UNCLASSIFIED

A 2243176

DEFENSE DOCUMENTATION CENTER

FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

UNCLASSIFIED




NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the sald drawings, specifications, or other
data 18 not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



et B RS PRSI BB -, i,

LY BUBER RIS o
1 S SR d - s « P = ) — = .
LRt s ; = AT i
i a— . & E

"
({&)
‘ e
-
- 1
I-'_ i k’*‘.»
iy
4 el
e
(AN 4
e -
§ i
edj
L
rermason
= . R
Py A
T e
b (ST |
G " f
ﬁ%&é .F‘AW"‘ZWL}%
G oA,
5 3 ,
!gzmﬂnu ::cfemw.:.g
;
# i
: L




ol

"4 SIMPLE ~LOOTTT'M 7Ox F
) AL LTHAL NS WORK PLO S
APPLICATION O T.£ 11°C

| PiiO LA

Crt

DINT I
c

C3 T

¥
K

O.

L. R. Ford, Jr. Lt
D. R, Rulkersor ,

s

Dz p-743

\ Revicoed 2% Donoo v

[

|

76 RH D oo

1700 MAIN ST - SANTA MONICA + CALIFORNIA —————e

23)




P-T43

ic—-2u-55
—_—

SUMMARY

A very simple algorithm for f{inaing a maximal flow
and minimal cut in & transportatlion nctwour« 13 described;
it 18 then applied to obtaln an elficient computational
routine for the Hitchcock distribution problem.
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A SIMPLE ALGORITHM FOR FINDING MAXIMAL NETWORK FLOWS AND
AN APPLICATION TO THZ HITCHCOCK PROBLEX

L. R. Pord, Jr.
D. R. PFulkerson

INTRODUCTION

The network—f{low problem, originully posed by T. Harris
of The RAND Corporation, has been discusced from varlous view—
points in [1], (<], (31, " ., . L .va wrises naturally
in the study o transporta..on networxsa; 4Lt may be stated in
the following way. One 1s given a .2twork of dirccicd arcs

and nodee with two distinguished nades, called source and s8ink,

respectively.!? All other nodes are called intermediate. Each

directed arc in the network has associated with 1t a nonnegative

integer, 1ts flow capacity. Source arcs may be assumed to be

directed away from the source, sink arcs into the sink. Subject
to the conditions that the flow in an arc 1s in the direction
of the arc and aoes not exceed its capacity, and that the total
flow into any intermediate node 18 equal to the flow out of 1it,
it 18 desired to find & maximal flow from source to sink in the
network, i1.e., a flow which maximizes the sum of the flows 4in

source (or sink) arcs.

! A problem in which there are several sources and sinks,
with flows permitted from any source to any sink, 1s reducible
to a single—source, single—sink problem.
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For exanplz, consider the retw<or< of Pigz. 1 witn
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source P,, sinx P, and arc capacitles 48 inaicated. Il we

let x1J denote tne f{low {rom P1 to P:, the prob.oa 18 to max—
imize X;g + X3, the totul llow leaving P,, sub/ect to the
equations and lnequalities

X112 + Xsz = X253 + Xoae,

X113 + Xa3 = Xaz + X3s&,

< Xi2 < )n
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In general, if we let Py be the source, Pn tne sink, we are
re juired to {ind xij(i'J = 1,...1nn) wanich maximize
n

(1) ‘22 *1J
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subJject to -

(2) };(xiJ - xJi) - 0 (1 =2,...,n-1) ,

0 g 11J < oU 3

where the Cy, are given nannegative integers, and, in particular,

J
- C « 0 for all &, J.

“y nJ

This 18 of ocourse a linear programning problem, and hence
may be solved by Dantzig's sinmplex algorithm. In fact, the
simplex computation for a problem of this kind 13 particularly
efficlent, since it can be shown that the sets of equations cne
solves in the process are always triangular (2]. However, for
the flow problem, we shall describe what appears to be a con—
slderably more efficient algorithm; it is, moreover, readily
learned by & perscon with no special training, and may easily
be mechanized for handling large networks. We belleve that
problems involving more than 500 nodes and 4,000 arcs are
within reach of present computing machines.

Of some theoretical interest 1is the fact that the procedure
assures one of obtaining a strict increase in the total flow at
each step (in contrast with the simplex method). In addition,
the Hitchoook problem can be solved via the f{low algorithm 1in a
way whioh naturally generalizes the combinatérial method recently
proposed by Kuhn (7] for the optimal-assignment p;oblem. Informal
tests .by hand indiocate that this way of solving the Hitchcock

problem is extremely efficient.
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1. COMPUTATION OF MAXIMAL FLOW, AN EXAMPLE

In order to illustrate the computational procedure, before
describing it in general terms, let us return to the example of .
Pig. 1. Start out with any flow from source to 8ink, say a flow
of 1 along the chain P, Pg Pag Py. VWe describe this flow by FPig.
2 below,

F,)
:;I./I'.\I:I
rd 2™
z'/ b Y
L P I
eX pe
| \ >l\_i$
o™ /3
:: e
e
W, r
I N3
Uy
Fig. 2 g

where the remailning or unused capacity from P, to P, 18 denoted

i J

by the number elosest to P1 on the arc P1 PJ. Notice, for example,
that the new capacity from Ps to Pg has been decreased by 1, and
the capacity from Pg to Py has been increased by 1. That is to
8ay, we must new allow the posaibllity, in constructing lucceagive
flows, of imposing a flow of 2 from Pg to Py, one unit of which
would cancel the present flow of 1 from Pa to Pg. Now start

with the source and look for nodes which may be reached "in one

step" by arcs of Btrictly positive remaining capacity. Here we
may proceed only to Pg. When a node has been reached, label it
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in some fashion; then take a labeled node not previously

examined, and look for unlabeled nodes which may be reached

in one step by arcs of positive remaining capacity. -Here we

may proceed from Pa only to Ps. Repeat the procedure until.

either (a) the sink has been labeled, or (b) no further nodes

may be labeled and the 8ink has not been labeled. In our axample,
case (a) occurs at the next atep. We may now search back® through
labeled nodes, locating a chalin from source to sink along which

an additional flow may be imposed. Here we have the chain P,PgPaPe,

and a flow of 2 may be imposed. We thus obtain Pig. 3> below

“
L '\\
iy
EX 4
0™ 2 v
My A
e P
N3
| ;l’ |
&)
FPig. >

from Pig. 2 by alternately subtracting and adding 2 to the
nunbers encounterad along the chain P,PgPaP4. Next repeat the .
labeling proocedure. T™his time we can label only P, and Pg,

and are thus in case (b). This means that we have obtained &

maximal flow, depicted in Pig. 4.

® In the general description of the algorithm to be given
presently, we will carry enough information along to make the
backward search unnecesssary.
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The proof that this flow is maximal in this case 1is
lmmediate, for observe that the directed arcs P,Ps, PgPs, PgPs
leading from labeled nodes to unlabeled nodes are all saturated
and form a cut in the network; 1.e., every directed chain from
source to sink contains one of these directed arcs.® Since it
i8 clear that the sum of capacities of arce forming a cut, which
we refer to as the value of the cut, 1s an upper bound for flow
values, and since we have achieved equality of flow value and 5
cut value, the flow 1s maximal and the directed arcs P;Ps, PgPs,

PaPe constitute a minimal cut, 1.e., a cut of minimal value.

2. THE MININAL CUT THEOREM

A nonconstructive proof of the minimal cut theorem, which
asserts equality of maximal flow value and minimal cut value,
has been given by the present writers in (5] . Subsequently a

constructive proof based on the simplex criterion of linear

3The definition of cut given here corresponds to that of
disconnecting set given In [5]. ‘
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programming was developed [2,)} ‘The algorithm which we describe
more formally in the next section aiso provides a constructive
proof of the theorem. Like the simplex algorithm, 1t produces
not only a maximal flow but a minimal cut as well. This will

be important for our application to the Hitchcock problem.

It should perhaps be pointed out that an undirected problem,

by which we mean that the directions of flow in intermediate

i arcs are not specified, so that the capacity constraints on
these arcs are of the form
(3) X4 + xJi < €1y (L, J = 2,...,0—1 1<J)

presents nothing new, since we may replace each undiroected arc

by a pair of oppositely directed arcs, each with capacity equal

to that of the orizinal arcj 1.e., replace (3) by

X138 1y

4
(¥) x5y & Oy -

B ML et it i

For, given X' = (xij) satisfying (#) and the conservation equations
4 at intermediate nodes, setting
1 !
(5) X4y = max (x1J - xJi,o)
ylelds an equivalent flow X = (xij) satisfying these equations

ad (3) .
] The minimal cut theorem is true for undirected natworks as -

waell as for directed networks, or, more generally, for mixed

networks in which some intermediate arcs are directed, others not,

the obvious changes in definitions of cuts and chains having been

s s
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made. This follows from the comments above and the fact,
easlly proved, that the minimal cut value is the same ror.a
mixed network and its equivalent directed network. The theorem
is 8till valid when capacity conatraints on nodes are admitted,
where a cut now, of course, includes nodes as well as arcse.
‘This may be proved by splitting each node into two nodes as

suggested in Pig. 5.

\ e
#
_/
. .

Pig. S

and placing the capaoclty o of the old node on the new directed
arc joining the two new nodes, thus obtaining an equivalent
network with capacity constraints on aros only. Por a direct

proof of the theorem in this general form, see [2].

3. THE ALGORITHM

We start the ocomputation from any convenient initial flow
{ whatsoever. The initial flow 18 used to define a starting
i matrix A = (aij) by letting 2, be the capacity of the arc from

Pi to P, diminished by the flow from P, to PJ and increased by

J i

the flow from PJ to Pi' If no other flow is readily available,

one may start with the zero flow, corresponding to A = C, where

t c1J ie the original capacity from P1 to PJ.
|
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(It 1s the opinion of ths authors that if the problem
is given in matrix form, no specisl attempts should be made
to obtain a good starting solution. 1If, on the other hand,
the problem can be pictured readily as & linear greph, a "floodirg"
idea described in (1] might be used to obtain a starting flow.
By following the approach suggested in [1], which, however,
calls for the exercise of Judgment, an 1initial flow can be
obtalned that often 1s optimal for simple networks. If not,
it might be used as a good starting point for initiating the
procedure given in this paper.)
We are assuming that the notatlion has been chosen 8o that
P, 18 the source, Pn the sink. PFor certain values of J = 1...,n
we shall define labels VJ"‘J recursively as follows. .
Let v, = 0, 4, = 0., Por those J such that 31J > 0, defiho
vJ = alJ'/‘J = 1. In general, from those 1 which have received
labels vl,/¥1 but which have not previously been examined, select

A<, have not

ean 1 and scan for all J such that aiJ > 0 and vJ, 3

been defined. For these Jj, define

(6) vy - min (Vi' aiJ),/“-J - 1.

Continue this process until Vi “n have been defined, or until

no further definitions may be made and VarAn have not been
defined. In the latter case the computation ends. In the former
case, proceed to obtain a new a4 matrix as follows.

Replace a n by a -v_and a by a + V.. In genersal,

A Ann i ng4. n

£




replace %“_J by a g~ v_and a by aJ where each J

3 #gd m s #y+
is the «,, of the precediné J' in the backward replacement.
This replacement continues un'cil,«J = 1 has been completed.
The labels VJ”“J are then recomputed on the basis of the new
A matrix and the process 1is repeated.

Notioce that Yn is a positive integer, and hence the process

terminates. Upon termination, the maximal flow X 18 given by
defining

(7) X,y = max (c a 0),

W I <
as we now prove.
Lemma 1. X is a flow.
Proof. Clearly 0 ¢ le < °1J' since alJ 2 0. It remains

to show that X satisfies § (le - xji) « O for { = 2,...,n~1.

Now the process ensures that c¢ It.follows

1j + cJl - 31J + aJi’
from this and the definition of X that

§ (xg, = x44) = % (eyy — 84y)

It therefore suffices to prove that 81J is invarilant, for
1 =2,...,n~1, under the computation, as certainly (c1J - alJ) - 0

for the starting point A = C. But if 1 (¥ 1,n) is the #, of

some £, then there 13 a k = #4y. Thus, for this i, the new aiJ

are either equal to the old 31J or are given by

- - 7
(alj v, for J ,

]
axj_"1 - a1J + Vi for § = k,
a1J otherwise;
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hence § aiJ - g By

Lemma 2, X is a maximal flow.

Proof. At the point where termination occurs, we have
defined a set S of nodes, consisting of those nodes P1 for
Which v,,~, have been defined; and further, P, €S, P_ 4 S.
Consider the set |' of directed arcs PP, such that P, € 3,

P, ¢ 3.* Clearly a,, = O for such pairs 1,J, as otherwise

1]
we would have defined VJ, 29N

We will show that | 13 & cut whose value 18 egual to
§ Xy 4» thus proving that X 1s & maximal flow and [ a mwinimal
cut.

That [ ' 18 a ocut 18 clear. Por if there were a chain

PyPy ...Py P with the arcs PyP, ¢ [ ,..., PikPn<$ [,

i
k
then we could deduce successively (Bince P, <« S) that P11€S""’Pnfs’
a contradiction. To see that r‘ has value equal to the flow

value, notice that

’
0 (1 <1 <n),

§ X (1 = 1)

Now sum thess equations over those 1 for which P1€S. On the

Z (c1J - aiJ) - <
J
L

and P, are both in S, then ¢ -8 and

i J iJ iJ
are both in the summation and are negatives of each

left side, AL P
cJl - aJ1
other. All that remains are terma of the form c1J - aiJ' wherae

P,€S, PJ 4 S. Por these, as we pointed out above, 8y, = 0.

[ ¢ fThe set [ 18 actually the set of "left arcs" defined
in [5].

ket sascetiin i



P—743

12-25-55
S12=

Thus the sum on the left reduces precisely to the sum of
capacities of members of [ ' , as was to be shown.
We append a simple example, using the matrix format instead

of a picture of thg network, to illustrate the computation 1in

this form.
Exanmple.
\) pt
y 2 2 o ® O
0 y 2 2 41
Ay = C =10 &4 3 1 2 1
lo 2 2 4 2 1
0 0 0 © | 2 2
[ 2 2 2 0 ® 0
2 4y 2 0 2 1
Ag = O & 301 2 1
0 2 2 4 2 1
0 2 0 © 13
i 2 1 2 0° @ O
2 4 2 0 2 1
Ag = 1 4 3 0! 1 1
0 2 2 8 2 1
0O 2 1 0 2 U
[N

-2 1 0 0 ® O
2 4y 2 0 2 1
Ay = |1 4 53 0 1 1
2 2 2 2 2 2
o 2 1 2 2 4
-~ 0 1 0 0 ® 0
4 4 0 O 1>
As 1 4 3 0 11
12 & 2 0 1 3

0 2 1 A&
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Thus the computation terminates with As, giving a total
flow of 7. The minimal cut comprises the arcs 15, 25, 35, 45,
with value 7.

4. THE HITCHCOCK PROBLEM

(4
The Hitohcock transportation problem is perhaps one of

the "most solved" linear programming problems in existence.
We shall propose yet another computation for the problem which
will amount to solving a sequence of flow problems of a partic—
ularly simple kind. The basic idea, which stems from a proof
given by Egervary (4] for a theorem of Konig [6, p. 232] on
linear graphs, has been used by Kuhn [7] to develop a very
efficient combinatorial algorithm for the optimal assignment
problem, a special case of the Hitchcock problem. OQur method
differs only in details from the Kuhn algorithm in thls ocasse.

We take the Hitchcock problem in the following form: QGiven
a matrix D = (dij) of nonnegative integers, and two oota of
nonnegative integers (a,,...,a ), (by,...,b ), with Z a, = }j by,

i=1
it is desired to find a matrix X = (xij) satisfying the constraints

xiJ 29,
(8) L Xy "y
% Xy =D
which minimizes the linear form

9 d x .
(9) RILICRSY
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A physical interpretation of the problem 18 that there are m

originating points for a commodity, the 1th point having 8,
units, and n destinations, the Jth one requiring bJ units. If
d1J is the coat, per unit of commodity, of shipping from origin
i to destination J, find a shipping program of minimal cost.

The dual of the Hitchcock problem 1a: Pind dl, 53 satis—
fying the constraints

(10) d1+f5J5a“ (L = 1,...,m; J = 1,...,n)

which maximize

(11) Z 8y dy +7 b, @1.
i J

The preoof that the algorithm to be described yields a solution

to the Hitchcock problem will be based on the fact that the dual

form (11) increases by at least one unit with the solution of each

successive flow problem.

Each of the flow problema will be of the following form.

Pind X = (xij) satisfying
(le 2 9,
%"145“1'
ﬁ)I'x“SbJ ,

Xy O for a given set SL of pairs 1,J,

(12)

-

which maxlnizea

(13) - LY Xy
153 H
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This is actually a special Hitchcock problem. To see that 1t

18 also a flow problem, set up the directed network of m + n + 2

nodes shown in Pig. 6,

.
Source : /, S _J.Sink

where the capacity on the directed arc PiQJ is zero if 1,Jé_/l ]
large otherwise, the capacities of source and sink arcs aré¢ the
ay and bJ, as shown, and interpret XIJ a8 the flow fronm P1 to Qj'

To solve such a problem we may of course use the computation
of Section B involving, in this case, an m + n + 2 by m + n + 2
matrix. It 1s posasible (and computationally convenient) to de—
aridbe the process in terms of an m by n array. The verification
that th;'two descriptions are the same for this particular class
of problems will be left to the reader.

Let X be a solution of the constraints (12). Corresponding
to certain of the rows 1 = 1,...,m of X we will define integers

vi'/‘i’ similarly, for certain of the columns J = 1,...,n we will
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define integers w,, AJ. These definitions will be made re—
cursively; first a set of Vi"‘i will be defined, from these a
set of wJ, RJ will be defined, and so forth, alternating between

the rows and columns,

For those 1 such that Xyy < By define .
J
(18) vy - ai‘%"u'/‘i"°

Next select an 1 whioch has been labeled and scan for all (unlabeled)

J such that 1,Jjé (1 ; for these J, define

(15) wJ-vl,AJ-i.
Repeat until the previously labeled {'s are exhausted. We then

select a labeled J and scan for unlabelsd 1 such that x1J > 03

for thase i, define

(16) v, = oin (xij' wJ),AL1 - J.

Repeat until the previously labeled J's are axhausted. Again
select one of the 1's Just labeled, look for unlabeled J such

that 1,J¢/1, and define w,, AJ by (15). Continue in this fashion,
using (15) and (16) alternately until either w,, AJ have been
defined for some J with 11J < bJ, or until no further defini-—
tions may be made. 1In the latter case X i85 maximal; in the

former we can get an improvement as follows. Lat
(17) v = min (nJ, b, —-§ xiJ) .

Alternately add and subtract Vv from the sequence
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(18)

X

BT ERe YT PLiie PR FL VF P

where J, "/*‘7\.10 i, -7\'1‘» Ja -/41"1! "AJ.J--°0Jk - /"1

Iy

Example.

1 |
: | , r _ )
T M R ok RS TR B
LN | | i ) by o o -
15 ;8 ) OO0 Ol > i
6 __OQ10O { @. | >4 lo
11 Q1Q A @ L1119
1 1
8 Ql @ O [ | | 1l ] s~
9 ‘ O Olal[s 2 o]
10! ! @ @, S N | - G
by 1}1“1 819 2|, 22 2|3
ACH SRR I U S S I J 1] |2 | 2]z2
N T1 616 [ as 0] {9 9]9l|

Cells containing a circle comprise gt (the complement of
SV ). Tne entries within the circles (zeros elsewhere) con—
stitute an X satisfying the constraints (12). The defining pro— ~
cens terminates with wg = 1, 7g = 4, since column 5 is a column

in which the sum of the entries x15 is less than bs; 1.., 2+ 3 < 9.

E... o ey
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. The sequence along which an improvement of min (ws,bg — ; xis) -1
can be made 18 X5 = 3, Xq; = 1, Xy, = 0, Xyp = 1, Xgp = O, as
18 easily read off using the A's and s alternately.

We are now in a position to describe a general routine for

PO TRY B R e SLpy

the Hitchcock problem. As a starting point, form the difference
k matrix

R P

where qQy - mjn dij' 53 = min (d1J - Qi). Thus diJ —-dy = FJ 2 0;
i.e., g ﬁb satisfy the dual constraints (10). The next step
is to solve the flow problem with

(20) 1l = {14|c11‘j —ay = B> o} .

If the maximizing flow X satisfies | Xyq = g a,, then X 18 a

i i,J
1 minimizing solution to the original ﬁitchcock problem,® If, on the

3 T™is 1is easlly deduced as follows. Observe first of all

shchi

that for any di, ﬁS’ the two Hitchcock problems with cost matrices

dy, end dyy — % - ﬁu are equivalent; for % Xgq = ag,

}I'x“ = b, 1mply that 1’% (d“ -y - ﬁJ) Xy = éjdiniJ

- ; a, —-§:bJ GJ, and the last two sums on the right are

| independent of X5+ Thus 1f we have Ay, fﬁ with dyy —dy - 320,
and are able to find an X satisfying (8) and Xy = O for 1€,
then clearly X minimizes 1ZJ(d1J -txi — J)xij' hence minimizes

»

dy o X,
&yt 1y

| N
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other hand, z x4 < ; gy» let I be the index set of the labeled

rows of X, J the index set of the labeled columns, and define new
dual variables by

{“1 + k (1<1),
A" -
1 1«1 (14 1),
(21)
(ﬁj -k (J(-J):
ﬂJ' -
]ﬂJ (4 43,

where k = min (dLU - &y - E&). Notice that k > O, since pairs
P

J&J
1,J with 1€I, J4J are contained in /) .

! '
Lemma 3. ,; altxi + § bJ ﬁﬁ > { ay A + § bJ BJ‘
Proof. The fact that X 1s & maximal flow implies that

; Xy = bJ for J€J. Also, the labeling process ensures that
Xy g = O for 141, j<J, and, as we have mentioned earilier, X4y =0
for 41€I, J4J. 8ince all § wlth§ 1y <84 are in I, 1t follows

that

R A g

and hence the new dual form has been increased by the amount

k( 1§I a, -.stbj ) >0 .

e St o

e
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Another way to see this 18 to note that the minimal cut in

the associated network (Fig. 6) has value a, + b, <, a,,
11 1 feg Y 1

and hence a, > b, .
1§‘1 i JzJ J

Now form the new difference matrix d,, -y - ﬁh > 0 by
subtracting k from the I-rows of the previous difference matrix,
and adding k to the J—columns. We may now take the maximal flow
X of the previous flow problem as a starting point in the new

flow problem and proceed as before.




o s b e

12-29—55
=21~

REFERENCES

Boldyreff, Alexander W., "Determination of the Maximal
Steady State Flow of Traffic Througnh a Railroad Network,"
The RAND Corporation, Paper P-687, August 5, 1955.

Dantzig, G. B., and D..R. Pulkerson, On the Max Flow Min
Cut Theorem of Networks, The RAND Corporation, Research
Memorandum RM-ITI18-1, January 1, 1955,

Dantzig, G. B., and D. R. Fulkerson, "Computation of
Maximal Flows in Networks," The RAND Corporation, Paper
P—677, April 1, 1955.

Egervary, E., "Matrixok Kombinatorius TulaJjdonssgairol,”
Matematlikal es Plzikail Lepok, Vol. 36, 1931, pp. 16-28;
translated by H. W. Kuhn as Paper 4, Issue 11 of Logiatics
Papers, George Washington University Logisticse Rescarch
ProJect, 1955.

Ford, L. R., Jr., and D. R. Pulkerson, "Maximal Flow Through
a Notwork," The RAND Corporation, Paper P—605, November 19,

1954,

Kénig, Dénes, Theorie der endlichen und uncndlichen Graphen,
Chelsea Publishing Company, New YOIk, 1950.

Kuhn, H. W., "A Combinatorial Algorithm for the Assiznment
Problem,” Issue 11 of Logistico Papers, George Washington
University logistiocs Research Project, 1955.

Robaoker, J. T., On Network Theory, The RAND Corporation,
Research Memorandum RM-I%58, Hay 26, 1955. )




