
UNCLASSIFIED 
 

AD NUMBER: 

LIMITATION CHANGES 

TO: 

FROM: 
 

AUTHORITY 

 

 
THIS PAGE IS UNCLASSIFIED 

AD0227275

Approved for public release; distribution is unlimited.

Distribution authorized to U.S. Gov't. agencies and their contractors; 
Administrative/Operational Use; 1 Jul 1959. Other requests shall be 
referred to Office of Naval Research, Washington, DC 20360.

ONR LTR 9 NOV 1977



THIS REPORT HAS BEEN DELIMITED 

AND CLEARED FOR PUBLIC RELEASE 

UNDER DOD DIRECTIVE 3200.20 AND 
NO RESTRICTIONS ARE IMPOSED UPON 

ITS USE AND DISCLOSURE. 

DISTRIBUTION STATEMENT A 

APPROVED FOR PUBLIC RELEASE; 

DISTRIBUTION UNLIMITED. 



:.1.:.11- •: !: •! i' :: 
.i:? : ... 

I: • : : ■ i •. : ; i: • :. . . . ||: 

:; !■ ?:! i¡: ü!! J !•! 'j- üi&lj«:' !ii;:í!í!:íiíii|^i í¡í;h:níí<ísí!¡ £ -!* íí!{;v>:!<s- 1 •:!' •' >r- ¡I- ¡I : ■' ;! • ¡j |! !!¡ ¡-'¡¡^¡¡¡Ijíii i!!;iiiii :i. ;; ü ;í: ^ ..- i 'i=:^ :¡. Wiïhï :i,:;i í; j;; ¡; : 

i. :;!i:l" 

Mi.:,: 

CONTROL ONLY 
' ’ " ' i5 i.: :!^i!:!:j 

#• 

¡’¡"i i -iïli i ! i: : i :■ : • 



'1 

i I 



% ii »im <“ i r»í** 

j 
I ^ 

UNIVERSITY 
C- ¿5 INSTITUTE OF EN 

mm iru i w 
UJ 
.mm'i—J ' 1,111 

UÄP**P 

C3 C/O 
llildMK*Vr 11 

VS ff;* 
'''^ Ä i il 11^1 'i' Ji' 1 iii:>rw 

^1,11 1 '1 i1 '1 Ml Í"U|1!I’|J 1' 'í' i 'IfJi ."M », , 
1 ' 1 1' '"I"1 ll if. I 1*11 

.. « i" :i"i ' T!S5,í 

CALIFORNIA 

BRING RESEARCH 

FORNIA 

WATER WAVES. 

I 

by 

John V. Wehausen 

Under Contract Number N-onr-222(30) 

m rj ' 
A 

ï. 

" :¾¾ m 
V bí: y 

11 PüR 
CDD ICC Mf| 

ISSUE NO.. 

.82. 

.¿J.. 

• Id 
* aHNSF 

DÀTnB..ÂW8Wf.Çj..^58..(*^yi.fi?.4..«IwAy ...î-959) 

....*.. 111 .111111 ..... 
a .. 

M'hlllHlUll'hUMMHIIl 

if H Ul 'lN';lhW|ll|' 
II INI HI .•. .■."’■e WAlii'‘':UllUUIl Í5SÂ . 



ERRATA AND ADDENDA 

Vol. I 

p. 2a, 1. 3*: Read "Villat" for "Villet." 

p. 23, 1. 2: The end of the line should 
read, "where y-o is." 

p. 88, formula 
In the first term read z-c 
for z-o. 

Vol, II 

p. 147, 1. 13: Replace the sentence beginning 
1 Ills* 4 vt a «-a* 4 in ** Ko 1 "Weinstein by "Com¬ 
pleteness follows from known 
criteria [see, e„g.,N. Levinson, 
Gap and density theorems, Amer. 
Math. Soc. Colloq. Publ. no. 27, 
New York, 1940, ch. I]. However, 
both orthogonality and com¬ 
pleteness are consequences of the 
general theory of Sturm-Liouville 
systems. 

r 1 formula 
The limits of the integrals with 
respect to y should be -«» and 
0 instead of 0 and oo . 

p, 150, 1. 7*: Read 23a for |2. 

p. 154, 1. 12: Read e for e 

p. 156, 1. 7: The line should begin "in terms 
of the wave length and the con¬ 
formal mapping." 

p. 156, 1. 2*: The line should begin "Ursell, 
and also Mamyanskll [1954], 
also ..... 

p. 157, 1. 9: Add to this paragraph the follow 
ing sentence: "Bartholomeusz 
[1958] treats the long-wave 
approximation for reflection at 
a step in the bottom." 



p. 157, 1, 13, 14: 

p. 159, 1, 12: 

p. 160, 1. 3: 

p'D 161, Ik 5-7. 

p « 161, 1 hi 10 K 

p. 167, 1. 7+: 

p. 175, lo 13: 

p. 179, 1. 6: 

p. IÖO, formula 
(17,30): 

p, 180, I, 2*; 

p. 181, 1. 4: 

p. 191, 1. 7: 

p, 204, 1. 2+: 

p. 205, 1. 8+: 

These two lines should read, 
"using the completeness of 
the functions fc£. (16.1)] 

For "value" read "value (see 
Kreisel [1949] or Meyer [1955])." 

Insert the following sentence 
between this formula and line 4: 
"Other general considerations will 
be found in fiiesel and' LaMéhauté 
[1955]." 

Read "Dean [1945. 1946]" for"Dean 
[1945]." In linas 5 and 6 delete 

the clause "the .... w/ln." In 
line 7 read "[1957]" for"[ 1958]." 

Add the following to this para¬ 
graph: "Dean and John alio treat 
barriers inclined at an angle w/2n. 
Levine and Rodemlch [1958] solve 
the vertical-barrier problem by 
several methods,, including thé 
cited ones, and then apply one of 
then to the problem of waves in¬ 
cident upon two parallel vertical 
barriers -^ 

Read Rx to : K2. 

Complete the sentence by "when the 
body is completely submerged."1 

Between "again" and "by" insert 
"by Macdonald [1896],. Pockiington 
[ 1921 j and In line 7 read "All" 
for "Both.," 

On. the right side read %(}) f (})> 

Read "Lehman" for "Lehmann," 

Read (17.32) for (17.12),, 

For "enough" read "enough and the 
body Is submerged," 

Read "Donn" for "Dunn." 

Replace the third sentence of 
this paragraph by the following: 
"The solutions <18.33) for Y' ~ 

fX/'l (if\+ i) have also been given 



p. 208, 1. 1*: 

p. 216, 1. 7: 

p. 216, i. 8*: 

p. 216, 1. 1*: 

p. 218, formula 
n9.il): 

p. 225, 1. 7: 

p. 231, 1. 4: 

p. 239. formula 
(19.63): 

p. 241, 1. 6: 

p. 242, 1. 11: 

by Macdonald [1896]. At thasc 
critical angles the solution (18.33) 
does not vanish as * Macdonald 
apparently discarded the other B 
solutions as being of little Interest, 
not 'being sensible at a distance 
from the edge.' Roseau [1958] has 
recently carried through a systematic 
investigation of edge waves, In¬ 
cluding ones with singular be¬ 
havior at the edge." 

For "discovered" read "states." 

Insert the following sentence: 
"Alblas [1958] treats similar 
three-dimensional problem in which 
the motion is periodic along the 
length of the strip." 

For "approximately" read "approxi¬ 
mately; by improving the approxi¬ 
mation, Levine [1958] has 
clarified certain anomalous re¬ 
sults of Köchin for an oscillating 
horizontal plate." 

Add the following sentence to the 
paragraph: "A general survey of 
methods of generating waves in the 
laboratory, including some account 
of theoretical results, may be 
found in a recent paper by Blesel 
and Suquet [1951, 1952]." 

The first integrand should read 

In the space following "breadth" 
insert "b." 

Delete the sentence beginning on 
this line. 

Insert "«" before "Re." 

For "forces" read "coefficients." 

Replace "by MacCamy [1954]" by "by 
Barakat [1958] (in an earlier in¬ 
vestigation by MacCamy [1954] the 
multipole terms in the potential 
for the diffracted wave were omitted)." 

p. 208, 1. 1*: 

p. 216, 1. 7: 

p. 216, i. 8*: 

p. 216, 1. 1*: 

p. 218, formula 
(19.11): 

p. 225, 1. 7: 

p. 231, 1. 4: 

p. 239, formula 
(19.63): 

p. 241, 1. 6: 

p. 242, 1. 11: 

, . .. . . ' 



243, 1. 4: 

2*t 

Replace the rest of the paragraph, 
starting with "MacCamv," by the 0 
following: "Baraket shows that aj> 
can be found as a series in functions 
of the form (13.21), with ^cOand 
account taken of certain synmetries, 
and functions of the form (13.20) with 
Ar “ Oand r* * * , 
Let 

_ i**. 
V 

¿H - . 

'2^ 
r3^l - 

rHHl. 
CTli (2^-<)« 

*4 * ij *j 

n\: 1, 

C 
( u s ¢) 

I ^ ^ 

•ib ni (-0" v"*1 J. fvR)]« i, 

Then </ may be expressed as follows 

L a in 
ite+i. _ 

Z c>„ 
hs 0 

; 

247, 1. 1, 3, 4, 

248, 1. 1*: 

249, 1. 14r 

. tlv, 
where the complex coefficients Aim 
3**‘\ Cr are to be determined 
from (19.75). No numerical computa¬ 
tions seem to be available." 

Read " cV^l” for " Cvl/%‘' ." In 
line 3 read " for " >o-" 

To the sentence terminating on this 
line add "(see also Lamb [1934]). 

In the parentheses insert "Köchin 
[1937 ab, 1938 c]," before "Long." 

'Mlnjl'jlj1 

11:1::11111 illll Él illilllliíl 



Il 
p. 250, 1. 7: Insert ''(*0,-1, )" after "point. 

p. 250, formula Read " *~r* + *» " and " 1." 
(20.185: ^ £ , 1 f 

for and " £ " respectively. 

p. 257, 1. 8-9: Read "singularities" for "singulariza- 
tion." 

p. 257, 1. 11: 

p. 266, 1. 5: 

Read "a single-valued complex" for 
"the complex." 

Read "[1951, 1958]" for "[1951]." 

p. 268, 1. 6: To the end of the paragraph add the 
following: "Cummins [1954] finds the 
additional effect of a train of waves 
on the surface." 

p. 274, 1. 4*: Read "Froude" for "Fronde." 

p. 275, 1. 7*, 8*: The statement should be weakened as 
follows: "ïuis is confirmed only 
approximately in photographs; diffi¬ 
culty.... ." 

p. 276, 1. 6, 12, 
1*: 

Heaci ** ä^ jfoir ** — ä s Js cl. ^ 
formula (20.73) the lower limit of in 
tegration is "-cl." 

p. 288, 1. 9: Add the following to ttis paragraph: 
"More recently the problem has been 
considered again by authors unaware of 
the earlier work. Squire [1957] has 
analyzed a gliding flat plate by a 
method similar to that used by 
Sretenskii and Manto. Certain integrals 
involved in this mer.hod have been 
tabulated by Miller [1957]. 
Cumberbatch [1958] has used a method 
similar to Sedov's. Both authors add 
new results to the earlier work." 

p. 301, 1. 3: Add " ^ +^ ," to this line. 

p. 311, 1. 8: Add the following to this paragraph: 
"Also, in the neighborhood Wf ac = 
the expressions in ¢21.36) are 
Inaccurate; in this region n may be 
expressed in terms of Airy functions 
(see Ursell [19591)." In lines 5 and 
8 read "Fig. la" for"Fig. 1." 



Pag* 6 

P» 315, 1. 5*: Replace this line by "analogHea of 
(13.,49) and (13,33) for presaure dis* 
trlbutlona nay be found In equations 
(22.48) and (22.49) or in." In line 
4* read "these" for "this." 

p, 329, 1 7: 

p, 322, I. 11*: 

p. 341, 1, 6: 

p. 367, 1. 3: 

p. 378, 1. 2*: 

p, 422, 1. 11; 

Vol. Ill 

Read "final" for "find." 

Read H( , t')1 ■ for H ( , i ).. 

Insert "(see also Murtela [1955])" 
following "[1953]." 

Add the following to the paragraph: 
"A problem somewhat related to those of 
this section Is the motion of a freely 
floating body In a fixed bounded basin 
(there is now no dissipation of energy 
as in the problem treated at the end of 
section 2210. This problem has beer, 
dealt, with by Perzhnyanko [1956] and 
Moiseev [1958]." 

Read " ryabi " for " ryaby 

Read "approximation" for '‘approxima¬ 
tions." 

p. 422, 1. 1*: Read [1919a] for [1918]. 

p. 428. formula Read T ' "f0** T 
(27.21): 1 

p. 430, formula Read 77 for 7-7 * 
(27.29): a 16 

p, 433, 1. 3*: 

p, 437, formula 
(27.43J: 

Insert "and by De [1955] to the fifth 
order" following "third order." 

Read f-w for C<av , to conform with 
the notation elsewhere. 
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A, Introduction 

The various problems of fluid notion treated In this 

article have in common the property that the fluid i' subject 

to a gravitational force. In addition, in almost all cases 

they also have in common the presence cf surfaces separating 

two fluids of different densities or, if only one fluid is 

present, of so-called free surfaces. However, not all fluid 

flows falling into this category are treated here: tidal 

motion is treated in vol. 48 In the article by A. Defant. 

The of served properties of ocean waves and their generation 

by wind are treated in the article by H, U. Roll, also in 

vol. 48. Closely related problems concerning flows with free 

surfaces are treated in the article by b, Gilbarg.in this 

volume. 

The subject of watei waves engaged many of the mathema¬ 

ticians and mathematical physicists of the last century. 

Moreover, the last several years have brought a renewed 

interest in the theory of water waves In addition to this 

extensive literature on theoretical aspects of the subject, 

there have also been many experimental investigations, 

usually carried out by hydraulic engineers. Hydraulic 

engineers have also produced an extensive literature, both 

theoretical and experimental, on open channel flow, flow over 

weirs and through sluice.gates, etc,; included is a consider¬ 

able literature on numerical and graphical methods of solving 

the equations involved. Oceanographers have produced their 

own literature, usually emphasiaing different aspects of the 



subject. The theory of ship waves has produced Its own 

literature. 

All ti.ii. material Is pertinent to this article. Clearly 

some selection has to be made. We have followed roughly the 

following rules: Fundamental results aie derived In full. 

The treatments of various special problems are selected so as 

to exemplify particular methods, other methods being mentioned 

only by literature citation. Experimental results are not 

usually reproduced, but references are given. Numerical 

methods of solving equations are not treated at all. The more 

special problems of hydraulic engineering are also not treated. 

Geophysical aspects which are omitted have already been 

mentioned. 

Several excellent expositions of the theory of waves or 

of various parts of it already exist. We mention the follow¬ 

ing*: Lamb [1932, chs. VT1I (pp. 250-362) and IX (pp. 363- 

475)]î Basset [1888, ch. XVII (pp. 144-187)]; Wien [1900, 

ch. V (pp. 166-224)]; Köchin, Kibel', and Rose [1948, ch. 8 

(pp. 394-526)]; Milne-Thomson [1956, ch. XIV (pp. 374-^31)]; 

Airy [1845]; Bouasse [1924]; Auerbach [1931]; Thorade ly'** 

Sretenskli [1936]; Khristianovich [1938]; Keulegan [1»^; 

Eckart [1951]; and Stoker [1957]. The last cited book by 

Stoker gives an up-to-date account of much of the fundamental 

theory. For observation of waves of many kinds, Cornish 

[1910, 1934] and Miche [1954] should be consulted. Shuleikin 

[1953, part 3 (pp. 213-292)] contains a general discussion of 

^References are collected at the end and identified in the 
text by author and date. 
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topxcs of interest In oceanography. Russell and Macmillan 

[1952] give a rather nontechnical discussion of ocean waves. 

A volume published by the Society of Naval Architects of Japan 

(Zôsen Kyôkei) contains expos!toiy papers on various aspects 

of water-wave theory related to ships (see Maruo [1957], 

Jlnnaka [1957], Nishlyama [1957], Bessho [.957], and Inui 

[1957]). 

For extensive bibliographies one should consult Thorade 

[1931, pp. 195-211]; Sretenskii [1936, pp. 294-303]; Kampe de 

Fériet [1932, pp. 225-229]; and Stoker [1957, pp. 545-560]. 

Sretenskii [1950, 1951] in a survey of the accomplishments of 

the USSR during the years 1917-1'47 has given a rather complete 

bibliography of Russian papers during those years. Takao Inui 

(1954] has Included a valuable bibliography of Japanese papers 

in a survey of Japanese contributions to the theory of ship 

waves. An interesting early history of the subject may be 

found in a paper by St.-Venant and Flamant [1887]. The 

treatise by the Weber brothers [1825] is still of interest 

for Its content, and especially for its many references to 

and summaries of the early papers on water waves. The section 

on waves of the article on hydrodynamics by Love [1914], as 

modified by Appell, Beghin and Ville., in the Encyclopédie des 

sciences mathématiques gives brief indications of the contents 

of many of the papers published up to about 1912. 

i |i|'br!'ii¡ mill ::k. .I||l|ll|(||¡!|l 



B. Mathematical Formulation 

1 • Coordina te .aya tema and _ c onven t i ons 

In the mathematical description of waves one may, as In 

fluid mechanics In general, describe the motion by describing 

either the paths of individual fluid particles ("Lagrangian" 

description) or the velocity (and acceleration) field in the 

region occupied by fluid at a given moment ("Eulerian" de¬ 

scription). Generally, but not always, the Eulerian descrip¬ 

tion will ba used. 

Rectangular coordinates may be used conveniently for al¬ 

most all problems. The y-axis will be taken directed oppo¬ 

sitely to the force of gravity, ‘he x-axis and z-axls so as 

to form a rlgnt-handed system, (i.e,, If the y-axls Is toward 

the top of the page and the x-axls is toward the right, the 

z-axls will polrt toward the reader). This Is a somewhat. 

unconventional choice for the z-axls, but has the obvious ad¬ 

vantage that in two-dimensional problems one can delete z- 

dependent terms from the equations, hive conventional (x,y) 

coordinates, and set z-x+ly without ambiguity when complex- 

variable methods are convenient. 

It seems hardly worth while to try to formulate rules 

concerning when a moving coordinate systea is preferable to a 

fixed one. However, use of a moving coordinate system 1« clearly 

convanlent in those cases where it allows one to formulste a 

problem in a time-independent manner. 

The following well-established convention with rugard to 

use of certain letters will be adhered to. The components of 

the velocity vector ^ will be denoted by u,v.wr the pressure by 

f and the density by f. lhe coefficient of viscosity of the 

lEI ' ' ¡y m 1 i I ¡lili 
.i 
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2. Equations of motion 

Dorivatlons of the fundamental equations describing fluid 

motion are available In. many places (e.g., vol. 8 of this Ency¬ 

clopedia). The equations are reproduced here for convenience 

of reference. 

The equation of continuity in Eulerian coordinates is 

li 'm dx ■’i 
(2.1) 

If the fluid Is incompressible, but not necessarily homogeneous, 

,0' (but not necessarily and eq. (2.1) becomes 

9 m i 'Sx + S ^ Ü (2.2) 

In Lagrangien coordinates this may be written 

t; D ~ [ (>' s-') 

where 

.3) 

v> - 9> 

% % it 
For an Incompressible fluid | t) 

bee 

■2x 
3 a. 

V X 
O1 C* 

^0,^,0,0) and (2,3) 

J> ~ i (2.4) 

The dynamical equations take different forms according as 

wit does or does not try to take account of viscosity. The 

Mavler-Stokes equations for the motion of an Incompressible 

irïscoui. fluid,' when the only" :elttefngl: Jòtp# is "that of" .. 
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S1 H Jill il 
-r- + U ■;— -♦ V"* 
è t S* 

iir + u ¿ir -t V“ « 
Sfr îx 5 

j!»»« -t i*r fl, ' — 
¿ 

îi'V 

'â 

¿ 

„ ,, "ã ir — 'ux zj!» 

5v 

>si 'f'"' 

’ 7 lí ■'"f (2-5) 

4 xC'X f V- 1- 4 t,. ^ .: 
"t'-i ' ' ïf f,; 

'it ■* .£ ô, Ur, 

If viscosity is neglected, the last two terms on Che right side 

of the equations are to be deleted and one obtains the equations 

for an "’ideal" fluid: 

3 w 

öl 

3 ir 

X 

lr 
9 » 
ir3« 

+■ l'"" 
> 3 ' o i 

4 U^ + lV-|V- +Ur|T t 

3'--: + u ^ tvlJí -ti,.- 

? 

J. äh 
f 3« 

- -1 Ip 
r s? 

- ^ 5i 

(2.6) 

In Lagrangian coordinates the latter equations'become: 

.:- . . llJ' , C A o ^ , , 
-. 1 fr- 

il t ’ '3>* 

Wx d'K 
7) tx "o7- 

Í 1 n- 

r1 i d Ü "3 f 1 ' . 

c^jr' r 1* 
ï tv 2 (l 

t (.-, + >'.j 'i , 

liln + 
1 af 
f1 Ó1 (2.7) 

J Jt 
C "■> '■ # r «" 

The equations of two-dimensional motion result if one 

deletes all terms containing z, w, and c. 

The motion is called irrotational if it satisfies the 

additional equations 

i^.l V** .|»\ d 

»r ^=' Tï 

c) VAT 
d!»1 ‘^K J 

c) V. 
J x, 

rO (2.8) 

(2.8') 
or, in two-dimensional motion, 

:- O 
?,v d y 

In the case of irrotational motion there exists a potential 

function (|i(x, y, z, t) such that 

2JÍ , , - = |r- o.» 

It is a classical theorem of hydrodynamics (ef. Lamb [1932, 

$§17, 33]) that. If the motion of an inviscid fluid with 

|> • |}(p) 1» Irrotational at any Instant, It is so thereafter. 

In particular, a motion started from 

... ...!.L,. 

. . l'¡\ ' 



...I. 

If the equation of state, the following Integral 

of the equations of motion exists for Irrotational motion: 

'jt 4. ~ + ^ y 4 P -S A fi) O' 
(2.10) 

where p • Ç f ‘ c y and /\(t) Is an arbitrary function of t. 
I®* 

If tLe fluid Is incompressible, the usual case in this article, 

is independent of p and the integral becomes : 

\ 4- ^ -4 = Alt). 
■¿T * i 

In this case one obtains also from (2.2) and (2.9) 

A , a (p * —V4 2 ÿ t U ■ 

{2.. 1.0 1 ) 

(2.11) 

Even If the motica is not irrotational, tb- -e still exists an 

integral like (2.10) if tr.¿ motion Is steady, the so-called 

Bernoulli integral: 

~ (uS v'4^1) + ^ ÿ ^ ? = (2.10') 

Here C is constant along a single streamline: 

j.p , ^ ^ ^ y; • ), 

but may vary from one streamline to another. 

There will be occasion in the following to treat problems 

in moving coordinate systems. Let 0*% y be a fixed coordina » 

system and be a system moving with respect to but 

without rotation. Let v; be the vectorthe velocity of 

a particle referred to be y and to Óürj j be V. Then 

y- v-4^ . we shall generally want either to describe the abso¬ 

lute motion v with respect to the moving coordinate system & 
Õxjr j. or the relative motion ÿ with respect to this coordinate 

system.' In either case the continuity equation remains the 
.. *« *'¡:V¡U -!« iN 1)1 ill 

III , 1111: 1111 . lii. j l:L ■ r* i IT »w 
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-I '«il I* A JL. IT 1» C? il» U1 

àf + + * .iiîm1'» O. ||| 
11 « i7 *' 3 (2.12) 

or 

LÇI ^ MI1 + 4 O , r ïC.î.lt). tu» s s 3'^ iù J \¿. ijj 

Th« dynamic«! equations for an Ideal fluid for the absolute 

motion described in the moving coordinate system are: 

-+ rf ^ l '-^) “ f || 1 

àü ♦ (wi-41,) sir + 4(wr-u.i\ ir r - 5- * s lí » 
+ v ; 5 7 1 1 Ö m¡ V I ¡) ^ <3 f ïï 5 

hi + (u-u.Xisf 4.^-ia) ^ 1- = -f4 ■ 
it 07 1 J ' ‘»J J.0] 

The dyn.amlcal equations for the relative motion are: 

(2.14) 

■&Û - li- l4 r; 4 ,Ii sii r -¿ - Ú 
-,+- "'ll I 

— iv* — ) r*«** 4» [U,/- hJL— 
tn a X + j "■ 5 j 

J AjP - ñ 
f 

(2.15) 

i) * ^ D ^ 

Ô'C* , - äV- -t 't* *4- 4 
•>3 ' öj - d 

Let us suppose that the motion is irrotational and let t) 

be the velocity potential for the absolute motion in the fixed 

coordinate system, Let 

= (¡'[it* f«.¿^^ + fv;it,?*t-) * $ (*< 

Then ^ is the velocity potential for the absolute motion in 

the moving coordinate system: 

àî , 1A 

Dx 

The integral (2.10) becomes: 

where 

If (*■«.? , ( (r-v.)1- , -A (*), 
c>r 1L 

, if1, . 'M ! ta: 
4/6= 4/()4^ li. If one defines (|> by 

(2.16) 
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then $ is the velocity potential for the relative motion: 
3 ar M 

Ò l li 1,1 - 
r-r* - ^ , l"“ - 'Tf r -r - 

and the integral (2.10) may be written: 
«M 

w f W 4- *4* U/1 ^ ^ ^ ^ ( t j . 
(2.17) 

The more general equations when the system is also ro¬ 

tating will not be necessary for this article. 

3. Boundary conditions at an interface 

Let us now suppose that we are given two immiscible fluids 

with a common boundary surface, ${t) ■ The one fluid, with 

density ^ and viscosity ^ , will occupy region í<,ft) ; the 

other, with density pv and viscosity^, the region 

Let F(x1^i J ,î) = 0 describe the surface we assume 

F,k'tf.V4 f L >0 (where F, etc.). 

The first condition which the surface S(t) must satisfy 

is a kinematic one. As the surface moves, the velocity of a 

point (*,on the surface in the direction of the normal to 

the surface is given by - Ft /v F,^ f. ♦ F,‘ . Here one takes 

the normal in the direction (j~At F, ( j . A particle of fluid 

at the same point of the surface at that instant will have a 

velocity component in the direction of the surface normal given 

by Vw. For S(t) to be a bounding surface me ms, 
V F„ + Fÿvf F^ 

of course, that there can be no transfer of matter across the 

surface. Consequently the following equation must be satis¬ 

fied: 

■+ V* Fm “F ^ (3.1) 

where we have used the assumption Fx\i\v ( >0 in dropping 

the denominators. If one defines the "material derivative" 

Klljil Ü. ijáUl ( li lUliánií U MI Ji hi I uiiJ iHii 11: n i11 ii il * il ¡I111 i Í II I n liir H ti il n    I,:::::   "Clin    :1:1.:1  :    !: ti ll i'l '1'f ! !"■ '1 " > :: « ■iit'l-l'lâllil' MJttlill.illilil     LI 
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by tbcs ©cjuaCIoti 

Dr 
Dt 

X u F. + V F,, + U* F, t j 

then (3.1) is the sane as 

Df 
Dt 

- D (3.1') 

This condition must be satisfied by any bounding surface, 

whether an Interface or a rigid boundary*. 

There are further dynamical conditions to be satisfied 
I 

at an interface. Let us first consider the general case of 

viscous fluids with surface tension at the interface. The 

following assumptions are made: 

1) The effect of surface tension as one passes through 

the interface is to produce a discontinuity in the 

normal stress proportional to the mean curvature of 

the boundary surface. 

For yiscous fluids the tangential stress must be con¬ 

tinuous as one passes through the interface. 

For viscous fluids the tangential component of the 

velocity must be continuous as one passes through 

the interface. 

In order t.o formulate these statements in mathematical 

language, we introduce the following notation. Let J.) 

be some function defined in both 1?, and and let 

be a point of the Interface S. Assuming that the following 

limit exists, we shall write = l'"> y i) as 

2) 

3) 

*For further discussion of this condition see Truesdell, Bull 
Tech. Univ. Istanbul 1 (1950), no. 1, 71-78 (1951); Lichten¬ 
stein, Grundlagen der Hydromechanik, Springer, Berlin, 1929, 
pp. 159-170, 234 ff. 

rrrr... ...i:..i— lililí «lil i «Milli 
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í*,T,P(*,>>) ,n » 4nd' 

L«t the components of the strei* tensor be denoted by 

«r*> ffn. T 
,11 

S* r»i rafr' 

irJ» :"u- 
Conjlder an element of area of the surface 5 at a poiftt fV,] j) 

of S. Let the unit normal vector to S at f^J^be 

Then the surface element will have associated with it the 

stress vector with components: 

°i»ií i + Wl + O j i ^^ ^ Tj'J n i l5}.* '* - 

Let '1?, and T?x be the principal radii of curvature of 5 at 

(■'f.'j.p . Then statements 1) and 2) are combined in the one 

equation 
L'Ç* /' "* ^ ^ j ”1” '1 1 J 

4' ■* ?'n ^ -+ ^ oj = T ( R.’"' •+ "f?,"' ) 

.Í 4 ^ i * "T ("T?, -* K v ) n ^ 

(3.2) 

where T is a constant of proportionality depending upon the 

two fluids (and their temperatures, but this will not be con¬ 

sidered here). T is called the coefficient of surface tension*. 

The kinematic condition imposed in (3.1) is clearly e- 

qulvalenf to continuity of the normal component of the velocity 

as one passes through $• Consequently the condition 3) above 

may be combined with this to give 

U ( »Uv. / V“, * v\ ; (3.3) 

♦For an air-water interface T*7t,8 dynes/cm. at 20 C,for mercury - 
air Interface T»4fi*dynes/cm. at 20* C, for a mercury-water interface 
'T*4I2 dynes/cm., for benzene-air T *• lí- i dynes/cm. at 20* C .for 
liquid helium-helium vapor T*ûl4dynes/cm. at -270*0. 



In the linearized theory of viscosity the stress tensor la 

given by 

r - -r 
- |K ('V, 4 

- r+ ( 

p- ?M'u, -1/“ 
-/^(^-%u^ (3-4) 

If the fluid is incompressible, the terms containing the second vis¬ 

cosity coefficient h vanish. 

The geometric quantity r”1 + R^1 is given by the formula' 

i- + Jr “ - 1_^_ _ J_ ?» J. 

«' ^ ^ /c.crj- (3.5) 

[F c 
1 > 

VI Vz 

■j J 

The sign is so selected that, if it is positive, the direction of 

Increase of the normal component of the stress vector at the inter 

fact is in the direction 

F* Fy 
¡10* fm X* 0* \m 

(3.6) 

In the case of a surface given by £s.ÿ (X,j) equation (o.5) becomes 

r fedllhll4 fa f1* 7^) ~l , i i 

f?, f?v 13 ./V1 (3.5') 

(1 ■‘vk* ij1')1 
In the case of two-dimensional motion this simplifies further t » the 

well-known formula 

T *« 

( I(3.5") 

If one now substitutes (3.4), (3,5), and (3.6) in (3,2), one 

obtains the general boundary condition at the Interface. 

Ä’See, e.g*, A. Duschek and W. Mayer, Lehrbuch der Differentialgeo¬ 
metrie, Bd. I. Teubner, Leipzig-Berlin, 1930, pp. 150-152. 



'Thu reault It unwieldy in let general fono*. 

If Che Interface is given by the boundary condition 

becomet 

tphj, = T*i7-,4ri'."‘J% 

(pj t {Cr^- -11r + i r ij^íxTí?, (3 ?) 

-/1>'—z [ 

wieh R;’hR;' given by (3.5'). Here fluidj is the lower and 

fluidj the upper fluid. For two-dimensional motion the equa¬ 

tions take the following form: ,, 
_2>' [|>] ’}'(«) - f 1 L> yM - ( r (u, 4 K)j] - T -—,//} 

[[-] 
*5" 

(3.8) 

/ t •* 1 'M' ; 
:.rh ■ 

One may also write this condition In terms of the components 

of the stress vector normal and tangential to the interface- 

m - ; Lrzlj'' + . _,v.i 
2 Í ^(>-y- )]y^ [yí^¡lr *,/-,)] ( 

If surface tension Is to be neglected, one obtains the 

resulting boundary condition by setting 1 ~0 in the various 

(3.8') 

equations above. In this case equation (3.2) simply states 

the continuity of the stress vector as one passes through the 

Interface. 

If viscosity is neglected, but not necessarily surface 

tension, the condition on the stress vector becomes simply 

[f] = T ( R,’1' l?v" ), (3.9) 

«diere, of course, the mean curvature is still given by (3.5). 

*In tensor notation the condition is somewhat more perspicuous: 

¡rPJ i* - -ir'wilj = t 

wUt , (^) 4„j F,; s3F/3. We have 
retrained from using tensor notation because its particular 
advantages cannot in general be exploited here. 

r 



The other boundary condition (3.3) changes more drastically 

upon neglecting viscosity: Condition 3) stating the contin¬ 

uity of the tangential component of velocity is abandoned. 

The continuity of the normal component, i.e. (3,1), is still 

retained, of course. Condition 2) concerning the tangential 

stress is satisfied vacuously for an inviscid fluid. 

So far we have considered the boundary condition at an 

interface between two fluids. If the second fluid is absent, 

the boundary surface for the first fluid is called a "free 

surface". Usually the pressure above a free surface is as¬ 

sumed to be some given function, say . of position 

and time; in most cases It is taken to be a constant, either 

an assumed atmospheric pressure or zero. The boundary con¬ 

ditions concerning the stress vector at a free surface are 

( P - p) ^ 4 p j 2 M » F, + ( U y * ^ F,, 

(F - f)F/ * rí ''■'-(ir’- * 

(F F}4 r í ( ^ F, 

slight modifications of those for an inter fe,ce, and can be 

obtained by setting = 0 /.'0 . The result is again somewhat 

unwieldy In Its complete form* For an Incompressible fluid 

jL £ 1» s 
y 

■ C, r.) ZL T( f?,*'4 I?;1] S 
*■ Í ' } ' rt » ' Í 4 

i ur. 4 4 ^ ^ ^ 14 ) ' 

Here we have written ?■> for , and ^tor p, ; p( p y, are to 

be evaluated at rf-*, “ y '4, t' =0 

The case with which we shall be chiefly concerned is 

that of an inviscid fluid without surface tension and with 

(3.10) 

*In tensor notation it may be written: 

I (F-p)cVK*tVrf%*v''i F. 
_ M “ F. r f j r f. t£_ 

¿¿-77 =T--s—r-'V/v 
pjk) A (1 '■* 

Lx 

Here we have written F for J\. and 
^ , for ft • All variable quantities in the braces are, 
of course, to be evaluated at the free surface P ~0 . 
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i)r pt , a constant. In this case the boundary condition 

reduces to the single equation 

(>'*'] j t) ‘ P° (3.11) 

on Fu.yj.tï r C . If the motion is irrotatlonal and Incom¬ 

pressible, one may determine p explicitly from (2.10') so 

that (3.10) becomes 

(b . f • ‘ (3 l!') 

to be satisfied on FT* 

In the case of steady motion of an incompressible fluid, 

the Bernoulli integral (2.10") still exists even if the motion 

is rotational. Consequently, in certain two-dimensional prob¬ 

lems of steady motion in which the free surface is a streamline 

one continues to have a boundary condition like (3.10"): 

f I-k * ) * : 7 * «*/f r C (3.11") 

to be satisfied on '!* -r ^ 

A. Boundary conditions on rigid surfaces 

Let the equation of the rigid surface be given by the 

equation 6 (*, vl,f) - 0 . Then in the case of au inviscid 

fluid the condition to be satisfied on 5 -O is the same as 

the kinematic condition (3.1): 

^ CiA -*• Ir fï y -t- ^ G J, - * , ( A. 1 ) 

i.e., the component of velocity of the fluid normal to the 

surface must equal the velocity of the rigid surface in the 

direction of its normal. 

If the fluid is viscous, it must stick to a solid boun¬ 

dary and move with it without slippage. An equation of the 

form G >,, tJ - u is not ruitable for for. ulating this 

statement in equations (e .g., x Vj\’L =. Qv does not distinguish 
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b«twe«n a rotating and a »tationary *ph«r#). Let tht aurfaca 

be given in parametric coordinate* by; x= Xf 

îrs Z -Í'1 , '«here a given point on the mir face corresponds 

to a given pair of values (r,\) , Then the condition for vis¬ 

cous fluids may be written: 

If a solid boundary penetrates the free surface (or an 

interface) of a viscous fluid, there will be some difference 

in treatment of the boundary condition according as the fluid 

wets the surface or not. In the case of: mercury sloshing in 

a clean glass basin, the fluid pulls free of the surf’ce as 

it moves up and down, whereas water in the same basin will 

continue to adhere to any part of the walls already wetted. 

Furthermore, If surface tension is taken into account, the 

angle of contact of the free surface with the solid surface 

will enter into the boundary condition; in the first case 

mentioned above the angle may vary according as the liquid 

is rising or falling along the wall*, Although attempts to 

prove very general existence theorems for fluid motion would 

presumably take such complications into account, they are 

usually neglected in most, solutions of special problems, 

there being indeed little choice in the matter, 

5. Other types of boundary surfaces 

Geophysical problems sometimes suggest situations in 

which there is an interface between a fluid and an elastic 

medium. This may occur, for example, in the study of the 

*See, e.g., R. S. Surdon, Surface tension and che spreading 
of liquids, Cambridge, 1949, pp, 76-82. 
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•ff«« of octcn wav«« on th* ocoan floor, as In toiif Igglns" 

11950] thaory of »Icroatlana. Othar poaniblltties a: »uggastad 

by wava motion on a body of water covarad 'with ar let ihaat or 

at an intarfaea batwaan two fluids aaparatad by an alastlc 

membrana or plata. In one strias of Investigations the lea 

sheet has bean assumed broken into pieces small with respect 

to the prevalent wave lengths. In this case only the density 

of tha ice layer enters into the modified boundary condition 
# 

(see Peters [1950], Keller and Goldstein [1953], Keller and 

Welt* [1953], Shapiro and Simpson [1953]). Waves in. a thin 

plate over an Infinitely deep fluid have bean considerad 

briefly'by Landau and Lifshits [1953, pp. 762-3], but with 

neglect of gravity Greonhill [1887, p.68; 1916] included gravity. 

'The kinematic boundary condition (3.1) must always hold. 

The dynamical conditions will depend upon the nature of the 

assumptions. The matter will not be further considered here. 
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C. Prtllnlntry R#m*rks «id Dev*!op««nti 

ó. Ç|*i«i|iç#tlon oí" probleiT.» 

Mo'it of the thoory of water wav** Is concerned either 

with elucidating son* general aspect* of wave motion or 

with predicting the behavior of wave* In the oreaence of 

»ome special configuration of interest: to oceanographers, 

hydraulic engineers, or ship designer*. Unfortunately, 

even some of the apparently simplest problems have proved 

too difficult to solve In their most complete formulation. 

Approximations have been necessary, and In many cases the 

problems which have been solved are those 'which could be 

solved by the approximate methods in use. An examination 

of the theory also shows that many of the concepts and 

definitions are almost inextricably bound up with these 

methods of approximation, following rather than preced¬ 

ing the making of tbs approximation. 

The nature of the approximations used in treating a 

particular problem provides a natural way of classifying 

it. First there are the assumptions concerning the prop¬ 

erties of the fluid: viscous or inviscid, compressible 

or incompressible, surface tension or not. Althovgh as¬ 

suming the fluid to be inviscid, Incompressible, and with¬ 

out surface tension simplifies the equations, they are 

still not easily manageable, even for the simplest kinds 

of problems. Other approximations of a different nature 

are required. These are In a sense mathematical approx¬ 

imations. Their physical significance is not in restrict¬ 

ing the nature of the fluid but in restricting the charac- 
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tar of the wave« and the boundaty configuration. The kind 

of mathematical approximation used provides another means 

of classifying problems, and is the principal one which 

will be used in this article. There are two principal 

methods of approximation, explained below in section 10, 

the infinitesimal-wave approximation and the shallow-water 

approximation. Thus, the development of these two approx¬ 

imate theories and of the exact theory constitutes the 

bulk of this article. 

7. Progressive waves and wave velocity--Standing waves 

It will be convenient to call any motion of a fluid 

in a gravitational field with a free surface or an inter¬ 

face a wave motion. 

If the velocity components, pressure, and free sur¬ 

face or interface may be expressed in the fonn 

r - r , v = V 

respectively, then the wave motion will be said to be a 

progressive wave traveling in the direction C*. In this 

case a change to a moving coordinate system with 

j'z) ; r«diices the motion to steady notion with respect 

to the moving coordinate system With resT. ct to the fixed 

coordinate system the profile of the free i.urface or inter¬ 

face is being transported vithout change of form in the 

direction * with velocity c. It might seem reasonable 

therefore to call c the velocity of propagation of the 

progressive wave. 

However, Stokes [1849; or 1880, pp. 202 ff.] has pointed 

out that the velocity of propagation of the profile of the 

'! 

!... . .,.1.! idltlíFiii! 
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free surface does not by Itself give a useful definition 

of wave velocity. Let the fluid be inviscld, either in¬ 

finitely deep or with a horizontal bottom, and unlimited 

otherwise. Now let the whole fluid in the progressive 

wave described above be transported with velocity C (pos¬ 
itive or negative) in the direction Ox, Then the motion 

will still be consistent with the laws of fluid mechanics, 

the various parts of the fluid will move the same rela¬ 

tively to each other, but the velocity of propagation of 

the profile will be arbitrary, depending upon the choice 

of C. What is required for a useful definition of wave 

velocity is the velocity of propagation of the profile 

with respect to a coordinate system fixed in some sense 

in the fluid 

In the case of an infinitely deep fluid, if the axes 

may *. chosen so that as « the velocity relative to 

these axes vanishes, then one may reasonably measure the 

profile velocity with reapect to these If the motion far 

ahead or far behind the disturbance approaches a uniform 

velocity (possibly zero), then axes moving with the fluid 

with this velocity may be used, When the disturbance does 

not behave thus (as in the case of periodic waves) and when 

the depth is finite, there is no longer an c’-vious way to 

select a set of reference axes. 

In order to put the problem somewhat differently, let 

us assume that the wave motion is given as a steady motion 

with velocity field v (x. and free surface ^ „ 

We wish to find a moving coordinate system j 
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•o thât in some stnse the relative notion vanishes on the 

average. We now have the free surface given by y' - n'*'"1 t) 

and the relative velocity by y) « v¡ySu.ct. •j') i . 

How Is wc to be chosen? Stokes made two suggestions. One 

is to define it by the eruatlon 

A. -¾ - ^ , ^ ( 
- fr iM 
~~ j, d * j [ M {*, '•j ) ¿ ^ C j 

(7.1) 

where ys-H is the equation for the bottom. In case the 

motion is periodic, with period À , the defining equa¬ 

tion may be written 

.> .tU) 
\ ] L «.ji=o (7.2) 
6 - k 

If one notes that the mean depth is given by 

L- 
f ’/>) ¿X 

> 

hi*) 
0 1 JA 

then one sees that, with h' as mean depth, 

14, 

i •+1- i r! 4 

(7.3) 

where Q is the average discharge rate per unit width. us is 

thus defined so that the average discharge rate with respect 

to the (x'j') coordinate system is zero. wc is usually de¬ 

noted by C' . 

Stokes' other suggestion was to define ue by 

Jt,., dr T J* 
T-* oc I 4 c (7.4) 

or 

fililí 
lili In 
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U, =, i'll»» -- I ,4 (*' + 4. f , ' j if 
T-» T 

j , r'-T 
r ——, \ z *iH» 

T •'»'Ä)' M • T Jjtr# 0, -4, >ie 

»♦», 
^14,^ ] , 

If 4 !• pet iodic in, x with period )i , one may write 

Wo = X (7.5) 

In either case, for the definition to be useful m,0 must be 

independent of V and y . If n is bounded, it follows eas¬ 

ily that g-Jí/Im' « C for both cases. If the motion 

Is irrotatlonal, u; - and it follows again that 

2>u,/£ 3. * 0 if V is bounded. Wave velocity defined in 

this manner is usually denoted by C, For the two special 

cases considered earlier, the two definitions coincide. 

The definition of wave velocity in cases where the 

motion cannot be reducen to a steady motion is no longer 

straightfon.ard. In many cas.*.s of interest, the asymp¬ 

totic bcnavior of the motion for large positive or nega¬ 

tive / allows one to define a wave velocity In a manner 

similar to that above. In more complicated wave motions 

one may simply follow the motion of some special phase 

of the profile, say a crest. This provides, for example, 

a definition of phase velocity for a cylindrical wave. 

A general definition of standing wave Is somewhat 

more awkward to formulate than that for a progressive 

wave. For the case of a plane wave, the free surface 

j/ a j f x. t) must be periodic In each, of * à^d f , with 



wave length À and period c, say. In addition, the curves 

In the ..,- plane represented by , • ."her.- 

the undisturbed surface, must consist of two sets of 

curves oscillating about the lines * > ~ ' * and 

t •= - *• r, o ï 11/• • . For progressive waves the curves 

^ - - consist of a single set of straight lines, all 

parallel to x-ci~e . The prototype for the standing 

wave Is the surface defined by, say, y - £ • x/'t w<. ; til/y ■ 

However, as shown by both Penney and Price [1952b] and 

by Sekerzh-Zenkovlch [19471, neither set of curves nit*.t\*Q 
consists of 

straight lines, or even fixed curves, for standing 

waves of finite amplitude. 

There remains the problem of establishing, that pro¬ 

gressive and standing waves exist under suitable boundary 

conditions. For the exact boundary conditions for a per¬ 

fect fluid, the existence of progressive waves was first 

established by Levl-Clvita [1925] and Nekrasov [1921,1922]. 

The existence of standing waves satisfying the exact boun¬ 

dary conditions Is apparently an open question. 

8. Energy 

Let T(+) be a region occupied by a perfect fluid with 

a boundary represented by 

the representation being chosen so that ( F., P-j, f, ) is 

in the direction of the exterior normal. The surface lit, 

moves independently of the motion of the fluid. It is 

assumed that Titi contains no singularities of V* and 
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that aurfata tanalon dota not act upon, tha »urfact S|>| 

at any tima. Tha anargy of tha fluid containad In Ti'n 

Í. 41 givan by 

E i ^v («.D 

Tit) 

For irrotational motion of an inviscid incompressible 

fluid, ona may use (2.10') and express £ by 

£ -- Sm-r-frÍJjr 
TtH 

(Hare 4 has been redefined so that ''it) may be set equal to 

iZtftxro * ) One may now compute J C/J t by using the general 

formula: 

fj \\\ {('>'¡.¿1)**- 
Tff| 

i u.'i’.tiJr + S'i 
Sff} 

r « 

jíj t' J’. 
Tfti 

- rf_ 
f" ’L,' *•» V /0 i 
/ F. -• r,u 4 ft 

i r . 

One finds [cf. F. John, 1949, p. 19 ff., which we follow 

closely here]: 

¿J f ! ; 

xlt) 

!J: f ., f 

] t ^ ¿r ^ i Í ^ ff^prrz 
>) 1 Hi) /F^F^Fj 

ir 

/ t * * ij » r. 
Sit) -(ti 

by Green's Theorem and the equation of continuity. Finally, 

cU 
« 
sit) (8.2) 

We recall that -(*#// f,v. Is the velocity of S(t) 
i»' 

in the direction of the exterior normal. Two cases are 
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of «pedal Interese. If bff) 1« a "phydcaJ* boundary, 

!•••» one moving with Che fluid, then the first summand 

vanishes and one finds 

À £ 
i 
f-- U ? ^ ^ 
t Cu " S/t> (8.3) 

[cf. Lamb, Hydrodynamics, p.9, eq.(5)). If 5/h Is a fixed 

"geometrical ' boundary, then Ft r o and one gets 

u f ¢, 
ÍÍÍJ 

(8.4) 

If one considers any portion of S/H , then the in¬ 

tegral of (8.2) taken over this portion and with a minus 

sign gives the rate of flow of energy through this portion 

of SUl . In case a par. of 5(f) is a physical boundary 

which is fixed, c'^/^n * £, and the flow through this part 

is zero. The same conclusion holds for any portion of S(f) 
that is a free surface, for then p ~ 0. 

If one has a progressive wave moving to the right with 

¢( a f) - cf fa-ct, y and takes S as a region in the 

fixed plane x= , then the rate of flow of energy 

through S in the positive direction is given by 

5 

i.e., energy always flows in the direction of the wave. 

In cases where one is dealing with waves generated by 

moving bodies, it. is frequently possible to choose the re¬ 

gion T so that no energy Is lost from it, .he latter being 

true only as an average If the motion is periodic in time. 

As an example, consider a body moving steadily with velocity 

C in the X-direction in an infinite ocean with horizontal 

III 
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bottom. In addition to the boundary conditions on the body, 

fete surface, and bottom, we assume that the motion vanishes 

(In the limit) far ahead and to the sides of the body. Hie 

surface Sit) may the * be chosen as a plane h ; jr-ft - fl. =0 

far ahead, another plane N - G behind the 

body, planes K *• « L . £.= 1A on either side, and the 

bottçm H , the wetted surface of the body 3 , and the 

part of the free surface F included between the body and 

the planes. The energy within this region Is clearly con¬ 

stant, and one easily obtains, with cj. '■ * ^ i. 

0-- Vj 1' ¿7 •• -• - Vi "•£ £ aT cn [Í 
* iT+t- M 

■<■)) [¿V^ < J-k ) + r: T-¿T 

M 
Since on 3 one has * c cos(^, , one 

find® for the first Integral, remembering that f\ points 

into the body, 

^ - r it ^ . - ^ b ¿ ~ - t jj JO c.ob (, 1 r 

3 Zn 3 

where is the force on the body. The parts of the second 

integral over ^ t?,L vanish as a.-*» and similarly for the 

first summand In the third integral. The terms in 

give 
Ml) 

converges to 
CO 

which, as a.-* so 

- 7 f Y 

One obtains finally 

■.- .'T'. SSW'’•pwr. ‘ ‘""ff““' “Ärff““— “ * “ 



(8.6) 1 
2 

. 'VW 
H S 

» - k 
4 í'.¡ }j'f-ï'¿tr' 

This exact formula for resistance will be put Into a dif¬ 

ferent form later after linearisation of the boundary con¬ 

ditions.. Although the plane a -ct-- Í may be taken at 

any distance behind the body without destroying the val¬ 

idity of (¢.6), it Is usually convenient to take it so 

far behind that asymptotic expressions for cf can be used. 

If in (8.1) a part of the surface 5/f) , say 5,/+) » 

is an interface with another fluid with surface tension 

acting, then the energy is given by 

f = ¡1! [i r+ T H 
T'+l 

Let S./H b® bounded by the curve C(+) given paramet¬ 

rically by «nd let 

$ft)-5>,lt)«Si!fr) * Then the formula analogous to (0.2) is 

jT V ^ 

(8.7) 

U =» ^ 
Ah r, J 4 

ú r 

S,í8l ^ J On 

^ 
% it 

3* )* 

UJ8;*) 

/vTf^ 

If 5,(Pi is a free surface, then the boundary condition 

r>°~r Tf f, + U 
where' j70 is an assumed constant pressure Implies that.. 

there is no flux of energy through S,. 
If the motion is two-dimensional, with S, given by 

’¡»h' 'i ¡ii't Ifii'iiti i ii/111 *1H h'*'! i ti! 1f 1 'li111 

"ft 

4 
"Hill 
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lÂMiii! 

j ' X :t' 

fit'l : 

, then (8.7) becomes 

AU) 

fi f (**x'*'/'"l + f ^ ^ i'<r t I ¿'i* 

rm - *'lt) 
(8.9) 

.ja 

and (8.8) becomes 

jf = ^ f4* ^-¡J/l +|1' 

' Í fh [7¾¾ ]i'Jx + T ,, ■*Tl^',WL, 
f t) ®" ^ 

If s, Is a free surface, the Integral over S( may be 

dropped by suitably redefining |> . 

9. 

Expressions for rate of change of momentum may be de¬ 

rived which are analogous to those for rate of change of 

energy. With 

(8.10) 

M r r ^ 
TA 

(9.i: 

and otherwise the .. -me notation as In section 1, one finds 

-Ft 
tz = /F,vV;^- Î J<r 
4 ^ s ^ 

Sj|(rrn)5 + r[r-5+ ¿T 

(9.2; 

- fr: Vfnfnf' 5 Kf-irTP^t^ 

Here the first line of (9.2) Is derived by a direct com¬ 

putation of áh/Jt with V“ »- grad ¢- ; the second is 

derived analogously to (f 7)j the third follows directly 

j, -V r -1. ■.1,1 



29 

by us« of (2,10'). Comparison of linea one and three gives 

the known relation (Levl-Clvlta): 

f T X V1 * ¿<r 
1 1 ¿ * 
5 

[V- « ) y ¿o’. 

(9.3) 

Note that In (9.2) and (9.3) SM may move In an arbitrary 

manner as in.-g aa the region T(t) contains no singularities 

and only liuld. If the boundary Is physical, the terms In 

square brackets vanish In (9.2); If the boundary Is fixed, 

then Fi -O . 

Let o. H) be a physical boundary, possibly the surface 

of a solid body, and SM a closed surface containing It. 

Applying (9.2) to the region of fluid bounded Jointly by 

$0 and S , one finds 

F ( C ) ) 
Jo 

Here F, 

- - ^ ■+ y*í» 4JJ v'jJîT. 
S» 'S 

is the hydrodynamic force on $e and does not In- 

(9.4) 

elude the hydrostatic force. 

If singularities are allowed In the region occupied by 

fluid, they may be enclosed In spheres of small radius and 

the formula (9*4) applied to the remaining fluid, with S 
modified to include the spherical surfaces. If the singu¬ 

larities are Isolated sources of strengths r*; at the points 

CL - , then by shrinking the spheres about the singularities 

In a customary fashion (cf. Milne-Thomson [1956. pp.448-450]), 

one obtains the following modification of (9.4): 

F„ - - S ?)¿<r(9.5) 
s $• ' 5 ' 

where at; is «he velocity at the point when the source 
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•t that point it rammrid. Othar »odiflcatlon.ii »ay b« 

darivad for othar type* of «ingularltla». 

If tha valocity field la «uch that r^V -»o a* 

*-♦ oe for «orna t. >o , then the last 

Integral In (9.4) or ¢9.5) will vanish aa S la expanded to 

infinity, provided the latter can be done without destroying 

the validity of the formula. In the case of a body moving 

in a fluid with a free surface, one cannot: expand In all 

directions and must Include the contribution of the last 

integral over the free surface. However, the formulas are 

•till useful in computing the force on an obstacle result¬ 

ing from waves. 

10. Expansion of solutions In powers of a parameter 

In their exact form even the simplest problems with 

surface waves are dlfficul~ to solve. If one neglects vis¬ 

cosity and assumes Irrotational motion, the problem Is re¬ 

duced to finding solutions of Laplace's equation, which Is 

at least linear In the unknown. However, the problem is 

still difficult because of the nonlinear boundary condition 

at the free surface or interface. This lack of linearity 

deprives one, for example, of the mathematical tool of 

superposition of solutions expansion in eigenfunctions 

or use of Green's functions is not possible. 

In order to be able to treat special problems, the 

equations are approximated by ones which are more tractable. 

The two principal methods of approximation may each be treated 

as a perturbation procedure. As was mentioned In section 7, 

this procedure is not concerned with the assumptions about 

the nature of the fluid, for example, whether or not vis- 



31 

cosity Is neglected, but rather with the nature of the 

motion and its generation. An adv^.itage in using the 

perturbation procedure is that the assumptions about the 

motion arr displayed In such a way that it is clear how 

to obtain approximations of higher order. The method has 

been applied to water-wave problems by Sekerzh-Z^enkovlch 

[1947, 1951, 1952], K. Friedrichs [1948], Keller [1948], 

F. John [1949], Longuet-Higgins [1953b], Peters and Stoker 

[1957], and others. As used here the method Is purely 

formal, the nature of the convergence of the perturbation 

series, whether it be uniform, pointwlse, asymptotic or 

what not, being left open. However, for each method of 

approximation it is possible to point to at least one case 

in which convergence has been proved: for the infinitesi¬ 

mal-wave approximation, Levi-Civita's [1925] proof of the 

existence of a periodic wave of permanent type; and for the 

shallow-water approximation, Friedrichs and Hyers' [1954] 

proof of the existence of a solitary wave. 

To a certain extent the two methods of approximation 

have different aims. The infinites! al-wave approximation 

fits ini a ¿ral scheme for approximating nonlinear equa¬ 

tions an^ Jivndary conditions by linear ones (see Souriau 

[1952] for a liscussion). To apply it, one must know a 

particular exact solution to start with. In addition, one 

must be able to select a dimensionless parameter (or param¬ 

eters) , say £ , which helps to determine the exact physical 

problem and is such that the solutions to the exact problems 

associated with each value of ¿ approach (in some sense) 

■»ItlNnlWlI 11,11111115.! 
... 1111™^ 

.:......Uli 



the known exact solution when t~»o. It is then assumed 

that the various functions entering into the problem may 

be expanded into power series in t . The series are sub¬ 

stituted Into the equations and boundary conditions and 

grouped according to powers of t • The coefficients of 

each power then yield a sequence of equations and bound¬ 

ary conditions, the coefficients of i giving thtî first- 

order theory, those of g1 the second-order theory, etc. 

As an exact initial solution it Is usually most convenient 

to take either a state of rest or of uniform motion. Var¬ 

ious choices of Í will be made In the applications later. 

The shallow-water approximation differs In that a 

change of variable involving the expansion parameter is 

made initially. This introduces ¿ into the exact equa¬ 

tions. When the power series expansions are introduced 

Into the equations, the resulting equations of the sequence 

are linear in quantities of the same order, but the equa¬ 

tions are too degenerate to determine all these quantities 

without recourse to the equations of next higher order. 

This leads to nonlinear equations for the desired functions, 

but ones of a type which have been intensively investigated. 

In this case the procedure is perhaps artificial in that the 

perturbation scheme is devised to lead to a special set of 

equations for a first-order theory, derived originally by 

quite different reasoning. However, in doing this it makes 

clear the nature of the approximation and gives a systematic 

procedure for finding higher-order approximations. It is 

instructive. In this connection, to read the usual deriva¬ 

tion as given, for example, in Lamb [1932, pp.254-256] or 



Stoker [195/, pp. 22-25] (who also gives the one given here). 

10* . The J,nf|pil.tesim;al-wix*.ippfÄtaitlPii 

We shall derive the equations of motion and the free- 

surface or interface boundary conditions for this linearized 

theory without Identifying explicitly the parameter ¿ used 

in the expansions. Later on, when specific choices are made, 

the boundary conditions on certain geometric boundaries as¬ 

sociated with the choice of t will be modified to conform 

with the linearization. 

Consider two incompressible viscous fluids in contact 

along an Interface represented by '¡f-- ^ ( * ¡,, f ' • Quantities 

referring to the upper fluid have subscript 2, those to 

the lowjr fluid subscript 1; the coefficient of surface 

tension is 7 . Assume the following expansions in the par¬ 

ameter £ : 

( M ¿ 'ï' 4 C 

K M , h ' }J,‘ r 1 K' 4 ^ ' 

( V ■ .ii , í, J . i ^+ cv -7 ’l + * ’ ' • 

(10.1) 

Substitute these expansions in equations (2.2), (2.5), (3.1), 

(3.3), and (3.7), remembering in addition that formal ex¬ 

pansions of the following sort, for example, hold: 

= 2 -\ 7* • + 

Collecting first che terms independent of £ , one finds 
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(OI 

(!*',• = c / - pr^1'0-^ i). 

Collecting the coefficient® of the flret power of t 

find® 

,n' >.r_(" 'T'i urv1" . , . 
j ■» llj l 

(10 

one 

^“+ ^'=,0 
lx 2 I 

"ä V ® < 
2> f 

«■i- d'Mci p •+■ V; ^ 
fi ® 

.r"1' -*IA, 
a * / 

(>l 
in . , 

(<,0,^0 ' (^' 0 

= ^ y fx, j|(fl 
¢10. 

li,.!> - ^[n( xt) 

( w!',’ (v(0,^f) ^'ir.V ) r f 1 + 

2^lV;r ' ’■ ^ ; r ^ 

= +'r*'l 

If the Upper fluid is replaced by a given atmospheric 

pressure distribution » then the equations for 
a f t e r 

the lower fluid become (propping the subscripts) 
(a) 

<* -- x , f'lx^.y) - f l<'} I y ‘ ! , 

J1' 
2 f ^ 

HT z>T 

"''i à w1 z O 

^ ftêJ pr" y û\r 
ftil 
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f * i od ^ t) ■*• '" * ^wj. - 
o 

o 

f ,ù.>.' ^ ) - i' ïr) *2r ^ -i'i _ T *7/1 ) + 

For convenience we have assumed above that the expansion 

for *i starts with û ^ If we had assumed instead 

•j - y + i -y' , we would have found from (3.1) and (3.7) 

the equations 

»(0» (»> 
h =1< If = 0 

and. hence, *■} = const. The zero values of / in the 

boundary conditions would then be replaced by this constant. 

Taking the constant equal to zero means that we have taken 

the undisturbed Interface a. /*. j.\-plane. 

The equations above give the linearized equations of 

motion and boundary conditions at the interface or free 

surface. If one now proceeds, as we shall not do for this 

case, to collect coefficients of t*” , one may obtain the 

differential equations and boundary conditions for the 

second-order corrections to be added to the solutions of 

the linearized t juations, and so forth for higher-order 

corrections. In general the resulting equations are too 

unwieldy to be useful. 

A special case of the linearized equations which is 

of particular interest is Irrotatlcnal flow of a perfect 

fluid. There is then a velocity potential $ which we as¬ 

sume has the followirg expansion: 
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'"n 

Condition (2.11) becomes 

A 40,1 = Q „ < » * " * * 

(10.5 

(10.6 

Let there be two superposed fluids with velocity potentials 

$, «nd ¢1. describing the motion in each; otherwise the 

same notation as above. Then condition ¢3.1) at the inter¬ 

face gives the linearized condition 

%(<■)>,« ¢., f*.«j.n 
and condition (3.9), together with (2.10'), gives 

(10.7 

-f. c H ... 1' 1! u hmí'' (10.8 

The further special case when both the upper fluid 

and. surface tension are missing will be dealt with so 

often later on that we repeat the boundary conditions for 

it. We allow, however, a pressure distribution on the free 

surface, l p" •*.. ivp'%... . The first- 

order boundary conditions are 

"]'"(<4 ,t) - 4 ) ( x'0'} -r 1 ~°> 

3 fup' f" |*’’h J.ti -• « 
(10.9 

Eliminating V'" between the last two equations, one gets 

* (’'•«‘¿•n ♦ CK1 (10.10 
'•nil 

The boundary conditions for the second-order corrections are 
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noe too long to write down: 

•f''-xi. -7.4, 

■j y'fv!.i ) *4”(',°/j,n * f 
^ 10 » 11, 

Eliminating -]' and from (10.11), one finds a counter¬ 

part to (10.10): 

ï %' ' r7^*j 7, ] (10.12; 

.1 / T (»» -t'i 1 I', •» 1(1 
- f Í4, f. •’tj. fl ) 

tinder certain circumstances the next-to-last term will vanish. 

The boundary conditions for higher-order corrections will 

not be worked out in detail. However, they are of. the form 

f‘‘ -I hi 2 (* 'I 

3,r"! • ■. p'“'t 
(10.13; 

where A; a .d ß, are functionals of the functions In 

brackets, in this case complicated polynomials of the func¬ 

tions and their derivatives evaluated at = O • 

It is useful to have the form of the linearized boundary 

conditions when certain additional assumptions are made. 

First, let us suppose that the fx, 5.^-coordinate system 

is moving with velocity c If) in the X-direction with respect 
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to the fixed (/ 1 ^-coordinate system. Then, from the 

equation following (2.15) with ; -'j i j ¿ 

and the boundary conditions become 

(10.14) 

If t is constant and the motion Is steady In the mo'lrg co¬ 

ordinate system, 

and the linearized boundary conditions are 

If the motion is steady with respect, :o a movr.ng co¬ 

ordinate system, one may impose a uniform flow in the op¬ 

posite direction and then treat the problem as a steady one 

In an absolute coordinate system, but carrying out the per¬ 

turbation about the uniform flow. We illustrate this for 

the case of two-dimensional irrotational flow. Let 

and be the velocity potential and stream function, 
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reapGctively, and assume expansiona of the fora 

(*,']) i ~ c X t -f 1 f* j ) * I ‘f ■* 

Ÿ f p : ‘t •) ’ ‘ t ^ I * -j) -< i'11 4 ,u « 

‘j (*"' - 11 1 ^ ^ 1 T 
(10.16) 

The differential equations . <: /' 

become 

+■ 

¿ / .: c (10.17) 

The kinematic condition (3.1) is replaced by 

Ÿ l ■«, (m) “ S' 

Substituting the expansions (10.16) in this equation and In 

(3.11'), one finds from the coefficients of : 

- c / (*) -t Lf ! (' X, w ') : j 

ûj -cfJV.W f p ' •:>) r c. 
(10.18) 

Eliminating 

one gets 

•y' and using the third of equations (10.17), 

M--0. 
(10.19) 

Collecting the coefficients of ¿v, one obtains after 

some manipulation 

^ t rLc't;-3<] 

<-•) “i «' -- . - / 'Vy ’, 

here we have ass'umed for simplicity that jô ~ O , 

tKlllllliilliilltiltliliillllJIllii: ... ....  n ::111::1 111: 

(10.20) 

1 
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10 -j . The shallow-waûcr approximation 

This approximation has been widely used by hydraulic 

engineers In the study of open-channel flow and, in a further 

simplification, is used for the theory of tides. In deriving 

the equations from the exact ones we shall follow the method 

of Friedrichs [1948] and Keller [1948]. However, a somewhat 

different approach to this approximation due to Ursell [1953] 

is also instructive. Although It Is possible to carry through 

the derivation while taking account of surface tension, this 

will not be done here. It will be assumed to start with that 

there are two perfect, incompressible fluids with an interface 

i the bottom fluid is bounded below by a rigid 

surface ^ s. ¿¡(* . Variables pertaining to the lower fluid 

have subscript 1, those pertaining to the upper fluid sub¬ 

script 2. The motion will be assumed irrotational. 

Before making an expansion in powers of a parameter, it 

is essential to make a change of variable in which vertical 

and horizontal distances are stretched by different amounts. 

Let r.i be a scale for horizontal measuremen nd n one for 

vertical measurement. Define t -nv/'^v * Introduce new 

variables, , t , by the equations 

ÿ-.xJt ^ ‘S-'SSí I’- p- (10.21) 

Equations (2.2), (2.6), (2.8), (3.1), (3.9), and (4.1) 

(with T =-0) become: 

£ 
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where possess suppressed subscripts 1 and 2 for 

the lower and upper fluids respectively, except in the last 

equation. 

Now assume expansions of the form 

Ya r -t i ]/"■ •+ £1 vlxi +.,. a - L ) 

* * <, )•, 
(10.23) 

'j* ' "I ",tl1 Í- *]'h f ^ 1 * ' •> 

substitute in the equations of (10.22) and collect: according 

to powers of ¡L. (We shall henceforth suppress the bars on 

P, 5 f,“)' ) Th® terms independent of ¿ give the equations 

V 
. fo '1 

o 

Ie' 
^ * 

(a I 

(10.24) 



The first and fourth equations give 

ir (10.25) 

The third then states that 

I,J Z.U) ~0 tr u 

i 3 
^au'0, -V’/f) 'U.' ' = w,,!j/ fj 

The terms which are coefficients of ¿ give, after 

making use of (10.25) and (10.26), 

(10.26) 

,0 ( v0, 

(»> ^ 0 
»'* + M M1 

'0|. ro 
+ UJ 1 r/p D 

»•fr.'f — (10.27) 

M f'-ii f- co) «i t Jz /- 
i-f + w uv, + ur uv, ,pj / P O 

„0 m n, - 4a Y -SP*] W's ^ 4+ ^ -Û ; ; 

r . uj'"/, 
S * ' i 

(M 
f ‘ Ü d1 

(The equations deriving from Irrotationality and the contln 

ulty of pressure will be brought .in. later.) The first and 

last two equations of (10.27) together with (10.26) give 

The third equation of (10.27) gives 
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In order to evaluate 4 , further Information is necessary. 

Here are two cases of interest. 1) If the upper fluid is 

absent, the condition , gives 

i 1 (ej 

r } U ' 1 (10.29) 

2) If the upper fluid is unbounded above, then, up to an 

additive constant, 

pT'" ‘fi'â'î •+ -11 f.-fujc*«.4 
(10.30) 

If the upper fluid is bounded above by a free surface 

> * » f) = i + f ij ' * * , then one may satisfy 

the boundary condition ^ ■ t ■ </ r\ ~ 
I ** ' < ,, /1 - , 1 I • : > * i " 

' V, '/ ¡ } , ■ with 

i-/ 

^ r1? (i 

f. 

/ J, 

(10.31) 

It is clear from the form of fi1"" why the shallow-water ap¬ 

proximation is sometimes called the hydrostatic approxima¬ 

tion. 

The usual equations for the first approximation to 

the shallow-water theory are those in which only the lower 

fluid is present. They may now be obtained by substituting 

(10.29) in the second and fourth equations in (70.27) and 

(10.28) in the fifth equation. They are (10.25), (10.29), 

..:.::::::::::.s..i:.... 
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and 

ft lfo'1 lOrii M ,,0,| £:., r, 
KA\ + tur ¿ ¡y 

in 

t 

(M (f-1 (6J Ie’- i , - CWl1 . <i n, 
^ tu ^ iy 

f«: _ ,*t 

(10.32) 

K.( 
.rAh' ^o. ?f ♦ 1 '7"-^ * i «-'"T 

If one now collects the coefficients of - * and the 

remaining coefficients of t , one finds after some reduction 

.. t. « 
o 

,,, n fC) I>, 
. l * g t u 

,IJ Pi C' fi‘ (,, I" / 
f *jr u,^ \ / *■ |î» /'f --1 

h) K M 

r t M 
mi in m io Ju / _ ^ ■tu, J V V <y-7 + P-J /f - °( 

tn (if (t\ P; ''i „P*: f’J. I'1 (in ,,L mi / _. r. 

(10.33) 
,1 '' . J” (U _ , o , 

1 ui " ^/ ^- 
^:11 r y' 

im t" fo ,(■ , (i, 1 r>, (3i 
U '|y 't M ’j/ -t 'U- 4 U 

, „i 
for 

\A (:y 
(¾) 

*4 InT, ' - T, = o 

*n> l:i' ^,(1) / (o\ is1! \ _ n 4\r 

' |-; "7 rK'f‘l ) 

Some relations can be derived immediately from these 

equations. For the sake of brevity we introduce the follow¬ 

ing functions: 

,4.iK,J,tl sC^K-j’ , CM’v^iA'l + Al'l} I1”''' 
5,P,j,f)= fu"'f)^iu'-Y)4 , 13,= C.-c.ïS,. 

Equations (10.28) may then be written 

--.A; +B; , i = u. O0-28,) \r, 
A 

......I !#W'if ..... 
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Then the fifth, first, and third equation* of (10.33) give 

r *í + ^ 1 

^ .t), 
<" -. 1 -il j\ «é. u> ;;■ - i J. #1 . T 

h i - it 
t (10.34) 

V*, + y[/"'P f /f = t "i L -1 ' " 
i .i, 

where we have suppressed the subscripts indicating the fluid, 

The rest of the equations and. the boundary conditions are 

still available to determine the unknown functions, 'ie 

carry this out only for the case the upper fluid is missing. 

Then the last condition in (10.32) becomes l/1'7*/: T•" [ 

ich allows one to determine after is found. 

The next-to-the-last condition in (10.32) determines j f * :), 

The equations for k , ., and >'/ 1 are 
4 « ! 

U^h* 4* ur 11 til. -t 1": * 'k ~ f * ' Bâtj 
j ’ :j 

^ w-1^' fe, + !r. * ’-'x c¡ = -ti - 3 Sí I 
¿ * ' i1 ' á’ (1.0.35) 

U" r¡; +^rt^lt\Afz [ 

k , = i{ . , 

. 

/ ^ * 5=7 ^ i ^ U ~ H j 

where 

f: îï'“- ¿ f‘1 *- 

--;ifiiliEiiilauU 
Iil lili 

litilJt iLiIÍ ?" 
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The solutions to these equations give the second‘Ord*. cor¬ 

rections to the first-order shallow-water thee*/. 

The equations resulting from the coefficients of l1 

have, been given by Keller [1940] for two dimensions» but will 

not be reproduced here. 

The equations '(10.32) for the first-order theory are 

nonlinear. In the theory of tides and seiches It is custom¬ 

ary to simplify further by linearizing them in a manner si«- 

ilar to that used In deriving the equations for the Infin¬ 

itesimal -wave theory. Let y =, I, be the surface of the 

undisturbed water and assume that one may make further ex¬ 

pansions in a small parameter x . .+ u;1*’,'-.: «1^'*" + 

>'■ M - j, ... . After some easy manipulations 

one finds for the linearized approximation to (10.32) the 

equations 

¡ra n 
;; 7, 

ht X 0 i / Jt 
(10.36) 

If the bottom is flat, the equation for ¥l " ' becomes the 

simple wave equation. 
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D. Theory of Infinitesimal Waves 

This chapter will deal with special, solutions of the 

linearized equations derived in section 10 x This approximate 

theory has been very fruitful in its application to problems 

with various '.»oundary configurations: the linear character of 

both the equations and boundary conditions allows one to use 

easily found simple solutions to construct othsr solutions 

satisfying special boundary conditions. The derivation of the 

equations in section ’Dot suggests the limitations of their use 

in physical, piobutrji If L and V are a typical length and ve¬ 

locity associated with the physical problem, then, when the 

perturbation parameter f is small, the surface elevation and 

ve 1 oc i t: i e s ( o r t he i r de v i a t, i on I roui a un i f o r m f 1 ow ) s hou 1 d be 

small with respect to L and V respectively. The smallness may 

not be uniform, but the quantities in question should approach 

zero point-wise with g. except at singular points. 

11. The fundamental equations. 

With few exceptions, this chapter will be concerned with 

the aula lion oi a problem in. potential theory. Let the (x, z) - 

plan© be at the undisturbed free surface. We shall be seeking 

a function Kt) * tihe velocity potential of the motion, 

satisfying the conditions (of. 10 10) 

à (j) = Cj)/x + (ft", T fi) 
V, -ib'0' (11.1) 

Ã -K on solid boundaries, 



where ¿4 is to be satisfied at all nonsingular points of 

the fluid in the region 3 and V is the normal velocity of 

the solid boundary at a given point pi* ■ * is a given pres¬ 

sure distribution on (lie f roe sur fare. in many prob Lems It will 

be 0. The form oí t he free suri.ice is given by : 

y I X f 
1 Y t ï if 1¾ ¡h fhfrt) 

(11.2) 

Two special cases occur f*©quently. If the mot ion is steady 

in a coordinate system moving with constant velocity e in the 

x-directlon, then with x,y,z as moving coordinates, the free- 

surface boundary condition and equation of the surface are given 

b y ( c f.. 10. 15 ) 

\ 

V*,« 

/v 

T" Y 
I 

U* > i a u 

’1 c J f/ 

C ( y "ï \ 

Ir Í. 

¢11.3) 

If (p and j a re h a rmonic f unc tio ns o f “he time, i.e. 

/3- (y ■/, 3.} t ) = ■ 1 « Yh ^ j c t + % ( r . 

where 
»• A í . • IJ f .- - \ 

1 ' f) ' k '/ Ql c- t ’ ' 1 V ^ / (J Jpi 

and similarly for ft , then the free-surface condition and equa¬ 

tion of the surface become 

^ty Í ,i “ y v^. }) = ' T' fî- (Xi }■)■ 

* X 1 3 1 d'i - J '< O, ¿.) ~r ÍY J.), 

r» 
[ y) -+ f(^) ^ 

; M-Mtl»WllHl*il»Win 

(11.4) 



4 i 

In the few cases where we consider superposed fluids, 

viscous fluids or surface tension, we shall, refer back to sec- 

t; i o n 10 í o r t he e q u a 11 on s 

Dee of complex variables. For two-dimensional Irrotatlonal 

motion, It Is frequently advantageous to use complex variables. 

Le I 

* ., Í i ' > Î ’ "? 

where and "f are velocity potential and stream function, 

respectively. (It should be clean from context whether z If 

being used for > ^ or one of the horizontal coordinates.) 

Since the equations relating $ and Ÿ » 

F ... .V r. 
f* ' i - . - i X 

'1 

are Just the Cauchy-Riemann equations, the function * ^ t is 

an analytic function of z for ail points z for which S’, and y 

exist, T,;„..|rt will be called the "complex potential". The "com¬ 

plex velocity" is given by 

u/1 *J^ ( ^/1) = .. 

The boundary condition at the free surface in (11.1) can 

be expressed in the following equation in f f) : 

"R 3 ! r /* i) -+ .p tip +1 / - - p f. \ X) t) lor zQ, - ( ¿r. r 1 d ¢11.5) 

The first equation of (11.3) becomes 

’(y)i = f = (U-6) 

However, equation (10.19) shows that this may also be taken in 

the form 

f?e j .4 ev f Yîr) 1 = f l>W 



If on© may express - (',l'l - (-»s ir^+4(¿)í'"fí» then the first of 

©qua tions ( 11,4) beeomes 

P,,,3 / 0 4' J 
i 'i i.? “ " f f. 

* n rf j, 
* ; > -Í- »; r p, , * (* 

k i ■ ■ 1 K • l (11. 

We note that in order to express fC^,f) in a manner analo¬ 

gous to that used for 0 Immediately preceding (11.4) on© must 

introduce a second complex unit j which does not "interact’1' 
,. .. * , /• # r * r fc 

with i. Thus let ^ >. - T >"•*'11, ft), Then V¿,i : Ke, ^ 2 ' 

If t'^'1 is an analytic function satisfying any one of 

/("te., 
the conditions (11.5)-(11.7), then t jr will also satisfy it. 

12.. Other b ou n d a r y ç on d 11 i on s. 

The boundary conditions given in section 11 will not ordi 

narily be sufficient to ensure a unique solution to the pro¬ 

blems in which the fluid occupies an unbounded region. An addi- 

tio. a l condition at Infinity must be imposed upon the potent:'al 

function. In certain cases the proper additional condition is 

fairly clear from the physical problem. For example, for a 

body moving steadily in an infinite ocean undisturbed except 

for the body, it; seems reasonable to Impose the condition that 

the fluid motion vanish far ahead of and far below the body. 

For the fluid motion produced by a stationary but steadily os¬ 

cillating body, it seems reasonable to impose vanishing of the 

mot ior, far below the body, but outgoing waves at infinity on 

all sides, if the body does not extend to infinity in some 

horizontal direction, the so-called "radiation condition". 

If the body is not bounded In a horizontal direction, one 

may easily see that the radiation condition stated above cannot 



be expected to be satisfied For example, suppose that waves 

are being generated by some type of oscillation of a vertical 

half-plane, say j * c , > > 6 , In whicn the oscillator/ 

motion of the half-,,.anc Is Independent of X , Then one will 

expect the generated waves to behave like outgoing plane waves 

from the two sides of the plane as M-* =r, ; these will not 

satisfy the radiation condition in the direction . On the 

other hand, one might expect that the influence of the edge at 

'X = r would show up as waves satisfying the radiation con¬ 

dition. The formulation of proper boundary conditions in situa¬ 

tions of this sort has been discussed by Peters and Stoker 

[ 1954] ; see also Stoker, [1956; 1957, p. 109ff.] 

In diffraction problems one customarily prescribes the 

form of an incoming wave and then seeks the scattered wave. 

The preceding remarks concerning the boundary conditions for 

waves generated by an oscillating body apply also to the 

scattered wave. 

In more complicated physical situations it is not always 

clear what boundary conditions should be imposed at Infinity, 

and errors have Leen made. For example, for a body which is 

both oscillating with a fixed frequency c and moving with 

a steady average velocity c , one might reasonably expect no 

motion far ahead if C is large, but a radiation condition if 
1» 

C is small. However, the formulation of the boundary condi¬ 

tion cannot be completed until the problem is partly solved. 

The proper formulation of the boundary conditions at in¬ 

finity can frequently be obtained by a method recommended by 
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Havelock [1917, 1949a] and used also by Brard [ 1948a, b], 

Stoker [1953, 1954], Stoker and Peters [1957], D» Prima and Wu 

[1957], Wu [1957] and others It consists in formulating an 

initial-value problem for which the desired steady-state prob¬ 

lem is the Unit as t ~ - For the initial-value problem 

the boundary condition at infinity is that the fluid motion 

vanishes everywhere 

13. Some mathematical solutions. 

Some of the mathematical solutions to be derived in this 

section will provide solutions, without further modification, 

to certain physical problems, others, although apparently not 

acceptable physically, will provide fundamental solutions which 

can be used in constructing solutions to other more complicated 

physical problems. In all cases the fluid is assumed unbounded 

in a horizontal direction and either infinitely deep or with a 

horizontal bottom the pressure on the free sur¬ 

face is taken to be zero everywhere. The solutions without 

singularities are obtained by the method of separation of vari¬ 

ables, and are all harmonic in t . It will not be necessary 

to carry along the subscripts of (11.4). 

Separation of the y-variable 

Assume that one may express '-f by 

'V*> Ki' ^ ^ i:x ))• 

Then W,, - ■.j =.0 becomes, after separation, 

-f t A"cf> c , Y ' - A Y - ■ 
The two cases A = ^ ' > 0 and A - - iv ‘ < o lead to dif¬ 

ferent solutions. 



A > - 
equation 

In this case satisfies the wave 

Z . tf -+ n- v 'j 

and Y is given by 

Y = « s 1 + /- 

If the fluid is infinitely deep and Yy ■' , is to 

remain bounded as > -¾ - ^ , one must have 

Then condition til.4) requires 

/ -C 

and cf'U, ; ^ is of the form 

if f X, cf ' ’ ) 
( 13. 1 ) 

If the fluid is of finite depth h , the boundary condition 

- C requires A to take the form ^¡x,- 

y -A L C »/• ! A 4 (r- 

and condition (11.4) becomes 

V'q funk = '''s'-y 

an equation with two real solutions, say r -Xj . in this 

case, one has 

( X, 1 7\ zcosn Ms (MX Ü <f ( *; l) . 
1 d 1 rj J ¢1 ’ 3 (13.2) 

We note that, if li, < Y then 5¾ < tv^*- < 

.j/y'* and 1 »t kn»« 

A < 0 . In this case f'Kjj') satisfies 

¿J, cf - m1’ 

Also 

n i h 1« i t iW. H i f 1.11 ! 111!! Huí .-¡-i-, i HI Mm  .lite       ÍiÈÍI.il»   ! h»»1.Mittllfa UMlilMlll II¡I   liliilHnlniHwUl»!■ *HI+i 

1 



0 

c 4 

and 1' is given by 

P y a c -ó 4 t' i'« ^ • 

Condition (11 4) restricts ï further to 

\/ " f , T'' ,, - 
f "* »V‘i ¿ J fk -, i i -4 rr j i \ l -y. 

J 

If the fluid is infinitely deep, requiring to remain 

bounded imposes no further restriction. If the fluid is of 

depth li , then '4, 1 •vli, - O requires nt to satisfy the 

equation 

"•> tcj • — - dy 

an equation with an infinite number of real solutions, - . 

f , . In this Utter case one may conveniently take 

Y in the form 

The roots ro ^ satisfy --ij-rr/j, v k<- ^ m / K . For fixed 

' -> h ~ as 1¾-jO i for fixed 4 , 

as k —* Ö , ind fc-¡) r< as i- °0 

For these two cases one finds then for ^(*4 ,) the 

forms : 

infinite depth: 

(13.3) 

finite depth: 

<-f fx.'j, J.) = 6 c os luf'j+U (13.4) 

1 Jji Further separation of variables. 

We now assume ‘-{ Y y) = ancl substitute in each 

of the two equations for cf given above. 

"il v„ .,1.: iiivr'.iiiiii.,iiii.iii'ii>i..iHiii'ii’!iii :41 lii .i 



! 

S-jr 

A >0 . In this case substitution in A^ ■+ivr-f rC! 

gives 

x" f frnv~ftM/ - 0 Z L' Z 

(The equations obtained by replacing «A by ' “ will gl •* 

the solution obtained below for A < J , with ■* and ^ inter¬ 

changed.) The solution for Z is 

+ c d $ ft y e 5 <r' i ß . .- i ('■ I (i 

The solution for X depends upon the sign of r/1 - A 

£l< wv; X C . X t .1 s. - / /-. h'X t 

fl V U v 
[ï "s m 

> w- 

X =• i- -y ■* J 

M j t L- f / / V V 
- X v' 

Á - - e 

A <. G Substitution in G - - G gives 

X'ix :-:, z ^ Z 
which gives Z as above and 

X 
/ Í/v ( - XV (: 

(Substituting - i- for would give the solutions corres¬ 

ponding to A >?• with > and ^ interchanged.) Wc may accu¬ 

mulate the preceding results to obtain the following fundamen¬ 

tal solutions : 

for infinite depth: 

( a coS tXvXfc'- + ¡f. ijr «•iXokf-rt-* t), 

eZ<} ( a -c + to s f-f? J +-^) c cs((ri ♦ f) , -kx-yv 
(13.5) 

.......__hlliil: ..im...L.......- 

«.... «MKW 
iiil 



, / *4 hik* v' 
(m t os w+ V s i ^'¡J-j ö C. 

where -j,/ s <jr**/q. ; 

for finite depth; 

«► J1 y Ij e ïVi /j| . - , 
,/ 2 ;CQS[kï+{\Los(it* r; 

coiti, o1 " t .Va. t-o5 * / »' 
A s ^ 'J*' 

, t i l'li U . i, 1 - + 
i-.j/rff y |rtf|l=^ov 

Co S In, '"'" j, ( . i Í Í) G 

- y,l \ // ■ i , , - Af . >I V-w,, (13 
/■ í :í ÍP ' * t a J t- V ^ J 

-4' /* <2, y ù: 

f / V+ rn 4v 
C (*' «i3 

f ¡ 
i, e y il'u1» w: (rrt'' 

where = - and la* ■* r'/' =-1 
13 r 

The corresponding solutions for two dimensions may be 

obtained by setting ■<' - C and deleting the second and third 

equations in each group. 

For either set of solution,', only the first in each is 

bounded for all values of the variables for which y 4 0 or 

- I «•- '/ í G For two-dimensional motion it has been shown 
4ÍAJ' 

by Weinstein [ 1927,J V t the only function harmonic in ~^<y<0 

and satisfying (11 4) and for which both Lf and 

Cp^ are bounded in - U i '/ F C' is (p r /1 £Uit ri-J-j. . 

Keldysh [i935] and Stoker [1947, pp. 7-9] have proved a similar 

- V i. 
theorem for the lower ha If-plane: If <f and ‘Ti- '+'“f j are 

bounded for y < as ííV4"j" , the only (Jf- satisfying 

(11.4) and harmonic everywhere in the half-plane y 4 C is 

/¾ S ^i ti (fe/'t • Weinstein’s theorem has been generalized 

by John [1950, p„ 59] to three dimensions: If '4'CA ' 7 1 

satisfies (11.4), 7. ( ^ ^ j) ; ° » 



9 
i ' 

n 

tos a. 1? a-!) R 

and is haimonic everywhere in - | 5 C , then -f ' < ^ x\ 

is of the form (13.2) with cf ' k an everywhere regular 

solution of 

J. tf "t ; ~ 

The condition at infinity is necessary, as the solution derived 

below in i .3.8) , _f - I;. (Vo c j¿ f ♦[.') shows. The corres- 
3 

ponding theorem for infinite depth was proved by Köchin [1940], 

The equations for cf { x, \ may also be separated in 

polar coordinates [ft, b) j /- < ^ ; * it Si»* a. . We give only the 

solutions : 

infinite depth: 

-y A 

[A I !/>< ) + fc Y ^ < f *. S 1 /*. > + C . ‘ ̂  ht 

tv\ Cc , I»' 
Y - K; 

— f ^ ' 
(13.7) 

where i»' r r1" / . and o is an integer, 

finite depth: 

C'A ".¿J-v, i.'.ïljcoi/»-,.tit-. ''rf- T-, 

4)/( I«'//.V)*B v*/ • (13.8) 

where r*,,, ^»4, m J,. -'rv/> -yV'> 

ger. Here J „ , Y, , j „ ; 1<^ 

Watson’s notation). Vv and 

ill #. _ 
. ■lili IflltlílíJ!.Il ¡il.:! 

~0 and ^ is an inte- 
V 

are Bessel functions (we use 

Y, are both singular at I? r ^ 



are both finite at o * r 
but approach zero as K —* and ir 

R r û ; J approaches zero as < ->jc , J, increases ex¬ 

ponential ly. 

13 ï Singular so1utions 

In this section we shall find solutions of the problems 

set in section 11 which have singularities of simple type at 

a single point. We shall indicate proofs only for the case 

of simple sources, i e singularities of the form 
. i. 

IV/-^_ or log . / We shall consider first 

the case of a stationary source of pulsating strength, then 

the case of a moving source. Three-dimensional problems are 

trea ted first. 

Source of pulsating strength in three dimensions. 
m1 

Let (a, b, c) be in the lower half-space. We wisu to 

find a function 

{Li*’ r) - R, í ¿V I + ' 4 - tT J J ' V V J 

defined for j i except at (a, b, c > and satisfying 

1) ¿L C , C except at (a, b, c), 1 - L , 

2) , ^ - V cP; f.x , X. ' ) - O ^ ^ r / Cj 

3) j'* r'R : • * * ^ ^ CI‘3 (13.9) 

where j is harmonic in the whole region y c ^ , 

4) ,4- P 
j —> - 'Xi o 

$ràé cf' Z C - t 

« R- If h. <* ( 3<fv ,v 
3 1? 

¢,)=0. 

" ■ i. i , 

aMWiiM 



Here r'*'& ( ^ and ^ X'A'' ^ l”e 

Condition 5), usually called the "radiation condition", re¬ 

quires the waves at infinity to be progressing outwards and 

i«poses a uniqueness which would not otherwise be present. 

However, other such conditions could be imposed. 

We assume that a solution can be found in the form 

(£/{<r ,t - _ ' ^ -f'. (v : " X : ■ ^ ^ c-r. (13.10) 

q t will be determined at the end so as to satisfy 5). 

note the double Fourier transform in > and of —- by 

De¬ 

rr r 
,_r f .> 

f X ■ »V -J , 

^ / 
j . r 

/ L 

Then condition 1) appA^?^ to c^e becomes after transforming 

?c ' // 

or 

Cp- r. A 4 , ^)6. ‘ 
(13.11) 

where we have used 4) to discard the other solution. 

From the known integral 

^ r' 4hi ) it (A 

^ X ( \ ' 
,4 - I / "I " 

/ V' V 
( x ■* -t t S Ve a " 

l-Jt ify 

(13.12) 

k ■’lííii^r: Bill 

if! 
illllli 



one may compute 

r 
-4k- I .r ' ^ -fCS*'"* j 

Ô £ 
(13.13) 

Substituting ^ * - ■ in the transform of condition 2) 

gives 

J-, . -,- \ . ‘ s t. ‘ c ^ ' 1. 

( 13 . 14) 

We now have, formally, 

A t ■ Í 
f. 

Si-’ce the .utegrand has a singularity at Azy , the integral 

ii at meaningful without further definition. We shall inter¬ 

pret the integral as a Cauchy principal value Then 

1 
r 

J- ('V1 -, 1 
¿r' i ^ 

Ç J e 

* ^ -1 - . ’’i 1) * 

c-jii 13.15) 

V t % V 

where r, - Í * - - ) -♦ ' - ¿’J t . The second equa- 
J 

tion may be derived easily from the first one by use of (13 12) 

suitably modified. satisfies l), 2) and 4); ko 18 harmonic 

lull mUiilM 

fc'!L 'ilWik : ! illi1! !'1 l'iiâii »ri.ili llâlitUlli 1-1:=1::111¾¾1 



in the whole region 

In order to satisfy 5) we shall first find the asymptotic 

form of C| for large r . With polar coordinates 

f'". „ >.. 
X' - -V r < f ; :>f ■ - *. - • -» 

one may write (13.15) as 

* n Ç f ; : iO ■ » 

,., . r 
i-f V f* 

-i. M1"!/ j 

r r ¿ f( **/ 

/,. ,,, , . 

£. CzS K K6c! O' I - •> e R 

f* 

^ + t..t/. 

^ -V 

r * " * 9 . - V 

f :J S l*'1 ri / a ' c'i 

* K y a. C 

In the next to the last: equation we shall change the order of 

integration, write 

Ç \ ! i 
C t: ■f> ^ ^ ; c ai V'rtV ios f<*v) - 'j / i< ¡\ V S 1 / . A kmV) 

and use the following theorem from the theory of Fourier inte¬ 

grals [see, eg., Buchner, Vorlesungen über Fouriersche Inte¬ 

grale, Leipzig, 1932, ch, I and j 8] . If -V) is a differ¬ 

entiable function in , if , * * ï» Ck, , exists, 

and if and -f (M/v are both absolutely integrable 

in I 6. , , then, as 1?-5 c=e ( 

OQ 

Í . 
) » p, 

(?), f5*') 
tuS ri«-*'») 

(* M 
X - X 

(13.16) 



Re mom be r i n g t h u t b o t h 

f in Is 

and a re , one 

(4 ». 

The asyn.pt otic ex pans lo<. of this integral is well known [see. 

eg. Erdelyi, Asymptotic expansions, Dover, New York, 1953, 

p. 48J and we may write 

R 

If we can find a harmonic function Cr:4 satisfying 1),, 2) and 

4 J a nd b a ving the as y ni p t o tic beha vio r 

t"'' ¿ n V 
i' 

t he n 

'v/u+ 4/- , 4 2- 
¿ ÍL " / ^ 

/ .-,, i. « , V .- I, r ' kj 

will, be a solution. The following function fulfils the re¬ 

quirements : 

■T. = ¿tí- .) 

[see the first equation (13.7) and Watson, Bessel functions, 

Cambridge, 1944, p 199). We note in, passing that ...f has 

the same asymptotic behavior as 

-¿/r v e“ r ' V f p y ), 

« .. ..il i. ,11 (, ..n li..i mi « i,,j i flui in,, 
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The final result is 

■~if» f V 
J 0 

i 
+ ,::: “ V 

^ríj'cJÍÍ tel T 

J0 ' * J S( n jt , V " ^ Cf ' 

(13.17) 

H.iskind [1954], using a derivation having some similarity to 

that used below for the two-dimensional case, has found the 

following form for 

I I , ¿>£V/ ^ -¿irve" ' ‘v V^íí:i{r 
i -oc: J - 

' ¿nv e. J (V?,. ^ 'Ci. 

( 13. 17' ,) 

It is sometimes convenient to use the complex form for the 

- ¡o-T 
potential, if S , with 

V>- r ‘ r" 

»0 
k 
fo -V 

(i(MtÊ)- 
6 4 * ¿7T V ' {13.17") 

ï m A IJ" t 
for then Re c, / ‘7 gives (13.17) and Í >" 

the source potential for an outgoing wave with singularity of 

the form r'li'>'uTf . Equation (13. 171) may be written 

analogously. By deforming the path of integration in a famili¬ 

ar way one may also express ( *, ^ m tie form (cf. 

Havelock [1942, 1955]): 

yum 



i 
r 

(13. 17") 

In the analogous problem for finite depth li one re¬ 

places 4) by 4* ) -i / \ -t i j ZQ and proceeds somewhat simi¬ 

larly. However, in order to satisfy 4*) it is convenient to 

1 ook i o r a s o 1 u t i on i n t he f o rm 

¢(^ !J= t 5-r r:., 

where v * = f,-: 1 + , "ih + i-j1 , - y ( . Equation (13.11) 

then becomes 

Jpo - /-« 'h,^/ ‘••oSK ^(n + k) 

and (13.14), now more complicated because of and 

becomes 

ÍÀ 
iílí-t^Jç ''\osU^4j 

/-) c ( rf(J) — """ .fl"'" &■ 
f? 11 v> k K " V tO - ^ i'. 

The final formula for the velocity potential is 

J-1 p;P _¿pit, Á -it, R f nth ) T 

"■$ $iv\ il '> £ Oil' 4 k 

u ,.+ P‘ . 

1 Jc 

, -W(ih 
+ 2 yifrotvig Si«k wnk cosk icpsli w.fit+Kj i » ^ 

. I i i . .*. 4, V * 
V k + S Iwk k 

t, 
(13.18) 

|aiiii|i|||LMll. 
llilliiTlllffii ‘ 



i 3 

wh*» re ' ' V / 
/ ^ The form of the last 

term of (13.18) may be altered by using the identities 

- " ». k , 
¢: 5 i v~ o ^ ' 

U e : l f'. r 

- K-»* k 
1 £ i u S i' / V ' 

L vi, r L<; . r 

IV „ - V 

/ k-vS 

John [ 1950, p. 95] has derived the following series for c/) , 

the analogue of (13.17 ) 

V - IV\C 

"7:1 ml " fl 

^ vv | ♦ V 
4 /_ ...J ■ ~ " 

( = I 1 

(13.19) 

‘ ui ■. u ,- cos , 3 * ■■ ^. -7-i <, ■ ■ s 

where t^i. J k ^ •', are the posi.ive real roots of 

•""f r^k .V--0. Either expression may also be given in complex 

form as in (13.17w). 

Potential functions satisfying the condition (13. 9 ; , but 

with r‘ Ljsrt in 3, replaced by a higher-order singularity 

have been givm by Thorne [1953] and Havelock [ 1955]. In 

fact, Thorne gives a rather complete census of the possible 

singular solutions for both two and three dimension' and for 

finite and infinite depth. Included are series expansions as 

well as integrals. For infinite depth the general expression 

which includes (13.17) is 

VJ' ^ = I ,C~'’ ‘Jj 4 —.- P7'] rV, ^ J J (fii ^ * 'o- 
^ w t .... il , I .1 r'-k* l", J 

(it - •V' ) j 
-- LT, V 

flfl v(l4lif-) T 
e £ Ci m* 

rt 

(13.20) 
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wh© re Here aro f,. s i T. N -l)/r , > :■ (? fo> ot , i r !< S"' * 

the associated I^gendre polynominals defined by 

t,- 1 

The asymptotic behavior of (13.20) is given by 

p ^ 

*i 1 
r f .i-A 

It has been pointed out by both Havelock [L955] and MacCamy 

f1954] that solutions can be constructed which vanish much 

faster than this at infinity. Let the function of (13.20) be 

denoted by j: n . Then ^ ( is the 

following function- 

4 ■ 

V 
7 —¿ - 
V n V 

S» * (r If 

kv\ 

P £ u i fÿ V 7 AasS •«n / 

r - V'.- 
*♦1 

Pi)“ 
/ ♦ * 

y 

-f c- 
_ 

- * i 

^ V S aí Í 0 > . 'T (T't 

(13.21) 

where CoS 9, - ^ •. < ( i ^ 9(.-pi‘W \v + í r’)1, • For 

and large IP these solutions are P J if ' ^ af® 

both odd, (y1 if j if one is even and one odd, and y (ft J 

if both are even. Although they have the form of standing 

waves, they satisfy the radiation condition because they de¬ 

crease so rapidly with large K . 

In addition to the papers cited above, one can find treat¬ 

ments of the submerged source of pulsating strength in Koch-n 

[1940], Havelock [1942], John [1950, p. 92 ff.], where a 



detailed discussion is given lor the case of finite depth, 

Haskind [1944], and Liu (1952] The definition of the improper 

integral in (13 15) and following is nol the same in 

these different treatments In some cases the variable h is 

treated as complex and the path of integration deflected arounc 

the singularité _ v by following a small semi-circle in 

the lower half of the h -plane The radiation condition is 

then automat leall) satisfied if one writes $ in the complex 

-i T t , 
form £|3e ^ s -r-i Other treatments achieve the same 

end by introducing a "fictitious viscosity" 1/- which has the 

effect of replacing the singularity at /< = V by one at 

: ‘ and thus placing the path of integration below the 

singularity. In the end one must find the limit of the solu¬ 

tion as ^ *> The fictitious viscosity has no relation to 
I 

real viscosity and may be considered a mathematical device to 

enable one to interpret an improper integral in a suitable way 

(for the purpose it seems to be infallible 

Source andvortex of pulsating strength, in two dimensions. 

The two-dimensional problem can be formulated analogously 

to (13 9), and solutions found in a similar manner The funda¬ 

mental singularities will now be of the form log r T( 

r o, f ,ct and r 1.---:., y /-, i j, 2./ . The results 

are given in the paper of Thorne [1953] cited earlier. We 

shall follow a different method here in order to illustrate the 

use of complex variables to solve sut problems. 

We shall consider simultaneously a source of strength 

and a vortex of intensity I at the point c = 0 + , . 
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In the notation used at the end of section 11, we shall be 

looking for a function if, F| analytic in .,,, and of the form 

•i ÍI, f ^ “ I ^(¡J * e ) + 4» » 5,,) ] f as tr t -V f J ) Si mlt y I* c < 0; 

I, (j) t-ôs <rt ,+- fx(^) s,'^ ff-t, 
(13.22) 

where f, and \ 

In addition, + 

condition (11.7) 

have no singularities in the lower half-plane, 

and VL must each satisfy the free-surface 

which we write 

> - < 0) + < 1/ X- ;o)I / -v- - Vg,, Ki I, 2 . (13.23) 

Condition 4) of (13.9) will be taken in the somewhat, stronger 

forro i 

I *f. i $ h für I? I ^ íú. I t* I - 0; 
* 1 • M i. * (13.24) 

J 

where M, and M ar^. given constants. 

The radiation condition becomes: 

hr* ?e. [t, * -° ^ ii-v, l?e )r; ^ sfl =o. il3 2s\ 

Following a method apparently originally due to Levi-Givita 

[see Tonolo, 1913], but used frequently by Keldysh [1935], 

Köchin [e.g., 1939], Stoker [1947], Lewy [1946] and others, we 

introduce the functions 



lïK .: * ( .) 
(13.26) 

Then ( 13.23) becomes 

(13.27) 

and ( 13 22) 50001116¾ : the two functions 

and are both regular everywhere in the lower half 

plane. A function w 1 th may be 

continued into the upper half-plane by defir. ig x - j •= 

'V'-',, the bar indicating complex conjugate. Since 

is regular in the lower half-plane, the extended function will 

be regular in the whole plane. In addition, one may derive 

easily from (13.24) that [ /-. ^ ( ; ! < C ' i | ^ JD for suffi¬ 

ciently large ' i : then, from the regularity of /H¿ , 

such an inequality holds in the whole lower half-plane and 

hence in the whole plane after reflection. It then lollows 

from a known generalization of Liouville's Theorem [see 

Caratheodory, Theory of functions of a complex variable, vol. 

I» § 168, Chelsea, New York, 1954] that Ai(fy) ~ , 

where 0- and (' are constants. It follows from (13.27) that 

O- and /- are real. The differential equation 

. <jMM.MII, «MM. uWn “ 

Jl . '! I iillilll'lli:1! 1.1 111' ! iiii! 
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has the solution 

■ ( l) i K * ' 
nt* 

HlW 

/r 
V 

||S< 
/ ( 

,,,it**. 

'Sto. 

f ft 4 rfi*1 
& 

t* r 
'•mi1 tm 

„jli.flWii''"“1*11' 
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The condition / ->• 

/ *4 * OC 1 P€ 1, f? 3» f Thus, 

finally 

( ( 
V 

/ V 

- ï. ^ ^ ; JV 3 <«3 Í 

One may set .~m. r* 
(MUH* ik„. •<*' without loss of generality. Incident 

ally this provides a proof of the theorem of Stoker and 

Keldysh mentioned earlier (shortly after 13.6)) 

The function V J 
after extension into the upner 

half-plane, will consist of four singular terms plus a func 

tion regular in the whole complex plane, say /4 

A. A 
; 

- : ¿ • * 
) 

I . '-•? {> f 
- — / c C, i ? 

. ; * ^ s 

**** 

) 
«h. 

.iwMMil 'HMMuMWWWWIf 
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/ <•*» ' a tr 
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-é* tfT 4 

(' 'H 
Hi / -77 a 

i'1 
Since satisfies (13.27), and the four singular terms taken 

together also hav? vanishing imaginary part for , > the 

same must hold for 4 Hence /4 must have the same 

form as 4 Substituting the resulting expression for 

A in (13.26), one has a differential equation for 4 (< 

The solution is 

t j L 
U <* 

i.MOHW*11*.lili if'lW»»««» 

À T! A 
c^;-c) 4 
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,4 

4. "A 
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where is real and the path of integration 1*5 <n the 

lower half-pi a ne. As in the case f , we may set - ..." 

~« and £ * must now be chosen to satisfy (13.25) Making 

use of 

f » V '-‘i 

i 
i V t 

one can show that 

t, + V rv _ -. ’✓ ■_ e 

¡T ^ ' V 1’ * - 7 - /r n /V ^ 

; - 

£ a i - u / ^ C, 6 - V ^ / ' 5 , 

/ 

This gives 

c 

One may easily verify that this choice of C and ^ does 

produce outgoing waves. 

If one makes the change of variable v/--- ' • ivf ~ - ¿ in 

the integral term in f, and deforms the resulting path to 

V* , one finds 

J J u - c 
,-1. fV 

oe - * ( i - c~ 
[ @ . * 1 i - c ) 
.t d i? ♦ ¡T 4 g 

J; f? - V 

Substituting this in the expression for f, , one finally 

obtains 
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Singularities of hightfr order may be found by different! 

ating (13 28) with respect to > The expression for 
1 .1' 

may be put into a somewhat different form by using 
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! ^ i .,y 
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■U 7 \ 
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■»li J 
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Then 
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+ i I ~ * J 
HUmiWIBIWH- 

""•l J — J 4 
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-jh':- - 

0* C 
i»H. 

4M» & 
a# 5 V w *. 

— t / c 
/ V 1 - * c 

tpj 
Ur 

\ (13.29) 

A.. 4 t W Ih» 

One may continue differentiating, using either form foi 
/, -4* / / t t U 

Thus, from (13.29) 
4 r. 
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f l?rr) 
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Mil» 
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¿ I 
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I». I 

i?' 
e r1* 

c/ ^ ^ ^ ^ ^ 

<1 «il 
v'7-4) - '/WJC s i v' t (13.30) 

By setting 1” - 0 , ^ - C : r3 

/ 400 H, 

m; *:> 
i r 

. J. 
(rather than 

the conventional re 
. * 

in order to distinguish easily 

symmetrical from unsymmetrical solutions) and taking the appro 

priate real or imaginary part, one finds the following formulas 
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for ¿('.fri)'- 

Ju , t) = I 2. i,.- - £ p<) 
r 1 '3 1 i 'Î.TT ^ i 

ro» 
s coS Aj, ízszt 

ev''‘'>J;Ss vfx-.) 

# - » “O a. 
i , v r ji ''j.ins f-U 2.* Ä'+v í, ,1. r, ,i. 

rn X ^ r — -** - —r ^ -t— 6 fo fof? '¡xi 
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»if ... 
*-v 

* (13.31) 
^ £ os vj^-s,; cr 

? ti - ^ 
' * f7 l’l 0 Â+v t, ,1.1 . 4 
—4 —.-iY ^ij .ii.. e ; ' í* #//-fl|i<3^i ^ôs f1 

¿fl k' iV'-ífl 2r J ' 1 J 

r- Oi ,- w V 
——— Vv & 
/V - ‘ ; 

ö c t/x-a ; S,m “t. 

In the formula for the logarithmic singularity ", may be 

eliminated and the coefficient of cos crt~ written as 

(v. John, 1950, p. 100¡: 

■oo 

— h,r * é WL ITT 

For water of finite depth the method used above does not 

work as conveniently because of the difficulty of formulating 

the boundary condition on me bottom, I " f fx-.uk) ro , in 

terms of the function A (j). However, it can be done, yielding 

a differential-difference equation for •(•(j.') which can Us solved 

by use of Laplace transforms [cf. Bochner, Vorlesungen über 

Fourierache Integrale, Leipzig, 1932, pp, 167-168). The method 

used for the three-dimensional problem can also be carried 

through (see Haakind [1941b], John [1950], and Thorne [1953]). 
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It is cOivenient to separate the vortex from the source 

The resulting functions are as follows, 

vortex : 

source 
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Here cv=t^'il^‘''2-^ . The remark following (13.18) 

concerning the form of the last term of that formula applies 

also here. The real part of either of these gives the corres¬ 

ponding potential fumt ^ wh • 

For the source, the integral representation and the series 

representation analogous to (13.19) are: 



^ j ^4 V e ' ' > " >• Villi', *2^ t+^}JilJ-£zJ- 
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Thorne [19531 gives the potential functions for the higher-order 

singularities and the function for the logarithmic singularity 

in a form involving and and hence more analogous to the 

one i- (13.31). Voitsenya [1958] has derived the complex |*)ten- 

tial or a source-vortex situated in an infinitely deep fluid 

of density & lying beneath another of density r, / , 

and of thickness a * 

Source of constant strength in uiiform motion: three 

dimensions. 

We shall assume the source moving in the direction Ox 

with constant velocity u0 . Let < • ; ) be coordinates 

in a system moving with velocity -u, in direction 1+ and 

let the source be at i *. c) , < L . Then, from section 

11, we wish to find a function Cp ('*, satisfying 

1) /2, - c except at (a..y ; 

(13.35) 

2) 
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where t-Pi:i is harmonic in the region / 
N. P 

â à 
/ 

Jf 'mmfr -K i< J 

For fluid of finite depth h , 4) is rep’aced by 4' ) 

(ÿ (t ->•.;Without condition 5), demanding vanishing of the 
' Y ' 'J' 

motion far ahead of the source, the solution »ould not be unique. 

The profile of the free surface is obtained from r/ ^ 
.-MWN*' 

^ ÎI1 ,ii' 

r ") / 
.-r" -m •\ U A Strictly speaking, the solution of (13.3^) will 

represent a sink, i.e. a source of strength -1. However, we 

shall continue to call such solutions sources 

A solution to this problem may be obtained by methods very 

similar to those used for the source of pulsating strength. 

The details will not be repeated, but can be found in Havelock 

[1932], Sretenskii [1937], Köchin [1937], Lunde [1951], Peters 

ind Stoker [1957], Timman and Vossers [1955] and elsewhere. 

The result is 

1/ 
-I,•***•* 

,*1 

/r (' 4 
D 

i a«'*'' 1 1 

CoS ^J1— V 

■****■ 

>* 

(13.36) 
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11 

where 
• "V 

l. +íy 

The potential functions for higher-order singularities are 

unwieldy and will not be given. The one corresponding to 

r . > can be easily obtained by < - fold differ¬ 

entiation with respect to , if one remembers that 

The dipole with axis in the direction is obtained by 

differentiating (13.36) with respect to à and will be used 

1 a te r. 

The velocity potential for a source moving in fluid of 

finite depth has been calculated by Sretenski1 [1937] and by 

Haskind [1945b] The form given bolow is essentially that 

given by Lunue [1951]: 

x fr' !r ' :: ^ * ~ 

^ " . C S' j J, t ■»Vj "y±t 

~ ' V > . • . ✓ f-r - S . ’'r. •t»' 

1-r 

to S [A11-*-) Co$ Jj CoS 1'^ n-c )jj r ¿ b 

êj£*■«) jt'3^*3 ^->x¡S3ío; ¿I- '■'SS- / 

-V»- 

( 13.37) 
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whe re is the real positive root of 

V 5«t- J < rJ < T ; 

where 'J0 - arct'Ji Jvt if 7 It - ~ r /«j4 < ; , 

= ® ^ -=.- . As before "'Vs rx-3 ’♦'--.■íf,1'» 

»"d - V-^ ^ Í; - CJ' . We 

note that f < V 5ecv^>' , fs , 

-î> i ¿i J— ^rr and -A, ^ |.-» yás l- s» » 

In the double integral the principal value is necessary only 

for ,ß > < ,,y < " ^ , for the singularity does not occur 

in the denominator for J> £ ^ : . The part of the 

double integral with ‘i •./■;.-> j. approaches zero as 

> —> -o , so that no correction is necessary in order 

to satisfy condition 5). This is the explanation of the lower 

limit In the second integral. In this integral the deno¬ 

minator vanishes only at // - pß0 . One may verify that 

the integral is convergent by noting that 

4.,. s. t 2J 

s a/1 "&C ï 'A 0 1' 

and rewriting it as an integral with respect to "V When 

[. -w co , (13.37) reduces to a form of (13.36) in which r, 

is absorbed into the double integral. 

For the stationary pulsating source the asymptotic form 

of the velocity potential for large K was found in the course 
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of deriving the potential function. For the moving source of 

constant strength the asymptotic form is more difficviK to 

compute. Since the form of the free surface, n s (.* 3 i ) 

is of principal physical interest, we shall discuss the asymp¬ 

totic form of cPÁ instead of v . 

Introduce cylindrical coordinates > a ,.. 

into the > derivative of (13.36): 

» >• a 

■V ■ s «. K i 01 »( 

R ’ (h~4 j 
, - i /■, 

¿V 
2. -J -a '■' -1 ^ ] iSi* * 

(13.38) 

- V S ? 
s- i ai «; 

* fcV f i# cV " - * 0 *iC" ioS ^c. t-i : a -, yU»' 3r » */' (OÍ ^ / 

For large n the first two terms taken together are 

ft / • Apply the theorem (13.16) to the integral with 

respect to , This gives, after combining with the second 

integralt 

> j: - ¿V^ i-.V 
V f ; S f C ^ 

j coî [I/P5CC J‘ £îS ;j p I 4 f' ^"0^ -°¾ 

4 co 
-M 

s -/(( ->ij [-! tSji* coJyCoyja/+ ¡5^1? J 
(13.39) 
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Sine« is symmetric in ¡x , we consider only 

j) «h i -17 . We have for Q < < 

1 
- V r - . V 

(-55 yV S-" ,'^£<5 ¿ ví -♦ 

and for ~ 4 L 

,)- - ^v 
. f' S?c -> U roS kv':) cot fii1-* * : t-y 

,(• 'k *+> ■ Set J 2 
V -f-ijs#-.* y 

ca a> „V^ sec'-i^ cos ('J-» ) ¿-J ■+ O'R 

Consider the two fitegrals containing cja -J1-* and let 

^ - $ et’1" (ÿ £ 3 ç (¿ * c ^ 

Then for j ' y í- r- " the integral becomes 

- 4 -y1 1 ~¿ -1-— . j 5 > P"\ i r ■ 
o 1X f 2 y + «: ) ” 3 - ' ^ 

If X ~ < 77 , the lower limit is coi d. 

In either case one may show that the coefficient of ¿os vß.-l 

is single-valued, continuous, absolutely integrable and mono 

tcnical ly decreasing as a funct ion of x . b.’ integration 



by part« 00« may then establish the following estimates as K 

¡cf. S. Bochner, Vorlesungen über Fouriersche Integrale, 

Leipzig, 1932, q 3]: 

for ‘ ï ^ -i t T, 

- / f i * 1 \ 

J ) > 

for £ T < t* < 7T 

,u 'c "+^l 

- 4 V   .—a < h Í vV, c j ï a; ) I* 0 R , 
I \ ä ^ 0* 

If ¢/= T7' , the two integrals in (13.40) combine to 

give 

tfv'*' 
G»G V '¿«¿J/ xV 

-.1 -- caí V -• r ef r — 
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hv'‘ /rr ij 
/vP; 

. (vR - t'j 1 On?”) 

Consider now the remaining integral ii (13.40), and let 

M (J) =t cat /J?-«). 

The integral takes the form 

_- ./- 
S(r (I1Í1 - of) + 3 Jivi 0' 
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The denominator now becomes ¿ero when 

tar 'i — ~ “J* Coi»' ^ j 1 '7 /- P tar‘a j 
(13. 

an equation which has real roots when fJn'» if/? , i.e. 

when 

< i v. <, ^ y 5 

When -'H <; at < ~ - /¾ >-i.sm-r =. r*c , the Fourier-integral esti¬ 

mate used for the other integral may be applied to give 

Wr£’< iVfrorc, 

'S1 is a two-branched When »L < a < T 

function of ^ and the resulting two integrals each have 

singularities at one of the limits. Thus the elementary method 

of analysis used above can no longer be applied. However, a 

modification of the method above can be carried through [see, 

e.g.. Erdelyi, Asymptotic expansions, Dover, New York, 1956, 

pp. 46-56]; the classical treatment is by the method of sta¬ 

tionary phase which is well discussed in Stoker [1957, ch. 8]. 

The estimates already derived are of the same order as 

the remainder term in (13.39). Analysis of this term produces 

terms Mch cancel the terms in !/Rsi*o- already derived, 

thus oving an apparent singular behavior near the X- axis. 

The asymptotic form for the surface rj [ T? , ai») 

a source of strength m (i.e. -" / r ) is as follows: 

above 
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for O -/4rfí*4 =<*<. (13.42) 
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(R,*) = ^ í MH ; 
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Here and J are the two roots (13.41) 

and y4,(\(iand the corresponding values of st^J . 
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J, . A * 

«» ¡ll 
mímIIm« 

il 1; 111 ■ II IlhWl, i Mli ||| lis ii¡ji¡ii,ilii>.. Hi III « 



In order to have some idea of the form of the free surface far 

behind the source, one may graph the curves 

V k pj*) ~ ^ ä - '7 , V i\ p «I , m) 4 - 77 =-¿.»''71 ^ TiC, 

showing the traces of the wave crests in the region 

TT — y- ( i i ✓< -i <. . 7 +- -1 ■ i ^ . 
i >s 

This gives the well known pattern sho* n in Figure la. The 

first equation gives the transverse waves, the second one the 

diverging waves. The wave length along ¢/ = 77 is ¿ñ /v and 

along the boundary lines A-kJi/Ij * expansion is not 

suitable in the region near the boundary lines * : xc . 

As ../-3 , or >o<t , the term [l - î j /4-9 O and the 

amplitudes become infinite. A special investigation of the 

region near ~ ¿*c is necessary and shows /-¡sk) as 

leading term; -'¡ may be expressed in terms of Airy functions 

(cf. Ursell [1959]). 

Eisentially the same pattern is produced by a moving con- 

centratid pressure on the free surface; it was first analysed 

by Kelvin [1906 - Papers, vol. IV, pp. 407-413]. The asymptotic 

behavior for moving pressure distributions has been extensively 

studied (e.g., Hogner [1923]; Teturo Inui [1936]; Peters [1949]; 

Bartels and Downing [1955]). L amb [1926] has given the 

asymptotic form of the surface over a moving submerged dipole. 

The form of the surface near the moving dipole has been 

Investigated by Havelock [1928], who gives traces of the profile 

on planes oc - ^onst. for several values of x between -f tt 
* 

and T (the radial lines of Figures lb and 1c) and for 

í^v|= ;/¿ and 4. Havelock's computations were later used 
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by Wigley [1930] to produce the contour curves shown in 

Figures lb and 1c. 

A similar analysis may be urde tor (13.37), a source 

moving in fluid of finite depth. For a mov.’ng pressure 

distribution the problem has been treated by Havelock {1908) 

and Teturb Inui [1936). The pattern is modified as follows. 

If y r , the pattern is qualitatively like that for ' I 'IMIMIib .011 ■v> 

However, the wedge within which the disturbance is chiefly 

contained has a wider aperture and as t ! i the aperture 

approaches radians on each side of the line of motion 
4ÍM*' 

In addition, the wave length of the transverse wave system 

increases and approaches infinity as 1| '-D ■Il 

« « Vhen w> 2’ / 

the transverse wave system is missing completely, but diverging 

waves still occur in a wedge of aperture varying from to 

¢3. S — -w^ , (See also Ekman [1906], who has considered the / h - ”> c; 

free surface over a dipole on a flat bottom.) 

Figure 2 from Havelock [1908] shows the half-angle of 

the aperture. 

Kochin I 1938c] has gone furtar in this type of problem. 

He has derived the potential for s~ e situated In a fluid 

of density r, and depth b , bou.'¿H below by a plane, over 

which is lying another fluid of density < f( , extending 

infinitely far upwards. The lower fluid moves with velocity 

c( , the upper with velocity Cl in the same direction. He 

also finds the asymptotic behavior of the solution. 

'1* 

i 

t 
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Singularities of constant strength in uniform .notion: 

two dimensions. 

For submerged sources and vortices in two-dimensional 

motion the complex-variables method used for the pulsating 

source may again be applied. For infinitely deep fluid, the 

computation has been carried out in this way by Keldysh and 

Lavrent'ev [1937] and Köchin [1937]; a detailed exposition is 

given in the textbook of Kochin, Kibf-l' and Roze [1948, 

ch. VIII, ^ 19] . Havelock [1927] and Sretenskii [1938] have 

treated the problem by different methods. The complex velocity 

pote itial for a combined source of strength >3. and vortex of 

intensity r at c ~ a* * b- , Ú < G , is given by 



SI 

i* / V •+ ¡ J f r....« ,3 ,"<v>j2_^ 

TT; ^ -1.,50. “‘•C J 

r*>G j' ^ [-¿Q |( 

ï “ ' ' # in 4 OS l't- - 2(r-<&)e 
ivrj- 

, 1 < ‘s'* 

r-¿3 ;'v¿r 

“TT .œ U"C (13.43) 

rug L/,.,. 
l-n* £)1^ :! ITT A J. 

The real velocity potential for, say, a submerged source can be 

obtained from any of these equations. The last one gives a 

form analogous to (13.36): 

^ Í y '¿'I f ; s r + /-*> a 

J¿ "ví 
TT I -fr-V 

y -ai i 
^ 'J/ ; ç i > c ^ - a.j. 

(13.44) 

Higher-order singularities can be obtained by differentiating 

(13.43). The complex velocity potential for a dipole of moment 

■v and axis in the direction a * is given by 

M 
IT I - C 

4 * 
jM_ S ^ ^ 

M e 
2V '> • 

.-/o( 

, Mv -n f -Ju 
ymm — . Û U I _ a 

-.00 J », u 

2tt J.-C 27t i-e 

; w,w 
a P/[ —.—- 

* o >(-V 
f i— 

(13.45) 

tf -/«. .^ V 
r V e, e 

ytjrigpiwiftfWHtyii-.,...- -- ,-,1^ |"¡|i! ;l,||,^T|ll'¡llllHHiWi||W!|fiw|iiiiii|iiiH|'i|li|i||i|l||iiW 



If in the last term of the first equation of either (13.410 

$ ^ 

or (13.45), one makes use of the identity 

7 

30 

e_ 

14 oa ^ 

- / V M 
_ o 
— -- <a.u, 

- - u - c 

it is not difficult to see that this last term is equivalent 

to a distribution of dipoles on the ray from c to - «c 

parallel to the x-axis. The moment density and axis can be 

determined for the three cases, source, vertex and dipole, by 

comparison of the integrand with the first term of (13.45). 

For the case of finite depth the complex velocity potential 

has been calculated by Tikhonov [1940] and is also given by 

Haskind [1945a] for both source and vortex. We give separately 

source, vortex and dipole: 

source : 

if»- ¿TT h(y° 

2Ch ,, 
P 

-4(i CO',¡7 ifi/ r ^ \ Cf i 
—g-si« ififkl ¿ 

Qy cosh 

^. V h - C o S n L 

VTipk cosing 

Srr - 0 4/kj- 

1 

(13.46) 

/ 

■.. .. -i»i. Jl 1 . -...-1 



vortex : 

C 
(13.47) 

dipole. 

-X Sí* V ^ K 'fa A it 
" 

(13.48) 

He re c -n. — ^ ~ ' and the inst summand in each of 
i* 

(13.46) to (13.48) is to be deleted if V k ^/¿V ¿ 1 ; K 

Is the positive real root of V ^ i, - A CO s i = 0 , which 
/ i 

exists only if V ¿i > 1 

Asymptotic form of these functions as % -oq is easily 

seen to be given by double the last term In each expression. 

ij, |M|i'h ||<|j 1111 HHlHliii 'MMMHII II llKlMli'limdli 1)1' . 1 :l ."ilMliliH H'J ,|Ui «Nh, llid WWllllllMil 
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When T'h V I , the disturbance ;.s only local, a fact which cor¬ 

responds to the absence of transverse waves behind the three- 

dimensional source for v n <. 1 . 

Köchin [1937a,b] has derived the complex velocity potential 

when fluid of density overlies the fluid of density f, >fv 

containing the singularity. The lower fluid may be of Infinite 

or finite depth; the upper one is taken infinitely deep. Their 

velocities may be different. 

Source of variable strength, starting from rest and 

following an arbitrary path. 

Consider now a source whose position and strength at time 

f- > O are given by (al t), 4 't)J anci ^/fr) > where i 0 . 

Let w t) .- -.,- t . The conditions to be satisfied by the 

velocity potential $ix( ^ t) are 

1) ¿ - o y < 0 (> - ? ) -t fo't.i i't c ft)) 

3) mfor 't harmonic everywhere 

ln ^ ^ 0 ' 

4) I i !Y\ -¿►'ac] if - o 4or all xc, 1 
1 -> ~ -JO 

5) 11 m draJ f- - O -for ¿il t 

6) j>(x, 0^,0) = r O, 

Here rv ^ ( .^ - q f tj)% + ('i - & (i )Ÿ ■+ (^-c( t)jv^ ^ L =.( x- a ( *j)V +($-c if jjL. 

If one assumes a solution in the form 

; c wm*.. 



il 

P-- M r 
- ( 

AA 1 h 

where r, * ; > ' + t y * ■* '1 , then * must be harmonia 

in - s û and satisfy 4), 5), 6) and 

' *,rj 1 t 
nt ■ ‘ c’ - V 

f< T ■ y -1 ¿ "'tj ÿ [(/-a) + 4 * i-îŸ 
■V 

It follows from the conditions that, for r 4,J “ constant, 

which we may take as zero. Let be the Laplace trans¬ 

form of jj, 

T ( A “3 _ f j* , 

h ' ^ ¿ f, cT 

Then is a harmonic function in y <• O satisfying 4) 

and 5) for each and also, after T.akine use of G) the 

condition 

Since 

t 

is a harmonic function in ;; <0 vanishing on -• rO and at 

infinity, it is identically zero. Making use of (13.12) differ¬ 

entiated with respect to y and changing the order of integration 



one obtains 

S" Í, t " + ? ?iy f'r 

- ^ j9 ^ s< j. it « *wír)e i x'j e 

~ ¿ 3- ) i; Jii ( it e4tA"!tJ fe41^ (4Li*-»]* +■ /7 - r]1'; V V- ;■ 

T 
The solution for '.K la 

T Ä Cm3 ^ O© ± » / a 

( A, Tf,, S-) = 2 ^ J i 4 '-vT”. \ 11 « A j £ * ‘ ^ i?/ij ) 
«'C 9 J’ 

57 

Making use of the convolution theorem and the fact that a k) 

is the transform of jf„)‘ V" f< 1 t , one may find the 

original function (x,■ ?¡¡ frj t) 

J» 

2 j5 J* i;*)1 [it ^:'l(°>>fa-T)}to(T)e ■ 

For fixed t one may easily verify, using known properties of 

the Four 1er-Besse 1 transform [ef. Wfttson, Bessel functions, 

L4.41. ], that <pi is and hence that 5) is satisfied. 

One has then the result 

+2, (*¿¡* íat ^.t)cJ^t¡xit rje41 ^+^Jo 

iv, ih 

i'(n r, (fj 

^ .*0 , rt 

*77 
•71 o 

i'jj (iff fj j h Wft*] S vK^jVé -TjJ » ( 13.49) 

^4¿frW(x-«frt)£os^+¿ (yc(r))s<^2 
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By a more refined analysis 

Stoker, 1957, pp 190 1] 

and ) and are 

For some time t > 

of the behavior for large K [cf. 

one may establish that ' is 

Í, ) as f\ •• . 

, one may write , in the form 

(, 'T]] 

-f ^ (tj 
r (t) r, ft) 

■4' 'L d9< (? k) 
t-t0 

dr ^ • t3- tJj e 

Here the first summand , represents the effect at time 1 * 1 • 

of the action of the source from ^ - to . The remainii.g 

terms, [ , are the same as (13.49) with f measured from 

r . / to + 4, ; 'ic.) » and show the effect at time f of 

the action of the source from /"• fj tf / t . (This is, of 

course, what one would expect from the linearity of the problem 

and the fact that the choice of ï' o is arbitrary.) When 

t= ft , [-4 reduces to 

MK) _ , 
r (fs) riU'o) 

Thus 

f. ( \ ^ = -• 

This» fact provides a basis for Havelock's procedure in similar 

problems, a procedure originating with Kelvin in the treatment 

of moving pressure distributions. The idea is roughly as 



follows. Divide the path of the source into snail segments of 

time span f . If Af is small enough, the effect of gra¬ 

vity upon the fluid motion: produced by the source during this 

time interval will be negligible, and one may take the boundary 

condition at the free surface to be , . The distortion 

of the surface resulting from the action of the source during 

this short interval is found and the future behavior of the 

distortion computed while taking account or gravity. Summing 

over all t and taking the limit leads to the potential 

function. 

The expression (13.49) has been essentially given by 

Haskind [ 1,946b] and Brard [ 1948a], Special choices of »vu'rj 

and of the motion of the source lead to cases similar to those 

treated earlier. Thus, if t) - • > < ' and (&■/■>, -) is 

fixed, one has the potential function for a stationary source 

of oscillating strength, starting to oscillate at t~~ :.) . 

Carrying out the t integration and taking a limit by using, 

say, the Fourier Integral Theorem (13.1 allow one to derive 

(13.17). The radiation condition is automatically satisfied, 

The velocity potential for finite values of t may be written 

in the form 

<13. 



The leading terr. n the asymptotic ev.paftsion of the last summand 

gives the last summand of (13.17). 

If one takes tv,it) = , n. - a constant, .> *j - ^ia4Uat , 

r Cj £ /* = f, , one obtains the velocity potential for a 

source suddenly brought into existence at t- S and moving with 

constant velocity in the direction O* [cf. Lunde, 1951, p. 

18]. A limit as /"-ç>-ro will give (13.36), the proper boundary 

conditions at infinite being again automatically satisfied. 

For finite f the velocity potential in a coordinate system 

moving with velocity j, _ in direction 0* ( * s- satiät' 

í 'I'M*--. ls ßiven b>r 

, i I f, 

►v\ 

'T j 

rv\ 

¡ J aJf §flY e ' Si* t(y) g 
r ^ 

c~j [ó ) :. (7+ Cj») i I * 

(13.51) 

The two cases just discussed may b© combined by choosing 

W, ! ! ) = <v ¿O s T t and Ctji) - <4 ¡ •* J a't , ^t'i z a/ Z* t i~ C0 . The 

modification of (13.51) is simple: a factor Cjl rt must be 

put with the first two terms and a factor fo¿ t(í-v) put 

at the end of the integral. The asymptotic form as f-i> co 

can again be found by uso of the Fourier Integral Theorems 

(13.16) or simple modifications. However, if the resulting 

formula is written out as pr^ocipal-value integrals plus other 

terms, the expression is very unwieldy; it may be found in 

Havelock [1958]. Use of complex integrals allows one to com¬ 

press the formula. Let 

■V .— ..*• »'«.HIM,; 



"H 

5 ^ £Tt 
.#5 -»et 

- pe 2 ^a< Jr-*'1? 

Then 

¿^'i ¿K ~iO,}, + ’4r .¿'>1 i* \*rï('Jk) 
J3 ^ 3 1 J. J "ff J, / • ' ' 

r ^ 

!^T 

PfJríf) 

rfjffet f -♦ -<ir -f * T X - S ^ / 
«'*.*' y o 0 “" „ 

_i_e __i_. 

2 k - ( <T ± * J-CoS J)'“ 

where 

t- = Üî T/( 2" 

) ^ t- f j 

4ri. C^S if t' > 

o 4» 

Lt 
-~k 

O *3 ^4 

i - JT- n 4 T £ o S $ 

2 t- taj ,Jl 
v-j 

i -f \/T-4 r cas 

2. T £-0 s 4Í 

cr, 

(13.52) 
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This potential has btt.n derived by Mask Lad [ IKöa] , ßrarti 

I rjAtía,b] , Hanaoka [1953], brctenskii (1934], the last with 

an unfortunate mistake in sign in one term, hggers [1957], 

and Havelock (1953]. The latter expresses it in principal-value 

integrals. Hanaoka, Qrard, hggers, and hretenskii nave each 

considered the asymptotic form o' the surface for large 

figure 5 shows qualitatively fcf. decker, 1953] the curves of 

equal phase, say the crests, f.>r the various systems of waves 

formed. The pat tenis »tv.ist be c imp It ted by id lection in the 

*• axis. 

FIGURE 3 
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Motion of a source on a circular path of radius D may 

be treated by taking ,A.r. £) >Î ( :■ Ps-.-vt :j_n (13.49). 

For constant this problem has been considered by Sretenskii 

[1946a,b; 1957], Havelock [1951], and Stoker (1957]. 

One may derive a formula malogons to (13.49) when the 

source moves in the presence of both a horizontal botr.om at 

=- h and a free surface. The derivation may be carried 

out along lines similar to those used in deriving (13.49). The 

resulting velocity potential is [cf. Lunde, 1951, p. 32] 

KV" [ t) W. ( t ) 
$ t1, J ; t) 

r/<-J r^t) 

2uh jv^ -iLf^MtoSu(ri.)-:0 

2 r o 

^°1 - cos„x^h 

(13.53) 

t 

dr Sic.[^*r)vc 0 ^ 

where 

ri ■ ( .+ f u +2 L +/7 + ) + .Q - c f M) . 

Two-dimensional formulas corresponding to (13.49) and 

(13.53) may also be derived. They are as follows, with the 

source and v rtex separated for finite depth: 

infinite depth: 

rif) '■ * M 

(13.54) 

i*í, jl\ _ rft)-+¡üm / _ ,ilN 

i („ »-- ^ __ r ^ 
ITT, 

TT / 
[TM-iQ(r)] irj ^ 

I -¿4ft'cm) 
e 0 

+ . ÏÜiiiE i iUxMÜL'-ibk I J; 
j ....«s.. 
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depth h, soin.' e: (13.55) 

f ( -» f ) - -1-:.11 U ( ¿ - t(t)) ♦ 4 — i oÿ( 1 ^^ ■+1 ' ^ J 
<?' ITT 5 '* 

ûit) 
-kl, 

JL 
> ^tosli^K 

V , i < fr 

Cask ^í^(¿Hj£aS a-fr 

^ «D it /- fr 

i: \ , $gtrJl.r—-u air: 

^ J. ;= 

depth h, vortex: (13.56) 

; iJr - —^ioj(j*î:wiit) 

/■ 00 ■ . 
IÍÍ) ( g •— ^ 

^ TT lù ^ cûSri 1t 11 

J: f _i££èL^o^j rws..u,(iif)^)i'' <.'ra'ir,-Li 
^ ;« /r»,+..k/4 -'o 

fïhïôÀ'ÏÏ' f^-r')] =!*• 

Higher-order singularities may be generated by taking derivatives 

with respect to ,. . One may transfer to moving coordinates, 

etc., just as in the three-dimensional case (see Havelock (1949] 

for (13.54) in moving coordinates). The velocity potential for 

a steadily moving source of pulsing strength in two dimensions 

has been given by Haskind [1954, p. 23 ff.), who also gives the 

asymptotic expressions for large values of t . When 

t < '/if , there exist one wave far ahead of the moving source 

propagating in the same direction and three far behind, one 

propagating in the same direction and two in the opposite direc¬ 

tion; when r > '/4 , them exist two waves far behind propagating 

in the opposite direction. The analysis for finite depth has 

been given by Becker [1956]. 

■V + ' .".... 



14. ap’flt «Imple physical.solution»-« 

In this section we consider periodic waves In an ocean of 

Infinite horizontal extent, either Infinitely deep or with a hori¬ 

zontal bottom, in canals, and at an Interface. The linearizing 

parameter £ of section 10«*. may be taken to be the ratio of 

amplitude to wave length, 

14« . Standing waves In an Infinite ocean, 

It is appropriate to the physical problem to require that the 

motion remain bounded everywhere . 

Consider first two-dimensional motion. Then, from 

13p , the only solutions of the form <j) = «p cosí a t + t) are given 

by 

' £3 

f (14 1) 

for Infinite depth, and 

•mc(^Mcos(w*X4o<) eesCo-Nr^ J, «J,-v = O, (14.2) 

for finite depth. 

The correspond—jg forms of the free surface are given by 

yjiK't) ~ A Ciro- (v X4 d) 4 

and 

/4 C CS + (o-t + 

respectively. These represent standing waves according to our defi 

nition in section 7 We recall that ^ « > v 

It is of interest to examine the streamlines and the paths of 

the Individual fluid particles. The streamlines of the motion can 

be uaally found from 



lôí 

and 

hr 
d* 

as toi (vx-fof) 

d«*- ^ 
d'X 

=■ -rj^ - - ^0 (j4|n) (kv,x-4- 

respectively. The streamlines are then 

V í * - ^ f#) 
i I ç ' ( "s/ X + »'j ! — I 

and 
(14.3) 

Smk = smk nn0 + 0 > Y- 

for infinite and finite depth respectively; here ),, is the low¬ 

est point of the streamline. If the fluid Is infinitely deep, 

the streamlines are all congruent. Figure 4 shows three of them 

for a quarte; wave length and ¿X-O, v = j . The vertical line > -C 

is also a streamline. If the fluid is of finite depth, the 

streamlines vary with depth. Figure 5 shows streamlines cor¬ 

responding to 0/-OS/ -0.Qt for 1/-0, ki = Í , v*e - 1. 



The horizontal line y « -1 and the vertical line x ■ 0 are aleo 

streamlines. 

Since the streamlines are time-independent, they also contain 

the curves for the trajectories of Individual particles, However, 

the trajectory of an individual partl.de will be an oscillating 

motion of small amplitude along a segment of the streamline passing 

through the point. Thus, in Figure 5 the particles on the bottom 

simply oscillate back and forth about an equilibrium position, those 

directly beneath a crest, l.e, at x ■ 0, oscillate vertically, etc. 

In view of the Infinitesimal wav© approximation used In this chapter 

the streamlines have physical significance for only a small distance 

above the equilibrium free surface, y « 0. 

In order to investigate,, at least approximately, the behavior 

of the trajectories more fully,we may replace the actual trajectory 

by if tangent at an average position, say (x0,y0), an approximation 

consistent with the assumptions made in linearizing. Then the equa¬ 

tions describing the trajectory become (oStting «. ■ x • 0) 

ÜL- = -civ e V* vxt cos <rt ^ zJr - e ms vx,, tea rt 

for infinite depth, and 

Ííí-aM0 teak tei <rt, ^ = ÄWo cos w»* t0S ^ 
d't ¿ f 

for finite depth. The approximate trajectories are then 

4) 

for Infinite depth, and 

x * X# -o. <r‘Vtt cosí Krt.fyfU Sir ^ (14.5) 



loi 

for finite depth. For Infinite depth, the amplitude of oscillation 

drops off very rapidly as depth oi the toulllbrlum position Increases, 

the ratio of the ampllt ide at depth yQ to the amplitude at the free 

surface being ¢2 . The same ratio for the case of finite depth 

is 

Smk Sm t* « x% 

*n, k -4 S in'" *vo# y. 

Thus, on the bottom, when yQ « -h, the amplitude is zero under the 

crests and maximum under the nodes. As is evident from the equations 

of the trajectories, the path lines of particles on the free surface 

are approximately as In Figure 6. 

Figure 6 

In order to explain the apparently Inconsistent behavior at the nodes 

one must go to a higher approximation than the linearized theory used 

in this chapter. 

Let us now consider throe-dimensional solutions. The standing- 

wave solutions are of the form 

*r) 

or 

for finite depth. 

for flnlte depth_ 

where ^(x,z) is a solution of 

^2. X + ^X z 0 ar X 4 A. “ 

respectively, regular everywhere in y < 0. 
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Tro particular casca are of especial interest. The first 

corresponds to separar.lon of variables In rectangular coordinates 

[see (13.5) and (13.6)3 » The solutions are 

*,v+V xv' 
for infinite depth, and 

= * Co^ c®s $>***) 

Vt |?vVa W\#V j W.fi - V -Oj (14.7) 

for finite depth. The other solutiomresult from separating variables 

in polar coordinates £ see (13.7) and (13.8)j, They are 

JjvK) <■<*{**+ojcesic-t**) t *zo,it- , (14 J3) 

for infinite depth, and 

, (14.9) 

for finite depth. The form of the free surface may be found imme¬ 

diately from (x,z,t) =-it(x,o,z,t)/g. These are all standing 

waves. 

The streamlines and path lines may be found for these two 

cases with no special difficulty. For the first case for finite 

depth tne streamlines ar" the intersections of the surfaces 

I s.*4x1^ = c, 
I Si* ^,x 3ivs ^j j m0 + — C-i . (14.10) 



The vertical linea, x » pv / ^ , z m f r. / ^ , passing 

through the maxima and minima are streamlines. The points on 

the vertical lines x - (p-<• , z - + i)77/^ passing 

through the aattlepoincs are all stagnation points. The projection 

on y « 0 of the field of streamlines la indicated qualitatively by 

Figure 7 • 

f 

I <- ( u I t / 

The behavior In a projection on a vertical plane is similar to that 

for two-dimensional motion. 

In the second case above one may easily visualize the stream¬ 

lines for the case of pure ring waves, n * O'. For finite depth 

they are given in a plane a « const, by 

(14.11) 

together with the vertical lines at the zeros of Jj • The 

behavior of the curves is qualitatively similar to that of the two- 

dimensional case. 

In both casos approximations to the path lines can be found 

as in the two-dimensional case. 

14 ft • Progressive waves in an infinite ocean. 

By taking the proper linear combinations of the standing-wave 

solutions one may obtain progressive waves. Thus, adding 



one obtains 

^ it 5 ( t' X - 71 j (14.12) 

which representa a progressive wave moving to the right wltn velocity 

C - 
<r 

V / ¿tt (14.13) 

where ). - 2t,/v Is the wave length. Subtracting yields a pro¬ 

gressive wave moving to the left. If one takes the coefficient In 

as Aj and In as ut, the sum may be written 

^ - 1 g ^ T /¡a, -t 3.L) ics (vx-rt) -¥ (o. -dx) co: -*• r . 

This Is a superposition of two progressive waves of different 

amplitudes, one moving to the left and one to the right. If a], « a2, 

a pure progressive wave Is obtained, If a2 » O^one obtains again a 

standing wave, as a superposition of two progressive waves moving 

in opposite directions. 

Por water of finite depth h the corresponding expressions for 

$ may be obtained by replacing s''*' by cosh mc(y + h) and v 

by mQ. The phase velocity Is given by 

C " (14.14) 

As h ♦ », the velocity approaches that obtained ebove for deep water. 

In fact, if h/)i >0.2, the velocity is already within 0.1 of the 

value for deep water. C is an increasing function of ) , but 

cannot increase indefinitely as in the case of infinitely deep water, 

for (14.14) implies 

i 

. 
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Tha Btreamllnes for the progressive wave moving to the right are 

given by 

(14.16) 

for infinite and finite depth, respectively. At a given Instant 

t these have the same shape relative to a crest as the streamlines 

for a standing wave. However, since they are time-dependent, the 

path lines for particles do not lie on the streamlines. The path 

lines may be found approximately for a particle with equilibrium 

position (x0 vQ) frcm the equations 

'»’¡¿i- approximation Is consistent with the assumptions made in 

linearizing the boundary condition, as can be seen assuming a 

solution in the form 

xa + í X, (t')+ • , - = 7o + £ ^ 1 ' ; 

where £= ¿.c-v/1 ** > for infinite depth and £ z atr mo/l-n 

for finite depth, substituting In the exact path equations, and 

retaining only first-order terms. 

Por infinite depth the particle trajectories are given by 

-1 V3lS / 
Xz xa - e ¿05 I > (14.17) 

.( Vlo 
The particles follow circular orbits of radius flvT 8 about 

the equilibrium position (x ,y )j at the top of the orbit they are 
0 0 
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moving in the aame direction as the wave. The orbital velocity is 

O.V fc 1 , so that the motion dies out quickly as (yj increases; 

for example, at a depth of one wave length the velocity and orbit 

radius are only 1/535 the value at the free surface. Although 

the particles at the crest of a wave are moving in the aame direction 

as the wave, their velocity Is not necessarily the same and is, in 

fact, much smaller in view of the as fumed cmallness of £ =• /(,)(¥/lit). 

Por finite depth the orbits are elllptica] with the major axis 

horizontal: 

* r x0 “ a rv9 Í usl ,v, a f s ek) < oi («•/. > * - tX). 

o — ^ 11 -1 K 'Me f ^ ^ n ) s* i * f /.« e X - T t). ^ 

The particles again trace the orbit in a clockwise direction except 

that on the bottom they simply oscillate along a horizontal segment. 

Figure 8 from Huellan and Wallet [1950J shows the path lines for 

a variety of cases of superposed waves. The topmost picture shows 

the orbits for a pure progressive wave moving to the right. The 

bottom picture is a superposition of progressive waves of equal 

amplitudes moving in opposite directions, i.e. a pure standing wave. 

The intermediate cases show superpôs.itions with varying ratios of 

the amplitudes. The intermediate cases are instructive in that not 

only path lines, but also streamlines are visible. 

Since the progressive-wave solutions are steady with respect 

to a coordinate system moving with the wave, it clear that we 

could have obtained a steady-state solution as „mall motion 

superposed upon a uniform flow. If we take a complex velocity poten¬ 

tial in the form 





» 

F ( i -t (14.19) 

Then (see equation 11,6) f must satisfy 

4 .¾. *• + -==-0 for y - 0 

and either If’! ■* 0 as y -* or f' «o for y ■ -h. The 

solution for the first case. Infinite depth, is given by 

a e '1 ; - -i V ? ï.r /c1 
(14,20) 

The solution for the finite-depth case Is given by 

f - d- cos rvc -V » \*) 

- A . í oí 'V 0x f es I» (y + rj ~~ * Sir. F rv - ” ^ j _ , (14.21) 

where mo must satisfy 

c0~ ya - — ^ d ia «, L - O w w 

The same relation is found In (14,14). A real solution does not 

exist if c /gh > 1 and in this case there Is no wave-like motion 

consistent with the linearized theory. The streamlines, identical 

here with the path lines, are obtained from 

_ c 3 -t l/' ( /, r O 

One may replace this equation, consistently with the linearization 

assump :ions [ cf, (lo.l^v 

- C ^ V' Z 

where yQ is the mean height, of the streamline. Thus, for finite 

depth, they are given by 
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*j ' n k yy , [ p + h 1 1 »> m0 >' ( 14 »22 ) 

an easily constructed family of curves » In the foregoing "'e have 

tacitly taken X to be real. However, It may be complex and thus 

Include waves of different phase. 

We note finally that (14..8) or (14.9) allow one to construct 

waves progressing like the apexes of a wheel. However, outwardly 

progressing waves can be constructed only when the solution invol¬ 

ving Yn is used, and this has a singularity at the origin. 

14 S . Periodic.waves.In.rectangular canals . 

Let us suppose that the fluid la contained between th° planes 

z = 0 and z ■ el . Then the velocity potential must satisfy the 

additional conditions 

=• -- (14.23) 

This condition is automatically satisfied by the two-dimensional 

waves discussed in 1¾ •*; sc that they present no special interest 

here. However, condition (14.4) does restrict the th.ee-dimensional 

solutions (14.6) and (14.7), for k2 must now satisfy ( aking Y m 0). 

2 2 
Since k^ + k^ 

unless 

- T ; n - 1, 2, * ’ • . 
4,1 

2 2 
y or mQ , there can be no solution periodic in x 

n < o r td < rr (14.24) 

respectively . 

\ 

Hence, for frequencies below á certain critical 
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frequency <T 1, where 

<T t 6 r Tj (14.25) 

for Infinite or finite depth reapecclvely, there can exist no three- 

dimensional standing waves in a canal. 

Let us form a three-dimensional progressive ’.«ave in a canal 

of finite depth by adding standing-wave solutions: 

The velocity of the progressive wave is given by 

nvTiv tâ«l> w,). 
^ lv (14.26) 

As in .e case treated above, there can exist no three-dimensional 

progressive waves unless T > » However, if they exist, their 

velocity is higher than the velocity of two-dimensional waves of the 

same frequency. 

One may define similarly a sequence of critical frequencies 

^**1' & 2* “ ‘ ’ where 

when» < T < , k tjTes of three-dimensional wave a are 

possible with n - 1, 2, ..., k. 

limr 
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14 6. Waves at an.Interface. 

Let us now suppose that two fluids are present, one lying over 

the other. Variables referring to the upper and lower fluids have 

subscripts 2 and 1 respectively. From (10.7) and (10.8) the 

linearized boundary oonditlons for a small disturbance are 

~ 4*27 J 

p. t#,t. = ftihit +£$1,], ^4-271 

both equations to be satisfied at the equilibrium position of the 

Interface. Me shall consider several typical problems. 

Let the upper fluid fill the region y > 0, and the lower fluid 

the region y < 0. Me require of a solution that 

I gird! 41)] “*0 45 y «o and ] $ r<i<* 0' y —» + «o , 

In looking for a standing-wave solution, one may, following 14« , 

takf 

IV g \ a -teg 

3, t 7£/fJfIj)cos((rt4t) ^ ¢1 * e ccs(vT + f) ^ 

where the relation between a^ and a2 and m and cr la to be deter¬ 

mined by (14.27), and ip satisfies 

if + W1 cf =0- 

The first equation (14.27) gives immediately that 

The second one gives the relation 

<7 t - iidL «... 
fl 4 fL ^ (14.28) 

''ti'iHilHIiiilllllililliilllilii 
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The equation of the Interface may be obtained from (10.8): 

! rJ 

Since aj ■ -a2 » there la a discontinuity In i* (and w If the motion 

la three-dimensional) as one crosses the interface. 

The special choices of cf (x,z ) made In l i/j may, of cours;, 

also be made here. In particular, one may make progressive and 

standing waves. If one forms two-dimensional progressive waves at 

the Interface, one finds for the velocity 

z _ 
(14.29) 

If one assumes the fluids bounded above and below by planes 

y •» hl and y = -hj, respectively, a similar calculation shows 

O-1 
fi -Jj 

f 1 cotí* 4 fj. cotli % (14.30) 

It Is clear from (14.281 and (14.30) that these solutions exist 

only If ^ 2 < Pi* The case f2 ^ f 3 win be ^i^cussed later. 

A more complicated problem of this type Is the following 

(cf. Lamb [ 1932, § 231J , Greenhill [l087J)• Suppose there Is a 

solid horizontal bottom at y ** -h, an Interface at y « -d and a free 

surface at y - 0. Then, In addition to (14.27) at y - -d, 

and g roust satisfy 

Vo ■ ^ = 0 al ?=4' 
If one aeeks solutions of the form 
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2 ^ ®^ 'y + ^ ( w ^ •'k" - ^ ip f^r, ^ ííí3 i^i'f’*1''?’) 

f üîn +*) ( x.’l) CrO$(<Tt + t) 

substitution in. the varicjs boundary conditions yields the fol¬ 

lowing relation between C and nr 

//, ; K - « ) +' p 2 (^) í Tiíotk rotk iV 

P, iûtk -t£oU ij 1 'b(fi'fv) “0. (14,,31) 

If ?v < p, , one may establish that there exist two positive 

solutions for for a given m, so that two possible fre¬ 

quencies are pcssib’e for a given wave pattern If the bottom 

fluid is taken infinitely deep, one replaces rot* /+ i ^ - d ' by 1 

in (14 31) and the two solutions simp¿ify to 

-1 fi - T, = 3 kv\ 5 vv\ d Pi c of (i tv. cl f u 
(14.32) 

The first solution, <r, , is the same as would be obtained if 

the two fluids were identical (and there is no discontinuity 

in u and w at the interface); the second, (j^ , is interpreted 

below. The inequality < <r v holds in general, and 

one may establish 

^ //i < j f a/t, Í k“ d ) j ^ i n »y . ^ ^ ^3) 
J * 

If one computes the ratio of the amplitude of the disturbance 

at the interface to that at the free surface, one finds, no matter 

whether h is finite or not, 
w _ ( I 

(14., 34^ 

An examination of the roots of (14,31) shows that the ratio (14,34) 

¿-osk Si'-'h hAçi, 

"i.. ..ll*^»|NiWrtiiiililiiiil(WiÉÉ>Élii*> ... 
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ls negative for the smaller of the two roots and positive for the 

larger. Thus, In the solution associated with the smaller roots, 

a maximum of the disturbance at the Interface is associated vltn a 

minimum of that at the free surface, and vice versa. On the other 

hand, with the larger root the maxima and minima go together. For 

the values given in (14.32), the ratio becomes 

, f, ^ «na! 

e e ' (14.35) 

respectively. We note that, although the first ratio is < 1, the 

second Is in absolute value > 1 if ';•+ ¡ > (<\ , a condition 

satisfied if Is only slightly greater than . In fact, the 

ratio may become very large. 

For a given wave length and amplitude of the wave at the free 

surface one may also compare the amplitudes of the two different 

modes of motion at the interface If A; is the amplitude associated 

with the frequency C; , then for the case h - «» one finds 

A i_ _ f ? _ < -t t ¿i m w ¿ ^ 

A\ fi'fi. I — t 

which may be either less than or greater than 1. 

It Is of some Interest to examine somewhat further the solution 

associated with the smaller root ¢7^ of (14.31). Then, since 

a^/bj, » gm/cr , the inequality (14.33) implies that there exists 

an h0 with 0 < h0 < d such that 

zz t dh n* 1i0 <, ^ ^ 
J Va ai 

and that 

¢, - \T^ -1 } cosl\ ^(j-t kj cos (o-t*r) , 



Thus the part of the top fluid between y » 0 and y - -h0 behaves 

as if there were a solid boundary at y » -h0; and, of course, the 

fluid between y «~h0 and y «-h as If it were between solid boundaries. 

If one has selected solutions for cf which can be combined to 

form a progressive plane wave, then one may conclude that the velo¬ 

city c2 * associated with this mode of motion has an upper 

bound: 

c, = J'F\7.TZT < /?j , 
I V M o 

In fact, when h = »•, one may verify Immediately from (14.32) that 

V C’ « ^ , 
1 t í d.- f IV a 

•C j'U ¿ 'i J_% 
1 " 

Thus for h - » a progressive wave travelling faster than c 
2max 

will 

consist of only the one mode of motion, i.e the one associated with 

CT 2 * If c < c2max» there may be two mudes of motion excited. 

This fact is associated with the phenomenon of "dead-water" resis¬ 

tance of ships (see Lamb [l9Ha], Ekman ^1904^ , Sretenskli [l934¡). 

For superposed fluids one teay also find solutions analogous to 

(14.20) and (14.21). Let us suppose that the first (upper) fluid 

flows to the left with mean velocity and the second with mean 

velocity . We wish to find the possible steady periodic profiles 

of the interface, assuming as usual that the disturbance is small. 

The complex velocity potential for each fluid 4s taken in the form 

(14 3o) 

The conditions to be satisfied at the mean common boundary, y «■ 0, 



116 

■lU I - ci' U ^ j 

C,*’ +c^/i - P2 r,lt$ci*c^^ } . 

If each fluid extends Infinitely far vertically, then 

(14.37) 

f, -- «, £ > , f; 

give a steady-state solution if 

^ 1 /c. * ~a2'//c2 

and 

I ( fi ~ fzj 

e 

rv 
P, c, - Pi^ 

X ^ 
(14.38) 

where a2 Is the compJex conjugate of a2. If the upper fluid Is 

bounded by y ■ h^ and the lower by y » -h^, then the solution Is 

« K - aJ- tcs ^ ^ f t C OS ^ 

where, letting a^ - k»l,2, 

— Sink •V'll, ” ~ ~~ IV 1"!^ j /1 íüJK mIi, - —- ¿Oil nr\k, 
c, c, 

and (14.39) 

1v\ - 
Í Pi ~ fz) 

f( C,L Cotti -+ P,, C,1 cotti tv; ill 

In either case the equation of the Interface is given by 

% - 7- H ■ 

Sretenskil [l952bj has considered a three-dimensional analogue 

of the above problem In which the direction of flow of one of the 

1 

f tyr líTffPtiflii tllfflBTffWW if lîl.....il.. 
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(14.40) 

fluids makes an angle »> with that of the other. Thus, take 

velocity potentials of the following form: 

c|)j_ ( * , f , ^ i - C ,t ( JK Í. 0* ok 4 ^ + ^ 3 ) ) 

¢1 ^ = - CtX + ( 'i'J.jV 

The following are the boundary conditions at the interface *)(x,z) 

for small disturbance: 

^ (■¿('jn S •*'j^ S1 *• J i “ 0 j í-f.ú,]) 'I’ ^ 

(14.41) 

j - fi . 'x + >>j) î‘^]. 

/1, e cös , e 

For a solution in the form 

= n, e "cos 

A‘-' = ^ 

the following relations must hold 

iti - - ^ ^ ^ 

and (14.42) 

fl “ \ /1 ? ÏS J t ) — * ** : f¡:) ' 

These reduce to (14.38) for -5 = 0, k^ =* m^ as they should. The 

equation for the interface is 

= -A 
r«A 

Si* + 
^ ' “ 1 -^1C1 ' 'i7J (14.43) 

Sretenskii studies the px’operties of the solution in more detail. 

As a further extension of the preceding cases one ma> consider 

a time-dependent disturbance a'; the interface between two fluids 

flowing at different velocities. This will be treated in the 

section on stability of motion. 
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A natural generalization of the two-fluid system is the 

" “fluid systein (s -e Greenhl 11 [1887]) and then the heterogeneous 

fluid with density given as a series 

p (x "> *}, r ) - ¿ i" '"( », j, fJJn t iL fu -t 
If one assumes a similar expansion fo- p and expansions for u, v, 

w, and y starting with £ , one may derive easily the linearized equa¬ 

tions. These, discussion of some periodic solutions, and references 

to the literature may be found in Lamb [ 1932, ' 235]. Groen [1948] 

has shown that the period for simple harmonic motion in the linear¬ 

ized problem is a monotonie increasing function of the wave length 

starting with the minimum 2*fs'^T for > - +0. Groen 

[1950] discusses properties of internal waves in an expository way 

and gives further references to the more recent literature. For some 

pertinent theorems about waves in heterogeneous fluids see section 32,0 

15' Group veiocity and the propagation of disturbances and of 

energy. 

In the last section we considered periodic waves at a free 

surface or interface. In this section we wish to consider waves 

of a given but fairly general initial form and study the way in 

which aey propagate. Although this will entail writing down the 

solution to a particular initial-value problem, this is of only 

incidental interest, the chief interest being in the history of 

the form of the free surface or interface. Initial-value problems 

as such will be treated in more detail later on. In fact, the 

remarks below apply equally well to other initial-value problems, 

for example, an initial distribution of velocity on the surface. 

What is essential is the resolution of the subsequer - motion into 

a set of waves moving to the right and of ones moving to the left, 

as in (15.2)., 
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Ttie property of the fluid and Its boundaries which Is most 

important for this Investigation la the functional relation between 

the frequency c and the wave number k„ The earlie- parts of this 

chapter have shown that considerable variation Is possible In the 

fora of X(k). The two-fluid example with both free surface and 

Interface gave a doubly valued function, A multiply valued function 

could have been obtained with more layers. However, each branch, 

or the branch. Is a decreasing function of k, approaching zero as 

k ». When surface tension Is taken luto account [see section 24] , 

the fora of cr(k) for large k changes; it then becomes an increasing 
'X /p 

function, behaving like k ' . If h Is large enough, T(k) decreases 

initially, i.e. for k < k . reaches a minimum at k and then In- 
m m 

creases; if h Is small enough CT k) Is everywhere Increasing. It 

will be convenient to extend the definition of cr(k) to negative 

k by setting cr(-k) « • C"(k). 

15a . The propagation of an initial elevation. 

Let us suppose that at time t - 0 the free surface is given 

by y « o(x,0) and that the fluid is at rest. How does the free 

surface behave subsequently? One may conveniently think of this 

as an initial humping up of the fluid near one point, but this Is 

not essential. We shall also suppose that «'j 'x,0) is sufficiently 

restricted to allow a Fourier-integral representation. In part of 

what follows we shall also assume it to be square integrable, i.e. 

the total available energy is finite^ and on occasion that Xc Is 

square integrable. Let S' ^ 

[Cco ï hx -+ dfc' 

minium'...k •I..ff* .||||INI.«jjfW .,llilllllllill!ii||||lil'l|l«|l:|!lllll«.!!!!|1l!l||!:|!lM 



I 

where 

We shall call E(k) the spectrum of ' (X. ï ). Note that E(-k) - 

the complex conjugate of E(k) [we change notation temporarily in 

order to avoid conflict with the notation for averages Introduced 

below. 

A formal solution for and may be written down 

immediately: 

(15.2) 

Í -,. 
[ce^coskx r csccrt ¿4? 

. f8* f . .. i ('if*'V rt) 
= COSC-tMr + € ]J*. 

Here Y(y) » cosh k{y+h)/alnh kh for a single fluid of depth h, 

Y(y) « e|k| ysgn k for infinite depth ; the peculiar modification of 

Y for h » « la necessary for k < 0)., However, more general situa¬ 

tions are allowable In which, for example, h(x, f) describes an 

interface. The choice of an expression for ip has been based upon 

the kinematic boundary condition ¢,(/,0,1)= in order not to 

exclude the possibility of surface tension. For simplicity we alio 

restrict ourselves to single-valued çr's. For more complicated 

problems, such as the two-fluid problem with both free surface and 



interface discussed in §>146, the freedom to fix both , (x, 5 ) and 

(x , 0 ) independently requires the determination of two spectra 

for each surface with relations between them set by (14.34). The 

remarks below will still apply to motion resulting from each spec¬ 

trum separately. Finally, we note that a statement concerning spe¬ 

cific conditions to be satisfied by for the case of a 

single free surface may be found In a paper by Kampe de Perlet and 

Kotik [1953] . 

It Is c^ar from (15.2) that one may express *^(x,t) as a sum 

of two functions, one, say *^R(x,t), representing a superposition 

of waves moving to the right, the other, riL , waves moving to 

the left. We consider only since similar remarks apply to ^ 

so that clearly T(k) plays an important role in the change of 

shape of i^R. Since each harmonic component In *^R is moving to 

the right with velocity T(k)/k, and since this is not a constant 

In the cases we have been considering, the different components will 

move with différent velocities and we shall expect 7 R t0 chan8& its 

shape with time/even though moving as a whole to the right. 

In order to get some idea of the overall motion it is reasonable 

to try to compute an average position of ^R(x,t) and find how 

this moves. One must first decide how to define the average position. 

One possibility, which, as we shall see presently, is unsatisfactory 

Is to use rj ^ itself as the weighting function, i.e. to define 

when this exists. An easy computation shows that 
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Ãu(tí = 

l.e. the average motion la, on this definition. Independent of the 

form of '“(’<) except near k ■■ 0. Por deep-water gravity waves 

t'(q) ■ «»; fir depth h, j'fOj m V”gh , the maximum velocity (aee 

equation (14.15,.). In conformity with the above one may define the 

"spread" of the hump to be 

c« / r** 

j l*- / 7r"'Í)*1 

A computation shows that this remains const-ant In tine, when It 

exists. This definition of average Is unsatisfactory, as could have 

been expected Inasmuch as the weighting function can become negative 

We note In passing that 

oo 

* , ' «k 0£Ü| «O ' 

an expression of conservation of mass. 

Another possible weighting function without this shortcoming, 

2 
but still allowing ease of computation, is j. ( x , t ). We note 

first that 

-X ~M 

Let us define two averages, one for functions of x: 

/ 00 ^ 

Jd) , S m (*M* / l It (x,<> I«, 
- BÔ ~ 40 

and one for functions of k: 
GO y ( -¡*0 w 

à _ y 0(k)£tA)e'ß)ik/ fft'11'- 
‘ _ cA. 
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Then, assuming that the various quantities In question exist, cne 

finds, using well known theorems on Fourier transform? fsee, e.g., 

✓ i 
Bochner and Chandrasekharan, 1949, ch. IV, S* 2j , 

u ¡ ^ 

(15.3) 

and 

[* - X* rñ? = > - % f«»]1 

Thus , on this definition the average position of ’j R moves to 

the right with constant velocity a# and the hump spreads according 

O 
to a quadratic law. We note that the coefficient of tc la positive 

except If t' is a constant, when It vanishes. It may become In¬ 

finite, and. In fact, dees so for infinitely Jeep water If the 

gravest modes are present, i.e.. If j ^R dx ^ 0. The ccefficient 

of t vanishes If v' is constant or if u fe^ t Vi] is constant; 

the latter will occur If *j(x,C ) is either symmetric or antisym¬ 

metric about some point xQ, but this does not exhaust all possibili¬ 

ties. The sign of this term does not seem to be determined, so that 

the spread of the hump may conceivably decrease before starting to 

increase. 

Investigations of the motion of the average position of the 

hump and of its spread give only a rather crude picture of Its 

behavior. By other methods outlined below one may obtain further 

insight into the motion. 

We begin by applying the analysis of the average motion to that 

p.rt of nR resulting from only a narrow band In Its apaotrum. Let 



(i**- T'’#, r) 
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We shall call this a wave packet. The average position satisfies 

where 7' 'b, i) la now the average of T'{k) over the narrow band 

[j narrower the band, the closer is 

to C1 (, assuming'the latter continuous. As a limiting case we 

shall say that the wave packet resulting from an infinitesimal band 

about k moves with velocity ) . It is customary to call <tY*) 
0 

the group velocity. This is the -,ame as the phase velocity or^/A 

about k 

only If 7zah . A wave packet will spread with passage of time 

'inless the two velocities are equal, for (15.4) is applicable to 

the wave packet with the restricted definition of average. As might 

be expected, the smaller the width of the band, the smaller the 

coefficient of t2 and the smaller the rate of growth. However, as 

we shall see below, the initial spread may be wide for a narrow band. 

The wave packet (15.5) may also be investigated by a different 

method. Let us expand T(k) in the first few terms of a Taylor 

series about kQ : 

We may thi 

= Re 



Using the inequality I 6 — f 1 ¿ » one finds 

mi < - t ¿2 kc* 11 i kl I «à* (15.8) 
4 I#,.*»!<(. I* 

The remainder can thus be made small by taking £ ot t small 

enough. However, once ¿ is fixed, R will eventually become 

large as t Increases. Let us suppose, however, that t and £_ 

are small enough so that the first tenu determines the main 

features of the notion. The first factor represents a periodic 

wave of wave number k0 moving with its phase velocity CT(ko)/k0. 

The second factor, determining the amplitude of the first, rep¬ 

resents a profile being translated to the right with velocity 

‘j'^kg) . Thus one may say that the gross outline of the surface 

is moving to the right with the group velocity. One may see 

this more clearly if one assumes £ small enough so that we 

may take E(k) as constant ovir the band width. Then 

and appears approximately as In Figure 9. 

Here the dotted enveloping curves represent + j M and move to the 

right with velocity T/(h0)» whereas the inscribed solid curves rep¬ 

resent the first factor and move to the right with phase velocity 

..il.»WflillHlllllllW 
fellllií! ■Hi 

Ifî |... 1 lj iiil .¡.III l|¡¡!"|,!?¡ 
IK lllíí ll.: nitï 
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C(^0)/^0‘ The whole movee as a fixed pattern only if the two 

velocities are equal. Otherwise, assuming j'(k ) < <j(k )/k , o u u 

the Inscribed curves will progress through the wave packet, gradually 

disappearing at the right. Por a very narrow band the packet will 

spread wide before its first zero on either side of the maximum. 

A disadvantage of this last analysis is that it becomes less 

and less accurate as t becomes ^arge. However, there exists another 

approximation to ^R(x,t) for larga values of t which helps to com- 

píete the picture. Thlc ultimate tehavlor of 7R can to some extent 

be predicted from the analysis cf the average motion of a wave band. 

If we think of y'j R as made up of the contributions from a number of 

narrow wave bands, we know that each contribution is moving with the 

average group velocity of the band. Thus after some time we shall 

expect that these various contributions will have separated from one 

another, with the bands about the gravest modes, which travel fastest, 

having progressed the furthest. This prediction will be confirmed. 

Wuat is needed for this final approximation is an asymptotic 

expansion for large t. It is convenient to express ^ R in the 

slightly altered form 

V*.« = Ü £Me" 
— 30 

¢-/(¾]] t 
I R (15.9) 

and to consider it as depending upon the two parameters x/t and t 

Then for each value of x/t we shall give an expansion for large values 

of t. Por a derivation-of the expansi . we refer to Stoker £l957#$6.Ô 

or Erdelyi [ 1956, § 2.9J • 



>1 
IC~ jl w *' hi jf< n, be defined by Let the functions k (x/t}# r » 1, Í 

O',-) = * (15.10) 

i.e. we allow the possibility of sever*! roots. In the situation 

of interest to us there will be. either one or two roots, or none. 

The a 8 ymp t o tic e xpreaaion 

y*/) ~ 1¾ l I 
r 

for y Is then given by 

m "i1/1 -. [ ir X - t(K)i * y?■’ ®.• fl 

t!cr''f/, r)|; 

é 

t\t"( kr)\\ 

l 
u If'1) 

(15.11) 

Vi\ 

where the first summation is over all valu»*! of r for which 

T" (k,, ) ^ 0 and the second over all k for which O’ “ (k ) « 0 but 

<r"'(kr) fií 0; further terme would be necessary for values of r for 

which both vanish but this will not occur in our examples. If some 

1 k « 0, then the corresponding term must be multiplied by ^ . Fvt 
r ¢- 

a value of x/t for which no solution to (15.1Qj exists, it is easy 

to show by a change of variables In (15.9), say u » kx/t - cr(k), 

and Integration by parts that ^ R(x,t) « 0 (t'"-). 

Let us examine In some detail the implications of one term of 

(15.11), say r » 1, for the motion of p¡ If several terms are 

present for a given value of x/t one must superpose the resultant 

motions. 

If x/t Is held constant while t Increases., then clearly one- 

must set X ■ cr'tk.Jt, i.e. we are examining R from the standpoint 

of an observer moving with group velocity Since the coef¬ 

ficient of the harmonic term is times a function of k^, which 
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Is being held constant, the gross outline of *: R will appear con- 

" f/2 
stent in form, but decreasing in amplitude because of t However, 

lust as in the analysis of (1¾. 7), there is a harmonic ov wave number 

■^1 moving through the gross outline with phase velocity aik,)/(ii - 

The amplitude of the gross outline is proportional to E(k,)t but 

also depends now upon cr,,'; ^ 1 in contrast to the situation for 

small t according to {lb 7) 

If the value of *// is such that = 0 , then one must 

examine a term from the second summat4on in (13 111 It is evident 

that the interpretation is the same except that cr'" occurs in place 

of o'" and that the amplitude decreases more slowly because of the 

f73. "his situation can happen, fot example, in the case of gravity 

waves in water of depth h fo- x Then ~ ^ > 

CT " (o) ~ O , and C" ( o) - This also occurs for combined 

gravity-capiilary waves when the curve r '. /?) has a minim'um 

The approximation -i3 U) to ^ will obviously be very poor 

for a value x/t such thaf 7''i4? j is near to zero for some r unless 

t is extremely large« It is shown in Jeffreys and Jeffreys, Methods 

of mathematical physics [ 1-d ed Cambridge, 1956, § 17,,09) how an 

Airy function may be used to modify the relevant term in the second 

summand to give a usefu. asymptotic expansion for /ir near a zero 

of fsee also Chester, Friedman and Ursell, Free Camoridge 

Philos, Soc, 53 (195/), 599 til) 
SET 

If >/t is fixed at a value for which <15 10> has no solution, 

then for an observer moving with this velocity the disturbance of 

the surface is very small, for it has been dying cut as t 1 „ The 

first term of the expansion may, of ccurse, be computed as indicated 

above. This situation will occur for a disturbance in water of 

depth /-, if x/t > « It will also occur when surface tension 

is taken into account for x/t < J - 
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The asymptotic expansion ¢15.11) may also be used In a different 

fashion. Let us fix our attention upon one value of x and let t 

Increase. Then x/t will decrease and the value kj(x/t) associated 

with the point x at a given moment will also change; for pure gravity 

waves it will increase. The observer stationed at x will then observe 

waves of continually increasing wave number (decreasing wave length) 

moving by with phase velocities appropriate to their lengths. The 

amplitudes at a given instant will depend upon the first factor. '’Tie 

gross outline of the waves will pass the observer at the group velocity 

appropriate to the wave number present at the moment, and, of course, 

the amplitude is decreasing as t . In the case of a disturbance on 

water of depth h, if the observer is initially far from the hump, then 

even for large enough values of t for the asymptotic expansion to be 

valid the value of x/t may be greater than v/^Sh* Then the observer 

will see practically no disturbance until the gravest modes begin to 

reach him. We note again that he must anticipate the arrival of a 

given wave number by its group velocity, not phase velocity, for it is 

the former which controls the amplitude. In the case of combined 

gravity-capillary waves, when t is large enough one will have 

x/t < and the disturbance will be negligible. 

It is also possible to find an asymptotic expansion for 

*j g(x,t) for x/t fixed and large x. It turns out to be the same as 

(15.11) with 0 (t"2/3) replaced by Q (x"2/3)„ This expansion 

allows one, so to speak, to take snapshots of the right-hand end of 

^ H at different instants of time. If we fix t and let x increase, 

x/t increases also and k^(x/t) increases. Thus the wave length 

decreases as one moves to the »-ight; the observed amplitude will 

depend upon the first factor. For gravity waves on water of depth h, 

if x is large enough, x/t > \AgR and the disturbance will be small 

of order x”*. 
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Finally, we ase the asymptotic expansion to investigate the 

motion of a particular phase of ^ R(x,t), say a zero, for large t. 

Such a point will be ieterminen by 

a(X,t ) E k^x - cr {kj^)t » const.. 

where, as usual, k, =» k1(x/t ) ; solving for / gives x » x'.t). One 

may find x(t) from 

Thus a particular phase travels with the phase velocity of the 

harmonic com; onent associated with it at the moment. ..owever, if 

the group and phase velocities are different, it is then moving at 

a different velocity from a point Just keeping pace with waves of 

a given wave number. In particular, for gravity waves it is moving 

faster, hence moves into region of lower wave numcer and higher 

velocity and is accelerating. A computation of x bears this out: 

for this is always positive for gravity waves. The right-hand side 

is, of cou-se, a function of x and t. For deep-water gravity waves 

the function x(t) may easily be found from the earlier equation: 

or 

lllM .«.. 
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Hence x ■ g/2a and for large t the acceleration la. constant. If 

the depth la finite, the computation Is no lo; ger simple, although 

it Is possible to show that x(t) varies from x(t) - t/ gh for a 

phase associated v. tb k * 0 to x(t) « AL for a phase associated 

with very large k. 

Figure 10 Is taken from a paper of Kelvin's [l9C 'j , and shows 

the computed values of *}(x,t) for an initial displacement given by 

Li ^ ÍH xw) J 1 ( x, o) 
zVt (,+ /'¡ v -,T4 

and for t/ 7J,/l » 4 * 1» 4, 8 (the units have been chosen so 

that g » 4). The description of tne behavior of ^ (x, t) outlined 

In the preceding paragraphs can be easily verified qualitatively 

by inspection of the successive snapshots of ^ R(x, t.). Green [1909] 

has shown that if one estimates the wave length at ary maximum as 

double the distance between the two including zeros, then the posi¬ 

tion la very close to that which would be estimated by using the 

group velocity \cf. Havelock, 1914, p- 37j ■ 

Figure 11 from a report by J. E. Prins [_1956|j*shõ<í3 measured 

time histories taken at various distances from the center of an 

initial rectangular hump of length 2L and height Q in water cf depth 

h for specific values shown in the figure. In general, the features 

of the motion described above were well verified by this experimental 

investigation. 

We assemble here the expressions for ;x(k) and k c'/a~ for 

a number of cases of water waves. 

"'ll.. 
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1) Deep-water gravity waves* 

era.) ■= /Jl j 
J # T Í 

2) Gravity waves at the interface of two fluids, each of infinite 

vertical extent: 

/1 'i I ^*• si, 'il'T1 I 
Oik) ~ -—, 1 *< , - = J * 

Tl"* f * 3 ' T 

3) Gravity waves in water of depth h: 

Tfk) —V ^ A trjM^ 
i? T* I 

/ T 

1. _ I 

1 + • 

4) Gravity waves for a layer of thickness A of one fluid over 

a deep layer of a heavier one: 

°T ¿ J 

r fx -e, 'xM = /-l—-1-íf¡< , 
V f ¿ cotL /<a' 

O'l / Jj 
ÍJ1 ^ L C'k d -. . f S. M ii1 V< ¢) 

5) Waves at a free surface of a deep f_ aid with both gravity and 

surface tension acting : 

-iñ-./iZTlF , és‘, s-l±AI.<ùïjl . 
* 7 f ' T ¿ I 4- T kVf fr 
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6) Waves at a free surface of a fluid of depth h with both gravity 

and surface tension acting: 

^ ^ h + -p ) U y 

^ _ j. L 4 _i^LÍL__ ^ ¿ . 
T ~ ¿ [ ' 2h*? í +T ^Vf ä * 

4 f k > 0. 
In cases 1) to 4) T*' Is always negative^ Ir> case 5) it crosses the 

k-axls at k - [ ^ jc T‘Jj i/T-jM and becomes positive. In cases 1) 

to 4) 7;< y'/k for k > 0. In case 5) V< O'/k for 0<k< / g f /t ; 

then t/ crosses o"/k at the minimum of the latter and thereafter 

remains larger. (Note that t' always passes through a stationary 

value of T/k, passing from beneath to above In going through a 

minimum, and the reverse at a maximum.) We shall not discuss 6) In 

detail. For h > hc » /~2T/2 p g ', CT/k has a minimum for some kjf 

0 < kQ < /f g/T* , and cr' a minimum to the left of this. For 

h < h, , CT/k Is an Increasing function, starting at /“gh for k ■ 0, 

and t ' la also Increasing, (T1 > CT /k for k > 0, V(£5') * /gh . 

Figure 12 shows graphs of cr , J /k and o*' fori), 3), 5), and 6) 

(the scales were chosen for convenience). 

One may also tí xe )\ ■ 2 77 ,/k as the independent variable, and 

then express the phase velocity c and group velocity U as functions 

of ^ . An easy computation shows that 

r: c — u • 

Tills equation has a simple interpretation in the geometry of the curve 

ior c(À ), as was shown by Lamb [ 1932, p. 382] : For a given 



BV 



tSH 

value of A ,, U la the intercept on the vertical axis of the tangent 

to the cQ ) curve at. the point { \ ,c(/\ )). One value of Umay 

correspond to more than one value of A , as, for example. In the 

case of gravity-capillary waves, [see Havelock, 1914, $11.] 

15,¾ . The propagation of energy. 

It seems Intuitiv -ly clear that as long as the right-moving 

part of an Initial hump keeps Its Integrity the energy associated 

with the motion will In some sense move with the hump. We wish to 

consider In what sense this is true. We limit ourselves In the 

following discussion to a single fluid of depth h, where h may be¬ 

come infinite. However, surface tension may act upon the free sur¬ 

face . 

We first introduce the notion of energy density for a given 

value of X. It will be convenient to separate potential, kinetic and 

surface energy. Let 
7r(>í,+) , 

- ï f ^ i 

0 

TfMl : 2 f ‘■Yh VÍ (15.12) 

be the densities of potential, kinetic and surface energies, respec¬ 

tively, where here (p Is the velocity potential corresponding to ^ ^ , 

These functions may now bs treated In the same way as ^ R 

was in 15 tx. . We may ask for the average posi tion of the distribu¬ 

tions of the several densities. They are defined by 
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j<T if) 

ff] 

vm J» / r' • » ..A ' 1-0 

■“ •» 

5 >x¿ >.i ¿x / J ^ ii^/M Jx,, 
m, i'.Jj r _. ... !■» 

(15.13) 

respectively. Since all three densities are non-negative, one 

avoids the difficulty met with in defining the average position of 

R. In fact, it is obvious that the definitions of xR and xv 

coincide, so that the conclusions com ernlng xR can be applied immedi¬ 

ately to X (t). In particular. 

Xjt) - XytOi ■+ V' 1 ■ (15.14) 

Consider now xT(t). First we note that, from Green's Theorem, 

"Ä* r ^ 

[ TíftUw : if ) J* + 

: 1 
y 

4 ^ 

if 1 ,it)■> 

From the assumed square-integrability of ^ R, the limit vanishes, 

Use of the identity x($>^ « (x^ )x^x + (x<$)y£y - (| x 

and Green's Theorem gives 
s» . °o 
X 

» oo 

T(X/f) j y = J f jZr (X, Û^) ix -/¿Iff) 
» jO * ' . • L 

+ J'W. 
Jfl-* -‘oo 

Xx-» 00 

D 

where again the last two limits vanish. A similar computation Shows 
■tu 
■if 

W ni ». 

........ • . • —'«M.'W.im-W 

. ..: _ 

.... . M :., I 
i i I 

l\r: f r - 
J 



n« 
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* ja, 

>,-*-« 2 - u 
llÄv-#t aO 

/,-*- 
*VJ» aO 

Collecting these results we have 

00 1 f J 
r --1 

X ; 

- «C 

( 

■ :30 

■ zo 
X TMU*- 

* iao 

. >-0 

( / 'f(xt) Jx -if) 
J * 'iû 

^ O (15.15) 

tV. * / -ajj-l, " 

Since from (15.2), 

7 [?i/,t)= 
i 
2. ioo 

4>(V^,H-¿ 5 ; Y^)£‘f^e<^x 

one finds easily 

. I f"° 0-/ i \ "*X 
4 (x,o/)~ 2 J V e 

J ^aû 

(15.16) 

One may now apply again, as in section 15^ , theorems on Fourier 

transforms to obtain 

|| ¡|;„¡¡|. .... . 1,1,1,1,, ,1,1 j¡ I.. jl|, ,¡1,, ., ;, |,|i||lll 111 I |lll, l|.' , ....I...I.I" 11(1(1. 111( ( 'tlli'!1 11( ll1. 1 "' .. 

I 

.    11(1^111(11,1111(11111111111111111.111111111111111111 li,!|:!i[11(1 il,     (,:^111(11111111111111111111((111111111((,1(1111/ .!;I:'I||||:Í||||I(-I|l(iljiilll||!!li     ((,1/1(11(111:1( 11111^(((11: 

■ 
:...:.,. 
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'j 'Yíxj)¿y = ~ j cotí hk y 
wO 

J X ~ ¿“P -'Vif#/í^£- cot^L Jft +-irf íj 0#¡-2- -fotk^ .1* 

oo r »0 ^ 

r xv Y(x.i)<ix = í + í^f! j ' T- edk (15.17) 

I r*0 _.v 
T? j3 r ‘ j t ( ft) £ *fà) cr'H) ~~ c í>t)t i\ 

If one uses the definition Introduced earlier for average of a 

function of kt one now finds 

7 in -- ?T (o) - < 
-A'1 têfí, 4 * 

(15.10} 

and a rather unwieldy expression for [x - x^t)] ^ , similar In char- 

acter to (15.4). We note that if we are dealing with pure g avity 

waves, so that cr2 - gk tanh kh, then formulas (15.17) simp. j 

considerably and become identical with those for V. In this case 

the potential and kinetic energies are equal and propagate with the 

same velocities. 

We may now carry out similar calculations for S(x,t). The 

corresponding formulas follow 
„00 

Í iMJ* - ¿vt 
. qnO — CmD 

f Piiwux = ¿-T f; ïrfamJ* 
» «0 

) = J x\S(x,z)¿* [ -fto-' E*'fa)E(k\<l4! 
* «4 - OÛ — 00 

OO 

j. i t: t r ( -* V'1- sm e‘tk) J4, 

(15.19) 

-OO 

-. 
j'j! ill 11111:1 il 
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«, — 4}1 v* 
Xg({) = X¡¡(0) + t m^£ " (15.20) 

and again a fomula for [x - xa(t)] ¿ similar in character to (15.4). 

One should note that the total potential, kinetic and surface 

energies associated with *^R(x,t) each remain constant in time. If 

T ^ 0, then the mean positions, of the three energy densities propa¬ 

gate with different velocities, each velocity being an average, in 

some sense, of tr' , if one considers a wave packet (15.5), then 

as the width 2£ of the band of wave numbers approaches zero the 

velocity of propagation of the individual energy densities will 

each approach a'(k ), the group velocity. 
U 

Consider now the total energy density, 

Making use of the form of <7(k), 

one finds 
WQ ^ 

« 0« 

-inf 
Mm * 

QO ^ 

I y = J'TT y p 4- T//J ^ £ PJ ^ 
-oo '** 

OO (15.21) 

rxv£fx,t\lx= (V£fto)Jx+^j C7'f5f+r*'J;e"fJ* 
ota 

¿ -1¾ 
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i-'lll 11111111111111111111-1111111111 
i-j|Jj]|-|i)'[-|.-.Äl-rll 

â nd- 

Xr(t) ~ *[(*) + t 

¡y' 

ffr -tT4l ^ i]L 5 h» 22 J 

At any Instant t half of the total energy Is kinetic energy and the 

other half la- divided between potential and surface energy. 

Ttiere Is another way of considering the energy transported by 

surface waves which, at first glance, la different fro« the preceding 

treatment. Consider a fixed plane x - constant. Then from the 

results in I 8 one may compute the rate at which energy Is being 

transported through this plane, the so-called energy flux. Let us 

denote It by After appropriate linearization, formula (8.10) 

give s 

= “ J" f iV n, tJ. (1S*23) 

The expression for the flux has an advantage over the expres¬ 

sions for mean positions considered above In that no strong restric¬ 

tions upon are required for it to exist. In fact. It can be 

computed for a single harmonic wave 

(fax - <rt) ■ 
^ 15 * 2 A J 

With 

é = -A £ 

Sma k -/? h 

one finds by a straight forward calculation 

J 

3M -hr roiV/?w-o-t) +A‘f 2^eof!l ^f,+ £'^ 

Averaging over a wave length (or over a period, it makes no difference 

which), one finds 

■i [If! 

I vi 

WÈ 

! '. Mi 
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J<JV 

H ^1» 
[> 

2kk_ 
ii«iih 2 Allí ]] 

i /41 ( ji' +. ta1) r '* (15,25) 

Thu® the group velocity entera again in connection with energy 

propagation, even though no "group'1'' is present. The energy density 

and "average energy per wave length for (15.24) are 

(15.26) 

g 4v A1 f}f 

If one is dealing with a composite wave, averaging over a wave 

length Is possible only if the resulting wave is periodic. However, 

even without this restriction, one may compute both the average flux 

and average energy per unit length from 

L 
: i IAA 
-»CO 2L 

7 ( "3 

£ 

i 
(15.27) 

l f ÍX. t) X1 , 
dv L-"00 H -L 

Then if a composite wave propap ting to the right la given by 

f £ (x, t ) Jx, 

with 

< r- ~ t: 

í^)= ¿ cJe 3 J 
t -00 (15.28) 

CO T 
ÍC5 + ^ Sin(>A*X-cr. t); 

oo 

^ ^ Z * A 
m.irii 

'A,' 

t) 
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wtwr« «C,j - I ( «j •« 4.^ a., Tj » j ï s-iDfj J ona find* 

Clwi 

c L ZI, IfM» 

c • 
il T 

- ö«» 

IW* 

7 l£,'*r 

è» ï ^.. 1 ** 5 

i 
4 Tá 11 

I .. 
jj 4 js 

(15,29) >m 'h* * mm ^ ^ 

OÙI 
> J 2^ ' é * 

and 

3, av z 4 - ISäQi 
ao 

‘oüi 4; k í I 
2 % ti 1 

îr-f 2*.k J 

- 2 
«%> “ 

(15,30) 

In order to obtain these relatively simple formulas In which the 

contributions, fro» the Individual harmonics are Isolated, It Is essen¬ 

tial that the averages be taken. Otherwise, for if (x ,t) or 3>(xjt) 

one obtains a complicated double summation, and the role of the group 

•feloclty is not apparent. 

A similar analysis may be carried through for the right-moving 

Initial hump (15.16). However, an average of either ^ or £ computed 

according to (15.27) would vanish. Instead we take the total flux 

and total energy, respectively: 
OO 

=-L o5-31» 

The resulting formulas are analogous to (15.29) and (15,30): 

y t.ta) 

QQ, 

j [q p EftfE'WJki 
mm. V 

OO 

- oO 

(15.32) 



If the lent penult ia applied to • narrcw wave band, such as (15.5), 

then one fir da the limiting relationship 

i;-%o 

In the first method of treating the propagation of energy, 

1,#, in terms of the motion of the mean position of the energy 

density, it wa# not surpriilng that w* should appear, for It Is » 

familiar property of Fourier transforms that taking the derivative 

of the transform la associated with multiplying the function by the 

variable. Thus, if 

then 

OO x 

*'(k) = ) -fix] e cJ> 

In tl.e cases considered above the transform contained â at» a 

factor, and the derivative contained cr't In one summand. However, 

the appearance of cr' in the formulas 'Or or 7t0tal seems 

in some ways coincidental: One makes a calculation, and after 

gathering and manipulating terms discovers that a certain combination 
contains 

of them Indeed a o'. That this is not really coincidence Is 

indicated by the following theorem for the case (15.16)i 

JL ( * £0,fU * = . (15.33) 

It may be proved as follows. From the definition of 
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Integrating the second and third terms by part® and taking account 

one may expresa the third summand in tne 

Hence the first Integral may be written 
. « ** 

which vanishes, since the term in brackets is Just the dynamical 

boundary condition at the free surface. The second Integral above 

ie Just >t t ,, so that (15.33) is proved. 

A similar line of reasoning allows one to establish the follow 

ing relation between £ and 

C><5(XM _ _ ‘o ^ (15.34) 

~b t ^ » 
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«••«ntUUy un «xprvoiilon of the corn.««rvttloin of trieriHf* iquetion 

(15,53),. «ay also be derived fro» (15.M) by writing the latter in 

the for« 

'è f* a 
"Tf 

>) -i -_.;J ,4 jt 

and integra tiny,. 

Although (15,53) may explain the preaanc* of <T «neryj 

flux for a continuous spectrum and finite total energy, one la still 

left with the apparently paradoxical situation that even for (15.24), 

when only one frequency is present, tr/ enter* into the expression 

for 3* 
'• lh 

4 V 
One would expect the occurrence of CT/ only if were 

dealing not only with a specific value k but also with neighboring 

values. Hiere la no useful analogue to (15.53) for the discrete 

spectrum, because there 1b mo Fourier integral to connect In a 

natural way hump However, If one 

approximate» (15.24) or (15.28) by considering only the segment of 

*1 between -L and L and taking Yj * o outside this segment, then 

one has approximated by n , where the latter has a continuous 

spectrum and finite energy. For ^ It is reasonable that cr'{k) 

should enter into the energy propagation. The definitions adopted 

for and £ av In (15.2?) reflect this approximation of n 

by and then a passage to the limit in such a way as to keep 

these quantities finite. Thus it is perhaps not surprizing after 

all that cr7 has entered into the computation of Jjv , for the 

method of averaging Í and £ is such that one replaces the discrete 

spectrum by a continuous one and then takes a limit. A different 

explanation of this paradoxical situation has been given by Rayleigh 

‘.i. 

l| I I , I II l|l II I I 11)111 I III! Il I I I >1 I* M l .i ■ T !!"| i M |. I , i| i I I I i 1' i ! !• ; '! j I ' ' " ' " « " ••! ' ' 
! I I . I I . ' 1 .1.1 T i i i h i. * 



Il 

I tl II I I I. I < I 

!.. .1 Ml 

i I I M 

Mil I) 'i "I' 

'iri'itpii 


