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ABSTRACT 

For aii error-correcting code group A, the group G of coordinate permu¬ 

tations that map A onto itself is used to define an equivalence relation 

on A-cosets. It is shown that this equivalence relation can be used in the 

analysis of the error-correcting properties of A, and in the definition and 

verification of ope rationally feasible decoding algorithms that satisfy 

the minimal distance criterion. Decoding algorithms under a (weak) 

block length criterion are also considered for a special class of group codes. 

Applications are made to some specific codes, the largest being a code 

in two symbols whose words have 45 information and 28 check positions. 
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THE USE OF COSET EQUIVALENCE IN THE ANALYSIS 

AND DECODING OF CROUP CODES 

I 

INTRODUCTION 

A need exists for extending the repertoire of specific error-correct¬ 

ing codes for which an analysis of er ror-cor reeling properties has been 

made, and for which coding and cecoding algorithms have been established. 

The systems designer needs to know not only what a particular code will 

yield in error-correcting, but what it will cost in coding and decoding 

ope rations. 

Let A be a group code, and let G be the group of coordinate permu¬ 

tations that map A onto itself. The group G is used to define an equivalence 

relation on A-cosets . In Part I, it is shown that this equivalence rela¬ 

tion on A-cosets can be used in the analysis of the error-correcting pro¬ 

perties of the group code A, and in tue definition of decoding algorithms 

for A- The concept of coset equivalence seems particularly useful in the 

analysis of rather large codea, since the study of one coset in an equiva¬ 

lence class yields information about all cosets in the class. 

In Part 11, the methods of Part I are applied to some specific binary 

group codes, the largest of which has 45 information positions and 28 check 

positions. The decoding algorithms found for these codes are operationally 

Received for publication June 2, 1959. 
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8 i Tiple r than those constdered in Part I and are closely related to those 

oí I. S. Reed. w ^ 

A!:k0“gh We privily interested in decoding aigorithra. sat- 

..lytng the reqn,remen, .ha, each pos.ible received x be mappe, 

onto an element of the code a, minimal distance irom x. (minimal dia- 

tance criterion), it is noted that a (weak) block length criterion can be 

■esed to simplify decoding for a special class of codes considered, those 

gronp code, such .ha, if (v x,.,,.,) is i„ thc tMt. thl.„ ,. „ ^ 

X2.xn-r Xo)- 
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PART I 

jn-e vector ¡.pa,.,, jn 

^ Jp b0 tS* ' *“ °f "‘«“'o «>• Prt"-« integer ». A. =1«. 

m"' ! Jp “ ‘ Cl“’ rei" - - represcni !Uch , cUs, b, 

- of v„uc tbe cla,.. Thu>i 

7 "Ch e''mem 0i Jp ** * Srmb01 *• {0. * I.tkj. ,he 
element of J2 are written as 0 or 1. 

Let be the set of all n-tuples x = (x x v > . . 

X in th» f eld J Th Tr 0' ‘. n* 1Wlth coord-nates 

P' ‘ en P Can ln a natUral waV be given the structure of 

a C°nCrete n'd:men810nal VeCt0r 8PaCe — ‘He ftdd Jp. Since p 18 pri.e 
every additive subgroup of j” is aiso a linear suhspace^ 

LfA 1S any k dimen8ional subspace of jn we regard A as a 
p reSard A as a group code 

1 gt - n ln P symbols and of order pk. 

-^Í£¿LjI-ld^tanre function, nn jn 

7' ‘ -V Popping d p( J» X J- the ,eal 
numbers tuch that P P 

d(x, x) = 0 

(1) ( d(x.y) > 0 if x/ y, 

d<1‘.y) = d(y,x), 

djx.y) + d(y, z) à.d(x, z). 

Vr e ca'! a weight funetinn n** - 
...,, .,.. - JP - "***• « Of f; ™„ ÜI« „umb„. 

\ 
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U) 

w(0) = 0. 

w(x) > 0 ií X / 0, 

w(x) = w(-x), 

w{x) t w(y) è w(x + y). 

If w(x) is a weight function, then a distance function can be defined by 

(3) d(x, y) = w(x-y). 

Given such v e;ght and distance functions, we extend the definitions to 

over any subsets X and Y of by defining 

(4) w(X) = minimum w(x) for x in X, 

d(X, Y) = w(X-Y), where X-Y - {x-y| . v . v. 
I ' J x in X, y in Y 

We now choose specific weight and distance functions suited to our 

purpose. If x is any element of the vector space J^, we define the weight 

of x by 

(5) w(x) = ¡x0¡ + ¡X, ! +... + |xn_, I 

(Recall that by our convention on notation, an element of is represented 

by the real integer of smallest absolute value belonging to this element.) 

We also define a concept of a neighbor of a subset X of J^. Let e^ 

be the vector of whose ith coordinate is equal to 1, the remaining coor¬ 

dinates being equal to 0. By a neighbor of X we mean any of the sets 

X + e^ or X-e^') (0 < i < n-l). In particular, if X contains only one vec¬ 

tor x, then x has exactly n or 2n distinct vectors as neighbors, depending 

on whether p is equal to or greater than 2. The distance of a set X to any 

of its neighbors is either 0 or I. 

Coset equivalence 

Let A be an additive subgroup (and thus a subspace) of j". Let A 

be the subspace of containing all vectors y that are orthogonal to every 

/ 
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vector of A; that is, 

1 ’ * '■'''l »• »Ul, in A. 

°!A «-A. U, X* b. th, .ub.et 

p a‘n-^ vectors that can be obtained by applying a coordinate 

Permutation U, a vector in X Let B - A + b a 
the following A + b be an A -1 oset We then have 

Propos it,on. For any coordinate permutation p of J«, thefol 

conditions on P are equivalent; P 

(7> AP = A, 

(8) A^P.aI. 

(9) XPÍA, 

í,0, xp&x'da, 

BP is an A-coset. 

The proof is .impie and will be ornitted 

L.. O l,n ,h. 0( a„ co„nd™,n parm„„tl0„. p wMch Ap _ a 

^en 0 ., a gro„p The ,qui,a„„c, 0, (7, ,„d „ „ ,llow. ,o ujt 0 

.o d,f,„n equivalence rel.tiun ior A-co.e... lí B and C are A 
. ° dna ^ áre A'cosets, 

can B equivalent to C if BP - r „ 
c if BP _ c for some P in G. Call an equivalence 

class of A-co.ets a co,et tVDe. 

„ A*r '“rd"“" ”-”<»<1» o » j; induce, an au,om»rph.;,m „ jU 

“* *... permutation o" 

18 rC8 HJ’"1 10 be in G' then Q al8° indUCe8 an ^tomorphi.m of the factor 
B.;; VA ,».o.e are ,he A-cc..,., th„ prt.et„. ^ 

distance relations. 

\ 
. 

/ 
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A d i-rod- r ;; pro ■ rdu rr based on coset fguivjlcn r o 

Suppose that the k-dimers ional Bubspaec A oí possesses a large 

group G oí coordinate permutations that map A onto itself. We sketch a 

possible use of coset equivalence to define a decoding procedure that sat¬ 

isfies the requirement that any element x of j" he mapped onto an clement 

; o: A such that the distance d(x, b) is minimal. We refer to this criterion 

■ ‘he rr.iri-nal distance criterion for decoding. 

We recall the idea of the decoding procedure given by David Slepian. 1 

Let L be a linear transformation of such that A is the null space of L. 

Then, given an element x in j" the value xL determines the A-coset to 
t' 

which the vector x belongs. Suppose that a list of pairs (z.e) for each z. 

in the range cf L has been computed and stored in the memory, where e is 

some vector of minimal weight in the A-coset corresponding to z. To 

decode x, rompute z = xL, find the vector e corresponding to z in the list, 

and map x onto x-e. The procedure it a beautiful one so long as the num- 
. n-k , . 
ber p of A-cosets is not too large. 

Tne somewhat analogous decoding procedure to be described uses coset 

equivalence to shorten the list necessary. Suppose that, given x in j”, an 

indicator t of the coset type to which the coset A + x belongs, can be com¬ 

puted. (The problem of how to do this will be considered in the following 

a eel ion. ) Suppose further that the weight w of the cosets belonging to the 

coset type t has been determined for each t. Then, given any vector x, 

:B P0*»ible (by assumption) to compute a coset type indicator t and to 

find the weight w of the coset A + x by entering a list. Let be tho vec¬ 

tor whose ith coordinate is I, the remaining coordinates being equal to 0. 
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7 
Given X, determine whether cither x + or x . ,.(0) . . 

x e belongs to a coset 

of lower weight than the coset containing x. If it does, make succe.aivc 

changes In cooCnsK- ol , one uni, ,hc sa.nn diene,.. 

* '* ‘aCh S“"! Ch*"“' — -*8h. Repeat ,gu pnnendnen 

/or the nen, coord,„a,e. c,c. Stop w„e„ « „een ,„ered , VeCtnr ., 

,o ,hc code A or on rench-ng ,he (kel)s, coordinate (,..nml„g th„ 

k cooramates of x are information position^ 

In each specific case that w,; have carried u 
ave carried tnrough a complete analysis 

W, have found a ,impler decoding procedure thnn ju.t de.eri„ed. 

Tt"' “mPlCr deC“'ims l>'««hures are related ,o ,hos, of I s. Reed.2-* 

jdentifying coset types 

We do no, know a n.lu.ion to the problem o, computing a complete ee. 

of invariants for co.e. tgpe with re.p.c, to the group C. The set o, invariant. 

defined her. ha. proved adetpiate in the computation, made for specific 

codes. This .., of invariant, is computable whether or no. .he group i. 

known. 

Le. S be a subset of the space A2- such that if s contain, the vector ,. 

.hen S also contains every vector v that van k • • . 
y vector y that can be obtained by applying some 

coordirate permutation in G to x. I, ,h. group G t. „0, k„ow„, 

quirement c.n he e.tt.ft.d by inciuding with , ul, vectors y of A-l that can 

be obtained by epplymg ary coordinate permutation whatever * .. We .1.0 

require .ha, the .et S „»„in a ba.i. fur ^ Snbjee. ,0 theee two con¬ 

dition. on S, i, i. desirable tha, the number of vector, in s be a. email 

as possible. 
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A coordinate permutation P is in G if and only if SP = S. Let L be a 

matrix whose columns are the vectors of S in some order. Then a coor¬ 

dinate permutation P is in G if and only if 

(12) PLQ = L 

for some coordinate permutation Q. 

Define a linear transformation x -* xL (over J ) on Jn. Then A 1» the 
P P 

.h pace of the linear transformation L, since we have required that the 

vectors of S be in A'*' and contain a basis of A* . Similarly, let the matrix 

7 T 
transpose L of L define a linear transformation L (over the rcalu) on the 

range of L. For P in G, we have 

(12) LLTP = PLLT. 

Let x and y be hectors of Jn that lie in cosets belonging to the same 
P 

coset type. It follows from (12) that 

(14) xL = yLQ 

for some coordinate permutation Q. Thus, the number of coordinates of xL 

titat are equal to any given (real) integer is an invariant for the coset type 

to which the coaet A + x belongs. 

r 
Similarly, it follows from (13) that the number of coordinates of xLLT 

equal to any given integer is also an invariant for the coset type to which 

the coset A + x belongs, j 
This procedure yeildo a set of invariants (not necessarily complete) for 

coset type. The set is finite, since the set of integers that can actually 

occur au coordinates of xL or of xLLT is finite. Call this set of invariants 
I ( 

a coset typo indicator t. 

In oomc of the codes examined in Part II, the coset type indicators do 

not completely determine coset type; however, the sot of coset type Indicators 

/ 
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íor lhe neighbors of a cooet in the type provea aufficient to do ao in the sc 

Note that if xLL7 ia unequal to /.ero, then xLl" can be regarded aa 

the real aum of Borne vectora y ¡n auch that X’y / 0. 

CounUng the number of coacta m a ,cugc.| type 

Suppose tha; lor each cuset type tr v.e know how many ncighbora of 

each coset type any coset of type u poaaeaaea. Then counting the number 

of cosets in each coset type can easily be done by a recursive procedure 

based on the following relation: The number of cosets of type o times the 

number of neighbors of type ß possessed by any coaet of type o is equal 

to the number of cosets of type ß times the number oi neighbors of type o 

possessed by any cosct of type /3. We symbolize this rule by 

<15> (a)(ß\a) ^ (ß){a\ß). 

To start the counting procedure, use the fact that the group A is the unique 

coset in its coset type. 

The.une of coset equivalence in the analvs-s of a rnri>» 

Given the code A, we assume that a matrix L is known such that (a) 

A is the null space of the linear transformation x -*xL over Jp; (Jj) given 

P in the group G of coordinate permutations that map A onto itself, there 

is a coordinate permutation Q such that PLQ = L; (£) the coset type indi- 

cators t defined above in terms oí L are in one-to-one correspondence with 

coset types. (We know that requirement, (a) and (b) can always be satisfied . 

Requirement (s) allows us to simplify the statements made in this section. 

In Part U, an analysis is carried through for a specific code in a case where 

(t) does not hold. ) 
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Wc wish to determine the coact t>T>e indicators t for each coset type, 

•he number of coseta in the coset type, the weight of the cosets in the 

coset type, and the number of neighbors of each coset type belonging to a 

coset in any given type. 

Recall that if x is a vector, the coset type indicator t of the cosct type 

to which the coset A+x belongs is computed by first computing xL and xLL,T. 

' on abuse of notation, we also use t to denote coset type. We write t 
CX 

to indicate that t can be computed given any vector x belonging to some 

coset in the coset type t. We say that such a vector x represents the coset 

type t. 

If the vector x represents the coset type t, then the neighbors x ± e(i> 

; x represent the coset types that contain cosets that are neighbors of 

cosets in the coset type t. 

We say that a coset type is of weight w if the cosets belonging to the 

type are of weight w. 

( w) 
Let X be a set of vectors of weight w containing exactly one repre¬ 

sentative of each coset type of weight w (and containing no other vectors). 

Then, 

(d) The set of coset type indicators tx for x in X(w> is in one-to-one 

correspondence with the coset types of weight w, using assumption (ç). 

(a) The set of coset type indicators t , where y » x * e*1* for some x 
(w) y 

in X , Is the set of coset type indicators of the neighbors of the coset A + x. 

If ty is not the coset type indicator for a coset type of weight lees than or 

equal to w, than ty Is the type indicator for a coset type oí weight w + 1, and 

y Is a representative of minimal weight w + 1 for this cosot type. 

\ 

/ 
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(-) 'Ve can thus cor‘struct by choosing a subset of the neighbors 

of the vectors in X^WK 

(g) To start, we take X.( ' as the set containing only the null vector. 

'-) Wc stoP when reach a weight w such that x(W',',) is empty. 

-) V' e nOW have enouEh information to count the number of cosets in 

each coset type by the method of the preceding section. A check is that 

the total number of cosets must be pn‘\ where k is the dimension of A. 

PART II 

Çycli- subspaces of 1° 
- P 

’,Ve r‘ow re8trict our attention to subspaces A of j" such that the coor¬ 

dinate permutation Q defined by 

(16) 
xQ= (xrx2.V’-V 

:s m the group G of coordinate permutations mapping the subspace A onto 

itself. We call such a subspace A a cyclic code space. There is a large 

body of mathematics, pure and applied, relevant to the study of these sub- 
5, 6 

■ paces . The permutation group G mapping any such code A onto itself is 

at least singly transitive, since the group generated by Q is singly transi¬ 

tive . 

Let c be any vector of j". Define a linear transformation R of Jn 
H c p 

into itself by 

('71 xRc= (*• c,x> (cQ), x(cQ2), ... X (cQn"')). 

The linear transformation Rc io symmetric; the matrix of Rc equals it* 

/ 
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matrix transpuHn R . 
c 

Di'f.r'e a pe l /nom ial in \ by 

(18) 1C(M= c0*c,l,..., V|J 11* 1 

L" k be the dee„e of .ho polynJmial ,ha, ,,. k ,. ,,, 

.l.bo.e ¡„box for »Wob oky For ,h, , , , ,,,,,,, a 

over J by 
P 

rsion 

(19) 

Pc : CkXj+k = coxj + - + ck-lxi+k-l 0 = 0-1.-)- j.-k-rj+k-i 

The .ub.pacc AofjJ is a cyclic subspace if and only if A is the null 

space of name linear transformation If A is a cyclic sub.pace of di- 

mens; an k(0 < k < n), there is a unique vector c in such that 

a) A is the null space of R ; 
c 

k) Í divides 1-X over J : 
P 

c) íc ia Of degree k, ck = 1; 

d) the period of the linear recursion pc divides n. 

The ll„e.e r.cur.io» p, eo„ b, to cod, jk ,he >ub<pace A ,, 

peobbiag c,clic poje, undo, , weak block le„«h crll.Hnn P 

Coding for greep code. 1. rel.lively .Imple .,„c. the check digit, .re 

litte.e function, (o.., y of .he nte...,e dig.,.. Coding by . fin.., r.eur.io„ 

1. p.eticularly .imple. 3„ch cml,„g I. ,., . ., gro.p 

Including, but larger than, the class of cyclic codes. 

In general, it seem, difficult to define and verify feasible decoding 

algorithm, that satisfy the minimal distance criterion if both the number k 

of message position, and the number n-k of check position, are relatively 

1*rg* ^ thi' ,eCUOn We Kive a *enor41 decoding algorithm for cyclic code. 

*.— ^ . —. 
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such that the work of dccoilinj; a vector '8 at most (and on the average, 

less tear) n times the work of coding a vector. The procedure has the 

disadvantage that the minimal diotance criterion may not be satisfied or. 

all A-cosets . 

If a decoding procedure maps the vector y of Jn onto the vector x 
P 

of A, wc call the vector z --- y-x the (assumed) error vector. The vector 

z must lie in the coset A+y. If the decoding is to satisfy the minimal dis¬ 

tance criterion, z must be of minimal weight in this coset. 

In a decoding procedure that maps y onto x, the requirement that x agree 

with y in a circular block of at least k consecutive coordinates is here 

called the '■'■•rnk :,lock Wçth critcr-on. By a circular block of a vector 

x = (Xq, ... , x^_ j ) we mean a block of consecutive coordinates where x^ 

is considered the successor of x ,. 
n- I 

If A is a cyclic code space, then for every vector y in at least one 

and at most n vectors x In A agree with y on a circular block of at least k 

coordinates. Equivalently, at least one and at most n vectors z in every 

A-coiet have a circular block of at least k consecutive coordinates equal 

to zero. This follows from the fact that any k consecutive coordinate po¬ 

sitions in A ara linearly Independent. Any element x of A is completely 

determined by a circular block of k consecutive coordinates (coordinate 

positions being known), and can be computed from this block by using the 

linear recursion that defines coding Into A. 

Let be the unique vector in A that agrees with a given vector y in 

on the coordinates y^, y^+ j, ... , y1+^_ | (where the coordínete Indicos are 

regarded at .ntegers modulo n. ) The vectors y^ ^ for 1 from 0 to n- 1 need 



U 

# 

not all be distinct, since any such vector y*1* can a|;r. e with y on a circular 

block oí mort than k consecutive coordinates or on several blocks of at 

least k consecutive coordinates. 

tor cyclic codes we state a decoding algorithm that uses the weak 

block length criterion as primary rule and the minimal distance criterion 

as secondary rule. A numerical example is given at the end of this section. 

Algorithm. Given y in j”. Construct the (distinct) solution vectors 

y . At each stage, remember the indices i for which the solutions y*** 

have not yrt been examined, and from among those so far constructed, 

remember one solution at minimal distance from y. Stop cither on finding 

y(l) ior which the distance from y to y{i) it less than or equal to the packing 

integer for A, or when all possible values of y^ have been examined. 

Some trivial facts about the relation of this procedure to the minimal 

distance criterion are summarized in the following 

Pr.opQiit .c.r,. Let A be a cyclic code of length n and dimension k over 

Jp. Let o be the packing integer for A. that is, the laigest integer such 

that all vectors of weight o or less lie in distinct A-cosets. Let ft be the 

• mallsst integer greater than or equal to n/k. Then: (¿) Ua^w^ß, 

there are cosets of weight w such that for y in any of these coscts, the 

algorithm does not -. minimal distance solution, (b) All error vectori 

of weight less than or equal to the minimum of a and ß- 1 are corrected by 

tne algorithm, (g) 1Í the disUnce of y from the best solution y^ is less 

than or equal to the maximum of a and ß, then the solution is necessarily 

a minimal distance solution. 
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Proof. All vectors of weight w in J¡¡ have a circular block of at least 

k coordinates equal to zero U and only if w is less than n/k. Thus, the 

decoding algorithm yields all solutions at distances less than r./k from y 

if any such solution exists. It follows that (b) and (ç) hold. If w is an 

integer greater than or equal to n/k. we can construct a vector z of weight 

w such that z has no block of k consecutive zeros. If w is less than or 

equal to the packing integer q for A, the coset A+z contains no vector other 

than z of weight less thana+1. If y is in A+z, for no solution y(i) can 
( ^ ) ^ 

y-y = Z. Thus, the solution yielded by the algorithm must be at a dis¬ 

tance of at least a + 1 from y, and (a) holds. 

ILmerica) example. Let P = 2, n = 17. k = 8, and let p be the linear 

recursion 

= X. + X + X. . + X. over J,. *>*8- ~j T >3 T *j+4 T xj+5 ™ -2- 

Let y = (000 110 100 111 010 00). Using p, we compute: 

y(i) (>) y y-y' t 

(000 110 100 010 110 00) (000 000 000 101 100 00) 0.1,13,14,15 16; 

(010 110 100 1 10 001 10) (010 000 000 001 01 1 10) 2,3; 

( I 10 01 0 100 111 000 01 ) ( 110 )00 000 000 010 01 ) 4,5; 

(001 oil 100 111 010 00) (001 101 OOO OOO OOO 00) 6, 7,8, 9, 10, l l 

(000 010 01 ! 1 10 010 00) (000 100 m 001 000 00) 12. 

The algorithm yield, the solution y(0), although y(6) i. equally good. 

They are both minimal dlatance solutions by (c) above since fi equals 3. 

The decoding algorithms in the following sections satisfy the ml- 

I 

_t. 
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Timul distance criterion. lí more than one element of minimal weight exists 

in a coset B. we allow for a choice between two alternatives: (a) the se¬ 

lection of a fixed but arbitrary error vector e for the coset; (b) the de¬ 

cision to detect rather than correct errors for the cosct. 

-^odc's tor P = 2. n = 73, k = 45 or 46 

For the case p = 2, a vector c in j" can be described by giving the 

rc of coordinate indices j such that c. = 1. Let n = 73, and let 

(20) rc = jo, 2. 10,24,25,29, 36.42,45} 

Then c is a vector of weight 9 in j]3. The polynomial f (\) divides the 

73 C 
polynomial ! - X over The period of the linear recursion p there- 

lore divides 73. This period must equal 73 since the period is greater 

than one and 73 is a prime. The linear recursion pc codes the space jJ5 

into a 45-dimeniional cyclic subspace A of j’3 . All the vectors of A are 

of even weight since c is of odd weight. The linear transformation R 
c 

satisfies the requirements imposed on L above since all the columns cQ1 

of its matrix are in , since the columns include a basin of A^ , and 

since (as will be shown below) the columns can be described as the set of 

all elements of weight 9 in A^- . The transformation Rc will be called L 

or LTin what follows. L being over J¿ and LT being over the reals. 

A 46-dimensional cyclic subspace A' can be obtained from A by ad¬ 

joining the vector h = (1,1.1). if B i. an A-coset. then the set union 

of B and B + h is an A'-coset. We call B and B+h dual A-cosets . The 

neighbors of an A-coset B differ in weight from B by plus oi minus 1, and 

are thus always of different coset type than B. A neighboring coset of an 

/ 
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A'-coset B' can be- oí the same weight and even of the same conct type 

as B'. 

Smce an analysis oí the linear space A' follows readily from an analysis 

oí A. we will concentrate on A. The error-corrcctin* properties oí the 

two code spaces are summarized in Table A oí the Appendix. Both code, 

correct ail errors oí weight -1 or less, and A [A'] correct, some errors 

through weight 9 [7], The ¿28 [227] coset. fall into 56 [28] coset types. 

The analysis of the code space A is rather completely summarized in 

Table B Superscripts have been affixed to the weight of xL in Table B. 

thus making it possible to use these weights as names of coset types or of 

coset type indicators. Note that if the weight of xL is even [ odd]. then 

all coordinates of xLl/ are even [ odd] . The coset type indicator t can 

be written (redundantly) as a twelve-digit decimal number. For example, 

for coset type 41 1 we write t = (41 ;04, 00,64, 00.05) to indicate that xL lias 

41 coordinate, equal to I, and xLl/ has 4 coordinates equal to 1. 64 coor¬ 

dinates equal to 5, and 5 coordinates equal to 9. 

Note that .ix pair, of coset type, (for example, tyI5. 33,a and 33,b) 

in Table B have the .ame co.et type indicator for each type in the pair. 

Neverthele.s a decoding algorithm can be defined that .atisfic. the mi¬ 

nimal di.tance criterion on every A-coset and use. the 50 co.et type in¬ 

dicators. It is given in Table C. 

This algorithm is based on the fact that the coset type of a neighbor 

Ü) 
B + e of a coset B is related (but not in a one-to-one way) to the value 

of the ¿th coordinate of xLLT for x in B . To decode x » x*0* in J73, the 

decoding procedure is recursively defined. Given x(i), x(i) is in the code 

!.. 

I ! 
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A if and only if L = 0. If is not in the code, compute LL7 and 

ihe coset type indicator t. Use t tc enter a list (see Table C) and there 

find instructions to operate in one of the following modes: 

Mode I. Change all coordirMes in that correspond to coordinates 

of xLL' that equal one of the integers j. 

Mode II. Change the first coordinate of xl ' for which the corresponding (i) 

.oordinate of xLL is equal to the integer j. 

Mode III. Proceed as in Mode II, but if the coset type of x (i+D does 

not have one of the coset type indicators t'. restore the coordinate of 

X(l> just altered and alter the next coordinate of x^ for which the corres- 

(i) T 
ponding coordinate of x L«L is equal to the integer j. 

These modes are listed in increasing order of operational difficulty. 

Mode I allows several simultaneoue steps toward the code A. Mode II 

allows one certain step toward A. Mode III allows one step; if this turns 

out to be mistaken, it will be known at once. For completeness we add 

Mode IV for the decision not to decode x. This may be a -easonable de¬ 

cision for cases where there is more than one element of minimal weight 

in the coset A + x. 

In defining the decoding algorithm of Table C, we try to minimise the 

probability of entering Mode III at any stage of the descent to the code A. 

4 
For example, consider coset type 32 . In Table C we find that for x in a 

4 
coset of type 32 , the change of a coordinate of x such that the corres- 

7 1 
ponding coordinate of xLL Is equal to 6 [ 8] leads to a coset of type 29 

[25^] . We choose a Mode II operation for 32^ with J equal to 6 rather than 

I 
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to 8 since in the first case Mode III can never be entered in the decoding 

process; whereas in ibe second case, coset type ¿bZ requires a Made 11'. 

operation. 

For half of the 50 coset type indicators, decoding a vector x with such 

an indicator v. ,11 not involve a Mode D.I operation at any stage. For the 

other ¿D indicators, there is a positive probability (which may equal I) 

that at least one Mode III operation will be involved in decoding a vector x 

with such an indicator. For only 3 of the indicators is a Mode 111 operation 

required at the first stage. 

Tnc algorithm given in Table C can be verified from the information 

given ir. Table B. It is best to do so for coset types ordered by weight, 

starting with the coset type whose unique member is the code A of weight 0. 

(The order used in Tables B through D emphasizes the relation between 

dual A-cosets. ) 

Table D gives one representative vector x of minimal weight for each 

cotet type. The computations were done in part by computer. For any 

given vector x, the vectors xL, and xLL. T were printed, as were thn coset 

type indicators for the neighbors x+c(i) ( 0 ^72) of the vector x. The 

machine computations were done for a representative vector x of minimal 

weight in some coset of each new coeet type found. The rest of the com¬ 

putations were done by hand. The number of coseto in each coset type was 

computed. A final check made certain that the total number of cosets 

was 2 
28 

Since the columns of the matrix of L are in A^-, and since L is a sym¬ 

metric linear transformation, the range of L is çqual to A^-. Thus, Table B 

w__ 

« W 
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incidentally yields a cuunt of huw many vectois of each possible weight 

occi r in A"“ . In particular, there are only 73 vectors of weight 9 in A^" , 

ver»dying a statement made above. 

n 

(Two c ode# lorp - 2, n - 21, k = 11 or 12, have been analyzed by 

the above methods, and rna*' be of interest as an example suited to hand 

c jmp * a *. iDr.. F or both the cases n - 21, ilu* Ijohu' matrix K may be re- 
c 1 g 

c ai the incidence matrix of a finite Desarguesian projective plane, 

and the permutation group G as the collineation group of this plane.) 

Sn rt :-cr oq-ng algorithm (n = 73, k = 45). 

The following decoding algorithm for A does not make use of a list 

1er vpe indicators. Decoding that satisfies the minimal distance 

r.'<-r:c ;s accomplished for all cosets containing unique elements of 

- cs» : : , pet 41^ and 45^. The linear transformation L = R is that of the 
c 

;r. :r. irr.ui weight with the exception of the cosets of weight 7 belonging to 

coset types 41^ ant 

preceding section. 

To decode x = x^, note that x is In A if and only if xL = 0. If x^ 

is not tn A compute x^L.LT = z^. If more than 7 coordinates of z^ are 

max,mal, reject x^. Li 7 or fewer coordinates of z^ are maximal, change 

all coordinates of that correspond to coordinates of maximal value in 

z lí X*') is not in A for some i less than or equal to 3, reject. 

The Golay code (p » 2, n« 23, k= 12) as a cyclic suhspace 

9 23 
Marcel J.E Golay defined a code space in having the property that 

all error vectors of weight 3 or less and only these, can be corrected. 

Lowell J. Paigeshowed the relation of an equlvalont code space to the 

\ 
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•»-transitive Mathtiu group M2j. Prange' showed that two equivalent 

cyclte codes exist One possible decoding algorithm for such a code is 

given here. 

Let Pc - |o, 2, 4, 5, 6, 10, ! ij . Then fd(X) -(1+ À)(!c(\)) is a poly¬ 

nomial oí degree 12 that divides l-X23 over The linear recursion p 

codes the space onto a 12-dimensional cyclic subspacc A' of J23. 

Let 0, be the coordinate permutation of J23 that takes the coordinate 

x( of X into the coordinate x^. the coordinate indices being regarded mo¬ 

dulo 23. The permutation Q, is of order II. Let C be the set of 11 vectors 

obtained from the vector c by applying Qj , and let S be the set of 253= 23- 1 1 

vectors obtained from the set C by applying the coordinate permutation Q 

of (16). LetLbea matrix whose columns are the vectors inS. 

Let A' be regarded as a code space. To decode x, note that x is in A' 

if and only if xRc equals 0 or (1, 1.1). If x is not in A', compute 

z = xLL = 
a in C 

xR RT. 
a a 

The coordinates of z will have two values, one of which (say j) occurs at 

most three times. Changing the coordinates of x that correspond to the 

coordinates of z that equal j, yields the unique element In A' that is at 

minimal distance from x. 

There are only four coset types for A', one of each weight from 0 to 3. 

It may be of interest to Indicate the concrete form that the Mathieu 

group M23 takes in the present context. The following four permutations on 

coordinate indices are a redundant set of generators: 
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~Q' = Qò = (0-, 1.2... ,21,22), 

Q, = (1,2,4,8, 16, 9, 18, 13, 3,6, 12)(5, 10,20, 17. 11,22,21, 19, 15, 7, 14), 

Q2 = (2,9,8, 16,6)(3, 1 3,4, 12, 18)(5, 11,20, 17, 15)(7,22, 19,21, 10), 

Q3 = (2,8)(3, 18)(5, 17)(6, 16)(7, 191(10,21)(11,20)(12, 13). 

These permutations satisfy the following relations: 

* = c; Qo°. 
21 

Q1Q2ÛÎ= «W2 

where I is the identity permutation. We have followed K.D. Fryer12 in 

the choice of permutations to display. 

Conclusions 

The two general types of decoding algorithms discussed in Part II are 

here referred to as minimal distance criterion (MDC) and block length 

criterion (BLC) algorithms. These terms would not be satisfactory in a 

wider context. We give some comparisons between the two types of al¬ 

gorithms . 

The BLC algorithms are defined for all cyclic codes. The MDC al¬ 

gorithms are worked out code by code. 

The general method used to obtain an*MDC algorithm for a specific 

code also yields complete information on the error- correcting properties 

of the code It seems that much more work would be involved in obtaining 

similar information for the BLC algorithms. Certainly the set of error 

vectors corrected under a BLC algorithm is not closed (in general) under 

the permutation group G. 

The BLC algorithms do not satisfy the minimal distance criterion 

everywhere on J^. The situation is particularly unfavorable in this respect 

if the ratio n/k is small. ' < 



23 

Operationally, the DLC algorithms an; simple and economical. The 

MDC algorithms for the specific codes discussed in Part 11 are also opera¬ 

tionally rather good, but there is some reason to suppose that these particular 

codes are special in one way or another. 
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TABLÉ C. Decoding algorithm (pn2, n»73, k-45) 
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TABLE D. Vector c oí minimal weight in a coaet of each coaet type 
(p ■ 2, n ■ 73, k b 45) 

Tvj* Co«#| 
Tri- 

• 

il 

n1 

»• 

N1 

W* 

n1* 

ulk 

u* 

U* 

11» 

17 

17 

I71 

I71 

1T4 

«il 

U' 

H' 

♦t» 

M 

«I 

» 

o. I.l 

0. I. s 

0. I. 1. I. I 

o. I. 1. 1. s 

0. 1. 2. 1. S. I. Il 

0. I. 1. 1, Il 

e. 1.1, 10. I«. 22, 24 

0. I, 2. S, ». 10. 17 

0. I. 2. 1. 10 

0. t S. •. 10. 22 2» 

0, I. 2. 4. 10, 24. 21 

0. I, 2. 1. 1, 11, 1« 

0. 2. 4. i. 10, 22. 24 

0. 4, 21. 21, 14, 70, 71 

0, 17, *2, 11, »4, 70. 72 

0. I, I, 11. Il 

0, 2, a, 10. 22. 14, 24 

0, I, 1, I. 10, 14, 24 

«,1,1, 10, II, 12. 14 

0, 4, 12, 11, 14, 41, 71 

a i, i, io, i», n, i» 

0, tu, M, il, H, 44, 44, 47, U 

a K. II. II. H. 4», 44, 47, M 

». H, M. 14. 42. M, 71 

a 1.1.1. ia h. «a ta m 

a a ia m. n, »», h 

a I. la M. M, I», M. 41, 40 

*4 

»I 

44' 

40’* 

40 “ 

40* 

40* 

U' 

14' 

12' 

•l'.* 

Il'» 

111 

114 

H* 

la* 

i«4 

M* 

14* 

I« 

a 

a 2. 10, la 24, 2». I«, 42 

0, I, 2. 10. 24. la 1«. M 

a i. ia i4. ia i» 

0. I. a 10. II. 12, 24. 40 

0, I. i. 1, 10. 24. 24, 29 

a I. 2.1. T, 13, 24. 24 

a i. i. ia ia 24 

a i. i. a ia n. ia u 

0. 22. il, 24. 42. 71 

0. I, 2, 4, 10, 24, 2a 2» 

0, I, 2,1, 0, 10, 24. 24 

0, i, a 10. 12. 24 

a I. i. 1. 10, 24. 24, 14 

0, 22. 27. 14, 7C, 72 

a I. a 10. Il, 14. 22. 24 

a i. a ia n. ia u. 24 

a i. a n 

a i, i, a 4* 

a 1.1. a a 4« 

a I, 24. 27, 42, 71 

a 1.1, a a 10 

a i. i. i 

a i, 1.1, a « 

a i. i. i. o, 10 

a 1.1. a 4. « 

a 1.1.1 

a i 
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