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FOREWORD 

Contract AF 04(6ll)-7448 between the Air Force Flight Test Center, Edwards Air 
Force Base, California, Air Force Systems Command, United States Air Force and the 
Research Laboratories of United Aircraft Corporation pertains to investigations of 
the characteristics of a unique gaseous-core nuclear rocket concept. These investi- 
gations, which were directed toward the development of information pertinent to the 
evaluation of the feasibility of this concept, include the following  (l) experimental 
determination of the characteristics of vortex flow, (2) design and fabrication of 
equipment to provide a radial temperature gradient in a vortex flow, (3) theoretical 
calculations of the characteristics of the end-wall boundary layer in a vortex tube, 
and (4) theoretical calculations of radiant heat transfer in the proposed engine. 

The work accomplished under the contract is summarized in the following Research 
Laboratories' reports which comprise the required Final Report 

I. Summary Report (Report R-2it-94-4) 

II. E-iperimental Investigation of Characteristics of Confined Jet-Driven 
Vortex Flows (Report R-2494-2) 

III. Heat Transfer to Confined Vortex Flows by Means of a Radio-Frequency Gas 
Discharge (Report R-2494-3) 

IV. Theoretical Solutions for the Secondary Flow on the End Wall of a Vortex 
Tube (Report R-2494-1, Present Report) 

V. Methods for Calculating Radiant Heat Transfer in High-Temperature Hydrogen 
Gas (Report M-1492-l) 
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Report R-2k9k-l 

Theoretical Solutions for the Secondary Flow 

on the End Wall of a Vortex Tube 

Contract AF 04(6ll)-74ii8 

SUMMARY 

Theoretical solutions are presented for the growth of the tangential and 
radial components of both laminar and turbulent boundary layers in th' secondary 
flow on the end wall of a vortex flow confined by a cylindrical tube having exit 
nozzles located on the axis of rotation at each of the two end walls.  Solutions 
for a strong-vortex case (tangential velocity inversely proportional to radius) 
indicate that the weight flow entering the end-wall boundary layer is proportional 
to the friction between the tangential flow and the end wall.  This weight flow 
is in many ».ases greater than the radial weight flow outside the end-wall boundary 
layer required to maintain a strong laminar vortex flow (greater by a fsctor of 
approximately 300 for a turbulent boundary layer, a tube length of 10 times the 
tube radius, and a Reynolds number based on tube radius and on the tangential 
velocity within the tube of 10°).  Solutions for the weak-vortex case in which the 
tangential velocities at small radii are less than that for the strong-vortex case 
are obtained by allowing for the reduction in vortex strength outside the end-wall 
boundary layer due to the loss of radial flow to the end-wall boundary layer. 
Solutions obtained for the weak-vortex case indicate that some of the weight flow 
entering the end-wall boundary layer near the outside radius of the tube will 
return to the main flow near the inside radius of the tube. The magnitude of the 
flow within the end-wall boundary layer offers a possible explanation of the weak- 
vortex strength which has been measured by several investigators and which had 
heretofore been attributed to turbulence within the primary flow outside the end- 
wall boundary layer. 

All theoretical solutions obtained are based on assumed shapes for the tan- 
gential and radial boundary layer velocity profiles and assumed laws relating the 
tangential and radial wall friction to the Reynolds number of the flow.  Sample 
calculations for the variation with radius of tangential velocity, boundary layer 
weight flow, and boundary layer thickness for a laminar boundary layer profile 
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and friction law are given for both the strong-vortex and the weak-vortex cases, 
whereas numerical examples for a turbulent boundary layer profile and friction law 
are given only for the strong-vortex case.  The accuracy of results calculated from 
the theory should be limited only by the accuracy of the velocity profiles and 
shear formulas used in the calculation procedure. 

The basic theoretical procedure and the sample calculations for laminar boundary 
layers were developed as part of the Research Laboratories' own research program. 
The adaptation of the theory to turbulent boundary layers and the calculation of 
the examples for turbulent boundary layers were made under Contract AF OMöll)-?'*^ 
with the Air Force Flight Test Center, Edwards Air Force Base, California, Air Force 
Systems Command, U. S. Air Force. 

CONCLUSIONS 

1. The radial mass flow in the boui.dary layers on the end walls of a cylindrical 
tube containing a vortex flow is proportional to the friction between the rotating 
flow and the end wall. 

2. The passage of flow into the end-wall boundary layer is sufficient in many 
cases to cause a substantial reduction in the tangential velocities near the center- 
line of the vortex tube from those which would be obtained without an end-wall 
boundary layer. This calculated reduction in vortex strength due to secondary flow 
may explain the loss in vortex strength which has been measured by several investi- 
gators and which had heretofore been attributed to turbulence within the primary 
flow outside the end-wall boundary layer. 

3. If the magnitude of the flow into the boundary layer is sufficient to 
cause a reduction of vortex strength, some of this boundary layer flow will return 
to the primary flow near the centerline of the vortex tube.  In some cases the 
return of secondary flow to the primary flow region is sufficient to cause a radial 
outflow in the primary flow at certain radii within the vortex tube. 

1 
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INTRODUCTION 

Recently there has been a renewed interest in the use of vortex flows for 
applications in magnetohydrodynamic power generation (Ref. 1) and nuclear rocket 
propulsion (Ref. 2). The results of experimental studies of confined vortex 
flows, such as those described in Refs. 3, 4, and 5> indicate that these flows 
are considerably more complex than those generally assumed in one-dimensional 
analyses.  It was suggested that vortex flows are turbulent and that certain 
three-dimensional phenomena, which are not well understood, might have a primary 
effect on such flows. Attempts at developing a satisfactory method for predict- 
ing the flow patterns obtained with a confined vortex were unsuccessful. 

A further understanding of the characteristics of three-dimensional vortex 
flows was reported in Ref. 6.  In particular, the existence of a two-cell vortex 
in an open-ended vortex tube was demonstrated.  However, these results are not 
applicable to vortex flows confined by end walls. Another analysis, reported in 
Ref. 7* considered vortex flows in cylindrical tubes having end walls and.  included 
a friction factor to account for the end-wall boundary layer. However, because 
this analysis was also one-dimensional, the results cannot be used to predict any 
of the three-dimensional effects existing in vortex tubes. 

Finally, subsequent to the completion of current studies on vortex flows at 
the UAC Research Laboratories, two papers on such flows (Refs. 8 and 9) were 
received which apply directly to the work reported herein. Reference 8 is an 
analytical study of the laminar boundary layer on a disc in a rotating flow with 
prescribed tangential velocity distributions.  The analytical procedure is essen- 
tially that used in this report.  However, because this analysis considered only 
the semi-infinite vortex, the complex interaction between the primary and secondary 
flows was not examined. Reference 9 is an experimental study of vortex flow 
which indicates that as much as 90^ of the vortex mass flow may be carried in the 
end-wall boundary layer. 

The object of the study reported herein was to formulate a three-dimensional I 
theory for confined vortex flows in order to calculate the effects of the end-wallj 
boundary layer and secondary axial flow on the distribution of angular momentum I 
and tangential velocity in the primary flow of the vortex. \ 

U CONFIDENTIAL 
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FLOW MODEL AND BASIC ASSUMPTIONS 

A diagram of the analytical model used in the analysis is shown in Fig. 1. 
The vortex is assumed to be contained in a cylinder of radius r,  and length z i > 
and the flow is uniformly injected into the cylinder at r,  with a tangential 
velocity u^, and a radial velocity Un •  Two exit nozzles of radius rm   are 
located at each end of the vortex tube concentric with the axis of the cylinder. 

A sketch showing the velocities considered in the analysis is given in Fig. 2. 
The secondary flow in the end-wall boundary layer is characterized by large radial 
velocities relative to the radial velocities in the primary flow.  The origin 
of this radial flow can be understood from the following discussion.  In the pri- 
mary flow the centrifugal forces produced by the tangential motion of the fluid 
are balanced by the radial pressure gradient. However, in the end-wall boundary 
layer the tangential velocity is reduced to zero at the wall by shear forces, but 
the radial pressure gradient remains.  This radial pressure gradient accelerates 
the flow in the boundary layer to large radial velocities relative to the radial 
velocities in the primary flow. Thus, although the boundary layer thickness is 
small, an appreciable fraction of the radial flow may pass through this end-wall 
boundary layer. 

[ 

The following assumptions are employed in the analyses discussed In this 
report: 

1. The flow is incompressible. 

2. The flow is rotationally symmetric. 

3-  The pressure gradient in the axial direction in both the primary 
and secondary flows is zero. 

k.    The thickness of the boundary layer on the end walls is small 
relative to the radius of the vortex tube. 

6. 

The thickness of the boundary layer in the tangential direction is 
equal to the thickness of the boundary layer in the radial direction. 

Both the radial and tangential velocity profile shapes within the 
boundary layer are independent of radius. 

The friction governing the shear between the flow within the boundary 
layer and the end wall of the tube is a function of the Reynolds number 
based on the thickness of the boundary layer in the end wall.  (See 
Appendix A). 
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8. The flow outside the boundary layer Is laminar (see discussion 

in section entitled Limit of Applicability of Strong-Vortex Solut on). 

9- The radial velocity is much less than the tangential velocity in the 
primary flow outside the end-wall boundary layer. 

10. The tangential velocity outside the end-wall boundary layer is inde- 
pendent of axial distance.  This assumption is Justified by the data 
presented in Refs. 1 and io and is proven analytically in Appendix A 
for the special case with the tangential velocity much larger than 
the radial velocity. 

11. The radial velocity outside the end-wall boundary layer is independent 
of axial distance. 

12. The axial velocity of the flow passing through the exit nozzles (see 
Fig. l) is independent of radius within these nozzles. 

GENERAL FORM OF SOLUTIONS 

[ 

The general form of the solutions to be obtained can be shown by considering 
a torque balance at the end wall of a vortex tube.  In this torque balance the 
moment created by the shear force between the moving fluid and the wall must be 
counteracted by a moment created by the change in tangential velocity of the flow 
entering the boundary layer. 

VV U 
S 9. i V'.'X^)'. (1) 

where Wc 

^, 

is mass flow entering boundary layer. 

is tangential velocity - proportional to change in tangential 
velocity of flow entering boundary layer. 

r, 

Cf 

TT r. 

is moment  arm. 

is  friction coefficient. 

is  surface area of end wall of vortex tube, 

Pu<t>i     is dynamic pressure of rotating gas. 
2 
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Therefore, the mass flow within the boundary layer on one end wall of a vortex 
tube is proportional to the right-hand side of the following equation. 

ws ~ tf7"??"*, 

However, from the definition of tangential Reynolds number 

Re.    =    —^  

Ws   -   CflTr^/x) Re, 

(2) 

(3) 

w 

i; 

It  is assumed that the friction coefficient varies with Reynolds number the 
same as on a flat plate.     For laminar  flow 

Cf      ~ 
Re 

1/2 (5) 

Therefore, 

VV. 'SL   =    K^ZTrr/xJRe, 
1/2 (6) 

The coefficient  KL in Eq. (6) must be chosen to account for all of the constants 
missing in the preceding equations. 

For turbulent flow 

Re 
175 (7) 

r 
Therefore, 4/S 

WST   ■   KT{27rr| At)Ret 
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It is also assumed that the expressions for the variation of boundary layer 
thickness with Reynolds number are similar to the corresponding expressions for 
flow over a  flat plate. 

s. 
Re, 

(9) 

C, 

[ 

!. 

i 

I 

I 

I 
I 

I 

I 

Re 
1/5 (10) 

The procedures employed to develop relations for the four coefficients, «L , 
KT , ^L , and ^T which are required to evaluate Eqs. (6), (8), (9), and (10) 

are developed in Appendixes A and B. 

STRONG-VORTEX SOLUTION 

The results discussed in the following section were obtained on the basis 
that the vortex is sufficiently strong that the angular momentum of the flow 
outside the boundary layer is constant (velocity outside the boundary layer 
inversely proportional to radius). 

Specific Solutions for Strong-Vortex Case 

A complete solution of the flow in the boundary layer on the end wall of the 
vortex tube requires consideration of the radial momentum equation as well as the 
tangential momentum equation employed in the preceding section.  In this radial 
momentum equation, the radial acceleration of the flow within the boundary layer 
is determined by the forces resulting from the radial static pressure gradient, 
the radial shear on the end wall of the vortex tube, and the change in radial 
velocity of the mass flow entering the boundary layer from the primary flow outside 
the boundary layer. Procedures for simultaneous solution of the tangential and 
radial momentum equations are discussed in Appendix A. 

To obtain a solution for the tangential and radial momentum equations, it is 
necessary to assume a shape for both the tangential and radial velocity profiles. 
Plots showing the tangential and radial velocity profiles which have been employed 
in the analyses are shown in Figs. 3 and k.    Two of the three profiles shown in 
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each of the figures are for laminar flow, whereas the third profile shape is for 
turbulent flow- Results of calculating the value of KL at the exit radius for 
different combinations of laminar velocity profiles are shown in Table I. It can 
be seen from Table I that the value of KL« (which is employed in calculating the 
weight flow in the boundary layer in Eq. (6) at R = R« ) varies by a factor of 
slightly more than two for the two extreme results. In an effort to choose the 
most likely laminar boundary layer profile to be encountered in a vortex tube, 
each of the profile combinations shown in Table I was used in an analysis of the 
secondary flow on a rotating disc (see Appendix B). The results of comparing the 
boundary layer mass flow calculations on a rotating disc with a known exact solu- 
tion indicated that velocity profiles (ij  and (l2) in Figs. 3 and 4 would result 
in the best agreement with the exact solution.  (The secondary mass flow on a 
rotating disc depends directly on the parameter B. Table II presents a comparison 
of the exact value of B with the approximate values given by the several assumed 
velocity profiles.) According to Table I, the value of KLw for profiles (Y) and 
(12) is 

Ku i 1.226 
(11) 

Therefore the mass flow in the boundary layer on one end wall of a vortex tube 
at a value of R», of 0.1 is, from Eq. (6), 

i 

W. 
SL« 

,226 (2Trr|/x)Ref 
1/2 

(12) 

The value of KT» for turbulent flow for profiles (3) and (13) given in Figs. 
3 and 4 is 

K_  =0.113 (13) 

The corresponding expression for the mass flow in the boundary layer on one end 
wall of a vortex tube at a value of R»  of 0.1 is, from Eq. (8), 

D w =0,113 (2 7rr| A0Re
t 

4/8 UM 
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Curves determined from Eqs. (12) and (l4) are given as a function of tangen- 

tial Reynolds number in Fig. 5- As noted on the figure., the transition Reynolds 
number observed in tests of rotating discs is on the order of ICP (see Ref. 9)' 

A plot showing the variation with radius of the dimensionless radial mass 
flow within the boundary layer on one end wall of a vortex tube is given in 
Fig. 6 for both the laminar flow and turbulent flow solutions. The values given 
in Fig. 6 for a value of R« = 0.1 correspond to the constants in Eqs. (ll) 

through (14). 

An analytical solution is given in Appendix A for the variation of boundary 
layer thickness with radius for a laminar boundary layer on the end wall of a 
vortex tube. The dimensionless boundary layer thickness for R between R« and 
1.0 from Eq. (122) of Appendix A is as follows: 

D 

k Re 

,!/•« 

1/2     S i 1/4      2/5. 4/5.1/4 
j  —^ ■  CttSlC-fl,)  R  (l-R ) 

(15) 

The constant (—Oi)'" in the preceding equation is presented in Table I for four 
different combinations of laminar velocity profiles. It can be seen from Table I 
that the variation of this constant among the different profiles is less than 
the variation of KL)t among the same profiles. The variation of  CL with radius 
for laminar profiles (l) and (12) in Figs. 3 and 4 is given in Fig. ?•  The varia- 
tion of CL with radius for the different laminar profiles in T^ble I is identical. 
However, the absolute value of CL, 

at any value of R, is proportional to the 
value of the constant in Table I. 

Also shown in Fig. 7 is the variation of CT  with radius for a turbulent 
boundary layer having profile shapes (j_) and Q3) of Figs. 3 and 4. The 
numerical solution used to obtain ^T  "•" the turbulent layer is described in 
Appendix A. 

Limit of Applicability of Strong-Vortex Solution 

The strong-vortex solutions are valid as long as the.e is sufficient radial 
mass flow in the primary flow outside the end-wall boundary layer to provide the 
tangential momentum to overcome the shear forces which exist near the centerline 
of the vortex.  This required radial mass flow is usually given in terms of the 
radial Reynolds number, Rer, defined as follows: 

Re. 
PUr. W 

ZTT/XZ, 
(16) 
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The effect of radial Reynolds number on the variation of tangential velocity 
with radius for the case of zero secondary flow Is given in Fig. 8.  It can be 
seen from Fig. 8 that the vortex strength begins to fall off rapidly between a 
radial Reynolds number of 10 and 5' The criterion given in Fig. 8 does not hold 
when there is a substantial amount of flow within the end-wall boundary layer. 
For this case, an effective Reynolds number based on the flow outside the end- 
wall boundary layer must be employed.  If <J   is defined as the ratio of the flow 
within the boundary layer on both end walls of the vortex tube to the total flow 
passing through the vortex tube, then. 

(^r ) eff Re r ( I - <7-#) (17) 

In the preceding equation o-» is the value of &   at the exit radius where the 
greatest amount of flow has entered the boundary layer. From the definition 
of a , 

2W, 

27rr z /)Ur (18) 

Substituting from Eq.   (6),  which gives  the flow in the end-wall boundary layer 
with a laminar velocity profile, 

2KL(7rr/i)Re 
1/2 

.    , l^^t 

From Eq.   (l6) 

ZTrr.z, püx 

(19) 

r.     Re, 
cr    =  2K.   ->-   —l 

z.     Re, 

1/2 

(20) 

Since 

Re 

R^ 

♦ Vi 
(21) 
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^ 
2K,  ',  »+, 
* 

Re,'" zi  or, 
(22) 

\ Re,   u.    z. / 
(23) 

where the secondary flow parameter for laminar flow, ßL ,  is defined as follows: 

2 K* ^7* K   z 

/3L =  2 -^ 
i/2 

Re,. 

In the same manner, for turbulent flow. 

«T( 
2rl   Ret 

4/5 

Zi   Rer 

(24) 

(25) 

(26) 

rT  - KT^T (27) 

where the secondary flow parameter for turbulent flow, /3T , is given below. 

2   ö*   r 

(28) 
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^T     C Z. Re,. 

(29) 

Substituting Eqs. (23) and (27) into Eq- (17) yields 

{R^r) 
^       «a1      Rer J (30) 

^ ■ t[ -L r , - (Rer)ef» 
Rer (31) 

As noted in a preceding paragraph, an effective radial Reynolds number of 
between 5 and 10 is required to provide a strong vortex outside the end-wall 
boundary layers.  Therefore, values of (Rer) eff   of 5 and 10 were used in 
evaluating Eqs. (30) and (31). The results of this evaluation are presented in 
Fig. 9-  It can be seen from Fig. 9 that the maximum permissible value of the 
secondary flow parameter for applicability of the strong-vortex results increases 
with an increase in radial Reynolds number. 

The limit of applicability for the strong-vortex results can also be presented 
in terms of tangential Reynolds number by combining Eqs. (30) and (3l) with 
Eqs. (25) and (29). The results obtained in this manner using a value of (Rer) eff 
of 5 are presented in Fig. 10 for three different values of Z,/!-, . The tangen- 
tial Reynolds number must be lower than that shown in Fig. 10 if the strong- 
vortex results are to apply. The results presented in Figs. 9 and 10 were derived 
on the basis that the vortex strength was determined entirely by the radial mass 
flow at a radius equal to R^. .  In practice, the tangential velocity profile is 
determined by some kind of average of the radial mass flows which exist outside 
the bourdary layer at all values of radius. A more exact calculation of the limit- 
ing value of /?L  for applicability of the laminar strong-vortex results will be 
described in a following section. 

Data on vortex strength are presented in Refs. 3^ **■>  and 5 for radial Reynolds 
numbers ranging from 20 to 2000. According to Fig. 8 these radial Reynolds numbers 
should produce strong vortices if the fraction of the flow in the end-wall boundary 
layers is small and if the flow outside the end-wall boundary layers is laminar. 
However, the velocity profiles reported in Refs. 3 and k  corresponded to radial 
Reynolds numbers on the order of 2 to 4.  These differences between measured 
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Reynolds numbers based on total mass flow and Reynolds numbers determined from 
velocity profiles were attributed in Refs. 3 and h  to turbulence outside the 
end-wall boundary layer.  However, this same result could be obtained by the 
passage of a large percentage of the total radial mass flow through the end-wall 
boundary layers. To check this possibility, the results presented in Fig. 5 
were employed to calculate the secondary flow for the data presented in Refs. 
3, k,  and 5-  The resulting calculated values of secondary flow were divided 
by the total measured mass flow in each test and the results are presented in 
Fig. 11 as a function of tangential Reynolds number.  It can be seen from 
Fig. 11 that the calculated secondary flows are higher than the total mass flow 
in the vortex tubes for most of the test points. Therefore, it is possible that 
all of the loss in cortex strength reported in Refs. 3 an^-  j* is <^ue to secondary 
flow rather than to turbulence. The significance of values of secondary flow 
calculated by the strong-vortex theory being greater than the total flow passing 
through the vortex tube will be discussed in the following section. The 
hypothesis of loss in vortex strength due to secondary flow is also strengthened 
by a measurement reported in Ref. ^ in which 90^> of the total radial mass flow 
in a vortex tube was found to pass down the end-wall boundary layer.  Insuffi- 
cient data were reported in Ref. 9 to permit calculation of the theoretical 
weight flow corresponding to this measured weight flow. 

WEAK-VORTEX SOLl/TION 

As noted in the preceding section, the strong-vortex solution is no longer 
valid when the mass flow passing into the end-wall boundary layer is so great 
that there is insufficient radial flow outside the boundary layer to maintain a 
strong vortex.  The solution of the weak-vortex case requires simultaneous solu- 
tion of the boundary layer and primary flow equations. The procedure employed 
is described in Appendix A. All calculations discussed in the following sub- 
sections were obtained on the basis of laminar flow in the boundary layers with 
profiles (Y) and (l2) in Figs. 3 and k.    However, the qualitative nature of the 
results is expected to apply for turbulent boundary layers. 

Solutions for Fixed Radial Reynolds Number 

! 
A series of solutions was obtained for a fixed value of the radial Reynolds 

number of 10 and for a series of values of the secondary flow parameter, ßL  . 
It can be seen from Eq. (25) that an increase in ßL    for a fixed vortex tube 
geometry and a fixed value of radial Reynolds number represents an increase in 
tangential Reynolds number. The effect of an increase in /9L on the variation 
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of angular momentum and tangential velocity with radius is shown on Figs. 12 
and 13.  It can be seen from these figures that an increase in ß^    and the 
accompanying increase in secondary flow (see Eqs. (l?) and (23) ) results in a 
decrease in vortex strength near the centerline of the vortex tube. The varia- 
tion of static pressure coefficient with radius is shown in Fig. 14 for several 
values of ß\_ .    Since the change of pressure with radius is directly proportional 
to the square of the tangential velocity, the differences in static pressure 
distributions shown in Fig. Ik  for the different values of /3L 

are directly 
due to the decrease of vortex strength with increasing ß\_ .    The curves in 
Figs. 13 and 14 for /3L = 0 are identical to those employed in the analyses in 
Refs. 3, 4, and 5. 

The radial mass flow in the end-wall boundary layer is shown as a function 
of radius in Figs. 15 and 16 for different values of the secondary flow parameter, 
ß\_ .     It can be seen from Fig. 15 that the nondimensional mass flow within the 
end-wall boundary layer at small values of radius decreases with an increase 
in ßL ;  i.e., with a decrease in vortex strength rear the centerline of the tube 
(see Figs. 12 and 13)^ although the fraction of secondary flow increases. It can 
also be seen from Figs. 15 and 16 that the radial mass flow in the end-wall boun- 
dary layer decreases with decreasing radius near the centerline of the vortex tube. 
The reason for this reversal of trend in the variation of boundary layer mass flow 
with radius is as follows. Near the outer radius of the tube there is more of a 
tendency to maintain constant angular momentum in the primary flow than in the 
secondary flow; therefore, flow passes from the primary to the secondary in an 
effort to maintain angular momentum in the secondary flow. However, at low 
values of radius the tendency to maintain angular momentum in the secondary flow 
is greater than in the primary flow; therefore, there is a tendency for flow to 
pass from the secondary flow to the primary flow in an effort to maintain a strong 
vortex in the primary flow. The significance of values of a    greater than unity 
in Fig, l6 is discussed in a following paragraph.  The passage of flow from the 
boundary layer to the main stream is also predicted by the theory of Ref. 8 and 
some experimental verification is given by the ink-dye experiments reported in 
Ref. 9. 

The variation of dimensionless boundary layer thickness with radius for 
several values of the secondary flow parameter, /3L , is shown in Fig. 17. It 
can be seen from Fig. 17 that an increase in ßL   results in an increase in 
dimensionless boundary layer thickness even though it results in a decrease in 
mass flow within the boundary layer. 

The streamlines formed by axial and radial velocities for a particular 
vortex tube geometry are plotted in Figs. l8 through 20 for values of the 
secondary flow parameter ßL    of 0.4, 1.0 and k.O  and for Rer = 10.0. The 

CONFIDENTIAL 

Ik 



R_2494-l CONFIDENTIAL 
z,/r, 6.0.    Since 

I 

I 

geometry of the vortex tube is defined by R# =0.10 and 
the vortex tube is symmetrical about the axis and the z/z, = l/2 plane, the 
streamlines are plotted for only one quadrant. The tangential velocity distri- 
bution is also shown on these figures.  Of particular interest are the streamlines 
in Fig, 20 which illustrate the "vortex cell" condition in which there is radial 
outflow in the primary flow.  In order to preserve continuity, the inward flow 
in the end-wall boundary layer is equal to the sum of the outward ilow in the 
vortex cell and the total mass flow passing through the vortex tube. Ihis vortex 
cell condition arises when the secondary flow necessary to overcome friction on 
the end wall is greater than the flow injected into the vortex tube. 

Effect of Radial Reynolds Number on Weak-Vortex Solution 

! 

I 
I 

a 
r 

The variation of angular momentum, tangential velocity, secondary mass flow, 
and boundary layer thickness with radius for several values of the secondary flow 
parameter, /3L , are presented in Figs. 21 through 24 for a radial Reynolds number 
of 5 and in Figs. 25 through 28 for a radial Reynolds number of 20. It can be 
seen by comparing Figs. 21 and 22 with Figs. 12 and 13 that a decrease in radial 
Reynolds number results in an increased sensitivity of tangential velocity profiles 
to the secondary flow parameter, /3L . The converse can be seen by comparing Figs. 
25 and 26 with Figs. 12 and 13. 

The ratios of secondary flow to total flow obtained from Figs. l6, 23, and 
27 are summarized in Figs. 29 and 30. The maximum value of cr , denoted as <7"M , 
is presented in Fig, 29 whereas the value of cr at the nozzle exit radius, o"^ , 
is presented in Fig. 30.  It can be seen from these figures that the secondary 
flow ratio decreases from that calculated for the strong-vortex solution as the 
secondary flow parameter is increased.  The fraction of flow recirculated; i.e., 
the flow which is returned from the boundary layer to the primary flow divided by 
the total flow passing through the vortex, 0"M - &* ,  iß presented in Fig. 31- 
These results were obtained from Figs. 29 and 30. 

The preceding discussions indicate the existence of several flow regimes in 
a vortex tube. Tnese flow regimes are shown in Fig. 32. Two separate criteria 
are used to separate the different flow regimes:  one criterion describing the 
strength of the vortex (solid lines in Fig. 32), and the other criterion describing 
the fraction of the flow passing through the end-wall boundary layer (dashed lines 
in Fig. 32).  The curve separating the strong-vortex regime from the weak-vortex 
regime is defined such that the tangential velocity at the exit radius is equal 
to 95^» of the tangential velocity which would exist in an inviscid vortex.  (This 
curve on Fig. 32 falls midway between the two curves for laminar flow given on 
Fig. 9») Tbe curve separating the weak-vortex regime from the very weak-vortex 
regime is defined such that the tangential velocity at the exit radius is equal 
to the tangential velocity at the outside radius of the vortex tube. 
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The secondary flow regimes are distinguished, by the values of 0"M ,   the 

ratio of the maximum value of the flow in the end-wall boundary layers to the 
total flow passing through the vortex tube.  The small secondary flow regime Is 
defined such that <xM is less than 0.1. The large secondary flow regime is 
defined where crM is between 0.1 and 1.0.  Finally, the vortex cell regime is 
defined where o"M is greater than 1 such that some of the fluid is trapped in a 
vortex cell, as shown by the streamline pattern in Fig. 20.  It can be seen from 
Fig. 32 that there is a regime where there are large secondary flows and a strong 
vortex and also a regime where there are trapped vortex cells and a weak vortex 
motion. 
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LIST OF SYMBOIS 

Numerical constants obtained from velocity profiles, Eqs. (88) and (89) 

Constant, Eq. (96) 

Proportionality constant for radial mass flow on rotating disc, Eq. (135) 

Numerical constants,  Eqs. f.M8) and (119) 

Effective skin-friction coefficient, Eq. (l) 

p — p. 
Static pressure coefficient, sr, Eq. (87) 

Functions of radius only, Eq. (46) 

F(.F2.F3>F4  Velocity distribution functions, Eqs. (76), (77), (137), and (138) 

k|lk2,kJ,k4,k5 Numerical constants, Eqs. (113) to (117) 

a, ,a2 

b 

B 

C 1 , C 2 

c, 

Cp 

KL,KT 

P 

P 

P 

q 

0 

r 

R 

Rer 

Proportionality constants for laminar and turbulent secondary flows, 
respectively 

Radial momentum of secondary flow, lb 

Moment of momentum of secondary flow, ft-lb 

Static pressure, lb/ft 

Static pressure in primary flow 

Pressure force per unit radius acting on secondary flow, lb/ft 

Dynamic pressure, 1/2 pu^ 

Radial mass flow for rotating disc, slugs/sec 

Radius, ft 

Dimensionless radius 

Radial Reynolds number. 
pur r, 

(Rer)eff   Effective radial Reynolds number, Eq. (17) 
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LIST OF SYMBOI£ (Cont.) 

Ref Tangential Reynolds number,  —  

Res Reynolds number based on boundary layer thickness, 

T^, Torque per unit radius, lb 

u^,,ur,uz Radial, tangential, axial velocities, ft/sec 

D<x,ür,ü2 Radial, tangential, axial velocities in primary flow, ft/sec 

po+fi 
H- 

UR 

u z 8 

VR 

ws 

Z 

z 

S 

cL.cT 

x 

v 

Dlmensionless radial velocity in primary flow; 

Dimenslonless tangential velocity in primary flow. 

Wc 

Axied. velocity entering boundary layer 

Average radial velocity in boundary layer,-r ^—^, Eq. (78) 
r      <p, 

Secondary mass flow in one end-wall boundary layer, slugs/sec 

Axial distance, ft 

Axial distance in boundary layer (dlmensionless), z/S 

Secondary flow parameter (laminar). 
LI*, 

Ret
l/2    Urj      Z, 

u4>, Secondary flow parameter  (turbulent), ——5»  7^—   —— 
Re»    r\       ' 

Boundary layer thickness 

Small quantity (dlmensionless) 

Dlmensionless boundary layer thickness for a vortex tube (laminar - 
Ret

l/2 S/r, )(turbulent -Re/^S/r,) 

1/2 
Dlmensionless boundary layer thickness for rotating disc ( Re t  S/r, ) 

Dlmensionless angular momentum. 

Molecular viscosity, lb sec/ft2 

Kinematic viscosity, ft /sec 

'•"*, 
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LIST OF SYMBOLS  (Cont.) 

P 

cr 

Tr 

Diinmy variable of integration 

o 
Density, slugs/ft 

Secondary flow ratio. 
. 2W.: 

2irr,/)0, 2, 

Radial shear stress, lb/ft 

Tangential shear stress, lb/ft2 

Stream function 

Dimensionless stream function, — 

Angular velocity of rotating disc 

* 

Subscripts 

i        Quantity evaluated at outer radius of vortex tube 

»       Quantity evaluated at exit radius of vortex tube 

L       Quantity evaluated for laminar boundary layers 

M       Maximum value of quantity 

T       Quantity evaluated for turbulent boundary layers 
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APPENDIX A 
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DERIVATION AND SOLLTTION OF THE EQUATIONS 
DESCRIBING THE FLOW IN VORTEX TUBES 

The equations of motion in cylindrical coordinates for a three-dimensional 
laminar vortex flow are 

a ( r u r) a ( r u 2) 
+       :      :     0      Continuity 

dr 

dr 
+    uz 

d Ur 
dz r 

dz 

P dr dr 

(32) 

iJ.A(ru,)1 

Radial Momentum 
(33) 

M r   d(r u^) 

~    d r 
du» 
dz dr 

_i_ d_ (ru^l 
r dr 

d2^» 

Tangential Momentum 
(3^) 

dü2 
u'  dT  + uz 

d U; 
dz 

i  dP 
-TT fr"   •r  I» 

du. 
^ dz r dr \      dr   '    + 

d2Uz 
d^" 

Axial Momentum 
(35) 

Although the flow in vortex tubes is necessarily viscous everywhere, the 
flow in the main vortex (region of primary flow - see Fig. l) may be considered 
separately from the thin viscous boundary layer in the end walls (region of 
secondary flow) for the purpose of deriving the governing equations of motion. 
This assumption is Justified since the primary flow has well-defined and nearly 
constant properties in the axial direction and any strong axial gradients are, by 
definition, confined to the secondary flow region. 

Primary Flow Region 

The important properties and the governing equations of motion for the pri- 

mary flow can be derived from Eqs. (32) through (35) by an order of magnitude 
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amalysis. Assume, as is the case for most vortex flows, that the radial velocity 
is much smaller than the tangential velocity, i.e.. 

T£.  O(.) € << l (36) 

[ 
[ 
n 
i i 

1 
I 

Then, since the flow is injected into the vortex tube with constant mass flow 
per unit length, the order of magnitude of the derivatives in the z-direction are 

^    .•     o(%) 
<?Ur 

dz {^) (37) 

and the order of magnitude of the derivatives  in the r-direction are 

dr &) 
dUr 
dr o(%) (38) 

With the use of Eq. (36), the zeroth order equations of motion for the primary 
flow are 

dirüf) d(rüz) 
dr 02 

■■   0 Continuity (39) 

P   dr 
ü<f,z 

Radial Momentum (^0) 

i n    '   3 (r UJJ    L   n     d u4> 
dz 

=   v 
dr .r dr       ^  J +    1/ a2u» 

dT2" 

Tangential Momentum 
(U) 

£  = 0 dz ü Axial Momentum (te) 

[ 
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Equations (4o) and (42) state that the static pressure and tangential velocity are 
a function of r only and not a function of z . Consequently, the radial velocity 
is also a function only of r . This result has been verified experimentally in 
Ref. 10. 

To satisfy Eqs. (39) through (42) the solution for the primary flow must have 
the following form: 

U^   =   IJ^(r) (^3) 

Ur = ür(r) (kk) 

P  = P (r) (45) 

3, = f,(r) z    +    f2(r ) (^6) 

ÖThis class of solutions with an important generalization for a finite axial pressure 
gradient has been treated extensively in Ref. 6. By introducing Eqs. (43) through 
(46) into the conservation Eqs. (39) through (^2) the governing equations reduce 
to 

^^2      . -rf.Cr) (4?) 

i. #   =   5f * 
p dr r (48) 
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Ur d   (r u^,) 
r ar ar r ar (*9) 

Laminar Secondary Flow Region, Including Primary Flow Interaction 

The secondary flow, illustrated in Figs, 1 and 2, is associated with the 
flow in the boundary layers at the end walls of the vortex tube. 

Since the conditions at the outer edge of these boundary layers are determined 
by the primary flow, which for the general case depends upon the amount of secondary 
flow, it is obvious that the two regions cannot be analyzed independently.  Conse- 
quently, the derivation of the governing equations for the secondary flow included 
the interaction with the primary flow. 

The equations governing the secondary flow were derived from Eqs. (32) 
through (35) by integrating over Z between the limits 0 < Z < Z,.  Two basic 
assumptions about the order of magnitude of terms in the differential equations 
were made. 

[! 
Q- ' 0(C) (50) 

-7"  « 0(«) (51) 

From these two basic assumptions it is necessary to derive several auxiliary 
relations to simplify the equations.  Let ÜJ))  be a typical tangential velocity 
in the boundary layer and ur a typical radial velocity in the boundary with 
unspecified order of magnitude. Then in the boundary layer the order of magnitude 
of the derivatives are 

^     ■    o(¥) dur ^/ur\ (52) 
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^  ■  0{%)    -    ^  ■ 0(\) (53) 

By performing the order of magnitude analysis on Eqs.(32) through (35)^ the 
following results are obtained: 

(at- T)   ■  «x" 's1'' 

1 i^V^-) • °"> (») 
: 

0(€
2) (^T-1

) (56) ap      _     ...../.^i 
az 

The last equation is significant because it proves that the axial pressure 
gradient in the end-wall boundary layer may be neglected in a zeroth order theory. 

The order of magnitude of ur must now be determined. From Eqs. (33)^ (56) 
and {ho),   it can be shown that, 

if? ■ 0('-if )■ 0(^f2) (37) 

Then with the use of Eq. (55) one obtains the important result that 

ur 
-—-    = 0  (I) (58) 

Finally, by substituting Eq. (58) into Eq. (55) one obtains the result that 

|_  =  O (—-=)        --      0  (€) (59) 

CONFIDENTIAL 

25 



R-2494-1 

CONFIDENTIAL 
The order of magnitude of the ratio of secondary to total flow is given by the 
parameter 

li 

277-r, P ur S     _        2      _U*L jj. 
Zw  r./J ür| Z,    yR^  Ür,  Z, (60) 

With these results, if terms of first order or higher in €   are neglected 
and if Eqs. (47) through (^9) are used to describe the primary flow, then the 
governing equations reduce to 

r ur z,  +  2 f r ur dz -ri Ur, z. 

Continuity 

n ̂ -^ - ^ 4T r    P dr 
-  v a2ur dz     = 0 

dz"7 

Radial Momentum 

(61) 

(62) 

j  I r ö r     +  .  a z       "äF" Cz 

Tangential Momentum 
(63) 

ap 
dz 

= 0 Axial Momentum (64) 

For convenience it is also determined that 

lrü«>,.|   "   "/ 
a(rur) 

ar ^z (65) 

I 

11 

By carrying out the indicated integration in Eqs. (62) and (63) two integral 
boundary layer equations are obtained. 
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z-o 

jj-j ruf    dz   + J (ü/-    u/) dz    - 

The  following integral quantities are defined 

M4>  =   27rPJo rur ru^z 

/   our \ 
"  vr(-Jl-)z-.o 

(66) 

(67) 

Moment of Momentum 
(68) 

I 

Q 

i; 
r 

I 
[ 

fl 

[ 
[ 

w. Z-rrpJ rurdz 

Secondary Mass Flow 

T*   -   2^r!(4^)z =  0 

Torque Per Unit Radius 

Mr    =   Zirp j  rur dz 

Padial Momentum 

r      z z 
P    «    Z-rrpj   (ü^,  -   u<p)dz 

(69) 

(70) 

(71) 

Pressure Force Per Unit Radius 
(72) 

r Tr    =  Ztrpvr 
\ dz  /z = 0 

Shear Force Per Unit Radius (73) 
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In terms of these newly defined quantities the integral equations (57) and 
(58) become 

d Mr 
d r 

—      P 

tfM * tfw, 
dr 

- r u 
*   dr 

Radial Mamentum Equation 

V 

Tangential Momentum Equation 

(7M 

(75) 

Equation (7^) states that the rate of change of radial momentum is equal to 
the difference between the pressure force and the radial shear force. Equation 
(75) states that the rate of change of moment of momentum is equal to the differ- 
ence between the moment of momentum brought in from the primary flow and the 
torque exerted by the end walls.  These equations are equivalent to the generalized 
three-dimensional boundary layer equations derived in Ref. 12. 

The two integral boundary layer equations, Eqs. (7^) and (75)^ contain six 
unknowns defined by Eqs. (68) through (73)'  Therefore, the problem now becomes 
one of writing four additional relations among the six unknowns. Unfortunately, 
experimental data or similarity solutions are not available and therefore it is 
not possible at this time to obtain the necessary relations in a completely satis- 
factory manner.  In view of these difficulties, the following one-parameter 
families of velocity profiles are assumed for the tangential and radial velocity 
in the boundary layer. 

^ 5« F, (-f-) (76) 

I 

I 

I 

I 

"r ■ -V-Mf) (77) 

where \IR    is defined as the average velocity in the boundary layer by the 
relation 
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V* 

s -ibr^ (78) 

Finally it is noted that for laminar flow, one boundary layer equation can be 
eliminated, if it is assumed that the average velocity is related to the Karmen- 
Pohlhausen parameter (see Ref. 12). 

V« "*  s2 
i/r 

(79) 

By substituting Eqs. (76) and (77) into Eqs. (68), (69), and (70), the following 
relations are obtained. 

M 
* 

-Zwp[^t- S2) rO^BjfV,*! (80) 

vv 
SL 

_    2 

-2.,    -f  8    8/F^Z (81) 

u 
1 

2     ",* / 

V   =   2irPvr    s    Fi   (0) (82) 

Substituting these three equations into the secondary flow tangential momentum 
equation, Eq. (66), and nondimensionalizing the term yields 

(83) 

Similarly, after nondimensionalizing the radial momentum and tangential momentum 
equations (Eqs. (48) and (49) ) for the primary flow and the continuity equation 
(Eq, (6l) ) and using an integrating factor for Eq. (83) the following set of 
equations is obtained. 

L 

d2\ . [x ♦ RUR1  ^ 
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3       rl 

uc -* + ^2(l) / '** (85) 

[ 

>• r      ■2o!.    r   2(a2"1)  '/'      i CL   •   {a.X    2
R/X   *  $     *£} (86) 

In addition, the equation for the static pressure coefficient may also be written 

where 

C   =  P-P'  =  2 
P      I"2 

— P U . 2 H     <t>, 

F/(0) 

fl^i^-^J*« 

(87) 

(88) 

l! 

0 

0L 

r (f F^F^-F^dZ 

ifj^ti-V* 

**, 

•/Re, 

(89) 

(90) 

The parameter ß\_    is called the secondary flow parameter and is a measure of 
the fraction of the total flow which passes through the boundary layer. When 
ß\_   =  0(l) a significant fraction of the total flow moves radially Inward through 
the end-wall boundary layer. 
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The velocity distribution functions  F|  and  F2 were chosen as simple 

polynomials by the procedure presented in Appendix B and satisfy the following 
conditions: 

Z = 0    F, = 0 

K - 0 
(91) 

F'' ■ 1 

z = F, » I F2 = 0 

F; = 0 Fz  = 0 

F," =0 Fi ■ 0 

(92) 

I 
i: 
1: 
1: 

The axial velocities and streamlines may be obtained from Eqs. (6l) and 
(65).  The stream function is 

* 
* 

r
1
Z

1
ur 

R V Z,   2 j     2 

and the  equation  for the  streamlines   is 

^ + 1/2 
+   T 

The coefficient,   KL ,   used in the  strong-vortex solution is given by 

(93) 

(9^) 

I 

X'     ^i" 
tf.''.« 

(95) 

\ 
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Viscous Core Region 

In the viscous core region (see Fig. l) the end-wall boundary layer does not 
exist and the equations describing the flow are identical with those for the pri- 
mary flow (Eqs. (47), (48), and (4-9) ). The general form of the solutions is 
given by Ey. (46) with 

f.ir) - & f2{r) • -b 0 < r < ir (96) 

When this solution is inserted into the continuity equation (Eq. (47) ) and the 
result matched with the solution for the primary flow the following relationship 
is obtained: 

RU. ^U«1» f-z R 
(97) 

Substitution of Eq. (97) into the tangential momentum equation (Eq. (84) ) 
yields 

r   / RerUR« R-\   -I 
LexP \     R»   T/ ~ 'J 

[exp (52^.) - .] 
O < R < R. (98) 

Thus, the solution for the viscous core is given by Eqs. (97) and (98), provided 
values of X ^ and UR# are known from the solution for the primary and secondary 
flow. 

Turbulent Secondary Flow Region 

When the primary flow vortex is sufficiently strong, the angular momentum 
outside the boundary layer is constant (strong-vortex case) and the secondary 
flow may be analyzed separately from the primary flow and the viscous core. For 
this case, the value of X is 1 and a considerable simplification of the conserva- 
tion equations makes it possible to also treat the case of turbulent flow in the 
end-wall boundary layer. 
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The turbulent velocity distribution is chosen to be 

U# = U^ F, (-§-) (99) 

Ur  =   -U^, VR F2(4-) (100) 

Equations (99) and (lOO) may be substituted into Eqs. (68), (69), (70) and 
(72) to obtain 

Mj,    *     2 TT p (101) 

I 
ws= 27r^r

l v«8^F^(i) = KT27rr' ^v^ (102) 

[ 

I 

I 

I 

i 
I 

", ■ wPitf if'','*$) 

P   .    jWS/d-F^rfi 

(103) 

(id.) 

Finally, in the absence of better information on turbulent end-wall boundary layer 
profiles, the shear stress equations are assumed to have the same form as for a 
flat plate. 

.0225 U^2 

* '   / Su. 
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.0225 Ur 

2 

T,    = m /4 (106) 

The velocity UrM  is the maximum radial velocity in the boundary layer and SM 

is the axial distance at which it occurs.  Substitution of Eq. (105) into 
Eq. (70) and Eq. (l06) into Eq. (73) yields 

I 
I 
! 

D 
I 
I 
li 

r^    »    Znp r 
2        .0225 ü^,2 

(107) 

.0225 u. 
r r      =   Zwpr M 

^    ) 
V I 

1/4 (108) 

Then, substitution of Eqs. (101) through (104), (107), and (l08) into the radial 
and tangential momentum equations (Eqs. (7M and (75) ) give 

k3 ZW (RVR2CT) 
RVc CT 

<yR 4 (Cr VR)I/4 
y
Z     o2 (109) 

I 
where 

. _     1/4 
k5^   (RVRCT)     '      .0225    (-£-) (11C) 

I 
[ 

1! 
I 

|-t--Mv.CT 
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I 

k.-J£'(,-F.,'<'(f) 

k3   ■   XV   -(|) 

(11^) 

(115) 

i 

.0225 C. 
k   « £ 

'        (c(c2)l/4 

k
5 

sXFatF
(-«MT) 

(116) 

(117) 

c. ■ (i). (118) 

it).] (119) 

Equations (109) and (110) with auxiliary Eqs. (ill) through (119) are the 
required equations for solution of the secondary flow in the turbulent end-wall 
boundary layer. 

u 
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The coefficient K-ptR) used in the solution of the strong-vortex case is 

given by 

KT = ^Xv^ ^ 

Boundary Conditions and Method of Solution 

If Eq. (86) is substituted into Eq. (85) and Eq. (85) is substituted into 
Eq. (84), a single second-order differential equation in X results.  The solu- 
tion is obtained by numerical integration with the boundary conditions. 

R = l.O     \   --   10    CT = 0 (121) 

/   Rer UR,  R,N 

c/X exp 

o'R 
X»Rer UR, 

/   Rer UR, R».      ! 
- exp 

R = R«    ST;   '      X»RerUR, —= — (122) D 

The numerical solution for the strong-vortex case was obtained by setting 
0L  

= Q)      Rer = 1000.  These conditions were sufficient to maintain 

1.0        1.0 > R > R^ (123; » 

Furthermore an analytical solution for the strong-vortex case may be obtairuv 
by substituting Eq. (123) into Eq. (86).  The result is 

      ft /    x        x'/4    2/3 4/3  l/4 

^L = v^ f =(-i ai)   R   (|-R  ) {12k) 
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Equation (124) is very useful in comparing the effect of different assumed 

velocity profile shapes on the solution. 
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APPENDIX B 

SELECTION OF THE BOUNDARY LAYER VELOCITY DISTRIBUTION FUNCTIONS 

Laminar Boundary Layer 

The equations describing the viscous flow adjacent to a rotating disc have 
been solved exactly (Ref. 10). As a means of selecting suitable velocity profiles 
for use in the vortex analysis, the radial mass flow on a rotating disc was evaluated 
using simple polynomial expressions for the velocity profiles.  Comparison of the 
approximate mass flow computed using the assumed profiles with the exact mass flow 
indicated which of the assumed profiles gave the most accurate mass flow rates. 

I 
The momentum integral equation, Eq. (66), written in a form applicable to 

the rotating disc problem becomes 

! fMrU,H,^,   ■-»•(^t) dRJo dz Z = 0 
(125) 

! 
since 

I ur(0) (126) 

u^(8) = o (127) 

The tangential velocity distribution at the surface of the rotating disc is giver, 

by 

1 
I 
I 
I 

The velocities are given by 

u.{0) = (nr (12S) 
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'♦ ™F.(t) (129) 

^ ¥ 82F.(t) (130) 

Then substitution of Eqs. (128), (129), and (l30) into Eq. (125) yields,after 
some mathematical manipulation, the equation 

I 

1 

! 

i: 
1 

i: 

1: 

1 

d  {*   < 
c/R 

/ 3 4 \     r 
\r)   r   I     =      

F3 (0) 
77  />.^(t) (131) 

where 

Since 17 is a constant for laminar flow, integration of Eq. (l3l) gives the 
nondimensional boundary layer thickness 

(132) 

L /   F.F.    0^7  J 

/oF3^    d 

The  induced radial mass  flow at    r   is 

0   =   Zirrj \ifdz   =    - 1-nx ^/vu»   rj j   F^dz 

Define a quantity,  B  ,  by the relation 

(133) 

(13M 

B  ■   - 2T73J   FAdz 
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Hence the radial mass flow becomes 

1. 
I 
i; 
i: 

0 = B Trr 
l*/vü (136) 

The velocity distribution functions, F3 and F4 , may be redefined in terms of 
the velocity distribution functions, F, and F2 , employed in the secondary flow 
analysis by the relations 

^ = ' " F, (137) 

= - F„ (138) 

The constant, B , which depends on the velocity profiles, is given in Table II for 
comparison with the exact solution.  It may be seen from the results presented ir. 
this table that velocity profiles (i/) and (12) yield the best agreement with the 
exact value of B and, consequently, ehe exact secondary mass flow rate.  Therefore, 
the following velocity distribution functions have been employed in evaluating the 
characteristics of a vortex tube with laminar flow in the end-wall boundary layer. 

-   21   -   z2 (139) 

F2  =  12(Z - 22 + Z ) (1*0) 

.     Turbulent Boundary Layer 

Since a simple l/7-power law under most conditions describes flat-plate 
boundary layers, it has been chosen for the tangential velocity profile.  For 

[ 

r 
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the radial velocity profile^ the l/7-power law was also choaen with the addition 
of a polynomial needed to satisfy Eq. (8l). 

■  (if 

"•Uif- $ (f) + Ui)] 56 
I 3 

These distribution functions are illustrated in Figs. 3 and 4. 
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TANGEMTIAL   VELOCITY   PROFILES   CONSIDERED 

IN   ANALYSIS 
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RADIAL    VELOCITY   PROFILES   CONSIDERED   IN   ANALYSIS 

FIG. 4 
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VARIATION   OF   RADIAL    MASS    FLOW   WITH   REYNOLDS   NUMBER 

FOR   A   STRONG     VORTEX 

STRONG VORTEX, Ü.r    -    CONSTANT 
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VARIATION    WITH   RADIUS   OF    RADIAL    MASS    FLOW    WITHIN 

BOUNDARY     LAYER   ON   ONE   END   WALL  OF   VORTEX   TUBE 

STRONG VORTEX, ü^r • CONSTANT 
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MAXIMUM    VALUES   OF   SECONDARY   FLOW   PARAMETER    FOR 

APPLICABILITY   OF   STRONG - VORTEX   RESULTS 
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APPROXIMATE    MAXIMUM    VALUES    OF    TANGENTIAL   REYNOLDS 
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EFFECT    OF    RADIUS    ON    ANGULAR    MOMENTUM    IN   PRIMARY    FLOW 
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EFFECT   OF    RADIUS    ON    STATIC     PRESSURE    COEFFIQENT 
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EFFECT    OF   RADIUS   ON    ANGULAR   MOMENTUM    IN   PRIMARY   FLOW 

FOR   A   RADIAL   REYNOLDS    NUMBER   OF    5 

LAMINAR    FLOW    PROFILES      (T)    AND     ([3)    IN     FIGS     3     AND  4 
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EFFECT   OF    RADIUS    ON   FRACTION   OF   TOTAL    FLOW   WITHIN 

BOUNDARY   LAYERS   ON   BOTH    END   WALLS    FOR   A   RADIAL 

REYNOLDS    NUMBER    OF    5 

LAMINAR    FLOW    PROFILES      (T)     AND     (fa    IN     FIGS.    3    AND   4 
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EFFECT   OF   RADIUS   ON    ANGULAR   MOMENTUM    IN   PRIMARY   FLOW 

FOR    A   RADIAL   REYNOLDS   NUMBER   OF   20 

LAMINAR    FLOW    PROFILES      (;       AND     Q,    IN     FIGS    3      AND   4 

I 

-6- 
13 

ct 

is 

11 
si 
z   < 
<  -I 

r> 
o 

^L 
2 

'Ret 

0.1 

u «I 

1-0    I 3". 

0.8 

0.6 

0.4 

0.2 

0-2 0.4 0-6 0.8 

DIMENSIONLESS    RADIUS.     R  -    r/r. 

1.0 

I 
CONFIDENTIAL 

68 



2494 -l C( ,        )E NTIAL FIG. 26 

e 

^ i 
< < 
s o in 

cr CM 
a <S) 

LL o 

5 o 
z 

> tr 

O 
O 

LU 
OQ (? 

_l _> Q 
LU -z z 
> 

(^ 
4 

—1 Q i — , 

< _j »" 

UJ o 

Ü 
Z 
>■ 

UJ 
Q: o 

< K 
»- _I 

< * 
j^ o O 
o < 

(/■) K 
3 4 

o > 
< < 
a: —' 

UJ 

c U> ^T «V O OD QO 

3 
C 
< 
K 
a: 
en 

o 
in 

n ■ h    IV    AXI0013A    "IVI1N3
C
JN^1 

A1ID013A    nvilN30NVi 

COI  i II A NTIAL 
bb 



R- 2494- I (   )M FIQElSrriAl L_ FrG.  27 

EFFECT   OF    RADIUS    ON   FRACTION   OF   TOTAL    FLOW   WITHIN 

BOUNDARY   LAYERS   ON    BOTH   END    WALLS    FOR    A   RADIAL 
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