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16. 

In the next several sections we shall be considering a vari¬ 

ety of problems, each associated with some special geometrical 

configuration. 

In treating a particular boundary configuration one must 

first consider whether it is tractable at all by the theory of 

infinitesimal waves, i.e. whether it is possible to select a per¬ 

turbation parameter t satisfying the requirements mentioned in 

section 10. On this basis, for example, it would appear unrea¬ 

sonable to try to apply infinitesimal-wave theory to the waves 

generated by a vertical circular cylinder moving with constant 

velocity, for the slope of free surface may be expected to be- 

c 4ne very large near the front of the cyllnr’’r. On the other 

hand, in certain similar situations, notably the theory of plan¬ 

ing surfaces, it is possible to strain the theory to accommodate 

such a. situation. The choice of par ...meter will be discussed in 

each individual case. We call attention to the fact that in 

many cases it is a consequence of the linearization procedure 

that the boundary condition on a solid bounds• is no longer to 

be satisfied on the physical boundary, but in*. <i on some neigh¬ 

boring surface. The same situation occurred earlier in lineariz¬ 

ing the free-surface condition. This should not be considered 

as a further approximation, but rather as one consistent with 

the infinitesimal-wave approximation. 

The methods for finding a solution to a boundary-value 

problem, once it has been properly formulated, seem to fall into 

two or possibly three groups. One method lm a combination of 
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separation of variables and expansion of ttu. factors in Fourier- 

type series or integrals. This requires, of course, a geometric 

configuration related in a suitable way to the coordinate sur¬ 

faces of a set of variables which allows separation and a complete 

set of associated elementary solutions to be used in the expansion. 

If a Fourier-series expansion is to be used, orthogonality of the 

elementary solutions is desirable. 

If the motion is harmonic in time with frequency tr and if 

the fluid If of finite depth V), then the functions 

j>cosk ( ios k\- (g-+M ^ 
<16.1) 

occurring as factors in, (13.2) and (13..4), in (13.6), . nd in 

(13.it) may be shown easily by direct computation to be orthogonal 

on tie interval 0 s •y > -h . Weinstein [1927] has shown that they 

form a complete set ou this interval. The result may be used in 

the following way, for example. Suppose fluid occupies the region 

*>0, , 0< 

and that the boundary conditions on the wallt, and bottom are 

¢. KM.*' x ‘»'“'t. 

tj.K'.'î.h *■ «V-í, 

4V ( x.-j-.-u» =o. 

Then, by expressing as a double series 

= ^ li3o£ 1 ÿ y 

^ lí 

(16.2) 

ir 

(16.3) 



(with appropriate reatriction« upon F), one may corstruct a 

solution fro* the elementary solutions, in (13.6). Further con¬ 

ditions relating to boundedness and behavior as / -s» '=»0 are 

necessary In order to ensure a unique solution, but will not be 

discussed here. The elementary solutions (13.8) can be used in 

a similar way for the region exterior to a vertical cylindrical 

boundary. Still other configurations are possible corresponding 

to the various coordinate system« allowing separation of 

± M tf> ~ O- 

If the fluid is infinitely deep, it is possible to construct 

a Fourier-integral expansion using the functions 

I 

J£V^ A te« A'f + y Aj /cf j A 16 4) 

In fact, Havelock [1929b] has remarked that the usual Fourier- 

integral representation of a function may be altered to give 

^ W “ 7T Jo J0 f 

* qO Vi 

-f ive -f(*]) £ 
• - ' (16.5) 

If the problem is such that rectangular coordinates may be used 

conveniently, then (16.5) may be combined with a Fourier-series 

or Fourier-integral expansion in, and the elementary solutions 

(13.5) used to construct a solution analogous to (10.3). The 

necessary expressions in both rectangular and cylindrical coordl- 
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n,at©8 can be found "in the cited paper of Havelock. 

If the fluid 1« of bounded horlaontal extent and is bounded 

by vertical surfaces which are constant-coordinate surfaces In 

one of the coordinate systems allowing separation of < IM 

the various possible modes of motion oí the fluid may be obtained 

as the solution of an eigenvalue problem of a classical type. If 

the container is of more general shape, it is more difficult to 

obtain explicit solutions. The problem will be discussed in sec¬ 

tion 23. 

The orthogonal functions (16.1) were associated with a single 

value of the frequency (f. It possible to derive another re¬ 
it 

suit concerning orthogonality of solutions associated with differ¬ 

ent values of 0* Let t and 

be regular veloclty potentials of harmonie oscillations of differ¬ 

ent frequencies. Furthermore, let any solid boundaries be fixed 

and,if the fluid is not bounded in extent,we suppose that 

I grad Cj>| s Off?*"'*) as I?"* xY^-eao . Consider the fluid contained 

within a 1. *ge cylinder SL^ of radius K and above the plane 

^ r-'R . The fluid will be bounded partly by free surface 

, partly by solid boundaries , partly toy the horizon¬ 

tal plane JL and partly by the cylinder . Applying Green’s 

theorem to the two potential 'functions, one obtains 

0= SÎ (¢, eft*-T,. 
fy-Sn *■ 'fl« 

f ! (f, ‘fl* - Jr + M (4 Yv*-‘f,* Y.) J 
Fr MX,, 

(16.6) 

i i i il1«   mm. 



tfo 

A» ( ii,,, inttfral ovar AR •+ H»0, and one has 

^ (¢, «Pi, -f,, ^,))=- 
(If-.T) 

Prom the free-surface condition 

- . o*; 

J 0 ' (16.8) 

and (16.7) becomes 

J"j cp( ItT - O; 
% ' F 

or simply 

j ^ I ü; J")9v C^'0 ' j ) (1 fl“' ^ Ö » 

r 

Hence Cpf and are orthogonal over the free surface of the 

fluid. This theorem can be used for certain Initial-value prob¬ 

lems in a manner analogous to that in which the orthogonality of 

(16.1) can be used for boundary-value problems. This will be 

done in section 22. 

A second method for solving special problems is the method 

of Green's functions or source functions (cf. Volterra [1934]). 

In this method one constructs first a potential function of the 

form 

G f ^ j 111 Ta [)- "r ** G0 (*> ,fti Lj 

(16.9) 

» 
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such that G:S Is regular ln ^ <0 and such that Q satisfies 

the free-surfac© condition, conditions' at infinity appropriate 

to che probleii at hand, and, if the fluid is of finite depth, 

the boundary condition on the bottom. Such solutions are, of 

course, just the singular solutions derived in section 13Ÿ . 

Next, if there are surfaces 5 in (or on) the fluid upon which 
certain further boundary conditions must be satisfied, we attempt 

to satisfy then by a distribution of the rodifled sources (16.11) 

over the surface(s) S * 

= Si M J«-- (16.13) 

Her'! is an unknown function which is to be determined from 

the boundary condition on S* 1» most problems this boundary 
condition consists in specifying on 5. Well known proper¬ 

ties of surface distributions of sources then allow one to formu¬ 

late an Integral equation for Î? : 

where r\ is the exterior normal to the surface S (taken here as 
a closed surface). When it is convenient, one may also use dis¬ 

tributions of dipoles. 
* 

It is also possible, and sometimes advantageous, to construct 

Solutions satisfying glvsn boundary conditions on a closad surface 

5 by distributing the singular solutions on nurfacss, linas or 



points completely Inside S. Examples will occur later. 

A third method of approach is to seek first, Instead of 

or , the functions 

".'hese functions satisfy a simpler condition on the plane £ a0 : 

fît 

If the other boundary conditions 

formulated simply in terms of 

simpler to solve. After finding 

a differential equation In order 

are such that they can be 

or > the new problem may be 

^ or one must then solve 

to obtain, the desired solution 

£|> or f . This procedure is called the 'reduction" method by 

Weinstein [1949]. It was apparently first, introduced by Keldysh 

[19351 and has since been much exploited by him, Köchin, Sedov, 

Haskind, Lewy, Stoker and others. It has already been used in 

the derivation of (13.28) and will be applied In several other 

problems. (The method is used also by Muskhelishvlli [Singular 

integral equations, Noordhoff, Groningen, 1953, Ç 74] to reduce 

a mixed boundary condition of more complicated type to a simple 

one.) The solution of the reduced problem may, of course, be 

carried out by one of the two methods already described above, 

or any other one which is convenient. 

The methods outlined above do not exhaust the possible ones 

for finding analytic solutions. However, they will occur fre¬ 

quently in the next several sections. Seve al of the special 

problems treated in the following sections can be solved by each 
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of th« three approaches. The choice of a particular one has been 

made either to illustrate a method or because it happens to be 

convenient. Techniques for finding numerical solutions mill not 

be discussed. 



!7 • Jgggggfflro and standing waves In unbounded 

In this and the following section we shall consider situations 

In which the region occupied by fluid extends to Infinity horizon¬ 

tally, the solid boundaries are fixed, but of more complicated 

shape than the simple flat bottom considered up to now, and the 

motion of the fluid at infinity is prescribed, or at least partly 

so* We shall assume that the velocity is bounded at all Interior 

points Of the fluid and also at the Infinite limit,« nf the flniH . 

The mo 

we aha 

The restriction to standing or progressive waves can be properly 

applied only at x « + ». Thus, we shall look for aolutlons which 

at x - » behave like 

and similarly at x » -» If the- fluid extends in that direction. As 

we shall see below, the coefficients cannot be chosen Independently 

if Ÿ remains bounded everywhere. 

The parameter of linearization may be chosen as 

£ « max (Am, Bm). 

If the solution is bounded everywhere, then as £ + Q, 0 

uniformiy. However, if a singularity Is allowed, then + Q 



èliMliliÉliWt 
“fWrs1 

irr 

uniformly only in a region excluding a neighborhood about the 

singularity. One may presume that the solution to the linearized 

problem loses physical significance within such a neighborhood. 

(It is assumed by Stoker [l947# p. 5j that singularities at the 

surface are associated with breaking of the waves.) 

We shall discuss below two types of problems: obstacles In 

an infinite ocean and sloping beaches. For sach type a special case 

will be discussed in some detail. 

17 « . Obstructions in an Infinitely long canal. 

Consider first the following situation. The fluid extends 

from X « -«* to X - +»; the bottom is given by y ■ -h(x), where 

h'x) ■« h, > 0 for X > x., h(x) ■ h9 > 0 for x < x0; fixed obstacles 
.1 'mmm' .JL Cm Cm 

may be present in the fluid or on the surface (see Figure 13) The 

W "V. 

,.x.<,1V ’ vT.r.V.T 
TTT 

Figure 13. 

surface at x - +■> will be assumed to behave like 

^ a 4,0% (m,jc + -hx, ) + ß'Ctts (m,x - i- fi,) 

and at x - -• like 

j 
^ COs(nr\X t e't +a*t) t JS^COf (tV^X - d* t 

A proof1 of the existence of a solution to this problem does not 

seem to exist for the general case. One would not expect a unique¬ 

ness theorem since no statement has been made about singularities 

i i||i 
# 



or circulation. Por infinit«* depth and a stibin«rged body Ko-ohln|l939] 

has provftd the existence for sufficiently .large values of n (the 

situation 1« «lightly difforent, but the proof carries over), Kreisel 

[I94tj has established the existence of a solution and its uniqueness 

in two c^.ses. In the first case » hg# only obstacles on the bottom 

are allowed, $$ la asaumed bounded, and a certain constant, defined 

in terns of the orufomal napping of the fluid region onto the strip 

o < y < h|, nust be less than 1, Included are theorema comparing 

the values of this constant for differ*nt types of obstructions. 

The second result allows a shallow obstruction in the ¡surface, but 

requires a flat bottom and sufficiently long waves and again bounded 

<jß . Roseau [1952] has proved existence and uniqueness for no 

obstructions within the fluid, but for h^ ft hg,; the curve joining 

the two ends la of a special sort. John [1950, p. 78 ff„] has proved 

uniqueness for a flat bottom and for a body In the free surface with 

the property that every vertical line Intersects either the free 

surface or the body Just oneej certain regularity properties of $ 

oust also be assumed. If the body is convex and intersects the free 

surface perpendicularly, he is able to prove also existence of a 

solution. 

Existence and uniqueness theorems have also been proved for 

several special configurations. In most of these cases explicit 

solutions are given, á vertical-line barrier extending from the 

free surface to a depth / in an infinite fluid has been considered 

by Dean [19«], Ursel 1 [:1947] , and Haaklnd [l948] ♦ Both Dean and 

Uriwll f :.,so consider ü barrier extending from -» to a. distance ( 

below the surface. John [1948] has generalized both these problems 
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to the ease of a slanting barrier of slope ir/2n, and obtained a 

■ore general solution even for the vertical barrier. Dean [,1948] 

and Ursel1 [19SO] have also considered submerged circular cylinders 

in an infinitely deep fluid, and Ursell has established a uniqueness 

theorem for this case. A horizontal obstruction of finite width on 

the water surface (the "finite-dock problem) haa been treated by 

Rubin [1954J , who proved existence of a solution by a variational 

method. Other references concerning the dock problem will be 

given below. 

Retflection^^^ If one assumes the 

existence of a solution to the general problem stated above, one 

may establish the form of the solution for x > Xj and x < Xg, by 

using Weinstein'8 theorem [1927] asserting the completeness ol the 

functions [cf. (15.6), reduced to two dimensions] 

I cosh by(y+h), coa mn(y+h) ] 

in the interval -h <. y <. 0 [cf. Kreisel, 1949» PP- 26-29; John, 

1948, p. 152], It is 

<?>(*, y,f)» [Aí ox(miL)x f erf t*¡)+ &¿ <jcn.(rri^jc -dt ißj) J cosh h¿) + 
«0 (17.1) 

+2 tínán¿t) «f>í-rW¿ ul ) u* , 

where i - 1,2 and £ 2 - gm^Uanh m^^hj —gm^^tan m^1*h1 . 

Let us now apply the formula for dE/dt in equation (8.2) to 

the region of fluid bounded by the planea x - c2 < x2 , x - > x1, 

the bottom and any other obatructions, which we take to be betwejn 
tß 2 two Jpéla.AOAA * ji «I» Jf* jf "“I*' 

consideredf 

2 j^y is bounded In the region 



in 

p ® 0 

-- í rÜQj',i/)*) - $ r 
¿t -l., -I't 

since on the "phyBical" boundaries [cf. (8.3)] either p - 0 or fy-O. 

Anticipating that we are interested only in the asymptotic values 

for c1 ♦ and Cg ♦ -* * we compute the above expreb ion using 

only the first term in (17.1) and average over a period 2 T/^r t 

Since the average energy in the region Is constant, 

o), 
0) 

h[u 
í*¡Át¿ 1 [aI-3? 1 
2 »»i® 4f. ^ ^ -* 

(17.2) 

This ia, of course, a statement of the conservation of energy. I** 

Aj is given fíO and Bg - 0, then Ag - Bj are uniquely determined. 

Por suppose two solution. f> and ¡(S' « possible, both with the 
same A^ and Bg ■ 0, but one with A?, , the other with Ag, Bj. 

Apply (17.2) to the difference ? - 0''- 

(0 
■ rr>¥ h,V* forl.'f-nFhJn- ](*z )i. 

Each side must be zero since they differ in sign and are equal. 

HCiJce Ag - A¿ and » B^ 

uniqueness of <f> Itself. 

Hence Ag « A^ and B^ ■ B^. This does not, of course, imply the 
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If hj. » hg, then (17.2) simplifiée in an obvioue way: 

a2 . b2 . a2 . b2 > (27.3) 

Here h may also be Infinite. 

Setting Eg - 0 and fixing as above corresponds physically 

to giving the amplitude of an incoming wave far to the right. 

1® then the amplitude of the reflected wave and A2 of the transmitted 

wave. Th theorem of the preceding paragraph states that A1 fixes 

them uniquely, we define /P^/Aj| as the reflection coefficient H 

and i Ag/i ' as the tranamisalon coefficient T. They are uniquely 

determined and R2 + T2 - 1. properly one should define both left 

and right coefficients since the channel is not symmetric. However, 

the uniqueness theorem implies that both have the same value. One 

ï can clearly arrange the phases so that and Ap have the same sign. 

I I** this io done, ** 2 ” ^1 De ^he phase shift caused by the 

fi obstacles. 

I Kreisel [l949] has proved several general theorems concerning 

I the reflection coefficient if h1 - h¿. In particular, if there 

'JJ are no obstacles within the fluid, he determines upper fnd lower 
I 
I bounds for the reflection coefficient in tema of the conformal 

I mapping z( ^ ) of the Infinite strip 0 >y > -h onto the .region occu- 

1 pled by fluid, with infinities corresponding. His bounds become 

I closer as the wave length increases. He gives, for example, asymptotic 

J expressions as mo •* 0 for the reflection coefficient from a horizon- 

» tal reef of width et and height £ and from a flat plate in the sur- 
J|j| 
■ fact of beam b, namely. 
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2 li) I £ * **» 2 «% a I 

si^ fi + 2^77^: 2 M, .iv ) 

and 

_r.|r1   !...m L-JaL—,      M  ,,, 

f *♦ 2 Wo, ^ / Sink 2'^ok 

An interesting special result of Dean [ 1947] (see also Urse11 

[1950],) li that the reflection coefficient fro*, a Bubnierged circular 

cylinder in infinitely deep water vanishes. The proof »ay be briefly 

sketched. Let Abe the radius and let the writer be at (0,-b), b >û. 

Let the velocity potential be written as a. sruim of an Inc«, ..ng wave 

and a cl 1 verging wave: * 

/ • 4 u tam (V'X Ht d *• « ; 

and suppose that can be expressed as a sum of multipoles (13.31), 

starting with dipoles¡ 

j|.SI 

where jn11 is the potential for the symmetric potential of order n 

and strength Q «"« 1, and that for the antl»;ymmetrie one. The 

boundary condition on the cylinder (using the notation of (13.31)), 

t !an 0)timQfsim,(vA^ 9)cm ®j -Ctwsit ^ 

gives the relation an ■ -dn, bn » c . The reflected wave at +«* 

from the antisymmetric functions then just „aneels that from the 
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symmetric functions. The: reinforce each other at x ■ The 

phase change for b/a - 5/4 # ¿Vg ■ 4/3 was computed numerically 

by both Dean and Ursell and for this case was very close to 90*. 

As mentioned above, straight-line barriers have been considered 

by Dean [1945] , Ursell [1947], Haskind [lQ48], John [1948J, the 

latter having treated also barriers inclined at an angle #/2n, and 

Levine [l958]. The last three authors use the reduction method, 

whereas the first two use a Fourier-integral method which leads to 

a singular Integral equation. We shall treat this problem by the 

reduction method. 

Vertical barrier. Let the barrier extend along the y-axis 

from y-Otoy«-/ and suppose an incoming wave is given at 

x « +» as 

7*/l Oí (Vjf*«íí + , gy 

We shall look for a velocity potential ^ having the form 

$ * + ftCM4t+ 

and satisfying the following boundary conditions on the free surface 

and the barrier: 

ftt '¿'O'*), l*l>o,án¿ f oyy?-ft 

As x +*®> tp^coa crt + sin o* t must represent outgoing waves. 

In the neighborhood of (0,-i ) it will be assumed that 

In '¿he neighborhood of the inter sect Ion of the barrier and the 

surface (0,0) as well «a in the region of fluid bounded away from 



th® barrier! m «hall assume fi^ * fi bounded. It should b® noted, 

however, that this assumption excludes a large class of solutions 

of possible physical interest [cf. John, 1948¡. 

If we Introduce the stream functions Ÿ » . and ^ 

corresponding to fi , ?, *nd and the corresponding complex 

pot.not.lui® ITf and f^ 9 wwii hava 

f m ^ te*\ fi) CmCt t (~ —Ac ( ^ ^+/2) m F, £*> &t + t 

and the boundary conditions. 

f?e V hn + * F,,, ] ” O ./ ^ = 0 ^ I X J > O^ Hz- <, L.. 

Í?* f,, s Ö / X-O, 0>'J>1^íl> u\~ 1, . 

After finding and F2 satisfying these conditions, constants 

occurring In the solutions must be adjusted so that f. and f_ 

satisfy th radiation condition; 

/Pi** ( V ' ±vïx ) = D ,/ ( l. ' i ^, )- 0 

Consider the function 

te F,/ 4 /i V F, <5 a ^ (q ^ ^ . 

'Then the boundary conditions Imply that satisfies 

6, = O For ^ “O, |>| > O, 

fw- G/ »o F.r 7-^0, |X|>0 x = 0^ ozyï-j. 

The function Gj may be extended into the upper halfaplane by 

defining G1 *7) s ¢1 (*-* •J.) ^0r Since we have 

assumed IF" I £ B -fer l}l ■> ^ j we may conclude 

that J I < j5 ■+ C I £ I for | ^. | > £ and expand G^ in a Laurent 

series 

• 4 I ^ |^| ->4 
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where all coefficients are real since Im ß^x + iO) » 0. The con¬ 

dition I F| I ♦ 0 as y ** -• Implies Joj) 0 as y -«• and hence 

c - 0. We may arbitrarily set d » 0 by redofinition of 
•« 

Further, we may show as follows that a^ ■> 0. Consider a contou** 

containing the obstruction and lying in the region | ss f > b. Then 

1 

¿88T Ziïb <x, > 

Let this contour be contracted onto the barrier. Then, from the 

assumed behavior of F. on the barrier, the integral vanishes; hence 
JL 

ô * 0 * Th\ji s 

OtÍz) 
a2 a3 HK •*""****&*"* #•# 
z 8 

Let us now exploit the boundary condition for G' by mapping the 

z-plane Into a T-plane by the mapping 

? JEE i t ) 
where the branch of the square root ; s chosen which makes J ? 

for large X • This maps the z-plane cut from -i¿ to i¿ , i.e. 
•* 

along the barrier, onto the z-plane cut from - £ to + C » with in¬ 

finities and upper and lower half-planes corresponding. Then 

0((2(/)) <r 
ï and 

<r 
H.(/*) must have the form 

Hi (X ) m “4” -b + a * * 
/ 

i * r 
The condition on & near the edge of the barrier, Implies that 

f )/ •* 0 as if •* 0 /z + 1¿I - I F' I 0 as z +-1/ 

and hence that bn « 0, n > 4. Thus n 

n f < 



! i4 

...... 

Hi í ^ ) " “TT“” # cx real* 

or 

a'(z) 
(Ÿ+tx)'z 

Integrating, and writing D| ■ C1// 

0 ) 1 
iŸ+i'' *DlJyTT^ ~’ 

where the constant of integration has been chosen so as to make 

.2 
G^iz) behave like z"'1 for large z. Then 

3 
■ t V j* FA\)- E.e'WD,¿‘V3 j 

Í O* 
IJÏJJÏ € ^ 

where the path of integration will be taken around the right-hand 

aide of the barrier. The boundary condition Re f'(0 + ly) « 0, 

0 < i y I < ( t relates E1 and D1 as follows. Prom F^z): 

+ Urjz d} l 
t oO 

Take the path of integration along the y-axia, so that the integral 

becomes 

3 

ï/'^£ 0 aO 

1 

4,<i 

* -1, 

-'V'lj 

¡<S i ^ --y. ^ j çL ( i —#“''7WHa«awwsm»»MK. (/I* M 

Í 'h-S1 3 
JC ± 0 

... 
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itonc« 

Re Ft'(0+i,u)* [+ V vlD^, ('»€)] ~o 

or 

£, -ïD.lKÀvl) 

\ir 

Let E1 - e1 + 1 <* DKjí-v t ). Then 

Ve no. compute the esymptotlc expre.elon. for Pjft) for x * ± - . 

If the path of integration is taken on a large arc of radius R in 

the first quadrant and then to z, and if R is allowed to become 

infinite, it follows from Jordan's lemma that the integral may also 

be written 

5 
'OmS* 

— e * tfU • 
'‘ti'' 5 

Clearly, 

F,(])~ ¿"‘Uc.+UD.K.fvl)] at ^ + «o 

As X 

FÁ)) 
- ¿V 

lÜgû 

e*' ¢/ 5€/ + ít D, i (v + X^i f e "‘‘¿ii 

where the path of integration passes below the barrier. By comple¬ 

ting this path by a large semicircle in the upper half-plane, which 
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give« a stro contribution In fchj limit, and then contracting the 

contour aoout the barrier, one sees that 
— «»o 

/ 
«MB» 

V t \> ? 
- c 4 d 12. 

—Í 

l ~ V u 
H t t i 

n1 - >< i 

r-^u 
V ^ 

Ml 

t 
f - V 

2-vjc 
1 

1 v 
rdi 

Uil (v is) 

Hence 

¿XS JC -*• — O<0 » F,) - -v? [e.tt.lD.K/ht)- zrlBJ.fvij 

Similar expressions hoi'' for WAz) with constants e0 and Do* 
.n.4^_ b - , i c. 

For f, and f0 ’re have the asymptotic expressions: 

•f i ( > ) (-1 <t t c, + 11 ¡¿i ('F't) J 

iX S X ’f” 

k ($ )-1 Vv¡ [ 4?- ¿~<Ä te-, í- i t K, (v£)£>%, J 
V 

■// ( j e [Al 
L Íí 

- 

¢/ C -f / f (ík, -zrI,)lD,j 

k(V 

¿Z S JC —r 

The radiation condition gives simultaneous equations for the deter¬ 

mination of e^, «g, D, and Dg. The solution may be written 

C0, t i * #,t V ¢,, at 
. « Cwi 
U € 

Substitution in the expressions for f, and t9, and computation 
J» iE» 

of Fj cos:rt + Fg sin. rt gives, aft«r a somewhat tedious cal¬ 

culation, the following asymptotic exprisalons for c¿ : 



.. '""'UM ..I "'H'l'll 1 lili1'"1llilM'IIHIIlilllWIW >i|| 

f|f -w ~ÁjL , g 11 í I - Sin/ (' VJt t tí t fot-j + 
r i, 

í'xf¡rr"k:'} 

.”“3- e ^ . i>í*w> (V & t ¿t +9< f fi> f ) / Jí •* -««0/ (17. i) 

wher* tan /Î R - Kj/V I1 - cot /3' T , and :i:1 . 1,(^/ ), K-L - K;| < v/ ) 

Clearly tb# wiflectlon and transmission coefficient« ar* 

R - 
î I, 

»77'iHMiiaawBMmmiiamBBBHeBmr 

fri/ t F j-ÿ. 

Ri f and jS R » y JT - ^5 T. are shown In Figure 14 as functions of 

(17.5} 

F» jure 14 

ttrl/A. 

The reflection coefficient Is practically one If &/Á ^ ^ 

One may now use the velocity potential to find the behavior 

of the fluid near the barrier. In particular* the water height and 

the pressure. The calculations will not be carried through, but 

may be found in Haskind [1948], The elevation on either aide of 

the barrier is given by 

^ ft 0, i) » /1 [cm (17.6) 



when* 

tj being a Struve function of laiaglnary argument fmtson, p. 329} 

Lj la tabulated ln J. Math. phya. ,£g' (1946)* 252-209 ] . Let the 

force arid moment about the origin, per unit length of barrier, be 

denoted by X and 1, the foivier being positive tf directed along OX, 

the latter ia eouutercloclwle :. Then 

X * i Z f ^ A t X* cm (kt +®f + ) 

,fi » t 2 f <1 Alv H0 f fee t/bj^ )y (i7»Tj 

where 

S ' / r ^# -, n.» H.~ (S-J. 

Maakind aleo computes the average force and moment per unit length 

of the barrier. The renulfci arei 

ï SyA1' 
i XH (17.0) 

where 

i í JAV.fsi-v/;- r(~u)~ ïïh.(vil]... 
Zvl J IJCtK, I 

Vl S(-vl)'iir[i,(vl)-¿,fr¿)] 

7('v4)»íJr[r.(v^)-¿.(v¿)7 . 
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figure 15 display« all four functions In dimensionless form. 

.'lî161 mek^^on8» This method for finding 

solutions has been frequently used, especially by Köchin [l&37, 1939# 

1940j and his colleagues. One of Its advantages la that approximate 

solutions to the Integral equacion can frequently be found even when 

an explicit solution cannot be easily obtained. The following expo¬ 

sition follows approximately Köchin [ 193?] and Keldysh and Lavren¬ 

t'ev [1937] . 

Consider a submerged obstacle whose contour C is given para¬ 

metrically by z • z(s) and is oriented counterclockwise. Let /?> (a) 

be the angle between the tangent vector and the positive x-direction 

(see figure 16). We shall assume that as x » the motion 



appiroiiaiiatea tu a atanlânc mmi 

f í «id’ J ^ ft)0** 4 -Jr- ft ' 1 'f o< j ( 41Í ■+ t "k)m^ • 117,9 ) 

'III« other boundary eonditiona in tema. Of tha complex potential 

f(z) . -. <p{xjy) + 1 Y (x»y) a« 

Itofl'w+i-fwj-o , 

f^(í'Q(<o)^AMj -0' (17.10) 

I f7 -o. 

Write f(a) In the fo.r» r- 

f(}) j ( »j ) t At^yL^Cj; ) t at ‘»i 
(17,11) 

Then f^z) muat satisfy 

iuu. /. Q ) » o 
X *♦' mo (17,12) 

as well as the free surface condition and the condition as y •+ 

We shall try to express f^a) as a distribution of vortices 

over the contour C. However, the vortices art chosen so that the 

conditions on the free surface, at x « « and at j » -» are satisfied, 

As is apparent from the derivation of (13.28), the complex velocity 

potential for ¡such vortices is, given by 

ívl^c) m~jñ~ {^(y-c)t)~ c)- z¿L^ f <i<as ( 
c V * 

(17.13) 

..i.. ¡ Jllii; 1111111 



We net P «i 1 and try to exp.a»» f1(i) as follows* 

{(P • f f(4) fy (y j(4) d i 
(17 • 14) 

where f (a) must be chosen so tliat; elm .b»up.dAty condition "On the 

body Is satisfled. 

In order to derive an Integral equation for )¡ (a), consider 

the following expression for f£(z), a direct consequence of Cauchy's 

Integral: 

IJTi 
fj^n 
c, )-7 

dt- j_ [ iim 
rr 

f‘(V 
The function g-^tz) Is regular everywhere outside and 82(2) 13 

regular everywhere Inside Cg. One may contract Cj onto C and extend 

ggfz) analytically Into the whole lower hall-plane (or fluid atrip 

if the depth la finite). 

Consider now (for infinite depth; the finite depth case la 

analogous) the following function: 

fV* Yifi /d 7 + iirff'(i^ fyiy ~^s[ 
C< J C i ,s“ö 

j 
Jdf. 

The first summand la Identical with g1(z) and the aacond Is also 

regular In the whole half-plane. g(x) satisfies the same boundary 

conditions as fj(z). Hence f|(z) - g(z) la regular in the whole 



lornv half-plan«, aatlaflao the free-eurface condition and vanishes 

as f «* -• and x ♦ +•. Bte uniqueness argument used In the c er iva» 

tion of (13.28} shows thav f• (z) • g(z). Tfius we have 

¡4^ dt'ilñ({'lTH^J-2t¡/¿iV,{Í-Í^Tel,0]‘il- 

Now contract Cj to C. Then 

or 

(17.16) 

If on© substitutea above, one finds that the contribution from the 

second summand In fj(^ ) vanishes and that, oince d T/ds - c1 ^ 

c ' J S -° 3 J (17.17) 

This identifies (a) as the tangential velocity vt(s) at a point 

of the contour. 

Let us now consider the effect of letting z ^ z(s'), a point 

of the contour C. Then, according to the Theorem of PlemelJ- 

Sokhotskii, 



H4! 

I TM íl(l' \M)d* - f rMÎM 
^ c 

pv "'[S'(*){v(j(A 

(17.18) 

whereas 

{•(}) -MrO-Ve 

Hence we have the Integral equation for V” (•){ 

i f pv/fM) fJ(y*1)}$(4))61^4*d4 - ¿>1 
* (17.19) 

This Is really two Integral equations. The Imaginary part gives a 

singular Integral equation of the first kind: 

P¥[- ~ 2jfA & el/^<<4 ^ceö [vx(47-/^^Vt ] (17.20) 

'"v.j i'jal part gives a Fredholm equation of the second kind with 

continuous kernel: 

i -¿~ (y*)L(*i*)<t* - tv a £»*[*') -w) r*]. (l7 21) 

Here 

KfjW,] jÿr [K (*'■*)+ ÏL (¿,*)] 
(17.22) 

The kernel K(s’,3) is of the form 

K(s',s) ---- + C(»\s) , 
S J *■* O' 

/ -| r* «; \ ^ X ( * <ci O ' / 

--r-rtoi 
I,,, '..j.iij:77:.11 

I ' '■¿''■Üf• fjfjHLLÎ.iïa^tiiii.iliJA.' 1 ,'ÄJJk^. , . 
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c(a',a) la continuous; the first term comes from 

«l^(s - 2{a)J. if th«f curve C la sufficiently smooth, 

u u ^ - -J- , 
¿-xi y*1)-}«) fw 

(17.24) 

where f (a) la the radius of curvature of C at 2(a). 

If the obatacle consista of a smooth arc, an analogous argument 

leads to only the singular Integral equation above, but with J' (a) 

now Identified with the jump In vt(a ) aa one goea from the left to 

the right aide of the arc. 

There does not seem to be a published proof that a solution 

to either Integr*1 ¿quation exists for all -y . However, Köchin 

[1936, pp. 119-126J shows the existence of a solution for both 

sufficiently large and sufficiently small * slues of for the equa¬ 

tion of the second kind 

By adjusting the phases in (17.9) one may obtain two ’s which 

may be added to give an outgoing progressive wave. The behavior 

as X -► -» will then be a superposition of an incoming and an out¬ 

going wave. However, one may also modify the preceding arguments 

in order to treat the progressive wave problem directly. One 

specifies, say, an incoming wave from the right, writes 

c*i(vx + é{)+ t 

(17.25) 

where <f>* .must satisfy the radiation condition, and tries to express 

tht corresponding complex potential as a distribution of the vortices 

(13.28) »Ino# they already satisfy the radiation condition. Ve shall 



not dwell, on th* dirttil# «xofpt to' rewiark that the protolo* lead« 

to a palp of compilad Integral equation« «Ino# one need« a dl«trl- 

butlon not only of (13.20) as It stands, but also of the vortices 

obtained by replacing t by t - IT /24 , Till« method could have 

been applied, for «ample, to the problem of the vertical", barrier 

eorialdered above. 

.P.fobleaa. This term 1« generally applied to water-wave 

problem,« in which the obstruction la a horlaontal plane of finite 

or -Infinite extent, either submerged or lying on the aurface. 

The solution ior che «eml-Infinite dock In Infinitely deep water was 

given by Friedrichs and Lewy [1948], and at about the same time 

the a,ame problem In water of finite depth was treated by A. Heins 

|l, 94 fit] wli o a I so a 11 o*-, eel a re « t rl c te d type of t h ree -d linen s 1 on,a 1 mo 11 on 

The methodm were quite different. Subsequently Heina [1,95¾ and 

Oreena and, Heins [1953] extended the treatment to submerged clocks 

in water of finite and Infinite depth. As was remarked ear11er, 

Rubin [1954] has shown the existence of a solution for the finite 

dock In infin*cely deep wafer, Spurenberg [1957] has deduced an 

Integral, equation of the second kind for this problem. 

As an example, consider a submerged dock at depth b and, ex¬ 

tending from X » -a to x » a. The integral equation (17,20) then 

becomes 
Oj 

- — Z IT A á & ' (yxi (17 »26) 

where K(x, J) - K(x- J) with 
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Without actually establishing; the existence of a solution to (17.26), 

Keldysh and Lavi'o/.t'ev J in treating the flow about thin hydro¬ 

foils, (see section 20 ß ) propose an approximate method of solution 

by expanding (x) and K(x) in a series ln T - a/2b¡ 

fix,) m lfo(K) + /( (-*9 T '+*- • • > 

i 5 / Jt \ 
* £ t Os Z £,) T 

and determining the |“n(x) recursively. In the problem treated by 

them the total vorticlty was fixed by the Kutta-Joukowaki condition. 

In the present problem the corresponding condition is still to be 

determined. 

If the dock extends from -» to 0, one may modify the earlier 

arguments so as to apply to an unbounded body and derive the integral 

equation 

° V'd 
'"ij'($)*(*■- $)dj = - 2JT/FUe tW''-**-•*) • (17.28) 

An Integral equation of this form is known as a Wiener-Hopf integral 

equations and in many cases can be solved by use of Fourier trans¬ 

forms. It does not seem possible to expound the method brief 1**, 

so we refer to the paper of Greene •.ad Heins [1953] where this 

problem is treated, but with the kernel expressed differently. 

.(¡In'.lili.. 



Víhen thf -«mi-infinite dock is on. the surface, the dock: may be 

considered as a limiting case of a beach in which the angle between 

the bottom and the free surface is l80°. Although waves on beaches 

are discussed in the next section, the methods which allow exten¬ 

sion of the angle to l80° are also difficult and will not be con¬ 

sidered there. 'They may be found in Stoker's Water waves [1957,^.4]. 

17 ß . Waves on beaches. 

Let the fluid at rest be contained in the wedge defined by 

> o, r > o , tan ¡T <_ h|- < 1 

i .e., the bottom Is the plane x sin + y cos «x « 0. For such a 

body of fluid one may look for periodic waves which are either 

standing or progressiv» . The appropriate mathematical problem for 

standing wavea is to find a velocity potential 

Ÿ ( U'. i i f ) » Ÿ( JC, ) t 4 T) 
(17.29) 

satisfying 

1) 

2) 

This p.oblem, in both this form and the three-dimensional form 

to be considered in Í 18, has received intensive study in recent 

years [e.g.. Mich«, 1944,* Lewy, 1945j Stoker, 1947; Friedrichs, 1948; 

Isaacson, 1948, 1950; Weinstein, 1949; Peters, 1950, 1952j Roseau, 



ni 

1952} Lehmann, 1954j Brlllouët, 1957,] • In particular, the cited 

work of Brlllouöt and chapter 5 of Stoker’s water waves [ISS?] 

contain a general, expoaitlon of the *áthi©tnatto¡al theory. We ahall 

reat'-'lct the present tieatraient to simple cases. 

Kirchhoff [l8?9] was apparently the first one to treat the 

two-dimensional case. The problem was taken up again by Hanson 

(1926] who considered both the two and three-dimensional cases. Both 

these authors restricted the solution to be bounded everywhere. Ihls 

has the effect of excluding a physically Important class of solutions 

with singularities at the origin. One may see this easily If/“* 90°, 

l.e. when there la a vertical cliff. A bounded solution is obviously 

‘P (x,y) =- Ae vy cos u x, "D « ¿’2/g. This generates a standing 

wave behaving like cos v x at x * ®. However, If we wish to con¬ 

struct a solution behaving, say, like an Incoming wave at Infinity 

we need also a standing-wave solution behaving like sin v x at in¬ 

finity. No sue,1 solution exists which is bounded everywhere. How¬ 

ever, as we shall see, it is possible to construct such a solution 

by allowing a singularity at the origin. If the two standing-wave 

solutions are used to construct an incoming progressive wave, the 

consequent loss of energy associated with the singularity Is some¬ 

times interpreted physically as representing loss of energy in 

br?iking of the waves, at least when U is sufficiently small for 

this to happen. There is, of course, no a priori method of selecting 

the mathematical solution best representing the physical phenomena. 

The comparison between physical waves and mathematical solutions 

is discussed briefly in Stoker [ 1957, pp. 69-77]. 

».»Ill...ill.Ill.Rill.Ml.Ill.»Ill.I...Illllll.I.Ill.SI.I.I.. 
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.Kirchhoff'• approach to th© solution Is Interesting historically 

because of Its similarity to the method used later by Peters [l950j 

and Roseau \l95l] in solving the problem, HIa reasoning runs as 

followsj. with a alight change In notation. Let f(ss) ■*» <p + l V* 

be the complex potential. Then 

2f(x, i-j) ■» / ( i,» +1 ) + f ~ )j 

Zi T |Oc(«j) * {(x+ iy)- f(JL- 1^). 
The free-aurface condition becomes 

' {'*)] - ■»[{(*) * />)]; ^ ' ‘VJ ' 
But then alto 

w-3°) 
The bottom must be a streamline. Hence 

{(re’if )- f( re lf) - con3t • î 

we mi y take this constant as 0. Prom this 

Hence 

(17.31) 

(17.32) 

This differential difference equation must hold for all z for which 

"* £ ym 
f(z) and f(ze ^ ) are both defined, namely for 

Kirchhoff's formal arguments need to be supported in terms of 

analytic continuation by the reflection principle, but the essential 

idea is th© same as that used more recently [,cf., e.g., Lehmann, 

1954, f 3, or Peters, 1950, § 3j. 

11 i 
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Klrchhoff proceeds to solve this equation In the special case 

• n T/n, m and n relatively prime integers, by assuming 

{(}) • Z AL 4*.f> \ V < fl t ß. eip (- 12 **,*/+,)' ^17<33J 
(l»0 

Substitution in {17.12) gives 

hi) • 0 I (17-34) 

with A_1 st An-i' Multiplying all equations together and remembering 

AITi '«■» I 
, ...,/¾ are all nth roots of unity, one finds 

r-(-0^- r-/. 

which can hold only If n is even, say n = 2q (hence m la odd). With 
ft, 

A » -1 » , the cbove equations determine successively 

A,, ..., A , In terns of A^, and A - ...» A . ^ 0: 
i q-l o q n-i 

^ ^4- ( ^ ,J” “ V Ac cM Zf . . ■ Cot ¿-.jr* 
(17.35) 

Then 

-Z' (17-36) 

Aq is still an arbitrary complex constant. The differential-differ¬ 

ence equation le a necessary condition for f(z), but not sufficient 

to ensure that all boundary conditions are satisfied. If one sub¬ 

stitutes the above expression for f(z) in (17.31), one finds after 

some computation that one must take 

« i 

) (17.37) 



whtr® Bo io pur© imaginary (aay ÍB¿) if both m+l) and q are even 

and Q'thitnrliii i® real. With thi* choice of A one ha® 
o 

V* - *k-i (17.38) 

As Kirchhoff pointa out,, the solution ia physically acceptable 

for the problem at hand only if m » 1; otherwise, does not 

remain bounded as x •* +*>, If m - 1, then for y ■ 0, the dominant 

term as x » is given by 

{(x) ~ £>. ixp ivX - L ÏÏ j 
or 

%-l 
(17.39) 

- f)0(xi (^xt ^—¡j— J*) . 

Here are several easily computable special cases of (17.36) 

<f- 90°( m - 1, q - 1. ^ - -l)s 

'/ ( I ) ’* £>*) fi ^ « ßo £ (Ova VJt - c vc^ -VX.) . J ,V^ (17.40) 

Í- 45°(m - 1, q - 2, ^ » -i)i 

{(j) * Bat ^ [ù~ LV ^ f l Z j 

ß» (ev^ c®o (v jc-t '¡f' ) + e 1 ^ (~>> - 4 ) J 

ß*? f *?' ^ + — ) f- 
-vx 

f- 30O(® - 1, q - 3, /¿- |( V?- .1)): 

(vtj-J)] ■ 
(17•41 ) 

ftp- 

-f Í./T t ^ vrvß^) 
I'0 , C a-^ vX - C 1 c, ,, ,rr Í-H-. 

J, 
"u'iJt- + í 

5 - 
Oi j >- 4 

Hb.f- V1 t « O; vx t e 
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numerical computations for ^ (x*y) for f • 6° (q » IS) ao wc'.l as 

for the above cases were carriel out by Stoker [.1947] and are 

presented graphically in his paper* 

Kirchhoff's solution Is limited to the special choice of angle 

noted above and furthermore presents only solutions which are bounded 

at the origin. The solution of the differential-difference equation 

(17-32) for arbitrary f , 0 < f < I» has been given by both 

peters [1950], Isaacson [1950), and Roseau [1952, chap. vj. All 

use Laplace transforms. However, the method cannot be expounded 

briefly and we refer to either the original papers or Stoker's 

Mater waves for the details. 

T >e special car.e f » JT/2q can be treated fairly simply by 

the reduction method used in the problem of the vertical barrier. 

Prom (17.32) we have 

/ ftmj. _ fcf i ,{<*.+!/. . ,, fe. t(í), V 

^ (p + ^i (}?-? f { (y-t), ¿*^/’(;7.42) 

The free surface condition [cf. (11.7)] implies 

r f [(ít l) i 
Itnjr (X) +c V ( 1 /(x)l»0 ( Xyo. (17.43) 

. f It ), (if I . ((*-t0 A /((), 

Hence also 

i ha, ) A j ~ iv (x f3 ) J 
o , xyo- 



Thi» last «quation can also be written 

j.e f- ; -r' 
*‘r 

(17.44) 

If the numbers ak and are i*eal,, (17.43) and (17.44) Imply 

. 

(17 4b) 

We wish ‘o find numbers and j^®¿ | such that 

o «'t [Ík } } ) + iv{(L)(p] s ¿o<\ß%fkH(p - ¿ V 

S 
Z“ 
4. (17.46) 

Comparing coefficients of lerivatlves of the same order, one finds 

."• » — O..Q 

at-/ + ¿va4- iV ai ), 6, - s, (17.47) 
_ I 
GL'<£ * yo 

These relations will be satisfied If one takes a - q - 1 (for & q«-i) 

and 

.4. 

a(c m~ak m aL-1 tV ¿t-ZJ- - a4-/ 
a 

‘■y i" ^ f cU 2 f .. . c*U f } M.- 1/ • a^. 

(17.48) 

We note that -jq’k aq_k - -y k“1ak_1. With this choice of the 

coefficients [\ j • define 

* ' : " ''"lir 
.. 



9« >- io al °(¡>* ‘ »Áj) f ' Ht¡)i-1») {(Vi 
g- I 

- -^ô4 /44 fa f(kf l)f< ) - C V / J j » - - ‘ '() ) 

|£r^ /” ^L*i) (L. *> jj (17.49) 

wh«re the last eq'uatlon follows from (17.42) and where 

p(A) “ Z À , 
t • ^ (17.50) 

Prom the assumptions originally made concerning f(z) and from 

the method of selecting the /ak | It follows that g(z) la regular 

everywhere In the wedge 

- 2 i á e ~ O 

except possibly at the origin, that 

■Z if 
}=0 / o-r ^ * 06 > o -z « r e ; 

and finally, from the last of equations (17.24) that 

g(/4z) - -g(z). 

Since f(z) la assumed bounded as x -» », this Is true also of g(o). 

These various conditions imply that g(z) must have the form 

oO 

/[as r f. a a i. (17.51) 

We have thus shown that f(z) satisfies the differential equation 



I ? 4 

* 

ibO 

K.v 
-71—, 
) 

•Of re « r (17.52) 

Prom the definition of P( ) it follows that 

p^O+iv) = f cv; 

Since the coefficients In P( } ) ar«i real, ,A is h roo'’- of P( A ) - 0 

if A is a root. Furthermore, from the identity al> "e also & ^ 

Is a root providing ^ ^ ^ iv , Since A Is on ctvio .s root 

of the left hand member, -l/Sv ia alao a root an .ence -i/32u , 

3 o 
“1/5 . Since q ■ -1 ^ no new roota are added by going 

further than -i/S9“1^ , and aince i/4~kV —i/6q~kn), a complete 

set of roots of P( A )( A + 1^ ) i# 

^ Ÿ" i 
- iv, - t - i/h V, . . . f - i, ft V- 

r.ius the solution of the homogeneous equation can be expressed in 

the form 

This ia, of courae, exactly the fonn of Kirchnoffs solution cf 

(17.36). Since we have already determined the necessary form of 

the in order to satisfy the boundary condition on the bottom, 

we need not pursue further the solution of the homogeneous equation. 

The solution of the nonhomogeneoua equation 3s straightforward. 

However, just as for the homogeneous equation, one must take care 

■■■I.. 
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be 

to aatisfy the boundary condition on the bottom, l.e. 

Im Ie-1 f f ' (re-1 ) j « 0. The detailed considerations may 

found in the several cited paperaj Brlllouët [l957j treats the mat¬ 

ter thoroughly. If one considers (17.52) with the right-hand side 

replaced by only one of its summands, say bnz“^2n+'*,^l<*, then the 

complete solution can be put in the following form, as shown by 

Brillouiti 

(17.54) 

where cn is an arbitrary real constant, BQ of (17.37) has been set 

equal to . 1 , and where P k indicates that the integral is. to be 

carried out over each of the paths P ^ and [' ~ shown in Figure 17 

However, one my obtain a variety of other forms for the solution. 

An asymptotic expression as x -*• ® and for j - 0 is given by 

-f(ji) 

or 

ru,°) 

+ 9.“ * 

■KO to-/ 
„ t „ \ '«S» «I» 

Cn C«4yVX + J ) t “C**.-p-.‘..■;.t~:"" S* 

(17.55) 

2-/ 

"Pl-r~— V t J p ) 

I 
SwMiumMi 



In the neighborhood of s «■ ©,» f(x) behaves like log z for n » 0 

and like z~¿nq for n > 0. 

It 1« not clear physically what type of singularity at z « 0 

moat nearly describe# the behavior of real waves. However, most 

writer® have restricted their treatment to the weakest possible 

singularity, l.e.« the logarithmic one. 

Prom the asymptotic expansion as r, •* » one sees that it is 

now possible to construct an Incoming progressive wave by proper 

choice of the constant® c„ and to'. Thus, If we select 
n n 

¿Y - a Oû (é t t T ) ( 4*. - - I'-1). f (i * 2 - o ! ff a u- (¿ t * T) 

then the resulting solution will behave like 

£1 Cm ( V Jt + é t # X) 

an * "** 00 for y ■ 0. In connection with (17.55) and the »election 

of bn just made. It is apparent that the formulas (17.54) and (17.55) 

will be more directly connected with parameters with a simple 

physical interpretation If we replace ton by 

Por n - 0 companion singular solutions to the regular solutions 

(17.4:0) and (17.41) are not difficult to write out* 

[- ■ 90°(q - 1, n « 0): 

♦ 



f - 45°(q - 2,, n - 0)» 

fix, y) - il? [(F+ S w(vx+| ) t Cù(vx)cm(v X * (v ¿ £íNJ 

(17.57) 

Further foMuiàé for f - îo' à»-l f ~ ¿ 0 may be found 

In Brill out! t [1957, p, 93ff„]. 

1.Ö,. Three -dimensiona l.progressive and sending, waves in 

lîjojüigagjgd.gMaag.Myh,.-aiÉ:iJgHiáB£tgi,. 

The general remarks at the beginning of section 17 

apply here also. Although most of the, solvable problems 

in the present category are such that they can be reduced 

to two-dimensional ones (however, see the end of section 19)5), 

the methods of complex-function theory are no longer applicable 

to the same extent. The division of topics is the same as 

in the last section, namely, diffraction of waves by obstacles 

and waves on beaches, 

Woe . Diffraction, of„„atlgl..,..IjMllb 

In a horizontally unbounded ocean of uniform depth k. 

assume that an incasing wave is specified by 

^ j' ^ c**^' Mfy + k) c*a (mjc + ài +<*) ¢18.1) 

and that it 1« scattered by one or more obstacles in the 

water. Me wish to find the velocity potential for the 

motion of the water in the form 

+ <f,s > ¢18.2) 



wiiiir« «j 1» th«t a««t:C«r«4 wavt and aatlaflat tha radiation 

condition if tha ibody ia of bounded «mitent. 

à» waual, wm nay write efe in the loin» 

],Í) - Re ? (18.3) 

Where cf must be a potential, function satisfying 

ifjt, 0, j ) - V f ij, ) « o , V - é/^, 

'/L " n, *0 oo èht obstaclesj (18.4) 

'^rirx,,. 'Jr, ¡R^.dd) as R ■*» '»o 
fij oO 

Ceneral cbatructioni,. Consider a «ingle submerged 

obstacle bounded by the surface 6 . We shall try to 

expresa the scattered wave <f>& - Re, % €. by a distri¬ 

bution of sources over Ò . Howevor, in order to satisfy 

the various boundary condition«, m take »ourccj in the 

complex form (13.18) (or, ia the case of infinite depth, 

in the form (13.I?"': 

(18,,5) 

wher*î we have written C ■ (S', <S2 for the complex fot« 
t 

of (13.18). The boundary condition on the body now becomes 

O . af{ + 
^ 0n ^ 

or 

!* * I? -T^V'i)-^^)16(1,1,1,1,13> 

ifi(i ,1,1) 
c) (» 
9 r> d S 

(18.6) 

Since 0% j dn ia a this is a Fredholm 



Integral equation of the second kind for %(x 

(We note in passing that if the motion of the surface 5 had 

been prescribed to be t* -r^/ Gn , then the same integral 
y»«» 

equati m for a would ha-e been obtained.) 

This equation has been considered by Köchin [1940] in 

the case of infinite depth, and he proves that a solution 

exists if V * <Sl/<! is large enough. Iterative pro¬ 

cedures for computing ï follow from the theory. 

Haskind [1946] he* extended the argument to finite depth. 

John [1950] has treated both the uniqueness and exist¬ 

ence problem in great detail and has shown that a unique 

solution exists for a body whose surface intersects the free 

surface perpendicularly and which can be represented as a 

single-valued function over the area enclosed in the inter¬ 

section. His result holds for all values of bn (or V if 

the depth is infinite). He also reduces the existence 

problem to solution of an integral equatior. 

Vertical cv lindera. When the obstacle or obstacles 

are vertical cylinders extending from above the free surface 

to the bottom, it Is possible to reduce the problem to one 

in diffraction of sound waves for which many special 

solutions are known (see, e.g., Havelock [1940]). In this 

case we may separate the ^ variable In the manner shown in 

section 13o< : 

Y(^) (M.7) 

Y(<j) - w^. k) Wjí, p where 



m 

and 

(18,8) 

Here no must be the «ame as in (18.1) since the frequency 

is fixed by the incoming wave. 93 j ) must now 

satisfy (18.8) and the second two conditions of (18.4). This 

is exactly the same mathematical problem encountered in the 

diffraction of sound waves by a cylindrical body (in that 

case the air pnssure replaces ^ ). Thus, any solutions 

known for sound diffraction by cylinders may be taken over 

Immediately for water-wave diffraction. For example, if the 

obstacle is a vertical circular poat of radius ft, the velocity 

potential of the scattered wave is given by fsee Horse, 

Vibration and sound, 2d. ad,, New York, 1948. pp. 347ff., 449]: 

(18.9) 

where and 

* 1 , ¿ K = 2 ^>r n ^ / 

Various approximations for large and small values of Mice 

are known. The maximum wave amplitude at any point is 

given by -j' I Ÿ' I 
The diffraction of water waves by a vertical half-plane 

may also be treated by transferring known solutions due to 

Sommerfeld for sound and electromagnetic waves to the present 

context. This has been done by Haskind [1948] for normal 

incidence and by Penney and Price [1952a] for both normal 



m 

and obliqua incidence. Petara and Stoker [1934] (sea eito 

Stoker [1956] and [1957, pp. 109-133]) have alto solved this 

problem by a new and rather easy method, following an 

Investigation of boundary conditions which will enture 

uniqueness. The solution has an obvious application in 

predicting the effect of breakwaters. Let the breakwater 

be the half-plane j - 0 , X yo and the Incoming 

wave be given by 

*1 - A C4KJ ^VVV. JÎ ÛM CK + ^ J o-un,«* -f é t) , 

‘ A a* (Áw K 004 (0-^) , 

where &< is the angle between -OjC and the direction of 

propagation, measured clockwise. Then the solution given 

by peters and Stoker is 

, ç9 *»»A r y & ] 

c< )- -Âá' CÄ-4 m(^ iL)[Jj%)+ '~y 4 v/'‘ ^ T J- (18 •10) 

The result can also 'be. expressed by means of Integrals. In 

the case of normal incidence these reduce to Fresnel, integrals, 

for which tables exist. Graphical representations of the 

behavior of the wave amplitudes may be found in Penney and 

Price [1952a]. 

Penney and Price also apply this analysis to an approxi¬ 

mate treatment of diffraction by a breakwater of finite 

length and through a gap. The results are presumably 

applicable If the wave length is small compared to the 

length of the breakwater or the gap. 
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In two pity8 i, c ä 1. ® JL t UMt JL on 0 thi1® dependence upon j laty be 

praclplteted out, leaving a two-diiieneional problem which in 

many caaes can be solved by method« analogous to those used 

for the two-dimensional problems of section 17. 

'Let the obstruction be an infinitely long horizontal 

cylinder parallel to Oj , This might be, for example, a 

semi-infinite dock or submerged plane barrier, say 

a finite horizontal barrier, say u - -.6 , |x|< a , a vertical 

barrier, xmO, YC o , a. beach, aj »-jí »etc. 

Let an Incoming plane wave at infinity propagate at an 

angle d to the X axis: 

7 iJ i 0 * ^ cei^W/fx Cd^ix + J Ow « ) ■fV'i}. 
* j 

(18.11) 

Altho'ugh one will not expect the velocity potential y4 

to he periodic ln X , it seems reasonable to assume 

that it will be periodic in J . In fact, we shall assume 

that 

y dé; 
(18.12) 

where y) must; now satisfy, with -4 » /iai, 

- <*y i =0 (18.13) 

and the usual conditions on the free surface and rigid 

boundaries. 

... .lililí 2i 



I (í JT 

II« should have come Co t!*« same conclusion if 

assumed an Incomiag nave at infinity of the form 

t ^ j yt) *A OH' 4 j caj (icl X + ®i 4) , 4 # 4 t t 
, a 4n 

1,,. — * 
nau 

(18.U) 

4X ^ 
<£■ 4lv ) , 

That is, we shall now look for a solution in the form 

LUt, (18.15) 

satisfying equation (18.13) and the conditions on the free 

surface and rigid boundaries. Thus, a solution for one of 

these cases carries over easily to the other. 

The problem is thus reduced to one almost Identical 

with that of section 17, with the exception that the two- 

dimensional L,apiadan is replaced by (18.13). Many of the 

same methods may be carried over, e.g,, the reduction method 

and the Integral-equation method. Haskind [1953] has con¬ 

sidered some general aspects of the problem which will be 

outlined below, has derived the source solution of 

(18.13), and ha® treated the diffraction about a vertical 

barrier (an analogue of the yroblem treated in 17«. ) and a 

finite dock, all is infinitely deep water. MacCamy [1957] has 

derived a source solution of (18.13) and treated the finite 

dock problem in water of finite depth. Heins [1948, 1950, 

1953] has given fli our 6 solutions of (18.13) for finite 

depth and formulated and solvedWienar-Hopf Integral equa¬ 

tions for sami-lnfinita docks and submargad horlaontal 

barriera. Greene and Heins [1953] submerged 

barrier in water of infinite depth. The literature for 



beaches will be given in section 18,4 . 

Suppose ttoli'Q JfXviJl d infinitely deep and let a cross- 

section of the obstacle have contour €. We wish then, to 

find a solution -tj) • of ¢18.13) such 

that 

f^-0 O'lv 

V ^(X'Q) * O on Hit fret iu.rjact ^ (18.16) 

'«X1 ^ Y„ Alp + sp. ¿“i eik‘ 

t 1 1- 
where *8, ^ V . Haskind [1953], applies the reduction 

method In the following manner (we follow his presentation 

closely). Introduce the function -f(x, by 

■3f ^ 

Then f also satisfies (18.13) and 

(18.17) 

f^(x,o) on fhr -free Surface (18.18) 

Consequently, ^ may be extended into the upper half-plane 

by defining fU,- f and -f now satisfies 

(18.13) in the whole plant outside the contour C and its 

mirror image C . Moreover, lfl-~0 as jc 1 + ur-* 

Assuming that { is known, one must now try to reconstruct 

‘■f from f in such a way that conditions (18,10) are 

....»HI! 1..Ill.. ...ï 1 ¡í.ü!i¿] ,... ...iiiíliii MIHI 



satisfied. In order to do this, Heaklvd differentiates 

(18.17) with respect to ^ , subtracts from, 

■fax + ~ ^ Í m Q/ 

and after sane easy manipulation obtains 

.w-OtCíf-{)--■»($* ->»{). (18.19) 

Treating this as a differential equation for f 

finds the following solution for f* : 

he 

-i k, X 
<18'20 / 

the integrals being taken along half-lines parallel to the 

x-axis and below C. One may verify without great difficulty 

that 'Y satisfies (18.13). The asymptotic form of f as 

X —* ± qno may be 'written down immediately, and gives 

f 'mm OUlO 

the path of integration being a line below the body. 

Consider now the region D bounded externally by this line 

and a large semicircle containing C + C and internally 

by C + C . Application of Green1s Theorem to -f and ^ = 

exp (- -t i 4, jc. ) shows that 

" ¿4 J; 

Aq v/v -ik,x ^ * & $ & 

i* 11 e 
»ma 

c+c 
f 

c+C 
■'"ly 
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Hence, the asymptotic conditions are satisfied and, moreover, 

CfC c iC 
I dt ífc II (18.22) 

By a similar application, of Green's Theorem Hasklnd shows 

that one may also write 

f. 3P 
OlO ' 

where the + sign is used for points to the right of C 

and the - sign for points to the left. It Is easy to 

verify directly that ^ satisfies (18.13) and (18.17); 

however, (18.20) allows one to investigate the asymptotic 

behavior more simply. If has no singularities, then 

(17.3) must also hold here, i.e., 1 +(£)* * 2Aß » Ü .. 

This result, may be used to find the source solutions 

giving outgoing waves ii’t ±«o , For equation (18.13) the 

singular solutions for the whole plane are known to be the 

Bessel functions K*, r) , where « (jc -<ä}14 (y - 

To find the solution corresponding to (13.22), one assumes 

it may be expressed as 

£> (<£, y ; &■, C ) *• tfo + f¿0 (4c r) - ! (¿¿r,), 

(18.4.3) 

with r, *(x. ci) +■ (*j i 4> ) , where / has no singulari¬ 

ties for ^ © . Then foym ft*. - v 'fo may be extended 

as a regular solution of (18.13) to the whole plane. Also, 

1 
One may then show that this relation holds for all 7 

£ O 



Subi ti tut Ion in (19 «23) with A »■ O and direct computation 

fron, ¢18,2:2) by taking C m a «mall cirel* about of 1 

tha aingu'larity givts 

C - k0 (kr) + /<, ( k r()f 2ve>yj ' e 'J K0 (k rt)du 
o«ö w 

(18,24) 

2i ir 
»» 

For Haskinds applicati'cm, of chi» iwsthod to the 

dllfraction about a vertical and a horizontal barrier we 

refiiir to the original paper. Force and moment are obtained 

in terms of Mathieu functions. For the horizontal barrier 

in water of finite depth we refer to MacGamy's paper (1957) 

where a formula analogous to (18.24) ia derived, 

18 /1 * 

Much of the Imaedlately preceding diacussion of diffrac¬ 

tion of plane waves approaching at an angle or of short-crested 

wave* approaching normally applies also to this case. One is 

led to the following boundary-value problem for f(J(if2 

1) C4 -1’1 f - o / -V1; 

2) ) - V /(14,0)- Ot 

(18.25) 



ao aJohj *4 r JC, m O . 
5> í*1 AS ** / — 

Mmy of th. »uthor» clt.d ln ..ctlon 17 ^ con.ld.ted 

this problem along with the two-dimensional one. In 

particular, we refer to Hansct [1926], Miche [1944], 

Stoker [1947], Weinstein [1949], Roseau [1952], and 

Peters [1952]. Both Peters and Roseau solve the problem 

for arbitrary angle f , 0<f £ J (thus Including the 

semi-Infinite dock problem treated differently by Heins 

[1948]. The use o Ü this itQk due ti» on isiisthocJ' X tuij(. t ffl' oirtffis h® f 

ns in th# two ■* dimen ® 1. on s» X csss • to1 snij^Xss *m jp i^y^1 • 

We shall illustrate the procedure briefly for T/4 and 

following essentially Weinstein's [1949] treatment (see 

also Brillouët [1957, chaps. I, II]]. 

Since the boundary condition on the free surface and 

bottom Is the same in the two- and three-dimensional cases, 

we may make us® of the auxiliary function constructed in 

(17.49) by using only the real part of the complex potential. 

Thus, for T\ fa one finds from (17.48) that 

4; = i'^e/V * Hence, from (17.501) 



... 

and 
¿y-;, 

^ ^ÍJ ) * * v)(m ^ ‘ 
Thus, the boundary condition« 2) and 3) of (10.25) imply 

that 

a 

A similar analysis for wave» approaching a vertical cliff 

( Jf ^ JT ) lead» to 

«0 

(Lf) &, (18.28) 
H ' 'r' 1» *o 

Let us take the weakest possible singularity In each 

case, ï.e., I| for the 90° cliff and for the 45° brach. 

Consider first the vertical cliff. Taking ac c am t* o jf düA 

relation \¿1 ( u) n-i¿,( ü) » we have 
i / * / 

l si 

t V -0 i>n yO, Xyo (10,26) 

<Xnd X*0, O • 

We recall that the definition of if (x, y) has been 

extended from the original wedge by reflection In the bottom. 

One must now find a function A. (x¡ satisfying equation 1) 

of (18.25) and the boundary conditions (18.26) and whica is 

regular everywhere in the extended wedge, O & 0 JT, 

except possibly at Che origin, bounded as Jtv + -+■ 90 , 

and symmetric about the line y = - Jc , It is ’'•nom that 

the general solution of this problem is given by 

/a-(X,Aj) -V/4) =Z+i)(hr)s*».2(¿n+j)9( 18.27) 
1 * ‘KuQ * 



«■»• i !» ahí 

2 O X' 

W*i m*y then identify « o j&j 'with $ end fron 
jt 

(18.23), with £} m o , we heve 

A» i </ s » \ a -w 
'f- - £ K.fí-*l K(í 

DO 

y) (j Vy - l, 4.^ X 
c. 

where Ae muet «till be detenalned so that (o, '¡j/ • 0,^ < o 

In computing er, JC — O , one must remember that 

ko(U') ~ A* (Z/w) a® U -* o , Hence i orí© find® 

(o.a*) - - ~ Ve • ß.AA^ -/a*. I du - i,-ALíÁl. 7 

® fe C •»O JC '»O £ Í ^ 

_ 4^’ V J ev^ - i ' e v><? X é 

Betting this equal to aero, one find» 

A» _ 4J ¿ fe, 
& ¿ jr-u 

Substituting above and separating the real and imaginary 

parts of ’ ¥< * í tfZ , we obtain an everywhere 

regular solution ah oí Qy solution 'j1^ with a 

singularity at the origin and 90° out of phase at Jt- ao • 

f, (x, ) « (2 ^ 604 4r, , 

1,, 
*• - jk0 (k r) + I' ^ I 

q V^r , » 
.--.0, f J6 , 
á 

The corresponding equation for (18.27) can be written 

in the form 

(18.29) 

4 



Ill »'¡I.II.Ill» 

On*, am find it* iat«fration di«emi»aot in ftoatau [1952, 

ch, IV). A »olutloo for th« naxt fimplMi: 

doa» not to have been puMijIhod,, For fn t;h* 

regular solution ff, , and singular solution as given 

by Roseau ar*: 

ft » A, |ô </|4( ce? 4,jt ~ 4,jcj+1 14, C4T' 4|jp t V'»*** 4, y]J ^ 

,/ 
In i * Aije V ¢#3 4, it - 4.1 4,jtj+6 ' 4»7 + 4| 4, u] 1 ^^^ VXy 

•MX' /JC 
+/1, JAV- »Vïÿ)+ ^'7 evJi/„("4\jl4f)dj 

1/ 

i) <4 

pr"i(r(ltc%«.FîÊ 
4 -¿o ^ 

In order to satisfy condition 4) of (18,25) one must take 

/1 /“1, 

' 4, + ¿v /1 "2 . M f ¿ 4 
4/' f ^ ¿ 4^ 

Edge Waves, In the investigation of diffraction of 

waves on horicontul cylindrical obstacles and of waves on 

beaches,, It was specifically assumed that 4 Vl' 

This was automatically fulfilled for plane waves approaching 

at an angle, but needed to be assumed for short-erested 

waves,, For the short-crested waves there also exist standing- 

wave «olutions which can be exhibited in certain cases for 

4,1 y , Such solutionis were apparently first 

noticed by Stokes 11846, p. 7*1080, p. 1671 In connection 

with the propagation of waves in a canal of nan-rectangular 

cross-section. Certain peculiarities of these solutions 

have bean pointed out by Urseil 11951, 1952]. 
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Consider Che first three conditions of (18.25) for 

4v 
7 v 

may verify directly that 

e‘C1-f-X~r3 

Then one 

1« a solutica. This gives a velocity potential, for stand¬ 

ing waves: 

(18.32) 

where 

ít. OÁAAjf » ¿/<j ■ 

The wave amplitude is bounded at the origin and drops 

off very quickly as x increases. Clearly, one must have 

f C jit . Urs.il has pointed out other interesting 

aspects. For a given f and C there is only one allowable 

4 , i.e., it is ' discrete point of the spectrum. In the 

case discussed earlier with 41'c ^ all values of 4 

between 0 ,nd v were allowable. In addition, the 

total energy per unit length In the J direction is 

finite for the Stokes edge wave. 

From (18.29) one may construct a progressive wave 

moving in the direction with velocity. 

There is evidence that such waves have been observed in 

nature [cf. Munk, Snodgrass and Carrier, 1956; Dunn and 

Ewing, 19561. 



Ursffill r19521 has shown that (18.32) Is only the 

first in a sequence of solutions of this nature for a 

•loping beach. He show®, In fact, that the following 

velocity potential also satisfies the condition: 

,, ^ ? * f-ttr cm{2M,~t)r+^<2^0r 

^ 4, [x On l)f ~ ^ (Z**' +/)f J Jj M 

where 

a f ,)^ fr b*(n-r + l)£_ * ail (z*s,t I) )T . 
A-^=r1/ ktwfK. + Or' 7 

It follows from the last condition that one must have 

TT* 

(Z M/ -b I) r~ or KL t — +• 4 

33) 

where n, * O will be taken to Indicate Che Stokes edge wave. 

Thus, for fixed wan/e number , the above formula gives 

one frequency é if , two if 

TJ’ > f > JT , etc An experiment carried out 

by Ursell confirms the existence of these other modes of 

motion. The solution (18.33) for jr * SO has also 

been given by Lamb [Hydrooynamics, p. 450, eq. (30)]. At 

the critical angles % i I/io , etc 5 the solution 

(18.33) does not vanish a « X -» •«=>. 

Keldysh [1938] has stated without proof that for 

p* 45* the Stokes edge wave and the function from 

(18.31) constitute a complete set of bounded solutions in 

the sense that for any absolutely integrable function 

f (*1 3) Ji * O * the following Fourier-integral-like 

theorem holds Icf. formula (16.5)]: 



.i.. 

5) ■ f p t^s-j) fiï Ht, ); ■ 
«*. O-*1 ^ 

It is posfible to construct other types of edge waves. 

First we rederive the Stokes wave from, the third formula 

in (13..5) with a.*© . a surface satisfying • û 

defined by 

-¾-A » - 
¿(jí <j>t 

is 

or 

• - X kijK,f + C , v/v4l-vv , 

|T»®t 

where we may set C » 0 since ic ^res/provide essentially 

different solutions for the bottom. This is just Stokes' 

solution. 

One may expect to find a different type of solution by 

using the third equation of ¢13.6) with & • o . Here 

the corresponding solution is 

(Hy i> ( ■’-j 4 'tS) ^ Ovi,.# 

^ J¥a,q ÀÃ, || It' — ^ 
(18.34) 

where again m have dropped an added constant. This 

describes a bottom which starts as a sir >lng beach and 

approaches;,, as JC -*>■ o«o , a flat bottom at. depth /L 

The initial slope of the beach is ^ . 

The velocity potential describes edge waves for such a 

configuration. 



On* muy proe**d lo th* iwm« ftnnlhlon with th* l««t 

foimlii» of ¢13,5) and (13,6), Th*y turn out to give 

Identical botta«,«: 

iíilttí » ' 

® I-W iu fï. 

t 
Li 

V V 
t w; 

(18.35) 

Tbl» correspond« to *dge wave» «long an overhanging 

In wtter of finite depth. Th* Initial backward «lop® of 

th® cliff i» é '/y 'lí'1, ■ 

A particularly Interesting aort of edge wave, although 

the nam*. Is now a misnomer since there is no edge, hrr been 

discovered by Ursell [1951]. He has shown the existence of 

standing waves of the form 

CAK» 'Ll, \ <«> t é 
In the neighborhood of a fixed submerged cylinder of 

radius O, if i*a. is #111,.811 enough,, The waves are 

symmetric about the vertical plane through the axis of 

the cylinder and decay exponentially as Ix I Increases. 

One can,, of course, also construct waves progressing along, 

the cylinder, 

Ursell. calls such modes of motion "trapping modes" 

since. If they occur in a canal with aides given by 

^ *<7 J " njr/ic, , no energy Is radiated away, 

even, though there 1« a path, of escape. In fact, the motion, 

is similar in, this respect to standing waves In a basin of 

finite extent:. The edge waves considered above also can be 

used to construct trapping modes. 

iiiii«iai!iiiiiiiiittiiiiit IlilJM llKlIllllli 
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Th* propagation, of pariodlc navas along a canal leads 

to protolam.» itaiiar to thos# occurring In tha propagation 

of «aves parallel to a baach. Let the canal be parallel 

to Oj with cro«»-»actlooal contour C. We wish to find 

</( i) - f(X, *a) uk> (4 j - d Í ) 

where <-?( ot,y) aatlafle» 

/ (IB.36) 

» on the free surface, 

^ (T . 

It will also be asswed that; lit bounded. 

Clearly the same equation« «rise In searching for 

«tending-wave eolations in a horizontally cylindrical basin 

with crasa-aectiooai contour C bounded at either end by 

vertical walls at a distance / apart. In this case ^ lit 

restricted to the values 4v J// . For progressive 

waves solutions with -It • 0 are, of course, of no Interest. 

The special case 'when C is a rectangle has already been 

discussed in section 1¿ / . 'The configuration for C which 

seems to have attracted the next most attention is a triangular 

one In. which the two sides are inclined at the same angle. 

Keilend [1844] was apparently the first; to consider this 

problem for infinitesimal waves, limiting his treatment to 

angles of 45°. The matter was treated systematically by 

Macdonald [1894] who discovered that a solution with the 
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properties of (18.36) exists only for angles )f • 4S* and 

fmiO* , This does not exclude the possibility of the 

existence for other angles of a periodic progressive wave 

with a curved wave front, for these would not be described 

by the assumed form of © . 

The solutions for fm4s° can be obtained from the 

fundamental solutions of (13.6), but It is nearly as easy 

to find them directly. In the third formula of (13.6) let 

<Z* sfr - i>A f it'1 ^ 2 ^ . This gives the velocity 

potential, after fonting a progressive wave, 

¿,i>*Ao*yL je**-(ykr* omfky^t). (18.37) 

Let the sides of the canal be given by * ± ^ ^ , Then 

It is easy to verify that 

so that the boundary conditions are all satisfied. Since 

¿ 1 » ^ /wvc éduiv ^ 4. 

the wave velocity Is given by 

4t 
ft 

C- * (18.38) 

If An,^ (In the notation of eq.¢13.6)), there 

will be further symmetric modes. In (13.6), formula 4, 

set a* ^ A and add this to formula i rfth 
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Hitt give« 

ftQútoL ^**\ & ♦ (MÁé4M«f-yc*»»WÍ-¿* -Sf/j 

One may again verify easily that ¢,^- O on the two sides 

of the canal if 4c m4*v# - t . Hence, this mode 

of motion will exist only if Mty#“ 7 , For given é 

there will be no modes of this sort if 4 is small enough, 

for then A*.tu . The number gradually Increases as 

4\s increases. If 4>* and it are fixed and ¿ allowed 

to Increase, there will be an infinitj sequence d,, - 

for which will be satisfied; ->(m,+*)F 

a® oo , The situation is easily visualized by plotting 

on one graph - íôa/e^^and (j4\/ . One 

may write the potential function in the form 

J •• ,4 [¿*4 4wi 4]C+3(itj -¿t)^ 

where 

'Vvt^ Aäm1v,< *v\/^ 4vv¿ * ~^ 4. — (18.39) 

The velocity is given by 

t Wkwiv 

4^. /Hv; (18.AO) 

Asymmetric modes of motion also exist, having first been 

noticed by Greenhl11 [1886]. These cannot be deduced from 

(13.6) but must be found directly. The velocity potential 

corresponding to (18.37) is 

$ (*■,*<.]\i) m A uU^ L)*a»~ 4.« om(4it^-¿i) (18.41) 
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Tfc» wave velocity 1s 

C 
i 

1 
(18.42) 

which approaches Infinity as -* o . In, addition to 

this Mode, other asymmetric modes may exist under conditions 

similar to those required for *18.39). The velocity potential 

for mude S’ is 

* A [*** (*1* **) -tj • ( iß, 43) 

l(4c j~ 4rt )f 
where 

it, * i &OÍ4v.¿ ^ ^ 

• 6et)' 

4l AA", 

The velocity of propagation is given by 

/U,# C4>K» -Vic 

“U/e Aa (18.44) 

The solution for the angle / * î>° will, not be discussed 

here. It can be found in Lamb's Hydrodynamics [1932, p. 449] 

as well ns in Macdonald's paper cited above. 

One may construct other possible contours for the canal 

cross-section by starting from one of the solutions (13.5) or 

(13.6) and finding surfaces for which ^ -0 • Thus, 

from the third equation of (13.5) for.... 

m /\g,v j <LAAJi., X, O&o -¿é) 
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Solution of that differential * que t Ion ¿y/Áx 

leads easily to 

■¿rrri'S Âjoû CJttvL' 'X-' 

as an equation for the contour of a possible canal. The 

contour is reasonably shaped but varies with the choice 

of ^ , Also, the method ia unsatisfactory In that it 

gives no Information about other possible modes of motion. 

19, Problems with, steadily oscillating boundaries. 

Such problems Include waves resulting from forced 

oscillation of a submerged body and the waves associated 

with steady oscillations of a freely floating body in 

oncoming waves. In this section we shall assume the fluid 

of infinite extent. Waves in an oscillating bounded basin 

will be discussed later. The mathematical treatment ha# 

much in common with that of the last two sections, the 

scattered wave of those sections becoming the forced wave 

of this one. 

19 e< . Forced oscillations. 

Suppose that the surface of the oscillator It its 

t qui librium position is represented by f~(jt ) 9 

Let us take it, for example, to be oscillating vertically 

with amplitude £ . Then the equation of the oscillating 

surface S may be written F(x,*f+ })m0 

where Cb is some length dim««»i'On of tor ewciliatoi 

This £ will be taken a» the expansion parameter in Che 

perturbation turbatioo theory of 
. Í'h/D 

T,' ! 
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«•ctlon 10, ï» wmrm conc«rn«d only with t:h* function.» 

î'*) “nd ,t) . However, we 

m.Mt «l*ll*rly expand F before substituting it into t1’« 

boundary condition satisfied on, the surface of the oscillator, 

namely, 

F{ .o ^ 

The expansion for this case is 

10 (19.1) 

Ffoytt L*^,t F^(^^)tM9.2) 

We don't wish to restrict ourselves to this one mode of 

motion for the oscillator, but an examination of the form 

of this and similar expansions Indicates that we may assume 

in general that the surface of the oscillator can be 

represented by the series 

F(x> = F £ [Ft* y +Ft(x,y, p w*ii J (19.3) 

•f time-periodic terms in higher powci a of ¿ 

(O) 
where r (x,*].y ® O £§ the equll rium position of the 

oscillator. We may now assume either that ^ is periodic, 

l.e., 

jit) " ¿.Ÿ,K(xi*]i])ù*>nlt (19.4) 

or, more simply, tluit it is wimple harmonic, 

^ (jt) J • î i fy " ^ * 'Ji 3 ) h 1^ ^ 
t i i 

•• i1'1 •'.■¿I.''. .1.JM1I i ■). .ji- i-- • i . 

(19.5) 

RVrÉR^III 



i#h*r« ««ell function cfit^ or (f¿ i« still to b* expanded 

1.U a perturbAtton AAjrjLAtt ^ two assumptions are not quite 

equivalent » even for the first-order theory, but since 

under certain conditions (18.4) leads to the same first-order 

equations as (18.5), m shall « «sume the latter forro, together 

with 

= 0 ¿i + ^1(^1 ]) ¿ir (19.6) 

Substitution of the perturbation series into the exact 

equation^ and boundary conditions, as in section 10, then 

leads to the following first-order equation and boundary 

conditions : 

One should note that it is a natural consequence of 

cho method that the boundary condition on the oscillator 

is to be satisfied at its equilibrium position, ir we: let 
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tien conditions 3) and 4) of (18.7) may be written 

(*) 
Oii r •< O 

(19.9) 

We shall henceforth drop the superscripts and consider only 

the first-order equations. In addition to equations (19.7) 

the functions (/¿ must also satisfy the usual conditions on 

fixed solid boundaries, (-ft , and, if the fluid l" 

infinitely deep, fç-rati as -*~<»o . Finally, one 

needs a boundary condition to ensure only outgoing waves at 

infinity. As has been pointed out by Ursell [1951], the 

foregoing conditions are not always sufficient to guarantee 

uniqueness of solution. 

Köchin [1939, 1940] has cjnsidered the general 

mathematical problem in water of infinite depth for both 

two and three dimensions. Haskind [1942b , 1944, 1946] has 

extended Köchin's methods to water of finite depth. The 

frequently-cited paper by John [1950] treats the theoretical 

aspects of the problem in a thorough manner and includes many 

of the results of Köchin and Haskind. Special problems have 

been coisidered by numerous authors. Havelock [1929b ] considers 

the waves generated by oscillation of a vertical plate extend¬ 

ing to the bottom in water of Infinite depth for both two 

and three dimensions, and in water of finite depth for two 

dimensions; he also considers waves generated by oscillations 



of a vertical cylinder. MacCmy [1957] has treated the 

three-dimensional problem! in water of finite depth. 

Kennard [1949] has treated the tM-dlMfiaional problem as 

an initial-value problem. Ursell [1948] has considered 

waves generated by oscillation of a vertical strip with 

finite depth of itnmeraion in water of infinite depth; 

the treatment is two dimensional. In a later paper 

Ursell [ 1949i> ] considered the waves generated by the 

rolling of long cylinders of ship-like cross-section. In 

addition,, Ursell has treated the waves generated by a 

heaving half-submerged Circular cylinder |1949a, 1953c, 

1954] and by a pulsing submerged cylinder [1930]. 

Havelock [1955] has treated the wave motion generated by 

a half-submerged sphere. Certain mathematical aspects of 

this last problem have been examined in more detail by 

MacCamy [1954J, Because of its interest in connection 

with the heaving motion of a ship there exists many papers 

attempting to compute approximately the force and moment 

on a heaving shiplike body resulting from wave formation. 

We mention particularly one by Grim [1953]. In the cited 

papers by Köchin and Haskind certain special problems are 

solved approximately. In addition, Haskind [1942, 1943b ! 

has considered the motion resulting from forced oscillation 

of a plate, or a system of plates, on the surface. In a 

more recent paper Haskittf [1953a] has developed a method for 

finding solutions, and in particu ar the force and moment 

on the body, for a wide class of two-dimensional contours 

cf ship-like cross-section. One should also consult a recent 

e xpository papar by Manso [1957]. 
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This brl*f sunnuft^ of papers on forced water waves 

1» by no means complete but lists many of the Important 

papers and l.u’icatt» the richness of the literature. 

As was „ated in the Introductory remarks, the theory 

of forced water waves Is mathematically almost Identical 

with the dlffrastion theory. If one Interprets the value 

of ~ y ÍW on the body as the function describing, the 

motion of the oscillator, then it is clear that the problems 

aro the sane. Hence, the general remarks about existence of 

solutions, uniqueness, and special, methods carry over directly 

and will not be repeated. However, we wish to consider here 

one further topic in the general theory. 

K,.'i„'litn 's IMunction. The H.function was apparently 

first introduced by lochia [1937] In connection with the 

theory of wave resistance. He later extended It (1939, 1940] 

to waves generated by oscillating bodies, and It has become 

a standard device among other Russian workers in this field, 

especially Eaukind, who has, extended its definition to other 

situations. 

Each potential function satisfying the boundary 

conditions has associated with It an H-function which is 

related to it much in the same way that: the Fourier transform 

of a function Is related to the function. One of its chief 

virtues is, that It allows one to give compact, formulas for 

force and moment on an oscillating body (in, the present 

context) as well as certain other quantities. It is also 

tometimes helpful in suggesting approximate solutions. 

.1.........1......«.».up.i.«.id.i.«...i...in.. .in.:.i.....mi.i.ini.............. 



Let ua suppose that the surface 5 of a body of 

bounded extent is oscillating in some manner in fluid of 

infinite depth and let (f. f, be the solution to 

the potential-theory problem formulated earlier. Let Sj and 

s2 be two closed surface« lying below ^ * <2 with Sj enclosing 

S| and Sj enclosing S. Let us denote the source potential 

Introduced in (13.17") by ) ß, ) , 

wtiere (ß ( ^ ( j) are the coordinates of the singularity, 

and let ua write it at a contour integral: 

* "° ' yy i'f- J)û**~P) 
(19.10) 

-r ou) 

where the path L passes below the singularity at 

4 - -V « 6l/y . (The residue at this point gives 

exactly the imaginary part of (13.17").) 

Now apply Green's Theorem to the region between Sj and 

s2 (totoe following argument is very similar to a two- 

dimensional one used in section 17 ex' in discussing the 

integral-equation mef.nod) : 

(19.11) 
=“4jr ff[r $t(r)]d¿+é[f[r H (r)] dé 

s' s¿ 

Vf 

Then may be extended to a function harmonic in the 

whole space exterior to S^. ^ is harmon.'c in the whole 

interior of S2, but since S2 may be indefinitely enlarged as 

long as it remains below áj •* O , may be extended to 

... i Tlil'J i4i I 

|Í!i|l!.¡¡¡f:,«!! j---J 

fl. 

: 'ifi| 
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be harmonic in 

Che function 

whole half-space, i 0 . Consider now 
I 

îITfflC 

II 
c ■I***. 

<: 
d 4 U 

(19.12) 

V" satisfies the free-surface condition and the condition 

•• r # Moreover, sine“ 
ad*' 

G •‘■«il»«' 
mimMMii, t" + a function 

harmonic In the lower half-space, V7 is harmonic In the 

lower half-space and satisfies the other boundary condition». 

But then -- V Sí O , as follows from a uniqueness theorem 

proved by Kochln [1940, 51]. Hence, we may write 

c 
41 •a" •) 

l ~ ( y 

c ,:),1 
(19.13) 

Now define 

u, ) jj, 
,m ¡6 I W ( Ai ¡i // (9) 

- 4 'flùtaf "H,^) + i í/#í> t?" 6*0) +■ i. (S' C«(n,y(yJ jö(4 

i ^ l / ^ +1 )w i ^ j ) i 

(19.14) 

’SWtt: 

s 
•f* t C^O **) [Y!J~ ^ ^I +L ^^ p f, ¢99 

) 
iU 

Then, after some manipulation with (19.13), one can show 

that 

• ) 

) 4JÏ s 
iAUmUm »•■em 

r 5 
«if 
Av J (19.15) 

/ 

i 
...-...—i—.^^¿aa. 

/jr1- 
-i 

1Lj.o 4..(<<- u je C4»»^ f 
íi4t ¿íy £ ^ 

0(4) 

.1 

(I ' l.f ». 



1½ glv« il tiw of Köchin *• derived f'oniiiilij» itii* 

«•ynptotic fon» of th* fr®« surface in a direction o( 

1» given, by 

^ 1,0(, l ) - Tie [ ¡4(^)&^R di: 4 au '£ -♦ c-o 

(19.16) 

Th® rue* at which energy is being carried off by the 

waves (and hence also the power input) is given by 

(19.17) 

The force components on the oscillating body,, averaged over 

a period, are given by 

The formulas can be derived from (8.4), (9.4),, and asymptotic 

expression® for j . 

In formulas (19.14) and (19.15) the surface Sj over 

which the integreis are taken may be contracted to S. This 

sometimes, makes it possible to express H directly in terms 

of known boundary values. If f can be expressed by means 

of a source distribution, say 

])dé , (19.19) 



then on« has 

... jwiiMimiiiiMiH HwiiüiHHiirr ihUHiHf 

'tf'l' f í J ¿ J't**«1 . 
,i ¿3Í 4t , (19.20) 

221 

|; In or dar to find approxlnut« answers, Köchin frequently 

uses the distribution $ which would be proper In an 

infinite fluid without free surface, ■ubstitutes this in 

(19.20) and then uses the resulting approximation to H 

in (19.17) and (19.18) above. The procedure may be looked 

upon as the first two steps in an alternating type of 

approximation In which one first satisfies the boundary 

condition on the body, neglecting the free surface, next 

corrects this so as to satisfy the free-surface condition , 

but new disturbing the condition on the body, then corrects 

again to satisfy the condition on the body, etc. This 

method of approximation has frequently been used by Have¬ 

lock (e.g., 1929a ]. 

Kachln [19391 has also defined the H-function for 

two-dimensional wave motion excited by an oscillating body. 

We simply reproduce the formulas. Let, as usual, 

be the 

complex potential and let Cj and (¾ be two contours in the 

lower half-plane containing C, C| inside Cj* Define 



ir: 

1' ..WH***.... i».******* « '» •• Hum «i.li «im ..I1 " * t| i|ii||l||||' 

Th«« 
ii ijpmp „ j 

4 ( J ) “j,— jyf^ ^ / ” / ^ ^ ^ ^ 4 

-■i- PV/.i;U 
^ ¿ w. 

€■ *’ c 
iitf 

HuM¿íyí 
(19.22) 

w 

wh*re * H, . This follow» immediately from <s fr nmula 

«iitlltr to ¢17,15). For the atymptotic form of the waves 

one get* 

-¡M)= & (19 23) 

“jUJ) « 12^ ÜJ'))*-'- Htlv)lÄ 

The rate of dissipation of energy is 

W» I f V I l-ljjfv,) Il" j (19.24) 

The mean value of the force and moment, averaged over a 

period, 1» 

* r» .U [ h/v) wjv;], 

1,« "1^7 {lH, d-U , 
qmO 

Mav |r pv/~^/h,7ï( + ul iïv J dJcj + 

+ 4 v Í Xav [ WiVv) Mtiv) - /-f¿(^) M i(y) I . 
Roughly the saiae remarks apply to the use of the two- 

dimensional formulas as of the three-dimensional ones. 

Mflygl^lroa^n oscillator in a wall. In order to 

illustrate the use of the H-function, we consider the 

following problem. Let the ; Jplane be a rigid wall 

¢19.25) 



«»tpc for « certain liounidtd urea S ln Aich there 1* t. 

membrane oscillating according to a given law 

ir*, 

(19.26) 

The boundary condltlm which has to be satisfied on the 

plane iJÜ «* ¢) Is then 

Aere we still have s J . 

This boundary condition, as 'well as the ones at 

infinity, can be satisfied toy distributing "modified" sources 

(13.17") or (19.10) over S with density -éF(^,j)fzïï': 

¢19.28) 

In order to compute the H-function, we nhall Interpret 

the source distribution as representing a thin body 

making symmetric pulsations in an Infinite fluid. Hence, 

we may ass«# that the wall is removed and the membrane 

replaced by a doubled one. (That the requisite motion is 

physically impossible doesn't Invalidate the considerations; 

a more realistic model can easily be devised.) In (19.1A) 

we take to be both sides of the thin body. Then, 
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r«iicímbering that 

J)*' jar X y 0 0~r>4¿ &®ú( '4<V| J[ « - / /o f* JL j 

one finds easily that 

(19.29) 

From (19.171 one then finds immediate1¾ after carrying 

out the & integration, that the rate of dissipation of 

energy to one side is given by 

(19.30) 

Expressions for and Z-a^ may also be written down. 

The result X(iAr 0 is not really significant because the 

integral is over both sides of the thin pulsing body. 

The theory for genera*" on of two “dimensional waves in 

a semi-infinite channel by a vertical wave maker In the 

end-wall is easily derived in the same way. If the motion 

of the wave-maker is described by 

JC» , (19.31) 

then 

(19.32) 
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and, for example, the rate of dlssl. atlon of energy is 

given by 

(19.33) 

The generation of short-crested waves Is subject to 

the limitations described in section 14 f , Suppose, for 

example, chat the water is of depth A, , the channel of 

breadth , and that the motion of the wave-maker is described 

by 

X - Fi-j ) 4 í ¿ t ( 4 . M. ïï/t , - L ¿ & O , ( 19.34) 

Then, since un/Hv. (^ + 4) „ form a complete 

set 0f functions in - Á,, 4 < o , there is no difficulty in 

representing F r-u ) by a series of the fundamental solutions 
« 

(13,6), but if 4 *> -wv»1, , no progressive waves will move 

down the tank (within the limits of applicability of the 

linearized theory, of course). The analysis of the filtering 

effect of the tank on more complicated wave-maker motions 

can easily be carried through by Fourier analysis. 

Waves from an oscillator not in a wall. Let us now 

suppose that we have a two-dimensional oscillator in 

infinitely deep water moving according to the law 

(19.35) X » ( (-Cj) i 

but with no wall present. This small change complicates 

the solution of the problem in a substantial way, the 
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complication, being aasociated with the now possible flow 

under (and over if o ) the oscillator. In addition, in 

order to enaure a unique solution some further condition 

analogous to the Kutta-Joukowski condition in airfoil theory 

is required; such a condition does not seem to have beer, 

formulated. Aside from this lack, the boundary conditi -ns 

to be satisfied on the oscillator by the velocity potential 

f (S , '7 tí)’ f, 6 + + 'ft 'Vvw é t are 

1< (19.36) 
•* I I Í ) m é F J Oí* C t 

<f<j(o,a,è) * Oj 

i* *j(o> 'Ct i) m ® t'f 'C < o / 

The problem is clearly closely related to that of 

diffraction of plane waves by a vertical barrier and could 

be treated by a modification of the method used in section 17-c 

for that problem It may also be solved by the integral- 

equation method discussed in section 17 oí . A modification 

of this method has veen used by Ursell [1948]. 

Introduce the complex potential 

/ M f - Re, 

where ' (19.37) 

* i'^V + +4 ^z)*1 (V, Vr) * 
We try to construct a solution by means of a distribution of 

vortices of the form (13.28) 

= fv, + ¿ {VL . (19.38) 

2 2 4 

üU|U1oL¿|JÍ;&!mIÍi mILh. 



with inteaslty 

ih>’f' fi (X ^ ^ ¿ Kt (19.39) 

t y . 

along the ogcIIlator: 
/j 

r(J;= / Lï)d' 

An analysis almost: identical with that in 17a. leads 

quickly Co the integral equation 

l 
- i 

P,„ / 

(19.AO) 

^ t I í i+j ¡ ¡V I i iy , ‘ 'y ) J y - fo' f ) ¢7 ,:'X <■ *-! c 
I * 

(19.41) 

Separating and and noting that fv (1 < 7) 

is real with respect to 1 , one finds 

1 (19.42) 

1( ih){Vi (ir1^+ ('V1VJ ^ 7 * 0 

The equations can be uncoupled by applying the operator 

13/3x -V ] to each (po that the reduction method enters 

in after all!). Introducing 

h" ^ ” V ! G(^) m h ■■•v Ff (19.43) 

one finally obtains the pair of equations 

lA,h)ál .JÆ _ J-. êh> 
Jril 1yŸ ) 

//Ml^ - 1 

( 19 • 44-) 



wlier« mt ¿uve taken, advantage: of the fact that 

Íjíí CJ'-ÿ) - nod hence Y(A) • o ; if 

4<'0 alio ¡f (£) ■ O , The integral equation« are 

easily reduced, to a known iyxs occurring in airfoil theory 

I, see, e.g., W, Schmeldler, Integralgleichungen . 

Akademische Verlagsgesellschaft, Leipzig, 1950, pp. 55-56, 

or Milch 1 in, Integral"nye uravneniya ..., Gostekhiadat, 

Moscow, 1949, pp. 149-154] by the transformation 

r - y- -i (V + -4 y Î . I1--{(*'* 41) ■ 

The solution may be witten in the form, 

It is evident that the solution ij not uniquely determined 

without ii'Ome statement about the total circulation. Fixing 

the total circulation is equivalent to fixing $ {&) , as 

follows easily from the form, of ^.(^) and the relation 

j tVi u(%)d<. 

It is possible to compute the 1-function directly in 

terms of Io(s). First, we note that 

¢19.46) 

H(\)- ())^ 
C» c, *' * 

6 



that; It than folio« from ¢19.46 

A JL 4 ^ 
■Hfy-'‘dy a*.«) 

One may now apply formula« (19.23) to (19.25) to find the 

quantities Indicated, there (note that M » H ). 

One noto» again that the function H/A) la determined 

only after ¡(4) 1» fixed. Taking ¡(4>)ÿ O i» equivalent 

to having a alngularlty at the end. If the o»clllator 1» 

totally aubmerged» it »eene reaaonable to «et }¡U) m O , 

as we assumed in (19.36), for then the vertical velocity is 

continuous at the end, i.e., (+0, 4) (~o, <£) ,. as has 

already I.ten assumed for the lower end at: ^ * A. It is not 

clear what is the proper assumption If 4*0 , i.e., if the 

oscillator extends through the surface. In the similar 

problem of diffraction by a vertical plate, treated by 

the reduction method in section 17or, the assumption of no 

singularity at the surface Is ecml^alent to assuming 

1((O) ~0 . He note that li '(&) * O , then it 

follows from (19.46) and the form of in (19.45) that 

yCi^siO , and hence that ï^x 0 * This Is not true, of 

course, for (f | . 

Waves generated by a heaving hemisphere. We de.scrlbe 

briefly a procedure uaed by Havelock [1955] and MacCamy[ 1954]^ 

and before them also by Uraiiill [19494 ] for an analogous 

twO'-*41awnaiM.al problam. Let a hemlsphare of radius €1? 

on the free surface in its undisturbed 

forced vertical oscillations 
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described by 

JC +• (■** ~ -4# $Àm» *í ) ' "f J ^ • 

Then the boundary condition to be satisfied by 

on Li a «i hemisphere Is 

|f‘.0 

/ must, of course, also satisfy the free-surface condition 

and the radiation condition, as stated in (19.7). 

The method of the above-named authors is to represent 

Cf as a series In which the first term is a source at 

the center, say (13.17), and the remaining terna represent, 

only local disturbances of the sort shown in (13.21), with 

m • O since we have radial symmetry. Th# »oure* term is 

actually taken in the form (13.17'"). Since the source is 

■>*: (0, oto]), r - r, in the formulas and certain terms 

cancel and others double. Let 

cp6 * IX-ffvciH A. 
IÔ ^ M» "f"' ^ 

-r>,evV Y0(vR)tiTv e*) -CToiv?.) ; (19.50) 

cp(n) _ -V ^-i (C& O) { (a*®) 
i —4 -f - v.iW^.1 

Z-K 
l % f I 

Then the assumed form for is 

/h) 
ífu] yj) * -H £ w ) / (19.51) 

ll* 

(19.48) 

i i ï t 
or> a + y . -a, y*0. (19.49) 

.]j,- -- . 
I, t ■ 
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Subttltueicra ln th« boundary condition (19,49) i«c4s to 

tn infinit* act of linear equaciona for the coefficient» 

» B ,a,, * Hianitrical method» may ¿hen be need to find 

any desired number of ten»«. MacCamy ahown that the aolution 

¢19,51) la convergent if Va,,-</7 

Having found '</' approxiaiately, on« «ay proceed to 

compute the vertical hydrodynamic force on the «phare by 

integrating the pressure pm. f?£/dt over the hemisphere. 

Havelock carried through an approxiatata calculation,, «‘xpra«»ing 

the result in the fot* 

y7- i ,r f 11 [l* ù^é't - IL «K» 4 t] 
(19.52) 

where M is the masa of displaced fluid and ^0 the 

coordinate of th»' center.. The parameter -fc, 1» usually called 

the «dded-maaa coefficient or the virtual-inertia, coefficient; 

iv i» called the damping parameter. Figure 18 from, Havelock's 

paper shows it and 24, as functions of v O, . 

\ 

o«S 

04 th 
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As vet -* «o f ZL-* 0 and ¿ i 4t/o) ' , The 

average rate at which work la being don« by the sphere Is 

% ÏÏ f Q?lei ¿ 5 ¿v and does not Involve 4l . 

It is of interest to compare the same parameters as 

computed by Ursell [1949® ] for a circular cylinder 

(per unit length). The; ixe shown in Figure 19. 

The asymptotic behavior of 4 Is given by 

(19.53) 

¿l(v£L) “ -Jã ¿i,+ i - 22 " fVall= f2 fe- 'MG]*0 
a “ «15 va- -♦ O j 

Cüî,,! 
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If jß , Sfiady ote i Hat tom* of a freely floating I»# lo wiivt». 

Let us suppoa« that a rigid body la floating in an Infinita 

ocaan with praacribad plan« wavas approaching fron» a fi*idl 

dlraction, say fronii X ■ t'•*<:> , If th« motion ha« paraiatad 

for iioii« tima, wa may anppoaa that the body ia moving with a 

staple periodic motion of the aame frequency as the waves,, 

With this a»eui»ptiom tba proper formulation of the 1 ineari«#d 

equation* and boundary condition* ha* been derived by John [19491. 

Suppose the body 1« at taat in »till water and let 

(-4, , * • ) be the coordinate* of it« center of gravity. 

Let <9 i ^ J be a coordinate ay a turn fixed In the boi’v with 

Q at the center of gravity and the axes parallel to the 

«pace axes O X y j , Whan the body In displaced, one may 

describe its position by giving the new position of the 

center of gravity ( J" t f J ) ■■ {x0 t £X, f ye+ £ ’-j, > + £ ji.) 

and the Etilerian angle* £/5, (we change notation 

from the customary fM, Y to avoid confusion 'with our 

other use of then« letter»). Thus the choice of ¿ implies 

that the amplitude of motion 1® small compared to some typical 

body length. The «.••umption of section that • £ <¡> +*'" 

implies that the amplitude of the prescribed incoming waves 

ia also small compared! to this length. 'The relationship 

between th* two sets of coordinate* may be easily found from 

th# «intua! fonaulas cone, rning lulurian angles to be of the 

I®«» 
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X " JC- JL » — € |x» "* ^ (Aj “ ■‘J « ) '+ybY ■■ ßo)] * [• "1 j + 

/j - Aj - aj # - £|i |(x “ Xo) 4- ^ , - t< fj ~y )] -h ' ■ ' , 

)m V }*)+ v]+ ■ ■ ' * 

Let the surface of the body be described by 

'(19.54) 

f U, j , j) - o (19.55) 

in body coordinates. To find the position in space 

coordinates one must substitute from (19.54) in (19.55). 

The kinematic boundary condition (see (19.1)) then becomes 

f (,) (19.56) 

¡i*-*-)]*i--) ■,.)]]+■ 

t £(' ■ j + ■ ■ . O' 

Irf'C 111. rijjjy fij£ f vt y ^ 
a 

be the components of the unit 

normal vector to the surface at rest, i.e. 

F (j-*c , y ~ , y *J.) -o (19.57) 

(we shall call this surface ), and T9)* 

f* m(*1 ~y*) ^^"*0* J*) > fiy * () *•) m(•*■ -•t®) / (79.58) 

we may express the first-order term in (19.56), after dropping 

the superscript, in the form 
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M« call âtittntlon to e:hc fact that it follow as a natural 

coniBaquenc® of tha iinaariMtion that tha boundary condition 

1» to b« •atiafiad on tha •urfaca in it* undiaturbad poaition. 

In order to «tate tha dynamical condition« on the body 

wa introducá tha following notations. Let M be it* mass 

and It i I * in , L*. iUl it* ants and moment* and '■X i i "* 

product* of Inertia about the body axaa «elected above. 

Let V be the volume bounded by the plane *4 * 0 and tha ï 
submerged part of the •urfaca in it* rest position, and 

* V » V •" V » V . V * V 
let * i i i- , Ij, ijuc l ixy , .. • be the volume, the 

moment*, and the moment* and product« of inertia of this 

voll«!«! about this body axe* in their rest position. Let A 

be the Intersection of the body in its rent poaition with 

the surface *0 and l.t r, I*, if, ' [*r y ' - * ' **l '-j I ±Xy ■*')} 

denote the area, the miomentt- and the moment* and products 

of inertia of A with respect to aa^es through (^,0, t# 

and parallel t:o the body axes; e.g., 

A 
Ijcj- ■ 

Tlie exact dynamical equations are 

hï-jjp c*s(nrM^ dáf 

Hj-I/p dá - 

¢19.60) 

wetted «nirfact of the body in its (to-be* 



and three •imll.ar equations for öc , jb , j . Substitution 

of the perturbation serle* gives for the zero-order terms 

M" fl, I, rv. o, ■] / ¢19.61) 

1 *®* » Archimedes' law and the statement that the canter of 

buoyancy and center of gravity are on. the same vertical line. 

The first-order equations, after dropping superscripts, are 

M*. - - fijfinjc dé, 
s » 

i'4 \ 
' / / 

(19.62) 

n M * d é ]» ” -fjj'h 

- f Vj " L} Î +L1 í+ ir 5 i - iljft U} x - V" J 

T¡jr.J ) )/4 + i * fii4t l) d6: s* 

We note that the boundary conditions have been 

derived, for general motions of the body and fluid, not 

just for the simply periodic ones for which they will be 

used below. 

John 11.949J has used the equations to investigate the 

stability of a floating body, We shall not reproduce 

the results but remark that he shows that, the usual condi¬ 

tion for stability, namely that the metácenter lie above 
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the center of gravity, derived from 'purely hydrostatic 

consideration®, is in fact.still a sufficient condition for 

stability when the hydrodynamic equations are considered 

(within the limitations of the linearised theory). 

It is also shown by John that the above equations have 

a unique solution for an initlal-valua problem, 1.0., 1f 

at some instant the position and velocity of body and 

fluid are prescribed. However, for the problem with which 

we are concerned in this section, steady simple harmonic 

motion with a prescribed incoming wave, he proves uniqueness 

only for sufficiently large values of é and for bodice 

such that a vertical line intersects the immersed surface 

only once (e.g., « floating aphere with its center at or 

above the free si face). 

Knowledge of the motion of a floating body in surface 

waves Is obviously of great importance to ship designers, 

and, as might be expected, there is a large amount of 

specialized literature. However, most of this literature 

may be considered irrelevant to this article for it is based 

upon the assumption that ona may neglect the kinematic 

boundary condition (19.39) completely and, in the dynamic 

boundary condition (19.62), that one may take for 

simply the velocity potential for the oncoming wave, thus 

neglecting the effect of the diffracted waves and the waves 

generated by the’ ship's own motion. This assumption is 

usually celled the Frouda-Krylov Hypothesis. W. Froude [18611 

introduced It in connection with m investigation of ship 



rolling in wmra« and A, N, Krylov [1896, 1898] 

Investigated its implications rather thoroughly for general 

motions. In spite of its apparent cmdmess this assumption 

has been useful in elucidating many aspects of ship motions. 

In recent years there have appeared a number of paper» 

in which an attempt has been made to take account of the 

proper boundary conditions, but no attempt will be made to 

summarize this literature. The most systematic investigation 

of the matter has been made by John [1949, 1950], Haskind 

[1946a], and Peters and Stoker [1957]. The papers by John 

consider the proper formulation of the linearized problem 

for a bod'- with no average forward speed and the uniqueness 

and existence of solutions. Both Haskind and Peters and 

Stoker are primarily concerned with ships having a constant 

average forward speed. Peters and Stoker treat carefully 

the proper formulation of the linearized problem and conclude 

that Haskind"s fundamental equations are not properly formu¬ 

lated in that some of his t.orms really belong with the 

second-order terms and should have been discarded. The 

objection applies also to part of his results for a 

stationary ship. The other part will be summarized below. 

The motion of a ship in waves when it has a nonzero 

translational velocity will not be considered in this article. 

For this theory one should refer to the cited papers, to 

Stoker's Water waves [1957, ch.9], or to a recent survey by 

Maruo [19571, The transient oscillatory motion of a float¬ 

ing body in calm water will be considered later. 
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^•t u» rtttiria to th« ptol»!«», of utoâdy oiclllâtion. of 

a floating body in oncoming wav«*. Sine« m «••uni« •ttady 

oiclllatlon. m. «hall writ« 

(19.63) 

f • Rt (ft Utjf Refill,, c.)e* ‘I (*,/*>,#) J 
where + , a#-cij t i <a'I f etc. The 

unknown, fun-rtion Ÿ ,ftn^ con« tants • * d* are 

to be determined fron, the equation* and boundary conditions. 

We «hall aeaume that ^ can be expresaad a# the 

sum of the velocity potentials of the incoming wave, «ay 

{j>1 m -ííi 1. g ^ cao ( V 'X + 41 ) 

if the fluid is infinitely deep, a diffracted wave 

<jji‘ « and * forced wave </y * ^ C- 

resulting fran the body's own motion: 

t f <f> ° t <f> j 

.¿t 

(19.65) 

We shall expresa (p^ in the following form (following 

laaklnd): 

(19.66) 

Then the kinematic boundary condition (19.59) Implies: 

^--fl ■ 'Hi1 

/. ' ni i 

(19.67) 
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all to be satisfied on Ç0 , the rest position of the body. 
, 4 f 

The function® j t (fQl. ■ . t G* t are to satiafy also the 

radiation condition and the condition at ^ (or at 

^ ~ ¿V for a flat bottom). The dynamical condition 

(19.62) will be used to determine the amplitudes and phases 

(i.e.* the complex amplitudes), bt.» first we introduce some 

notation. Let 

aw y^ ^ (1,.68) 
S» 

The constants ^¿4 and À ^ ^ depend only upon the 

geometry of the body. It may be shown by an application 

of Green’s Theorem that m/u k and A^ » /( t 

Let us now substitute the expanded expression for ^ 

into, say, the first of equation,,*(1.9.62) (the others oay be 

treated similarly), remembering that nx • on SA : 

Mv < A) < ■ (19.69) 

S* 5, 
Consider, for example, the second term of the second integral: 

fff ^ y dé ■ (/¿ti f £ ^2 Jÿi “ Mv % + \Zi 4' 
$. 

where we have used the special form of • 4>0t 

Thus, (19.69) may be written 

/ (19.70) 

¿ di't 

(M +\Ki,+*„),*■■ • Ftx*F. 

" ' 1 i ' V *' m ' i'ni Ij'iil1,1 ifiïiii ' 

■ -"i’' j ■ il.illiUiJ),.I yíilii i 

(19.71) 

*jc / 



ét i if' 
where m {(m* end •{»*,& represtent 

the x-component» of the force» reuniting from the inct'wlng 

*nd diffracted waves and are to he computed from the first 

integral in (19,69', The form of (19.71) explains the 

the yk¿: are called names given to the A: : and A,-; 
/ '7 

added, masses, the À ; damping forces. If one now writes 

' t in their assumed forms in (19.63) and sub¬ 

stitutes In (19,71.),, one obtains 

) yWf| ^¿Ay «ÖL® " 

(19.72) 

and five similar equations. Since the amplitudes • ■ >/• 

are complex, this gives twelve equations to determine the 

twelve unknown quantities. It is thus clear that, providing 

these equations can he uniquely solved, the problem, of finding 

the steady oscillatory motion of a freely floating body can 

be reduced to the solution of several problems of che type 

studied in sections 18 and 19 oí , From the form of (19.72) 

and the similar equations, It is clear that the complex 

amplitudes are all proportional to the amplitude A of the 

incoming wave as would be expected. 

Haskind has applied the method O'Utllned above to a 

body symmetric with respect to the (x, y)-plane, e.g., a 

ship heading Into waves, ‘The only possible motions are 

heaving, pitching and surging» In carrying out some 

numerical computation» he makes a further approximation 

that the condition on the ’»ody may he 
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surface. Although this approximation is perfectly consistent 

with the linearized theory In certain contexts, as will be 

seen in section 21, It Is not consistent with the theory as 

formulated here and must be considered to be a further 

approximation of some sort. 

float lag, s phe re. Computation of the motion of 

a freely floating sphere with its center at tb» 'undisturbed 

water level can be carried through without an unreasonable 

amount of numerical work. The procedure for the heaving 

motion has been carried up to the point of numerical compu¬ 

tation by MacCamy [1954], Part of the problem has already 

been solved tr. section 19oc , i.e., the waves resulting from 

the forced motion. 

Since the phase at infinity must be kept arbitrary, one 

must replace (19.48) by 

¿'c Ceûét- f (19.72) 

However, the solution of that problem may be taken over 

with practically no change, for the velocity potential 

in the notation of (19.66) must satisfy 

&r ^m"cL m /or x VfîW ' 7 £ ' (19.73) 

Thus we need only set g»- I in (19.49) and later. 

In fact, from formula (19.52) 

(19.74) 
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Finding tli« diffracted wave requlras finding an outgoing 

■# «âtiJfyíng 

4a f . ! (19.75) 
. .,..-.1 icoijÔ'— Í s*»/<9" 6foo( jC 6' j 

■iraa,, 

rc j£ * r sw*« d7 cth> ck , ^ ^ j • ^ 314*» *■• . MacCiiiny 

|ows that tf0 can be found a* a series In functions of 

le form ¢13.21) with 4» • O and account taken of certain 

•tries. Let 

r V/_ JL- . rZÇzVLz*,. r-q,. , (W-W 
rl& + ' 2 krIJt j ' ' \ 

K “ ®f.-4-/, 
ïl'%.'* I f ,, 'îdirl 

%•1 ....¿2 ßfSi^(z^ ~t)« f 4 - /, .,-, 

j 4t 2 r- r ’ ^ i , ^ , 4, 

Z 41111M1, -1 
f 
1 '2,4 

hen. 

fT - ■ «- £M - £**.*£ 

^ may be expressed as follows; 

* ? 'r1'.1- i^L e1*' 

« I dfinm 0 

a 
t >‘¿¿ 

4*1 

4 1-iM-i it *5 2m*,-I 

0. 4 

(19.77) 

24*v «r "r-v 2 (dev, I 
with the coefficients ^zk f x'j^ to be determined 

by (1,9.75). Mac Cam y proves that the series converge, if 

VCt ¿ II ¡1 and analyses the coefficients further. 

Unfortunately, no numerical data seems to be available. 

20. Mitions which, may.be treated as steady flows. 

In this section we shall consider several problems 

which are time-independent, either by their formulation or 

by introduction of moving coordinates. 'The flow associated 

with, a constant discharge rate through a canal if of the 



first typ«; the waves associated with a ship which has moved 

with constant velocity C over a long period Is typical 

of the second. 

The boundary conditions at the free surface have been 

derived in sections 10 and 11. For three-dimensional motion 

the velocity potential must satisfy (see eq. 11,3) 

(20.1) 

the equation of the free surface is 

(20.2) 

In two-dimensional motion, If the complex potential 

j' - lP+ i Y i» used, then the boundary condition may 

be written 

(20.3) 

If the potential has been taken in the form F(y ) * - C J + 

with « 0 as the free-surface streamline, then 

If ^ + 1.0)] (20’3> 

the surface is given by 

VV^-è 
(20 « A) 

'On. obstructions, 'which art now all fixed, one has as usual 

O {ff IK • c^vut. (20.5) 

Far ahaad of, or J m of, the obstruction 
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the notion must approach either rest » or a, uniform flow, 

respectively. 

The general theory of steady free-surface flow about a 

submerged obstada in infinitely deep fluid has been 

considered by Köchin [1937] for both two and three dimensions. 

Hasklnd [ 1,945a, b] has extended Köchin'o treatment to fluid 

of constant finite depth. The methods used for waves generated 

by oscillating bodies carry over with only slight change, so 

that we shall not consider here the general aspects of the 

theory but consider instead several special problems, 

20 * How over an uneven.bottom. 

Let ua first derive the proper boundary condition on the 

bottom. Me shall assume that the bottom may be represented 

in the form 

-tf * - la + £ 4 (X ) (20.6/ 

and. that the fluid flows from the right with discharge rate 

4/ - C k * As in the derivation of ¢10.19) we take 

R,) --CJ Ai H £ 
t /0,) 
Í ()) + (20.7) 

Then the condition that the bottom be a streamline is 

(~k+e ■■■)+£ y Ur-u+£ &([}+ ■■■)+■• ^ck 
iO f). 

¢20.8) 

«»panaion in the manner of »action 10 and grouping of 



HH.■.Hi. IRff.mu.' f wiisn.iiiii ..i.ma.i".. 

ft J 
coefficient.- leed» to tha boundary condition for 'Ÿ : 

T* - C (20.9) 

We may he .*eafter write "T for t f "1 and ^ /°r S't*' , 

Me note that the choice of £. Indicates that the amplitude 

of unevenness of the bet tom must be small compared with lx 

for the linearized theory to be applicable. 

Consider now a bottom of the form (see Lamb (1932, 

p. 409], Wien [1900 p.200]) 

‘tj * - ív t Oon 4 jc ■ 

Me look fo • a solution in the form 

(20.10) 

(20.11) 

where A and B are complex. Substitution in (20.9), with 

^ ^m b* Ceoic •H » shows that A must be nure 
1 

imaginary, say i/1 , and B real, and furt er that 

/1 — I!) -^v • C 
(20.12) 

Substitution in (20.3), i.e., ^ (X,o)- ¿jC ^(jC,o) 

yields 
X 2i ' 
C 

One then finds easily that 

W - jr—irri  ——■/■y''/ ^ - ft 4 û**4, 4 4/ -i>xiu4/44. 

(20.13) 

(20.14) 

7 u; - 
4 4 « 

Ce>4 4 4 ^ 4 4/ 
*4t -t. 
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An Inttiiwi'tini eomi^qwn««-i« that mIi»' i # 

I.«», th« flow £a¡ •uncritical,, ti» cr«»ta and trough« 

Juat opposo tho»« of the 'bottom, whir«»»,, if C'4%,/^ ><!i, , 

they occur together. If * 1 ,, there la no steady 

flow. Also, when cl^f^ is close to f , It I» clear that 

the aeeunptlon of small perturbait ions is no longer satisfied. 

By use of the Fourier Integral Theorem one may now 

construct solutions for an arbitrarily shaped bottom, 

within the limitations of the 1 neorem. For from, 

l(x) - i- y d&j 4 (J) ¿>j J-J (20.13) 
-•oO 

one may derive 

^ u,. 4( /+..1-4 (} 
^ ó*»::,X,. 4. -4- ~ y 4, 

(20.1,6) 

* Ir^urh^z^pa) 
— oo 

An examinâtion of the asymptotic properties of these 

Integrals as J£ -•► +• shows that they do not vanish if 

V h. *» fC1,7 1 * Conditions for the validity of the 

Fourier Integral 'Theorem, say that 4» fx) is of bounded 

variation and absolutely integrable, indicate that it applies 

to situations in which the bottom unevenness is somewhat 

localized. Hence, it is reasonable to require the additional 

boundary condi,;lon 

&AV. tj(jL) »" Ö , 

^ <x:) 
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Thufl' we mvi si t oisie n cî t txe s o 1 u t i. o o íí (20 « 10) .L f ^ ,iit\ j jf 

by adding, respectively, 

_- _ 

Ce® W >et# *** ^ 

«o 

cmj 
(20.17) 

«MQ 

/ 4(p .SkCÀv iX ~ Ji> ) ^ ^ 

'id. s L ^ 'V*1 """* ¿>0 

where 4to is the real solution of *4. C&»Ja. 4/- ^ &****> 4*. ^ *.0 • 

We note that: the other boundary conditions are not spoiled, 

for the first expression in (20.17) satisfies (20.3) and its 

imaginary (stream-function) part vanishes for /y»-it, so 

that (20.3) is still satisfied. 

Thus, if Cl7 J-h, there is a local disturbance of 

the fluid in the region of unevenness which eventually 

smooths out. If cx' «.' y there is also a local disturb- 

arce given by (20.16), but as X -* — oo there remains a 

disturbance given by twice the expressions in (20.17) 

We remark in passing that we might have obtained this 

solution by distributing along the bottom dipoles of the form 

(13.48) with car* O and with moment density C ¿ fJl) 

Various special cases of ¿(-X-) may be considered. 

Lamb [1932, p. 410] replaces the unevenness by a single 

dipole. Wien [1900, p. 202] takes 4|>) = <a^c i*Uv CX 

and in the limit lets €--*•«=» in order to fi ’d the 

flow over a small step. However, Köchin [1938] has treated 

this problem by a different method and finds that Wien has 

made an error by a factor of two in the downstream waves 

(ht had not satisfied the upstream condition). The flow 

‘ "HiJSsriiHÉ 
«.'MW' ÜßiMi 

1. _— ~'};ywfr -3 
. 



about a vtrtlcal plat» in tiw botte» awy b® t»®*t®<í by 

distributing vorticM (13.47) along tht plate with th® 

Inttnsity to b® ttattraiirwcl by solving an intégral «quation. 

On® will find an attractive dl«cuasIon of th« subject 

In four papers of W, Thomson (Lord Kelvin) (1886, 1887]. 

Hamm ( 1906] haa appl! th« «am« method to three-dimensional, 

flow. First he finds the form of the free surface over a 

doubly periodic bottom.» then, applies the double Fourier 

Integral theorem to construct flows over irregular bottom,.«. 

He analya»« the asymptotic behavior of the surface for the 

case of an Isolated dipole on the bottom and, presenta graphs 

showing; the change in. wave amplitude for different radial, 

sections. The method of analysis muy also be extended to 

superposed fluids of different densities (see I.on,g {1953» §4]). 

20 B , Flow about submerged obstacle®. 

Linealigation. Tht procedure for linearising may be 

carried through in at least two ways, leading to somewhat 

different boundary conditions for the body. Consider a, 

body moving In a fluid. For the time being in, order to 

achieve ■«ewhat greater generality» we shall not restrict, 

the velocity to be constant. If tht dimensions of the 

body are sufficiently small compared with the depth of 

submersion, it will not disturb the surface appreciably, 

and one will expect to be able to use the infinite.simal- 

wave approximation. However, the «am« end is obtained if 

the body approximates to a flat dise moving in its plane, 

a line segment moving along its line, a piece of a 



cylindrical surface moving along the cylinder, etc., various 

combinations being easily visualized. We consider the two 

situations separately. 

Let f fjc,jM0 describe the surface of a 

bounded body at time t » and let A, be some typical 

dimension of the body, say its tuaximtu diameter, and let A, 

be the depth of submersion measured to some point of the 

bod* . Now, consider the family of flows associated with the 

family of surfaces 

F (x, » F(f ' -47--- - (v i -3 , f ) » o (20.18) 

aj 
where £ « ://'v . As ¿ ¿7 the surface F " “ ^ 
contracts to a point and the fluid approaches a state of 

rest. Hence, as in section 10 c* , it is allowable to expand 

<p and ^ in a. perturbation series 

U . / m g, ¢)1 * i* £V Y ( t • • / ^ “ ¿ \ ■ • (20.19) 

The boundary condition to be satisfiec on the body, namely, 

• (ß.') Af ^ 

F • ^ P F £ "• ¿P y (20.20) 

becomes 

{jçCQvd. F * Cfxfcd f F--tí F * j¡^ f. 

and must satisfy 

m O 

^-norjpi F • <l> '+■ F t » O o*» F &) 



Thus, on« finds Lin»t. In this meihod of linearizing^ the 

boundary condition to be satisfied on the body is the 

exact one 

qrO'.di F • fitkd ^ + Ft " 0 F , ,i) m 0 > (20.21) 

The loimdary condition satisfied by «/ on the free 

surface is, of course, the linearized one. The approximation 

to the exact solution Is better, the deeper the relative 

submergence » 

The second method of linearization will be Illustrated 

with the so-called thin ship approximation. Let the equation 

of a ship hull be given In the form 

(20.22) 

in coordinates fixed In the ship. Let us write this in the 

form 

(20.23) 

where ó Is, say, the beam/length. Suppose the ship 

moves In direction with velocity C (t) and 

consider the family of flows generated by the motion of 

such bodies for different £ . Let the velocity potential 

. Than, since as e -* o the 

hull approach*# a flat disc S« , the ship's cantarplane 

section, thin notion of the fluid will also approach a state 

of rest and ’*• may expand 

(20.2-i) 
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and aimilarly for ijf , Tb* aasumtd foma for ^ and y 

lead Immediately as In section 10 o( fr» the llnearlced free- 

surface boundary condition for , The exact condition 

on the hull Is 

t 
F, (X - f c (r) dï, y fx.'xi ,tr(x~ / t f? f, (20.25) 

- c if) L - o- 

After substituting ¢20.23) and ¢20.24) In (20.25)» one 

finds that <f> must satisfy 

(20.26) 

./.(1) 
r must satisfy 

and a relation of the fora 

(20.27) 

(20.20) 

where is a, fine.ttonal of the functions in bracts. Me 

not« «specially that it: is a consequence of the linearization 

that the boundary condition Imposed by the presence of the 

body is to be satisfied, on the centerplane section and not 

on the actual, surface. One will expect this linearized 

theory to be more accurate the smaller ¿ Is, l.e., the 

smaller the beam-to-length ratio. 

It is clear that one may proceed similarly In the 

situations mentioned earlier. Me record the results In 

several, cases for reference. 



... ..Il.... 

Lí-5 

Piriit con»14»r cte íllii.-ylr..; #p'prQ«imition for two- 

dlmenalonal hydrofoils. In. a coordinate sys tan 0 Jt y 

fi*»d in thaï hydrofoil lat ti» trailing «dg« of th« hydro¬ 

foil ba at (- Af-tv), and lat th» upper and lower sur facas 

b« given by 

i|« - tv f M, (i) a,nJ ^ *-líw + ¢201.29) 

respectively. Define 

r(x ) - i fu (i) f l (1)] ' S(x) - I fu (2) -4,(2)} , (20.30) 

so that now the top and bottom are given by 

i* * - tv + r if£, ) f 4 ( £ ) a n d Cj » - U + rfi) -s (Jc)f  a- < .x d ¿v ( 20,31 ) 

respectively. The class of profiles in a form analogoua to 

(20,23) is now given by 

L t e[rl,)d).r 4(,Uj.. £ <x * (20.32) 

it Is clear that as t 0 , the profiles approach the line 

sepieiit » O'íXd «o , ao that the perturbation 

procedure is allowable. The analysis leads to the linearised 

boundary condition 

^ (X ,~v>± O, t) - - c(é)t '(x ~f C (T) d r) + eft)£(d ~. 33) 

-a é x-fedt £ Ou , 
Th« jaliaAl^teadg .mD.irg.xtoatioo is also consistent with 

the linaariaad free-surface condition. Let the body be 



defined by 

In a coordinate system fixed in the body, if one considers 

the claes of bodies defined by , then the appropriate 

condition to be satisfied by <f> •'; is 

We note that the same problem may be approached by 

two linearized theories. For example, in approximating the 

flow about a hydrofoil, one may either consider it as a 

relatively deeply submerged body and satisfy the exact 

conditions on the surface, or cons.'.der it as a thin hydrofoil 

and use the conditions (20.33). Each method will have its own 

domain of excellence, but it is not proper in the present 

context to say that the thin-hydrofoii approximation is less 

exact than the other one, even though this is true in an 

unbounded fluid. 

The H-functions. Köchin’s H-function, introduced in 

section 19 oc, may also be used effectively for the flows 

considered in the present section. The definition for 

three dimensions is identical with (19.14). For two 

dimensions (19.21) is replaced by 

(20.36) 



iiiifín 

lowtvitr, th,« foruul«« for th« fore« on eh« body «r« sos««rtut 

a,if feront, For thr»« d:in«n«ion» thty «r« 

i Ar % 
X • - — I /H ^ &)l/ICC*, 

-¿r 

\ / , r° ,Jr 
y «/ j 1/ - i- / // 6',) I 4 d ie ¢20.37) 

/ pyr/Hf"^ir^1 / 0)1 uc4<9 4X 
"‘fl — «M» 

'2. ff 

wh«x« \/ 

V - -g ,/c l' 

i» the displaced volume of fluid and 

Tli« Cm.dimensional formulan arc 

A-~ V? |H(v)| 

Y« f}Aff c r*":|j, fínfa)! dfa + wj11H fa ~ 4 v;| "dà (20.35) 

(HO 

•o 

M-i Í?« fi(h%) di) dit 

'vÍH'(v-í.v) H(v-uv) Ik 
0-0 

»iti*r« A i» the area of the profile, ( Xc , ) «re 

Che coordinate« of it* centroid, end F 1« the circula¬ 

tion* Ifcit ««»pihi mede in »«ction It ox' concerninf the une 

of the H~function apply alno lure. 

fil!lilllllitllllllilllll .Ini.».hi. 
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Submurgad circular cylinder. The appropriate lineari¬ 

zation for the circular cylinder Is the one associated with 

deep submergence. Hence, one must try to satisfy the exact 

boundary condition on the cylinder. 

This problem ha* been treated by Lamb [1913; see also 

1932, f 247], Havelock [1927, 1929*^ 1936], Sretenskli [1938], 

who considers also finite depth, Köchin [1937] and 

Haskind [1945a], who applies Kochln's methods for finite 

depth. Coombs [1950] considers the flow about a pair of 

submerged cylinders, and, as a preliminary, also abou c a 

single cylinder; numerical computations are carried though 

for two cases, one with the centers on a horizontal line 

and one with them, on a vertical line. Coombs' method has 

wider applicability than just to circular cylinders. In 

all the cited papers, with the exception of Havelock's 

and Coombs', the problem is solved by placing at the center 

of the circle a dipole modified to satisfy the free-surface 

condition, i.e., (13.45) with o< «*• <? and f~7 ■ c , 

where is the radius and C the velocity (the c 

of (13.45) is taken as ^ Í , U the depth of the center). 
This provides, of course, only an approximate solution, for 

in the presence of a free surface a dipole in a stream no 

longer generates a circle, as is testified to by the fact 

that the contour actually generated Is subject to a moment. 

Havelock [1927, 192fti gave second approximations for drag 

and lift and later [19361]a complete solution. 



Th« problem ■«y be treated by e combination of 

Ml In# •Thome on1 • Circle Theoraui [1956. p. 151) and a 

formula of Köchin ® # Ihie former etetee that If f(a) 

le the complex potential for a flow with Ite alngularltlee 

all at a distance greater chan ¿b from the origin and 

with no solid boundaries, then 

(20.39) 

Is the complex potential for a flow with the seme singular!- 

zation but nov* with a circle of radius a* and center at 

the origin situated In the fluid. 

Köchin [1937] has proved that Iff f(s) Is the complex 

potential for a bounded contour G under a free surface, 

then 

where C, la any contour m the lower half-plane containing 

G. Tha formula and It* proof ara almost identical with that 

gIvan in ¢17.15). Tha first Integral in ¢20.40) rapraaenta 

a function ragular avarywhere outside C, the eecond Integral 

a function regular everywhere in the lower half-plane. If 

one atarte with a function f(z) whose only singularities 

are contained Inside €» then the operación 



where 

<1 

lit 

W! ^ ä.n? 

C, J -ü- J J J (20.42) 

.-2JT 
2iri / -w/l, 7-- - / xt -V 

c, o 

yields a cmplex potential function satisfying the free- 

surface condition and having the same singularities as ^ 

in the lower half-plane. 

On the otter hand, if one starts with a complex potential 

f(z) whose only singularities are in the upper half-plane, then 

/+ trif-fj (20.43) 

where 

lll/f , a< L, 
(20•44) 

will be a complex potential for a flow about a circle of 

radius A, and center U, and with the same singularities 

as f in the upper haif-plane, the singularities of wf/j 
being all inside the circle. 

We start with the flow /0 (J^ - •* C J representing a 

uniform flow from the right; the free-surface condition is 

satisfied foi' ym 0 in a trivial manner. Now fox*the sequence 

i i. {f,}, 4* K (f, j, • • L,r 4/4.400.45) 

Then fotf,' fTr/5( • 

fying the boundary com 

represent flows satls- 

cirele: hence, also 

,, : bíím' 

fltíml 
.. 



tsyi 

their sum If the series converges. On the other hand, 

7°, ft* ft / {'.■ 4-/4, each represent flows satisfying the 

free surface condition,, and, hence, also the sum if it exists. 

Let us now consider the two operators ÏT) and frf 
ni is always being applied to a function regular and 

bounded in the lower half-plane. Since aY} 4 tmap* 

the exterior of the circle onto the the interior, the maximum 

of /fll (f } / for J in the lower half-plane does not 

exceed that for j-f j within or on the circle. We write 

this as 

lm{f}i¿ imi-i-fi ■ <20-46> 

In particular, 

If 7.4-1. + 1 
(20.47) 

lilfflBilSIf;; 
: 

The operator K is always applied hare to functions 

regular everywhere outside and on the boundary of the circle. 

Hence C( may be contracted to C and one can establish the 

following estimate for j in the lower half-plane: 

¿a, If I [j 

£ K II f H 

<: a fjJ- + Uv€V(' a'+lve 
v/4-al (20.48) 

£ i jM^OJC j -f I / 
w 

where in the second inettwility A must be large enough that 

* For jEflLxiiicl of *a one may select 



^■/A large enough bo chai K is as small aa one 

wishes, In any case, less Chan 1 . Thus, In particular, 

li^H‘Kll A„-, IKllW, II (20.50) 

< K" II Ml 

iftvj/4 K "///,/.' 

Fr« this It follows e*#ily that th* aaries 

/of/, f ft t ■ • ■ + /^+ /^t( . ■ (20.51) 

with ten»» defined by (20.45) converges uniformly in the 

part of the lower half-plane exterior to i t Lj C a. 
On«! may extend the method to flows about niore general 

cylinders by combining the operator ?T‘| with another 

defined In ten»* of conformal mapping of the given profile 

into a circle. The procedure carried through above Is a 

natural generalination of the procedure used by Havelock 

In hi» first two papers [1926, 192¾] to find the second 

approximation. However, In his later paper [193610 he used 

a different procedure, one which has also been used by 

Ursell In analogous problems. This consinta in expressing 

the potential as a sum of multipoles situated at the center 

of course, already modified so as to satisfy the 

condition on the free surface and as J£ o© . This leads 

to an Infinite »et of equations for the coefficients. 

The method is quite suitable for approximate computation. 



Affrtr computation of H (k) , th» fonuulâ» (20.38) 

can. b« iMt«d to find tha foret and momisnt. In. tht computa- 

tion of H only th# tarn« with odd in.di.et« contribut«. 

Thi® Itads to « conjidtrabl* saving in tffort. For ex,«npl*, 

If out hud approximated tha flow by tha first three taras 

of (20.51.) and computad the forca by integrating the 

praeaura over tha cylinder, the. result would be the aame 

as that obtained by using tht H-function evaluated for {, 
alone, and without, the need of finding ft . ..„avelock has 

frequently made use of this device without specifically 

introducing the H-function. Figure 20 from Havelock [1,936b] 

shown R~~X »»«i Y plotted in units of T<j f with 

abadesa l/tvL for alk»j . The curve* labelled 

¡R ! and Yt give the result when only the first 

approximation is used, i.e,, 



Ftcj ure 20 

Computation of M gives, on this approximation, the 

anomolous result 

m-u[i -jr] R 
In the formula for Y the terms resulting from buoyancy 

and circulation are omitted. Havelock [1928b] has 

investigated the form of tie surface over a moving dipole, 

l.e., over a sphere to the same degree of approximation. 

Some_submerged three-dimensional bodies. The flow 

about submerged ellipsoids and bodies of revolution in 

gsueral uas obvious interest in connection with the 

wave resistance of submarines. As a result there is a 

considerable amount of both theoretical and experimental 

work available, and even some tables for computation of 

wave resistance. Most of the theoretical work does not 

go beyond the approximation in which one represents the 



body by the singularity distribution appropriate to an 

unbounded fluid, but **ith the potential function for the 

singularity modified to satisfy the conditions on the 

free surface and at J¿ - + oo . Thus, to find the flow 

about a submerged sphere one will in this approximation 

use a modified dipole with axis in the direction Ox. and 

moment { c • °ne should realize, however, that 

the boundary condition on the body appropriate to deep 

submergence has not been satisfied. The necessary refine¬ 

ments could be carried through for the sphere in a manner 

similar to that used for the circular cylinder. Since the 

sphere (and even more the circular cylinder; is a poor 

shape to which to apply perfect-fluid theory, such a 

computation is of only moderate interest. Both Pond 11951, 

1952] and Havelock [1952] have considered methods for 

improving the accuracy with which the boundary condition 

on bodies of revolution is satisfied. This is particularly 

Important in estimating the moment about the transverse 

horizontal axis, but, as Pond ■hows, of less importance 

for the wave resistance. 

Havelock [1931a] treated by the approximate method 

the wave resistance of prolate and oblate spheroids moving 

both along and at right angles to their axes. Latsr 

[1931b] he extended the results to general ellipsoids 

moving in the direction of the langeât axis. Welnblum 

[1936] has considered bodies of revolution using the 

slender-body approximation, but satisfying it only in the 



î. 4"*f 

approximate sense described above; bio alia was to find 

fora» of minimisa wave resistance. Weinblum [19.51] returned 

to the problem, taking up in particular numerical computation 

of the wave resistance for a given shape. Tables and 

graphs are given to tael11täte the computation for certain 

classes of bodies. Experiments were made by Welnbltn, 

Amtsberg and Bock 11936] on three forms at several depths. 

recent experiments exist whose results 
available, A general survey of the theory 
essho [1957]. y 

If one has once computed, the function M (¿¿¡P) for 

a source and a. dipole, It is usually straightforward to 

compute it tor bodies generated by distributions of sources 

and dipoles, and hence to compute the force. Let S, be 

a surface containing a single submerged source of strength 

fov at the point (a,l, c), L>o (l.e., ¢13.36) multiplied 

by - Kv ) ; one finds 

j j /, A » ,,. ic t i' 4. ( a cm <?' t c il«.. S>() 
H [l'., 9) = e 

For a dipole of moment M In the direction Out 

H (ic, 9)- 

These may now be superposed its necessary for either 

discrete or continuous distributions. Thus, If we write 

t ft ? ) for the function (13,,36) with (£2,4,6 ) 

replaced by (J",4]» Î )» and if we can express ip for 

¢20.53) 

one finds 

(20.54) 

Pras'umably, more 
are not publicly 
■i«y be found ln 1 
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nr 

problem by 

then (cf. (19.20)) 

— + (20.56) 

s r 

|rolete_|^ewld. We give an example of the preceding 

remark«. A prolate spheroid of major ««mi-axis a. and 

minor semi-axes i> moving with velocity C in the 

direction of its major axis can be represented in an 

unbounded fluid by a distribution of dipoles of moment: 

density 

where 

r(i) - /U (aSe1- f l) , Ijl < a.e 

e1-/- r / 

(20.57) 

placed along the major axis between the two foci. Hence, with 

the center at depth /v 011,5 has in this approximation 

H (4, m 4Jr¿ /1 c ^ ^ os &f(^ ®l- J )c ^ dfi 
-a.,# (20.58) 

= i(î fi. L c*”&) 

Substituting in the first formula of (20.37),006 finds 

,¿1 

X»+ ItiJffvcla“'« \ I e~Zv^v*¿0)]s*6*^ 
(20.59) 



Figure 21 fron Havelock [1931a] shows a graphical presenta¬ 

tion of R ¡J 45, for spheroids with various ratios of 

Afl and for It • l C . 

In comparing the different curves one should keep in mind 

one based on displaced flui 

, would give the comparison 

the selected vertical scale; one based on displaced fluid, 

l 
1.. e , I? / £ T f Cl & 
a different aspect. 

As mentioned earlier, it has been shown by both Pond 

and Havelock that this approximate treatment of the boundary 

condition on the body is inadequate for computation of the 

moment. Figure 22 is from Pond [1951] and shows the com¬ 

puted moment about the centei for a Rankine ovoid, i.e., for 

the body generated in ax unbounded fluid by a source and 

sink of equal strengths moving In the direction of their 

axis. The dashed curves show the result with the 
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approximate computation; tha solid curvas mare computad 

by a rnathod in which tha boundary condition on tha body is 

■or# closely satisfied. Tha length </ of.the body is 

10.5 times tha maximum diamatar d A positiva moment 

is nose-up. 

y/p 

ÜÜÂialSiÏÏÂI Il: known that, for bodi'is of 

revolution given in tha form ¢20.34). tha slander-body 

boundary condition (20.33) can be satisfied in an infinite 

fluid by a distribution of sources along the axis of 

strength density 

V , 
i(x) i c ~ 

4 dx r (*) ■ (20.60) 

wckttimiimM"1. '»yiiiifiBMiiii11“ j 



If one «asumes that this same distribution of the 

modified sources (13.36) will satisfy approximately 

(20.35), then 

-mm; (20.61) 

and 
a. 

-a. 

c^.(9 
(20.62) 

From this one finds easily from (20.37) 

P V ir to j a ^ î0 K *-X* IQfÇv jdOaec 9e 
O 

,1 
, '“A. 

u¿9¿l^U¿&[P¡+QXJ<!‘> ; 

(20.63) 

where 

Pi 

An 
/ Mr 

te)~ Q(e)‘{s(l)^(yr^o)dt 
-a, -0. 

As mentioned earlier, Weinblum [1951] has published tables 

allowing one to compute R for ^ 's representable a® 

certain polynomials. An earlier paper [1936] considerr “he 

minimization of R .among certain classer of polynomial 

ft 's. Pond [1952] treats the necessary refinements to 

(20.61) in order to compute the moment. 

Thin &ulp§„ Let the equation of the hull be given as 

in (20./2) by H ir a coordinate system 

moving with the ship, which we take to move with constant 

velocity C in the diteceit 

steady state heil been « 

»Hr 
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eh* hull appropriât* to th* thl» »Mp app-oainatlon 1», 

from (20.26) with y,j) and * 

Chang* to a «oving coordlnat« »y#1:0111.,, 

f.f J£t *$, t 0} - + C Pk (wt, y) (20.64) 

for (gj'tfjfi») in ia , th» c*nt*rplao* ••cticm of th* a'hip at 

r*«t. For ) not: in S* on» ha* fj I X( ^ i o)-* ö 

fron «ycir try con*id«ratlon*. Y mw*t, o£ ccwr**, also 

»attafy (20.1) and tb* condition of vaaiahxng «orlou a» X'"* ^-91. 

Th* boundary condition» nay ba ?-it i s fl* d inia*diataly 

by distributing source* (la*26)oov*r » If w* again 

denot* th* potential function in (13.36) by j i f-ib 

than, for infinitely d**p fluid, th* 111.01111::1.00 i* 

Px(fi\)dé. (20.65) 
5». 

Thl» follows »aslly fron» known thiorim» in, potential 

thaory [saa, a.g., la Hogg, Foundatlona of potential 

tlut'ory, Springur, Berlin, 1929, pp. 160-166], (Th* part 

of 6 regular in <0 do*» not inter-.f*r* with the 

•atiafying of (20.64) .since th# »-derivative of these 

tenia vanliha* for » « 0.) 

Th# quantity of chief interest Is th# resistance 

resulting from th* waves. This may be computed by using 

(20.37) (end remembering to take 

or by direct 

ireaaur* over th* hull after taking 



.. 

account of linearization, l.e. 

$m g dx dij ■ (20.66) 

If the latter form 1» used, only the •ingle-integral 

term in G gives a non-vanishing contribution. In 

either case one finds Immediately, again for infinitely 

deep fluid, 

Ù 
Tc' 

*/-l 

R.JUfuc'Qfp'm ol(o)yo; 
Tc'’ Í 

P- ûc*>(vx<*c,Q}d* dy) (20.67) 

S» 

Q ■ 0 ^{yx uxs9) dxd^% 

The result may be, and has been, put into a variety 

of different forms by change of variable and "der 

of integration. We give one of them. Let A ■ «-c Ö . 

Then one may verify that 

R= dâlíf/dx du ff d I d flfrfx-fXifyt »)), 
rcv5, 5* 1 (20.6Ö) 

i*1 ewO T#*' 

lWTe 1 

This expression for R in terms of the hull form and 

velocity wa.i first given by Michail [1898], but 

derivation« by different methods have since been given 

by many other, e.g. Havelook [1932, 1951], Sretenakii 

[1937], Kociin [1937], Lund* [1951], end Tinsaan and 

Voseara [1955]. It is usually eaUed "Michail's 

integral. " 

...-i..i 

...I 
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Because Michail's Integral gives R directly in 

terms of the hull geometry It has been intensively 

investigated by several persons in order to throw light 

upon the influence of variations of hull form upon 

wave resistance. Poremost among these investigators 

has been Havelock, who in a series of notable papers 

11923, 1925 a,b, 1926 a, 1932 a, b, 1935] studied the 

effects of various systematic variations described by 

the titles of the papers. Much of this work is summarized 

in Havelock [1.^61. In addition, there are numerous 

papers by G P. Weinblum and W. C. S. Wigley devoted to 

comparison of experiment and theory. One can find 

surveys of much of this and related work, a« well a» 

further bibliography, in Wigley [1930, 1935, 1949], Wein' 

blum [IS50], Havelock [1951], Lunde [1957], and 

Wehausen [1957]. Lunde1« 1951 paper contains derivations 

of practically all tba general theoratical results, 

including the effect of finite depth, walls, and 

acceleration. Takao Inul [1954] has given an extensive 

survey of Japanese investigations on wave resistance and 

related topics, end In e later paper [1957] e complete survey. 

In order to allow better exploitation of Michail'■ 

inteirei much attention he» been give in recent years 

to its numerical computation. One can find a general 

discussion in Ilrlheff ar.ù Kotik - [1954’ , and various 

-rtvníiAB lil « { « 
«I JalWStp.IjiM »IJillNiSflHlP.IB He» Inskii [1947Riiinov [1951] 

Wrf, ■ PM íííiM's Il i M Ihi! ffU:!:tîl. .11¾ : a 

lliiliiitilltil 
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Guilloton [1951] and Welnblum [1955]. The lait two paper» 

both contain «et» of tables to be used In evaluating 

Michail'# liiitagral. ' 

In :jaa,i,..*ng a campai*taon of the theoretically 

predicted wave resistance with measured wave resistance 

one must examine critically the experimental method 

for estimating the wave resistance. The standard method 

consists in measuring the total resistance, estimating 

the part of the total resulting from the effect« of i 

visoslty, and attributing the difference to wave making. 

Thus the accuracy of the experimentally estimated wave 

resistance depends upon the accuracy of the estimated 

viscous resistance and upon the validity of the assumption 

that the two may be added. In the case of a very thin 

body thla estimate can be made accurately and, in 

addition, the physical assumption in the thin“*ship 

linearization is well realized. Figure 23 from a report 

by Welnblum, Kendrick and Todd [1952] shows a comparison 

be tween estimated and computed values of 1?w/t for 

a towed "friction plane" 21 feet long with parabolic 

ends and 3 foot draft. These experimental data present 

Michail'« integral in a moat favorable light = For 

more ship-like forms the separation of viscous from 

wave-making resistance is mors difficult and ths compared 
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Figur« 23 

valiMii. ««Idloiii ilicw much striking quantitstlv« agraament, 

although It it still fai.* In many casas. Ht call attention 

to the fact that M*chalí*s integral predicts the $am* 

wave-making resistance no matter In 'which direction the 

ship moves. 

So far w have discussed vessels moving In an 

infinitely deep fluid. However'! if for our function 6 we 

had taken (13.37) ins teed of (13.36),, the sao» analysis 

would have lead us to tha following expraasion, first 

given by Srateaskii [1937]i 

m i 



1» th« non*««' «olntiom of ya - V ku4 ^ it 

íf *uch i.«. if ct/ÿi>i ; «ithèrwíim y¿^mc\ 

/If k-*o£>» /ai/ and on« obtain® on« of th« forms, of 

Mich«II'• integral. 

An *;xpr»:sin loo for th« wav« r«»i»t«nc» of a thin 

•hip moving down th» c»nt«r of a rectangular canal was 

derived independently by Sr#tenakii 11936, 1937] and 

Keldyeh and Sadov 11937]. 'The result may be found in 

Lund« [1951]. 

One may naturally ask how the wav« pattern 

Illustrated in Figure 1 for a «ovin,g source is related 

to that for a ship. In the thin-ship approximation, 

tlni «hip is replaced by a distribution of sources on 

the centerplane, so that «..aeh infinitesimal area of 

the centerplane contributes to such a pattern 

according to It« «trength. However, in many large 

vesse j the middle part of the ship is cylindrical, 

•O1 that in this region and only the bow and 

stern regions contribute a nonvanishing source density. 

Thus, if one replaces the ship by a single «oure» in 

the bow region and a single sink in the stern region, 

the resulting wave pattern will approximate to that of 

a ship, the «yproximatloo being better at higher value» 

of the Fronde number c/fji . Depending upon the value 

of c/igl , the trantvers« wave systems from the two 

singularities may either reinforce or partially cancel 

one another. When they are in phase, e larger amount of 
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imtrgy 1« being left behind in the wmve eystem end the ra- 

•latence curve «hoi#« i> mexlmun, when they are out of phaae a 

minimum, the so>called "hunpe end hollowt" of the resistance 

curve; these show clearly in Figure 23. Replacing the ship 

by a source and sink is, of course, a gross simplification. 

However, it serves to explain qualitatively certain aspect« 

of a ship's wave pattern and resistance curve, and, in fact, 

can be given a certain amount of validity as an approximate 

computation of Michell*a integral for sufficiently large 

c/fyi . For very large values of c/\<fL , the wave length 

of the transverse waves along the path, 2/ c1/^ ., becomes much 

larger than L and one .may approximate the ship by a dipole. 

Many photographs of the wave pattern, made by a fast motor boat 

fall into this class. The photograph reproduced In, Figure 24 

shows clearly the diverging waves from the bow and stern, a 

third set possibly originating at the forward shoulder, and 

also the transverse waves, which, presumably are here neaiH 

in phase. 

The angular opening of the wedge containing the wave 

pattern should be, according to (13.42) and Figure 1, 38° 56' 

in deep water. Hila is usually confirmed approxirlately in 

photographs, although difficulty in determining boundaries 

makes precis«, confirmation difficult. For ships moving in 

water of finite depth, L the angular opening change« as 

shown in Figure 2, and for supercritical velocities, i.e. 

cvy , there are ..o transverse waves, 

Jinnaka [19,5/1 has recently published a brief survey of 

the theory of ship waves. 



W« take the hydrofoil as described in 

(20.29) and treat the problem two-dia«n«ioimHy. Assuming 

constant velocity C and steady motion and taking our 

cocrdinate system moving with thw hydrofoil, the boundary 

condition (20.33) becomes 

LrH(x,-Lto)--cr<jt) + cs'(*l‘ ¢20.70) 

This problem has been treated very thoroughly by 

Keldysh and Lavrent'ev [1936]. They follow it procedure 

quit® analogous to that used in section 19oi to find the 

waves generated by a vertical oscillator not in a wall. 

Distribute vortices of intensity Xf*) and sources of strength 

é (jc) along the line a^Xtz^ ,Abut taking them, of course, 

modified as in (13.43) in order to satisfy the free-surface 

condition and the conditions at infinity. To start with, 

we take ¿C ¿'(x ) . It then follows from, the 

theorem of PíemeIj.Sokhotskii (cf. 17.18) that 

Vlj (Xj - U, r 0 ) - (jc r- L-o) - 2 c S '(X ,, (20.71) 

a step toward satisfying (20.70). We now look for a 

complux potential in the form 

{(¾). rt2cs'(})ís() ; X-X) 
-a, 

where we have separated the source and vortex potentials in 

(13.43). The boundary condition (20.70) now yields an 

Integral equation for M*) in much the some manner that 

(17.18) was derived: 

(20.73) 

J»v If- 2 C S '(7 ) ^ (x- C U t ¿(ç ){v (X '■L /-1 t~)j clycr (x) 

• — £ JC í 0- • 



Noting from th* third expression in (13.43) that /4 and v 

are functions nf the difference X, ~ J , we define 

2 ni fs(X-1 0 - [je ” J... 2 IiC'J' " 2 v e" // 
©G 

X X ~ 2 ¿J ILL 
dt 

OO 

K(jc) + t [(*)■ 

Here, for example, 

, ± . , X ,- t 2 y [ zL^vlt-XÍ + t^lt-jQ , 
‘x. + r 4 J <>•+ 

The integral equation (20.73) can now be written :n 

the following form: 
a (X .a 

Jíil) K ( X - $)dl "-2ÏÏC r'fx ) +- ¡2 c s ‘(¡) H K - f)d £ (/° ’ 
74) 

where the right-hand side is a known, function. 

This Integral equation is the hydrofoil analogue of the 

thin-wing integral equation of airfoil theory: 

CL 

h(Pj~~jd} * "zjrc r'^) ■ 
•ÖL. ' '* 

(20.75) 

In the latter equation the kernel is simpler and in addition 

only the function * describing the camber and the angle 

of attack occurs on the right side. Since the wing thickness 

does not enter into the determination of in (20.75) it 

nay be neglected, for only ^ is needed to find the lift. 
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The situation is clearly different for hydrofoils. Even a 

symmetric wing with zero angle of attack may «eve a circulation, 

and hence lift. This is a consequence, of course, of the 

presence of the free surface and the associated wave motion. 

Köchin [193Í] has also considered hydrofoils, but from 

a somewhat different viewpoint... He has essentially used 

the "deep-submersion" linearization described first in 

this section, Thus he must satisfy the exact boundary 

conditions on the wing as well as the Kutta-Joukowski 

condition. However, one cannot say here, as one could 

for an infinite fluid, that hl» method Is more exact than 

that of Keldysh and Lavrent'ev. Their approximation is 

more accurate the thinner the wing, for a given submersion. 

Köchin11 s is more accurate the deeper the submersion, for 

a given wing. 

Equation (20.74) is not sufficient to determine x) 

uniquely. One must still add some further condition. 

Me shall assume a finite velocity at the trailing edge, 1*«• 

^ -a 
Keldysh and Lavrent'ev propose solving the integral 

eauation (without actually proving that a solution exists) 

by expanding K, H a.nd. Y in a power t -i*« in a aruf 

then determining recursively the coefficients. Let 

K.«0' 
(20•77) 

H(jc) » -r ¿ H n (tvk) T (¡¡I,) / 

¡111' J., V 

.ItL. jL_¡^Àù.LJil.ijiiLi, 
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Thm (20,74) glv«s the following sequence of Integrei 

equations. 

This procedure has the obvious advantage of reducing the 

solution to the airfoil Integral equation for which an 

explicit solution satisfying the trailing-edge condition 

1» known. If m denote temporarily the right-hand sides 

of the equations (20.78) by (¿) , respectively, 
then the general solution is [see, e.g., W. Schaeldler, 

Integralgleichungen. . . , Akademische Verlagsgesellschaft, 

Leipzig, 1950, pp. 55-5611 

¿t + r x4í)df] 
-a, 

(20.79) 

is undetermined. In terms whera the value of J fad if u 

of the aeries expansion,condition (20.76) states that 
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must ream in finite for X - CO . We assume $'/- *-) 

finite. ^ may possibly have a singularity of the 

form ijfcii-Jt 

integral 

near « - a However, the 

J- T > i 

dj • (X- Oí ji dai 

-I IT 

is a polynomial in Jt -for '* Õ . Thus the last 

two sumnandsof (20.801) remain finite at 

However, the first summand potentially contributes 

terms libe' ¿3^ 

r dl 

-ay 1) 
In order to avoid this singularity at 

select the. total circulation. f>~ dl 
jt * - a- 

so that 

we 

kvUI-iM^ *! (20.81) 

- Ou 

Substituting into (20.79), one finds finally 

-Oj 
J - X 

(20.82) 

\[x^j itself is given by the sum displayed in (20.77). 

Although the singularity at the trailing edge has been 

removed, mere is still one at the leading edge; this 

occurs also in thin-airfoil theory and corresponds roughly 

to the fact that the conditions of linearzation (i.e. of 
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•malí dlíturbanc*) ar« not •atl»£t*d atar th* leading 

«i dg* s tagua, ti on poln t. 

Keldyah and Lavrant'av computa the Integrale which 

will be necessary If r(x.) and $(*,) are given as 
polynomials and apply their computational method to a 

flat-plate and circular-arc airfoil «t a small angle of 

attack. 

In order to find the force and moment on the wing 

it Is convenient to fall back on the H-functlon, One 

find« easily 

..,,,, -LI»/ 

M/fc) = £ / 

a. 

— O'-- 

_ _ ¡( j( .¾ 

¿tes '(ï) Je d 6 
(20.63,: /a a, 

+ 2 c [i(J)6‘(*) - 
Formula» (’0,38) allow one to complete the calculation 

for special cases. 

The theory analogous that that described above 

for fluid of finite depth L0 has been carried 

through by Tikhonov 11940], M« has applied the 

method to calculite the lift and drag coefficients for 

a flat plata at a small angle of attack. 

Rather than reproduce the graphical presentations 
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of Keldysh and Lavrent'ev and Tikhonov for the flat plate, we 

shall give instead the lift and drag coefficients for a «rub- 

merged vortex. Here one may give relatively simple analytic 

expressions, and the qualitative behavior of the curves is 

similar to that of a flat plate. The formulas for lift L and 

drag D are as follows; 

/ 

/ . Pr 
L~oa J ' c 4j^ jr 

y e lyl*.£ i 
(20,84) 

n -= ¿{ vLe> i cf i 

L * ",rc ' ir £L \r ji*iz: 44- 
where r..is the real root of 4w.-> For finite depth 

the expression for D stems from the last term In (13.4/). The 

dimensionless coefficient® C. * T) L /f r1 and CL~(i~ fcT ) f^¡?r L 

are shown in Figure 25a for infinite depth as functions of 

and in Figures 25b and 25c as functions of for various 

values of ß « £/-4^ . Foi t fini te depth C¿ starts with a 

value lA«r and tends asy. totically to -l/aj , crossing 

the axis at c /$tm2.47. For finite depth the coefficients have 

a discontinuity at c 7^4., ~ i . As r.z/al r»o¡ r.-*n t and as 

cV(1o / , Cv^\ß(,~ ^ , For >i , CL is 

always negative and increasing with a vertical asymptote at 

C y^# - 1 and a horizontal on:: as cl/c¡k0 -* «o at 

-/6/4 ... 6 / i these curve® start at ^ c&t /6 JT , 

oö -4L 
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Further development of hydrofoil, theory ha* taken 

place in several direction*. Haskind 11945a] has extended 

Köchin'* "deep-submers lor.M theory to water of finite depth. 

However, he does not discuss the steps necessary for fulfil¬ 

ment of the lut ta-Joule owsiki condition, as does Köchin. 

The lifting-line theory for airfoils of finite span has 

been extended to hydrofoils by Mu [1954], Breslin [1957], 

and Haskind [1956]. Parkin, Perry and Wu [1956] and 

Laitone [1954,1955] have investigated both theoretically 

and experimentally the effect of bringing a given 

hydrofoil so clot to the surface that the infinitesimal- 

wave approximation breaks down completely. There exists also 

a considerable amount of work on flow about cavltating 

hydrofoils. However, since the effect of gravity is 

neglected; this work is not conjidered in the present 

article. Experimental data relevant to the theoretical 

development outlined above is scanty. Reports by Benson 

and Land [1942] and by Land [1943] give results of an 

experimental investigation of the effect of depth of sub¬ 

mersion. However, the investigations were not designed to 

test the validity of the theory and do not, for example, 

include the region of maximum Cp . Ausman [ 1953], 

in connection with an experimental investigation of the 

pressure distribution on the upper surface of a hydrofoil, 

measured the lift coefficient and compared it with 
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th*t predicted by the thin-hydrofoil theory. The theory felled 

when ^ k fc^ became too small because the associated free surface 
over the hydrofoil no longer a«.^roxinated infinitesimal waves, 

or, in other words, the thin hydrofoil was not thin enough for 

these values of ‘jj.li/c1' for the theory to be applicable. It 

should also be emphasized that for small values of <%Vh.x 
the occurrence of cavitation on the upper surface must be 

taken into account for a complete theory. 

A comprehensive survey of hydrofoil theory Is given In 

a recent, paper by Nlshiyama [ 19571. 

20 Y * Planing surfaces. 

The following discussion is limited to two-dimensional 

motion, for the theory of three-dimensional planing surfaces 

for flows with gravity do^s not appear to have been developed. 

For the linearized problem it is natural to consider the 

planing surface or glider as an approximation to a flat plate 

moving along the surface of the undisturbed fluid, i.e, the 

curvature, angle of attack and vertical displacement are all 

assumed small. In order to formalize the perturbation pro¬ 

cedure, let the planing surface be represented by 
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in coordinates fixed In st.mic«( and let the fluid have 

velocity — c at *t m c*» . Thus, we are going to 

consider the flow to be a perturbation of a uniform 

flow. 

First let us consider briefly in a qualitative fashion 

the exact solution. There will be a stagnation point A 

somewhere behind the loading edge and a jet ’dll be 

thrown out ahead of the glider. We take it to be of 

thickness b and to make an angle with OX. If + 

and are potential and stream 

function, respectively, we shall take the free surface 

ahead of the glider to be iiven by f - -be and 

behind the gli der by T " 0 <see Fißus:e 26> • 

f(^j) 

X 

Figure 26 

Then b/a, andAL/a will all be functipns of ^/cl 

and . It will be assumed as one of the boundary 

conditions of the problem, in analogy with the Kutta- 

Joukowski condition, that the velocity is continuous 

at the trailing edge. It is obvious that the flow 
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near the leading edge cannot conform to the requirement 

that It be it small perturbation of a uniform flow. 

However, we shall give arguments below to Indicate that, 

except In the neighborhood of the leading edge, this 

effect is of Che second order. 

In order to get some idea of the relative size 

of the jet, consider the simpler problem of a flat 

plate of length i and angle of attack « gliding on a 

weightless fluid. This problem can be solved exactly, 

(see, e.g.,M Line-Thomson [1956, $ 12.26]; A.E. Green 

[1935, 1936]). The asymptotic expression, for small 

¿X" i of both the ratios b/^ and A.L/.f s * 

i.e. they are both of the second o’-der. We shall suppose 

that this relation continues co nold when gravity Is 

acting. 

We now carry through the perturbation procedure of 

section 10 (V (see especially (10.16)), writing 

U »F(jl) ‘ t- Fl,U) l £ • • , (20.86) 

Substitution in the exact boundary conditions then yields 

the following linearized conditions: 

X,0) ” V t JJ£ I / OC y 
(20.87) 

'{} ), , ./, (i) -~0). 

Ÿ (x, o) - ÿ rï (X,0)»0 |j£ ( 7 A. 
1 1 

Yfl } /./() (J ) \ 
(Xt o) * c(L + t" (X)) , ¡JCl¿ ■ 

.7.... 

' 1 ' . ,% ': ::. ' , ll M ' ,* 

; .. I.'i ■ fill 
'1 (Oílítte i* 



The fr«« surface Is given by 

i» ) 

i (*■) i x,o) 3 , |x I 7 a, 'W " 3 1 ^ , (20,9a) 
f 

We require as usual that the disturbance vanish «s X -*oo 

One will expieC that the behavior near the leading edge 

will reflect In some manner the inconsistency of the 

exact solution with the notion, of a small perturbation. 

It will turn out that It will be necessary to allow a 

singularity at the leading edge, (Almost the same 

situation exists in the thin-hydrofoil or thln-wing 

theory since the stagnation point near the leading edge 

also prevents the flow In that; region from being a small 

perturbation of a uniform flow.) 

A singularity at the trailing edge., although 

mathmatlcally possible, has been specifically proscribed. 

The strength of the singularity and the elevation h of 

the trailing edge will be determined as functions of 

^/Ct. in th. cour,, of solving the probl«,. 

The problem as formulated above has been considered, 

for Infinite depth,, by Sretenskli [1933, 1940], Sedov 

[1937], Köchin [1938], and Maruo [1951]. Haskind has 

extended Sed.ov’s analysis to finite depth [1:943a],. and 

later [1955] has treated a glider moving on a wavy 

surface. Yu, S, Chaplygin [1940] has apparently carried 

through a fairly comprehensive numerical analysis for 

a flat plate «akíag use of Sedov’s method of analysi® 

(see Sretenskli [1951, p. 83]). Sretenskli’s papers 
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art expounded in cerne of a flat plate, but the method clearly 

ha* wider applicability, as he remarks in his first paper. 

Sretenskil'e 1940 paper gives the results of rather extensive 

calculations for flat plates. Mario's paper is conceptually 

very •imllar to those of Sretenskil, but his method Is not 

quite as efficient for computation. However, he also gives 

computational results and includes a correction to take ac¬ 

count of the failure of the linearized theory near the lead¬ 

ing edge. 

Both Sedov and Köchin introduce the complex potential 

{('))*"{ +-¿ Y' and thereafter the function f - v'«^/c2. 

Although the two methods axe not by any means the nasie:l they 

have auch in common with the treatment of hydrofol In given 

above. Consequently, we shall outline below the method fol¬ 

lowed by Sretenskil 

As a preliminary we need a result from section 21 below. 

Suppose that a pressure distribution (J- '> , which we take 

to be absolutely integrable, is given on the free surface. 

Th»n the complex velocity potential must satisfy 

Ÿ.e Í /fxX t o) -r L v-f fx + L o) ? *- 'f(^) (20.89) 

and the free surface is given by 

(20.90) 



Th« function fíj/ wtiich ¢20.89) and wtiich 

vanish«* as ■/-♦•o can b« writtan In »«v«r«l. fom*, 

of nhich w« •eltct th* following ,{••• •<!-(21.31 )): 

? -Myl) T „-*^3 ïf(ï) 
(31 - (SíS1 

Th« fr«« surfac« Is given by 

•j(x) 
ffc 

[dW f^-u, - 
"c „oö 

(20.92) 

th« reason for leaving y explicitly in the formulas will 

appear below. 

When a glider la moving on, a free surface, the 

streamline ^.„sc^^t*»«») will consist partly of 

free surface, where p(x) « 0, and partly of the 

wetted surface of the glider, where f<x) Is sane 

unknown function. 

Equation (20.92) may then be 'written as th# following 

integral equation for this unknown function fïCx): 

Uff (I) eXy d\ -t 
lClX O (20.93) 

.,.j£Lfp(l)i*~>>(JC-))A.f} Jx| < a . 
*■ " ^ 'iöÄ 

Once f»<x) has been determined, one may substitute 

back Into (20.92) in order to find the form of the free 

surface for I > o^>. 

Lj t“ (¡MS} ,j 

r-° 



It I« possible to 'work directly with (20.93), and 

this ia the procedure followed by Maruo. However, 

Sretenskli differentiates twice with respect to x and 

Vt times (20.93). This yields adds 

Although this last equation is a necessary condition 

for p(x), it obviously cannot determine it uniquely, 

for the last term of (20.93), assuring vanishing of 

the disturbance far ahead of the gilder, was lost In 

the formation of (20.94). Thus one still, has need for 

(20.93). Equation (20.94) is essentially the aquation 

derived by Sretenskli, 

Le‘; us now integrate (20.94) 'with respect to x 

fi jm x » - Qj to .x, and denote 

'Then equation. (20.94) become« 

(20.95) 



where im additiv« constant has been discarded since h 

Itself Is an undetermined constant. Equation (201.95) 

I» just Frandtl‘» integro-differential «quation for 

the circulation about; an airfoil of finite span [see, e.g.» 

N.I. Muskhellrhvili , Singular integral equations, 

Noordhjff, Groningen, 1953, ch. 171. Thu» known method® 

for solving the airfoil equation can be. carried over 

t.j the study of this equation,. However, the $01:01100.:8 

cticmselv«» -annot be taken over directly,, for different 

boundary conditions are imposed: in the airfoil equation, 

the unknown function Is the circulation P^jc) and it is 

usually assumed that IP (--,1-) * f (X) end I (-A) » f (&)m0 ; 
« 

in the. present problem Pix) in not necensarlly 

symmetric and F (-«,) ■ F' (-a) » 0, but P (a) is not 

restricted except, to be finite. The theory of the 

Frandtl Integro-differential equation 'without the customary 

additional requirements associated with airplane wings has 

been developed by L.G. Magnaradee [Soobshch. Altad. Hauk 

Gruzin. SSI J ( 194,2) ( 503- 50B1 . 

The equation can be solved by an, extension of dauert's 

Method [e.g,, i, dauert» The elements of airfoil and 

airscrew theory, Cambridge, 1943, ch XII. This I» the 

'method, 'which has been, used by both Maruo and, Sretenskil. 



'«HUM.. . .."Il» ni' .H' .. ..... n ■ Ml..IM 

Howevtr» «nch «lEpiindi F* •* p râth«r tli«n F in « Fourlur 

suri«* in ordrr to obtain th* corr«ct biihavior at th« 

two «nd point*. Introduc« th« n«w varlabl*» <9’ and i(jf' 

by the equations 

X » - a. c#s 0’, f * - ä 

and asnum* the following expanaion for p{x): 

* (C* jp1 c » 

0»# Í + aja1-jo'1' + 
tv+ui, ’ 

Maruo substitutes (20.96) Into (20.93), Sretenskii into 

(20.94). The latter, which see.is less laborious^ leads 

to 

tt [p "(- a o#» 0 )+p "F (- a. Wto 0)+-V JUaw 0 '* 

- -PO/il.fl- ¢20.97) 

We shall not discuss Sretenskii‘s further step* to deter- 

«in« the coefficient« aw . However, they lead to 

expressions for the coefficients of the following kinds: 

a */1« „.it'd' k+'B, ava^ + O- . / 
Im-l1 ' ¢20 ggj 

+ C lm/ f * ,1, ir ., j, 

where are functions of Va. Substitution 

of che coefficients into (20.93) and into (20.93) differ¬ 

entiated once with respect to x and evaluated at x « - a 
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resulta ,,,£1 equation« of th® fom 

vív-Q a,o+RVvivt S, , (20,99) 

R^vlv + St , 

Where Qi » Kj, » S¿ are function« of VO/ ; the«e 

equations may be used to da termine vlv and Ä# a« functions of 

VOij- * A# long as A-#y> 0 there will be a singularity at 

the leading edge. 

Once p<x) has, been determined approximately» on® can 

compute the lift, drag and moment about », say, the center. 

To the order of approximation appropriate to the linear 

theory they are 

L - i pi*) 
-a. 

.Q/ i 

fj» m j pt*) '1 (*•) djLf 
-ÖU 

¢20.100) 

0/ 

h 

For the flat«plat® glider It 1» possible to give the following 

asymptotic expreaffllona for thtat quantities when U'Ct,-*©. 

,101) 

L * fa,?CV[ w*+ 4)]h ^1 R"*1' 

n.¿irak?¿V[l-v4l + ^r)] + 0(',’',a4^íVQ') ■ 
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Î "‘lid. «fc»»' I '"T 

Âfe mm finit givêi» by Sedov » but are also derived In 

the piipert by RocM/n and Sretemikii, 

Figure 2? reproduce« several of Sretemskli's 

ccmputed prasaure ¢1:1 * tribu**: I ont fane a flat plate. 

Ike prediction.* of the liiiieariitd theory cannot, of courue,, 

be expected to be accurate near the leading edge. Maruo 

has corrected hi» computed points in thi» region by using 

the exact theory for a weightle»« f uld. Both Maruo and 

Sretenakti give further computational result:* ifcleh m do not 

reproduce. 

3 5 



|i||il||i||lt|li!|i|||||l|lll|!l|!||ii|i||i|i|.!!llli|l|||l|l|||i||||||i||li||i|| |llM!i|||l||ii|ipiliin»|i|iM|ii||>||i|||'i|ii|i||i||ii|||i|>|ii||,^ .i.».. iiliMllM 

211. Watt« fro» mria'bl# 
g=arraBgi:Bgaagaaailagaaffiittgiaa8agMga5g!!B! 

I® '11' ï* • dltfrlbufIona JElSEiSiiiif. 

In th» ■itiimft«»» cons Idor»d up to ao» in this chKptor the 

preeeure at the free aiurface hm beim taken m cone tant. We now 

consider the reeult of alloving the pressure over the free sur¬ 

face to be a given function of both position and w* Other¬ 

wise the fluid is taken to be infinite in horlsontal extent and 

to too either infinitely deep or of Malier* depth L . The time 

variation in pressure will be limited to two cases. In section 

21 of a periodically varying pressure is considered; In section 

21 /5 the pressure la taken to .move with waif or» velocity; 

section 21 ^ give» «Qi» reference* to a combination of these two. 

In section 22 wave« fro® pressure distributions will be considered 

again in connection with initial-value problems* Since the meth¬ 

ods for finding the velocity potential are similar in most res¬ 

pects to those used in finding the velocity potential for a 

source, we shall, with one exception, give the results without 

proof. 

Just as in the cases of the stationary source of periodic 

strength and the »oving; source of constant strength treated in 

section 13 (Jf , we must in the present situation impose boundary 

conditions at infinity in order to ensure a unique solution. 

Tta imposed ooaditloäi» neatly the radiation condition and the 

vanishing of the fluid motion far ahead, respectively, are 

■elected m being physically reasonable. However, one may pro¬ 

ceed differently, derive formulas analogous to (13.50) and (13.51) 

then find the limit as i: •► <*=> „ The resulting velocity 

the correct boundary conditions 



at infinity. Thin mothod han boon used, for exampio, by G. Green 

[1048] In the two-dimensional problem,! considered in the follow¬ 

ing two sections, and also by Stoker (1953, 1954]. 

The theory of wave generation by pressure distributions has 

an obvious application in oceanographic problems. However, the 

theory was apparently first developed in an attempt to explain 

the wave pattern produced by a ship. We shall not attempt to 

disentangle the history of the subject. For the material covered 

in section 21 ,6 we call attention to a survey by J.K. Lunde 

[1051¿> ] which also contains a useful bibliography. 

210(. Pressure distributions periodic in time 

Ärgs^dimensions^. The boundary conditions have already 

been given in section 11. If tp and p are represented by 

- vét 

(21.1) 

thon the condition on the free surface may be written 

(21.2) 

and the form of the surface is given by 

^ r(X,¡, 
- L 

(21.3) 



In addition, a .PAdtmtlon cottditlo*» 1» «,#1111111(11:1 at lalittltf (••• 

(13,®),, »%, 5) and a condition appropriate to the depth of fluid. 

We «hull almo asau*e to *j« ahaolutely integrable. 

Th« velocity potential can be e.ipreeaed as follows : 

and in cylindrical coordln.t« X ^ ß 6M a , in the for. 

Lí7<j 

IT _ o*£ 
j R, f fllctifx-*! ; j 

« o 

<a V ¢, 

Z f 

__ , , 

II Vti-Cl> fÍNfi'- 
<» 0 

Th« addition tfaeore* for 'tL [see Watson, A treatl»« on the 

theory of Besael functions, Cambridge, 1944, p. 353] allow« on© 

to writ® 

tI (4 kVß'^ 
dla: m O 
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my If p ia Independent of o( , one nay deri> 

OO ^ 

ÜdK1 Jo(<cR.)Jo(^ %)*'< 
* o 

4. tar‘ctn1. 
? % í 

(21.6) 

The asymptotic form for large 2 of (21,6) is a relatively simple 

expression: 

I (o y c î rr~ .^R-í) 
nnû1 

Jv R. jp(R.'jJ'fofc'jR'dJl1. (21. 7) 

'We note In passing that the potential function (21.3) or (21.4) 

can also tae obtained as a distribution of source« on the surface 

(see Hudimac [1953, p. 78]). This may be easily verified as 

follows. In (13.17") let -4--0. Then, using (13,12), one 

obtains (substituting f, $ for a,G ) 

t J. (t J(x- D+ij - ï;v at t-1V 7. (v ^-f)V}:s)C). 

A distribution of these sources over the plane O of strength 

ti 6p(!,3)A^ yields (21.3) (we recall that a source of 

strength m behaves like -m/r near the singularity). 

The rate at which the pressure distribution does work upon 

the fluid can be calculated directly or by uslug equation (8.2). 

Consider the volume of fluid contained in a large cylinder of 

radius R0 . Then, from (8,2), after appropriate linearUation, 

the rate of incre ise of energy of the fluid Is given by 
„■.•■■"j, . "‘j 
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2 n 

f I1T ^ 

ff * 11 í i3 f K* *>1:1 (K iR ** +) ^ ^io( 
Xlf ,i¡ji 

+ f / / cjl't fß«,/* i/ / E(ß „ s 7/1 ) di¡ Mi |. 
o „.«o. J 

Now ■¡ubstif'ut© (21,1) and take ti» jr*nrag« <<v«r a period, which 

will clearly be aero. The result »ay ce written: 

0 
ÍJIET 
I it 

(. 
«V ( 

z (Z>jK*y ) (21.8) 

The first Integral gives the average rate at whir'j the 

pressure distribution in working upon the fluid. It must equal 

miau» the aecond integral. If p(2,x )* *>(%) , then we nay 

apply (21.7) to obtain a relatively «Imple exprenalon for the 

average rate over the whole fluid: 

I ? 0 (21.9) 

To carry through the computation when p is not circularly sym¬ 

metric ia more comp Heated arithmetically, but can be carried 

through by u«e of (21.5). 

One can find an investigation of the waves resulting from 

a doubly modulated pressure distribution over a rectangular 
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# 

in a paper of Sretenskii [1956]. 
flii 

If the fluid is of uniform depth » the expression for the 

velocity potential la 

oO <,«0 

(j * ï !T J ' «i 4. .<4i - y Ä k>, '4, 4. “ y 4. tw 
.i/tfj-j tíj-^V 

(21,10) 

where, as usual, vn0 i® the real solution of 

■'ta. /Ovwív /Wo k * O . 

Other forms of this expression similar to ¢21.4), (21.6) and 

(21.7) can be found with no difficulty. We give only the analogue 

of (21.9): 

W . i 
^av Z. 

(21.11) 

The identities following (13.18) may be used to put both (21.10) 

and (21.11) into other forms. 

Two dimensions. The derivation of the velocity potential 

will be carried through, at least in part, since It illustrates 

a nice application of tl.e Píemelj-Sokhotskii formulas. Two com¬ 

plex units will be introduced, as described at the end of section 

11. That is, we shall writ® 

ï - 
.. 

V 



..mint.un 

'fil ùe-iét t fl ÍÁ** ét • H T€ 

. í fot 
pfjt.t) = pii'*) Cvi&t ^ Pi(^)u^^t * TZCj p® / 

.. ll 

3o 1 

(21.12) 

r -M, . 

“ ri ^ ¿ '1 aod a com¬ 

plex potential 

f2 íj) y { - ï* 
(21.13) 

Then the boundary condition on the freo surface may b3 

formulated as follows 

Ihy. {'(jc-Loj + ivf (je -io) I Ä ~ ~r ¿ 
y a 

(21,,14) 

Th© defl.iition oî^%f ttvj may be extended to the whole com¬ 

plex j -plane by reflection, i.e. 

Q'X +11. ) * a (-X - i., u « < > 
i ■ r é J' < j 

■ O 

Then the condition (21.14) may be written in the form 

ih-ujY'i* ± i,o)+Lu{(x± U)j-± 
(21.15) 



We »hall iiüppoi»« pifj.) to he abBOlutely iotegrabi« oo. the 

iniInite interval. In addition, a* »hall suppose that either 

pU) satisfies a Hôlder condition (and is hence continuous) on 

the whole infinite interval, or else that there are a finite 

number of segments i -*», h) . .^-r ,0°) » C,^ ^* < » 

such that pfx) satisfies a Holder condition on any closed seg¬ 

ment interior to one of the above segments, and at an end-point 

may be expressed in the form 

pC'x) 
^ (X) 

(* - cÿ 
$ «h d 1 c “ or ^ / 

where £(½) satisfies a Hôlder condition at the end. Here a 

Holder condition means that for any pair of points X, , , pC*) 

satisfies 

Ipfjc,)-F>(jir)l ¿ A ¡A,-Xzl l > o 

ri 
In the first case -f will be assumed to have no singularities 

in the whole lower half-plane. In the second case the behavior 

of {'(}) near an end-point C will be restricted so that if 

must satisfy 

fl(P C -- 
c 

l’j- ¿I 

o <- oc l< Í 

1/7 ’ -♦ cm» and As usual it wil l be assuiaod that [ t I is bounded as j■ 

that only outgo!ug waves are generated. 

The solution of this boundary-value problem for the function 
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Î Í 3. 

la. dctermiaed, up to ftp# addittv« real constant 

which may be discarded here, by [see, e.g., Muskhellshvili, 

Singular Integral equations, Noordhoff, Groningen, 1953, f è 43, 

78] 

ifif 
i -oOi 

<o ■ 

(21.16) 

After integrating the differential equation and selecting the 

solution i is to represent outgoing waves at x*-*00, one ob¬ 

tains finally [the derivation is similar to that of (13.28)] 

(21.17) 

OO 
/-5 / \ / iV A 

t dr J r(4)n di 
ry? J 

where the path of integration for ^ Is ta.ten in the lower half- 

plane. The asymptotic form of the time-dependent velocity poten¬ 

tial is given by 

->d 

\ *-o 
h^t)je^ ^mo as 

£ e 
- oo 

(21.18) 

and the asymptotic form of the free surface by 

o£> 

yj ,t) - ImÁ ¿v e UÍyX + ^ f>¿]cU(^ <^s ^ 
[ 5 7 - OG 

± ^ 
1. 

(21.19) 

'•'T'"". ^ .; . . J ' ' 
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From thii last expression one can easily derive the average 

rate at which the preesur« syst®» la transferring' energy to the 

fluid: . . 

W =-7^ 
vva^ 4- f" I- 

4 V4,, 
fv)e 

- „o (21.20) 
^ itac* \ '1 

Î 7-3 Î 
The expression for -[(%) can be put into several different 

forms by changing variables and deforming the path of integra¬ 

tion appropriately. Thus, if one Introduces a new variable A 

by “M f-j ) a~ ]~^) and deforms the resulting path to the 

X -axis, one obtains 

¡pMdi 

o£> 

- obO' 

PV 

0 

oO - L 4 (j -A) ¿ : ^ 

oO 

d4 t e 
uVi 

& a ¿ 

( 21.21 ) 

A different deformation of the path leads to 

, y />C 

fty-jTfcj I I ^)d6 I 

l-ij)JpMZ ^dó. (21.22) 

Jc 

For fluid of depth an expression for the complex velo¬ 

city potential analogous to (21.10) and (21.21) is 

..«.. H*Iiw«uii>hi 

;; ! il II i íillir! ¡1 II JII 1111.11111111 illijlljïi It' Ini!1 
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i ill I,'i' j ! j il.i ii iiL t l|.¿: , 



Jo ir 

«5» 

(21.23) 

I ¿ Ít4^w(.j.i ÄW # ^,,,. 

f "“I V'tv +' I-'Moví« ^ ^'V i» í\,, ^ 
i f’iW On Atv, o ( 'j ■■ ^ + i ^) <íi' 4 

One will fiad both, the two-tad the three-dliMmaioaal case 

of a periodic pressure dlstributioa over iafinltely deep water 

discussed in Lamb [1904, pp. 387-393]. Stoker [*957, ch. 4] 

discusses In considerable detail the two-dimensional problem 

of ... generated by a periodic uniform ..»sure applied over 

a, finite interval. 

21/3 , Moving pressure dietrlbutions. 

In this section we shall suppose that a fixed, pressure 

distribution is moving with a constant velocity C• Thus the 

motion may be treated as time-independent in a coordinate system 

moving with, the pressure distribution. The boundary condition 

at the free surface is given toy [see (11.3)] 

(21.24) 

and the form, of the free surface by 

(21.25) 
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In addition» we »hall aeau*® vanishing of the fluid motion far 

anead, i.e. ae , and the usual conditions appropriate 

to infinite or finite depth, p will be aasuned to be absolute 

ly integrable and to vanish for sufficiently large values of 

; however, the latter condition can be weakened. 

Results will be given without proof since their derivations 

are similar to those in 13 and 21 « . The results for two 

and three dimensions will be separated. 

Three dimensions. The expression for the velocity poten¬ 

tial for infinite depth of fluid can be given as follows: 

Lf (^1*11 J) ~- 

(21 26) 

O 

The rate at which the pressure distribution is transferring 

energy to the fluid is given by 

00 

(21.27) 

This »ay be computed directly from (21.26). The first term 

gives no contribution since it is an odd function of *-£ (of. 

the ©valuation of 20.66). The final result may be expressed as 

follows : 
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¿OI 

^ Jí" n 

djffdfdj ^f (í J)6«j(v*clJ[(*~Í)^H]-])$) 
ií — mô' — «0 

£ ÍU¿^ ^Sc I 
o 

(21.28) 
^)], 

aO 

p( J-) * [[dX d') jp(xij) Om[v J(x ^5 v 7J / 
— cwô 

Q(J)p(x,' 
—oc? 

If the pressure distribution is given In cylindrical coordinates, 

p, P (' R, <x ) ,j6=5Z^(x , then one may express, sa- , 

P('t)-) in the form 

i» 2.1" f li-.-] 

P(J) » fdX fdat R f( il< *) [v R 
o o 

(21.29) 

and a similar formula for Q ('d') . If p depends only upon Ÿ- 

then Q (■J-') — 0 and 

P(J) - ? jr J^R ¡s(R)tZ Cÿ & i R ■ 

(21.30) 

If the fluid Is of depth ^ , the velocity potential is given 

by 

ihMMmWJW 
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fc« 
ff 

" ï'V'Vc ir.. , 
jx 

dfdípi I, ()fd-J’ ÄC " 4 x 
(«0 

<N!) 

Fvl di 
fe P ,StX ^aaX^/ 'if,/ 

c»o 

—; IjííJ d? I, P d .> MX 

JT*' 
it <:> !^4i 1-6,, -4 :i , V,' Mlüik- .31) 

1 -■ v4. '(Mee1'!/ stc4l 4# 4 
ii>0 

6<W 14 « ( 'X f ) ¿>a ^ I om ( 4 • ( J' - ^ j '-l/ ? 

where 4*»4.»('^) ia the positive real root of 

4 — V ítC1 -J' 'J4î.aa. j* . 4t 4, ■' O 1A ( ^ < i ^f 

j Arc <>,î 

i 0 l-l v4 y f, 

The rate of transfer of energy may again be computed from (21.27) 

and again only the second integral gives a nonvanishing contribu¬ 

tion. The result may oe expressed in several foras analogous to 

(21.28)-(21.30): 

.it F 

U/ 4 9 ' C#i1 1,4 

— o<> — oO 

c 
Ifg 

rJT 

0¾ (iz'lfx - t(y i) d']) 
(21.32) 

^Vci> , 

1 ~ Æ \ 0 
l , 
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p/,^)» ijiofJK, j ,J OilA -J'/jdjC dy J 
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Q(J). £^- 
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In cylindrical coordinates formulas (21,29) and (21.30) carry over 

to the present situation with V replaced by 4« . 

The asymptotic form of tue free surface for either Infinite 

or fuite depth Is much more complicated to analyze than for the 

stationary periodically oscillating pressure distribution of the 

preceding soction. Although It is not strictly necessary to do 

so, it has been customary in this type of analysis to consider 

the special case of a '"concentrated pressure point”. To derive 

the velocity potential for the pressure point consider the pres¬ 

sure diet::'**button defined by 

/ , 

i R, > R a 
(21.33) 

Substitute in (21.26) or (21.31) and take the limit as 

Then (21.26) becomes 

W z ï P° (j\ > p/d 4 T 
■ i /> o 
A* 

/3am«' 

1) |CI ti 

“FfC 

i L (21.34) 

ddot t CM* (y x CMi (v I vtc-J- OAM« d) . 
^*c 
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The velocity potential for the pressure point in fluid of finite 
■» 

depth a« derived similarly. The equation representing the free 

surface may now be obtained immediately from (21.25) 

?fX 'P 
C 

,3tar 

i 

fj*, ° ! 
2. 

-K j y o . 

(21.35) 

The velocity potential (21.34) is very similar to that of a 

submerged source in steady motion (see 13.36) and the method 

sketched in section 13 for the derivation of the asymptotic ex 

pression (13.42) can be carried over directly to the moving 

pressure point 

The result, expressed in cylindrical coordinates, is as 

follows 

for 0 é o< C ÏÏ - Arc r * ¿x' c • 

'iIR/ck) » 0^ i 

for oi m o( ^ (21.36) 
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The variables , ■/* A, » A t are che same ones defined 
/ / 

following (13.42), where certain properties are also given 

Figure 1 is not quite accurate as a description of the wave crests 

in the region | F-oc | <i <X c for the pressure point since the 

phase in (21,36; nas been shifted by ^ F ; the wave crests in 

I Figure 1 should be moved back a distance ^ JT . z 
The wave pattern resulting from a moving pressure distribu 

tion has been the subject of many investigations, starting ap 

paren tly with Kelvin [1906]. His aim was to explain the typical 

wave pattern found behind a ship. The procedure is quite rea 

sonable as a method for obtaining a qualitative prediction of a 

ship’s wave pattern, since a moving »¿hip has associated with it 

a pressure distribution around the wetted hull. The obvious 

disadvantage of the method is that it gives no connection be¬ 

tween the geometry of the hull and the wave pattern. For thi 

the "thin ship'1 approximation of section 20 ß is better within 

its range of applicability. The single pressure point can oe 

taken to rep. ssent approximately a ship moving at high speed 

C/Í7 . »he,-« / JL O 

the length), say a fast motor boat 

For detailed investigation of the asymptotic expression one 

should refer to Hogner [1923], Peters [1949], Bartels and 

Downing [1955] (who do not restrict themselves to a pressure 
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m. 

point) and Stoker (1957, ch. 8]. The necesuary eoclifiCiO1 ion* 

for finite depth have been made by Havelock [1908] *ud •iro 

Inui [1936] and are describeu qualitatively in the disruision 

following (13.42). One can find an exposition of the theory of 

wave« generated by moving preseure die tribut ion* in a report by 

Lunde [1951b]. Several paper* by Havelock [1909, 1914b, 1919, 

1922] take up the wave resistance ( -• W/c ) of a pressure distri 

button. Rogner [1928] has also considered the wave resifraacce 

and give* essentially (21.28) 

In the preceding considerations we have assumed that; as 

,A ]1 
pf.x, ^ ) approached zero sufficiently quickly so 

that it might be represented a* a Fourier integral. It is a iso 
\ 

possible to proceed somewhat differently, assume p 1 -, '1 ) periodic 

in one or both variables and use a Fourier series representation. 

This has been done, for example, by Voit [1957a], who has con¬ 

sidered for both infinite and finite depth a moving pressure 

distribution of the following for* 

-1 tfV ^ ^ x ’ 

L 0 

’ / <r tv 

The waves resulting from a pressure point moving parailei to 

beachas forming angles of 30° and 45° have been treated by Hanson 

formed 

pressure point moving over a two-layered fluid. A detailed inves¬ 

tigation of this last topic is gi en in a paper of Sretenskil’s 

[1934], 
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Two dlmwnwion*. By Introducing * etroa« function 
W 

«ImIiMí "i'i1 IH'*' 

and a complex potential f JMtt ^ , the free aurface boundary 

condition can be put into a form analogous to (21.14), namely, 

Re [i'O-l0)+ ivf(x-K>)j - f 
fC rz 

(21.37) 

In addition, we assume I f I bounded &a j -+ and also 

í.'.v. 

ß -*» <iO 
^1-3. we shall assume f(*) subject to the same limita 

tions as in section 21 c< . 

On® may apply the same method of analysis to derive the 

following forms for the complex velocity potential : 
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whe re the path of integration for % in the first expression Is 

taken in the lower half-plane. The rate at which the pressure 

distribution transfers energy to the fluid Is easily found from 

formula (21.27) and the second expression for -ffl) to be 

W/ 
V 

i*<* oO 

fofwK) ¥>(1) 0^0 v(X’ j) dx 

*«• -- <90 

(21.38) 

'»III» 'I’ll« -I... ..-I ... 

nu 

ifINN 
i*"T' - i "!'! 1 ll 

Élu ELiiLaiiiiiiiuk. 
èit 

LiíluitULÚI.Jl.lâuu.lUIUiMl.1 

lli1111' l<* 

mmimr.í-iuiNMUM^iiNiMia, .fcnndWWdi^W 

kA. . , , a. ^ ... k 

'«««iil 



If the fluid is of depth hr , the complex velocity potential 

»ay be given in a form analogous to the second formula of (21.37) 

C) ^ c*o 

) 

■ 

CJXS -4.(1 -/4 + ^ ha t 
........ 

w 

f ~ v4 (¿oh1, 4ca h. 

(21. ¿to) 

J 

where h.^, la the real positive root of 

41 

h„~ 4^a*,4/ 4..■&* m o 

and exii is only if v4„ « jc1 y / ; if -y4 & f 

in (21.-40) must be deleted. The rata at which 

doing work upon the fluid le «1 ven by 

, the last term 

the pressure is 

öi jt d- lit V /v^ Í 

(21.41) 

The absence of the second term in (21.40) and the vanishing 

of W »hen vL < Í correspond to the absence of an infinite train 

of trailing waves. A similar phenomenon occurs behind a moving 

singularity in two dimensions [cf. (13.40)-(13.40) and the follow¬ 

ing remarks]. 

For either (21.37) or (21.39). the form of the free surface 

can be written down immediately from the formula 

<* (21.41) 



We shall not carry out the details. The asymptotic form of the 

surface behind a two-dimensional "pressure point"» or also a 

distributed pressure, is much easier in two than in three dimen¬ 

sions and we again omit a detailed statement. However, the 

problem has been treated by Kelvin [1905] and is discussed in 

It Lamb [1932, 242-5], both for infinite and finite depth. 
N 

is also discussed in the paper of Peters [1949] already cited in 

connection with the three-dimensional problem. 

Derivations of the complex velocity potential may be found 

in the papers of Sretenskii [1934, 1940], Sedov [1936], Köchin 

[1939] and Haskind [1943a] already cited in connection with 

plating surfaces. We refer also to papers of Dean [1947] and 

Tinman and Vossers [1955]. 

20 y . Moving periodic pressure dlstrlbutaons. 

POS 8 

sections 20 <x and 20 and consider the wave, 

pressure distribution expressible in the form 

a 

f(x,^ ,t) - ) T pv(x- Ct,^) t/ 

where the coordinates are fixed in space. The resulting velocity 

potential will be analogous to (13.52) for the three-dimensional 

case, if one is dealing with a "pressure point". 

We shall not reproduce the formulas here. However t'-e 

analogue of (13.49) for pressure distributions m»y be found in 
the 

the cited report of Lunde [1951b], and fro.i thisArequired velo¬ 

city potential may be found. For two-dimensional motion the de¬ 

tails, carried out by this procedure, may be found in papers by 

Kaplan [1957] and Wu [1957]. 


