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This report constitutes the third part of un article on. 

Kater Waves being prepared for the new edition of the Bncyclo- 

paedia. of Physics (Handbuch der Physik) published, by Springer 

Verlag. 
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22. InAtlal-valua problaa« 

la the special probleas considered In sections 17 to 21» the 

dependence upon the time has been precipitated out» either by 

assuming the motion steady in a moving coordinate system or by 

assuming a harmonic dependence upon the time. In this section we 

shall consider motions in which the displacement and velocity oí 

the surface.are specified at some instant of time, say t - 0, the 

motions of any solid boundaries are given for each instant t > 0 

(exce.pt at the very end where freely floating bodies are considered) 

and the pressure distribution over the free surface is a given func¬ 

tion for t ^ 0. 

It is not usually possible in the most general situations to 

give explicit solutions for such problems. However, Volterra [1034] 

has proved a uniqueness theorem and has shown how to reduce the 

problem to finding an appropriate Green's function. His results 

were later rediscovered and extended to a wider class of problems 

by FinkeIstein [1957] (see also Stoker [1957, ch. 6]). However, 

the use of Green's functions for initial-value problems extends back 

even earlier, at least to the papers of Hadamard [1910, 1916] and 

Bou ligand [1913]. These theorems are discussed in section 22m. 

One of the classical problems in this category is associated 

with the names Cauchy [1827] and Poisson [1815]. In this problem 

the fluid is infinite in horizontal extent, without obstructions, 

and either infinitely deep or of uniform depth h. At the initial 

instant t - 0, the form of the surface and its vertical velocity 

are given and one seeks the subsequent motion. Such problems have 

already been discussed at some length in section 15. However, in 
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that section interest centered upon investigation of certain aspects 

of the subsequent motion rather than upon obtaining the solution. 

In addition, the treatment of that section was limited to two-dimen¬ 

sional motion, although the methods could have been extended to 

three-dimensional motion. 

The history of this problem, including an exposition of the 

methods used by various authors, is included In a paper by Risser 

[1924, pp. 113-144]. Another expository account can be found in 

Vergne [1928, ch. I]. The problem is discussed here in section 22 

In section 22 ^ several special initial-value problems are 

discussed. 

22 cxf. 

Let the fluid be bounded by the free surface F, fixed surfaces 

S and the surfaces of a finite number of bodies of bounded extent 

undergoing specif ied motions of small amplitude about equilibrium 

positions Sm (see Figure 28). Let the pressure distribution 

FIGURE 28 

iflliiHitiNNM .......i"»'« 
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on th«' fr®« surface F, also be a given function p(x,z, t). Further¬ 

more., at time t « 0 let the initial displacement and vertical velo¬ 

city of the free surface be given functions 

CM. w u 

The boundary conditions to be satisfied by the velocity potential 

^(x,y,z,t) are (see 11.1) 

« O on S, 

*' \4i (*) on Smt (22.2) 

ft (*■ °' ] I °) * - 3 1(Ki î>°) - j Ft* i j‘ °) 0 n F, 

(X,0, j,o) = *7f (JL , ), 0) an F , 

Here F means that part of the plane y - 0 occupied by fluid when 

everything is at rest. In adultion, it will be assumed that, for 

each t, there is a bound B and a distance rQ such that \f\ , \fi\, 

I grad f\ and |grad are each less than B for x2+y2+z2 r02. 

Let us now suppose that it is possible to find a source func¬ 

tion C of the following nature: 

¿(•M. 3'-/, 7, 5 , v) - ï + HI*,*),] ¡ s, 
/ rktrt *% \ V 4b** « O / 

where as usual r2 - (x-^J )2+(y- ^)2+'z- p2 and H is harmonic for 

y ^ 0, and in addition G satisfies 

¡ J 5 ; t, t) - Gt (*• 7' )} ? - 5 , t, t) 

Cn’'x''i>} , $, 7, ; t, V) • o 4°r °nS 

, 0 

' (22.4) 
andL 

Ol / í é # 
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This function has already been constructed, in two cases. If there 

are no fixed boundaries and the fluid is Iru Initely deep, the func¬ 

tion defined in (13.49) satisfies the cone it ions after slight modi¬ 

fications: replace (a, b, c' by ( J, , set m(t) - 1, and extend 

the definition of ^ (of 13.49) to negative t by ^(x,y,z,-t) - 

<jt> (x, y, z, t). Then we take 

CU,-,,; > Í.7, ? ; t, r) ~ fuyi ¡ t-r) ■ ,*,1,1,^*). 

Similarly, the function defined in (13.53) allows one to construct 

0 when the fixed boundary consists of a horizontal bottom at y - -h. 

For the first G Finke Istein [1957, Appendix) has shown that G is 

0(R“2) and Gfl and Gy are 0(R“3) as R♦ »o, where R2-(x-jf)2+<E-J)2; 

for the second G, Finkelsteln [1957, f3j has shown that 0, GR and 

Gy are + ¿))?jas R •• oo for arbitrary £ >0. 

Now apply Green's theorem to the functions *nd G and the 

region of fluid bounded by the surfaces Sm, the fixed boundaries 

S and a large sphere il of radius f and center at the origin, 
where f is chosen large enough to include all the surfaces SB. 

Only parts of F, S and J2 will serve as bounding surfaces, and we 

shall call these parts F\ S' and J2 ', respectively. Then 

7(23.5) 

where V is the exterior normal. The right-hand side is actually 

independent of T since T enters only through the function H which 

is harmonic. The integral over S' vanishes since both n and GQ 



»«*• ®«ro oin 8. t« «hâli »•»lili* that th« b*hi».vior of 0 arad tf »• 
R ♦•o is such that ti» iit««:ral ovar A ' vmisho* a» If 

tto fluid is of bounded extent, the situation, considered by Volterra 

ti®34], this pressrats, of course, no difficulty, Ira the two cases 

for which G has toaen g i vera above, it has been, ¡•bow» by Finks Is tela 

that this is true. For finit# depth the proof presents no diffi¬ 

culty once the estilastes for G are obtained; for infinite depth the 

analysis is «ors troublssose and es ¡rifar to his paper or to Stoker 

11057, pp. 193-4] for proof, âftir lettln* f *♦•©, one then has 

fj*')']'*) %7 " S *4K ffcz 6vft ]d6. 
P f f • S(r( ^ (22.0) 

In the integral over F »e may replace by ~g“ll0ft because of 

th# boundary condition at F. Mow interchange t and T* and integrate 

with respect to ^ between limits 0 and t. This gives, following 

an integration by parts, 

+ ii idTJJ[a^n-Cr,^]da m 7) 

¡ft)*^ M'>*)Gt<"j*'*) 

-¡Oí t)4)(--i0)- í - ■) °) •/ 0't) 

^íj(ct(...;irlt)Pl(f,ílr)ctrjd.ídl -i- 1 

where I stands for the last integral. (Gt always represents the 

derivative with respect to th© seventh variable). Recalling the 
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properties of 0 in (22.4), one finds 

(22.8) 

- ¢( ‘,^,¡,0) (j J'ca.o,], ¡‘■■I’ji », 

^ 4 ( f ^ i, , j ,q f ;f7 ^ pfr 3, »f ^ (u 5/,,; ,¡,rj) 

.ri(tJ.pdTjA}J1*l 

* <p(x,It!,¢)+0, (1,;,cj*&t(i,0,(}, j,») 

where fi(x,y,z,o) ie determined up to en additive constant as the 

solution to a Neumann problem, since <f n(x,y,z,o) is given on all 

boundaries and bounded at infinity. In the integral I dolt'1® thÄ1 't* 

<fc tn m Vn'(t) is known on Sm, but ^ t is not. 

If there are no moving bodies in the fluid, then the Integral 

1 is not present and <j> la determined by the initial displacement 

and velocity of the free surface and the given pressure distribution 

over it. This is Volterra's result as extended to unbounded fluids 

by FinkeIsteIn. If surfaces Sm are present, one may still use 

(22.8) to derive an Integral equation in the same way that (16.13) 

was derived. For as (x,y,z) is made to approach a point (x0,y0,z0) 

of Sm, 

+Í1T da 
Sm 

[cf. Kellogg, Foundations of potential theory, Springer, Berlin, 

1929, p. 167], Thus, after carrying out the integration with 

iJuii llilliUilliMuU 



respect to T , one has an integral equation tor (x,y,z,t) for 

each value of t ? 0 which nay be used to íAodli ttio veAuo ot i EEd 

hence on the surface Sn, providing that the Integral equation 

can be solved. One ■ay then use (22.8) to determine ^ (x, y,z,t) 

for all values of (x,y,z) i rhe ¿ i. The integral equation has 

the sane appearance as ¢22.8) except that che first two tersa have 

coefficients f and (x,y,z) is understood to be a point of Sm. This 

further extension of Volterra's analysis is also due to Flnkelstein. 

Uniqueness of <f> (x»y,x,t)t at least up to an additive constant, 

■>, b. provbd M folio«*. L*t ud <p2 b. t«o .olutlon. «tl.fy- 

ing the boundary conditions. Then <p " * i> 2 satisfies (22.8) 

with f,F. p and Vn all identically aero, l.e. 

f yi) ' “nlt -¿i idT d<s- 
fY1) 

If we assume that Gn is 0(1-1-^) an R-*-•©, then <f> t and grad 

will have the same behavior and the Integrals we shall write below 

may be shown to exist. As has been mentioned above, Gn vanishes 

much quicker than is required in the cases when the fluid is infi¬ 

nitely deep and when the fixed surface consists of a horizontal 

bottom; if the fluid is bounded in extent, no such condition is 

necessary to make the integrals converge. ' 

Consider then, following Votterra, 

F 

- il \ h 4-tt à a . t dt 
F ' p * 

= - // h 4>n d 6 
F + S + S,n 
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«inc* $ n vanishes on S and SB1. Mow apply Green's tfaeore« and de¬ 

note the volume occupied by fluid by T: 

■X2 - - ¡f( <tt ? <*T •-j jff(ir04i4>l)dT' 
T T 

Hence 

and 

íí^4t à <s + 

(22.0) 

Since «¡¿ n - 0 on F, S and Sj, for t - 0, ^(x,y, x,o) - C, a constant; 

hence grad ^-0 for . - 0. Also ^t(x, y,x, o) - 0. Hence the con¬ 

stant in (22.0) Is zero and ^ t and grad f vanish for all t. Thus 

ft (x.y.s*t) - const, and the solution of the initial-value problem 

is determined up to a constant. 

22 . TheJjai^^ 

In this classical problem of water-wave theory, the pressure 

over the free surface is constant, say zero, the fluid la Infinitely 

deep or bounded below by a horizontal bottom, no obstructions are 

present and the initial displacement and velocity of the free sur¬ 

face are given. The two- and three-dimensional cases will be se¬ 

parated in order to illustrate different methods of approach. 

Three.dlltailOPS. The velocity potential may be obtained 

directly from (22,8) after setting f> (x, z, t) and I equal to zero. 

However, the explicit expressions for G and Gt are needed. As was 

fjf f 
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Om f 1,0, j ( 0, t) - ¿/D- 

CA ) l.oA ) o,t) • -21 t)t y J„ fa R){ÿ% d k 

notW'd in. Miction 23 Ht to»» can to writton down l,niMidlat#ly from 

(0.4®) for Infinit# depth, und (13,.,53) for depth h, Th# rosultini 

oxpnnnlonsi after •ottin,« ^ " 0» ar# a« follow»: 

Infinit« depth: 

fr JcCk fZ)dk, 

(2,3.10) 

V (*'V J.-, 

depth h: 

/ (22.11) 

'^é (“*11 i I»@1 5 f 0, tj 9 * ¿J llji 4iL ,*•«.- ('J|4 fall'4Í i) 

where +(^5) . 

There »till remain# to find ÿ (*,y,*,o) where 

^(*,0,^0) - (Jt.jrO) 

and, 

^ *0 or (xr^/ j'°) ~ 
<u 

The solution of those two problems is well known: 

infinite depth: 

o. 

<e»0 

. ± (( (I'It0} -..* L. f f h t ( it 0)^1 4jfe4 V0 & RyJ *■( 

JL linn       iiiiii*U|»liNlÉii lirif r      '11    nil Ip I               .......1   *  1..... .. 

¢22.12) 

I.I.. .... 



d*pth h: 

«»# 

+(x'ry)m;*h(u,°)Jí¿ií ítÉ^ft1 J"(i *)ä 

(22.13) 

»hur» 1 la da finad ns «itoov«, 

Su'batitutiac th# »avartl •xprasnion in {22.8), ono obtain» 

th» •xp:r»»»ioii» for th« v«locity potontial: 

infinit« d«pth: 

II 7-y I 6 J-'f* « J 
iir 

(22.14) 

<il : 

depth h: 

-1, h(li,o)äUif*±£(%ÿ 

- 1 
in 

(22.13) 

The equations describing the free surface are as follows: 

infinite depth: 

<»° c-c> 

vU.xl)--^- If >¡t(l\°UUj¡e U~¿t i),f4.R)d.íc 
ft X. Ä . 1 /5 o 

,oO 
^ .. 

«o ir - 
' f[n(!,i,o)d!cl! fe^tfJ.UcR)***:, 

-oO « (22.16) 

* 3 

!"iHllillil!|l|t!|l4ll|í!|!H|ll||I||l«!l|||||||IU!lilllÍWIIil!!lllli;i^lUMUH|llM^ .J: JlUilJtlIÉMillllMilllllililUliU 



d»pt!h b: 

jf J $ I,« ocril, Ut. 1).(-4 R) ¿4 

<5 ^ ^ 4 ku4i. 4 4 . 

It has been shown by Köchin [1935] that the intégrala with 

respect to k in (21,10) can be evaluated. Consider the integral 

|<f * jf o“ 1 u^, a f Jp (it R.) dig t d^câié», 

<22.18) 

Then the first integral with respect to k in (22,18) is ~Itt and 

the second one is -Ittt- To evaluate K make first the following 

change of variables: 

4( - kn , w1- Ur 

Then 

(22.19) 

In the first integral let u - v <K + uj 
I in the second let u *• vjf - ta. 



Th# o, 

and, aft#r ■•ttlng u -fî” «J 

Finally, from an identity In Wat •on'» B#«ia#l functloni [|5. 431 #i] 

(1)] on# finda 

¢22.20) 

In order to use th® result in {22.16) one needs the first three 

derivatives with respect to t. Since 

r'i) 
34 " i 

|he derivatives can be computed by taking derivatives with respect 

to to and multiplying by an appropriate factor. After some rather 

tedious computation one finds 
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Klw) * " 2~g^ 1 ( I d i ( i ~ Ut j^(l 'U ^ ( ï ut ) 

-J.aw^víí^jj. 
Th««« *re Köchin'« fornulaa, but derived eomewhat differently fron 

hl« original paper; etill another derivation nay be found ln Koohin, 

Kibel and Roae [1946, ch. 8,/ 21]. Similar formula« for (22.17) 

do not «eem to have been dlacovered. 

It should be noted that in the find form of (22.16) the depen¬ 

dence upon t 1« through the dlmenaionios« variable to * m gta/4R, 

Hence, if one examinee the contribution to the surface profile from 

a given locality, say the neighborhood of (| , ^), then a given 

phase of this contribution, say a maximum, will be described by 

gt2/4R • const.; i.e., the phase is moving away from ( £ , ? ) with 

constant acceleration proportional to g. The amplitude of the con¬ 

tribution is modulated by either R"3 2 or R“2 according as one is 

considering the first or second summand in (22.16). ¡Cochin's 1935 

paper is of some methodological Interest inasmuch aa he started hie 

analysis with dimensional consideratlone. This method will be in¬ 

troduced for the two-dimensional case. 

One may obtain without great difficulty series expansions for 

the k-integrals in (22.14) and (22.16), as was first dons by Cauchy 

and Poisaon. Vs refer to Lamb's Hydrodynamics [1932, § 255] for ths 

derivation and exact expressions. They can aleo be derived from 

the the known expansione for J|, etc., as can asymptotic expressions 

for large to . One may also carry out an analye1« of the changing 

shape of the surface profile following the methods of section 15. 

It is evident that one can solve explicitly other similar 



initial-value problem for which the Green's function can be givea. 

for example, the method of inagais allows one to give an explicit 

solution for various cases when vertical walls are present as boun¬ 

daries. Such cases have been considered 'by Riaser [1,929]. The 

Cauchy-Polsson problem In the presence of a vertical ha If-plane, 

* « 0, X 7 0, has been treated by Boiko [1938], but by more complex 

methods. 

XliLilJill!^ Rather than repeat the methods used for three 

dimensional motion, we shall introduce a method making use of the 

complex potential and thus special to two-dimensional motion. It 

is analogous to ths method used in deriving (13.28). 

Let {(pt) m the complex velocity potential 

The initial conditions will be taken In the form 

-i Ec-f,(^-10,0-)-7^,), -I^f'(jt-¡0,0+). (22.32) 

Let us consider Infinite depth first. For t ?0 we assume that 

f(«,t) is regular and If' / < M(t), ¡ f*f / ^ flfej for y < 0 and that 

both f and f|;|; approach «ero as y-*■ - Consider now the func¬ 

tion 

(22.23) 

From the assumptions about f It follows that, for t >0, G(z,t) is 

regular for ^ <o , that JC/< & (+)for y ^ ° and that G**0 as 

— oo . Moreover, it follows from the condition at the free 

surface, (11.5), that Re Gîx- i-‘o,t) « 0. Hence, the definition of 

G may be extended into the upper half-plane by defining 
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= - G - 

But then since 0 Is regular and bounded in the whole finite »-plan«, 

II follows from Liouvilie's theorem that G ** const., the constant 

aust equal aero froin the assumed behavior as y-*-» *“-» • Hence the 

fundan,entul differential equation for the Cauchy-Poisson problem in 

two 41mena Ions Is 

^ J ' h1* ) " ° / f * ' ( 22,25) 

an observation usually credited to Levt-Ctvita [cf, Tonolo, 1913]. 

Let us now find the analogous equation for finite depth. The 

function f will be assumed regular In the strip 0>y/~h. The 

boundary condition on the bottom is 

j’*v T t) (22.26) 

Hence f may be extended analytically into the strip -2h < y < -h by 

defining 

((■> - * ( V ■ Í'' :'r / ° ^ ^ ‘ ^ (22. 27, 

We may also, as before, extend the '/unction fn+igf1 Into the strip 

h^yZO. The condition Re ^ f|t+ igi ’ j *" 0 for ¥ m 0 implies 

Re J ftt~igf * I - 0 for y - -2h. Hence the function ftt-lgf can be 

extended by reflection into the strip -3h>iy^-2h. Now consider the 

function 



Ml 

(22,28) 

-1 it (3 t)t * j {’() * 0\* fl«(y t L,f)-+' h ~lL* ^ j. 

á* » r««ulf of the vario«» extended region« of definition, one »ay 

verify ea«ily that II ia defined for all x in the strip ~2h<y <0 

and is regular there. Moreover, it follow» that 

H (d(, ~ I k, t) m O , (22.20) 

for fron(22.27) It follows that the two pair» of summands in the first 

form of (22.28) are real for z - x-lh, whereas fro» the boundary 

conditions at y - 0 and y - >2h it follows that the terns in curly 

brackets In trie second form of (22.28) have zero real parts. Since 

HU.d) is regular in the strip 0 > y >-2h and vanishes on y - -h, it 

must vanish identically in the strip. Hence we have the following 

differential-difference equation of Cisotti (1018]: 

<22-30) 

Let us now turn to the solution of (22.25) with initial condi¬ 

tions (22.22). We shall follow closely an exposition of Sedov's 

[1048, 1957]. However, the Idea of the derivation is Kochin’s [1035] 

and, in fact, really goes back to Tonolo [1913]. The use of dimen¬ 

sional analysis can be extended to the three-dimensional problem: 

this was also done by Köchin. 

We first remark that the initial-value problem can be solved 

iil'li ....I.Hill.... 
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by solving it for two special cases of (22.22), naaely, first with 

i| (i,,0) ■ 0 and then with * (>- Th« of th9m two 

s o 1 u t i on* w i 11 »at 1 » f y ( 22.22),. ff«* t w« n o t® t ha t ( *0 ) ha» t he 

dimension -length. and *} tU,0> the dimension, "velocity”, and that 

the solution f In each of the t*.> Initial.value problems will be 

proportional to some typical parameters associated with <x,0) or 

ijt(x,0) » respectively. Let us suppose that a is such a parameter 

with dimension Lf" T* and that f is proportional to a. Since t has 

dimension, LaT"1 and g has dimension LT*2, the Pi, theorem of dimen¬ 

sional analysis then states that f can be expressed as follows: 

- «-f ¿('if) , (22.31) 

where 

<K = f -f- ? 2 i - U.Z+1) 
(22.32) 

(The factor i/4 in the argument of is chosen for later conven¬ 

ience.) Now substitute (22.31) into (22.25). One finds after 

some computation that. 

11-°, ( 22.33) 

where ,jf • i<j**/f ¡j . The differential equation obtained, by set¬ 

ting the expression In square brackets equal to zero determines 

^ in terms of confluent hypergeometric functions: 

X ( 7> ) * A tFj (-* i { ? 5 ) V > i ' ï) . (22.34) 



From th1« It follow* that 

' / 'ÿr 1 /r'i 

(22,35) 

4 (, ( ) ,i ; <) * £ ^ it ; o<j 

EoBOiiborlog that 

on.«* may eaally derive the following:. 

ffjro) -44.(,ÍM°)= ) / 

r/ ,,,. , /¾. (X - 1 (22.36) 
f (510) * .A {, (*)¡0) ' A a ^ } , 

\ 
, X A * -i íw: - i- 

f/v»)“ ßfiiij'«)*-;»'■‘i 5 
The solution (22.35) may be further generalized by replacing t by 

t-t0 and z by z-xQ (i.©., by a different choice of the dimensionless 

variable ) • One may then further super impose these solutions. 

For the purpose at hand it will be sufficient to retain tQ ■” 0. 

Then w© may form the solution, 

*0 f* 

Uytj-ÍA (X* ) i' ( l~ X’.t • *i) -lx* 4 j ß (Xo) fv (yx^t, °<%) dx* . 

(22.37) 

One finds from (22..301) that 

. I ; ,.,1 .1 ..... ¡I..I,.Hdil...... In ¿i - 



Let us now nuke sonne spécial choice« oi a, and hence of pc and 

/), As a parameter describing the initial profile of the surface 

take 

Cl 2 “ / 7iJ[ , o) d X j (22.39) 
- <,«o 

as a parameter describing the initial velocity distribution 

take 

a, 

itmL/ 

= i d* ( yil (22. 

Then »i has the dimension LJT.1, corresponding to ■* -1, - 0, 

and *2 the dimension L^, corresponding to Cv j * -i» /-^ "" I* 'With 

these choices of <X, and CX'2 in (22.37) we take 

4 u,) - zj /1+ (ilo)dSJ 

*7 (xn, o) 
(22.41) 

£> (x,) - I 
a,2 ]f Z't 

Then the last two equations of (22.38) become (after an integration 

by parts in the first; one) 

/ 

0 ) 
r (*i0) * ..JL. Í dx3 . 

ITiJ^ Xo-j 

From the Píeme1j-Sokhotski1 theorem we have 

«wO 

úx-‘°,o)~-irw + f 
(22.42) 



'life 

Thu» the initlul conditions (22.22) ar© satisfied. 

There remains to point out that for the special choices of 

<X i » -I and «g - -§ the corresponding; confluent hypergeo««trie 

functions in (22,35) »ay be expressed in terms of Fresnel integrals 

or integrals of these. In fact, if we write (22.37) in the form 

o - [a lit f 
(22.43) 

then 

(22.44) 

where 
l 

UJ - 

One should also consult the discussion in Lamb’s Hydrodynamics 

(1932, £ 238, 239}, where graphs are given which display the behavior 

of the surface profile corresponding to an initial elevation con¬ 

centrated in the neighborhood of one point, i.e,, essentially 

g~l j2 2t(x-i0> f)* and to a concentrated impulse, i.e., essentially 

g-1 J? ftCx-iO-t). However, general aspects of the development of 

the surface profile have already been discussed in section 15 oc. 

It should be noted that the velocity potential (22,37) repre¬ 

sents a much wider class of time-dependent gravity-wave motions 
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than doe» (22.43’!. The in it 1*1-va In© problems correspond i ng to 

other valve» of ct have been determined by Sedov 11948] but the dis> 

cussion will not be repeated here. 

A class of solutions of (22.30) analogous to that found by 

Sedov for ¢22.25) does not; seem to have been given in the published 

literature. Cisotti [1920] expand* f(s,t) in a power series in t, 

thus replacing (22.30) by a recursive »et of différence equation».. 

W© refer to the original paper for his discussion of this set of 

equations. 

In ¢15.22) we have already given the velocity potential ard 

surface profile corresponding to a given initial profile; the 

derivation, was based upon a Fourier analysis of the initial profile 

and the result was valid for either finito or infinit« depth. The 

same procedure may be used for an initial velocity distribution. 

The combined result for the complex velocity potential and surface 

profile is given below in such a way as to include the possible 

presence of surface tension: 

infinite depth: 

-fiji-i) - fldb ¡¿Í ¿ [■ at t *1,(110)01» at ]c‘i(r0 

a — wO 

-»O 
(22.45) 

^( JÍ, t J = ~ f d 4 } d* f I 0) ® ^ 1.q / °)^ t I ^ ^ ~ / 
* o - «O " J 

where er1 » .4, +. T 4 ■ 

depth h: 

,m£> ^ 

4/)/ 4) = jf I d 4 J 4 ï .4 4,4, ., O') W-O'f t 

~«a 

*lt ( l,o) MK Oit] Ù9-J 4/ ) - I r ¿ ) / 
(22.46) 



t 
6 (U_ 

Q ''Ctt' 'inr» ^ 

where <J^ ^ '¿Vf j .-L I A; 

If T - 0, the coefficients of ^t(í»0) in the formulas for^(x,t) 

reduce to 6 “l. When T 0, (22.45) is, of course, another form of 

(22.43). 

It has already been indicated in section 15 that the Cauchy- 

Poisson problem can also be solved for two-fluid problems. 

Sretenskii (1955] has investigated a further generalization in which 

the two fluids are each flowing with constant velocities for t < 0 

and then when t - 0 a disturbance is, suddenly created at the inter¬ 

face . 

"Ihfi*« 

... in ... 
moIL. 

«iillTi'i'iririirriiiiri'iif'1! 
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It is possible t;o solve a number of initial-value proble.. 

either by using equation (22.8) or by using the time-dependent 

Green functions (13.49) or (13.53) directly. The special situa¬ 

tions treated, below fall roughly into the following four cate¬ 

gories: wave motions resulting from a pressure distribution sudden¬ 

ly brought into existence at time t « 0. waves resulting from a 

body set into motion at time t - 0; waves resulting from an under¬ 

water explosion or a sudden movement of the bottom (tsunamis) ; and 

waves resulting from an initially displaced freely floating body. 

Time-dependent pressure distributions. Suppose that the fluid 
aiaMWSMMa«aaiiiBiimiMftaMiiainmw«Maai!nw: 

is undisturbed for t <9 and that starting: with t - 0 the pressure 

over the free surface is a given function p i fi). The consequent 

motion of the fluid may be easily obtained, for this is just the 

problem formulated in (22.2) if we put y*. Formu¬ 

la (22.8) then gives the velocity potential .in the form 

f' (x< T'J zl did 

ft 

) j í í i» i°i, i t) fíí 1(22.47) 

In the two situations for which explicit Green's functions 

have been given, equations (22.10) and (22.11), we may give expli¬ 

cit solutions for ^ : 

infinite depth: 

0 ¢22.48) 
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depth h: 

nr . 
¡¡d fj}[r(f,IT)<IT¡^k^u^rr-t)) ■ 

■Ü o 

4©) 

where, as usual, R ' -/'x- $ f'f -.JJ l. 

The velocity pote:ntial for a »oving preasure distribution is 

obtained from these expressions simply by letting 

t>(ï,î,T)’ r'(f-cr, IT) 
ïf p,„ ( ¡Jr - C r, Cthe resulting f is the velocity 

potential for a steadily moving pressure distribution of oscillat¬ 

ing strength. Lunde [1:9511)} 'has investigated the special case when 

pi/, >,r> * p('J fi --crjsyvknd has shown that as t ^ the expressions 

(22.48) and (22.49), after a change to moving coordinates, approach 

asymptotically to the expressing (21.26) or (21.31) property modi¬ 

fied for circular symmetry (the assumed symmetry is not essential). 

The computation is interesting but will not be carried out here. 

This procedure for obtaining (21.26) or (21.31) yields the velocity 

potential without necessitating the extra boundary condition re¬ 

quiring the motion to vanish as X -» + , 

As was mentioned in connection with the solution of the 

Cauchy-Poisson problem, the Green's function for some other simple 

configurations can be found by the method of reflection. 

The complex velocity potentials for two-dimensional motion 

which correspond to (22.48) and (22.49) are as follows: 



MJ 

Infinite depth: 

fdf(r(f.r)*rf»(íríCr~t))e'h{l¡ 
^ - .«Sí o <> 

(22.50) 

depth h: 

(22.51) 

Certain «pecial eases have been investigated in more detail. 

Stoker [1953] has treated the motion resulting when a pressure dis¬ 

tribution constant in time for t >0 is suddenly applied to a uni¬ 

formly moving stream of depth h. The velocity potential may be 

obtained fron (22.51) by taking f>(^,1')“ P°(f~C^ atld transferring 

to moving coordinates, lis aim, as was that of Lunde In the com¬ 

putations described above, was to show that the potential (21.40) 

can be derived without a special assumption about its behavior as 

X-* +-00 . The same can be carried through with (22.50) to derive 

( 21.38 ). If one assumes p (' |,T^e p> (f) t hen one ma y a Iso 

derive (21.21) or (21.23) from (22.49) or (22.50), respectively, 

as asymptotic expressions for large t without having to impose a 

radiation condition. Volt [1957b] has investigated the surface 

profile for large t when fj(^,T)-p(TJ for |/cr<cT, ^>(f/T)»0 

for J ^ C T or for T > T . 

Waves resulting when a body is aet Into motion. Many of the 

problens solved in sections 17-20 by means of source distributions 

can be formulated as initial-value problems and solved by the same 



proc«dur® if on« uses th« appropriât« ti»«-dependeat Green's func¬ 

tion. te shall consider briefly1 several example«, Quitting: details. 

la ¢19.28) the velocity potential wa* given for the motion 

resulting' fro* an oecillator in n wall, described by (19.26). It 

was assuiaed there that a steady iituatlon had been reached in which 

the motion was purely harmonic in the tine. Suppose instead that 

the motion of the oscillator described by (19.26) is to start at 

t - 0 and that for t «."0 the oscillator and fluid are at rest. It 

is easy to verify that the time-dependent velocity ^^'"/'j'^potential 

is still given by (19.28) if for the Green's function. G one uses 

(13.50) with mi - 1. The last term in (13.50) will give the trans¬ 

ient aspects of the motion. For two-dimensional motion the time- 

dependent wave-maker has been considered by Kennard 119491, who 

also gives an estimate of time necessary for the transient terms 

to die out. 

In (20.65) the velocity potential has been given for a "thin" 

ship moving with constant velocity c; it Is assumed there that a 

steady state has been reached. Let us now suppose the same ship 

to move with velocity c(t), t >0, but that it and the fluid have 

been at rest for t<0. As in (20.64) we take a coordinate system 

moving with the ship. Then, from (20.26) it follows that the velo¬ 

city potential J. must satisfy the boundary condition 

X, y, it <?, t) - ? ¿(0 Fjc (A 'p 
A Green's function enabling us to construct j>' can be easily ob¬ 

tained from either (13.49) or (13.53). However, let us take 

e(t) *■> C, a constant, for t ? 0, i.e. we suppose the ship to attain 

instantaneously its final velocity. Th» Green's function for this 



ml tim t! on ha» already been written out explicitly in (1,3,51). Set¬ 

ting there a#- 1,4.,-7 /««5 and calling the resulting func¬ 

tion ^) > the velocity, potential for the problem at hand 

is 

lP i,Jf ' 7 »} t ) - /) 6 ( * - 7 ' )' » 1,7 * <9, t ) F M ( f „ 7 ) ¿ ^ 7 (22.52) 

So 

Having found $ , one may then computo the force upon the ship 

and obtain formulais analogous to1 i20.67) or (20,69). The computa- 

tions for infinite depth was originally made by Sretenskii [1937); 

Lunde [1951a] gives an exposition of this result and extends it to 

include thin ships moving in an infinite expanse of fluid of depth 

h and down the center of a canal of width to and depth h. In these 

computations c is allowed to be an arbitrary function of t. We 

refer to Lunde’s paper for the results. 

Havelock [1948, 1949] has considered the accelerated motion of 

a submerged horizontal circular cylinder in fluid of infinite depth. 

The complex velocity potential is expanded in a Laurent series about 

the center, starting with a dipole. In order to satisfy the other 

boundary conditions, one makes, use of (13.54) to obtain singulari¬ 

ties of the proper sort. The, boundary condition on tins circle then 

yields an infinite set of equations for determining the coefficients 

in the Laurent series. After finding as many terms as seems neces¬ 

sary for a suitable approximation, one may compute the force on the 

cylinder. Havelock has carried this out for the first two singulari¬ 

ties (a slight inconsistency in the approximation is corrected in, 

Maruo [1957]) and has made numerical computations for an impulsive 



start und for a constant acceleration. Consider an Impulsive start 

with instantaneous acceleration to constant speed c, and let the 

cylinder have radius a and its center Ik submerged to depth h. 

Then the two leading terms in the resistance are given by R0 , 

the steady-state resistance given in equation (20.52), and by the 

transient term 

p 
pw« . 

i 4 '1 / JT '/j, -¾ 
vet 

(22.53) 

Figure 28, taken from Uaruo [1957], shows plotted against 

C t/k for c/liyl, -/. 

FIGURE 28 

An exposition of the theory of accelerated motion of submerged 

bodies is given by Ma.ruo [1957, ch. 3], Both two-- and three-dimen¬ 

sional problems in fluid of infinite or finite depth are considered. 
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We note that the use of Kochin's B-íunetton msy be extended with no 

difficulty to time-do pen dent notion; this hä« been done by ilaruo 

end earlier by Hasklnd [1946b]. 

An investigation of Palm (19531 also fits 'into the category 

of problems under consideration. In considering flow over an un¬ 

even bottom in section 20 <x , it was necessary to impose an upstream 

boundary condition in order to obtain uniqueness if the velocity is 

autocrítica!. In order to avoid this extra condition he formulated 

an initial-value problem in which the fluid is at rest and the 

bottom suddenly starts to mover. The asymptotic expression for 

large t in a coordinate system moving with the bottom agrees with 

the results in 20 « ., 

Tsunamis and submarine explosions. A tsunami is an ocean wave 

originating from a sudden upheaval or recession of the ocean floor. 

If one assumes an ocean of uniform depth h and if the disturbance 

occurs in a region S of the bottom, one may approximate this situa¬ 

tion by the boundary-value problem in which 

f Vf>, ],t) . i><;; t «- Ip ^ 
J 
p fr-rw-v ¿ it- 

(22.54} 

If the time-interval, of the disturbance is short (i. e. , if p A- 

is small,), the solution for is given approximately by distribut¬ 

ing over S sources of a form, easily derived from (13.53). In fact,, 

in (13.53) let a | , i, C - ? , and. let , A 

denote the resulting function by },*)• Then 

j 

- A , 

(2,2.55) 



Is th# upproxiiimt# •oliitiom. If on# j J for 

, th#E taken th« following: »imple for® for t?T; 

(«yyírK w~¿ v/f, 

■Wh-sre ff1* 4 . If the d« format ion 1» «••«»•d to take 

place so quickly that one may let T-*0 while keeping l/T*« ¿ff ,ÿcon~ 

« t an t {i. , , keep i ng' t he a ame tota 1 de f orina, t ion), ( 2 2, 56 ) be cone » 

(22.57) 

and the solution (22.55) in no longer approximate for the formulated 

problem. 

A further approximation may be obtained by aenuming the area 

of disturbance to be so localised that one may assume the whole 

disturbance to originate at one point, say ~Oj. Then ¢22.55) 

becomes simply (22.57) with L replaced by Q~(¡Ufdfaná , 

Although this may be a reasonable approximation to the explosion 

of a mine on the ocean floor, it is not in general suitable for a 

tsunami since the diameter of the region of disturbance in the 

latter may be many times the depth of fluid. 

A comparison of (22.55), with (22.57) for ^, with (22.15) shows 

that one may expect the same qualitative behavior for tsunamis as 

tor waves resulting from an initial deformation of the free surface. 

In fact, if one makes the substitution (22.19) in the expressions 

for the surface profiles, they become the followl-ig, respectively, 

for the initially displaced surface and the tsunami: 



;w 

(22,58) 

5   7~rrr- <>s ft*u. 4,lif j d*K 
s X W 

On© may study the development of t? along the linee worked out; in 

section 15 for two dimensions. 

Many of the Investigations of fauna«,is have been devoted to 

an examination of the profile for a given type of initial bottom 

disturbance. The classical papers on tsunamis are by Sano and 

Hasegawa [1915] and Syono[1936). They have recently been investi¬ 

gated by Takahashi [ 1942, 1945, 1,947], Ichlye [ 1950], Gax,aryan[ 1,955] 

and others. Since the shape of the bottom and the configuration of 

the shore are of obvious importance in a geophysical application of 

the theory, much recent attention has been given to this aspect of 

the propagation of tsunamis, Grlgorash [1957a] has gi/en a brief 

survey of the literature together with a substantial bibliography. 

The waves resulting from an exploding submerged mine may be 

represented approximately by using the velocity potential for a, 

source whose strength «"'(t) has the form of a square pulse of 

duration T. One may then determine / from either (.0.49) or (1,3.53). 

If one as sumes, T very small and forms the limit as TWO while keep- 

io,g mT-, Q constant, one finds easily the following expressions 

for ¢) 

infinite depth. 

¢2,2,.59) 



depth h: 

$t dk/ 6 '^ Cjk k^JL 4,^ • 

(22.60) 

Again one may examine the development of the surface profile by the 

methods developed in section 15. 

Investigations of waves generated by a sudden pulse of the 

above or similar sort have been made by Lamb [1913, 1922] and 

Terazawn [1915]; both took the fluid to be infinitely deep. 

Sretenskii [1950, 1949] has made a similar study when the source 

(two-dimensional) is situated on the bottom of a rectangular basin 

and within a fluid layer covering a solid sphere. Sezawa [1929a,b] 

has included the effect of compressibility of the fluid. 

One should recognize that such studies can elucidate only a 

small part of the phenomena associated with underwater explosions. 

An investigation of the migration and oscillation of the explosion 

bubble requires different analytical methods. Furthermore, if the 

explosion is too violent the linearized boundary condition on the 

free surface may not be a useful approximation. 

Freely floating bodies. The motion of a freely floating body 

following an Initial displacement is of considerable interest and 

practical Importance, but also leads to a difficult mathematical 
* ... 

problem. Uniqueness of solution follows from the argument in sec¬ 

tion 22 ex' . For the sake of perspicuity let us restrict ourselves 

to motion constrained to be vertical, i.e., heaving motion. Then 

from (19.59) and (19.62) the boundary conditions to be satisfied 

on the surface of the body in its equilibrium position, S*. , are 



t ) * j j f (4, yt o*, S*^ 
(22.61) 

M ÿ,tt)t ?<) Ia‘y ,(*)'- - f //Ví ÍÍ / Ÿ ^ ni / 7- J Jo/- 
s« (22.62) 

(Th© notation is explained in section 19 fi>. ) In addition <p must 

satisfy the free-surface condition 

tfii (■*> ör jyi ) + $ 4j (X, 

Änd "4.o A t»JLä 1 coodi> t*Jlones p SÄy 

4>t l*,0, J, o) , ^(X,0, J, o) 

'j/o; - >o, ~ y.o 

( 22.63) 

(22.64) 

(22.65) 

As in many previous cases one may reduce the problem to the 

solution of an integral equation by use of a Green's function. In 

(13.49) replace (a, b, c) by ^ ( <J j and m(t) byJ'/J/^/j»/1) : denote the 

resulting function by á>, : 

■f" Z. 

- ? ] 
^ . ' t (22.66) 

jQ&V eu*rl dfaz)*"*£x(f,*1,$,rJu.fyUift-VjdT. 

We now attempt to express ^ by the Integral 

<fu, ^ j/tj - jjVs^;J/7, j, ^ 
(22.67) 



for fliMi (22.63) and (22.64) will be satisfied. One should note 

••peetally that the relation of fli* to |f i» «ore complicated here 

than in proble»» typified by (16.12), for the past history of <f 

I» involved in . The conditions (22.61) and (22.62) now toe- 

C OHIO 

-zJi'tU, t)+fj lx, 7/ ^t)da (22 6() 

h j,(t ) * n iA T«) f(de [(us (■*,y,li, 
S' S*' (22.69) 

where i(f also enters into the equations through /¾ . The two equa¬ 

tions form a pair of coupled integro-dIfferontla1 equations for fl 

and u, , It is evident that one can. probably not hope for an 

analytic solution even for simple configurations, 

Sretenskii [1937b], for two dimensions, and later Haskind 

[1946b] for three dimensions simplified the problem further toy 

assuming' the body to be "thin", i.e,, if the surface is given by 

y- t F(Xiy) • by rePlacing the boundary condition ¢22.61) by 

ji ± m + (22.70) 

and 5. toy the projection of S* on the plane * - 0 [cf. (20.26) 

and (20.64)]. With this further assumption one can immediately 

satisfy (22.68) by taking; 

Equation (22.69) then becomes an Integro-dlfferential equation for 

y, (*) ■ 

"IISBIfl" ....... .. ...."IB.. 



Th« procitdtir« i» open to son« objection in that th* Mbatitntod 

boundary condition (22.70) doe® not •««« to fit into tho femoral 

perturbation ache»® as developed in sections 10 «nt „ 19 «•< and 20^ . 

It is thus not clear what physical proble» really corresponds to 

the niathenatical proble»,. However, this see»« to be the closest 

■anyone has come to reducing the equations to a mnageable for». 

Sretenskli solved his resulting intsgro-differontial equation numeri¬ 

cally for a surface described 

« 0,l04 

is shown in Figure 29 with a 

In spite of the questionableness 

of th# formulation of the problem, the graph is instructive in 

showing the difference between a damped harmonic oscillation and 

th© solution of Sretenskli’s integro-differential equation. Appro*! 

mate methods of solution to the proble» which assume that the fluid 

motion at any instant Is independent of its past history lead to 

damped harmonic oscillations. 
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23, Wav«>8 in bMlns of bounded extent 

The study of wave notion in a basin presents no special diffi¬ 

culties not already encountered earlier, and has a particular In¬ 

terest because of the »any opportunities of observing such saves. 

Certain general aspects of the problem nay b® considered as being 

contained In earlier sections. For example, the general discussion 

of initial-value problems in section 22« applies to motion in a 

basin. However, in order to make use of the results, in particular 

of equation (22.8), in constructing a solution one must have prior 

knowledge of the time-dependent Green's function for the geometric 

boundary. Although the method of images can be used together with 

(13.49) or (13.53) to construct the Green's function for certain 

si»pie configurations, aa explicit analytic solution is generally 

not available. 

The time-dependent problem has also been approached in another 

manner by Hadamard [1910, 1916], who derived an integro-differen- 

tial equation for the function describing the free surface. 

Hadamard's short notes have been worked out by Bouligand [1012, 

1926, 1927] and developed further, Certain of Bou ligand 's investi¬ 

gations indicate that singularities which may occur at the inter¬ 

section of the plane y* 0 with the basin walls are a result of 

linearizing the free-surface boundary condition. For an exact 

statement one should consult the original papers. There is a orisf 

treatment of Hadamard's equation in Vergme [1928, § 10, 14). 

Moiseev [1953] has developed a treatment of the time-dependent 

problem which generalizes somewhat the method used in section 23 ft'. 
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In ••ction 23 «k we give soim1 g:»n#ral thnorniiia con,c«pniiig »otloiw 

periodic in tim«, ^ and anothar iBolution of tta© Initial.val» probla». 

In ■•ction 23 ß wave motion« for several «pedal configuration» of 

the boundary are given. In section 23J the theory of wave notion 

in movable baains is considered, 

23 4 Periodic waves in bas ins—general theorem». 

If the motion is periodic in time, the velocity potential may 

be found by solving a Fredholm integral equation, again after in¬ 

introduction of an appropriate Green's function. Assume ^.»0* 

y (X,^i J) Ca* (a11 + T) ; then f »ust satisfy the boundary conditions 

^ (x.o, j ) - y ffx o,j ) - o f (X, j ) ^ F , -P * , 

C ^ f (^1 '^l 5 ) ^ 

where F Is the part of the plane '*j * O occupied by the free sur¬ 

face at rest and S Is the surface oF the basin. Let £ fx 7' 

be the Green’s function for Neumann's problem, i.e,, 

t-p + G,, 
where b 0 is regular in the region occupied by fluid and G satis¬ 

fies t; he c on d i t i ons 

eu s ( c7(jí,o,},!.,7,■$)-c f (a3 2) 
I * , '||l 

where C is an arbitrary nonzero constant. In addition, in order to ^ 

make the definition of f unique we require 

// fd<s ■ 
S + F 
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It th0H follow« from Groen'» th«or«ii that 

vr 

f<*•)■))• r, f(Gnio,})duy 
ft tJt 

(23.3) 

If on« now lots *4 -*• Ö » on* obtains 

can be found, then f(X,'j,j) is detemlned by (23.3). Fro* the theory 

of such integral equations there will exist a sequence V» ,vî.j • of 

eigenvalues for which ¢23.4) will yield solutions f,, f2f • • The 

functions « corresponding to different s are orthogonal on 

F, ns shown in (16.10). If several A S have the same value, the 

corresponding ^ s can be orthogonalized. The iilsO' fori# a 

complete set on F. Each solution yields a standing wave in 

the basin. 

It Is possible to use these solutions to solve the Initial- 

value problem formulated in (22.2), but with 0 . Let xqlx.^o) 

and be given. We try to express f(X,0,^»t) In the 

following form: 

(23.5) 

Then 

- (X, 1,0)=- 4>t [X,O, J Q)~Z <r¿ f¿ (x,0,j )f 

■•»(j rftlx.^o) - <j»H(x,0,7.0)-1 ft (x,o, 5) 

(23.6) 
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Since the ^ for» â complete set of orthogonal functions over F, 

the coefficients 0.,, tod 4* can be determined in the usual 

maimer. ^i •< ,f ) is then determined by ¢23.5) and (23.3). 

In order to use the integral equation (23.4) one aiust first 

find G, the Green’s function to a Neumann problem for a region 

having a corner along the curve of intersection of the plane f»0 

and the basin walls. The difficulty with the corner can be over¬ 

come In certain cases. If the basin wall intersects the plane 

perpendicularly, then the basin plus its reflection in the plane 

o has a boundary without thi« corner. If ^7 ' ^ is 

a Green's function for the Neumann problem for the extended region, 

then 

'J, j, ï 7. * ) * ¿ j J" (*-, J / > f, 7 * l) + I' (X > " ) < J ' F ' 1 " ^ )] < 23.7 ) 

is a Green’s function for the original region. For some other 

special regions one may construct a Green's function by the .method 

of images, even though the intersection with the plane « o1 is 

not perpendicular. 

As mentioned above, each f¿ represents a standing wave of 

frequency 07 . It may happen, as we shall see presently, that 

two or more iCT^’s are equal. Let cr be such an eigenvalue and 

^ ^ ' and "f ir,/ ;wo of the corresponding potential functions. By 

forming the standing-wave solution 

[A,^\ A , f - 1, (23.8) 

on© may vary continuously the position of the nodal curves, say. 

If n independent ^ correspond to cr , then the possible nodal 

iMÄIIRüffllf' 



eurvM form an (*i - tj-paranattr family of curvo« in F, Vith th# 

two »olution« and £/^ ono may al»o form th# «olution 

$ ^ i 5 11) - /''Vi J. j/c#a 0- { + W or t,. 

/ ^ , and then on again to thoa# of , If and 

have a common zero at, say, (X*, ja) , then a nodal, curve for ^ will 

always pass through ( Xa, j;*) , ,I«ar the waves will appear 

to progress about like spoke# moving about a wheel. There 

may, of course, be 1 such centers. 

23 . aSome special boundsries.; 

ft is possible to give explicit solutions for standing waves 

for several particular configurations of the basin. The variety 

óf such configurations, however, is rather small. As a preliminary 

we note that if the basin bas a flat bottom at depth h and If the 

side walls form a vertical cylinder making a section C with y O 

then, from section 13 , we have 

or-J./rt + T), 
(23.10) 

( 23.11 ) 

satisfying 



The boundary condition (23.12) will limit Av, , and hone« dr , to 

in 

a discrete sequence of eigenvalues 

tn, 
(>) 

aw » 
tí) 

er, cr». , 
(23.13) 

In a coordinate ayutem In which (23.11) can be separated it is 

usually possible to find the standing waves In basins whose side 

walls are constant-coordinate surfaces. These statements will be 

illustrated below for rectangular and cylindrical coordinates. 

In connection, with the special cases treated below w© call 

attention to papers by Honda and Matsushita [1913] and Sasaki (1914]. 

The authors Investigated experimentally in a systematic way the 

various modes of motion in rectangular, triangular, circular, ring- 

shaped, circular-sectont 1 and ring-sectorial basins and compared 

measured with calculated periods. In most cases the agreement is 

with 2%. Photographs showing the various modes were obtained by 

sprinkling the surface with aluminum powder and exposing a photo¬ 

graphic plate for about on© period. The nodes then show up as 

dots, the rest as streaks. In connection with a study of the ex¬ 

citations of waves in a port, MeKnown [1953] has also investigated 

experimentally the standing waves in circular and square basins; 

some striking photographs are included. Apte [1957] has studied 

further the theory of the excitation of standing waves in a square 

basin and has also given experimental results. Perhaps the first 

theoretical investigation was by Rayleigh [1876, pp. 272-9]; h© 

compared his predicted frequencies with observations of his own 

and of Guthrie [1875] 

Rectangu1ar bas1n. Let the basin walls be given by 

Jf- 0, ¿-.f , -J. O, 

.«I 

3 ' ¿ - 7 
- ^ . 



Th« tram (0,6) on« iii*y writ» down th» solution 

f’1 • /1 uML 4.) ¿>3 "^r“' ^ j c^^írt 4-T)f 

W'- Wl(ft t- J/ ^ » 4m,, ♦Ho 4u/ f» ^ '/ * ■ - , 

Tims tiw choice of the integers f and jg deteralnes 4k, and then cr , 

If the basin is square, i.e„, t « 4 , then the sane values of ♦k* 

and O’ may correspond to two1 different solution» obtained by inter¬ 

changing |t» and 2 » assuming f> n* j? . However, thi» may also occur 

for other rectangular basins if 4 and / are commeneurate. 

C i r cu I a r -c y l i n,de r bas 1 n. Let the baa in have radius a, Then 

from (13.8) we find the solution» 

ÿ = A c*»w 4k.(y* R), /k * U h., 

I1 I. 

(•’Ha.,, ü> ) - O i * 4ko UM-.Ja- 'tu.© -iw . (23.15) 

Thus must be selected so that is one of the zero« of JL I 

this then determines 0’ . For n«o the wave crests and nodes lie 

on concentric circles, the number of such nodal circles depending 

upon which zero of x)a is used to determine 4m., . If *v > 1 , 

then to the same cr there correspond two independent solutions 

( <f*' o , JT » « J ), and the remarks made in connection with (23.8) 

and (23.0) apply. 

The standing waves in a basin shaped like a sector of a circle 

may be obtained from (13.8). If cx# is the angle of the sector, 

then 

£$> * A OfcÁ* .tK« ( H14/) R)Csm 'Wî*0 ixitf TyJ,, "H. * 0t i, ■ ■ > 

'l0** "* (23.15) 
I ^1, 

r]^T (mko a) - o t -? » ^..4. . 



360 

If fti<« basin is rinf-ahapsd», miti» Ittitr radin« b and outer 

radiu» a» tb#n fron (13.8) on* find* (cf. Sano [ISIS), Caiiptadil 

t1853)) : 

f’AcU Y¿{^A)^(^.nyji(^.i)YjM,.z)]c^{^*S)c^(<ft*T)/ 
> , , , , , , (33.16) 
iV. i) (*b.* ~ (**-» U) (4¼.i» et/) * O', » am. * L k».%M am • "6u / 4« » fr - • 

Pornulas for soctor« of a ring may bo obtained and aro ¡alailar to 

0*3.15). 

Basin» «Ith »loping »ido-aall«. Thor« aro very fo« «apileit 

solutions known when fh® sidos ar© not vortical. If tto® basin 1» 

a horizontal cylinder bounded at ©Ithor und by vortical walls at, 

say, jc.o and j»/ , tho theory of progressivo waves in canals, 

developed in section 18 ^ , can be carried over with only »»all 

changes, namely replacement of cea^J-^by J W**^»here now 

4 is restricted to the values A^r/¿ and «r correspondingly. Thus 

(18.39) and (18.43) give the velocity potentials, after the indi¬ 

cated modifications, for various modes of oscillation of a fluid 

in a basin of triangular section whose sides form an angle of 45° 

with the horizontal. However, even though these formulas may be 

used also for the two-dimensional «odes, when 4*0 , they do not 

give the gravest two-dimensional mod© except by a limiting process 

(described, eg., in Lamb [1932, p. 443]). 

The two-dimensional nodes of motion In triangular basins whose 

sides for» an angle with the horizontal may also be studied 

by use of the methods introduced in section 1.7 for standing waves 

on beaches. Indeed, it is apparent that Kirchhoff [1879] considered 

his investigation of waves on beaches as a preliminary to the 



probl«*! »f hand, Bacausi» hi* approach i* •yataaiatlc »• »hall (ton¬ 

er ill® it. 

Ira ordar to th© r®»wlt» of 17 $ m tah© on® »id® as 
" Jw 

,. i.©,» j»4C*# ; lot th® othor »id® to® givon by 

A<f (23.17) 
J - 2a - Jt i 

Than th® eoapla* potantial ffp iiust aatisfy not only (17.31) and 

(17.32), tout also 

{(2a, - Ae1*)A*''* ), 

which, taken with (17.31), inplia» that 

(23.18) 

ftp - + 2a e ‘ Z*(l-eU*)). 
(23.19) 

In order to satisfy (1.7.31), (17.32) and (23.19) Kirchhoff 

first takes 

<23-20) 

Substitution In (17.32) yields (with /¾ «exp-2 if as before) 

l~ A * o . B. *. i * — / i -'uel U+1 
V , . A 

2)^/ ' + ^ 
<-A 

o . (23.21) 

Thus, since one must have f«p*ö;and^ 

an integer. If one takes 4o • o , then (23.20) becoines 

(23.22) 

Condition (17.31) requires B0 to be real. Condition (23.18) or 

(23.10) remain® to be satisfied. The function //]J in its assumed 
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for», is apparently overdeternined, and it is possible to show 

that for y ?3 not all conditions can be satisfied. For £*^<*1*1 

«nd£.î/ 1 , (23.18) can b. aatlaflad. Th. potential functlonn 

are as follows: 

Í * «V4 : 

• Í». jf/ ~ ¿■'/H I + V*j) - LV (X+y) ( l~ i f &•“ t/v} 

(23.23) 

iv * 
/ 

■"'/i : (23.24) 

= - ¿ t &. [2 + t (»y ÍT^)1] 

1. (v Ji + Vd.. fs)fvji - -2.1/1)(/ a- - / 4-- ’ /». 

Here h is the depth of fluid at the deepest point. The surface 

profile for ^ - 45° is a straight line, for j' - 30° a parabola. 

In order to find the higher modes of oscillation Kirchhoff 

returns to the form (17.33) lor •f(j') ■ It then follows as before 

that (17.34) must hold and that r. must be even, say 2<p . Now, 

however, instead of taking À = 1 it is left to be determined by 

(23.19). Substitution of (17.33) into (23.19) gives 

^L+2 ~ (. 2- À- v Q. ^ ' ( i b. — O/ I, , 'H - S ( 23.25) 

Altogether there are then + independent equations to 

determine A, .. and also À and va. Again the conditions can 

be satisfied for ^lï/4 and . 

,. J
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Th# no lut too» for j-1/4 »r# ms follow», wh##« C i» m »rbi- 

trary r#al constant 

•//5 ; - C Í C*3 À V ( J - Ou ( I -i))* £>*-1 A V - » ( ' - <■>) ] 

A * cWiu A va » - '0*4 A-va* / 

f'i>- u^Àv^-a-O-O)] 

X - UmaA Â V a - '^v A V a, 

Th® valu«« of A andi» can «aally to# d#t®riiitn»d frftphlcally. Por 

th® first «et of solution® th® valu®» ofAviO-will to® slightly »or® 

than iir/4 , T¡f/4 , . . « , for tii# s®cond «•* slightly loss than 

7JT/4 , ft Ify . ,. . These two sets of Solutions correspond, 

respectively to (18.39) and (18.43) with i - O ; the eigenvalues 

X nay toe identified with and n,/v ., respectively. Klrchhoff 

and Hanseuann [1880] carried out m experimental investigation of 

the first three anti®/»metric modes (equation (23.23) gives the 

first one) ; they compare frequencies and position« of maximia and 

minima. The agreement seen* "satisfactory,, although correction» 

for surface tension were necessary for' the two higher modes. 

The solution for $ - 30° is the following: 

, r » -A^A-aj I . 

/ip-c[x^e J +X^7Ä 

(23.27) 

,1 -/ 

i |rJ< -<* -ß *«J _) 

1.ï.I C À - / 
, -cA.W'l-a-./S«.] j 

€ 
- t/î) 'A v[ -'AÍÂ} 

A + / A - / 1 
where C is an arbitrary real constant, 

and the eigenvalues for1 A. and "P are determined toy the equations 

A 
--tfSCWA Peu I 

, '1. —1 

- L (!+(!») 04 A A va., AJyft -4,:(i+ß)c*tfi»Ä va.¿3 ^ 2g) 



If /1 Is a solution of ¢23.28), then also - À, A , f>A and /¾ A ar« 

solutions. There exists a real solution which may be found from 

the equations 

cecX, ifî l va; 2 *ícÀ va. -oo4 ^ va, /i 
w 3 A jiAu,A . 

omC, tfs A V a CîHPwi A, (23.29) 

The other solutions which may be generated from these do not lead 

to expressions different from '23.27'. The first eigenvalue for 

A va is a trifle to *'he right of tïï/l . The form of the free 

surface corresponding to (23.27) is given by 

/ 

A - / 
ceoA pfx-a.) 

i * -p 
,A + Í 

ïfïAvjc 

À -i J 
(23.30) 

..;! fï, A "y fx.?. cl.) 

À -f I 
e 

+ . -Te 

jAïJ1 

J 

Note that (23.24) and (23.27) both give only symmetric modes. 

Macdonald [1898]states that antisymmetric modes, if they exist, 

cannot be represented in the assumed forms (23.20) or (17,33). 

Vint [1.9231 has succeeded In finding, an infinite number of 

modes of motion in an inverted four-sided pyramid, each of whose 

sides makes a 45° angle with the horizontal. We refer to the 

original paper for the exact formulas. 

Additl oral solutions have been obtained by inverse methods 

by Sen [1,.927] and by Storchi [ 1,919, 1952]. Storchi’s result, al¬ 

though restricted to two-dimens tonal motion, is neat. Suppose 

that the form of the free surface is given as tjix, f(A)/<T ^ ^ 

= Fix) wwfart-rT') , where FYA) is analytic. Then, since yí*.)**$ 



34^ 

f'íx-LoJ* fx(X0)~. fyx.o* (fjx-.oy íJO'J 

and 

- < (?) « ~ (V (jt ) - t v Fix / j r C4na-rf 

We may take the constant as Eero and write 

•here Tfj) la the analytic function detenslned by PM 

this we have 

1 ^(/+.5)+ 

(23.31) 

From 

fUy) 1er (23.32) 

Yu,= [í[f'(j(*>y)4 ~'-x~ ^)]-v[Ffy^íj)4F^j¿'l)Jj 

Any streamline, defined by f - real const., can now be taken as 

determining a possible basin shape corresponding to the assumed 

standing-wave profile. Storch! applies the procedure to several 

special choices of F. An obvious disadvantage of this method, as 

well as of Sen’s, is that only one mode of motion is obtained for 

a resulting basin shape. 

23 Jf . Waves in movable basins. 

In several preceding sections, especially 19 and 22 ^ , we 

considered the wave motion occurring in the presence of an oscil¬ 

lating body when the fluid is exterior to the body. One may 

attempt analogous problems when the fluid is situated inside the 

body Such problems occur in many situations of practical Interest 

for example, the sloshing of oil in ? partly filled compartment of 

a tanker and the sloshing of fuel in an airplane or rocket. In 



each of these cases interest center« upon the dynamics of the whole 

system as well as upon the effect upon the walls of the container. 

A further interest in auch problems arises from the interpretation 

of the experiments on standing waves, referred to earlier, carried 

out toy Honda and Matsushita. (1913], Sasaki [1914], and Kirchhoff 

and Haneeinann ( 1880]. The results were intended for comparison 

with theoretical prediction of standing waves in fixed basins. 

The waves were actually generated toy oscillating the basin and 

finding the frequencies at which resonance appeared to occur. 

We shall not consider the most general motions of the basin 

consistent with linearization of the free surface conditions, but 

shall limit ourselves here to a particular problem with small hori¬ 

zontal oscillations, In section 26 of small vertical oscillations 

of the basin will be considered. The general problem of motion 

of a body containing fluid with a free surface has been, treated by 

Moiseev (1953) and Narimanov [1956, 1957). However, both are pri¬ 

marily concerned with small oscillations. Krein and Moiseev [1957] 

have also considered certain mathematical aspects of this problem. 

Okhotaimskit [1957] and Rabinovich [1957] have considered the 

special case when the fluid is situated in a vertical, or almost 

vertical cylinder; Narimanov also gives special attention to this 

case. (Publication of the work of these three authors was apparently 

delayed: it.stated that, for the most part, it was carried out in¬ 

dependently of and prior to Moiseev's papers. A particular prob¬ 

lem, the one discussed below, was treated by Sretenskii [1951] and 

later by Moiseev [1952a,b, 1953]. Two later papers by Moiseev 

( 1954a b] apply the theory to engineering problems, especially 
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■ hips. »HIV«# resulting from a special type of forced oscillation 

of a rectangular tank have been studied by Blnnle [1941] and 

Tamiya [1958]. 

in *:lth el*3tlC r'1*ai tl0r^^O**«« * C<»» 1 d#F th« 

configuration shown in Figure 30. The coordinate 

FIGURE 30 

system OXY is fixed, the system Ó*X / »oves with the carriage. 

Let X, (Y) - 00/ Ala • X0 . The bottom of the fluid is at ^ ~ h , 

the side walls at X = ± Qy , The motion will be taken as two- 

dimensional. Denote the mass of the carriage, per unit width, by 

**-€ » that of the fluid by and the total by 

’h*' 

Let the spring canotant be /hv II ' . we suppose as usual that the 

motion may be described by a velocity potential fi). Follow¬ 

ing the notation at the end of section 2, let describe 

the motion relative to the basin, i.e 

) - .fix, j,t)tbc9X 
(23.33) 
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We shall asounie that /# tad are both •■all, and of the 

■ am# order an <j> , 1.e. , Ira the notation of section 10 ox: , w# 

assume eapanaloo» of the for» 

«=. (l Í ('.) 
X,, ■ ¿ X» ^ Xa, * <5 u# / 

(23.34) 

<i * l. ^ " +• £ ' +■ * 

W# onlt the forna1 details of sub«tltutton of the perturbation 

serte» in the exact boundary condition®. They lead to the follow 

trag linearized boundary conditions for ^ : 

4>if (x , o,*) t Cj ¢- it,, o,t) f <1 X O / 

4 ft r. Ö, 

fg r * ) » 0 • 

The pressure, after discarding higher-order terms, is given by 

t°- - f4>{ - - + *] ■ 

(23.35) 

(23.36) 

The motion of the carriage is determined by the equation 

bxcX0 » I p J ) fi x, - 'VV'.- X a ! (23.37) 

where the integral is taken over the wetted surface wh*. i the system 

Is at rest. Substitution of (23.36) gives 

tvv X„ • - f ( lí d 4 - JŸK Lx. (23.38) 

9 ? 
f^ydXdy-^.k X. . 

(Equation (23.38) is also a direct consequence of conservation of 

■omentu».) 



Th# ve 1 oc 11 y potent i A l ^ and the displacement X«, oust b© 

determined together from equations (23.35) and (23.38) and either 

initial conditions or the further assumption that the motion is 

harmonic in t. 

As a preliminary we shall first suppose that the basin motion, 

i.e. X» , is given, so that only (23.35) need be satisfied. One 

ma> try separation of variables and express ^ In the form 

4> ' ¿ TJ*) XJ*) >1 (0. (23.39) 

Laplace's equation and the last two condition of (23.35) are 

s at is f lei by 

K*. ^ 'J ~" (23.40) + ^ ). 

X7 , I = ^ ^ z 
14a 1H '2 w ^ Í ^ a *' 

±L jí X c^L ^ fX +-L). 
z 1 ^ 

In order to find the corresponding , expand x in a Fourier 

series : 

awO 

"• Tji (23.41) 

mO 

X m / 0 7z ' rí _, ^ - , 

ana substitute (23.39) and (23.41) in the first condition of (23.35) 

Ik * O 
Z [T, I ^ + ^ V^-1 ^ --P1” jr jrx „ , j- Z'Vv Z a Lv- > 2- «a. Z-dÄ/ J Z í3> 

(23.42) 

, / /-r / Zv. *-1 T IT r y iLui’1 rL 4 *ÿ (- i ) Z<g'— ■ ^‘Kíf ]} , 
1..4,,,, t TT' 7 ""TT • ^ x” 4^ ;'V 'z,;* J 

•u. * •a Z Z ^ 2.. ¿a," Xa- 

- 0 

Let us set 

4*. 
Z' (¾. I L Xz^o'-n1 

JTix. 
ZCu 

(23.43) 
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Then equation (23.42) yield« the infinite set of differential equa¬ 

tions 

rz. » »3 T^-O, <33 - 44) 

The solution of the first set, Jt^m A¿^cm(vLii t is independent 

of the notion of the basin and yields the symmetric modes of oscil¬ 

lation in a fixed basin. The solution to the second set may also 

be found by elementary methods, but will not be given here. How¬ 

ever, we note that, if X„ is harmonic, it confirms that resonance 

occurs at the frequencies of the asymmetric modes for a fixed basin 

We now turn to the joint solution of (23.35) and ¢23.38). 

Substitute (23.39) into (23.38). Then, after evaluating the inte¬ 

gral, one finds 

-Hv X , T 
4 a ? 
.7T.. 

oc 
(~<) 

.z3v.+7" 
7- -1,^4- Í 4/1,a 

V 
4 Jt« * 

(23.45) 

The equations (23.44) and (23.45) taken together may now be used 

to determine X* and the . If we formulate an initial-value 

problem by requiring, say, 

y..(o) --, C„, X„(o) * o t <f. (x , Tj, o) = o , ï' ^ ~ ° / (23.46) 

then the T¿^ are all zero and the ^ ^ ^ and must be determined 

from the differential equations. As usual, one looks for a solu¬ 

tion in the form 

c c 
^ l 

'H ♦ < d 2 V. ♦ I 
— i UJ* 

e 
t 

/ 
(23.47) 
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«here both C and may» of course, be coeiple*. Subetitution 

in (23.44) and (23.45), followed by eli»ination of , 

yield* the following equation for determining 60 : 

(23.48) 

One may find the solutions graphically by plotting each side of the 

equation as function of «o' . Figure 31 gives a qualitative idea 

FIGURE 31 



of th« diwtrilHítlon of «olutlon» • * • * . As v -* »o » 
t X 

H-k*, *■ Cjifct, o¡ this facty which can b* proved analytically and 

which «®©»s clear fro» Figure 31, would not have been so evident 

if we had divided (23.48) by uj4 before plotting. A point of Im¬ 

portance 1» that there Is no Intersection for ‘^>V< ° ; as a result 

the motion is stable. This may be proved as follows. Since 

the right hand side of (23.48), for uS< o , is greater than or 

equal to 

5 ¿ q' Y 
Tsi m 

oo 

mO 

~Jk±J± jti = U>1 - —i CO1 > oox 
‘ 7,0. ^ ^ (23.49) 

Hence the line uj1-ir.1 lies below the left-hand branch of the curve 

for Ll ^ O . The eigenvalues u>0 depend upon the parameters 4:: , 

¿«./^ and . Figure 32 from Moiseev [1953] shows 

the dependence of the fundamentai mode tO„ upon for two values 

of m. and (c. Í 

FIGURE 32 
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Th« funeral aolution for JE# and la 

mJí) - Ut Zc5 ¿M'*t f T^Ji)- 4 e L . (23.50) 

The solution of the initial-valu# protole» formulated in (23.4«) »ill 

not toe completed. It involve» solution of infinite eets of linear 

equation». Approximate eolufione can be obtained toy coneidering 

only a finite number of equation» and variables. 

The general theory of stability of such systems is discussed 

in Moiseev's 1953 paper. In an earlier papers '[1952b] he studies 

the special case of a basin containing fluid and serving as the 

bol» of a pendulum. If the suspension is toy a parallelogram link¬ 

age, so that the container moves parallel to itself, the motion 

is always stable; if the suspension is by a rod rigidly attached 

to the container, the motion may be, under certain circumstances, 

unstable. 

The last cited paper by Moiseev describes briefly the results 

of an experiment with a pendulum; the measured and computed funda¬ 

mental frequencies for the two systems of suspension agreed with 

0,1%. 
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24. Cjjrâvlty ti»vog in ^the ^^rgaancn.of| [sur facc f• naIo,n. 

Apparently the first one to investigate the theory of waves in 

a, fluid acted upon by both gravity and surface tension was Kelvin 

'[ 1871a,to]. However, many of the essential features had been dis¬ 

covered earlier through observation by Kasse 11 [1.844] and others; 

reference» »ay be found in Kelvin"« papers. A good account of the 

classical researches of Kelvin and Rayleigh may be found in Lamb 

[ 1932, Í» 265-272). Also, Chapter XX of Rayleigh's 'Theory.of.Spuad 

(Cambridge, 1929; Dover, M.Y., 1945] contains an exposition of many 

of his ovn fundamental researches on surface-tension phenomena, 

including waves. 

The chief mathematical complication added by the action of sur¬ 

face tension is a somewhat more elaborate dynamical boundary condi¬ 

tion at an interface or free surface. The difference of primary 

physical interest lies in the existence of a minimum wave velocity 

and of two wave lengths with the same velocity. Many of the special 

problems considered in preceding sections can also be solved when 

surface tension is acting. However, there has been little motiva¬ 

tion for carrying through such analyses for wave motion associated 

with solid boundaries, since it has been recognlxed that the addi¬ 

tional forces would be small. A further difficulty also appears 

when the solid boundary pierces the surface, for an additional boun¬ 

dary condition is required at the intersection. As a result, most 

of the investigations have dealt with waves analogous; to those 

considered in sections 14 «r ,ß and /, 15, and 22 ß , In fact, 

the complex velocity potentials for the Cauchy-Poisson initla1-value 

problem including the effect of surface tension, has already been 
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g i vem in equations (22.45; ami (22, 46). A topic of particular geo¬ 

physical into mat, the utaMltty of an Interface „ will be dealt 

with In met loa 26. law on the surface of a visco«* fluid, In¬ 

cluding surface tension, are con*idored in sectton 25. 

The Unearned conditions to be •aiiefled 

at the interfile® of two. fluids have already been given In equation* 

(10,7) and {10.8) (we recall that «ubecrlpt f refers to the lower 

fluid). If one eliminates from these two equation* and make» 

use of the fact that Laplace’« equation i» satisfied on .-ther «ide 

of the boundary, on# has the following condition: 

A 4>, - O' & r <j c. 0 . A fz - O 4or ■ ( 24 " 1 ) 

r/f^ V“ (24.2) 

(24.3) 

If the upper fluid is. absent, one sets f>2 and $2 equtt 1 to a!,ero 

and may, of course, drop th© subsc ript. 

If the motion is two-dimensional one may introduce a stream 

function f and a complex potential F().t) = + ^ and express (24.2) 

and (24.3) as follows: 

♦?, (X) * I (x.~ io) = U F (x +l°) (24.4) 



If th* upper fluid is absent and if the lower fluid is infi- 

Ml'MIlllllllll! 

n b 

nitely deep, one may extend the reasoning; 'which led up to L«vi~ 

Civlta’s differential equation (22.25) to derive the following one 

which must be satisfied for all j : 

7 
F^yO+^F'-ijF 

Uf 
u <24,6} 

Furthermore, if the fluid is of constant depth L , Cisotti’s equa¬ 

tion (22.30) may also be extended to include the effect of surface 

tension : 

<°r (24.7) 

Elenentarii solutions. Let us suppose first that only one fluid 

is present, and in addition that 

<f> (/, ^ ,\,i) - /(*£, y, J ) (<rt f- t) . 

Then ('f must be a potential function satisfying 

- 0-1 f (x,o,pt ^ fj <9. 
1 ' r ] ni (24.8) 

Just us in section 13 «; , we may separate out the y-variable and 

obtain the following expressions: 

infinite depth; 

where 

and 

r^.7,3^ Ae*1 ft-*, 1) 

1 f h% lif? » 0 

1 7 5 <3* * Û 4w + -rr ,4*1(1 / 

(24.9) 

llilllil U .. 



depth, h: 

Ví*.'].))* A + r(jc,p, (24. 10) 

where 

ff if = o 
and ' 

CT • 4''t * *f -p 4h' • ) AAíVvÍI' (»Hu. • 

One may also with no difficulty construct solutions analogous, to 

(13.3) and (13.4), namely 

^(ji 1 ^))w A [^(i +ij ^ '3) {>*,?) (24 H) 

and 

f ( “¿t 'j - '} ) * A cm m ; (y t- k ) Y ( X, t ) 
(24. 1,2) 

for infinite and finite depth, respectively, where in (24.12) 

must satisfy 

or » (- Jjjf4n.¿ T y 'Vn^t ) v ¿ k 

and H"'ÍZ, y) must be a solution of 

” 4^v s. O. 

Unfortunately, the set of function 

I/tv. * (f U j f C0Ü /H4,t («3 tLy J 

is no longer orthogonal in. general, so that the convenience of 

general solutions like (16.3) is lost. 

It is not necessary to repeat the computations of sectloL 1,3 

since they remain unaltered. Essentially the only change is in the 

relation between the frequency er and the wave number /wb. Here 

the fact of predominant physical interest is that for small values 

of (Tw the relation is controlled chiefly by the gravitational con- 
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■ tant a and for large valu«» of ** by 1 /f . 
J 

If on© forms two-dimensional progressive waves by superposing 

the standIng-mive solutions obtained fror (24.9) and (24.10), a 

further significant physical fact appears: the wave velocity 

now has a minimum for some value of aw > , except for very shallow 

depth. These facts are displayed graphically In Figure 12 and 

further information is given in the associated discussion (the cur¬ 

ves were computed for water at 20°C and ii » <x* or i cV). Formulas 

for the position of the minimum and various associated values are 

given for infinite depth In the following table ; the numerical 

i- '"î1 

values are for water at 20°C (T - 72.8 dynes/cm, f m .998 gm/cnr) 

= in IT/f^ = /. 77 U.1I..I 

When ¡ZT/2f*$ there is no longer a minimum value of C for 

^.v y Q ; in this case C increases monoton leal ly with An/ . The 

critical depth for water is about .33 cm. Except in this latter 

case every value of C has associated with it waves of two different 

lengths, each of which travels with velocity C. Kelvin suggested 

that the shorter waves, whose behavior is controlled chiefly by 

surface tension be called ’'ripples". The suggestion has been, 

followed for the most part [French, "rideaux".; German:, "RippeIn"’ 

or "KrauseIwelien"; Russian,: "ryaby"], but they are frequently also 

called "capillary waves'" in. contrast with "gravity waves". 
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The relation between 0" and /t*v was subjected to a rather 

thorough experimental investigation by Mat chiessen [ 1889]. Me nade 

measurements with water, mercury, alcohol, ethyl ether and carbon 

disulfide with frequencies ranging from 8.4 to roughly 2000 cycles 

per second. Agreement between theory and measurement is generally 

within 5% with the greatest discrepancies occurring near the minima. 

Rayleigh [1890] and Mlchie Smith [1890] were apparently the first 

to use the theoretical relation as a means of experimental deter¬ 

mination of T , and it has become one of the standard experimental 

procedures. For more recent developments and further references 

see Brown [1936] and Tyler [1941]. 

Solutions for standing or progressive interfacial waves, ana¬ 

logous to those considered in section 14 (f , can be found by appli¬ 

cation of the same methods. Since the analysis is similar we give 

only the relation between cr and aw . If the two fluids fill the 

3 

(24.14) 

If the lower fluid is of depth dp the upper of depth d2 and the 

cr1. {r'~ f/- 
f, C»Ux, 4VV ct i -t «rtfc. 

In both (24.14) and (24.15) rj1' '/ o if 

(24.15) 

(24.16) 



thus the motion may to# stable even »hen the lower fluid is less 

dense than the upper one. This is not true in the absence of sur¬ 

face tension, as inspection of (14.29) and (14.30) shows. 

The analogue of the next example of section 14 I is somewhat 

».or© complex, for two surface tensions are necessary. Let T be 

the surface tension at the free surface ^ , and T, 2 that at the 

interface ^ « ~ : let the rigid bottom toe at y «-ív» - d., - ^ . 

Then the relation analogous to (14.31) is 

■ v V t 

(24.17) 
ÿwv ) [ft °6^ ¿I *^¿2 + Ï-U ] 

o" ^ r / YV h n, ^ \ / T t \ 1 ~ f, [Í / + 4i,-v. J 'Vh.df + f, (/ + —4n.y AM* d,J 
* ** Tr / r2 7 

+ c U.( * )° ■ 

The assumption of d,* &£» no longer results in any notable simpli¬ 

fication of the equation. However, one may show that the solutions 

CT1/? 4n- are always real, and that they are positive if 

f, t I i-i». 

3 
4-vv, (24.18) 

This is the same condition for stability as was found in (24.16) 

(and is still necessary as well as sufficient). Much of the rest 

of the pure gravity-wave analysis of section 14 é may be carried 

through. Thus, if <x is the larger and the smaller root of 

(24.17) for a given /nv . then one may establish the inequality 

Ö < (/ +- -H 4*vl 4VV oí, < S-Z. / 
{ fj 7 1 ^ c 

(24.19) 

+n, J J4ÜV1.L.. w(v 



If 't¡r and *j,2 ar» th« profil«« of iht fr*« surfac« and intorfac«, 

r*»p*ctlv«ly» th«n on« find«, analofouBly to (14,34), 

h „ 1? 
'7 CT'l 

(/ f. X. 
‘t./ (24.20) 

again, it fol lew« fro* (24,18) that till« ratio is pom iti*» for th« 

larg»r and nagatir« for th* ■■iillar of th* tao root» of (24.17). 

Th« dlocuaslon of th« natur* of th« motion a«»ociat«d with th« 

roof (Tz may to* tak«n dir«ctly from 80011011 14 0 ; however, th® 

upper bound for the velocity *■-£ of a progrès«Ive wave of wave 

number 4n is now given by 

X % - ^ Í'1* '■ ^ ^24. 21) 

Let us turn next to the situation in which the two fluids are 

moving and look for possible steady motions. Assume each flu’d 

to move to the loft with moan velocity C¿ and let ¿»4 Z , 

be the complex velocity potentials. We again look for solutions 

in the form [cf. (14.36)] 

i ji ) * - cí' j t i t ) / 1 * ^-/ '24. 22) 

where is assumed small with respect to C; J . Then the 

linearized boundary conditions corresponding to (14.37) are 

(x " ll' °) ‘ ¿ f*. (x-+~ t °) 
(24.23) 

i Ed (x + V o) r Cv -fv (x +1 o) ■ - .,:: HijI y (x -1 o) r ¢,¾ V x - ¿ o) - 

If we look for a steady motion of th© for* 



ln 

(24.24) 

th«n «mbHtítution in (24.23) yiolds 

¿-I c J, 

and 

+ ~(f,-^)1 +r~,1 < 24. 25) 

The last equation will not have m real solution for 4*vi assuming 

(24.2G> 

There are then two solutions of the font (24.24). The effect of 

surface tension may be seen more clearly if one graphs each side 

of (24.25) and finds the intersections, if any. It will be shown 

in section 26 that this type of motion is unstable if I C, ~ cv I 

becomes too large. 

Singu 1 ar so 1.utions ■ The methods used in section 13 Y for 

finding source-type solutions can generali; be extended to take 

account of surface tension. Aside from the algebraic complica¬ 

tions the chief difficulties are associated with selecting the 

proper boundary conditions at infinity, for a. stationary source 

of pulsating strength one may still impose a radiation condition 

as in (13.9) and obtain the correct solution. However, for1 the 

steadily moving source of constant strength the proper choice 

is no longer clear. Although it is possible to fall back upon 

argumenta based upon considerations of group velocity, they are 
«i 
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not couplet*ly convincing, ao that it safer to formt late 

first an initial-value problem which can yield either of the two 

caaes »enttoned above a» m limit when t •*•£*. flrat we give the 

velocity potential for a sour©# of variable etrength t *r0’ , 

moving on an arbitrary path (c(Ü¡ The potential "function 

^ Bust satisfy the same conditions given on p. 90 except that 

2) is now replaced by 

•ftti*.<>,),*)+ (24.27) 

There is no special difficulty Involved in finding ^ . For 

infinite depth, it is as follows: 

^,3,3,+)- rit;" .rjtß (24,28) 

where we have written ï for T/f , One .,,.. .y similarly find the 

function analogous to (1.3,53) by replacing: by fi + T it , Know¬ 

ledge of these functions allows one now to repeat,, at least in 

part, the considerations of sections 22 ex and. 22 ß . 

For a stationary source at ( <*■ ) with, strength 4«. Os 0* f , 

the velocity potential, may be easily derived from. (24.28), It 

is as follows. 

* 5 T 4. 

4vt Oo<rt 

(24.29) 

t i J'r* 4nt 



If th® fluid is where it* is the real solution of o- L» + ^ /' 

of depth h, then 

*/ s 
•C* * 

fix, ?) J - [~r +^ + 
( 224 * 30 ) 

, ^"4 + <j 4 - o’ ''oWw 4 L s*ofc/v 4 4 

47JT« VVT iJi+L)^ k.(^). 
cr^ 4-(^r‘4. *a)*~4 4.iv ^ . 

* * J* (4. ~y w r / 

where {t0 is the real root of T'4+^4—tr ’ colL 4:4 — O ■ 

The velocity potential for a source moving in the direction 

OX with constant velocity may also be obtained from ( 24.3S) 

by a suitable limiting procedure, although the computation is some 

what more tedious. In a coordinate system moving with the source 

it is as follows for <4 « «o : 

(x, j) * . na. 
(24.31) 

jr i i <}+r 4-4^, i#3i> 

UJ¡-$0* J-c), 

t. *1,1. ■:> *t‘ ^ 

where 

and 

('Arc COi. Vito l/ r ^ ^ 

/ ,4 
j ^ T ^ '{«¿o 

2. T 1 

1^1111111111111111111111111111 l|i|!1il!l!llil!l!Ull!l¡!.]l!lli!!>lMlfciHl||iliiii'l!NIUll 
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Ön® »ay easily «ho* that 

y %*£&<, 4 Jrj7r" é 4,, f^'ií 4i.r ^A>/r', 

Aa rV O1 it la th®a ®'vld®:nt that th® latagral involving 

vanishes and that (24.31) reduces to (13.36). 

One «ay carry out an asymptotic investigation of (24.31), or 

of '/g , along the lines of {13.36) and following. However, th® 

analysis is considerably more compliestod. The behavior of the 

wave pattern is roughly as follows. Foi* f? & 1 

is 0(11 ') for all oC , and the disturbance is 

chiefly local. There is a constant C > J such that when 

C the wave pattern io a superposition of two set® of waves 

corresponding to the two roots and 6., . Those corresponding; 

to 4g are capillary waves which precede the source and bend 

around it so that their crests eventually make an angle - X 4 th 

with the X -axis. The gravity waves corresponding to «i behave 

similarly except that they follow the source and are longer. If 

? C , a second angle, say , appears, where . 

There are now three sets of waves. Those associated with behave 

as described above. The gravity waves, however, consist of both 

transverse waves spanning: the angle between ±(-ji and diverging 

waves which now lie in the wedge bounded by - and | J f 

and its reflection. One will find a sketch in Lamb’s Hydrodynamics 

(1932, p. 470] which was computed for the similar problem of a 

moving pressure point, the so-called ”fishline problem". A precise 

value for the constant C does not seem to be known. The free aui- 

face ♦] may be computed from 

fl'rj*. 



.''li««...ti" ....mm.. 

In •fit« of tlh# («Mirtl coiiipleiilty of th# tsynototic analysis of 

(84.31)» tt is r«1atif'*lf •asy to find th«,. asymptotic form of •'j 

dlructly aliMd( X -0°) and directly bohlnd ( «K -180°): 

X'-£>: (24.32) 

) » -1**, its. * f 11IJ 1 .1.Av.Jl...if:..-W- 

+ 0(^1)} 

o< - iS o * 

*¡‘*»‘1^ 

t Cfe "J; 

(24.33) 

4* 

hör« 

l/ ,í¿o.(7-<rj/«sJ 

and w« assume ?4Tÿ . One may see rather clearly the effect 

upon and '-4 ^ of varying T and M» by finding them as the 

intersection of the graphs of T 4t ao£j ^ t 

There is no special difficulty in finding source solutions 

for teo-diiiiensional motion, and the asymptotic behavior is of 

course easier to determine. The related problem of a moving con¬ 

centrated pressure Is treated in Lamb [ 1932, 270, i ], For this 

problem a paper by Deprima and Wu [1957] is particularly instruc¬ 

tive, for they obtain the solution by first formulating the initial- 

value problem and then finding the limit as ^ «o . In addition, 

they analyze the form of the surface for large but finite values 

of t . 



25. Vâ¥#s in a vincous fluid. 

Hill. 

HI 

If on« abandons ths ass inaption of a psrfact fluid with ir ro¬ 

tational aiotion, on* loses at fh# nano time »any convsnlsnt and 

powerful »atbniafieal tool > from, potential theory and the theory 

of functions of a complex 'variable. However, the simplifications 

introduced by the inf Inites i»al-wave approaination are sufficient 

to allow obtaining a number of solutions of interest, most of 

which have been known for many years. However, discovery öl errors 

in early work has resulted in several recent papers. Furthermore, 

in connection with the theory of stability of interfaces the sub¬ 

ject has again attracted attention; this work will be suumarised 

in section 26. One will find general expositions of many of the 

fundamental results In Lamb (1032,,1 1348-351]. and Levich 11952,, 

pp. 467-497]. Longuet-Higgins [1953b] gives a valuable discussion 

of the perturbation procedure and carries through certain second- 

order computations. 

Subject to the limitations of the approximation one can find 

solutions for periodic standing waves in fluid of both infinite 

and finite depth with a free surface, at the interface of two 

different fluids in which either »ay have a fixed horlaontal plane 

as its other boundary, and at the interface and free surface when 

two different fluids are superposed, the upper one having a free 

surface. In all cases the presence of surface tension may be 

admitted. By making use of such solutions together with laurier 

analysis one can find the solution to the Cauchy-Poisson Initial- 

value problem <cf. Sretenskii [1941])., 
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In gone ral, in tt» luvoBtignitioii of standing wtves on« is 

particularly interested in two things, the effect of viscosity 

upon the relation between wave-length and frequency, and the rate 

of decay of amplitude. As an alternative to examining the rate 

of decay, one may instead assume that a space-and time-periodic 

pressure has been applied to the free surface and determine the 

rate of transfer of energy necessary to maintain a steady oscilla¬ 

tion. 

One may still, as for perfect fluids, combine standing-wave 

solutions which are out of phase in order to form progressive waves. 

In a coordinate system moving with the waves the wave system will 

be stationary but the motion will not be steady for, as a result 

of viscosity, it will decay unless a periodic pressure distribution 

la moving with the waves and. doing work upon the fluid. Fourier 

analysis may be used to obtain the fluid motion resulting from an 

arbitrary moving pressure distribution. Indeed, one need not re¬ 

strict oneself to a pressure distribution but may also include a 

distribution of shearing stress at the free surface. If a pres¬ 

sure and shearing distribution of localized extent is moving over 

the fluid the dissipation of wave energy in viscosity will show 

up in a diminution of amplitude, as one moves away from, the pres¬ 

sure area, which is nor# rapid than for a perfect fluid. Such 

problems have been, investigated by Sretenskii [1941, 1957] and by 

Wu and Messick [1938]. The latter Include the effect <"f surface 

tension and make a particularly thorough study of the behavior of 

the solution; they restrict themselves to two-dimensional motion. 

One should keep in mind that if the fluid is of finite depth it is 

1 

.. 



mo loiptr tO' fomwlif* a priiil*»» la which th* pr**«ur« 

di» tribut Ion I« fíMd aad th® fluid mow*» with a cooataat «•« 

walocity, 

iMtoad of attwaptiBf to construct a »t®ady prof;r#*«lw®-wavi» 

•olutlon by Maas of a »orla* ,pr*»ii*ur# distribution, on* »ay la- 

st«ad a»»u:»s that ths iproir®«»iws wav*» hav* b*#a »omshow initiated 

and then study their rats of dscay with distaacs fro® ths wav*- 

iiaksr. (This I», of courts, closely related to finding the dscay 

with tine of an initially given, progressive wave.) Studie» of 

this nature hav# been mad# by Biesel [llMtl and Carry |IM6], who 

investigated: especially the effect of the bottom», by Urse 11 (1052), 

whO' investigated the effect of aide walls for infinite depth, and 

by Bunt (1952), who combined the two. Dissipation with distance 

when no walls are present has been treated by Dmitriev [1953) In 

connection with the theory of the wave-maker. A point of physical 

Interest in these studies is the relative contribution, to dissi¬ 

pation of »hearing motion near the surface, near the bottom, near 

the walls, and within the fluid. Case and Parkinson (1957) have 

studied the damping of standing waves in a circular cylinder of 

finite depth, making use of the linearised equations of this sec¬ 

tion; their eaperiniental data seem to confirm the theoretical 

prediction» when the cylinder walla are sufficiently polished. 

The fluid motion resulting: from a ¡submerged stationary source 

of pulsing1 strength, has been derived by Dmitriev (1953) for two- 

dimensional motion and infinite depth. Sretenmkii (1957) has 

carried through the calculations for steady motion of a source 

in three dimensions. Unfortunately, the source function is not 
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DO. as useful a tool for conatructing solutions to spoclal boundary- 

value problass a« It is for parfact fluid». In particular, on« 

can, no longar satisfy the proper boundary condition on a steadily 

.Kwlftf body by wians of distribution« of «ource« and sinks, as *as 

possible1 in section 20 /A . On the other hand, distributions of 

pulsating sources may still be used to satisfy the lineari*ed boun¬ 

dary conditions on certain types of stationary oscillating bodJ.es. 

Thus, if the notion is such that the iimearlMd boundary condition 

spécifié» the velocity norial to the surface together with aero 

tangential velocity, then, a source distribution may prove useful. 

For example, the wave-maker problems formulated in (19.26) and 

(19.31) may be treated in this fashion; Dmitriev [1953] has done 

this. 

A fundamental, assumption of the preceding retín .rks is that the 

motion is laminar. Such an a,«sumption seems to be in harmony with 

the assumption of small motions 'which is made in deriving the equa¬ 

tions of the present section. However, the possible occurrence of 

turbulent motion in progressive waves has been reported by Dmitriev 

and Bonchkovskaya [1953] who found experimental evidence for it near 

the surface, where the vorticity wgs highest. "The photographs in 

Figure 8 do not seem to show any evidence of It, but this may re¬ 

sult from special circumstances of the experiments, Bowden [1,950'] 

has essayed a, theory based on von Kârmin’s similarity hypothesis; 

further references are given there. In the case of steady frea- 

surface flow in a channel the importance of turbulence in modifying 

the mean-velocity profile is almost obvious. However, investiga¬ 

tion* have been confined to the necessary modifications of the 



sha i lo*-1»* ter approximation and will b# discussed elsewhere. 

Finally, we note that such of the theory given below for a 

constant surface tension T can, in fact, be extended to a more 

general surface condition. This Is Indicated in Lamb [1032,^331] 

and carried out by Dorrestein [1:951] in sa«»® detail for Infinite 

depth, le includes compressibility of the surface fil», hysteresis 

and a "surface viscosity". 

25 ^ * Linearlaed equations and »iiiiple solutions. 
I#» 

The llneariaed equations and boundary conditions have already 

been derived in section 10. For a stratified fluid with interface 

at 4.,j » o the zeroth--order equations are given in (10.2), the first- 

order in. (10.3). For a single fluid with free surface they are 

given in. (10.4), It is customary and convenient to combine the 

zeroth- and first-order equations. Thus, if in (10:.4) we let 

v? = V £, and, V -1 V then, the equations become 

t* A + -'IT^ f oo «1 Q 

Yt * “ j (f> +(’2 J ,) + y&Y , 1 ! 

4i,jj ■K'V'ij at O •for 'j . O ^ 

m' z/*= -T(^,x+^51 )+ ? /"-j-», 

7, ÍJ'- ),<■) = V- (Jt.o,-), i ). 

One may clearly combine (1,0.2) and (10,3) in the same way. In order 

to obtain the proper equations in, a coordinate system moving to the 

right with velocity 4i., , one need, only replace by "4t*,<:/àjc, . 



Th® •taadard procedure for solving the equations is to repre 

sent the motion as a potential flow plus a rotational flow and to 

determine the pressure from the potential part. Thus, let 

ír> //i) 
V = V tv 
TB T 1 

(25.2) 

where 

4 
(25.3) 

and let 

r * - fh-tn 
(25.4) 

jai 
It then follows from the second equation in (25.1) that y must 

satisfy 

<25-5) 911 * 

The relation between V ^ and Y ^ is established through the 

boundary conditions. In the several examples treated below the 

motion is two-dimensional. However, there is no difficulty in 

principle and not much additional algebraic complexity in solving 

the analogous, three-dimensional problems. The essential simplifi¬ 

cation in two dimensions is that the components of V ^ may be 

expressed, as a consequence of the continuity equation, in terms 

of a single function : 

^ 

\r 
(n.)m _ XT 

(25.6) 

It then follows easily from (25.5) that 

S>Y > 
ir-VAr- 

(25.7) 

' li «iii,Hi1 It.. ¡IIIÉillil:l,'l,ll|l||.|!::!:|1.Ä1;!’.: ’ 11 



StiMii« wiivwiî " l'1|!,fl,1iit±IÄl shall try ft find a solu¬ 

tion to th« equations which has a profile of the form 

A(t) 0»n Jt 4-*/ ) . (25.8) 

If such a solution exists, the nature of A (+) will, of course, be 

of etp*-c al interest, w© take ^ and Y of the form 

F (^rt) l«-3 Í Al ; X *-,* ) / Y « G ('•jl't) X+*}' (2Õ.9) 

Equation (25.7) then Implies that 

f — ( C d + ¿j/ i / 6 i'tAA.. if -1/1-1. jt. ■•r #</1( (25,10) 

whe re 

C w 4*1/ + -- 
U (25.11) 

Neither 1 nor w need be real. The form of ^ is further deter¬ 

mined by A(f - O and its relation to Y through the third boun¬ 

dary condition in (25.1). It must be 

(25.12) 

If, as usual, we require the motion to remain bounded as 

we must take &-o . If I has a non-vanishing real part, which 

we assume for the present, we may without loss of generality take 

it to be positive. Hence one must have d ~ o , It follows from 

the third condition of (25.1) that 

<X 
el, V T + 

4n- 
(25.13) 

Substitution in the formula for ^^ and integration with respect 

to t yield 



wt 'W t 

7 - i V4>h., 
c cm (a>u. m + «K. ) » >4'. « cm (m J& + «< ) . ( 2 5.1.4 ) 

Finally, on* must »ubstltut* into tti* dynanical boundnry condition 

in (25.1). There fo i» computed from (25.4) with y • 0 . For 

future use we retain the external presaure dlatrihutioa f? , 

which we take In the for» 

tv* fo » jo, e " ' -h««: ) , (25.15) 

where p, may be complex. The boundary condition yield« an equa¬ 

tion relating: / and m : 

V Y/,l""*f 4%^) 4 v|L"tH">^ ‘tym-t 7 ♦n,5 «-V Ç.'"T / (25.16) 
< C fr*# 

or, by making use of (25.11), an equation relating a* and my : 

(OO f l ^\)1 ■- ^v’av* vLV+ ÿ + + T *H5 * ^ * 
Consider first equation (25.16) with f»0 • 0 and let 

¢25.17) 

j , i 
i 4K. k: , .1 4k 4- 7” > 5 

(25.18) 

Then ¢25.16) takes the dimension les« forai 

^ + //- ■ 0- 
An examination of this equation shows that two of its mots are 

always complex with negative real parts. These roots are dis¬ 

carded since the corresponding notion would not die out as 

in fact, we explicitly assumed earlier that / has a positive real 

part. (Kote that if we had made the other possible assumption, 

lllilplMMlillliMIIIW liliUUll1 . 



i. e. » that 4 had a rwgttlvc mal part, th« :r©«u.ittiif «quatloi» 

correspondIng to (25.16) would have had root* with pos1tie# real 

part, again to be discarded.) The other two roots have positiv® 

real part. Whether or not there Is an Imaginary part depends upon 

the value of K , There Is a critical value fc"c » .581 such that 

If k < U c the two allowable solutions are both real. If K > 

the solutions are complex conjúgate». Lot the two complex roots 

of positive real part be denoted by /¾ , Then on# 'may 

establish that 683. When the two admissible roots are real, 

both of them He between 0 and <4*v . 

One may find the values of ^ associated with the two admissi¬ 

ble roots from (25.11). If they are both real (K < ^c)t then 

i^Oi.-¾/ljyO. In this case the motion is critically damped and 

the initial configuration of the surface gradually subsides. This 

occurs for a given en if 'V is large enough. On the other hand, 

no matter how small v is, it also occurs when Mx, is large enough, 

i.e., for very small wave length. If the two admissible roots are 

complex (K 7 Kc), then 

(25.19) 

consists of damped standing-wave oscillations. The larger a-nH«, 

the more quickly it is damped. 
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B«cati»« of th,® r®Iatfv® coiipltjcily of 0411111000 (25.16) nod 

(15,17),. it í» convooitat nmd loads to mor® poriplcoouit roiiult* 

to find the relut ion b«twe®n « and io the t»o li mi tira« ca*®« 

of small and large viscosity. First consider the case of a,mall 

viscosity. If in (25.17) one lets V ■* 0 , on® regains the rela¬ 

tion oA-r¿uSof (24.9k let o'/.j^rrW4. However, if ora® 

retains all ten» of th® first power in V , (25,17) becomes 

ía/+ 4 p 4-hV f + T \vj> m &f (25.20) 

which has roots 

(25.21) 

Hence the surface profile can be described by 

(25.22) 

To this order of approximation, the frequency o-. is related to 

4»T/ as in a perfect fluid, but the amplitude is gradually damped. 

To have some idea of the orders of magnitude Involved in the damp¬ 

ing, one should consult the table on page 402 where the row V0 

gives computations relevant to this. 

In order to' find the behavior for large v , divide equation 

(25,17) toy 441V4 v11’ and expand the term [!+&/**% ] ^ in a series. 

If one retain® only terms in v ' and "V ^ ( the resulting equa¬ 

tion leads to 

i uA 4 « f 2 ( «J ,nv +r,^)*o. (25.23) 

I he two solutions, both real and negative, are approximately 

U?t. ■» - I; a, 
(25.24) 



1er« M/ <1^x1 and heue* mJ; i» th« mor© xmportiiat root Inaawueh 

as It represents a »lower damping of the notion. As is pointed 

out by Limb (1932, p. 628J, the root correspond* to a value 

of (, only slightly lesa than a*v , so that the motion le nearly 

irrotattonal. It should also be noted that by different method» 

of analyzing (25.17) for large V one may obtain somewhat different 

coefficients for u)v. 

In the preceding analysis it was ansumed exp 1 icitly that 

had a non-vanishing real part. If ( is pure imaginary, ( •* u £ , 

another family of solutions exists. It Is now convenient to write 

Y - ( ¿ ceo £ £ t- d ¿UJlt (4U X +■■ CK)/ ( 25.25) 

where 

(25.26) 

The motion is thus a purely subsiding one. The boundary conditions 

determine the following relations between CL, C , and <t : 

(25,27) 

All real values of £ are now admissible. The surface profile is 

given by 

(25.2d) 

The two sets of solutions may now be used to investigate th© develop 

»ent of an, initial disturbance (cf. Sretenskii (1041J). 



Forced standin« waves. We mfty apply equations (25.16) or 

(25.17) to answer the following question. Suppose that Is 

given. Can we determine ,f='« in euch a way that a steady standing 

wave 

~t<r t 
»1 » A a f cto ( 4*1. X* <x ) (25.29) 

ai’ prescribed frequency CT is maintained? From (25.17) Is then 

ititermined b; 

--yvx = (2 ^V - i cr) - 4 v1 + T W2*. (25.30) 

If, for small viscosity, one discards terms higher than the first 

in V , one obtains 

h tr «f /H-v 
(25.31) 

If we take cr' * ^/»n-+ T Uv4, the frequency obtained from perfect- 

fluid theory, the necessary pressure distribution becomes 

- 4 tr 
A 

4U. 4. 
-i erf e l&o ¿.-VH, X <*) (25.32) 

Thus the pressure must lead the surface displacement by a quarter 

of a period. 

Standing waves-finite depth. If the fluid is of depth h, the 

analysis is similar to that above, but yields expressions of much 

greater complexity. The functions <j> and Ÿ may be shown to have 

the forms 

U)f 
— £4 / C&>(a Ia»«/a* f-k.) + C aia, 'iv\y f ^ t C&i (to*. X t c<). 

(25.33) 

Y * [ c O&Z'L 4M, ( y 4- L) 4-J íxmjL "■("J + h)] c? Uu.(^ 



*h«r« again 

o> - V ) (15.34) 

Let 

L » ¿cA Jfk j L ' - , M - t ojL wk , ñ'« .vk . 

Then C and d are related by 

2 -ew (c 4»\* W + d l M 1 ) - (/l+ 4v.V )(c L i-cU'J^o, (25.35) 

The relation between ¿ and m corresponding to (25.16) becomes 

f -.u.¿V^-2^V „t--’ /- — /-'*M /^. i 
ÿ(À +V-- ^ |7f+4nl)(^ A7'-4K,L 'M,;i 

- 4y\vV ~ ^ ^ (- •f'i'H,’ 
Z /»yi. (' /ti»! ^ f.I 1 ¿ j1 

^ Tn f I /♦yv ■■ - /V-n, (25.36^ 

and the surface profile is 

i // it1’ f i . / 
*7 “ r-[CL*- di , € cm Xí-0(Jm Aa C 06*3 X xx) 

Z V/Kv (25.37) 

The formulas become more perspicious in the case of small, vis¬ 

cosity and no external pressure and exhibit the Importance of the 

presence of the bottom.. If in (25.36) one sets f>, * O and retains 

only terms of order y* , and HJ i !»> ifÄ© jf ©11 ©Wil®UJ ©CJUft ty 4. OH P© "* 

suits : 

(Jj — I V 4-Vl 'it yJT^+ y xy 4- (<$**■ r T /wv'Jj .wv Ä- ^ 
(25.38) 

-f ^.414+7*iw1 y W ^J, fÿ**'* ^ a-*'J**tv kXmÁ Ha 4* O, 



öfi* »af this «'iittstioi» t»f •sftiiiilac1 w ii® p«»»r« of * 

t4> » i^jii# f'uJ'j I» + out, V 4. . 

■u.bstitiitiig t» CIS,3») Md kosping «'»ly t«:r»is 1» » -v4' »id "V . 

Th» t#Pi» i»di»lp»adM«t of V fl«1 ld« «„»i ic*; » •hör« o"„ is 

by (IS, 21) and is th» :fr«gii«ttc;y Iop aa laviacld fluid. To th# ordar 

of accuracy coaslatont «ith (35.38), on« finds 

-- .n, t 1 
CO * i i 0‘. - f I t t )i .'1 2oi > Cox, C'L 2^.1,4 - 244V V ...y.r.-.:..r-.—. 

c CnX 4,4*v 1.-1 

(25.39) 

Th« first cwo tor»« »«r« glw*» by Bough 11891]. Th« correct •*- 

pression (25.39) was first given by Biesel {19491 : Hough had given 

- 2*'A> for the Uat tern but he apparently »ad« an, error in calcu¬ 

la, ticm^ for (25.,39) was derived, indiïpeiidenitly of li«»el’s work and 

has also been checked by Carry [1956] (Basset's analysis [1888¾ p. 

314] over look» the terms in V&). 

The formula (25.39) should be compared with (25.21), the cor¬ 

responding formula for infinite depth. There the effect of vis¬ 

cosity f' ,,r« only with the first power of V . Th« dissipation of 

energy in the body of the fluid Is evidently of less importance than 

in the vicinity of the bottom. When two fluids are superposed, a 

similar phenomenon occurs in the neighborhood oT the interface [ci. 

(25.44)]. 

Standing wavea-atratifled fluids. Consider now the situation 

in which a, fluid typified by ?, and M, fills the space Aj <o and 

another typified by < T, and the space aj > c . The equations 

to be satisfied in the two fluids and at their interface are given 

in (10.3). The method of solution is analogous to that used for a 
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sinfI« fluid. l0'»«v*rl •»ptrat*' fwaetiaiM» 4 , , T, , *«d ft » 

tr* nt«'d#d for flit Midi ufpor floidi». For » »t»id!»*-*»»• 

s o lu fiou fhity »»y tot t*J»* ln» fl»« fom 

f, « ft, eU' t 1 »ia *t>c) t X - &f eW ' € 1 

(25.40) 

» a t £ € 4 Í ¿>-3 t*) I f% m4rtt e 1 ^     /'**, X'f-M) ; 

wh®re *• assume both "¿í and it to have poeitlve real part:». A/ » 

t, #/2 and /un art related by the equation 

w - v/C-ww‘j- * fC(as.«) 

Substitution of ¢25.40) in the ear loua boundary cwnáltiona at -j* ^ 

give« four homogeneous equation« relating . Ä», , wf , and • "’t • 

The determinant of the coefficients set equal to aero yield* another 

relation between Uj, , t? , ^ and 

[( f) + f'v ) ^ ( f*"” Hi) ^ i+lA-' i T ,»*%> +'/*t4n, i/A,//] 

. ' (25.42) 

+ ^ 00 (M* ,f ß/%^% )(ßA’t ♦»'V ¿t)* O , 

In the limiting case of small, viscosity, (25,42) gives 

IX) + "Vt ( f1 ~, jf ^fT1, 

->) t ?v //*, f/ ’f Î/li.ïl ?» t' 
- £). (25.43) 

This ha« the approximate solutions, when the coefficient of mÄ 

is small relative to the last term, 

^Oy^1_lía! , . IM i u ^ _ ill iHSxffy ..lía.: , 

12 if. 44) 



«ttJtrii 'OJ ia th* parfect-fliiié frafuitücjr *iva» ira «'(ittiifioin (.24,14), 

Th!ii» «loiltition. »•» tirât fi'faa by I».rri»«m lltOi], Tb* »«»t •if»! 

fleant physic«:.) fact about (20,44) «hin coaiparsd with (20.21) '• that 

to the order oi approaiaatlom. considered, the latter ahowa a .rate 

of decay proportional to v and no influence of viscosity on the 

frequency, whereas (25.44) shows a rate of decay and an alteration 

of the frequency proportional to (in a dimensional sense). 

The greater Importance of viscosity for stratified fluids nay 'be 

ascribed to the different boundary condition at tbs interface. 

larris#« computed the wave velocity and modulus of decay (time re- 
-f 

quired for the amplitude to decrease by a factor « ) for an atr¬ 

im ter interface at iT°C <-f, « I, fv • 0.00129, ^ » .01091,¾1- 0,139, 

T - 74 in ci,«,«, units). In the following table reproduced, from 

Harrison*« jlaper C . '1JÎ and 4T are the wave velocities neglecting, 

respectively, both surface tension, and viscosity, viscosity, and. 

neither; T# , 1” , Tc are the moduli of decay taking account of the 

water viscosity only, s water-air interface without surface tensión 

and. a water-air interface with surface tension. 

lave-length, 
(cm i 1 10 100 1000 

14 (cm/sec) 

'XT' 
— 

, 

r 

ï'c. 

12.48 

24.90 

24.89 

l.162" 

1.125" 

l.106" 

39.46 

40. Ol 

40.04 

1*56.2" 

i • « 4 i ** 

1*34,0» 

124.79 

124.81 

124.81 

3 hrs 12*39.4» 

1 hr 21 * 40 û» 

1 hr 31*40.3» 

394.62 

394.62 

394.62 

321 hrs 5*40» 

36 hrs 50*36" 

36 hrs 50*34» 

jjl IwWlilllliiiii »illlulllll J| i|ii¡iil|»lli||¡ll|lllll«llli Jll|| ^ll¡iit|lll*ll|t|iiill|li||lt¡lll|n||il||l||l||l|lllll'||i|¡l‘ll.lllill|>Mllll|il|ll ||||iiIIii|Iii|ii|!iIiiI|Ii!i|i|ii|iIIi|iiII'||.. 



A striking *»p»ct i* th» i*#p»r*i*ii i*ï»ortn:ie« ®f th,® ntr-wntnr Hi' 

t«rfac» in éimping. long »«'•• «<> t#t»l Inok ®f inf 

on «*¥« vnlocltf (th® Inttnr fnet I» obvi®«» trm (IS.44)). 

For very large vtocmitie* the remulta are analogoua to those 

for a single fluid. The two value*, of w analogoua to those in 

(25.24) are 

W, 
I . l+fjr 

r, + f, ^ av*v 
OJ|_— - 'in' I, r. (25.45) 

The analysis of th® roots of (25.42) for general value, of v, 

and -V, is difficult. However, it has been carried through by 
i*- 

Chandrasekhar [1955. especially PP 1Î0-1T3] for the «ï»cial situa¬ 

tion V, - and F* 0 . In this cane It * • The b<,h,vlor 

is similar to that described for (25.17) except that the critical 

valu® Kc separating a steadily decaying motion from an oscillatory 

decaying one is now a function of (^)/(^. This value (actually 

a different one since he chooses a different parameter) is tabulated 

for a variety of density combinations Further analysis of (25.17) 

may be found in a paper by Hide [1955] and Tchen [1950b). 

Kusakov [1944] has carried through an analysis similar to 

Harrison’s when the upper fluid is of depth &t , the lower of 

depth 4.,. However, the results do not seem to be consistent with 

Harrison’s (or those above) whoa ¿w and A * become large. This 

problem has also been considered by Hid. [1955), but with an approxi¬ 

mation that neglects the viscous boundary conditions on th© wall®. 

Harrison, in the same paper, has treated also the problem when the 

upper fluid is of finite depth and with a free surface. We shall 
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not :w»(»ro4i»c» th* •»©•¡pt to r***rli ht* co<ipttt*tl«nii* 

■ ho1« a v*ry »larfcod iiafIm,*®** ou th* áaapliig of a thin layer of 

f laid of «1 if ht ly di<f*:»*it d»m«ttjf* fh* •«•et of a vmrl»l»l# 

•urf'ae* t«n»:ion apo® ••*• »otioii» !• h»i«'IIjr ia L»»t» 

[1932, §35! ] aad at *o»* loiifth in Lovich [1998, pp. 4T7-490]. 

Pal,*1.1« »tatiomary ®oarci, ttiilrl** [1983] ha* d«ri'f»d th* 

font of th* f«iietia:iM f and Ÿ a»d th* wirfac* profil© 1» th® pr*» 

•oc© oi a ■a,bi»®rf«d *oarc* of palpating i:iit*®*ttf " co* <rt. 1* 

«hall giv* h*r© only hl» •:*>©••»Ion for th* «arfae* profil* and an 

a* y aptotic •xpr***ion for larg* di«taiio*n fro* th® »oare*. L*t 

th® aoarc* b* locatod at (0/ ~ k0) and l«t 

The surface profil« is than, rep re««« ted by 

0^<rt ^ J 

7' Rt í f j t 1 

t - hi. X -UJC o&a X X ¿¿X 

(25.40) 

26. St ab lilty ofjtrwjurfa«^^ 

In this section we wish to eaaalne the circuastances under 

which a small dinturbanc# of a free •urface or of an interface be¬ 

tween two fluid» will increase in magnitude with time. The energy 

for this increa** may com® ®ith*r froa available1 potential energy, 

e.g. if the lower fluid i» lighter than the upper one, available 

kinetic energy in the ca*e of flowing fluids, from forced motion 

m 
. . ..i.. IIiUmi 

.(1111111 
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of sO'1 I'd boundaritSt o» po««itoljf uom ottoor »oore» »u«h &a * flva» 

prwsayr* diatrlbutlom otar a fro* •urfacu. liirf»©» ¢01111101 nd 

viscosity ssy bs expsctsd to hsv® a stabilizing sflsct» so that 

special Interest attaches to the study of their Influence, »e shall 

use the nature of the energy source as a convenient one for separat¬ 

ing classes of problens, even though not every situation falls 

clearly Into one of then. 

Since the boundary conditions and equations which we shall use 

for the nathenatical analysis have been linearised, following the 

assumption that the disturbances are snail, one cannot expect the 

predictions of the theory to be valid quantitatively much beyond 

the initiation of an unstable notion. However, a great advantage 

in the use ot’ linearized theory Is that an arbitrary initial dis¬ 

turbance can be analyzed into Fourier components and the behavior 

of individual components examined separately. 

26 ¡y. Interface between stationary superposed fluids. 

Following our earlier notation, let us identify quantities 

referring to the lower fluid by the subscript 1 and to the upper 

fluid by 2. Let a sinusoid distruhanee of wave number exist 

at the interface. Consider first the case of perfect fluids with 

no surface tension. Then, if both fluids are infinitely deep, the 

relation (14.28) must hold. If f, ? ft , the standing-wave solution 

of section 145' obtain®. However, if f, < , then <r < 0 and 

2, % £1,“ A 
<x is imaginary. Let W - c* , i.e. **» » —r- 

Then one must replace C€n(crt*r) in the «,* that section by, say, 

oof • The profile of the free surface is then, according to 



(10.8), given by 

7 •• A A*, -kv J* C4&L tú t. 
(26.2) 

The amplitude of the initial corrugations of the surface evidently 

Increases very rapidly with time, and the solution is a valid ap- 

proximation for only a limited time interval. The nature of the 

disturbance need not have been restricted to aw jc ; any function 

J,) satisfying f-4/K ‘fm O would have yielded the same be¬ 

havior. Equation (26 1) still holds if the two fluids are bounded 

below and above, respectively, by ^»-»4. and ym except that to 

is given by 

i 
uj . -f,___ 

A C©-^. 'VM., 4 I, + f r Ma, ÃI 

<• LuIl . 
(26.3) 

The surface is still unstable, but the rate of growth of the ampli¬ 

tude is slower. 

Effect of surface__tengijonu Let us now suppose that surface 

tension acts at the interface. Then the relation between O' and ^ 

given in (24.14) or (24.15) must hold, and a standing-wave solution 

is possible even if > f/ , provided that (24.16) holds, i.e. 

Z<f, + (26.4) 

Thus the interface is stable under small disturbances of sufficiently 

small wave length. If the unequality in (26.4) is reversed and we 

again set oo'1'~ <r% , then (26.2) holds once more and the solution 

Is unstable. However, the value of w*" is less than that when , 

so that the rate of growth of the disturbance is retarded. It Is 

1» 
also clear from the form of the relationship between w* and 4-vv 



growth o2 th® disturbance, is * If both fluid» »re of 

infinite depth this mode of maxlau» instability occurs »hen 

ffv - fjj/i --. 
(26.5) 

The effect of finite depth of th# fluids is to displace the posi¬ 

tion of the maximum to higher values O'f <4h (smaller »ave lengths) 

but a precise calculation requires solving a transcendental equa¬ 

tion. 

Effect of viscosity. The influence of viscosity in stabilis¬ 

ing interfacial disturbances has been the subject of a number of 

recent papers, in particular Bellman and Pennington [1954], 

Chandrasekhar [1955] Hide[1955] and Tchen [1956). The relevant 

equation relating w and 'íti, is now (25.42). Because of the high 

degree of this equation it is not easy to give a complete dis¬ 

cussion of it® admissible roots. However, it Is easy to establish 

that if 

( Ci - C. ) r ^ < ° ^ (26.7) 

then (25.42) has a positive real root satisfying 

(26.8) 

Thus the presence of viscosity does not alter the conditions for 

instability, as the presence of surface tension did, but it does 

have a stabilizing effect in that the rate of growth of a distur¬ 

bance is slower. 

In order to show the existence of a positive root under con¬ 

dition (26.7), one can write (25.42) in the form 
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( ft +■ f t ) Ku + ( f < f ¿ »“»v i- ^ 'Wi « - 4 W 4n. 
*/u 4 

and sketch as functions of to the curvos rsprsasntsd by tits two 

■ idea of the equation (remembering that €, and /¿.are functions of 

(.o ), The statement above then follows easily from the fact that 

both curves are continuous and the one represented by the right- 

hand function starts at the origin like 

and goes to - in the fourth quadrant, behaving as uj~* oo like 

A »or© elaborate discussion of the roots is given by Bellman and 

Pennington [1954). 

The behavior of u.>„ as a function of -tw in the interval defined 

by (26.7) and in particular the mode of maximum instability has 

been investigated by the author® cited earlier. Chandrasekhar has 

computed the curves u>0('bv) for v, » yz, T*■ o and a number of values 

of ( ft - Í,)¡(í\ t Î, ) . Hid© has recomputed these by an approximate 

method and then applied the method further to a fluid of finite 

depth with a continuous density variation X> £ ^ . Tchen has 

devised a different method of approximate computation and includes 

the effect of surface tension. Figure 33, which is chiefly quail- 

Zr 
tative, shows the variation of to as a function of ¿vu- in the 

interval of instability. 



FIGURE 33 

Accelerated fluid. If the whole syste» of fluid la being 
# 

accelerated In the y-dlrectlou by a con,»taut a»ount * then 

the relative motion in a moving coordinate «yete» 1« the aame as 

if the system were at rest and ^ had been replaced by f+ ft , as 

is immediately evident from equation (2.15). With this change the 

reasoning of the preceding paragraph* still applies. This fact was 

pointed out by G. I. Taylor who, on the basis of if, formu¬ 

lated the following: rule (neglecting the influence of surfáce ten¬ 

sion): If the fluids are being accelerated In a direction fro» the 

more to the less dense fluid, the interface is stable; in the con¬ 

vert« case it is unstable. Exp«',riment» carried out by Lewis [l'050,! 

for large accelerations, about 5%, confirm Taylor’s observation 

% 

UlkiAL..I..L till.1,....,.,1, „ .: i. 



and th» predict'»d initial rate of growth. Taylor'"«' paper gaw» ria» 

to a MielMr of other« treating vario«» a»p«ta of the :la»ta'b'!1 tty 

of accelerated iaterface». In addition to thoee cited in the laut 

paragraph,, we a»»»tlon Ingraham |[lfft4], Fleeeet [1,054.1, lirkhoff 

[ 1954J, and Layaer [19551 t»«t «hall not »tt;n»arl»« the content«.. 

The effect of an impoeed acceleration oecillating in magnitttde will 

be discussed in section 26 ^ . 

26/5. Interface 

Consider the situation, in which the fluid occupying the region 

<j <£» (tj >ò) in «owing to the left with velocity (" ci.) . »«d sup¬ 

pose that, a small disturbance exists near the interface. If we 

suppose that the fluid is perfect and the notion in each fluid Ir- 

rotational, then we may describe it by the velocity .potentials 

f i. f'J f ) = “ c¿ x + //Jf '70 ' * " (26.9) 

'tie shall assume C, f . 

The kinematic boundary condition at the interface may be 

written, after linearisation appropriate to tho assumption of a 

small disturbance, in the form: 

-- 7* + (26 10) 

The dynamical boundary condition (3,9) yields the following generali¬ 

sation of {10.,8): 

I, ( ^ * ) ” f* ( ft t - ct hx) +■( fi"Q <j j • T(*Imm"f 7 5 k, ) '/isr y - « ■ 
^26.11) 
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If y is •UmiaatM ImI'I'»»«» ClÜ.W1) »»á (16.11)# «»a t!»i» 

'»é* ~ lC|' 'f*** ) 4 ifti* ft mm )t J “$>y) 
7 C'“C» * <16. 

+Z=T% 

1« 

Lat u« no* roafrict our nttaiifion to t»o-dl»*n*10'i»nl »otiO'i» 

of finida boundad nbow by ^*4^ nnd bolo* by ^"4.# » »*>6. lot 

tbo Initial diapiac#«M»rat bo ^(x,o), Thon fron (IS.2) *• too* that 

thn siibM'foant not ion nay bo ronolvod Into1 bannoiiilo. progronalifo 

way*« aovlng to tho right and loft. It *111 bo nnfficlonl for oor 

purpoao to oaanin® a «inglo conponont of th® apoctru». Hone®, 

we look for a aolutlon ln th« for» 

J . ,, . U*«*.rt) 
fi - a, Cé>%t + M,i / d- / 

X - <rt) 
ft, • m-x '♦n.i ( ^ 

It follow» fro» (26. 10) that (c,- ct) 7*--^*^ * 

h S -F(XI tw,^, avl -/vf +' <3-t UasJv H-ia 4t, I ¿ ^,4w*’ 
• C, - ¿i 

(26.13) 

lenco 

(26.14) 

It then follow» fro» (36.10) that 

a, îaaJL' .ch". 4,,+ ft,#, JtWk*' _,ÍLi^í.. pvU, ^ l, - - uU. 4u 4 ¿ 
'CT <4* C, '4%v (HF*4> £ fr 

(27.15) 

Substitut ion, of (26.13) in (26.,1,2) and uao of (26.1,5) yield» ttie 

following relation between <r and ; 
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fJ,(.,7 te '♦•'liJ1 it^i'j' ♦ fj*r + ¿i, '#hJ| tifcipA-*» "* ( ” -íi.'J1 

(26.10) 

Th# •#'lut loi* «»y h# •;iipf#««#il #• folio»»: 

çr a _ i, S, ■ -*í-ií «i t, t ' i !•( -4 fc. 1+. 

^ /VW co4t, -vu, 4t 

/• \ JL T 
ï, / m* * i (c,-Cu) , tfi.Mll *r.,k5 al'<, ■lG) 

,íy té44iy '''h* t Cê44k 4*n» 4%i + .fi,, 

It la •vlitent from th# form of th« tum» ui»é#r ti» r*áie»l that o* 

cannot b# rowl unie«» 

i("? - f V““” 7**n. y (.c ~ í'i, ^)1 .—¿»♦li.<*m,4-¾ 
" ^ ft 4^ 4VI + ff, Û4M. /Míl, -4^ (26. 17) 

It i,a thus evident that there are no real solutions unless the left 

hand aid# ia positive and. that there may even then eaist an inter¬ 

val of wave number* for which the disturbance» ia unatabl# (if both 

<jf and T are aero, such a velocity discontinuity ia always un¬ 

stable). If one asauBies f,> ft » the minimum value of the left- 

hand aide ia 

2 $ T (26.18) 

and occurs for *Ht • Si“ce 

o&4Lr lu, 4..1 c^é-L 4 ^ $i fir , (26.19) 

f I Ma, '¿t ( t’ fi, ¢#44.. ■ÍAa 4,. i,, ft+f 
I 

the disturbance will be unstable for some wave numbers whenever 
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(26.20) 

One may cone lud« from (26.19) that thm horizontal «alla hav« a 

deatabillaln« effect In the aenee that wave numbers which are 

stable for infinitely deep fluids may become unstable modes in the 

presence of walls. For am air-water interface the right side of 

(26.20) in about (646 cm/sec)2. The corresponding wave length is 

1.71 cm; if the water is at rest (ct - °) , then the wave velocity 

is 0.84 cm/sec in the direction of the wind. 

Let us suppose that C¡ and c2 ar* b®*** positive, l.e. that 

both fluids really do flow to the left. Then it follows from 

(26.16) that, if the roots ar© real, one of them is always negative 

and thus, from (26.13), represents a wav© moving along the interface 

in the direction of the stream. The other will propagate upstream 

if 

ff, -fj -2- + y ^t / 4tA. /¿V, ♦ oUL /H*, 

(26.21) 

otherwise also downstream. 

An investigation along the above lines of the stability of an 

interface between flowing fluids was first given by Kelvin [1871]. 
•i 

Similar treatments with additional information may be found in many 

texts, especially Lamb {1932, $$232, 268] and Rayleigh's Theory,of 

Sound (Cambridge, 1929 , 4 3 66]. Kelvin’s Intention was to try to 

predict the mluimum wind velocity which will cause a small distur¬ 

bance on smooth water to increase in amplitude, and to find the 

unstable wave lengths. The predicted minimum velocity, roughly 

650 cm/sec, ie much higher than the observed minimum which is about 

Il I 
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iöö ciii/Ara '«vidirarat «fcjraotiraira to th« rauralysira *bov» is thrat 

fliseomtty of botii sir trad wstrar ha« braran raraflraettd. Sincera til» 

altrar« ln an raisararatlrai way thra behavior of the fluid« iiraar the 

tmtrarfarara, it is not «urprlsiat that titra prédiction 1« not accurate. 

One should not expract c ora I i mat loi» eacrapt in circu*« tañera» ira which 

it is poaisiMra to1 show that thra raffract of viscosity ira contiarad to 

a raralfhborhood of thra iratrarfacra s»all with respract to thra ■iitlau* 

wavra Iraragtlia considrarrad, Thra ««hjrarat of wind grarararstiora of wavras 

is «till In an unsettlrad statra. On«1 will farad suiMiarlras of thra 

Posent status In thra article by H. U. Roll in vol. 4« of this 

•racyclopradia, raspraelally pages TOS-TIT, and also in a critical 

exposition by Orsrall |1»84]. A sumiary of aomra of ti» work in 

thra USSR on, wav# generation Is included in Shulraikin [ 1956]. 

The inclusion of viscosity in the analysis above leads to a 

somewhat more difficult devraloparaiit than In thra case of •tandlrag 

waves. An exposition of thra present achiravraments In this theory 

will bra omitted; they consist chiefly of papers by lurast [1949] 

and Lock [1951, 1954]. 

36 Í'" * 

Let S denote the wettrad surface of a basin and F the water 
surfacra when thra basin is at rrast. *• shall suppose that the 

basin is bwliig oscillated in thra y-dirractlon according to soaie 

given law, which may be specified by giving V0(t) , thra velocity 

of a point of the basin. It will be most convenient to describe 

the motion of the fluid in coordinates fixed in thra basin, tbrase 

will b* denoted by K,,1# shall assume the oscillations and 

1 ' ....Ml.... ... .. .....LI. 
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and th« w»««itiaf »ntIon to 'bo^ of •■•H amplitud« «o that «• »ay 

llataria« th» «quatioo« and houndarf condltionn. 

If <f> in th« vcrlocity potential .for the notion relative to 

the basin and ^ the profil« of the surface, both in coordinates 

fixed in the basin, then it folio«» easily from (2.17) that the 

only necessary change is to replace by jf + C la the boundary 

conditions at th« freo surface. They become: 

* it) * i**' t°! I'*) t (26, 22) 

l<j 1) ” + ft (x>°< ) t) “ T '(*i^ t y iV j , T'- T/j» (26.23) 

On the basin walls one must have 

- 0 on ^ (26.24) 

We wish, as usual, to investigate the character of the motion of 

the fluid. 

The problem formulated above I» clearly related to the problem 

considered in section 23 y . However, the resulting motions are 

quite different. Rayleigh [18831 appears to have made the first 

theoretical investigation of this problem. More recently it has 

been studied by Moiseev [1953, 1954], Benjamin and Ursell [1954], 

Schultz-Grunow [1955] and Bolotin [1956]. Moiseev's analysts is 

the most general in that the only restriction upon the basin shape 

is that it should allow construction of a Green's function for the 

Neumann problem; surface tension is not taken into account. 

Benjamin and Ursell restrict themselves to basins in the form of 

a vertical, cylinder with horizontal bottom, but include the effect 



of nur#««« tension. However, at the Intersection with the walls 

they aeaune a 90° angle of contact with the free surface. This is 

in contradiction with the observed behavior of fluids but sieplifies 

the mathematical treatment. In spite of this shortcoming it seems 

desirable to include the effect of surface tension, and this will 

be done below. Bolotin's paper considers a modification for vis¬ 

cous damping. The treatment below follows closely that of Benjamin 

and Ursel1. 

Let the basin be of depth k , let C denote the intersection 

of the walls with the plane ^ m ° , and let n be a normal to the 

wall at a point of C . Then, from (26.22) and (26.24) it follows 

that 0 • or n m const, at each point of C ; we take 

this constant to be aero, thus assuming a 90° contact angle with 

the wall. It then follows from (26.23) that ( ^ j A. * 0 • 

t^t *3'}) be a set of functions harmonic In the region 

bounded by the basin and the plane y-o and satisfying (26.24), 

and such that (*> °i}) form a complete set of orthonormal functions 

in the area of the 'X ^ ) -plane bounded by C . Then fix,»,},*) , 

'7 x' 5'^^ aod *lxx * 7 jcan each be expanded in series In 

'A ix'0’ j ) * The expansion of 4>(x,o^,i) determines , t) 

as a series in ^ • In the case at hand, when the 

basin is a vertical cylinder, one may separate variables as in 

section 12 <x and construct a set ^ in the form 

4k ^ ( t 'L ) 

k L (26.25) 

where 



4..(1 

Th« eigenvalues are determined by the boundary condition on the 

contour C , namely (3/^)^-0. 

Let the expansion for be «ritten In the fora 

.«MD 

^ Z ^ (tj ^ (26.27) 

Them, by differentiating (26.27) and using (26.26) one gets 

If 

then 

%a + 7jv ~ ^4 6* i $ /' 

H*,*,yi) • 2 it (t) ^ rx,-;. 

(26.28) 

and, from (26.22) 

_! ¿¿ r«/ w., y ^ ; 
^ .Vi„ **" (/ 

(¢.^ ( f./ 4va. /iw-i. /tu ^ ^ 

Hence 

Ó i) s / (f ) ^'L (1 U- ) <0 fx , ) fi ï', •/ Z- r4( 
(26.20) 

Now substitute (26.27)-(26.29) in the remaining boundary condition 

(26.23) : 

^ '(y* k) üb f1 T ,/Via. ^ 1¡^ "f* ¿Z: ^ 

Since the are orthogonal, we may set each coefficient of 

equal to zero. With the special choice 
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the following wet of differential equation» determine the o.^ : 

a (t) 
4 

■ /1 $ 4 ^ ) 4 + C i<wX a»o crt ) * c 

(26.31) 

If we set 

7" * £ a- ¿ , f4 * ,~t ( T 4w^ ) k^L L * , 

jt.* ~~ U*aU (26.32) 

where is the frequency of free oscillations in the »ode -vw¿ 

when the basin is fixed, then (26.31) takes one of the standard 

forms for the Mathieu equation: 

ji' “-i + ln- *o. (J6 33 

Of particular interest in the present context is the behavior 

of the solutions ^ as T, or tJ becomes large. It is known fro» 

the theory of differential equations with periodic coefficients 

that a pair of fundamental solutions can be given in the for» 

e Q (T) ' Q (- z)/ (26.34) 

where Q is of period T , unless yt*- is an integer. In the latter 

case there exists a periodic solution, of period ^ if is even 

and of period 2 1 if odd, and another Independent nonperiodic solu¬ 

tion. The coefficient will be a function of the parameters , 

and it is particularly pertinent to the present Investigation 



to know for wh»t rogioas la th« (tif) -pita« yU. h»« a aoaawro real 

part. Tho'so rwgloas haw been Investigated for other purposes sad 

■ay be found, for example, in N. 1. McLachlan's Theory and applica¬ 

tion of Mathieu functions [Oxford, 1947, pp. 40,41]. In Figure 34, 

reproduced froe Benjamin and Ursel1, the shaded regions represent 

the unstable regions of the (f>¿) -plane where T has a nonsero real 

part. In the unshaded regions /c is pure imaginary (but not an in¬ 

teger) and the two solutions (26.34) are bounded for all ^ . The 

boundaries between regions correspond to the periodic solution* 

occurring when yU- is an integer. In the unstable regions the 

periodicity behavior of the solutions is of two types. In the 
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11*00114,, fourth,,... roigioiM /4 i„» p*»1 »»4 ti*» «olutioo« (26.34) »r» 

fuisctloo,b of p«r,lod ÏÏ" iiuIttpllO'Cl, by »»poototl»,!«. In th» firot, 

third . r»*too«/*«»I, tad th® •olutton® (:26.34) OiOw b»- 

eom» function« of period 2 1'»ultiplled by exponent!*!». In t®r*s 

of t the two ••to of region* corre»pood, respectively, to frequen¬ 
cies cr and § <y , 

Por a given mod® of oscillât loo one «.list cooiputef^and, 

and plot(f|.,|joo the stability chart In order to find out whether 

the »ode le stable or not. It «»#■» likely, and, in fact, has 

been proved by Moiseev [1954, p. 44], that for any given values of 

0* and c sone of the possible node« will be unstable. However, 

the analysis above» has neglected the damping effect ol viscosity 

and it may be» supposed that the only unstable nodes which actually 

occur are those associated with the «»aller value» of In any 

case, as has been emphasised earlier, the analysis 1« only suitable 

for describing the Initial stages of the notion. 

If the frequency of oscillation cr is equal, or nearly so, to 

on® of the frequencies 0^ for free oscillation' of the fluid, or 

to a subharmonic of ^ » i.e. cr»cr^ /V , then )¾ » 1 * or ^ * 

and it 18 evident fro* Figure 34 that (¾.»^4) will be in an unstable 

region. If orrery ,(>4^4) will H® i" the lowest region, and stand¬ 

ing waves with half the frequency of the basin will be generated. 

If cr-Ia^ 11(^4*44) wlU II® in the s®cond r®(Sion and the generated 

standing waves will have th® sa»e frequency as the basin. It is 

pointed out by Benjamin and Ursel 1 that an, apparent discrepancy 

between experimental observations of Faraday and Rayleigh and of 

Matthiessen can be explained by the above remarks. 
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Benjamin and Urse 11 made an experimental investigation with a 

circular cylinder in order to determine by experiment the boundaries 

of the lowest region of instability. The measurements provide i* 

surprisingly good confirmation within certain limitations. 

27. Higher-order theory of infinitesimal waves. 

It is implicit in the theory of Infinitesimal waves developed 

in the preceding sections of this chapter that the approximation 

given by first-order theory to the solution of a particular problem, 

assuming that one exists, can be improved by including further terms 

in the perturbation series. The solution of the resulting bound try- 

value problems, at least in the simplest cases, can be carried through 

in a manner similar to that of the first-order theory, although the 

computations become more and more tedious the higher the order of 

approximation. Nevertheless, in view of the interest of the re¬ 

sults, the computations have been carried through by a number of 

persons and by a variety of methods. 

Stokes [1849] was apparently the first to make the calculation 

for progressive waves: in fact, the method used below In section 

27 is not essentially different from Stokes’ first method. Later, 

in connection with the publication of his collected papers, Stokes 

[1880] added a supplement describing n different procedure. Rayleigh 

turned to the probles several times [1876, 1911, 1915, 1917] and 

introduced still another method of approximation. It should be 

noted, however, that both Stokes' second method and Rayleigh's 

method are limited to two-dimensional irrotational progressive waves. 

Rayleigh [1915] seems to be the first to have given an adequate 
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treatment of the higher-order theory of standing waves. In addition 

to these classical pa,-.rs there have been many others extending or 

improving the earlier theory; some of these will be noted below. 

In all such computations, and indeed in the numerous first- 

order computations carried out in the earlier sections of this 

chapter, there is the tacit assumption that there exists an "exact 

solution" which Is being approximated and which can be approached 

more and more closely by pursuing the selected method of approxi¬ 

mation. Unfortunately, it is seldom that one is able to prove the 

existence of an exact solution or of convergence of the method of 

approximation», and, in fact, Burnside [1916] cast doubt upon the 

usefulness of the Stokes-Rayleigh type of approximation of periodic 

progressive waves of permanent type. Burnside’s objection was 

later met by Nekrasov’s [1921, 1922, 1951], Levi-Civita's [1925] 

and Struik's [1926] proofs of the existence of such waves for both 

infinite and finite depth. However, the existence of a standing 

wave satisfying the exact boundary conditions has not been demon¬ 

strated as yet. The same is true of the more complicated problems 

considered in earlier sections. However, this mathematical t uort- 

coming is possibly of no more importance than the neglect in many 

problems of relevant physical parameters such as viscosity. 

One should bear In mind that the higher-order infinitesimal 
4>i 

waves considered below are not the oily higher-order approximations. 

The solitary and cnoidal waves of the next chapter bear a similar 

relation to the first-order shallow-water theory. In addition, in 

the last chapter another method of approximating exact waves, due 

to Havelock [1918^, will be described. 

A iililliillllliliMillllMlJIlMllllllllllliIMJlilllBliliill nuiiiMgmjii. .»tu m mwwii i ii im , 
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27 o< . Period 1 c profreaa 

In the following we shell be seeking » wave which »oves with¬ 

out change of for», i.e. a progressive wave in the sense of section 

7. Hence we shall expect to be able to represent ^ and *, in the 

for« 

-- j'j) , y* *¡(x ~ Ct ,) ) , {27.1) 

where C is the velocity of the wave. It will be convenient to re¬ 

present the ¡notion In a motion In a moving coordinate «yete», say 

J¿ m X — ct- However, we shall henceforth drop the bar over the . 

The boundary conditions at the free surface are then the follow¬ 

ing : 

W*'}' •' + 1) ^ -c * * ' 

-cTj*,'ft +<ii-i'(iï.'+K 

where is given by (3.5’) and, as usual, T “ T/? 

tension is being taken into account both for the intrinsic interest 

oí the results and because of an interesting phenomenon which occurs 

in the higher-order approximations. We shall suppose that the wave 

length A= in/*n, of the wave system has been given, so that c is 

still an unknown of the problem. 

Let us now, as in section 10 « , assume that > *¡ ¿ 

may all be expanded in a perturbation series in some parameter £ : 

n -O I CP ^ /¿ f -tc r 

7" t 'i'" ^ *■■■•/ (27.4) 

c = £T. t £ c, + fc1" c.¿ + . . . 

(27.2) 

(27.3) 

Surface 
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After aubffitltutlüR in (27.2) and (27.3) and collecting terns In 

the maimer of section 10 <x , one obtains the folloelmg boundary con* 

dltions which must toe satisfied successively by ! 

y" . C, • ^ : 

'• i* ‘ ri < n -c.t -T (i,, 17J} ,. 

(?) Ö."' f' > ,r;/1 > (I ) 0)e» 0 
(27.5) 

,.,r , r f * ' , 0 r «o) 
l* 'ï /* f r) 7) 1 rn ct 7* , 

f7n ^ = -ib*«? Jtc.i , 

(*) o> (I) ftj 
(27.6) 

?'3 7 

,i (3) 

7. + V 7, 
rij a.; />j fro (0 ft) 

- 7 « + 7 i A 7x ^7 

rJ'> 

JO j_, «Û 
t* in 7; J ? rJ 

c 
? 

J“1 

(l) 

. 7 

Oj'1'i oJ. ’/"’*r"d fÇ 

-r'fn'" J“'). „t‘> P)“' , P> '•! fit iiJ'> ffi'V 
r/V"7, ^ 7,,7. "A., 7*7, -ïil^uH-h )]y 

where all conditions are to be satisfied on the plane *4-0 • 

is possible, of course, to carry the approximations further, but 

three steps are ample to illustrate the procedures. The solution 

will be carried through in outline through the third order for in¬ 

finite depth and through the second order for finite depth. As an 

expansion parameter «• nay take t ~A*n , where A is a length de¬ 

termining the amplitude of the waves. The motion will be restricted 

to be two-dimensional. 

Jy 

<>) 

• 'X 

fo /, ) 

, 7; ; 
m ? / 

ro (i) 
+ C* 7 
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4i r 

Ii.fini,t» Ä* »«l'iifio»» of C2T.5) »r# »Iir«»*? kaowi» 

fro» (13,5), W® tik« th#» in th® foliouiiif fom 

r»(t} ír# m*'í , n) , 't %rt 
7 ■ •— C fti*'-'1 1*1' » 4' t Cw' '*Hi * J ♦' 4*«*, í , 

Aftor •«.t»i»titutiOB in (27-9), on® fini» 

(> ^ J j 
4- C, *iM = C, 'tp. 4 - C. t**-' 

c.rS-n11’* r'i?l --c'c- -í c'^z 

Ili«in»tion of '♦2'St' fl*li» 

(27.S) 

,4>M, «K., (27.9) 

f 
(t,) rp:(4.) _ , - 'U *- , t _i . , 

C. TXx + Jiy - r £fyAM - ZC^ ^ J« - 3 <r. »V r 10) 

as the boundary condition to be satisfied by ? ' . If ¿í 4 O' , 

one cannot find a. periodic potential inaction satisfying (27.10). 

Hence *e set 

C, - O, (27.11) 

A solution of Laplace's equation satisfying (27.10) with c,*<? and 

vanishing as <j -♦.«> is easily found to be 

(i,) 

». y 1 
5 JÉL JMa1" T 

1. ï 
2.*u, 

L ,^i ^TT^T7 
^ .tlw ¿ 4VI. 

(27. 12) 

(t) 

providing foJ’* cp/zr1 * The correspond ln» expression for 4^18 

.( t) í i j fiVK1 r , - 
b" 1 « T — —e  .C£n ¿ 41t jt 
1 1 ^ S-ruST1 

(27.13) 

One could, of course, add terns of the for» given In (27,6) but 

with arbitrary multipliers. However, such solution* are discarded 

since we wish to allow only first-order terms of this form. 



Tua striktiHî fact» show up lo (27.12) aod (27,13): 

First» if surface tension is neglected, vanishes and 

gives the velocity potential correctly to at least the second order. 

The- second fact 1» the aero in the denominator in both ^ and } 

which shows that f'^and ^ 1 ' become unbounded as approaches 

fff /¿T 1 , Cu» may argue, of course, that this simply shows that 

validity of the perturbation method is limited to smaller and smaller 

values of A the closer one comes to \ y /ZT' , However, it seem« 

also to be an indication that near >**%, - l^/ir' the mode represented 

by V ^is of the same order of magnitude as that represented by 

f n - 
That this is indeed the case is clear from an examination 

*' rfi (O eft1) Yal 
of the equation determining "1 ' and ^ when /»k •'tyfl.T , In 

fC"i. ) 
was not determined by (27.10) for this value of and, 

furthermore, (27.8) does not give the complete solution of (27.5). 

The solution with which we must start in this case is 

cf( J- I e**y V. > t-a e ^ * + /, * ? 

'Im, L 
Ma. X 4 / t 003 Z .*-* X ] 

/ (27.14) 

where <X and •’d are as yet undetermined constants. Thus these two 

modes of motion are of the same order for 00.- • /¿ On© may- 

now substitute (27.14) and the corresponding ^ 0) into (27.9). By 

reasoning similar to that used earlier in setting C, • 0 , we now 

find 

tX * ± 7 ) ^ " ) C, 
(27.15) 

There are thus two possible first-order modes depending upon the 

sign of ¿X . is now a sum of terms with modes w ^'Hljc and 

£-<*--‘f a*.g » but will not be given here. The wave profile, including 



41,1 

nod»» through ors* 2 U-. ,j(. » *•? writtou. a* follow«: 

- A [oj .X +' i A V- coq ¿ *, X j ! 4v, r J ^ (27. 

4| « /¾ j! íOa ^Hv X ¿ '£ t- ♦<* jj J ^ /¡^ » j ^ 

16) 

(27.17) 

The two sign* in the second solution correHr ^ roughly to the 

change of sign occurring in the first when 4, (>»»»«« through 

./¡“p • Comparison of the two cases also gives an indication 

of the limitation« upon. A *k necessary In the first solution, 

namely, 

j A -vk, j .l-Z-'T 

^ + r <27.18) 

A reversal of curvature at the center of the wave trough for 

* or of the crest for /tv.? izT , will occur when 4*i- f 

¡A-Iyi (27.19) 

, JV 
The existence of the singularity in the expressions for 1 

and was first noticed by Harrison [1909). Wilton [l915] exa¬ 

mined the «latter more carefully, found the solutions (27.17) and, 

in fact, carried all approximations further. Sojie of Wilton's com¬ 

puted profiles are shown -ui Figure 35. Although Wilton casts 

doubt upon the existence of the solution (27.17) with +|, such 

profiles seen to have been observed by Kamesvara Rav [,1920). How¬ 

ever, the matter apparently still awaits a thorough experimental 
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investigation, 4o also sinllar higher »odes mentioned below. 

Let us no* turn to the neat order, assuming ♦n- / Í ihr1 . Sub¬ 

stitution of (27.0) and (27.11)-(27.13) into (27.7) and elimination 

A j 
of 

? 
yields the following boundary condition to be satisfied by 

/V'V on 1 - U 

1 'p l/ ^ T J 1 .. J’ , / 7 ( r Z 4 * ^ ^ ^ r 

** J • 'V* L 7- z * jimST 

, !"5 ^ 

.t ■r -i C« , * , 
f Lf-2^r' $ 

7" 7 , 
-. ¿"'t- , f * (27.20) 
+ >H,. ' J 

Again in order to avoid an unbounded solution we must set the coe¬ 

fficient of w m X equal to zero. This yields a value for cz : 

„ « — 
2 2 C» I j + 

3 iflA. 
1- 

/ 

-ry+^r7]- {27-2l) 

One may now find a potential function satisfying (27.20) and vanish 

(ndJ a; ,,, 
ing as -+- oo . The solutions for f and .f? are as follows: 

Ls. .JaL.,1.. ^ ^.^ ¿ ^ 
"J 

í (cf ~ 2 /»Kl T')(^ “ ¿ /i1«*1' T1 ^ 
iSÎ /Ua. 

(27.22) 

(y) f i 
' 7 ^ ¡7 I « Mr 

*klljLil r ¿ r //j 7 
( $ + ,tuj T{)(cj~i r1) 

^ n:J ') 1 

Uki ywt X 

i j. iihy ^ 
I X, 

ic ^ in - 7 A,.1 T<)(^- I y¿r') 
(27.23) 

r/,(5i) 

(ri^T 

for /V*. ,n J /Z T '■ h/ir‘ From (27.22) one sees again that f 

would vanish if surface tension were neglected. Although we shall 

not carry through the computation, this does not happen for f 



ill 

If is iiIso tiridMt that anottior .«iikfularlty hm «ppoarod at 

%v » la fact, ahora ona examine» th* roanoii for the appear¬ 

ance of th* singularities, it is evident that a mod* of the for* 

04 >mx ai 11 always «ho» a singularity at <*>-. . ) $/*-T . Ira each 

suchcase the reason is the sam* as in the situation discussed 

earlier with tv = 2 : for -Hihthe proper first-order solu¬ 

tion is of the for»; 

X- 7 
4*., ÂM, 

e 4 .U*« /hv ,jc -f a. c ^ X 3 l 
with to be determined subsequently (according to Wilton only 

t , / 
i® not unique). Thus (27,8) should be qualified by iu. f* ^/mJ * 

One should note that, although 1® getting small (and hence 

large) as increases, the wave number of the second first-order 

mode ia W, y /T' . Hence, on the basis of the results in section 

25, one will expect this mode to be quid'ly damped for large values 

of 'W . However, one may presume the first few to be observable. 

We remark that these special associated pairs of first-order waves 

always straddle the wave number for minimum co , namely ^ t . 

The wave profile, velocity potential and wave velocity will 

be given by 

y - / *1° + A *jl} + A ^ *j ■*■■■■) 

C * C » f A^a. C, + /1. 4A". C 2 +..-, (27,24) 

To the third order the profile for pure gravity waves [T » o) is 

represented by the following function: 



7-//í/ <;a\. 

(27.26) 

The velocity potential to the third order is 

(27.27) 

If one sets q * O , then the wave profile for pure capillary waves 

becomes 

and the velocity 

c (27.29) 

For pure gravity waves the approximations were carried to the fifth 

order by Stokes, Rayleigh [1917] and others. 

It is of interest to compare the profiles represented in (27.25) 

and (27.28). The effect of including higher-order terms in pure 

gravity waves is to sharpen and raise the crests and to broaden and 

raise the troughs. For pi,""»* capillary waves the effect is just the 

reverse. For combined gravity-capillary waves the increasing in- 
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portase« of the second-ordiir ft* near ♦Hr• If first show 

up in# a revorsal of curvature at the Middle of the flattened part 

of the wav«; formula (27.19) gives the condition for the firet 

occurrence. In Figure 35 are shown a pure gravity wave as computed 

by Wilton [ 1914] for Ain-m .86 there /1 is the amplitude), and five 

gravity~caplllary waves, the last two corresponding to the solutions 

(27.17)., alma.. by Wilton [1915] for a value ofT/ff- .075. 

It should be remarked that the value of .,86 1» much larger 

than any for which it is possible to prove convergence of the 

perturbation aeries and la. In fact, very close to the value of 

/|Ani. for the highest possible Irrotational wave of permanent type 

a me i 0,89 ! , 

- L , the 

( see '«"!• ? î i..op 33ii 

I i - ; .N je. h. When a solid bottom is present at ^ 

(Jp f i> /f . \ 
tlon of the boundary condition L (A tor f 

J 1 

or. 1 y necessary »odi fication of tue preceding analysis is substltu- 
/, i i ///<- ^ 

o aa .y «o . 

This increases the computational labor by a substantial amount, 

taut otherwise introduces no difficulties. However, we call atten¬ 

tion to the remarks on the definition of wave velocity in section 

7; the velocity below is the one defined there also a C , 

'The wave profile, velocity potential and wave velocity, in- 

eluding; the effect of surface tension,, are as follows, to the 

second order 

IP 

A 

A cr 

. . if¡, •+ toik ZhJi '!) LQS'cA — cos i»x 
‘♦s1,.. T y !|f'i: ■ T.“"T... TTî V/ « 

*' IVi, *'T| "*».• 3 T »5^ { 5 "f I j 

C / : r\ vvi, i 'V- * W i 
} -■ ......»k.. Çrw V. / 
|| S 11 I1"1 T*"1"' 'l"1' 

■t ¿- A wv 
("a+i;iJr'rw1‘}toH lv,k - -„».I ivJï+j 

(9 SI * k X iwi t"i 

(27.30) 

2m f 
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6 ^,r:' C m1 m ( ^ '«-v ) 'b* h (27.32) 

The velocity is the same ia the tlrut-arder theory; this occurred 

also for infinite depth. In contrast to the caee of infinite depth, 

the ter» ^^1 does not vanish when 1 m ° . The singularity in the 

coefficient of (m 2..4¾x still peralsts provided that ^? ^ ~>T 

The earlier discussion of this phenomenon is still relevant, and 

a detailed one will be omitted here. However, even if surface 

tension is neglected, in (27.30), the second-order term may still 

become large for small values of , aa has been empties luted by 

Miche [1944]. If one again takes as an Indication of Increasing 

predominance of the second-order term a reversal of curvature at 

the bottom of the trough, one finds that this occurs for 

/1 -Ki ? Ja,wit 4"- 

2. -+ O+ré*- 2 /Ha. 
(27.33) 

or approximately 

4 ,lu, 3 - IxXaa>¿v. -Via. ^ 

as given by Miche. The occurrence of this secondary crest when 

/Vw.4. is small has frequently been observed. It has been investi 
,« 

gated experimentally by Morison and Crooke [1953] and by Horikawa 

and liege! [1959]. 

The wave profile and velocity computatiens were carried by 

Stokes to the third order for pure gravity waves in fluid of finite 

depth.1 The following expressions are taken from a report by 

Skjelbreia [1959]: 
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n- A + ± a f A C&w 
WiñJi a*. ^ (l * ^ 2 U* jt 

■''tlA. i^L' ^ /1». ^ . 

f - A l^v oh 3am. je <f . . , } 
llrf * 4«lA. Ili»' ./ 

c!- +AX«S y....7 
^ L -I ■ 

Skj®lbreia ha* provided comprehemalve tables allowing easy compu¬ 

tation of , f and many other quantities of interest, all to 

the third order. 

Particle orbits, h particularly Interesting phenomenon occurs 

when higher-order approximations are used in the computation of the 

paths of individual particles. The equations which the coordinates 

of a particle must satisfy are 

jf - , - f) (x - O-t, y ) ■ (27.35) 

Since ' f depends upon the parameter "E , the solutions J¿ and ^ 

also will. We assume then that X and « may be expanded into 

series of the form 

, (27.36) 

substitute them into (27.35) together with the appropriate expan- 

sion of Y. in powers of £ , and then equate the several powers of 

£. separately. This results in a. sequence of equations of which 

the first two are as follows 

,, v // ) . 
__ a (,tù - C,*¿ , —^ ^ ( X. e~ C0t t •-Jo) ÿ 0)l 

di (27.37) 
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(27.38) 

The first set, (27.37), wan already solved in (14.17) and (14.18) 

and to the first order of approximation gave circular or elliptical 

orbits. 

surface 

vanish. 

The solution for higher orders is facilitated by neglecting 

fa) p'ÄJ j 
tension and assuming 4- » , for then /1 and both 

From (27.0) one finds easily the orbit to the second order 

’ / * + ) A* 1 
X (t) ■ nX a — ./1 ¢. It'tiA. A-w -* • ”* C»T/ + M /Hi- Cm “ 

y , 

(i ) » • + 
Vw- -f • 

A « 1 Cats aw [ ( ■K • ~ C- r- t ) . 
(27.39) 

The circular orbits of first-order theory are now modified by a 

general drift in the direction of wave motion. The total amount 

of fluid transported per unit time (and width) is jr /( 4w c„ . As 

the formula shows, this additional flow is concentrated chiefly 

near the surface. 

When the depth la finite, or when surface tension is taken 

into account, the orbits become more complicated. Let 

k 

fift 3 r VtyLfc' Á.A • J lOs.’X.K 

( 

,4VV' 

o '♦* T / ¿o/j/íL im, 4 s .WA, r ( 27•40) 

The particle orbits, accurate to the second order, are as follows: 



^ 3,4 

t(i) . y,-A 
'U^ -w L ^ ^ 

L" iuuuw Z. iflUiW 4v J 

1 j. ( t ) - '-j * +• A ua*A*/ u« ^ Ly 

4a<- 'Ía 
Í*.-. 60-51 C ."é^ 

(27.41) 

k: otoZvo.^.-c.i) ä a l ’ 4 A Aw*' ■ ~ , . 
' jAa+Aj, I 'Ua. 'Vw 

The mass-transport term In xCti is still present, and in fact, 

persists to the very bottom. The elliptical orbits of the first- 

order theory are now modified not only by the forward drift at all 

levels, but also by an,other superposed cyclic motion of twice the 

frequency. The effect of this is to make the orbits approximately 

epitrochoida 1 (neglecting for a 'moment the drift) with a, small 

hump at the bottom which in extreme cases can become a cusp or a 

loop. This behavior has, in fact, been observed by Morison and 

Crook« [1953]. For capillary waves the situation is reversed and 

a dimple appears at the top. 

1 he existence of mass transport, will be reconsidered in the 

last chapter, where it will be demonstrated that it is a general 

consequence of irrotational motion when the exact boundary condi¬ 

tions are satisfied. The theoretically predicted monotonieally 

decreasing forward drift with increasing depth is not confirmed 

experimentall ' for small values of 4 4/ , say ic A < Z . Instead, 

with respect to a coordinate system moving with the mean velocity 

of the fluid, there is an observed forward flow near the bottom 



431 

amid top mad a backward flow la th» aid,dl* portion®. It 1» not 

surprizing that th* p*rfect-fluid nodal do*a not giv* a good pro- 

diction for snail 4 l* , tor the high shear rat* near the bottom 

indicates that viscosity should not to* neglected. Longuet-ligglme 

11953b] has, in fact, devoted a long monograph to development of 

the higher-order theory of waves in a viscous fluid and finds tbeo- 
-f 

retical drift curves agreeing qualitatively with observed ones. 

We shall not carry through the details here and refer to Longuet- 

Eigglns' paper. 

*ave_ener|yr. One of the striking facts about progressive 

first-order pure gravity waves is that the kinetic and potential 

energy per wave length are equal (see section 15/.). This equal 

division of energy no longer holds when higher-order terme are 

taken into account. It is particularly easy to show this for k zoo , 

for then we may use (27.25) and (27.27). The average potential 

energy in a wave length is 

iiy. 

4k f . 
Z.JT J l ï b Jl ¿ *" 

Yi Jt - 
4 « 

A l[ / i~ j /( 4a- ‘] 
(27.42) 

The average kinetic energy is 

ZÏÏ 
■in 

ITT 

2. I ¿ **.*) 
C0 .w C * d je 

(27.43) 

Composite waves. Previously in this section we have been dis¬ 

cussing a wave of permanent type whose "prototype is the first-order 

progressive wave of the for» jA it Is natural to 
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Inquir# into the behavior of higher-order eaves whose first-order 

prototype 1» composite, say 

7 » A, cm »xjx-c, t) * A t cm (X - ¿it) - (21.44) 

To find the corresponding second-order terms one may use equations 

(10.11) and (10.12): the computations are tedious but not difficult. 

The third order would introduce modifications of both cf and c2 

and lead to a much longer computation. As might expected in 

analogy with the theory of sound, the second-order terns introduce 

waves of wave numbers and /«*, as wel1 ** ¿4w¿-' 
«HMH 

The velocity potential to the second order is given by 

f * A ,c, e ' J /M.. U - c>i)t A i ct e 
Hi 

1 ^ 'i't.. l, Í ¿ t ^ ) 

f ¿A.A, - «Wl , !, ( ¿ t ~ L ) ÿ 
Il I I I I IHIH ..1 |.MI»|.|.|,||||»I|. II. II || .| I. Mil.HHHHHI II- 1.1(-11 *,|,|,HI.  . IH 

^ (' Au, t - ^ lr‘J €t y 

i'iA'tjl'U'tj jije 

Biesel [1952] has derived formulas for a composite wave with a 

finite number of components and for L finite. He computes a number 

of quantities of interest. However, the formulas are V' ry long and 

will not be reproduced here 

By using the full three-dimensional 

«quations as given in (27.5) to (27.7) one may develop a higher- 

order theory of doubly modulated waves analogous to those considered 

This has been done by Puchs in, section 14 V by first-order theory. 

[1952} and Sretenskil [1954] to whose papers wo refer for the re¬ 

sulting motion. 

Development 

nutation of higher-order approximations has recently attracted the 

'“«‘•"i'NIII! I I'M II :111 
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attention of sevnr&L persons. Among the«* are Sretenmkli (1052), 

Borgman and Chappelear [19ft?], Daubert (1957, 1958] in i. inirini of 

notes, Jolas [1958] and Homandin [1957], Sretenskil [1953, 1955] 

has investigated the higher-order theory of nave motion resulting 

from a moving pressure distribution and eaves In a circular canal. 

Standing eaves 

As will be evident below, the formulation of a higher-order 

theory of standing waves is somewhat clumsier than that for pro¬ 

gressive waves of permanent type. Part of the difficulty stems 

from the fact that one necessarily must deal with one more variable, 

namely t . The type of motion we are seeking will be represented 

by a profile tj and a velocity potential periodic in 

both X. and t : 

r X i + 4 7 j = j t r Á / « < t 4- 4 T) - ^ (A, y , t) (27.46) 

If we fix the wave length X * * ft 

have to be determined as one of the unknowns of the problem. In 

addition, we wish to have the first-order standing wave y «■ ,4<*>a*** 
II 

of section 14 oc ser-m as a prototype and first-order solution of 

the ¿lore general problem. As a further condition, we shall suppose 

the motion to be symmetric with respect to a vertical line through 

a crest. 

Rayleigh [1915] was apparently the first to consider this 

fi. obier. It was later attacked in an entirely different way, using 

' ag rangi an coordinates, by Seite rzh-Zenkovich [1947, 1951a, b, 1952], 

who treated both two- and three-dimensional waves for infinite depth, 
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tvo>iflinMist«ionftl wav«s for finit« diipth, and eo«po»iti» mvo* for in 

finit# fft#f»th. P««n«y and Prie# [lifts], following appro*l»at«ly 

Raylolgh'n mthod, cnrri«d th# approximation for two-dimensionnl 

0:r<J#r 

finit# and for doubly modula tod »tandil»* war«». Th« nethod 

used toe low is a modification of t hoirs. Th« two-di:n«:n«Íonnl prob 

lern ha» recently been studied in a serle» of notea by Chatoert 

d'Hieres [195?, 1958). Carry [1993] has carried to the second 

order the superposition of two standing waves of th# same wav# 

length tout 90° out of phase and of differing first-order amplitude*. 

Ingraham [1954] has carried to the second order the stsbility anal y 

sis of superposed two-fluid systems discussed at the be*.inning: of 

sect Ion 36 <x 

Since *j and jp are periodic in both Jf and t , wo may expand 

each in a double Fourier series. However, it is also necessary 

to bring into the form of the series some indications of orders 

of magnitudes of the components, and in such a way that the first- 

order term is of the desired sort. We assume the following ex 

pansions for an infinitely deep fluid 

<x * <3 # + £- t- i «T, +- . .. 
yo 
ft 
HHHWS»' 

i/f :: / 

* (n) pdllï 

ifa i )-.1 t- I *2 t" ¿ l 
n.»t 

(n,) (n ) 
S - -i ert + 4' ' i-w f&t] Os f AU ^ 

ft, •** / 

4(*,']lt)*2 * ¿ f-n<? 
’ )1 mi If m I * 

ft 
C 

<*) (n) 

'^rz 
(27.47) 

tZ ~ ,/. " Tf* ^ V f3 ^ * 

We may immediately set 
%) 

(n) 
r* o 

/* ) 
4*h * o and with no loss of 

generality also C#0 », o Since the mean water level has been 

(ft) 
fined at /j = C? , we must also have -o We •hall again 

... l"Hn| 'i'i* l' |i'i|HI 

! 
I 
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fa 

•f 2,- 
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i 

results » as in section 10 w and 2? * » in a series of »«»atioas 
ft; i (ft> 

successive doteminatioa of the coefficients , ,.. * and 

ffl. or #7-1 I * # * # 
assuned the 

equations are no* always linear equations 
It 

Ida tnn #! MUi coefficients. 

j ) /> ) 
The boundary conditions for f ' and ^ - * 

XI UM 

} ' lJ i 0 * 0 ^ 

a f,'\ 0 r/ 
ft f J 7 - T 

(27.49) 

V le Id 

f'' * 4 s0} or a„, S^<rttr 7. cr. &#l CA><r0t » &, 

0) . ,0) , . faO) 0) 
cro (3,,, W. <r,i + cr. &„ 

0) 
» ^ ù>* Oft'í + ^ f, t ( *7.501) 

a[c£, »jet! i X')U~.auj+[-<r.cJ, •¿■tr.ttv. d'jOk, <T.i} • 0/ 

, .T,-.rf' ,,) .f„ .-) , m . . ,(') m.»») 

^u-w/'T yidu t a,, +4,: t¿u«r.¿ J + /"Cr#,rv n«.«r.f f <r.«*,, 

Iro» these folio* inuaediately 

_C0 .0) "(i) (rj 
a®, -=-4,., *' * a «, - u||# -‘,o m-° Í 

.0) (*• fi) .(0 
d/i « - —2. a.M / (7,, »- 4// 
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â.n4 
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0» 
t S» 1 

(27.53) 

i« •'toll l*i «iiltl®» fix ttm plia»» by ■•king the arbitrary «bole» 

0 ) 
Cl.i « 1 

/ 
ã(f) 

4»,. * O 
« ' 

( 27.54) 

so that 

? 

it ) I 
. C<H X C»e> C,i . i 

1 T 
I» * Jf Jpfc**. O'* l!’ . 

i4a 
(27.55) 

This Is a rather «limey say to derive a flret-order solution 

Hov- vhlch »as found much more directly earlier In section 14 <*• 

ever, It provides a caricature of the procedure necessary at each 

new stage of approximation. Since the higher-order approximations 

lead to extremely tedious calculation»» they will be completely 
1 

omitted and only the results given. 

The profile and velocity potential through the second order 

are given by 

m » /4 Co® or; t Otto» Oha X. +' ¿ A 
4 

i 
,1a i' ï**'..r..- it>s 

9 + ^T' 
.iji4" L 4'iiir:'m^Z" ; 

2 o', t tan* Z/tM. ji f 

CT1 
SUm. o;^ € ' 4 -f 2 /i 0; Uaa, l 

?/■ 

T 4 V, —. 
4 ^ <fTZFr' 

1 ; here 0-:=0. 

£aa*. 
2 * 

^ 0 Âfîh L4<a- 
(27.56) 
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similar to that' discussed in section 27 #C following (27.13). For 
!• 

this va lue of i4u.„'we must start with a first-order solution of the 
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i /IWlwII'' 
I Cti» <r»f ^ lv.t)c** 

( ft. (ST 1 

Til# 'IÍ»In#® of -4 f , -4!, ##<* 

or dur âod Ero 

ê. * ± i 
i 
1 / Á i *• f 

CT « ; I * 

Thus fchs first~ord#r profile for ^ 

ï 
0' 0 

M*. /% "ir ^ - 9/tr i» 

(it.i») 

í 
<Tmt ± ~ -H í^-a 1(141¾ ( at,sí » 

•h« amplitude relation between the two first-order modes is the 

Uli HIM 

The expression for the third-order standilMI i* very 

luiusy if T' is retained. 
expected 

ith the progress1 
ve, another apparent singularity appears for 

4vi î/îT 
I If on# sets T1 m o , the express ions for . and 

«coo# much simpler and are as follows 

* *4 cea <r f cosam. X + 4 AV/^ u^'l^x ^ i-e/'B 2, erf Or* ? **a JL + 

* - A V 
lb 

Í- t ce^Scrt coo /Iaa ji t ? <rce* 'i '1^, A t 5 <5». 3 ^ ¿ ^^"7/ 

* 
qr4 <1-4 4v, Jt 4- 4 'CTA^ijuL t'.4 + 

(27.60) 
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niDitloMtf •aril«!*, tlw iif#l»a» iMMm 

•miter loMmr, it ia «ot 

•pproxJjuHtion 

mmmlf th« wh«rp«Aln# 

Mite jIma if g tei •jMa 

.IT'w'ffii1 w9 

pot lit* and th* d*cr«ann of fr«qu«ncy nith «aptitud«. On* int«r«*t- 

ing faatura do«« roqutr« carryUf th« approxinatlon to at t«a»t th« 

fourth ordor : thl« 1« th« abaoiko« of tuny ti*»« during • pnriod when 

th* attrfaee in coopL«t«ly flat. In coanoctloa with an oxpariaantal 

ttadtag war« of gtoataat 

rati© by Itennay tad frica» ». t. faylor flÜI] hnn aiao ptoridad 

an «xparimintnl verification of th« corroeta««a of tha theory in 

an •xtr«iMii« cn««. 

¡OrJiji||i. The ».ethod of computation of orbits including higher- 

tarnm 

exposition for Infinite depth and T'r. o 

the orbits to the second order are given by 

M '"«j w ^ 

nX, J#H .-X 4 ^1, A t ^ ^ X # ■cJt® or; t ^ 

, , . z ^ 7 _ ^. y- 
* 'i o +- A C '* C#D Jt, Co-B CTeT + 7 A /Hv • 6<r:> ¿ ^ ‘ 

1 M 

,|1^, ''jl # 

(27.61) 

wiggle superponed on the firat-ordter straight-line trajectories 

discussed in section 14 oc » except directly beneath the crests 

where the trajectory is still vertical but with the midpoint some¬ 

what above th# equilibrium, position 
•i* •• . 

! 
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A particiilarlf iaHwttitliif 
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a urn 4i«tr limit !•». From. (S7,96) mâ •arsoulll’a tl»#«ra*i mm f'laJa 

for tkM> avurafft 
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f 'it*, * « <£!•» ^ 
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Tho taraii» «1th «" ¿f m a factor drop off quickly. Howayati tl»« 

last ten» is icdiciioiiclo'Bit of *|.'and at all depths ylolda a ftucti*.n- 

t1on about th« hydroatatle proaauro «1th double tho froquoacy of 

the standing «aves. The «»latee®« of this depth-lud«pendent fluc¬ 

tuation, deriving: fro» the terai in. Bernoulli'» theoren and 

the purely tine-dependent teie in d> , was pointed out by liehe 

11944, p. 73]. The natter has been investigated nor# intensively 

by Longuet-Biggins who has extended the theory to include a »ore 

general wave notion and compressibility of the fluid. He has 

further applied the theory to give a plausible explanation of re¬ 

corded me rose Ians. Klerstead ( 1952] har extended Longue t-Higg ins ' 

analysis to include two-fluid systens. Cooper and Longuet-Biggins 

[1951] have carried out laboratory experiments showing excellent 

agreement with the predicted pressure distribution for both pro¬ 

gressive and standing waves. 

Finite Computations of the surface profile, particle 

orbits and. other quantities for finite depth have been carried to 
I»" 

third ordtr by Sekersh-Süenkovich [1.951] and Carry and Chabort 

4'Bières [1957]. reproduce 
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order {tor pur« gr«vlty »»v««) 

^ * A Cm *rt Or* ** Jl + # A1*»» UhX V, 4./'♦ k 

A ^ 
***. 

nÀ>*~ «rt û>»a<a. M + -^ A «"(S* íV¿*. a-Jl. ) i-«-«. / 'tri 
l| Ä1 

i ù*2<rt a^l 

(27.63) 

£iaX t 44a. /¿t 
4«^ JC 

/ 

cr , a; -, <j/^i*JL t crf «o . 

Th« pr«««tir« av«raged over • wave length (cf. (27,62)) is 

f>~ j*. * - f f'j4 ¿■¿ftzf1 “ c'>9^í'**(ytí)~(ZubU>. l**L ~ 2-+k) ~î) ¿**2v’tj* 

(27.64) 

't 

i 

On the bottom, m e - ^ , one finds 

C^» Z cr "t t (27.65) 

We note that here aleo, as in the case of progressive waves, the 

importance of the second-order terms in A* and ^ increases as 

/W. In. 0 . 

27 i/ . Waves in a viscous fluid. 

The equations (10.2)-(10.4), used in section 25 in developing 

the first-order theory of waves in a viscous fluid, may be con- 
i 

sidered as the" first in a sequence for the determination of higher- 

order approximations. Although the formulation of the equations 

appears to be straight forward, if laborious, the higher-order 

theory does not seem to have attracted many investigators. 
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Harrison (1009) nada a second-order investigation of progressive 

eaves and Longuet-Higgins [1953] has recently nade an elaborate 

study of both progressive and standing eaves in an attenpt to ex¬ 

plain certain observed features of mass transport velocities. We 

shall not attenp suMonrise However, the follow 

ing results, taken fron Harrison, nay be of interest. For the wave 

profile to the second order he gives the following expression when 

•V is snail (cf. (25.22)): 

? 
4» /1 

Z. V' (town« *' 

C-i>* ( /w. jc - <rt *) 
l 
4 l >i 

/ 

(27.06) 

where <T, » The effect of viscosity, besides damping, is to 

make the leading side of the crest steeper than the trailing side. 

According to Harrison the average horizontal velocity of a particle, 

again for small , is 

A 'L W» «*• 4 P 
^**0 e • 

/MUk/ h r, 
_ A^ ('t o; « [(4 '^4^2 

t 

4 A [4 ¿ ^ '3 l% 
1 

+* h t 
l 

3 7~ + * /Uv 
/ 

(27.67) 

where, as in (25.19), and **-1»«*. + * O". . This 

formula should be compared with A c* e 2* COBpUted fron (27.30), 

to which it reduces when ^ - <0 . 
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