0), then the i4#5 1.4 R4S are positive (negative},

£

" . . < 5 oo R
™~ s o R e SN PM%‘“‘!M‘Q;‘,'. e "&_ -
e S —
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and the lower sign is impossible. We dencte by bo the root with the positive

sign, and by Bo the corresponding metrix.

Lemma: Bo is positive definite if und only if

(2.8) k > oo(x-1)(1+t) .

Proof: The condition that Bo be positive definite is equivalent to

the inequality {2.7) with the plus sign.
and the first inequality always holds. ||

An example of sharpress will show that b

o
ule b 3 by showing {using
SN NPT - £ Vaairun

assume (2.8} and evaluzte 7%
kaa(l«ﬂoct')
(2.9) H(a ,5,) = 3 5
[l+(k-l)b°][l+a -bo(l—c t)]
kaat

[k-2+t0240°(k-1)] - 25 (k-1)(1-0%t)
Then substitiuting for bo , We obtain

(2.10) Kz b)) = ko t/j(u-2i%) ,

where © = t90° + t{k-2-(k-1)07) + 2k-1) , end v = (Let)(k-1-t){2-1)(1-¢

The second inequality is

leads to a minimum.

(2.8)) that

(2.8),

We

2:.) .

Rationalization of the dencminator in {2.10) and simplificaticn yields

s - —————— S sttt 8| TS5 e
LT et bt A o,
S
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kca(u+2/\'r')
(2.11) Ba b)) = —F—3 5 -
[te“-x-0"(x-1)}
After substituting for t frcam {2.2) we obtain the theorem.
Theorem: Let x be a rendez vector with Ex,=0, Ex, —og,zxixjscea(i,s’ Y. "’
If (1) 1-0%t >0, (11) & >&2(k-1)(1+t) , then
(2.12) 2 = P{x; >lor--corx >1} < H b)) .
102 { /[ L4(k-1)0 {14520 (k-1){1-p)] + (x-1)/I3)° . ,
fx + e20(x-1)p])? ’
i
othervise P <1. ?
\ i
For the special case p = 1 , the inequality reduces to (1.2}, and Zor
p a -1/{x-1) , the bound {3 (k-l}ce , whick reduces to (1.1) for x =2 .
It should be noted that the btound H(ao,bo) <1 is equivalecz tc
2] o]
(-1 (1e(-Lop] - k J140P-0?(x-1)(1-0))2 > 0
3. Sharpness: We shovw sharpress of (2.12) by exhititing an exazple whizh
achieves equality vhenever the cornditions (i) and (i) of the thecrem =re
sarlafied. For rases that the theorem provides only the trivial Sound wa
ve give examples when k = 2
let z be a random vector with the [aliowing distridbuticn:
) - e -
. _%4
i . ~", . A ‘ :u::,;.{,*’ ¢
. e em P 3 o f -
= :5;'@";‘ i :;m‘-&’vw B .y ,;_,=:§'*4‘“«";“?;““”“‘;"‘7 m»:ﬂ

et

e sy




c aed e e

-a-
P[Z:b(i)]=p/}(, 1 =1,-,%,
P{z = 0} = 1-p,

n

where b(i) is the 1i-th rov of Bo . If x (1- ao)z+-aoe satisfies

the conditicne of the theorem, then

{3.1) E(z) = - aoe/(l"cb) = [l-+(k-l)b°]p e/,
(3-2) 2(z'z) = (z + ag e e)/(l-ao)2 =3 35/}{ .

Substituting for ¢« from (2.3) ia (3.1) &nd solwing for p , ve obtaln
pP= H(ab’bo) , Where H(ao,bo) is given by (2.9). Becsuse of the special

forz of g, tke mmtrix ~guation (3.2) is equivalent to the two equations

(3.3) [(1-3)% v 25 (1-3)) + 0221 p/x = (a®+ad)i(1-a)?

. " 2 “ 2 2 2
(3-%) (> (1-3)) + boklex = (%0 + a)/(L-2)° .
Subszizution of p and a, fro= (2.3) in (3.3) ard in {3.3) minus {3.4)
sields {2.5) wiin b = 5, 1in each case. Hence (3.1) and (3.2) are satis-
when p o= .(Jo,bo) » tkat 18, when p i3 given by the bound cf (2.12).
Since ?fz1 >1 for some i} =p, and %g 21 1f and wnly 1 x 21, ¢

follovs that x = (l-ao)z-¢aae achieves ej.alizy in €2.12).

e

*

i

e —————
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Mow suppose that X = 2 , in vhich cese conditions (1) and (ii) becoxe
1+ ¢% >0,and 2> c2(l~ p) , respectively.
If 1+ ozp < 0, then a distribution having the prescrited moments and

achieving the bound of one ic:

i P((l)'c)} = ?((-C,l)] = Pl/a )
I
2({c,-¢)) = P{(-c,e)) = p,/2,
P((1,1)} =1-p,-p, » -

i
’

LR

: {02(1'*9)*"/[ 0" (140)¢ho%] } :

and ¢ >1 . Hence 0 < P;»Pps

shere p =257 (L4p) /(1) py= (L4%p)/(1-c%),

iz i 5 2 . 2
The condition 1 + ¢ p <O implics that 1

«\
v

e

Py +P, <1.

ir 2¢< ca(l-p) end 1 + cap> 0 , tken a distribution with the moments !

W e wpa
.

% as trescrited in the theorem and achieving the bound of one is: }
+

: §

: ;

* P{(1,-¢)1 = P((-c,1)} = p/2 » P[(d;d)) =1l-p, |

& !

i vhere

&

&

3 b = 2 20°(1-0) R 1+/(1-02) (14°p)

. 2 ’ = = ’

. 2d+c-1l (1_“:)2 p

' (c = 52!2 1f 5 =0) . The condition 2 < o“(1-p) implies that c > 1,

which in turn {mplies that p <1 . It also implies l+c < qa(l-p) vhich

is equivalent to 4 = p(e-1)/2{i-p) > 1 .
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If 1 + o5 = 0, then the above distributicn with A4 =1, ¢ = a° ,

P = 2/(l+'32) is the required example. g

S

';i 4, An izneguality involving varjiances. If xl, . ,L are rendom variables :
% .
. with Bx =0, axfzaf, £=1,-+,k, then oy {1.1) ' :
X k > !

(4.1) P(lxllzlor'--or lxkl_‘:l}f_ E‘ ?(delzl)ledJ . ;
. . -~
g s
: This ineguelity wes proved to be sharp in {l], end the unique distribution , J
. i :
;‘ ettaining equality has zero covariances. t
i ! :
H The corresponding one-sided inequality, by (1.2),is f
! o
L] - v
+ .9 1.8 2 2
’; (4.2) P{xlzl or «.. orxk?_lls E}_ P(xJZnS;aJ/(“'“J) .

. If the bound is < 1, the unique distridution aztalizing equality is ‘

2 2
(1, -0s) '°§’ .o, -ci)] al/(l+ qf) ,

~
2 2
Pil-0y » Lyeag ) oo+ ) =02)) = og/(L+03) ,

u

2 2 2 2. 2
Pl{-0y, =05 s oymci 35 1)1 = g/ (L +al)

- 2 2 2 2
£{ (‘01; '02) % -ok-l’ ‘U-_)}

"

3
1.5 Ta5i (e o))
1

Unijueness follows by an srguzent similar %o rthet used tn [l]. We note that

in this case the covarinnces I-':.irt‘ = - ¢
J

el A
[N\

] ary 0T 280,
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An alternative proof of (%.2) following the procedures of Section 1

-2 (= + a'a) with respect

18 to choose 3 = I in {(1.8) and minizize tr Dl-a

to a <1l . The minimizing a..j = - q§ .
REFERENCE

{1} I. Olkin and J. ¥. Pratt, YA multivariate Tchebycheff izequality,”
Ann. Math. Stat., Vol. 29 (1958), pp. 225-23k.

[2) J. V. Uspensky, Introduction to Mathematical Probability, MsGrew Eill,
New York, 1937.
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A JNE-3I3ZD ANALOG CF XOLMCOOSALY S INZUALILY
by

Aldbers W. Marshelll

Trarmdseticn and summary.

4
1
r
1

= 2z weil-Xzown {seae e.g. [1] p. 193) it oo every puizive ¢

o woesy dguere Integrable random varlable NI wilk zero exgeciaiicn,

PX > e} <E(X7)/Ie" + 2LLET

Znotxts peper an Inequality Is obtained that jyoroeralizes this I th

Sere gy tm2t Solmogoruv's inequality generaliizes Chebyshev': Ineguallry.
d in Section 2 and an. 2sample is give o show
oy smpeilty can te achieved. The possibiliisy o tdealnlur zreater

Semmee 2w {< a3so discussed., In Section 3 nzm extension L wmmtiimuwous

IR r—r— — g A
Sxrumemas myriingeies is cutalned, and a ccondiition wuander Wiz egualily

== 2+ nxmiaved 15 given.

Tueszex 2.32 let X),¥,,...,X, De ramazem varisble it =)=,

e 2 1
T oind,-X, . =0 ase., Lz 3,300 , w2 BY, =27 <D,

- - - -a - -
- T lelgee=eD o onen Jor every posltive o,
"
M PLEAL Xk Laerer Ko D> w e
i<l 2 17 = - n -
e il i -t R L A T A L L T W P

[
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' ' c i
, N ., i
ameres 8 = ST o . i
. i=1 i
E x +SSX"} 2 f
LR i=l - .
: Proof: Let F(x) = F(x,,X ,...,% ) = = » ool let
— A < i (E +S )
v 5
: B o= Ky HKprecer X, <e, i=1,2,°",k-l,, Xy +Xyhemnest Xk}je) -
#=1,2,~--,n . Then i
- ;
0 {
¥ F 4P > [ #(X)4P =
N 1=1 AR - ‘
"'3 n k i
» 1
IE st S UeS ¥ +s)) Z‘(H's ) 2<)+(e§x)2]dpg
. (e°+s )" kal A i=1 i=z+l” ‘
" n k
£ - ;
] . %
ot “ ) 1
K > 2 22[(52‘(+s)dP>Z(Ak)= 13:3::‘“{& +x)>e}.!
b (%+s ) k=l A 1=l nigm i
!
]
L4
. Zmee F(X)AP = sn[’(ea + sn) . the proof is complete..
it' T show what sguality can be achleved in (2.1), leec s.f‘zs— g,
|
= 3,2,0¢0,n , and let 2 = {Zl,Za,---,Zn) be a randsom varmble zaving the
t.llowing itatribution:
2
+ 0)
:, TIo=(e,0,°,0)] = .2“ =P
< +3
L 1
- 2 2




ki,
.

%2
22
H
= ~1k- .
! ;
‘ . It is easily verilled 3By induction on J} that : {
£
i . |
: : |
: (2‘2) ipkzl - 62/(€2+SJ) ) J=1,2,°-,n, :
%=1
3 d
:. so that this is a: welZZ probability distribution. Let us check that the:
3 !
i randoz varisbles :Zl.;’._:_,,"',zn satisfy the conditions of Theorem 2.1 . :
] Trivially E(Z;) = 0. For 1<J<a, E(ZJIZJ-]_ £ - UJ_l/e) =0 a.ew |
i since Jl’é o:: £ implies ZJ = 0 with probability one. Using
4 !
§ (2.2), 1t follows *dhsr z(z‘,lz‘j_l = - of/e) jo a.e. proportional to :
u }
g (€2+ s )/e - {0 - P, )o 2/e =0 . Hence E(2,]Z,,)=0 =.e., ;
¥ "L J J J'l
} =L
H and it is clear thums :(z 3z V) = a(Z |z1 1Zgr" a2y L) eee Agam :
i
i using (2.2), it taifiowr that E:(Z‘1 ) = Py (e +sy l)‘/e + (1 - Zp. )or / ‘ ;
; J=1,2,-¢v,n, Thus ke rendom varisble Z satlsfles the conditions o
i 3
E Theorem 2.2; furciermoee, equality holds in (L.1) whenever x=(¥l,x2, o ¥.=Z
: i
; a.e. |
!
It i3 naturail nos <o ask what the best upper bound Is lor ]
‘ P{ max El-(l( S ¥ -t Xi) > 1) under the conditions of Theerem 2.1
R N T S
{where <=.i >0, 2= 12,++,n) . Unfortunately this bound has no simple: ‘
;
expresilocn even fm—= smIT n , and is not easily obtained. It ia glven hure
)
1 only for n=2 .
} Theorem 2.3 lex X, and X, be randon “arietles with B(() =0,
4 " 2 T . oo
-1, 3 S\Xalxl, = 0 a.2., ool 3.'A12) = GL <, 1«11, . Then ie %1 P !

and €2>0,
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0?24»0' 2 l)
{2.3) X > or ?(l * Xy 2 €2] < 5, 2' ,
Op * 9%

z . - .
vhere @, = 0y + Ty 1=1,2, and 1, = min(el,—.z) r =gy

. 5 2 \  wpere
Proof: ZIe= :(xl,xz) = ¢, Fy (xl) +c, Ty (x +x } vhere

2.2
2 2 2
o h ("2"" %) . )
= ——5 " 2 2 1 %* 2 ) 2
a (a2 +0, al) (c:2 + oy al)
12 0,2 9'92 a
tt“"’(xﬁ‘h—l-), Fz(x)’(x+711—+_f'&;)'

1.1 . Since

and .et A,=~:X'1_>_-’ll}:"‘2={xl<ql'xl+x22

-~

a Zal >0 . iz £3llows that y >0, and

2

R w2 . . 2
[ F(X,X 08 = 0 Loy Ry 7K ) ¥ ety () + ko TN+ opky"lar

4
- 9
> [c (X )rc “(X,,}d >f [cl S :+c22-',,"(=zl)]d? = ?(Al} ,
A ‘A - = =
1 1
- o an 2 £ = e n AR 4 P

{ F(XL’XE 2> _'A aln (Xl + Xa)dP > ‘ Cafn (lz,d. .(1\2) .
A 2 2

Thus [F(X. .X,.&2 > ':’(Al)+P(A2) = PLX >y or Xy 4%, 2 1)

It is streightforvard to verlly that

ZPiXIZe: ar X1+X22€2) .

arm,
e e g .
i P P U

PO

e Y e e e i ot e . et e e




o\ NS A e s
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upon integrating the function F(X ,X,) , one obialas the bound given in
’ 2 2 -1
(2.3), and this completes the proof.
To show that equelity can be achlieved in (2.3), let (21,22) have the

following Joint distribution:

2
P((2),Z,) = (1,,0)} = o7 /a)
c 2 o 3 2 G, 2
i (7 _ 1 2 1 2
‘(("l}zg) = (' 1 g T)] P > ?
X 1 alca +a2
s
012 02‘ oy n.a a 2
> - 1 2
P((Zl}“a) - ( T H "I a )] = 2 2 .
1 1 2 al(alc2 1, )

It 13 easily verified that (Zl,Z,) satissies the conditions of

Treorem 2.2 . rfurthermmore,

2 2
' 012 o, e, - cl“(aafa,)a
?{(leza) = (1110)} * P'(zl;za) = {" ‘T]"" ’ \_')‘t 5 — ) . 2, =
( ot oy it )
a ?{Zl 27, or Zl+ 22 > 123 = ?izl 2¢€ or Zl +22 2 +€2} ,

80 shat equelity holds In (2.3) whenever (xl,x,; =
Several {nequalitieza follow Irom {2.3) slzply by » change o variables.

The corolieries below are given to lllustraie °ne pusiluillinges,

Corollary 2.3: le- Xl and A. Ye randca vartahles <iwr Ele} =3,

B RN LT A A WS AR 0 8

gt e i i

et e e e 2 o e e .

g —~wm.¢
. 3 *

FROPRRSE

————
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D e CC—— - - PLESY —— = ——— e - =

+c a.e.(where b # -1}, and ‘lar(Xl) =9 <ow , i=1,2,

Then if €,-a >0 and [e2-8(a+ab+c)}/]b+l| >0 whe

1

2
where al = Ul

2,2 2 2
g, -b ALY {{v

i
re & = sign{b+l),

+lﬁ1,ﬁzl}2

<
2 - 2.2 2
9, ~b oy +{(b+l

1 = min(e;-a,n,) .

2.2,
e, /ey ]

+mn , t=1,2, end n, = [e2-8(a+ab+c))/ib+1§ ,

Proof: This follows from Theorem 2.2 by making the change of variables

N =
=¥

[ 1 1
+a, X3 =bl+ (b+1)x2+ abte, €) =€ +i, €

and dropping the primes.

Note that

Theorem 2.2 .

Corollary

2
-nr(:(l) =3,

regresslon of

by taking a = b =c¢ = Q {in this corollar

2.4t Let X, and X, be randem variables

1

<® , {=1,2, Cov(xl,xa) =0y, £0, an

= ¢, |b+L] + B(a+ab+c)

¥y, one cbszains

such that BE(X

d suppose that the

Z(2 on Xl {3 linear. %hen if el -4, >0 and

2 .
(5€:-0‘1 ue)/crl2 >0 vhere B = 3ign P

o] 2
. "12("12"2‘”““1:* “"1‘(39’19"“02
{2.5) P(xl 2% or 8X2 > =’2} < = 2 : . 2“, = ,
a, (al 0, -a5.) {2, c.‘é,’a‘]_)

- «
1 * -
. -

Lo

Sy 6. =g

g
B

s

S
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2
“here ai =0, + qlqi , 1=1,2, and n2 =

ql = 'n‘n(:l"“l).]a) .

Proo’: To obtain (2.5) from (2.3), meke

)(l bi,

n ‘2.3; and then remove the primes.

3. An extencion to continuous perameter mart

v . 2 '
Ye = [0'12(}(1-!-)(2)/0l ] + My, €

{

“

1

the change of variasbles

2
862-01 ua)/c'12 ,

2
= n = £,0.) ! )
€ and 52 5(=2612+Gl Mo/

1%y

ngales.

We begin by assuming that the underlying probability space is such that P

is complete., Then we have the following

Theorem 3.1: Let (Yt’ t >0)

be a separable martingale such that for

all >0, E(Y }=0 and n(Y ) = 02(5) < ® . Then for every positive
€ and T,
; 2
{3.1) P,{ sup Yt >¢€ l 2 (1)
ze(0,= )T @ed¥n)
Proof: let O0azt, <ty < -+ <t =1. Then X, =Y and X =Y -7 ,
—— 1 -2 - - 1 ) i T s
1 b i-1
1 =2,3,--+,n satisfy the conditions of Theorem 2.1, =0 that
4 Y2, 2 2
(3.2 Py max Y, > ep <a(x)/[e" +0%(1))
l<i<n 4 J .

Nrbre S S A A WS SN Sl & v e N M

o o ke

w-—..--»v—ﬂd

v
A S P ot e o
Py -

¢ p i M v

e oa ate

L ey .
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Let S be a ccuntable set satisfying the definition of seperabiiity and

containing the points O and <t . Taking the supremum of the left side

[ —

or (3.2) over all finite subsets of Si1[0,t] , we obtain

v

P{ sup Y, elsca(t)/'[easwz(t)] . i
tesn(o,t}] ° J

But

P{ sup Yt2€1-!’\r sup ‘(tZE},
£eSN[0,1] J Leefo,1]

and the proof is ccmplete.

T W k. ey (o e i o g e v sms aa v 4 s

Theorem 3.2: Equality can be achieved in (3.1) Lf 02(-) is rignt

centinuous.,

Prool't 1u order to define a martingale that achleves equalility in (3.1),
iet fa {-1}1U (0,0) , B be the Borel subsets of 2, and let © be the

zrobabllity measure defined on & by

BB} = (eo/[e® + Ua oo(x))) X + u(3N{0,®))
< oo BN{-1) t !

where X, 13 tue characteristic function of the ser £ and a 13 the

measure nduced on the Borel subsets 3¢ [0, ) by the righs continuous

-

) - T i
ii:oribution tunction o (< )/{e”+3°(-}) . Leu 2y v >0} be defined

o {4, 48,2 by

OO .wﬁkmmmﬂmlw ;

-~ ——— - —

o
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Then

P { sup Zt > {} = P {0 <uw < 41 = 02(1)/[e2-+02(1)} s
tefo,r] - -

and Lt remains only to verify that the process {Z,, t > 01 satisfies
5 z

the condizions of Theorem 3.1. We compute

B(z,) = [-0P(t)P(w > t}/e] + PO <w<t) =0,

]

and similarly obtain (2.%) = ¢%(x) , £ >0 . Clearly Bz, |2, = ) = 2,

where 0 <s <t are fixed. Let @ = a{ztlze = - 02(5)/ej ; using the
relation

2
ve obraln 6 = -07{3),/¢ . ilence the prozess izt, $ >0 13 a mertingale

yiug the conditlons Af Theorem 3.1 and achleving equalfty in (3.1},

Referenae

{1} T.7. Uspencry, Introduciion <7 Mathemavlical Probability, Mc Grawv-ntll,
New fark, 1937 .
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