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FOREWORD

The First Conference of Arsenal Mathematicians was held 29 October 195U
with Watertown Arsenal acting as host. Colonel A. P. Taber, Commanding
Officer at Watertown Arsenal, said words of greeting to the fifty-six members
of the Conference. Colonel P. N. Gillon, Ordnance Corps, Commanding Of ficer
of the Office of Ordnance Research, served as chairmen of the meeting.
Colonels Gillon and Taber pointed to specific ordnance projects needing a
high level of scientific kmowledge, adding that anplied mathematics plays a
vital role in many of these, and advancements in this field are needed if
high level improvements of ordnance needs are to continme.

With the one exception of the invited address bty Professor F. J.
Murray of Columbia University, the talks were given by full-time employees
of six different government installations. All the navers covered voints
of common Iinterests to those in attendance and were of such hizh mathematical
caliber that a general request was made to have the mamscripts bound in a
single research report. In addition to affording an opportunity to the
speakers to present their new results, the conference permitted those in
one arsenal to see and discuss the problems faced hy thcse in another arsenal.
Such interplay of ideas followed by small -rowr discussions is vital to
continued new attacks on the many problems facing arsenal mathematicians.
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PROGRAM
CONFERENCE OF ARSENAL MATHEMATICIANS
VATERTOWN ARSENAL
29 October 1954
Chaiman: Colonel P. N. Gillon, Ord-ance Corps, Commanding Of ficer

of the Offize of Ordnance Research
MORNING SESSION 0900 - 1150
Introductory Remarks

Stress Analysis in Small Arms Barrels (30 minutes)
Dr. A. Hammer, Springfield Arsenal

Theory of Noise Modulation (30 minutes)
Dr. P. R. Karr, Diamond Ordnance Tuge Iaboratories

Break

Influence of Elastic Deformation on Accuracy of High Performance
Bockets (30 minutes)
Dr. H. J. Stewart, Jet Propulsion laboratory

The Application of Electronic Analog Computers to Froblems
of Tank Design (15 mimtes)
Mr. T. A. Wood, Detroit Arsenal
lonch 1150 - 1250
Tour of Watertown Argsenmal 1250 - 1330
AYTERNOON SESSION 1330 - 1615
Problems in the Application of least Squares to Fanction
Gererator Design {30 mimtes)
Dr. J. C. Tappert, Frankford Arsenal
Some Typical Protlems Confronting Mathematicians at the
Mallistic Besearch laboratories (30 mimutes)
Dr. S. Gorn, Aberdeen Proving Ground

Break

Oomputation Study of Differential Equations (50 minutes)
Professor ¥. J. Murray, Columbia University
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Colonel P. N. Gillon, Chaimman
STRESS ANALYSIS' IN SMALL ARMS BARRELS
By A. Hammer
Increased firing rates and the ever increasing severity of the
firing schedules induce conditions in barrels of amall ams weapons,
from Caliber .30 to 30mm, which require different design and analytical
approaches from those used in the past. Vital points of new barrel
constructions are described and discussed and trief outlines of the
processes which occur within lined barrels are given in the first part
of the paper. The barrel stress analysis, which is the subject of the
second part, considers the themmal, shrink-fit and rifling stresses as
well as the pressure stresses, and the grephical presentation of the
total equivalent stresses facilitates the task of establishing optimum
design paremeters for lightweight accurate btarrels of extended life.

- e e W e er em e e s oam e e e

The main portion of the address by Dr. A. Hammer can be found in
the security information paper entitled "Barrel Research, Development
and Stress Analysis at Springfield Amory." Copies of this paper may be
obtained from Springfield Amory by authorized persons.
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A NOTE ON ZERO CROSSINGS AND AVERAGE FREQUENCY
By P. R. Karr

l. Introduction

The function sin(2mggt+ ¥) with the constant frequency g,, the
constant angle ¥ , and t denoting the time variable, becomes sero
2go times per unit time. A natural question that arises iss if in
the abcve expression the phase funotion Zlgot is replaced by a

random function of time, at what average rate will sero-crossings
occur and to what extent can this rate be associated with an
Yaverage frequency® of the random function? This questiom is
discussed in the following. '

2, Development

We consider first the function sin(N{t')o ¥) where ¥ is a constart
as above and N(t) is a stationary random ("noise%) function of t; in -
the present paper we assume that N(t) has a Gaussian amplitude distri-
bution. To find the average number, n, of seros of linzl(t)t S)w
first find the average number of times per unit time that the argwmsnt
N(t)+ ¥ crosses the values O, ¥, +2%, eto; we then add all these
results together, giving an infinite series, whose sum, it is seem, is
the desired result, n. )

1l

The fundamental paper of Rice treats the problem of the rate of
zero-crossings of N(t). To make the caloulations listed in the preceding
paragraph, we should like a formula for the expected number of ®A-crossings®,
that is, the expected number of crossings per unit time of the arbditrary .
value "A® by the noise function N(t), It turns ocut that such a feswmla
can be obtained by a simple extension of Rice's deriwation for the sere~
crossings. The result is ‘

© w*R(o) (o)

where

r is the expected number per unit time of crossings of the valme
LI by N(t), .
R(t) is the correlation funotion of N(t),

R(t) is the second derivative of R(t) with respect to t,
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" and R(0) and R(o) are the values of R(t) and R(t) at t = 0, As is
well known, R(o) is the mean intensity of N(t), or N
Now N(t)+¥ has the value of A +¥ when N(t) has the value of A,

So to obtain n we need to give A in eg. (1) the values ke =¥ for all
integral values of k, ard add the resulting terms. We have then

| 12 k=0 e X2
n--[.._.'._i(_".)...]/2 z exp - o - ¥) (2)

nzﬂ(o) k == 00 ZR(O)

Eq. (2) is a formula, to be discussed in more detail below, giving n
in terms of ) , R(o) and R(0). Before considering the dependence upon
these factors however, we wish to transform (2) into a form which will
exhibit specifically the "average frequency" of N(t). '

- 2
We have, by the Wiener~Kinchine tbom( ?,

[
R(t) -S Sy(f) cos 2w £t at . (3)
o .

where is the spectral intensity or “power spectrum* of N(t) and £
denotes frequency.

-Then
0 o '
- B(t) = é Lw2r25,(£) cos 2uft df. (b)
Also Y oQ
;’z(o)'-f sy (£) at (5)
and Py 2
o0 2 .
= R(o) = S, (£) df, 6
- o) = § s, (0 ®)
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Now we may introduce the Winstantaneous frequency® of N(t) by
assuming it to be expressible in the fom

S
N(t) = a-$ g(t)dt (7)

Eq. (7) expresses the relation between N(t) and g(t) as that
between phase angle and instantaneous frequency. Since the transfer
function of a perfect, integrator is 4 » W8 have -

nir
. o | _
Sy(£) = x s‘(r) l‘(t) (8)
where Sg(f) is the spectral intensity of g(t).
Therefore
oo
- R(o) = g u-? S,(2) af, (9)

Now it is a well known property of stationary random processes
such as g(t) that

T
"1 2
:u.-x.g g'(t)dt és'(t)df & (20)

where 32 denotes the time average (or stochastic average) of 32.

Eqe (9) therefore has the interpretation that if a noise function
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N(t) may be expressed as the integral of an instantaneou% frequency,
and if R(t) is the carrelation tion of N(t), then = R(o) is 4w
times the mean square frequency g¢ of N(t).

At this point we introduce the average value of the absolute value

lg]. (The average E is zero.) If g(t) has a Gaussian amplitude dis=-
tribution, which we assume, and which is consistent with the previous
assumption that N(t) is Gaussianly distributed, then it is easily found

 that _
ﬁﬁkﬁz:u’fﬂ. (11)
o

Introducing the last two results we may now rewrite (2) in the
form

—__ k== 2 ~
— - 0
"N o) lsl ‘Z-:o T (12)

2 od
- 3L gl ,xp;b'__{l. Z oxp o’s’ lcoah o (13)
R(o) (o) (2 = 2R(o) R(o)

An application of Poisson's Forlml?)to (13) gives the alternate
form )

— ©  _mopd
n-h|g|{l+ 2 o (O cos 2¥n (1)
2

n=1

The task of numerical computation is greatly facilitated by these
two alternate forms since (13) converges rapidly when R(o) is small,
while (14) is rapidly convergent when R(o) is large. Thus the two
alternate farms oomplement each other nicely,
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From (14) we have the interesting result that for large R(o),
and independsntly of § , n is asymptotically 2|g|, that is, twice
average frequency (the cognomen Waverage frequency® applied to
g| implies of course that negative and positive frequencies are re-
garded as on an equal basis), For small R(o) n is asymptotically

: 2 2
A /2 T-gT exp _.L 4 6XP ~—— n - K) .
R(o) R(o) - 2R(o0)
g —
In Fig. 1 there is plotted the function m for various values

of R(o) and & . It will be seen that n can be greater than 2[gl, as
well as lesa. The influence of § becomes rapidly dissipated as R(o)

s n is already

increasesx, In fact Fig., 1 shows that even for Ro -
essentially equal to 2|gj.

One may ask, what is the value of n when averaged over ¥ 2 The
form (14) is convenient for examining this question. One sees that all
the cos 2¥n terms drop out upon averaging and we are left with

n., = 2|g| = (— mgo; ]1/2 (15)
- . ]

Thus the average value of n is the same as the asymptotic value for

high mear. intensity R(o), namely twice the average frequency., Thus far
either of these conditions ths concept “average instantaneous frequency®
is useful and valid, since the expected.number of sero crossings is twice
the average frequency. This is an intujtively satisfying generalisation
of the corresponding result for ain[Zl{ godt ¢ ¥); that 1s under the

- conditions indicated, if g, in the preceding express replaced b
g(t) then the result n = 2g, is generalised to n = 2|g or n,, = 2[g|.

30 Sumng!
An expression is derived for the expected rate n of sero crossings
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of the function sin[N(t) + ¥), where N(t) is a stationary, Gaussianly
distributed, rapndom or “noise® function with zero mean., The expression
for n involves R(o), the second derivative with respect to t of the
correlation function R(t) of N(t) at t = 0, R(o), and & . Wnen N(t)
is expressed as the integral of ag instantaneous frequency function
g(t), in the form N(t) = 2!5" g(t)dt, R(o) may be expressed in terms of

‘use
m, the aver.T_g_T_ value of |g| « The resulting expression for n is pro-
gl»

portional to the proportionality factor being a function of J and
R(o), the mean intensity of N(t). When R(o) is large, this factor is,
closely equal to 2 for any value of ¥ , while for any value of R(o),
the value of this proportionality factor averaged over all values of
is exactly 2, These results are in pleasing analogy with the case in
which g(t) is replaced by the constant g,, in which case n is 2g,. Thus
the concept of “average instantaneous frequency" is a useful one in the
sense that the ratio of 2 that holds between n and the fixed frequency
€. also holds between n and the average frequency |g| if either of the
agove conditions is considered. If R(o) is small and averaging over ¥
is not allowed, the situation is less simple. Details are given in
formulas and in Fig. 1.
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INFLUENCE OF ELASTIC DEFORMATION
ON ACCURACY OF HIGE PERFORMANCE ROCKETS
By H. J. Stewart

The paper presented by Dr. H. J. Stewart contained some material abstracted
from reports having a Confidential classification. Those interested in pursuing
further the subject matter he discussed are referred to the following articles

1. JPL Publication No. 24, Wy J. E. Froehlich (1953).
2. JFL Progress Report No. 20-250, by I. Statler (In publication).
3. JPL Progress Report No. 20-251, by J. Lorell (In publication).



Conference of Arsenal Mathematicians
THE USE OF ARALOG CQMPUTERS
IN THE DESIGN OF MILITARY VEHICLES
By Thomas Wood

The development of military tanks, like other auto-
motive vehicles, depends not only on mathematical computa- n i,
tion tut aleo on a procedure tased on construction of models -
and extensive tests. It has not been umsual to construct
complete vehicles, subject these to severe laboratory and ardu-
ous road tests, only to discover that the new desizn may not
have contributed materially to the desired performance character-
istics of the vehicle. Add to this a shortage of trained
persomnel capable of conducting a mathematical analysis and it
can be readily understood why costs of enginmsering development
may grow out of propértion.

Thanks to electronics, relatively low cost, high speed
amlog computers have become available. IEngineers at the Det-
roit Arsemal recognized the possibilities of this instrument
and now utilize the computer in the early stages of the develop-
ment of a complete vehicle or its complex components. The
advantages which result from this rapid analytical investiga-
tion over the time consuming, tedious and costly manual com-
putations are nmmerous, tut more important ie the fact that
new ideas and design principles can be investigated almost as

rapidly as they are concelved.
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The comnuter makes it possible to economically detemine
the feasibility of a design without constructing expensive
models and conducting extensive laboratory tests which are
often destructive. Moreover, it helps the engineer to de~
termine the design principles which offer the most promising
avenues of investigation. In cases vwhere uncertainty exists
concerning the values of parameters, the comnuter aids in de-
fining the limits within which the parameters can vary to
produce satisfactory results. This feature is not only advan-
tageous in design and development, but is also of extreme
value in establishing tolerances on vehicle parts which have
been approved for production. This prevents the costly manu-
facture of precision parts for a system in which precision is
not necessary for performance.

An amalog computer, as its name implies, is an electronic
instrument capable of making high speed mathematical calcu~
lations, once the physical behavior of a device has been
described and formulated into mathematical statements. This
can be done because the behavior of most physical systems can
usually be expressed in temms of mathematical equations and
graphs. When the mathematical or graphical statements become
available and the various elements (multinliers, integrators,
etc.) of the computer are connected in a manner analogous to
the equations, the computer will perform the appropriate mathe-
matical operations.
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The more frequent fundamental operations performed Ly
analog computers are;
1. Multiplication bty a constant.

2. Integration of qua tities with respect to
time,

3. Multiplication of variabtles.

The operational amplifier is the btasic building dlock
of the computer. The wvarious operations which it perfoms
depends on the impedances that are placed in the feedtack and
input circuits of the amplifier. All the physical paremeters
are expressed in temu of voltages.

To illustrate the method by which the operatiomal
smplifier of the computer functions as a multiplier, let us
assume that (Figure 1) the gain G of the amplifier approaches
infinity.

FIGURE | - MULTIPLICATION BY A CONSTANT
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To get a finite voltage out of the amplifier at B we mast not
have any voltage ai voiat O; hence Eg will be zers. Ina
practical case we may use a gain in the crder of 200,000
which makes Eg not zero btut of such magnitude that it can be
neglected. By placing resistors R, and By in the feedback
and input circuits respectively, the amplifier is said to be
"peiched® for multiplization. As an example, let u3 set the
operational amplifier to multipliy by two by placing a one
megohm resistor n the feedback, and a .5 megohm resistor in
the imput. The operaticn is performed because arny voltage By
impressed at A across the input resistor By causes a current
I to flow in the imput circuit. A fundamental elecirical
theorem (Kirchnoff's law) states that the algebralc sum of the
currents that meet at any junction is zero. Therefore
L4414 I‘ mast equal to zero. Ig is the current drawr Ty
the grid of the opera‘ionai amplifier and is on the oxrder of
1010 ampere:, therefors, it can be meglected. Thus Io must
be equal in magnitude and opposite in sign to I; to maie the
sum equal to gero. This produces a sign changes across the
amplifier and will induce a vyitage B, which i3 of opposlte
sign axd Ywice E;. This is tzue because I, 1s equal %5 11
and R is twice B;. BHence, K is ‘wice . To muiliply Wy
any constani, it is necessary to select the appropriate B,.
(Ry is usually kept at 1 megohm).
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Figure 2 illustrates the method of "patching" the operational
amplifier for use as an integrator.

By placing & 1 megohn resistor in the input circuit (By)
ard a ons microfared capacator (C5) in the feedback circuit,
the operational amplifier will generate the time integral of
an input voltage E). Again using Kirchoff's law we see
that the voltage at A, called I,, produces a current 11 to
flow through resistor R). In order to satisfy the law that
the algebraic sum of the currents which meet at any junction
is equal to zero, I> must be equal in magnitude and opposite
in sign to I;, To produce this current I, the voltage &,

across O, must be increased at a constant rate; hence K, is
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the intogral of El.

_ymmy ‘

e ———p

Figure 3 shows that the slope of E,

is depondent upon the ratio
of 02 and Ry.

Therefore, we 6an both integrate and multiply
by a constant with this arrancenent,

Hultiplicution of two variables can be perforned by means
of a servo systenm,
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'
AMPLIFIER N
SCAVO MOTOM
------- POTENTIOMETER
5
é =

o :

MOVES ¢ - MULTIPLICATION CF TWO VARADLES

In Figuve 4 the variable By produces an output shaft motien
vhose angular position varies with respect to time exactly
as E;. The output shaft controls the position of the am
of a potentiometer across which the variable E; is applied.
The voltage on the am is a fractional part of the applied
voltage Ejy, or B, = lila.

Although the possidility of using an amalog computer
for design and development of military vehicles was apparent,
there was no wmy of determining the aoccuracy inherent in
this particular type of simulation. For this reason, a
research program was instituted at the Willow Run Research
Center, under contract with the Detroit Arsenal. The

Conference of Arsenal Mathematicians
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purpose of the research was to correlate the response of an
actual tank suspension system with that of a simulated tank.
An MUY7 tank, weighing approximately U8 tons, was select-
ed for experiments in order to correlate the simulated con-
ditions with the experimental data. The features of the tank
are shown in Figure 5.

O Oltostion of Motion

Torrat

Pig. § PEATUNS OF M47 SUSPENGION SYSTEM

The hull is supported by twelve road wheels, six on each side,
These wheels are attached to the hull through road amms,
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shock absorbers, and torsion bars which in effect act as springs.
Volute springs, or bump stops, as they are commonly 'called, are
installed to limit the deflection of the wheel assembly with respect
to the hull. Attached to road wheels 1, 2, 5 and 6 are shock
absorbers whose function is to damp out motion of the mll. To
increase the mobility of the tank over roush terrain, a track is
provided on each side of the tank.

The field tests consisted of rumning the tank at various
speeds (2 to 20 mph) over two types of road obstacles. One
obstacle was a 12" and 12" timber, and the other an inverted
V ramp 10' long and 8" high, as shown in Figure 6.

Soud foaston taad s Congater
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[l / \
/ \
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Vig. & A0AD FUNCTIONS USID FOR CORMATION TASTS
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Data pertinent to the motion of the wheels and nll were
recorded on motion pictures from which the pitch angle and
vertical displacement of the hull and each of the road wheels
eould be measured.

Even a cursory analysis of the functioning of this
suspension gystem makes it obvious that to take into account
all effects would require a comouter setup of formidable
sige with increased time and cost. To keep the simulation
within reasonable limits, it was therefore desirable to
look for simplifying assumptions which would not seriously
affect the accuracy of the results. To accpmplish this, the
tank was con_sidared as a so0lid body in spece which has two de-
grees of freedom. The two degrees of freedom which were ocon~
sidered in the sismlation of the MU7 tank for the analog
computer were:

1. Vertical motion of the center of gravity .
(usually called bouxce). .

2. Rotational motion (usually called pitch) about
a transverse axis rumning horigontally through
the center of gravity of the tank.
In the simulation (Figure 7), the hull of the tank was
considered to be a rigid mass coupled to six masses (wheels)
*“ty six springs (torsion ters plus volute springs) and four
dampers (shock absorbers). These six masses were, in turn,
supported above the road by six springs anl dampers represent-

ing the spring and demping effect of the rubber tires and track.
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Only six wheele and half the mass of the tank were considered
since it was assumed that the tank is symmetrical about a
longitudinal vertical plane.

In general, it is convenient to start with an over-
simplified simulation and make further refinements with their
attendant complications as the need becomes evident. The
major assumptions which were finally found to be satisfactory
were not all determined in advance, but grew out of the
correlation work itself. Careful observation of the test
results gave clues to the factors which should not be
neglected for realistic simulation. For example, it was con-
venient in the initial comnuter studies to assume that the
wheels did not leave the ground. However, observations from
the motion picture recoris clearly established the importance
of simulating this effect.

The assumptions concluded and used are as follows:

(1). The track has only minor effects on the hull
response anc. if necessary may be neglected in the
simulation. The only effect of the track included
in the simulation was the modification which results
from the action of the track as it affected the
vertical motion of the road vheels when they moved
onto and off the timber.

(2). The spring effects of the torsion btars and
the tump stops act in a vertical direction only and
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are represented by a curve of force versus deflection

made up of a series of straight-line segments as

shown in Figure 8.

(3). The shock absorber characteristics can also

be represented by vertical components only, using
curves made up of a series of straight-line segments
as also shown in Figure 8.

(4). The horizontal forces on the tank cen be neg-

lected.

The anolog computer determined the motion of the hull in
pitch, and the vertical deflection, as functions of time by
making use of equations expressing the following mathematical
relations.

(1). The sam of the vertical forces on the hull is

equal to the mass of the hull times its vertical

acceleration. The vertical forces are those dus

to the torsion bars, the volute springs, the shock

absorbers, and gravity.

(2). The smm of the moments atout the pitch axis

through the center of gravity is equal to the moment

of inertia of the hull with respect to its center of
gravity times the angular acceleration of the hull.

(3). The deflection of each road wheel with respect

to the hull is a function of (a) the vertical position

of the road wheel, (b) the vertical position of the



Conference of Arsenal Mathematicians

2

NOLLVINMIS FBL NI QESN SNOLLVNDE - ¢ JUNDLd

u...i’ + .mmn m)bm!u -

(5"5-50% + (5u- 520"y - (%2-%0% STn

o1-%%-% -1z 0%1-%%:% ‘g1
‘G 199YA JO UOLIOW 18ITIB
om- - 0. 2 m. ‘02 om— - %= % ”n ra (2R 7 PR 7Y *
by A 7 Y
of1-%-% -6 o'1-%-" ¢ 3%+ Ce- M40 - Pe- "0 - (2T - Y
) £="4 ‘% |93YA JO UOTIOWT [¥ITIIH,
of1+ %% - %% g1 of1+ %% -5 -1 A ¢ ¢a e *
- - . r Y

. ° . 2 o, 2 3%+ (Fr- R0 - (Fe- TR0y - (Ma-C0ty . Uy
o1+ °%£=% 11 o1+ £=°% ‘11 *€ 199A )0 UOROW |BININA

[
e't+°%- "5 -9 o't+ %= % -0 3% + (-T2

MAM=C 6 *5-20% « Fe- 0" - (P4- 200 -

*%5-20%% » *Z 1S0WA JO USTINE [SIIBA
gla | SO T W 7 Y
(525~ 5055y + (225-20%7 - (4- Tololy - nN+(e-"H" >

- | P8 § ¢ Aa_Ta a | P § 1A I
(" 4-"H)>4+(w- - k- « 0%
("2- 2091 + (5"4- 50551+ 20PN O - (740 T
“1 108UA O USIIOWE [SMIIPA

(£*£- 0% - (*0-20% 7% - (2- TN - - o

“unq 2y jo gONd °8 s+ (0%2-20% - (5%2-595 -
9% + (Oe- ..:bo.no - @2c-20% - (22- Tl - (2-20% - (- S0 -
(9%2-90% + Ou- 920" - (9%c- 90" - PP 2%V - (2- €0 - (P%2- 207 - (“%2- 10'x-- %%

‘9 199YM JO UOHIOW [EONIIIA L ‘1104 84} JO UOTIOW [EIJIIBA



Oonference of Arsengl Mathematicians -]

Fig. 10 SOHEMATIC DIAGRAM OF mmmuou



Conference of Arssnal Mathematiciams

+10
+09

*08 o © Meosured Velues
*07 So=ad Sinviated Volus

*06 \ﬁ
o 05 \

1 2 3 4 S é
NUMBER OF WHEEL ON 12 INCH BumP

1 2 3 4 L é
NUMBER OF WHEEL ON 12 INCH sumr

Fig. 11 COMPARISON OF MEASURED AND SIMULATED VALUES OF PITCH
AND VERTICAL DISPLACEMENT OF HULL UNDER STATIC CONDITIONS

%



Oonference of Arsenal Mathematicians

center of gravity of the hull, (c) the pitch angle

of the mll, and (d) the known geometry of the

suspension.

(4). The sumation Jf verticél forces on each road

vheel is equal to the mass of the wheel times its

vertical acceleration. The vertical forces on each
wheel are those dus to the toreion bar, the volute
spring, the shock absorber and the reaction due to

the spring and the dsmping properties of the rubber

in the track and tire.

The equations resulting from the above mathematical re-
lations are shown in figure 9, and figure 10 shows the sche-
matic diagram of the wehicle simulation.

As & means of comparing the real tark with the simulated
tank, under the least complicated conditions, checks were
made of hull pitch and vertical deflection under static con-

ditions. These data were obtained by riding the tank wnto
an obstacle, allowing it to come to rest, and then measuring
pertinent distances, from which vertical displacement and
pitch of the hull could be detemmined. Comparing these
measured quantitiel; with the simulated values provides a
check on the validity of the computing technique for the steady-
state conditions. | This comparison is showm for the can‘ot :
the 12-inch square obstacle in Figure 11, where pitch and verti-
cal digplacement are plotted for different horisontal locations
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of the tank with respect to the bump. It can e seen thut
the correlation between real and simulated values is, for the
most part, within the limits of the measurement errors. v
An exemple of the correlation of the dynamic response
of the tank for runs over the inverted V ramp at 20 fps is
shown in Figure 12. The correlation of the response of the
tank for runs over the 12" square timber is also shown in
Figure 12.
In addition to the work on tank suspension systems,
considerable effort has been expended on the simulation of
tank gun control systems and components. Special attention
has been given to the problem of stabilizing the tank gun in .
space. It has been possible to predict with reasonable accuracy
the performance of a gliven sun stabilization system when
coupled to the aforementioned susvension simulations. The
addition of a pictorial presentation of target and sight-field,
along with the necessary controllers, permits the human gunner
to be included in the overall simulation. A simulation such
as this allows the vehicle to be evaluated as a complete,
dynamic fighting unit. Such an evaluation is of much greater
value than attempting to evaluate the individual components
alone.
Another problem in which the analog computer has been
useful is in the suspension of high-inertia guns and turrets
on moving lls. In cases where gun or turret inertia is
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extremely high, it becomes difficult to "hold" the gun or
turret relative to the hull while moving over rough terrain.
This problem has been overcome by the use of resilient mem-
bers between hmll and gun. The design of these resilient
members is closely tied in with the vehicle suspension and
gun control system. Simulation of the suspension, gun, and
resilient mount has allowed the determination of design pare~
meters which would otherwise have had to be determined from
vehicular tests.

Experimental work is also in progress to provide the
hunan gunner a movable seat arrangement which will accept in-
puts from the simulation and impart the vehicle motion to
the gunner. It is recognized that the effectiveness of the
gumer (and other crew members) is affected by vehicle motion.
The ability to study these effects under controlled conditions
will be of great value.

Also planned is a function generator to impart a realistic
um function to the simulation. Topographical maps of
various terrains in different parts of the world where tanik
warfare is contemplated would be reproduced and studied.

A word of caution may be appropriate. The amalog com-
puter is an instrument capable of solving numerous simultan-
eous equations which result from effectively isolating each
camponent system, and usually, the equations for such component
gystems are of the second order and the number of these

[S—
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equaticns is of no consequencze besause the computer will eliminate
the time necessary to eolve them. FHowever, the application of an
electronic computer to the solution of an engineering proviem depends
cn the availability of mmerlcal data. Hence, effectiveness of the
canputer approach will depend on the completeness and walidity of
these data. This is not as disadvantageous as it may seem. let us
assume that a redically new system is to be analyzed, that the infomma-
tion may be incomplete, and requires extensive extrapolation. In this
case the computer will provide qualitative results as %o the amouat and
manner in which each design varlable affects the gystem's ferformance.
The simulation will indicate the d.esign.of the system which has optimum
characteristics, but will not provide an absolute measure of perfommance.

The foregoing research program verified that the results ovtained
by the computer were walid and within limite for the dssign and develop-
ment of probtlems involved in variouvs types of wheeled and tracked vehicles.

While it is true that compater techniques will save an enormous
amount of time and money whichromally would be epent in construction
cost and laboratory tests, much more could be accomplished if more
engineers were adspt in correlatirg ths physical reaction of structures
in temsa of graphical data. This difficulty was encountersd and was
solved by developing a "simuscope®. This is a visual aid which pre-
sents a reproduction to scale of the motion of the hull and wheels
as the vehicle goes over an obstacle at different speeds.

In view of the claims which have been made,' one wonders why

computers are not ussd more freguently. The reasons are:
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1. A lack of knowledge of Just what computers can do to solve
prollems in a particular engineering field. The automatic
computing field is a relatively new one and the "word" has
not been passed on to everyone. )

2. A mistaken idea as to the cost of comwuting equipment.
Engineers who have not had time to btecome familiar with
camputers feel thot it takes "a million dollar machine®
to solve problems. This is not the case at all. If one
vere to hazard a suess on the cost of a machine to solve
a rarticular problem it would probtebly go something lile
this: where computers are applicable, the cost of the
comnuting equipment would be much less than one costly
"guestimate" where the entire design has to be scrapped
after the pilot model is mamufactured, and in many cases
the cost is less than changing major components in the
experimental systems.

It can be expected that as engineers become ava.ﬁe of the
numerous applications of the computer in their respective fields,
they will begin to use them to fuller advantage. Perhaps as the
novelty of the equipment wears off and the word "computer® ceases to
be synonymous with mystery and camplexity the analog commuter will
command widespread use in engineering organisations of both govermment
and industry.
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PROBLENS IN THE AFPLICATICN OF LEAST SQUARES
TC TUNCTICN GINERATOR DBSIGN

By John G. Tappert

A function generator is a circuit or network used in an analogue computer
to store, and exhibit on demand, a predetermined relationship between a number
of variables. Consider the relationship,

f (y. xly X peoe xn) s 00

2
A function generator used to solve this relationship would have the property

of exhibiting, in analogue form, the value of y which satisfies the given
equation whenever a set of x's are introduced in their appropriate analogue
form. Normally, it is required that the relationship be satisfied only in a
limited domain and within a specified accuracy. PMurther, in computed applica-
tiona, the functional relationships are limited to those which are single

valued and have finite firat derivatives of the dependent variable.

Function generators are essential to many military computers. FPractical
design of such circuits requires that efficient use be made of available com-
puting elements. One of the most simple, yet extremely versatile computing
elements is the function of a single varieble. That is, an arbitrary function
of a single variable is, in most cases, easily ani reliably instrumented to a
high degree of accuracy. It is reasonable, then, in designing a function
generator involving many variables to attempt to approximate the desired
functional relations by combinations of funetions of single variables. This
paper will deal with the mamthematical problems involved in the determination
of optimum functions of single variables in higher order curve fitting.

The techniques for applying the principle of least squares to curve fitting
problems, in the case where a finite number of parameters are to be optimized,

are well knowmn. If the residuals cen be expressed as linear functions of the
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parameters to be determined, then these parameters can be determined by solving
a set of linear equations. In our present problem, the unknowns are functional
relationships rather than coefficients of known functions. However, the former
is readily reduced to the latter by defining the funectional relationship in
terms of a finite number of parameters.

let us consider an example along with a typical set of conditions. Ilet
there be a relation

¥y * T (%30 X5 x3). (1)
which is to be instrumented in the form

v, = 8 (x) +F, (x) 4 LB (x3)- (2)
It is desired to determine the functions P,, F_, 1"3 which minimize

f/j(‘ya - y1)2 dx) dx, dx, (3)
over some specified domain in X-space. However, no explicit analytic expression
for (1) is known; but it is possible, at considerable cost in time and labor, to
determine sets of data which satisfy the relation. Murther, the procedure
employed in deriving these sets of data does not permit direct choice of sgpecific
values of x's or y; thus, the available data is irregularly spaced in all
variables.

It might seem reascnable, under these conditions, that if we took a repre-
sentative set of data and replaced the integral (3) by a summation, the problem
could be solved. But suppose, for example, that among the selected data points
no two values of say, X, were identical. Then, as far as the data are concerned,
yl could unambjguously be represented as a function of xl alone, and a solution
with all the residuals vanishing would be obtained by making 1'2 and 13 constants,
Such a solution obviocusly would, in general, not satisfy the condition (3) and

therefore would not be satisfactory.
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These conditions, then, are not sufficient to solve the problem. It is
necessary, as it always is when we expect to define continuous functions by a
fini te number of points, to assume that the functions have that rather ill-
defined characteristic of being "well behaved®. ¥For our present purpose, we
can say that function is *well behaved* if it has no structural peculiarities
that are not revealed by the available data. ;I'his property of *well-behavedneass®
is akin to the property of continuity in that it is a local charasteristic,
involving only the relation of data points in a finite tut limited region.

We are, then, faced with a two-fold problem:

as To define a functional relationship in terms of a finite number of

parameters,

bYe To define a functional relationship in such a manner that it is

locally ®well-behaved® at every point, without imposing restrictions
on its gross shape.

There are, undoudbtedly, many ways in which these two conditions can be
met reasonably well. The method that has been employed successfully at
Frankford Arsenal consists of defining the function in terms of a finite
number of cardinal values and a low order interpolation law. The procedure
in defining a function of x would be as follows:

Normalize the variable, x, so that its excursion is dbounded by convenient
cardinal numbers, say, 0 to 10, and define the value of the function at all

the cardinal points of the argument dy a parameter. Then the functiocm would
be completely defined by

F(N+k)-= Z,an )
where the ¥F's are the cardinal value parameters, the a's are the interpolatiom
coefficients, and the argument is written as a cardinal number, N, plus a
decimal fraction, k. In the case of lagrangian interpolation, the numerical

values for the a's depend on k only and their assignment as coefficients of
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specific P's depemds only on N.

Tl‘xis procedure obviously defines a functional relationship in terms of a
finite number of parameters; the low order interpolation law adequately controls
the *well-behavedness® of the function; and the fact that with low order inter-
polation all . 3 coefficients vanish except those for the cardinal values in the
immediate neighborhood of the argument limits the restrictions imposed by this
definition on the gross shape of the function.

The problem of optimizing functiocnal relationships can, therefore, be
reduced to the problem of optimizing constants, and this problem in tura is
amenable to solution by lnown conventional methods.

Experience has shown that difficulties can arise if certain precautions
are not taken. Some of these are discussed below.

It is very desirable to define the mathematical problem in such a manner
that the solution is unique. Consider a structure

vyt (x))* £,(x)),
and let ¢

0 and £ __ be functional relations which result in a am of the squares

1 20
of the residuals which no other functions can reduce. Then there are a whole
set of funeotions,

fl (Xl) gk flo (xl),

) -tr ),
which give identically the same residuals. These solutions are, of course,
identical as far as a computer designer is camcerned, but are different solu=-
tions mathematically, and therefore leave things indeterminate. This type of
difficulty can usually be eliminated by reducing the number of parameters by
one, and defining the function at one of the cardinal values in terms of another,

£ (Nz) * L (Nl) 4 constant.
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This fixes the scale of the fl function without restricting its shape, and
eliminates the multiplicity of equivalent solutiocns. In more complicated
atructures, the possibilities of such multiple solutions may be less obvious,
and their elimination, without imposing unnecessary restrictions, can call
for considerable ingenuity.

Bvery effort should be made to reduce to a minimﬁ the number of undéter-
mined parameters required to define a function generator strueture. This not
only reduces the amount of lator required, but also provides the best insurance
that the solution is not unduly influenced by the particular finite selection
of data which are taken to represent a bounded continuum.

A designer, in setting up a structure to be investigated, usually has a
fair idea of the general form of the functions which will be required for it.
Say, for example, that there is reason to believe that one of the functions
will turn out to be something like the tangent of an angle, between 0° and
85°. That is,

£ (x) ¥ ten x.
To adequately represent such a function with a low order interpolation law
would require closely spaced pcrameter values in the region of large values
of x, but could tolerate wide spacing in the region of small values of x.
Considerable economy of parameters can be realized by a change of variable,
£ (x) § g (tan x).
Since the g function would be alrost linear, it presumably .ccn'xld be adequately
defined by a small number of parameters and still retain the advantage of a
low order interpolation law. Alternative ways of handling this, when the
change in variable is not convenient, amount to breaking up the undetermined
function into two terms or factors, one of which is predetermined. Thus,

there is no loss in generality in defining

£ (x) = tan x4 8, (x),
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or
£ (x) stan x * & (x).

Here, again, fewer parameters would bde required to adequately define 8, °r &,

than would be required to define f.
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SOME TYPICAL PROELMS COMFRONTING
MATHEMATICIANS AT BRL

By Saul Gorn

INTRODUCTION

At two other meetings sponsored by the Office of Ordnance Research,
nemely the Symposia of April 1953 and April 1954 in New York and
respectively, there were talks on subjects similar to the one I am called
" upon to discuss today. Since Dr. lotkin, who gave the address in New York,
and Professor A. A. Bennett, who spoke in Chicago, were both, like myself,
connected with the Computing Iatoretory of the Ballistic Research
lavoratories at Aberdeen Proving Oround, it might seem that they have
suddenly discovered some big gap in their discussions for me to expand

upon.
This they definitely did mot do.

‘ And yet I am sure that they would both agree that the antomatic, high
ugeed, digital computers have had such a dramatic effect on both our
ability to solve our problems and our attitude on how to do so that this

effect will bear describing again and again.

However, you will understand why, in this description, I choose
different examples fram theirs.

Both referred to the variety of machines, including Eniac, Elwac,
Ordvac, etc., and Dr. lotkin described their main characteristics.
Professor Bennett describted the variety of application and Dr. Iotkin
gave their mathematical categories. Finelly, Professor Bennett gnve the
percentage of computing time dewnted to eachk class of applicatioa amd
spoke atout the effect of high speed camputers on mathematics iteslf.

I want to touch upon the sources and mature of the requests for our
services.

Withir BEL we get problams from the Exterior Ballistics Iaboratory,
The Interior Ballistics laboratory, The Ballistic Measurements laboratory,
The Terminal Ballistics Iaboratory, The Weapon Systems labtoratory, and
provlems from the Computing laboratory itselr.

Almost one third of the projects are concerned with computations of
firing and bombing tables. From exterior tallistics come many dats
reduction probtlems involving amoothing, least square fitting, and the
like, as well as a number of air flow problems. Interior tallistics
has been ylelding problems in the detemination of trajectories, burning
rates, and molecular structures. Beside numerous data reduction problems,
ballistic measurements give rise to various theoretical problems concerned
with measuring systems. We will see an example in a moment. Terminal
tallistic problems give rise tc a host of theoretical studies involving
elasticity, penetrability, fragmentation, and distribtution of fragments.
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The problems of weapon systems evaluation are largely.concerned with
protability, statistics, and game theory. Finmally, in addition to the
firing and bombing tables, The Camputing laboratory has many problems,
mathematical and logical, net directly tied to specific computations,
concerned with efficient use of ths high speed computers. More will dbe
said on this subject later.

The sources of problems outside ERL are the arsenals, other Govermment
installations, Govermment contractors, and universities. From the arsemals
we have been getting large data reduction problems, often by commlicated
least squares procedures, and computations of complicated trajectories;
other problems from Government installations and Govermment contractors
have involved computations of camplicated multiple integrals, high
vrecision solutions of complicated numerical equations, boundary value
nrotlems, and solutions of medium siged systems of linear equations.
Problems from ~ure mathematical research come to us by way of research
contracts awaried by the Office of Ordmance Research itself. An
example of this type will also bte touched upon shortly.

AN INTERIOR BALLISTICS PROBLEM

An example of how an advenced mathematical viewpoint can aid in the
choice of an economical computing method by examining the variables in
a range in which they are physically meaningless is the following. The
interior tallisticians, in studying the motion of a progectile within a
&m after the charge has bturned out, have a physiocal leading to
the tmjectory equation:

L(o“’= p. 4 -_ L

where Y is a corstant in the neighborhood of 1.3 and X and W are
dimensioniess quantities related respectively to the free volume behind
the projectile and the projectile velocity. It is desirable to have a
table of solution curves for various sets of initial conditions
corresponding to different guns, different charges, different projectile
weights, etc. From the very statement of the problem it is evident that
the equation must be physically meaningless in a neighborhood of x.= o,
and, indeed, the computed values are only of physical interest in the

OS5 L%t 4 Y =10Las, 1.3

A =usqd
Hevertheless, to choose an efficient organimtion of the computation calls
for a view ™n the large" of all the solutions in the x, u - plane, whose
distritution is greatly influenced by the mature of the singularity at
the origin. By an overall analysis of the type much used in non-linear
mechsnics one can quickly sketch the family of solutions fram the nature
of the singularity, the gero isocline, the infinite isocline, and the
locus of inflections; all thess may be determined directly from the
w. The situation is roughly summarized in the accompanying
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_ SKETCH OF SOLUTIONS OF uu' = y7-y ¥

FIG. |
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Because of this view of the solutions, it was decided to organizs the
numerical solution by machine by 1. - beginning each solution at

ue= xz)l s broceeding to the right until u'- «l, 2. = Switching variables

and continuing on to the edge of the desir:d region, 3. - proceeding left

from the same initial point in the same way switcl:ing when u' =1, This
procedure was carried out automatically,

A BALLISTIC MEASUREMENTS P.1)BLEM

The physicists concerned with ballistic measurements sometimes measure

a distan:e by sending out a radio signal, frequuncy-modulated by & number
of differ<at tones. The signal is automatically returned from the object
whose distarce is being measured, and the phase differences in the
differen' nodulating frequencies, also called mrse channels, are used
like the dial readings on a gas meter to give, so to speak, successive
decimal digits in the distance. When, however, there are superfluous
return signals, due to such things as umwanted reflections, a distortion
of these range channels is the result, causing an error in the estimate
of distance, To get anidea of the magnitude of such errors, a simplified
model with one urmanted rerlection was assumed, and the reflected signal
::a ;\rxpposod to have a strength as large as that of the direct signal

self.

The Computing Laboratory had, then, to prodnce accurate answers to
the following:

Find the phase shifts, %, and¥,, for two values of the

deviation retio, B, and eight values each of 0y , and
g having the following meanings -

= 6, = carrier phase lag at the receiver of the reflected

wave relative tc the direct wave,

v = a quantity proportional to the path difference

é’ » & quantity connected with phase lag between modulating
frequencies,

uhon&l and %, are given by:



Conference of Arsenal Mathematicians u3

ﬂﬂ b(,-': % ) 7‘&»4)(.: G/% ,
GI:EL%'?V +/-4L§(»’«-/-)’/)\M(a*?f)/
p = Loy ,«/zci (,~m) Cos (Birv),

G; -L&m 20V +7é(70 -»)&n(/oz -f’f-/ozf)

hﬁ.: /-—i&'-ZoU' /é (».,-m;) Ces (/02 "‘Zf—/ov)

where —77 < Z‘.<77/ & e/

3‘.}9,’./ =/l F are Sued o Ty/e/J
Y = (2me1)77 %,
7&:4_?5[5«. v Cos/S +J4'n/oy6r:()ob-;)],
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There are essentially numerical equations, although the inter-
mediate variables My must be integers. For different assigned
integers for M, the last equation must be solved for B to yleld
a correspording Bj. The main problem is essentially one of organiz-
ing the arrangement of solution of somewhere in the order of 10,000
such equations in such a way that the answers are properly grouped
to find Gy, Hy, G5, and H and hence o) and™,. This combination of
bookeeping a.n& traffic control with computed fntemediato results is
one of the main capabilities of the automatic high speed machines.
The numerical methods adopted would have taken a skilled and tireless
bhand computer at least one man year. Less than thirty hours of machine
time was actually involved,

_ A STATISTICAL PROBLMM

In evaluating the effectiveness of & gun and ammunition it is
customary to use the standard deviation from the mean point of impact,
both in range and deflection. Sample variances or standard deviations
are customarily used to estimate the corresponding population paremeters.
However, in order to reduce the effect during range firing of shifts in
the mean point of impact due to wind, A. A. Bennett around 1919 proposed
that successive differences in the observed ranges and deflections be used
to obtain estimates of the aforementioned parameters. This has led to the
problem of camputing the protebility distribution of such sample stasistics
as:

L% = Shy

% where
‘5; ’

d:. _ / = ¢y ) (2Spsmmy)
v (?)(,,_/,)% (A )(c) , and
§t= =5 Z(/‘//"’/?/f (=25 )

iHaee, .qf cruraa, /=
LK = & a0 = 2 V)X
X=#244

S S

and th: xi are ir-ey:rdent random samples from a normal ponuletius,

)

It is desirable to have tables of these distributions for sample sizes,
n, from 3 to 25, and order of difference, p, from 1 to 5, The distritutions
themselves were completely characterized by von Neumann as long ago as 1941;
the problem is to choose a rcasomable method of computing them,
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At least nine methods, ranging from the maive-tut-not-to-be-ignored
to the sophisticated, have been considered. The method being investigated
at present 1s somewhat typical in that it protadly would not have been
coneidered 1f the high-speed, autematic machines had not been available.

First an orthogonal transformation is applied to reduce ths problea
to that of computing the distribution of

87/ ot ”'Y;Z— 7/1—‘-‘)7—/.
/ /’""‘*/h-v
The characteristic values, By, for the various n and p have been computed.
Hare
B>8>  >B.

The method under consideration begins with von Neumenn's relation for
the protability deneity, ¥ (B), applicable when m is even:

Lare
/ 0/“”' @) if v is even

(2 _,)/ ot F;d )= (-I)L"m /

if v is odd
for }w<’§<§’ /&7‘/

Tus & siotch of T (B) and ite 1/2n-1 deriwatives, wvhen m=6, wuld look
as follows:



B

SKETCH OF F(B) AND DERIVATIVES FOR m=6
FIG. 2
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If cne expands the nonezero expression for the w— = 1'st derivative

of F (B) into fractional power series about each oi tge singular points,

B,, the radius of convergence will be the smaller of B, - B4 and Byyy = Bv
[ ]

Integrating these series term by term should permit us to advance along the

B-axis by a method of analytic extension applied to all the derivatives

similtaneously down to F. In all, this will call for the use of almost

7500 power series and almost as many polynomials, which should be handled

automtically in interrelated groups to economize on the requirements for

similtaneous storage of coefficients.

A PROBLEM FROM MATHEMATICAL RESEARCH
The following problem concerned with the theory of algebraic numbers
cams to us from the Office of Ordnance Research in support of a contrect

it had awarded, A number £, is called a cubic algebreic number if it
satisfies an equation of the form:

P-lxtr fx—N=0,
solutions, theggmt_e_s_dg) z’md g/

f=g,+£+£ called the trace of K/
,V:ggf’called the norm of £

t, ¥, and N rational nuabers, and

g satisfies no such equation of lower degree.

It t, T, and N are also integers, &, is an'integral algebraic mumber',
If, in addition N = +1, £ is called a unit, Like the numbers .t 1,
units divide exactly the ther algebraic integers of their domain,

Professor H. Cohn of Wayne University designed an algorithm
vwhich within a cubic field produces many algebraic integers with small
norms, and must yield at least one unit. It begins with a suitably chosen
three by four matrix of algebraic numbers

b B §
Pl' q1| ﬁ' sl'

Pll' qll ﬁ' ﬁ.
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with sign pattern

and P+Q+R+5=0

One c.. choose a column, add it to a second, and subtract it from a third,
Of the twenty four possible results, between three and six will maintain
the sign patiern, and the algorithm consists in branching ocut from these
by the same process. However a matrix is the end of its line if some
suitable rearrangement of its rows and colums makes its rows individually
proportional to those of a predecessor. The factors of proportionality
are units,

In order to make more modest demands on storage the sponsor replaced
this branching algorithm by one whose results appeared in a linear order,
The new algorithm was to be applied to the so-called 'cyclic cubic
fields with prime conductor!, beginning with matrices simply related to
the solutions of: ' '

WS+ —mw-S =0,
/ =3m+/ a prime integer,
5 _ A+3).f-1
@7
A= 3‘*/ and 720 are
The unique solutions of A v .?Z/ -/

It was fqund possible, using about a thousand storege positions on
one of our machines to carry out all operations exactly except for those
required to verify the sign patterns of the matrices, If the machines
had more intemal storege available, these sign discrimimations could

also have been made independent of approximations. As it was, automtic
error controls were carried along with the computations.

, Where

The fact that the essential computations could be carried out te
what is effectively infinite precision to produce some 3500 alge
integers together with their determining equations for all primes
up t6 500 was made possible by the use of the so=called 'structure
constants!: .

V:,,d,ﬂf; VL;A;A such that
At = W’d/"/‘df 2+ Y Wy,
AUy = by W 74‘1«)‘7"‘”; '
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/
Ay irm..og, - —-Zf-/.»f—-ofg
NE T ’/’: = 5=F 0 h T 2
— A - _)’/ —'A'/ p—3 - _M—A’

By use of thete, every integer forred and its defining efuation could
be given as follcws:

nand ye

{V"-"(ﬂ,é c)= dw,#—,&’w,_-fcw,

a, b, and ¢ rational integers,
Z‘ = ‘(d'/‘/('*'c))
£ = _;,,/‘,‘.//.z/f,#c 7‘4‘62},
N= =S {0Zad*+ G5 a2 +ate],

where
g,= %—52»‘/ N 25 Al

This problem thus had the interesting and paradoxical feature of
including both infinite precision computations and automatic error
analyses.

THE GENERAL PROBLEM OF ORGANIZING MACHINE USE EFFICIENTLY

The problems described so far, although diverse in sowrce and backe
ground, have in common a kind of dynamic logic we havo already referred
to as bookkeeping and traffic control. They have all included the
mechanization of decisions on how to contimue; where the criteria are, of
course, fixed, In this sense the machines can think, and the thinking
can be on a large scale and very intricate, but must be routine as
opposed to creative or executive, And in most problems, even though
they are computational, a large part of the work is this making of routine
dacisions. This is even true when the problem is not, strictly speaking,
computational, as, for instance, when we set the machines up to play
war games, It is perhaps for this reason that programs for the machines
ace commonly called routines. One of the most surprising facts to

emerze from constant attempts to extend the range of applicability of
these machines is that vast portions of our judgments are routine and
can therefore be mechanized. Perhaps these machines should not be

called computers at all; they can do general information transforming

cf which there are other forms than the numerical one of computing;
translating languages is an example,

An example of a large scale information transforming job already
mentioned as a primary function of BRL's Computing Laboratory is the
following: Given large quantities of range data, produce a tiring
table. The whol> prosedure can be thought of as one huge routine whose
subroutines at present use different machines and groups of pecple,

The poople are used less and less within this routine and more and more
in plawring its mechunization. For exampls, a big part ot the hand
tyving of the tables has becen eliminated because the extraction of
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the tabulated information is perfomed mechanically upon the computed
trajectories and prepared mechanically for automatic typing. When
machines with large intermal stomge become available to us, very
1littls of the table production procedure will be left ummechaniged;
even checking for tad data can be made routine.

At present, then, more time is epent preparing problems for
computation than 4t takes to do the computation. The problems are
literally quicker done -than said. MNonths are needed to prepare,
against hours to compute. This is because much judgment is required
in the preparation of routines.

And yet, as usual, a large portion of this judgment is itself
routine, and can again be mechanised. We should be adle to enlist the
madhines to help in preparing their owm prodlems for their own solution,
and thus possi reduce this preparation time from months to minutes.

lst us panss, then, to break down this preparation time. Vhea a
problem is received, it must go through four stages before all the
actual computations are performed. These may be called amlysis,
orror amlysis, coding, and cods checking.

The analysis stage includes choosing the methods to be used, 1.6,
choosing the main subroutines in the routine together with their logical
ordering, and doing such amalytic things as say, substituting one power
series into another. An example of the first type of analysis is the
ihoosing of a difference equation approximation to a differential equation

the only strictly mmerical operations these mashinee 8 are addition,
mbtmction, multiplioation, and division). This wewally calls Sor exsombive
Judgment and would rarely be mechanised.

The seoond stuge, error analysis, aleo has a large element of reutine
thinking in it. It should therefore be possible in many cases to
for the error analysis and ocontrol to be carried on along with the
computation by the machine. Ve have mentioned this sort of thing in
comnection with the problem from mathematical research.

The coding stage, as everyons is aware, aleo contains a large element
of the routine clerical type of thought, especially if well known metheds
are being applied. The routine element here consists in putting together
the instructions themselves. But our machines store their orders
exactly as they store their mmbers, so that routine operations on their
own orders can be carried out mechanically. This makes it possible,
agnin if the storage is sufficiently extended, to have the machines
sutomatically assmmble their owm routines from previously ocoded sud-
routines. Oombining this possibility with the machines' ocapability of
doing routine translation, this means that it is possidle in a multi-
sachine installation such as BEL's Computing Iatoratory to cods probtlems
in a universal abtreviated code, inlspendent of the particular machine.
The machines themsslves would assemble their codes from previously coded
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sabroutines, and then translate the routines into their own code, making
their own routine cholces of storage assigmments. This is a univeral, .
seni-automatic coding. ixperiments are being run on the spare time left
ty production commitments to see how expensive such a procedure would be
in both storage and time.

The last stage, code-checking, can take considerable time since
human errors in coding are almost bound to appear in long problems,
such as some we have described. The existence of a large library of
standard subroutines would do much to alleviate this situation; the
existence of universal, semi-automatic coding procedure would do
even more.

With these considera‘ions in mird, it is, I believe, apparent why so
much has been said about the effect these machines may have on the develep-
ment of mathematics and on the type of persomnel needed to program them.

M. loticin - ERL Memorandum Report No. 693 "Some Problems Solvatie on
Computing Machines" (Symposium in Applied Mathematics -

23-24 April 53)

A. A. Bennett - "Some Numerical Computations in Ordnance Problems"
(Symposiom in Applied Math; 28, 29, 30 April 54)

J. von Neunann - "Distribution of the Batio of Mean Successive Difference
to the Variance” - Amnals >f Math. Stat., 1941

H, Cohn - ;cA Periodic Algorithm for Cabic Forms" - Am. Journ. Math. -
t. 52

8. Gorn and M., L. Juncosa - BRL Report No. 889 - "On the Computational
Procedures for Firing and Bombing Tables®

8. Gorn and R. Moore - BRL Report No. 893 - "Automatic Error Control,
The Initial Value Protlem in Ordinary Differential Equetions®

8. Gorn - BEL Report No. 816 —~ "On the Study of Computational Errors®
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COMPUTING METHODS FOR THE SOLUTICN CF
SYSTEMS OF DIFFERENTIAL EQUATIONS

By ¥. J. Murray

The Office of Ordnance Research. has kindly given me an opportunity to

discuss the work which I have done in connection with computing procedures
" for differential equations, and I am grateful for this invitation.

The experience of any individual is necessarily limited, and the methods
which have interested me have been developed in connection with a certain
range of problems and certain types of computing facilities. I must apologize
then if this range is not coincident with your range of interest.

Most of this work arose as a consequence of ccnsultation with the United
States Navy Special Devices Center, and certain theoretical developments were
carried on later under the auspices of the 0ffice of Naval Research. Special
Devices has had a remarkable and interesting range of problems. It has had
considerable responsibility for the cevelopment of design ccmputational procedures
for air vehicles and airborne systems. As you are aware, the original REAC
equipment was developed under SDC auspices.

The application of this equipment is dependent upon the analysis of meny
mathematical problems, such as the requirements of real time simulation, overall
system analysis, and the use of digital chesk soluticns. The Cyclone labora-
tories of the Reeves Instrument Corporation pioneered the use of automatic
digital computing equipment for check solutions for analog computation. The
experience with the digital check solutions for"analog equipment was later
useful for developments such as the present project for the development of an-
operational flight trainer using digital computation.

In certain of these cases the actual problem in applied math‘enitica is

more general than the gpecific solution of an individual system of differential
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equations. The problems involve classes of systems. Por instance, the develop-
ment of analog computing equiprent involves questions concerning ranges of
behavior, and, similarly, the major objective in the development of an oper-
aticnal fl:i.hht trainer using digital corputation is a flexibility which will
permit the consideration of a reasonable range of aireraft. Thus, it is char-
acteristic of these problems that while they are not specifically tied to
individual systems, nevertheless, like almost all problems in applied mathe-
matics, they do have precise limits.

It seems to me that the first responsibility of an applied mathematician
is to solve the given problem with precisely the generality given to him.
If more than one solution is possible, his objective is to obtain tl;e optimum
solution. Until the given problem is solved, his major interest should not
become involved in any generalization of the given problem. After a specific
problem of a certain type has been solved, the solution itself may give some
light on effective generalizations and tie-ins. The solution may be a small
window which will permit us to see generalizations that are really valuable.

The work for SDC indicated above has led to two areas of development
which I explored under (NR auspices with two colleagues. Dr. Miller amé I
have developed a general error theory for differential analyzers. (Cf. llof..
LB] and [’a ) This is adequate for digital procedures as well as the more
difficult continuous computer. J. Winson has modified this theory and applied
the result to "linear* WEAC equipment with very interesting results. (Ref. [E] )
Other developments ¢l>f this theory were undertaken by the Advisory Board
Similation of the University of Chicago. The latter will also publish an
extended version of the theory. Dr. Brock and I have worked on certain
numerical camputing procedures which are applicable to the types of systems of

differential equations which appear in problems for air vehicles. (Ref.[l] ana [])
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At present, it seems to me that it is less expensive and more convenient
"to study a aystem of differential equations of the type which occurs in air
vehicle problems by the use of a continuous differential analyzer properly
supplemented by digital computation, than any other method. Parameters may
be varied, equations ®*simplified", and the equivalent of major design changes
carried out with ease. The person with engineering responsibility for the
design is at all times in intimate contact with his problem. TMurthermore,
real time simhtio; at present seems to require the use of continuous equip-
ment. I was pleased to note Mr. Wood in the present meeting has independently
made similar remarks concerning the applicability of continuous computers.

There are, however, many problems associated with the use of such equipment.
To check the initial setup and at the same time obtain a preliminary test of
accuracy, a digital check problem is very useful. The size of these problems
maloes autcmatic computers necessary, and critical resulés esn be checked Wy a
digital camputatione

While the use of digital check computation is probably the best manner of
determining the accurmcy of the results of a specific study, it is also desirable
to obtain a general theory for the accuracy of continuous differential analyzers.
Mathematically, ﬂzi;s mesans that we must obtain a comparison betweemn the solu-
tions of two systems of differential equations which in some sense approximate
each other.

Such & comperison is desirable and essential in many other problems besides
error studies for differential analyzers. .In almost every physical applica-
tion of ordinary differential equations, the corresponding preblem arises of
comparing the solutions of a known aystem of differential equations with the
solutions of another system of differential equations which approximates the

first system.
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Now if this problem involved only differential equations of the same order,
the usual existence theory of ordinary differential equations which discusses
the dependence on parameters of two gsystems of the same order would give an
adequate answer. But both in the case of the error analysis and the other
applications referred to, one has the situation that the two systems to be
compared are of different order. Thus, mathematically, one has the problem
of comparing two aystems of differential equations

F, =0 G =0

where the second system may be of higher order than the first, tut the extra
higher derivatives appear in the second system with relatively amall partial

derivatives. This is the problem which Dr. K. S. Miller and I solved in our

joint paper in the M.I.T. Journal of Mathematics and Physics. (Ref. [3] )
The review in lﬁthomatical Reviews of this paper gives the incorrect impression
that only a much more specialized'broblem was ccnsidered. Since the major
objective of the paper was exactly this mathematical prodblem, it was quite
disheartening to f£ind that the generality of the result was ignored.

In order to tackle this problem associated with an increase in order,
one must introduce a new technique. The basis of this technique is the
followings

Around a given fixed soluticn, one may ®linearize® the given system of
equations, using the classical existence theory procedure. *Linearization®
of course refers to a process cf replacing the given system by a linear system
in which one has constant coefficients. Now the usual rough method of attacking
this is the following: One starts with a single solution given over a fixed
interval of the independent variable t. One is trying to study the solutions
with initial conditions close to this one. The fixed t interval is divided

into shorter intervals and on each of these the given system F, is replaced by
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a set of linear equations with constant coefficients and appropriate forcing
terms. It is not uncommon to use this system to study the original, the claim
then being that if one repeatedly subdivided the given interval and took initial
conditions very near to those of the given solution, one would approximate the
urimé other solutions.

It does not seem to be widely appreciated that the classical theory of
differential equations permits one to *linearize® in a much more effective
menner. We may have to use a subdivision of the t interval into a number of
amaller intervals and use as the basic approximation a numher of linear systems
with constant coefficients, but cne can base the discussion on a fixed sub-
division of the ¢ interva]'. and the range of initial conditions can also be
- considered to be fixed and of finite extent.

Briefly, the process consists of introducing a system of equatioms,

ri(... a0 = 0, ¢
with a parameter & with the following properties: The system, .
1'1(... ,0) s 0,
is the basic approximation, i.e. it is a linear system with coefficients which
are constant on intervals and change at most a finite numdber of times on the
given interval. There is also a value a..ror the parameter such that
7. (... M)=0
is the original, possibly non-linear, system that we wish to study.
Ve no; consider the system
’1(... & =0 .
This 1s a aystem of differential equations cn unknown functions x,(t,d) which ]

normally can be considered to be analytic in the parameter & A solution

function xi(t.d") then can be expanded in jowers of dl around @& = 0, Thus

Fx
x,(t, @) = xy(ts 0) 1-3% (t, O)a 4-.‘%,&11 (t, )2 4 oo »
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The setup must be such that this series converges for d= fige This is the
gingle assumption made in the whole process and this question has to be explored
in each individual case. However, the theory shows that even if one used a
linearization with coefficients constant for the whole interval, there is a
range of initial conditions for which one has convergence. It may, however,
be more convenient and significant to linearize on subintervals. |

The above discussion is based on the existence of a single "clothes line®
solution along which the regions are pinned. K. S. Miller and I have writtem
a book on Existence Theorems which will appear very shortly. (Cf. Ref. (4] )
In this we indicate that there are essentially two classical situations for
existence theorems, mme of these is the "initial neighborhood* or *in the
amall® theory, the other requires the existence of such a running solution.
In practice the existence of the running solution or a number of such can
be established by camputation, and thus computation and theory ean be utilized
to give a complete theory which is inaccessible bty theory alone. Comversely,
the theory gives precise local information not available from computation.
This book is being published by the New York University Press.

Now the linearized equation gives the critical information required for
the linearization. The xi(t.a,) satisfies the linearized aystem while the
g% satisfies a linear system of egquations with the sams homogeneows part

but different foreing terms, and so do the 321 and the higher partials.

Thus, our linearization process refers the original problem to the study
of the X, ?&. %2‘1 o BRach of these sets of functions satisfies a linear
system of equations with constant or interval-constant coefficients. The
systens for the different sets differ only in the forcing terms.

Now the alove linearization permits us to attack ocur original problem

of comparing the solutions of different gystems by linearizing both the givem
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i'yhten and the approximating system. As far as tasic stability is concerned, the
variation in the forcing terms is insignificant. Thus, the final result of

the linearization process is to set up a corresponding problem on a linear .
system of differential equations with constant coefficients or interval-constamt
coefficients.

This last problem can be directly attackeds In a linear system, the
increase in order with small coefficients will introduce new modes with large
modal values. Thus, the liomogonous equations, for instance, will have solu-
tions with terms in the form QN' where '7" is large. If )\ has a large positive
real part, this term will meke the entire solutiom-unstable. If A has a large
negative real part, these terms disappear rapidly, the desired result. Furthere
more, in this case by proper machine procedure the effects of the additional
terms can be made negligible. There is an intcrmediate case in whiech rapid
on'ination can appeer.

These then are the major possible effects of the increase in order. We
refer to these as the Xoffoct. In addition, a differential analyzer may
be perturbed so as to ch'hngo the equation without increasing the order. These -
we call A errors. A differential analyzer is also dependent on stored informes
tion. A perturbation in this stored information we call a 8 error. It is
possidble to analyze the growth of error in digital method of asclution in terms
of .B errors. The truncation errors and the round-off effect at each step
cen be considered as a perturbation on stored information. (Cf. Ref. [1])

The use of digital check solutions requires a precise analysis of the errcr -
in the solution since the solution must be good enough to serve as a standard
but not 80 good as to represent a waste of computation. By means of the above
discussion ofﬁ eITors, the problem can be referred dback to the error at each

step. In general this consists of a truncation error and round off errorse.
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1et us consgider the truncation error. This will be dependent on the
method of integration used. The earlier automatic sequence digital calculators
had very limited memory available and it was urged that one use methods like the
Runge-Kutta method which are not dependent on the storage of previously calcu-
lated results. However, this argument does not appeal to me except in the case
of extremely limited storage and very simple equations since the total amount
of ccrputation is tripled in the more general cascs. Instead I would prefer
methods like the Milne "open" and 'cloaef" or simply ®open* procedures, where
the previously calculated values of the derivatives are utilized over again
tc obtain higher order approximatians. The additional storage required is
seldor significant.

Aong other advantages, one can readily calculate the truncatiom error
for a p'th order open process if the (p <+ 2)nd derivative is reascmably constaat

over the interval involved in the integration process: i

A 'L'JT—'

One can obtain a similar expression for the truncation error for the closed

step,

B’ as

s0 that if one performs an open step and then a closed step, the difference
is a fixsd constant multiple of the truncation error for either atep. One
can show that there is relatively little advantage in going beycnd the first
closed step. (Cf. Ref. [5]) ‘
Since the error for the closed step is definitely amaller than that for
the open procedure, this would indicate that the prefered method might be an

open and closed proceas at each step. However, this means that one is doing
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twice the work of a single open step, so that one should ecapare the opea and
closed procedure constamt with an open procedure for ocne half the imterval,
i.e. B, should be campared with 5/21’. If these quantities are comparable, the
open method with the amaller interval is preferadble since the hypotheses of
the discussion are more strongly fulfilled.

I have used this procedure but with every tenth step an opea followed dy
a closed 80 that one cen estimate the errors. (Ref. [1])

The total error can be obtained in two ways. O(ne is the detailed ’ eryor
method indicated above. On the other hand, thoe error theory shows that umder
reasmable general circumstances the total error is linear in the individual
truncation errors. If possible, one should therefore repeat the procedure
with half the interval. For if we use half the interval, the error is cut
down to 1/2P its former value so that the differsnce between the original
solution and the solution with half the interval is closs to the total errc>
for the first. Incidsatally, the *extrapolation $o0 sero® process suggested
by this is based on certain assumptions concerning the order of the error aad
in effect improves the answer only by an increase in cne in the oxder. Such
an improvement im the order could be obtained directly bty tshe open imtegmtion
process in the analytic case with less computation.

Nomal numerical analysis is based on the approximation of arbitrary
funetions dy polynomials. This is the reasom for the assumption made adbove
that the highest derivative should be essentially a constant. However, in the
differentinl equations which we have considered, cne can obtain an approximate
expression valid over a larger region if, instead of using polyncmials, one
uses linear combinatims of exponentials. Furthermore, the *"linearizatiom*
referred to above seems to indicate that exponemtials would bde preferadle and
also what exponential functions to use.




Conference of Arsenal Mathematicians 6

This of course raised the problem of extending the usual results of
numerical analysis to the situation in which linear combinations of exponentials
are used instead of polynomials. One can regard the polynomial casc, in fact,
as a special case of the exponential.

This was basically the problem that Dr. Brock and I considered in our
paper on the use of exponential sums in integration. (Cf. Ref. [2]) We
considered specifically the processes for open and closed integration, and by
the use of certain determinants we obtained formulae which described the
truncation error for variocus types of integration. The method we used for
evaluating the error is applicable to any integration process which uses equally
spaced points and is linear in the value of the integrand. These of course
include such methods as the open and closed Milne process, Runge-FKutta, etc.
These formulae specialize in the case of polynomials to a result whiech is more

comvenient t0 use than the usual derivative relatiom.
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