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ABSTRACT 

"•* An ipproKimnto theory is develope-J for e»titn%ting the nMitional stresses 

caused by an initial tilt of a T-shaped stiffening ring located either inside or out¬ 

side oft cylinder under uniform pressure and the buckling load for an ideal ring, 

without restriction to axisymmetric symmetry. In practical cases the results 

appear not to differ markedly from those of the axisymmetric case, which was 

treated w-D*Md.Taylor.Mwtet MlîrWp«TÜ»-. j''i A k""/' ^ <«■)' ^ 

INTRODUCTION 

Although, in designing the stiffening rings for submarine hulls, major attention is 

usually given to the strength of the ring in its own plane, there is also a possibility that a ring 

may trip, that is, it may buckle or deform literally. If such deformations become large, the 

support furnished by the ring to the cylindrical hull may be seriously impaired. In present de¬ 

sign, precautions against tripping are taken, in effect, by treating the rings as if they were 

straight stiffeners on a panel loaded in compression and there is little evidence that this 

method results in designs that are inadequate. Nevertheless, a specific analysis of the effect 

of ring curvature was considered worthwhile. 

The case of axisymmetric tripping, which is vastly simpler than the general case, was 

treated in a separate report.1 Axisymmetric tripping, however, can occur only in the case of 

an inside ring. The present report records an approximate treatment of tripping with the forma¬ 

tion of circumferential waves. The results obtained suggest that inside stiffening rings as now 

designed are probably at least not much weaker toward lateral deflection in wave» than they 

are toward axisymmetric lateral deformation. 

In the case of beams, the ideal ease of the buckling of a perfectly uniform and straight 

beam is of great practical interest, The critical load for lateral buckling of a stiffening ring 

of current proportions, on the other hand, is so high as to have little practical significance. 

Nevertheless, a certain interest may attach to the ideal case of the buckling of a perfect ring 

because of the light thus thrown on the elastic phenomena in stiffening rings. 

In the axisymmetric case, buckling results from column buckling of the web caused by 

radial compressive force, which can occur only in an inside ring. When the buckling deforma¬ 

tion is not symmetrical around the ring axis, the circumferential thrust also promotes buckling, 

whether the ring is inside or outside of the cylinder, if the flange were absent, the web alone 

would buckle in squarish waves under a radial km,3 much smaller that that required for axi¬ 

symmetric buckling. The flange by itself, on the other hand, is relatively weak ami favors few 

waves. The stiffener flange on an 58 21.2 submarine, for example, taken by itself as a flat 

hoop, would buckle in four waves (n - 2) under a radial load of less than R Ib/in. 

« 
M'oMnc«** art llataU »n 33. 
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In the combined »y.lem of web und fla^a there h thus a comfwtition between the pre 

ference of the web for many wave» and that of the flange for few. There occur« also an in por 

tant incompatibility of the buckling pnttnra* a« favored by the web and the Hange, and this 

tends to make the buckling load higher than it would be for either web or flange alone. 

More important is the estimation of the stresses evoked in a stiffening ring that is im 

perfectly shaped; this was the principal topic in Reference 1. The treatment is extended in. 

the present, report to a simple tilt that varies around the ring. 

The circle of attachment of the web of the ring to the shell will be assumed to remain 

circular at alt times, since analysis indicates that small deformations of this circle in its own 

plane, although important in their own right, would have no first-order effect upon the phenom- 

»non of tripping. Thus tripping of the ring can be treated independently without entering upon 

the general subject of the buckling failure of stiffened cylinders. 

THE LOAD OH THE Si MG 

The problem to be considered is that of 

a stiffening ring on a long cylindrical shell sub¬ 

jected to external pressure. In developing the 

analysis, the ring will be issurriH to be loca- 

tedl on the inéíde of the cylinder, since that is 

the most unstable location" the simple changes 

required to adapt the formulas to outside rings 

will be indicated at appropriate points. Further- 

Figure 1 - Dimensions of Internal 
T-Stiffener 

more, the ring will be assumed to be a simple T 

(Figure l); if it has in reality a faying flange, 

this will be treated for present purposes as part 
of the cylindrical shell. 

The uniform external pressure p applied to the shell, by way of elastic reactions evoked 

in the cylinder, loads the ring with a distributed force that will be denoted by L0 pounds ner 

circumferential inch. The magnitude of L0 can be calculated! in terms of p from the standard 

"Equation [181" based upon the theory of Von Sanción and Gunther with appropriate cor- 

rection for the faying flange if there is one. In the calculation as usually made, the subtended 

part of the shell is included along with the ring proper; it will be assumed that a suitable 

correction has been made ..that ¿0 represento only the radial force per inch u-t ng on the toe 

of the web of the stiffener, Part of this force is transmitted through the web to the flange; let 

this part be denoted by (1 pounds per inch. Thus the load carried by the web itself is 

pound« per inch. £0 will be taken as a positive number whether the force is tensile or 
compressive. 

Considerations of equilibrium show that the radial load £,, 

(Airwtf of |??,0 pounds on the whole croa» section of the ring and t! 
evokes a total compressive 

.il the part (1 -« )BfL0 of 

8 



this thrust is in the Hang», K being the radius of the toe of the web anti R¡ the radius of the 

circular junction of web and flange. If the simplifying assumption is made that the compres, 

sive stress ia uniform over 'He cross section of the ring, the ratio of the total ring thrust to 

the flange thrust is {Aw * ,4,). A,, Aw and 4, being the cross-sectional areas of web and 

flange, respectively; and, if the difference between ft and Rj is also neglected, this ratio 

equals 1 (1 -«). It follows that, approximately, for either inside or outside rings, 

*u * "V 
(la, b] 

Here Am » ct in terms of the radial depth c and the thickness tu of the web. More exact 

analysis given in Appendix A replaces Au, and Aj in Equations [la, b) by A*w and .1 

respectively, where, for inside rings. 

,(j 4/-(1 -)4/ llc.dl 

where v denotes Poisson’s ratio. For outside rings, the terms containing e/ft have the 

opposite sign. For practical purposes, however. Equations [la, b) should suffice. 

The total thrust in the web itself is then RL0 - (1 - •) RfL0 and division by c gives 

A'j, the (mean) thrust i»1 radial inch in the web. For an inside ring, ft/ ft - c; for an outside 

ring, ft/ - ft + e and ft1 should denote the outer radius of the cylinder. Hence, if also A’/ 

denotes the thrust in the flange, 

ft 
Kl -or —¿0 + (1 - a)L0 A'/ » (1 -o ) A'/f.(| 12a, b] 

except that for an outside ring the second term in A', becomes -(1.- a)f.(). This latter term 

may usually be omitted, however, since R/c is a large number; the difference between ft and 

ft/ is also commonly ignored, 

A certain complication arises from the fact that the local radial force in the web, de¬ 

noted by L (»und» per circumferential inch, decreases progressively from L0 at the shell to 

(1 -u)L0 at the flange. Without serious error this variation may be assumed to be uniform 

over the depth of the web; then we can write for rings either inside or outside, 

L -- L (l - or -) 
u c 

[1Î.1 

where a denotes numerical distance from the shell (or the toe of the web). 

The web will ht treated as clamped at. its junction, with the shell. Actually, bending 

of the web will bend the cylinder as well, but it can be shown that the effect of this bending 

will be at least rather small provided the following inequalities hold: 

c r 1 4 

ft<: To t~ 
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llore 4 denote» the thickness of the »hell tind tm the thickness of the web; see Appendix a. 

V few formulas for the case of simple support of the web at the cylinder are given at ..ml 
of Appendix 0, 

The »tress force» thus defined are related to tripping in the following ways; 

1. I he radial force L in the web is tensile in an outside ring and so has a stabilizing' in¬ 

fluence, but in an inside ring this force tends to buckle the web in a radial direction. 

"" ,h<:‘ «drcumferential thrust AT, in the web promotes buckling of the web (perpendicular 
in the radius) in circumferential waves. If the flange is either absent or extremely heavy, the 

critical thrust for such buckling of the web alone decrease» as the number of waves increases 
until the shape of the waves becomes nearly square. 

3. The thrust kf in the flange tends to buckle the flange in waves, the flange both bending 

in crosswise direction and rotating. The critical radial load for such buckling of the flange 

when unsupported by the web is least for buckling in two waves and is very small. 

A*isymmetric buckling can result only from Action 1. In this type of buckling the flange 

[days a rather passive role, resisting turning of the radial tangent of the web at its junction 

vMlh the flange, ¡duckling of the ring in we* on the other hand, results from a combination 

,,f t,u" ... lh,lt « extreme aises to act!.. of Type 2 or Type 3. Since, however, the 

xeb favors buckling in many waves whereas the flange prefers only tuo, the result for buckling 

ol the ring as a whole is » compromise, with an intermediate number of waves and a critical 

load much higher than the minimum load for buckling of either web or flange alone. 

There is also still another possibility, namely, that the flange alone might buckle by 

radial curling of its cross sections without deformation of its circumferential axis. It will be 

assumed that premature flange buckling of this sort is prevented by making the flange 
sufficiently thick. 

Analysis of the flange itself requires only the theory of circular rings. With high fixity 

ut the cylinder, however, bending of the web must necessarily occur, so that some degree of 

tfcttjilysis of the web ns a compressed plate cannot be avoided. The web will be considered 
first. 

DEFORMATION OF WEB 

An accurate analysis of the web as a thin plate requires the use of polar coordinates 

und leads' to very complicated formulas. In practical awes, however, the ratio c/ft is very 

si'inall, and, for this reason, the curvature of the ring-shaped web has little effect beyond 

giving rise both to the circumferential thrust A", and to the variation with s of the radial force 

/.. As a plausible approximation, therefore, the web will be treated here as if it were a 

straight strip of width c containing the perpendicular stress forco* L and A",. It may be im¬ 

agined, if desired, that radial equilibria.# of the web element is r • -rved be the application 

of suitable fictitious distributed load forces, these replacing - *t fo:.e* *ruif arise in 

4 
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reality from K. in combination with tho curvature. 
This «sumption bein« made, the necessary analysis follows standard lines, as given, 

fo, sample, in Sect.o:ns 21 and 22 of Reference 4. The details are lengthy and will be relega- 

UuJ ,o xppendi* f, only the skeleton of the arguir,.it being ,ireser,t«l here. 
Convenient coordinates are /, measured radially away fron, the shell, and a ..«dieu- 

U rectangular coordinate », actually equal to circumferential distan» along the shell at the 

toe of the web: see Figure 2. Let the web have an initial small displacement u0. «„(*, «) 

and acquire an additional elastic displacement « (/, *), both measurerl parallel to the cylinder 

axis from a transverse reference plane. 
Consider a cross section of the web perpendicular to a. Un the negative 'ide «•hw 

cross section there act, per unit length of #, the radial stress force L, called positive in its 

actual direction under load, a shear force V:. per^ndicular to the reference plane and positive 

i„ the same direction as u, a bending moment and a twisting moment Both moments 

are taken to be positive when they tend to produc» rotation from positive / toward positive a. 

At the flange, however, « a - c, it is ..re convenient to replace ¢, and together in the 

usual way by a single shear force Q' of magnitude 

c 

per unit length. The strains are thereby modified within a narrow border near , - c, but this 

local effect is unimportant. 
Corresponding circumferential thrust, shear force, and momenta, all .. unit length, are 

denoted by KJt <2,1 j^ii* 



In Vp|K>n<Jix C 24> is indicnt^d th« dwivntion of th» folio« mR diffwntial 

(»'limtion for u ami the ft) How in« **xpre»»ioin» for O'ami M'ar W, nt i - c, for or V at 

3 » 0, and for W' or <f| nt a.c, all far iasíd» runga. 

/ .14¾ 

ta 

ir u ¿>*!i 
-4 

<ÍS 

4u \ 

<**} êt 
f- — (m +■ «0) ^ Ä 

.J* 
-(u t U0) 
d#2 

0 III 

If is given by £{ 3 

U -“- (81 
13(1 - )2) 

where ft' is Young’s modulus, e is Poisson’s ratio, and < ia web thickness. It is assumed 

that ft and A t always act parallel to the reference plane in which the weh lie« initially; thus 

they are, in general, not quite perpendicular to the cross sections. In Q'and all deriva¬ 

tives are to be given their values nt r - c. 

Equation [4j, being of the fourth order, requires four boundary conditions. Two condi» 

lions are provided at the shell or * - 0, where, according to the assumption previously stated, 

« - 0 and du, dj » 0. The other two conditions are furnished indirectly by the connection to 

the flange at e » r. 

It now turns out that, as is u,iual in such problems, if all quantities are expanded in 

Fourier series, the various terms satisfy all equations separately; it suffices, therefore, to 

study a single typical term. Proportionality to cos (na/ft) will be assumed, n being an integer 

or itero. Then the equations become, for inside rings; 

1111 ....... • « « i' «lin I « IlMi INI INI 111,1111111 « III INI INI in 1111 111 li It I» ... I illli|i|i|ni 
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(»1 D { ^ 

\ d i4 

ri3 â'2w n* V à 
2 —-+ — o j 4 — 

R1 a«2 R4 / â* 

n2 aul 

R2 

À j 

(u + 

R2 

M ' » « tfj 
Z 

D 
a2«. 

a*2 » “ c 

tio] 

til'!) 

V0-(V|)i 
0 

*T « <«,) 
* í 

D u * 1' 

[11b] 

[12] 

For outside rings, L is to be replaced by -L in Equations [41 through [1.2], L itself standing 

always for a positive number. 

If L did not vary with t and if u0 were of polynomial forn in r, Equation [9] would be 

soluble in terms of trigonometric or hyperbolic functions. Even so, however, complicated 

formulas would be obtained. In any given case, a solution could easily be obtained by mimer 

ica I integration. It was thought worthwhile, however, to look for approximate formulas that 

night be useful at least for survey purposes if not in practical application. 

For this purpose, it is convenient to eliminate certain dimensions by writing, for 

in aid* rings; 

c2[ 
1 L{) 

2n2S'2 

c 

c2L ■'0 

/] - - ... 0 
ft 

g - 

[13a, b| 

niHi) i. Hu, b, c] 

For outside rings, it is convenient to keep tí positive: then y is the saire, as is also the 

formula for g, but by definition 

<! 
c2L 

- 2 ut2 tí 2 
r¿ t I. Lj g 

f) 
i I M. «] 

Furtheronre, for practical use it will prqbably be sufficient to consider only the case of 

a simple tilt, of the web at an angle (9 which, like u, is proportional to cos (rut/R). In this case 

7 



«0, m Bm m O0 a co« {n* II) [15) 

0O b#in|K » cofint«nt. (The c»s¡«, w0 (öf|a + y0t2) cos in* 'H) i» only moderately more 

complicated.) Then 

iu0 - Bey 
c>ï«a 

'h 1 * 

With these nubatitutiona und the introduction of L « ¿0(l - ®y) from [3) and the 

appro*¡irate value A , - aRL0/v from [¿ai, Equations (9] through [12] can be written as 

follows, for inside rings: 

3 F 

a4a íiJu ê / èu\ r LU , , ,, 
— + * —   - ÿu ~ * — I y — ] - 9a—— (l +■ a2,151 y I - 0 (18) 
riy4 ,¾2 éV V ày ) ü 

t,J 

«)■*« 

Jyi 
it >n2ßh- 

du 

¿y 
«1 - 0)61, 

> m 1 
[17] 

If 
f) Í r>lU 

,.2 l7;i 
n*/ %ïi 

d 

,.2 

[18a] 

[t8b| 

w; 
d2« 

dy* 
U91 

A series solution of Equation [16] may now be sought. The series must begin with y2 

to make u - du/dy « 0 at y - 1. The following series may be sufficiently extensive for 

[*• net un I purposes; 

ti .. ,1( y* - — y4 * — y 
1 12 30 

j S'' + , 6 et- 7\ 

+ ■' " 420 V / 

,. „ I ,. J1 ,,5 + JL ,,6 + ill: ,7 ._11 „1 
\y 2() y 40 * 840 y 840 V 

[20] 

24 D 
y4 - ~ yft +~ y7 + f-i yS 

30 105 1 l 5 210 y 836^ 

8 
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Hero the cuas tant» A and ß represent the remaining two integration constants. By substitution 

it can lie verified that the differential Equation ¡16] is satisfied through Ay*, By*, and L^y'1, 

and abó that the terms shown would not be altered if the series were entended to higher [»wer* 

of y. 

The relation between web and flange is more easily represented, however, if /1 and fi 

are replaced as unknown quantities by the values of u and du. áy at y - 1. This is easily done 

by differentiating Equation 1.20] three times and eliminating /1 and ß from the four equations 

thus obtained; the result is two equations expressing ä3u/äy2 and d3u <iy} in terms of (./ and 

âv/ày, all al i » r. Further explanation is given in Appendix C, pages 24-28. 

The final formulas obtained by substitution for â^u/ây2 and à3u/ây3 in Equations III), 

118], and [19] may conveniently be written in the following form (for tnstcf« rings); 

Ü 
<?'»— (*,, u'- Ajj ciu'i + («A-, - l)0Lo [21] 

cJ 

Ü 

,-2 
(-¿,2 u' + *22 cu) + <»ifc20e¿o 

( ., - k,., cu ) + <i A', del, [22 b] 

D ( 

For ovtmde ring 

the value of u at i 

k'a are numerical 

v^12 + (1- ^+ val u' + vl;22rw >+ va/tjöcLjj [23] 

terms have the opposite sign in these equations. Here «'denotes 

aereas « stands far the value of du/dtar (l/c)du/dy at a - c. The 

•nts whose value* are 

8 3 1.3 
4:,. -12 — e+ — «-g 

11 5 5 35 

e 11 , , 
k... » 8 - —-g + vn2öJ 

12 10 210 y 

2 i ÿ 
k „4-« +-— 

22 15 10 105 
124] 

e < 13 
*, « 6-+ — +-g 

31 10 10 420 

4- -■>+ * * . ^ 
32 30 80 140 

» 

«it 



._(1 -.JL* 0.01:1» * 0,011 r* 
2 *20 

• 0.,025 $t,- --11¾) 
10 1 

12 
1 * JL --Í- - û.oob** + 0.01a«* 

60 105 110 

a , / ni* 25* \1 
*~ n2ß[l +-+-J 

5 \ 1260 m I 

12 60 MO 5 
♦-^/3(1 ♦ 0.01»« -0.00#«) 

These form ules nre valid for either inaide or outside rings, but different formulas for 

e and * must be used namely, (14a, b] for inside and (l*d, et ft* outside rings. {The absence 

of an « term in kll is correct! Corresponding formulas for the case of simple support are 

given, in (»rt, at the end of Appendix C.) 

In practical cases, however, the quantities «, *, and g are likely to be small enough so 

that many terms containing them can be omitted, especially from *j, k¿, and k3 or perhaps even 

from all it'* except a. The principal reason for computing am! retaining some of these terms in 

kv kv and *was to show how small they are. If t ■■ » >• ¡/«»O, the first six Ps take on the simple 

values that are obtained for a cantilever loaded at the end by a force Q ' and a moment ,W'i 

*„»12 *u-6 *22“ 4 *31-® *32" 2 

The factors *„ 0/cs, etc, that occur in [21,1, 1.22a, b], and [251 constitute stiffness 

coefficients for the force and moment that must be applied to the mig# of the web at ,1 » c to 

produce assigned values of u and <u at the edge, when the toe is fixed. More accurate values 

of these constants could be obtained by numerical integration. If, however, an electronic 

computer were to be used for this purpose, it would probably 1» preferable to correct the 

differential equation and other relations slightly by using polar coordinates. In any case, 

tabulation or plotting would be complicated by the fact that the *’s are functions of four 

dimensionless parameters, which may be listed as cato/0, it, 8, and m. 

Study of a few simple and easily integrable cases indicates that the expressions given 

here for *„, kxv and *:2J should1 be correct within at most a few percent for |«|<5, 1 «[<5, 

!?|< 10, and, of course, less in error for smaller values. 

NOTE ON OUTSIDE RINGS 

When the ring is outside of the cylinder, it is convenient to draw * away from the 

cylinder as before and therefore now outward instead of inward. Figures shown in this report 

may be adapted in thought to this case by assuming the cylinder axis to lie above the figure 

instead of below it and imagining all circumferential curvatures to be drawn, upward instead 

i 
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of dowawanl; Fifi» 3b. All curviitiire effects are reveraod in aigu. Furthermore, the 

radial force in the web is now tenaile instead of corrpressive. A careful check shows that all 

web equations written in this report for inside rings remain true for outside rings provided /f, 

ftp Li L0, «nd ß are repine«! in them by •■{{, -Rf, -1., ~L&, and respectively, the sym¬ 

bols themselves continuing to stand for positive numbers. Certain cases of this chinge have 

already been noted. 

DEFORMATION OF FLANGE 

An intYtaf deformation of the ring usually 

includes an initial deformation of the flange 

as welt. Let the center of cross section of the 

flange have an initial small displacement u0 

fro« the reference circle, u¿ being a function 

of distance s along the centroidal circle of the 

flange. (It will be noted that » has 

slightly different meanings for the flange 

and web. but this difference will cause no 

confusion and is considered negligible.) The 

crews section may also be rotated slightly, but 

such an initial rotation, like small defects in 
shape, has little effect and may be neglected. 

Under load, the flange cross section may ac¬ 

quire both an additional elastic deflection 

«*(») parallel to the cylinder axis and an elastic 

Figure 3 - Free-Body Diagram for n 
Section of Flange 

The diagram i*» for an inside ring, for an out- 

aid# ring, th«* curvature is upward and the 

dlfisctkm of Lq ia reverted. 

rotation tut»' about a circumferential axis. 

these deflections being equal to those denoted by the same symbols in the web theory; see 

Figure 3. 

The flange is a circular ring loaded, fier unit of its length, by the radial force (1 -o)L0 

and also by reactions to the other forces acting on the web, that is, by a force .Q' positive 

in the same direction as u'and a moment V ’ positive when tending to increase &i. (In Figure 

3 positive directions for -Q ' and -W'are indicated.) 

On any flange cross section perpendicular to a there act, besides the circumferential 

thrust Af evoked by the radial load, a shear force (j, taken positive in the same direction as 

u\ a bending moment Mh tending when positive to increase the slope du'/da, and a twisting 

moment Mt tending when positive to increase u. Appropriate equations of equilibrium are de¬ 

veloped on page 34 of Appendix D. It is found that the displacements «'♦ «*' and « cause no 

tendency toward radial displacement, so that the tripping .otion of the flange, like that of the 

w eb, is independent of deformations in a plane perpendicular to the axis of the cylinder. 

For the case that all variables are proportional to cos («•//?A, where » is an integer 

and R( is the radius of the centroidal circle of the flange (or, nearly enough, the same as Rf 

.... ....'"I!4(((1 « 
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preview»ly fefiittd), it is found (hnt (for intid* rings) 

(? 
Uf | K, 

* Ä.w> +■ -.—.» ft.üi)-- s2(« ' * u') 
; V f ff/ ö 

» / 

M 
Elf 

ff/ 

£7f 
U2« "t V. i..< + —- n3(u'+ 

' ff/ 
[261 

wtmre // is the »r««l moment of inert..!# of the fl«.nge cross section «bout: n radinl axis through 

its centroid and Jj is the torsion#!rigidity of the Hange divided by E. For a narrow rectangular 

cross section of width bf and thickness tj 

12 
6 */ 
/ 7 / / m ..1. Ò / if / 

•' 6(1+. v) ( f 
(27a, b] 

(t will be noted that necessarily 0 when n - 0. 

The formulas found in Appendix D for W. and for in the sinusoidal case may 

¡liso be of use: 

If,, - -■ 

(W.) I mm 

ff/ 
i !t2 U ' iff ^ ! 

n 
-(ti* + 
ff/ 

[.¿Sail 

[28b] 

The unusual form of the latter equation is occasioned by the fact that Q% M", If., u% 

!in;:l « may all be assumed to vary in the same phase as cus (na,'ll.) but W( must then vary as 

sin (ni/Ri); however, Equation (28b] must hold for the maximum values as indicated. 

As a check, it may be noted that Equations [25] through [28a, b] are all satisfied if 

7 ¢-,, ¡r- Mh - V, - 0 

This Is simply a free rigid rotation about an axis lying in the plane of the ring. 

For ettfatfe rings, the only change required in Equations [25] through [28a, b| is to 

replace ff| by -Rj (ff/ being thus unaffected), 

DEFORMATION OF ENTIRE RING 

Equations for the entire T-ring in the case considered in this report can now bis ob¬ 

tained by setting i*,J • u0 and equating the web expressions (or ¢- and *f'lo the flange ex- 

preeiions for the same quantities. For a simple initial till in n waves as defined by 

Equation [15] 

12 



«I» - o. 

•Vith this ssavmption, Mm cl (91) to (25] and ot (92s) to 12#1 *iv«w lh* two »q^tio« (for 

ins id* rinp) 

n2f: , D 7 kf 
-{n /, . Jf) * — *„ - n — 
R* '■ Ki J 

EUf + Jf) d 
i* --- - — * 

V 
12 

n3 —Í 0(. » <,•*! - 110/.,) "* Ü 

Rf1 
l.;U)n I 

E 

Rf3 
n2 (If * Jf) 

D 
‘12 U f 

lKf 

F , 0 
— + n2Jf) * — *aj 

+■ akjOcL 0 ■ 0 (iSObl 

Here, aceorriinß to (2b), Kf - U -«) 'i\/-,,. 
\ shortened notation, however, is more convenient in iisin* these »1 tintions. Write 

1,7 D 
fh 

If 

Rf3 
ßf 

Here F, If, n, r, ßf are all to be taken positive. The quantities F and U way be regarded as 

stiffness parameters of flange and web, respectively, each depending on the dimensions only 

of the relevant element; p is their effective ratio. Similarly, r is the ratio of twisting to bend¬ 

ing stiffness of the flange. Then Equations (30a, b| can be written, after substituting for Kf 

from [2b] and returning to «'as in (29): 

ín*’ i n‘ t r)HfF i ~n*ßf(l -«)¿0j «'■» ^(1 *r)F- Cte 

[’ 
ifi, ( l - « ). + t - a A, J êcl 

»3 ( 1 +T :i F - kyjVii' 'J«*4 ^(1 4 n3 t) (F/ßf) + *aa#]c« “ -«kt$cL{ 

|32al 

I32bl 

Wat out ¡tule rings, ¿0, Rp F, and fi, are to ..replaced by -/.„, -Rft ~F, and ~ßf, 

respectively, in Equations (30a, b) and [32a, b). Also, in calculating the k'n from Formulas 

[24!, Equations [14(1, e] are to be used for e and *. 
Equations [82a, b] can be used to find the deformation of the ring when L0 and an 

initial »lope 0 proportional to cos (m/R) are given. Then the moments in the web, M0 at the 

13 



tai And V'tnrf #' •( th» flanc«, can h»' found by solving Equation* [32a, b] for a'1 nail r« and 

substituting th»s* valuns in Erjnations [22a, b] and [23], Tha bonding marnant in tha flanga 

cun be found by substituting in Equation [Ml, If $e is »»signed its tmaimum valu» (wb*n cos 

ina ft’)""1 H. the maximum values « amplitud»» of the momenta nr* obtained, Algebraic formulas 

could be written out, but for the case »>0 it seems better to convert Equations [32», b] to 

nuniericai form suri then proceed numerically. 

Amtÿmmetrie cat«. If n » 0 and if L0 is no larger than it usually is in practice, say 

1,0<, H, simple approximate formula* cun be obtained. The contributions, of La to the .**», which 

representa nonlinear effects, is then so snail that it can be neglected except perhaps in the « 

and , terms in Then *u - ¢1, *2J - I, - 6, - 2, *, - 1 '2, k2 « *, . 1 12. Write 

w here 

n 
1( 

Then it is found by solving Equations [32a, b] that 

d,! / 

2{1 np) 

CW 
2(1 

9c ■ 

after dropping a small term we,'[£(;; .,. (p)] that occurs added to 1 - 2 «/3 in both a'and c«; 

and, approximately, 

1 

2(1 + fi - ng) 
(. -¡.ya 

1 ♦ 2 g 

8(1. + g - ng) 
(i JA “ 
\ 3 / B 

9c L.. 

[33] 

[31] 

Here g i» commonly not far from unity; g - 0 corresponds to s rigid flange, and g - « 

corresponds to no flange at. all, 

lammum srres.tr.» in web and flange can be estimated in the usual way from th» 

moments. The compressive membrane stress in the web in the circurnftrential direction is 

o’* "* >* 0ft¿o,.'(crM;), to sufficient accuracy. In comparison with this, circumferential 

bending stresses in the web duo to wave formation by bonding may be neglected. The 
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corro a pom) i «K compoiMBt of riiditl i»lr*wi in tlh* wob ot ijoeron»*» from L0/tw ni th® ■h*ll to 

(I - a )L „ f nt th« fia HR®, boing comprcasi«® in un ins id* ring but t®nsil® in an outs id* ring. 

Th« mnximum rndinl b*nding strass *k will praaumably occur st ono oír« of th® w*b and cnn 

b» «stimstcd •» 

°b 135] 

whom |b(I|<]| j is th# largor of | « '¡or |,l#0| as givon by l2Ja, b]. 

Th# most critical aid# of ihn web is that on which the radial bonding stress'is tensile 

10(:1 thus opposite in sign to the compressive stress « . On this side of the web of an m«idi 

ring, the principal stresses, defined with tension positive, are 

"l ” "fr - "r ea--ef ff:, -0 

Here cb, ot, and a c all have positive values. Substitution in the He ne ky-Von Mise» yield 

criterion of (e, - Oj)2 + (o2 - e3>2 + («j - Oj)1 - 2ey2, ay being the ordinary yield stress, 

then gives as the criterion of incipient yielding in an inside ring 

te,, - fiJ2 + a. (a i - tr.) + c2 ■■ of o r e 8' r f y 

or, if ar is dropped because of its relatively small magnitude, 

al + °C *' °h ”r m "y 

If ob » of, it is necessary only that et - 0.56ey for yielding to occur. 

In an oufsid* ring, -ar is replaced by + a, in these erjimtions; there is no other change. 

The maximum stress in the flange in simply 

136») 

(Mb] 

(1 -«)- 
L o 6 

A, 
137] 

where Ay is the (axial) width of the flange, dy its cross-sectional area, and Mh "an be calcu¬ 

lated from [28]. 

LATERAL BUCKLING OF PERFECT RING 

The critical load for lateral buckling of an ideal T-ring can bo estimated as the value 

of Lq that is obtained by setting $ « 0 in Equations (32a, b), whereupon the equations become 

homogeneous in u' and cu, and then equating the determinant of the coefficients to aero. The 

general relationship.’ are beat exhibited i' the resulting equation for L0 is written as follows: 



(*tt *j:j - + 
’»I 

I Jl 

* n 
11 

+ T)*ia * Sfin3 *r)k n 
} 

FW 

* :ma(«.2- 1)*^’ »fknW + «I + nlr)F ¢1 - o)/.0 - 0 [Mil 

h«** i ocrun» in thin nqualion, thn uppnr »i,p ta to b« taken fc* iiuiie ring:» anti the tower 

«fa» f«* outai Ja riirig.», other terms beinfi the same for both except for difference» ip the values 

of the *‘s. All letters stand for positive quantities (except possibly *,,, *u, or *2J), 

The W* term in Equation (3S1 represents direct resistance to buckling of the web itself; 

•ml the F3 term, direct resistance of the flange. The FW term represents additional buckling 

resistance due to incompatibility between the preference of the web for many waves and the 

(reference of the flange for very few waves. The L0 term, finally, represents the con tribu* 

tinn to buckling by thn flange thrust K„ Th« corresponding effect of the web thrust A'., is 

included in the k'». 

Since the load L0 or curs implicitly in the *’s as well as explicitly in the last term of 

l >¡ inti on 1.11], this équation can N* solved for ¿0 only by successive ap|iroxímatíon. Fortun¬ 

ate I y litis i'iforrlurc is facilitateil by the facts til,.at i.j varies much nxjre rapidly «viith Ll} ihan 

Iti itj* :111,1 k21, and the Fh become relatively l*«« important when n is large. For purposes 

of computation, it. appears to be convenient to write Equation [38] in the form (dividing through 

by nh'VF): 

(1 - «) (1 V M* 22 a2 r) - (*11*3 It '""22 ( *.l 1 n2/L 
- A,, 

ß, 11 

- 2.(1 + r) ki3 + (n2 * r)+ - T)2 — ßf [39] 
p. 

fiero n » tijW/F and is always positive. 

Three special cases deserve comment. 

1. Axiaymmetric Buckling. For n - 0, Equation [38] reduces to 

(*,, Ajj - kx23) n + A,, - 0 [40a] 

Thus in this case buckling results solely from variation of the A’» with increasing load, 

Insertion of Formulas [24], for the A’s and use of [lia, b] for e and « give the following 

equation, which is easily solved for L(), representing the critical radial load for axisymmetric 

buckling of an inner ring; 

....Hi"... .. 

1.« 



['5 
».*«+ -(1.2 ~ Cf:*«) 

(* 

1 «’¿o / l\ 

J-»■“(“;) 
(4 (th I 

+ (0.1 ' - 0.2 «i * C.o««2 ) 
R)1 

Viilu»s of L0 obCiuMid from this formula agree well writ,h. theme olitain««! from ti® formula» 

given in fleference 1. 

•2. Web with No Flange. If the flange is ommittoil, then a« 1 and F ■■ 0 and 

equation (38] becomes, mimply 

Æ'u Ajj - Itjj* - 0 (III 

The web is now comparable with the damped-free plate under longitudinal com fire «»ion 

that is treated on page 341 of Reference 5. If in the differential Equation (16] 9 is set equal 

to 0 (for the buckling case) and a equal to 1, and if the L() terms in the formulas for e and * 

are dropped (to be justified later), the equation becomes 

d4u / 4 4 , „V a2 (1 
c2l. 

u -■ ft 

This is of the same form as Equation |c| on page 33ft of Reference 5. Since, however, the free 

boundary in this case occurs at y - 1, b must bo set equal to 1 in Reference r>. Then the solu¬ 

tion for buckling under minimum load, as inferred from Figure 178 and Equation [j] of Refer¬ 

ence 5, becomes, in our notation, 

n2ß2 . 3.69 
c¿L, 

n¿H 
‘Sx m2n2’ 

0 
48,4 

On the other hand, if Equation [41] is solved for LQ using 

y . n7tt<r2L(r 'lh - nAP.4 

and then n2|';j2 is chosen so an to make Ln a minimum, the result is 

n2«2 » 3.91, n2H 
e2Ln 

■■■■■■ 61.« 

The rough agree mort between these values of n2ß2 and of the L0 term with the exact values 

as inferred from Reference 5 may ho regarded as encouraging, since here e = -7.8, 

g - 61.6 - 15.2 » 46.4, whereas jej < 5 and |y| <10 have been proposed iw reasonable limits 
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for (Iw <1*# oí mr ii|»|irwi«ni** hifinti*» í<» ti* ***., 

TI# y ti li* M oí *oi;i ol *2tie*L9,b w ¡«íwiwní from «Iwfwor# 5 piv* {c2L0/>) 

- 18.1 ß. Sin*« UMOitlIy n <0.1, til» matos ti* U»m Ü»« »»* ln e ^98 ,h“n LJÍ *nd 

mo fairly «mall r*l»tiv# to -»•yi1 of -TJ. Th» »»b (Ihm bucldin« fairly wtll 

lo a «tfiiigbt i»trip *»4#r lontgitoiliiiftl eoaipiroaaioa (as i» inlaitivoly obvio»»). A rough »«tímate 

of (I# minimal» ¡hocklin* load L9 m the web without flange aad of the associated value of n 

may ihu« be made from the equatioafl 

'' o * 18.Iß- 
D [4 Ja, M 

3. Flmgt Alone (under Uniform Radial Load). When the web ii absent, so ll»t 

a - 0, then V - 0 nail Equation l#S) gives, ft» »> l, 

tnê- am 

(nJ _ jjlr 

1 + »V Ilf3 

143] 

Liirt represents here the radial load per unit length that is required fe» lateral buckling 

(without radial displacement) on the assumption that the applied load remains exactly paral* 

loi to the initial plana during buckling. LIM1 increases rapidly with increasing a. 

1’he minimum value of Lf>n, for n » 2, is relatively low. For the stiffener flange without 

web on an SS 212-Class submarine Lon is only 5.7 lb/in. By contrast, as estimated from 

F.i|uation (42s), something like 8000 lh in. of radial load would be required to buckle the web 

without the flange. Thus, in this case, the flange badly needs the web, but the web could 

dispense with the flange entirely. (For the SS 212 stiffener, R » 96 in., Rj - 101 in., 

c .. 5.0 in., tw - 0.843 in., ft - 0.082, fJ - 1.11 * 10s, bf - 3.44 in., tf - 8/8 in., lf • UTS, and 

T - 0.0US.) 

AN EXAMPLE 

To illustrate the use of the formulas, calculations were made for the inside ring that 

is described cm page 17 of Reference 1. The value of LQ, the load per inch on the toe of the 

web, is represented there by W, The relevant parameter» for this case are, in the present 

notation and in terms of pounds and inches, 

a .0.414 
/,' » 41.7 in. 
ft - e/li - 0.0525 
!) « 5500 
t .0.0135* 
li ». 1)/c2 - 1149 
p « 0..927 

c » 2.19 in. 
R, *» 39.4 in. 
B. - c/Rf - 0.0556 
I, - 0.1405 

J, ». 0.001757 
V = 68.9 

IniKlvriteMly. the velue r »« 0.0114 wee ueed to ctelctileltail. 



(ti) Btwfmÿ Moment h Dm to m Initial Load. In Keforwttcw tf cnlcvlntiou« wmr» tutti« 

for rtditl load t0 m II* ring of SM Ib in. tnd wi'lk là.. w«b liliod tnlfortnly by $ (log, Th« 

•aiMi eoodiliat« wm lamiiiMd for là« etlealtlioitn, là* intalmwn lili bting S d«g 

when n>0. Thtw, for ma» im um condition«, il - 0.05*4 radian« and Or/.,, - 4I.S. For n.0, 

Equations [S3] and [84] where used; for n>(). Equation« 1.12a, b] were simplified by dropping 

f where it is simply added to 1 or a2 and them solving these equations for u' and oai and 

• ubatiluting in [29a, b] or' [23] to find the momenta AT (demoted by Mé in Itefernnee 1), Jf0, 

and perhaps V'. The highly variable constant k u was calculated in detail; for the other k's 

the following formulas were used: 

*u - 6 ♦ 0.0(1083n1; kJ2 - 4 

ku - «: kn - 2; A, - 0.5 -0.0184n2 

*2 -~~( 1 + O.OSIBn2); *, - (1 + 0.0‘21nJ) 

The calculated values obtained for the moments in the web were as follows, certain values 

obtained in Reference 1 from the ‘‘second approximation” being added in parentheses: 

fll 0 
rV- 

If, 
. 

24 
_ 

r 

% 

K 

-8.3(-9.01) 

28.7(75.6) 

-21.4 

29.7 

-7.1 

-15.7 

30.2 

6.1 

3.8 

73.8 

The nonlinear effect on W(r when « - 0, is about +6 percent. 

These results invite the tentative conclusion that, for engineering purposes, it will 

probably suffice to calculate moments in the web by the simple formulas that hold when n - 0, 

using either Equations [831 and [341 of the present report or the formulas in Reference 1. The 

associated stresses are discussed in Reference 1 for the case n - 0. Their maximum values 

will differ so little for the other values of n that it was not thought worthwhile to compute them. 

It may be of interest to note that, if the flange is removed, W0 decreases from 28.T to 

21,7 when n - 0 but increases from 30 to 228 when n ■ 16. Thus, regarded as a means of 

minimising the magnitude of MQ due to initial tilt, the flange is worse than useless when 

» » 0 but is very helpful, as would be expected, when n is so large that the circumferential 

thrust becomes important. 

(b) Buckling. In a perfect ring of the usual proportions, failure by yield occurs long 

before there is any semblance of an approach to lateral elastic buckling. Nevertheless the 

theoretical interest of the buckling phenomenon in a T-ring was considered sufficient to 

justify a few calculations, in spite of their more tedious nature. The appropriate buckling 
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WM no'lïwl by lri«l, EqiMiio« t<0t] lia- n • 0, ami Equfttioa (Stl for To 

üb» (liffamn«* h imid» mí m cwl»idw ring, calculwtion» w*w mai» also 

for a ring oí th<> a amo croaa-ooctionai charaol*ri»tico placed outside of a cylinder of the same 

radius (K/ then changing from M.4 in. to 44 in.). 

Tito buckling loaidn thus found were as follows: 

Intid« m*&: « » 0 10 

Out title rinç: 

ft.» 

fj — ñ 

ft.« 

I 

5.8 

10 

*.3 

12 

8.9 

10 J 8.4 «J 8.6 

More 8' - 1.15 * 10* lb in. Evidently the inside ring prefers to buckle with n - 2 or 3, the 

outside one with n equal to about 9, but the minimum buckling loads are not much different. 

Ear the inside ring, the minimum buckling load is about the same as that calculated for a » 0, 

a case that is more readily treated by the method of Reference 1. 
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APPEMOIX A 

STRESSES IN A PERFECT T-Wî« 

Equ,»lion» lie, d) can I» dodveed from certain equations in 'tefererce S. For the radial 

sir*»* *r and the radial déplacement ic (inward) in the web, Equation [Hi on |»Rf 59 and 

Equation, 1531 on page 91 of Reference 6 give, after substituting H « H , /; ., o and « » w, 

/1 
+ 2C’ 

A 
Eit « - (1 ♦ i/)— ♦ 2(1 - i4t’r 

Denote by oro , (>rf the values of or at r » ft and r - fíft respectively. At r ..Rf, « is «|«o the 

inwiir!1 displacement of the flange and evoke.» in it a circumferential compressive »train m/M^ 

and an associated thrust h'f* EAfic/Rf, Thus we have the three equations 

+ 2C rf 
Rf2 

* 2C 

RfRf ., 
—..« fiV « - Ü * v)—~ + 2(t - »-lev?,, 

A, Rf 

From these three equations, /1 and C can be eliminated . Introduce also, for mn inside 

fins- Rf =' R. e, and, from [2b] k’f « Ü -o)RfL0 - (1 o^, tu lieing the web thick- 

ness, ami, from the definition of«, tu,orf * (1 - a)LQ » (1 - a ) tworo , also ctu » Au,, the 

cross-sectional area of the web. Then it is found that 

(R - cl ,/: - c) Aw - (1 - v) (2R - c)cAf 
tt - ..—  -— ..—- 

(if - c) m - C) Au + [2ff2 -(1- v) (2// -, rk>1/l| 

\fter dividing out the coefficient of lu , expanding in powers of c/R in numerator art i denom¬ 

inator separately, and keeping only the first power of c/R , .1,, i» found that approximately 

This can be written in the form expressed by Equation,« [Tc,.I] in the present, »port. For an 

oui aide ring, it is only necessary to change the sign of c throughout. 



AfPENDIX ft 

RELATIVE STIFFNESS OF SMELL 

I» tripi>iiift a. ■liffM.inf ring will uaually «x«rt • ttonwttt 0*1 ih« a hull I twnJiiig to Wml 

it trouittl a tramvtrae einuafwwno*. Tto judge whether »ueh yielding of the shell mies it 

uweMoenble to nasunie, ns aa.ApprcKiiiMtio«, fixity of the web ut the »heil» as ha* Iwen done 

i:n thiis report, the stiffness of the shell agaiast such bending should fee compared with the 

stiffneas of the ring for ainiiar bending. Since, however, this comparison would r»f)tiire a 

considerable iavoetigatian, similar comparisons will be made here, first with the stiffueas of 

the web aloe» for bending relative to the flange by distribuiteJ moments applied to its toe and 

then with the stiffness of the flange for similar bending by moments applied along it* length. 

The axisymmetric case of bending of 11 long cylinder by a moment per unit length 

applied along an interior transverse circumference can be inferred from E']MtioniM (211} on page 

»»3 of Reference I. Here * denotes longitudinal distance along the cylinder. Put « - 0, and 

also u *» I.) in the first of these equations, and then eliminate Qq between the first two 

equations; also substitute V0/2 for “V0" in the equations, since our cylinder is equivalent 

to two half cylinders connected together. The stiffness of the cylindrical shell S,h defined 

as moment per unit of circumferential length over slope of generator produced is thus found to 
be, when n » (I, 

Ht] 

The genera! cnse »>0 is rather complicated. For our purpose it may be adequate to 

note that, for large n, the cylinder will bend nearly like a flat plate, for which the differential 

equation for normal deflection « may he written 

fix2 ritt2 (½4 

d4«; ,i4u 
, 0 

or, for variation of « as cm (ns/ff), 

A solution of this equation that may represent bending by distributed couples M0 ce» ..R) 

applied along a line at * - 0, is, if C is written temporarily for cos (na/ff), 
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Sine« uw bending morrwnt per unit of «•length is 

I,’A3 / f):i« \ Eh* /i*« »J \ 
M « — - I- + V —— I -— ... [ —- - « —- u] 

12(1 - V2) Ví*2 da2 / 12(1 - i/2) W ft2 / 

there is » discontinuity in M at * » 1) of the magnitude 

, «•! O'* ,., 4 _ ——-(J 
R 12(1. - n2) 

This must equal ,tf0C, Also AC « (dw/Ae^. Hence when «>0, approximately 

Ä'Ä,J » 
Sttl » W0 ... - 

8(1 - «2) Ä 

UBI 

‘tí 

II 
III 
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Tl>* Mimtl fill*• '(if &tk will I» priNilwr tl«« tlwl «»lie*1*1»il from «iil»»11411 « 1**1* 
P'cf « *»Hiiw»Mi of Sgtt » th*f*f«t, Um »m»4!*i' of tl* two v»li#** of S.»* 

by (4411 »Jttli |4«1 »»*y I» **d i» »«f If1»*» o»*'** 
For oowpifiaoii botw**» lb* siwll Hid tb# w»lb of th* atiff*m*r„ it »»y !»• 11101011 th*t tii* 

•tiff**** of Hi* w»b# tfiklod m If It w*r« * »trip, wh#» It I» dmi»p*«l « tà» flwi'l* »"d 

twit by e«ip!«» Mu f»r «»It liMgtb il*trilwit«(l ««iforntily «oinnd tlh* to*, is fc»»d by *le»#it*ry 

r»«N»»l»g to b« {wb*n « «■ 0) 

EL 
8,,, * llf0/|,ifa'/(f»4 

a llfl - r*k 

« Iwing: th* riulial depth of tb* w*b Mid $m to tW«*»#»«. if, o» tb* other hwd, the itpipIMl 
eiMiple« vary u eci«(ii»/f), Bm ¡B«r*'iu»»« with » bit ».lowly *t flr»tj If th* ww*« b»oo»» of 

kiiitl. i'Of» - t #/8e), Sm i» i»or*»»*d 1» tb* retí«' LIT. TM» number was ototalmed by »t*lyiiij| 

th* foil lowing Bolulion of EqUÉtlom 14*1 with ■»/§ repl»cwd by f: 

u - (7., f* stnh(ga) + C,2(fw cc»h f* - »¡»h gw) 

To obteia « corresponding formula for the flung*, we may assume u - 0 in th® flange 

formule«, aa was as»timed for the «hell. The* Equation 1,28.1 gives for the rotational »tiffnos» 

of the filing« 

Si - (-K,)/« — (If V n2Jf ) 
f{ 2 1 1 

1481 

Comparison of these formulas leads, after slight simplification, to the conclusion that 

> ß. 
ir +■ nlJf 

[IOn, b) 

where fi, is the greater of 5 iffflh or 2» »nd ß:J the greater of O.tt/WTÃ or m/8, in, general, 

the ratio 8 ./8 should be satisfactorily large to justify the assumption of fixity at the shell. 8 ft 147 
However, it Slk/Sf>S$h/Sm, » smaller value of S,A/8W1 as given by (4Hal is acceptable, since 

then the flexibility of the ring ns a whole is considerably reduced by flexibility of the flange. 
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«siuitmin! io imwii nmi tlm din eus «'mi of th» w*b pnMMliiR HJ; tfc# MtetÎM is ill«« 

tfilinl <ii gu in, for »b ins ids ring, in Flgsrs 4». 
"Fine U»mil fntmslts for II» thrss moments prsviously defined nre 

18(1 - V2) 

Here t i» the thickness of th« web, 
Since the .shear forces Qt and Qa nre assumed always to I» perpendlcuslr to the 

reference plane and L and A', always parallel to it, radial tmmliilional eq«lliki#m of the 

eleirenti requires no consideration. Translational equilibrium of a d*d* element of the web 

in th# indirection, and its rotational equilibrium about a*en parallel to a and s, respectively, 

tis ( dt 

<H J ’ V êíl / 

Here the (¿de) term arises from the fact that the opposing L and L + dl forces on, the da sides 

of the element act along lines spaced dr <« , u(>) apart and so .wert a turning moment; see 
ü'B 

Figure 4b, The A'., term arises in a similar way. Hence, dividing by dada, we have as the 

three equation» of equilibrium for an element of the web; 



I"! Il» 'lit t II II II.. Mill IIIIHHI II"....I"l H ..NI * ...... 
||i||ii|||¡ih| lulli|il||.||ll||i||ll||ll|l|lll|lll|llll"|l II '11 l|l'l'l|l'll'l|l|"'ll'll'1l ..il"! Il.Il.Il II INI I il ill lllllii 

rifara 4b' 

?*§«*• 4 - Pokk*» *i4 Mû'iiwiiti Attlln»| li' i»l* 

From these ihre« equtions, » single equstion ire« oí Qt Q, i» «»¡»Üy obtained; 

nntl «uhetituüon in this eqantion of the expressions previowly fi*iot*d for the -if» the* gives 

tii« diíferentisi equstión written ii* tie text ns Equstión III. 
Suhatitution for Q( «d In the tlelking eipstion for «ï'siso gives Eii»*tion W; sad 

the expresa ions for M, at » - o snd at a - 0 (where * - 0) were copied m Equations W and 

(The main text should now be read from Eq untie« (4] through the paragraph containing 

Equation [20].) 
Th« aeries written in Equation (,20] wan obtained by substituting a series for « in 

Equation [ til and balancing coefficients of each power of y in the usas! way. It turns out 

that the eo*fflek»ts of ya and / »main arbitrary, so that the serie» can be written in the 

form shown in Equation (BO). The «efficiente of the ¡»weir of y as far as they are shown are 

«wily «emit to I» uniquely d*t*rmln«d, 
By differentiating this series three times and then setting y - 1, the following «pres- 

§ ions are obteimid for u srl it« derivatives at y « 1: 

A 1 
18 10 

I * *2 a h + .IJLîi—^ 
,M0 ” 430/ V ' Í0 4 0 840 / 

I « ir 

m * I» 
i 
ï 

L-'l 
4a.+Yfj/ 

a 
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/ j» + #® ff1 
.„.i-... # «" 8# ♦ S# + 

+ i ' 

•j1*» ^ 

fl - ~ + 
V 12 12/ 

g + t* 

. * * » ï. , / # •' 
1 - - ♦ — + — b® rt i i - — + — 

« « 2 '1 12 12 

eaL 
w h#r«' ,t ' > It ¡«i iilí» iiMifuI to not« that 

l) 

2i 

A #nd B were then eliminnted from the four equation» containing them, and all fraction«; 

thereby introduced! were expanded! in powere and product» of #, t, and g. Only », *, ÿ, (tJ, 

and «< were retained, however, since higher powers or producta would fo# furnished mbo by 

the omitted higher power« of g in the series for u, whose coefficients remain unknown, Fur¬ 

thermore, in the final expressions for c>V%2 and! d®u 'dy3, certain terms in c2, et, or g had 

coefficients leas than 1/400 »# large as the leading: numeric to which they were added, or, in 

term* containing less than 1/100 as large, and most of such terms were dropped. 

The result was the following approximate equations, in which a subscript 1 distingir »hois 

values nt y « 1 and a aubitoript 0 values al y - 0: 
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Cl 

« I 18 \ / 

to 10 I«) 

13(1 MM 
< 

g - 0.011» 0.035» * * 

il 

M » 4 * - 
11 

«5 

Siibstitiiitton of il» rirai two of Uws* «f|imtioni for flu/êf* und d'*«/<íf,J in Equation« III] and 

IlSul « iva» Equations |S1] and (2211) for th« ralatioas at y * 1. (In the a* equations, a'and *» 

effectively replace A ami fl mw the remaining; unknown constants.) Finally, substitution of the 

series found for iß2w'dy1)Q in Equation llSb) (fives Equation (2IM and Equation 111)1 bee ores 

Equation ||2it|, (Iti.ad mg of the teat below Equation (281 may now be resumed.) 

FORMULAS FOR SIMPLE SUPPORT AT » - 0 

If simple support is assumed to occur where the web joins the shell, so that 

f)®'W 
u »-- M at a - II 

tin1 

then the series for u is found to be, through y7; 

In this cuse the aerie« was terminated elfter terms linear in », <, and g. It »as then found that 

the constants in Equations [211 and (221 lire as follows: 

2«J 
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ANALYSIS Of riAiMOB 

TIi* «k#í|i»l* tar tto 'itifi* to * illilt nf ifc«»l glv»* t«* ■ 
atrip ir Soaiiao »I uf MkIovmm ¡V, Panitivo diw-cilii»«* tor It# tiotiiml nà*»il ti 

11(11 lo III* pMiMHl ropori 1»» OlMWN «ffOill »I Ih* lOp OÍ IPlfMilW ». A« *« »**«1» 

ringt «iII Iw »nJiim" mi«*lil«M*ailiM «toopl «latlod. 
Tt* ImiwIímiK »J i» il» fliMg!» Hfl»*» li» ipirl (tma ils airtiitw* In • ihrootioo 

|i*nr|pi'*i:lie»l«r to il* 1*1»**, ut .<1**711#'*, mM. «oniiri 101101. Tlor» !• *1»®. 

• oMitriitaliiMi fhwi • «orioU* n»l»iUi<«i i»*. TM* Mintió* «««r* » clirc«i*t*t*iniii»l «I» I»*. 

•I «MIIM «••tilim* Â Md ü»' hf • «l:li»i»*n* éêt ià* «irctiim¡f*r*imt¡*l •*»* *r* í*elii»*«l to 

«ici lAlor »I ti*' *«fl* éê/Mfi «•» fluir# ». SI»®* *»*tl c*,a li* tf»iitinl na «•'(**», 

th« rotiiliiM *« * dm »I ff emn b* r#«*lv*l tato * i**i» e«i*|io«#it «Iioíií an ui» pnalliftl to ti# 

«xi* iilirii** for i* «t .d. end * mtoar eampoiMiot »Iota * porfModieuliMr («'I* flguir# •) of 

imgailiid« (« '*. if«) dm.ftp Tl* liilor cci*»'po*#«l, in ec*ibi**i.ioii with ti#» rototion «i A, «to** 

*.<:* b#nd il# rtag. Tl# fi«f(»n.fic<il«r eoini(>i»*nt, lww##*r, »ot b#in.«: n»*tel«t by • *imiUr 

Figure 5 - Force Actions, or Displacement# for Section of Flange 

TTi«m <li««>i>!i)ii an drawn (of an taaida rtag. 

f>0 



umtim ml il» giviNi I« il# ri mi ni «ampón*** of «*f#*l*ia li II* «I »»pliWi* 

-(»,« * tUth ttp Tliiit "iMifplii: Ä** 

h fSftl 

‘«hier« t, ij*rani«f ti* »r*nl nwwi»mi of iiwrti* of wi* ©»»» i*«li«i ihnat • «MÍW «I* 
J 

((:»ffi«Mwiieiill»r to il* eylisJor Mis). 
Similiifly, il* cross *»elio« al J uiul«vois » roliititi« ... ... n mJlil «1« lli'CMiitl 

il« cnMiifoid, but il* comnpowlini ratotloa »I § lus, bsa II*» » »«)« eo*ipoa*it 1*1*0*1*11 iwi* 

piirftt)«] to ttw rmiíun m A which can produci only b*indlii*, a minor «»«ipi»i*»l aiboiit a» a*la 

M ' para liai te» th* cirewnf»r««tial axis il A, fhl* compoiwiil, l»ii* «abalaaead hy a ntailar 

rotation ni A, twist* th* flangn. Thu* II* total rat» <J tarist le 

H* III!# 

An 1 A' 

di fi <»"« 

EJ, 
/dm I rf»',\ 

\ IIÍ* li d$ } 
ÍH1 

whet* j )a the torsional rigiiiity of the flange (or torsional moment dlvidnd by the ml:* of 

twist) divided by E. 
The laws of static equilibrium may now be brought forward. Translational equilibrium 

perpendicular to the initial plane of the ring requires that 

ÍLo'. 0 mi 
d$ 

There is a turning moment on the d« section about a nidia,I axis of magnitude ifWr Another 

turning component arises from the twisting moment Jfj* ( .on pi oh , like rotation.!, can be (rented 

as vectors; hence they are represented in a right-handed manner by arrows in the lower part of 

Figure 5. It is clear that the difference in direction of Mt at the two ends of the section re¬ 

sults in a net turning moment of magnitude (to the first order) 

d$ 
-M,— 

*ff 

Another turning moment about the »ad¡us is QA- due to ¢, and still another arises from the 

circumferential thrust K,at magnitude 

Kf dt (« ' + w, 

SI. 



mo Figur» » ti boUat». l!!g»«iltig I** mm «f mil IIíim»» 01-1(111 mmmM I© «nt» «*4 

iíirfílid* If lit fi'«» 

á 

i» ff, 1 ^ (fl* 
i«* * ... 

It ft ai iri i II h wmf II» bniim-iliiig rl** I« » Kristiran! Cl. prtJMMt W| ... 

•ddliftg lu. ilili» btâk «ï»,. Md Un* l»l*ttag ni«.«nt »f'ifi, II# to #- Md 

dividing If é'$: 

di 
#, * 

I, 
• g A 

«ni y (Ml 

fl#;#« ci» new be mud« to y told t»t,*t¡i»ii!i# 4i*iw#f ** Ç * *aá f ' o» ti* on* kund 

IM(I il #0; i» on th* ottHW. To •liitiiiiato <|, iiliiffvrMiiiit» ¡¿((««tio# (S3) «Mi »«(«e* to # tnd 

th«* »nhntltuto O'iV JQ/4» ftceordiag loílíí); th«» #»totjiuto fron Ü^iwtioM (SOI iittl IMJ 

fer bk «id Mt. Thu MMiuilt« tro th* usiiful formultt: 

-r-í./, 
(tfu‘ i /M 'í:/jf/d2» i „ */2.. 

\ ,i*4 Rf tf»1 i "% WtJ 1 f: íf«1* / 1 d»1 

Mf fSv’ *«\ , (fm I 

M h/ \ til2 Rf) * * \ rf,63 */ dt3 / 

!S8| 

(Stil 

For the thiuftoidftl «i«e in which 

£ »J 

tit1 ft*1 

th«»# equations become Equations [2SJ and [2«) in tho text. Equution [501 also becomoa 

Equation [28aJ. The equations require that Q% Mand Mb to in phase with «'»ml u around 

the ring; if, however, these .1111111111,109 are all proportion ni to cos m/Rt Equation (Slj nmk#» 

II ( |jro portions I to sin na/li. All the equation» of this report hold whether the sinusoidal 

symbols including derivatives are assumed to represent values at some given » or máximum 

valu## occurring around the Hange. For practical use, it i» con/enient to replace Equation 

|511 ¡H the sinusoidal cas# by the following relation between maximum vajuei cited in the 

text a# Equation [28b]: 

neJf 
(, 11 )- 01, _ ((,(11 + ftfUl 

nai g 2 «nu* 

For an outwit ring, retention of the assunpti.mi that the web ties above the flange in 
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