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1.1

Albet W.Marshall and Ingram 01kin

Stanford Uiversity; Michigan State University and Stanford University

1. Summary and Introduction.

Exact distribution-theoretic results in the field of multivariate analysis

are too often unknown. In order to make specific numerical probabilistic state- -

ments, one often must resort to the use of approximations or electronic 0

computers or both.

In a number of situations the use of bounds provided by multivariate Chebyshey

type inequalities may be more approprtate. These bounds have the advantage of

being distribution free and may be applied even if unknowns preclude the

legitimate application of distribution theory.

In this paper, inequalities involving the minimum component and the -.- :>e
* ~product of components of a random vector are investigated. If we are interested S

in whether afll of k variances exceed some preassigned value, or in

* estimating the reliability of a system of k components whose performance

* critically depends on the smallest value obtained by some characteristic

of the components, then the former kind of inequality ma' be useful. The

second Xind of inequality may be al.so useful in reliability, which is some-

times measured by the probability that a product of indicator variables

exceeds a critical value. Another area of application for the second kindL 0 .. A
of iLnequa.ity arices from the fact that the likelihood ratio statistic for :-.

*testing crtain hypotheset e.g. ,independence of sets of variates) in

Amultivariate analysis is a product of variables and its distribution is

xni'wn only in a very few eases.*

This work was sponsored in part ty the Office of Ordnance Research at -.

* Michigan State L'niveraity and the Office of THaal Research at Stanford.
* ~~~Universit. -. ~ -

%
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P('X* > <.~ 2 2

2" 2 2tO

v: --"

(1.1) P(rix > < .a C +.. ..

I_- ;a," . ,

'°' . (1.2) ?(x >j<) _< 2 + ":'" " - ::::-: -::

(see, e.g., [81 p. 198). in each case a distribution for X is known that

results In equality, so thxt the bounds are sharp. Note that a chanae of

variable permits the choice Cf c to be unity with no loss In generality. '""

There %re m=.ny possible multivariate extensicns zf (1.1) snd (1.2). " -

Those prcviding bounds for Pf MIx ;XJ1 > l' and P? max X > i)
1 Sk1 <J~ j :5

have been investigated In 13,5,9] and [1, respectiyely. We ccnsider here

various InequaitiesInvolving (A the minimum comPonect or _ the

product of components of a random vector. Derivations and proofs of sharpness o

for these tW claases of Inequalities show remarksble simL--Lrities. Some of-

each type occur as special cases of a gene-il thecre-- -eeetlcxn4 " "-"

Bou.ds nre given undt r various assumptions coace vrP3nces,

ccvsrianc es ind Independence.

K otation. We d(;ncte the vector (I,...,i) by e ---nd r ...,O) by 0 ,

the dinension tlity will be clear from the context. r:' x = (x I , ... ,xk)

and y- 'Yl'... ,j , ve 4ritc. x>y (x>y) to M-1 Xj Yj > y

S1f Z (o x k is a '-nt -'trlx, fcr convezience

we write cj j j

%. .. " . ..t ** *..** .-.. .. , ' * -
. - .- .•- ' *a
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Uaes oter -sttd va lis* that.>-. E:r~ 1 topstv eiie

2.~~~ On Prvn 0ape

In =aycssaeyh-.tp nqalte a epoe ydfnn
f. . . . . . .. . . . . . . . . . . . . . . . . . .

Tnhe bun ofe(2s-1)tated on' thse "tha t ion pofitive dinaite. on

statsay h e cys~ ye inequaliti ih§wfrhrhptes ag. be' prve bd En

in non-etov o ubt in more 0Xp i deterintionaof th~iebond s~E) fM

t Wa call su1cfo al ine g ~lC Thenp if ever c >-iesoa 0-: an every

vau fE()psileUdr tceeit random vector Z. .:.

PXcT cx T) XET)

Tn he c bound of (2.1) r dep nu can the, gtibutin oft Xstrdiarlyoe .

in xrcet oin ec ore6 @t ci t ermination of th.1 bilflown as(X a ;

vonsuen of the p oil ner molt' thcttre exists a random vector Z.-. -. .

(saisfying H) fo wih qtltyiatind

0 0
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If one is tc Vrcve !2.111sitarp by exhibiting a distri.mxion far I

attaining j.ithter. tl-At c~istribution must assign probability ariyA

to.p~ints x c 1I fir which fl~x) I and to points x/ 1 for Uhich ________

f'(x) =0. Rence, to obtalra a distrintution for X achieving equality

[2.> i a (2.1), we begir. by ccns~. -!ag distributicns that assign prcbabzility

only to the r~iws of* a withx ,

(2.2) f c'' 0 , rv I=1, i 1.,

where c~1  steit oo ~~ and w(a Is the 3-tb -rofe

W: n xk Sin~ce f() > I far x cT, (2.2) IMPlie3 C '~T forall

* I ,but we still ni.st specify that

(2.3) '% c eT farall 3.j.

Conditions (2.2) and f2.31 ma be sufficient tc define bcth C and V

(e.g., see [(4,51). However, if f Is a quadratic form that Is nbt po)sitive -

r ~definite bu't only positive serni-efifte, thcn fx: f(x) . 0) Is not

finite and (2.2) will not define: G.I this paper most proofs or shap'rss h.-K. K
acomplicat-d bthfattapoiiesm-fntefuncticnsar usd

if FC P, I 1,,., a Ord P[V' )) q4 , l2,.,S
C.1

then attainment cf equality in (2.1) means that-..

(2.4) Z q3 =q E(x), Z 1 =1 -q.

7
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TfT. D d~~p, p and Dq diag(q 1 ....,%)

M-s li %es ,xsi3-&red in this paper t e stated with the hypotheses

* X'X' ad sze-"Ares as3ith E X= T.1 conditiona E~ V 0Is S S

K and the Fequivalent to 0

(2.6) e-D e ~ WDq W~E .!..

* 1alone vhen, E X 0 Is rot a hypothesis f'r (2-.1)) subject to conditions k ~~

(2.4) with 1,he -aiatn thait (2.2) and (2.3) must be satisfied. Thvese

requirements maiy n=t be sufficier~t to define the various parameters, In

4 which case the example attaining equality is not unique.

* . If T is sy-.omtric abocut the irigin, it may be convenient to replace 0

p 0

0p q

respectively, in whilch ocns,. (2.5) is automatically satisfied and (2.6) is

unchanged.0.

r. . . . .



iou- t Tn-I~ Covx es

-If wt wish the- bouna E r(1) to be' in term of the f.irst an1 second -

*..momets, thr. fjx must be quadratic, poss4bly vitl li-c&r term, i.e.,..-

f*x ,~' (x-cz) A(x-(). A bo,,nd Is then obtained ty :Liniui3.ing Efk(X)

subject to tIhe conditions f (X) > 0 , f (X) > 1 for X C T 1Z the

complement of TIis bourdted thtn clearly tlzese are satisfiede.nly for

0. * positive df-finite A . Howe~ver, If T Is either cianvex or tht- union of

'two convex sets, a minimizing A canrot btn p:ositive dtefiaite. rar if A - * -

Is positive definite, thenr.Y (2.2) C -0: I\X k . PFurther~ores
*.7

* [x: f(x) < 1) Is st-ictly conve~x (an ellips,,id) so iftX',1 f T has

at most two points and W: I. X k or 2 'C k . Eoverer, a threte pzoat

- distribution Is not In general sufficient to fulfill all the conditions

The-following thear~m gives conditions lhen a einin4ing A has L

*rank I (in which case A has arepresentation A a'&aaIlYCk) and

I the above procedure leads to sharp irequalittea.

3.1. A General Theorem.

______.1 U X ' .,Xk) be a randomn vector with X 0,

EXIX -. E . Let T T U [x: -x tT Iwhere T C1 Is a closed,

convex set.0

* . ~(I) if

k****

*1 ~ ~ ~ ~ ~ ~ ( ... ... ... ... ... ... .. ... ... ... ... ... ... ..

* .. *+
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then

(3.2) PIX c T< if sa, ~ 
a f

(ii) Equality in (3.2) can be attained whenever the bound Is 1;ain

than anti; equality in (3.31 can alvays be attained.

R(emrirk. Ncte that if the origin Is not in T ,then (1is non-empty,

since Tand 0 have a separating hypurplane.. If the origin is In__________

T Z *-, th~e bound one Is shirp.

Wro o(i) fae/thn3.2) and (3.3) follow from (2.1) with

f~x) (ax2 and f.x) (axl a Za') +( a E a' rcapectivcly. ~

Note that the hypothesis EX =0 is not required for (3.2).

Toprve(i)wenedh following leis. Wwrite acy

(a a0 ' q ~) aE
............................................................

Lem 3..I Sspatv eiie hnfralacq'
44~ -'4

-defnit an Z -q~ww* ________fiite

Is postive emi 4

Proof.~~~~~~~~4. w, e4l V.*-Iq adsnc w tflou rmCuh'
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* * _.W.~ ' ~~=Ar.i<Z ~%

A-. Y- 0. tb- titieult utA4 i u ftetoirqaii

so tha -( -~.- - .... ,\' >. 0.* -qv~~*

a 0

0 +

+- 

. . S

(1, .!hoe 2..3 P- 50rct thcqat G has ai alu vz ond ther exoist urlte,

sotat.ge a( e Sww~ t e T such thatx'c sc - :,.:--.....

0 0 +

foal suhtat S ice0eSv>. nacrdewt

Phereark Weolowinha the theormzaweo asume viwe in T Tern f v gam 0

vhich0 a istaicin ono ov th 0.ae~saes
0

0~ 0

Ihsteieso~e t +sc that Ll .* I yCucysi

7..



(3*5 S) <

-- 0 0

L-2~ so4.4 that. s*Zs -ec -qaiyhlsi 3-,-tad s.C

a~~~ =~ ____cc :)=I0
0 0 0

I2
4-cr P s4, ai mcaatrsi oto fV c *C

0 a

whnve33 T ,s that a c it Usin Cauchy' inequal~ity, hood iE toV n s=
4- 0

vand so to'4andb (36 I.v wet bobtain~h

0-L
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V. 0

0. *

v ~ t aj 9C Z1 a( Ea') cat 2
0 0 0 0 >1

Prm af j1) Fa covnec th as Tusc(r4ips son fid q. q hermo: e l 0
0 0

and v - w(a )will be omiitted.

'We first ;rcve that (3.2) is sharp. Chocee -r > k and let M: r X k

be such that

Choose D dig'---p, suhta . p - n rfn

C M Consider a random vector Z with

where c is the I-th row of C. Then

C.EZ=0 EIZ ZC DC +q wv=Z

By(2.2), cj jT if a C' 0O But this holds since av' 1

* and

aC'- D C a' =a(z q v'v)a' 0.0 S I

rN
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- 0 0 %

3.3 x0 f0 tc- i ,adeult n(.)i

attaik-d hi~ncr#-- F-X ! =

41.~4

We cnex33,t p£v tha (3n."Pt is~' sh--. BY andmm ca n(3.2 ) ixssa

fn-sn~gular mtrix: M- k X k SIAeh that

*M'X r k l

Ch3ose an crthcgonal matrix r: k x k which rotates -qv X to the

pzsitive orthant, I.e., -ql' V M 1> 0 .Define D =dlag(p 1 ,...,p.

* and Cby 
B 0

P(ZD1/2p 1,...,k~).-q~iC r(Z W..'Hx1

* * 0

where c ( I) s the i-ti row of' C . Then 
... '-

EZ eDC +wql( .q*v M1 r)(r' M) + vq-:o 0~

EZ'Z =C'DC q* v'v M'M + q* v'v E.

Ut Itus verify that Z p 1 q4=/ia N oting that vZ v- 1/q,



-Ir Y-.<-W q* wf - - V

.2__6______go L- w.w "<-Wo .(I.

q** w..

By 1---n 3.2, w c T Sce(a C' 4 eq) D, C a' +. e)0

ac, -q C.r T -n Henec, F(Z e' T,. q* and equality

In (3.2) IG ative herc'vtvr P(X -Z) 1 .j

IRennrk. Suppzae 'r !S not convt-x. The fofllwing exemple shows that . ...

* . ~(ii) zreed no lon~ger -bc izuk- even -,.hn a2 Is non-empty. _______

ict k =2 ,T -(x: x>O0 , 2 + X2 :1 , andi let T - T+ 1) !x: -x cT+) lx 2 ~4
P(X £ T ~ 2 2 ron2 f 1) vi..- f~x) =A+A 10 x>*( c T -< ' followsfrmxa>

01 62 1 + 2 No

*on T if an nl Ifi, a But a Z a' > a2 4 whenever+ aldn~i 01 l,2-1 2

a2>O0 and a, 1 '1a 2 >1

3.2. Bounds InvolvinZ the Minimum Componets. 1

Thorm_ .._fX__X_,_. I is a randzm vector with EX =0

and EX'X =E fZ pDsitive definite) ,thenS

(3.7) P( Mir X >1l or min (- x ) 1) < Mir 11
1l< j Sk 1 < jk - a C E1 e

*7- (3.8) Pt min > 1)< min

1- < Vk31+e e

V where the min'Amum !z taken over all principal subiratrices E of E

such that e Z- > 0.

% %



of'.~~~~~~~-A- Le ,sc ht ''Cnie h

0 0 0 So

H X_ _

S

Cl al 1'x > 0 fo l0'n f x o x cT mn x

we obt.9) (37
1~ 4 12/ Z- e +1)

from .2 1) obtain (3.8). 'r-placc r(x) by (e. Zx+1),~ ~ )

and T by Imin x >11 in the above p-rca!. ~'I

SThc re always exist ;rincipal eu~matriccs Z cf Esuch that

e E > 0 -,c.g., if E is 1 X 1) so that (3.7) ard f3.8) always provide- .* .-.

a bound.

Theorem 3.2. Equality in (3.7) and (3.8' can Ic attained whconever

the bound is less than cne.

Pr:MX The function ffkx) of' (3.9) is of thc fc- ax~) i n or-aer to ,

apl 1'ere . w ust hw htthe bound f3.7; Is cb~taInrd by miri- ....-- .

* miz~ng q a E a' =Ea X'iabject1o tht rtstricticn that a eQ.

Here T =min x >13 and a.- axO> 1 for- xe) c T
+ - .

(a: a > 0 ,ae'> 1). By Cauchy's inequality -

a Z a' > f&, ( c Z- t

6. %



.
'-- 1, -.- ,. ,-

the-~~~~ ~ ~ ~ ~ =:** cuso h- ~dr f le.
%%'-S.

where~~~~~-. sc -poe- cfaarieo

Suprose~ acpne~ C, ahe arc let (ara..a

* x-(x ,..,x ).If EX X ZL

a Ea''

wvith e~uallty If it., Z- 'o E ( 1 e) in whtch cs Ef((X) l/(e Z 4 e') . ..... ,-.---

aa

!n order tc find th, -c-i- of (3.7) or (3.8), on~e need not Investigate

all sutarc: cff Z for which e L-> 0

To p-cve the Ineq:aity let

K1  and

7nen a Z a' > l/ (e E, e') 'by Cauchy's irequalfty and the c'ondition*

~~ 1 .~~t a £ a 1~/(C Ej- e') w~hena zj/ E ')*)

&--k spec!al cas.'s cf Interest for which the tcurzds of Th-orm 3.4~

can be ler~ttei more ec~licitly arn given in the following examples.

* *e



a, 13' 0

22I _

S-reth cl= -is f X rx l eul rd eX1 -

AtflosU teT-%>01Sozptt4no sImdae

I I xa- p 1e3

kk

I (k-12

(1 <1sienb

IZ
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k-1.

Iik-1

2 1

1r. . . . . . . . . .. .

22

\k-1 k-
a, 2

IT k-1

* - 1 2-

2
and Is positive definite if I < for all J In this case 5_a
has main diagon~al

a 2 %1x a2
* 1 2 k-2 k-l 1

2 2a2 ( a2 ) 2 2
a2) k-2 'k-1 ak%) f

super and sub -lgnl-222ad l te

element6 are zero. Tt Is easily verified that e 0 > ,0and

* - / k-2 1-ax 40

2 TltZi, (1aASI14

2
which takes the form [k(I-a]' + 2;eI/[a (i-a)) if a . c for all a

L 2
in the above examples where E has the form a R , one can replace Z

by DRD where D diagfca1 a2, ..'a T) Then It may no longer be that *. --

'.k

V

%:~~1~
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4 7K -

:L I

lead to the beat bcw4. Hcvcver, if .0 Ir.Eample 2c or CL i <Q

.2 2 -> aFxaztnle .4 - dr. a*. .,a) so tat 'e 1: > -de e
k

Example 5. Lt Y, v be unwrnIeted &-r= varlables with .*-K-

E~~a=O9 .1 ' ; k

I1,2,. .. ,k. are ipartia1 sums. Thfn UY.4 0 i.1,2,..k , and

2 2 2a

'7 c2 2

2 2 a2... 2'~ ~
a, 01 03 . K-3

2 2 2
" l 2 ... 3. r

2 2 2 2 /

O'~ a2

onl forr~ 2, 1 x and <2in I/t ecsE
1 1-2-- -k

* * ~~roof. If T is the upper trian~gular natrifx * ......

T T2 .. 0 5 _

- 0

* Tk
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1~ -22

((1 o 0 a~ r 't , 0... ,o .All pr.4r.cipal sublmtrices

Zi ~i .1 the shma- Ic-is T-, so that E* > a only wher Z is
S s

1 2

3.3. 3c".r..s for' the rrcdU't of -w'.dcmn~~a~s

Th.c r 36. 11 V (y ,a..g is a random vector with FX 0

an d EY'X then______

>t-Fy11 ard X>' 0or X <01< min a~a', * *

-a a'a

whi-r ais f.lven iy (.)

.1e s 1 a =,Iqu:- solution a' of~

Lkk
a a

~~~~l ' .. tha> 0 and7a; k Furth(.rnx..,

* arnn a T-a -14  all

Proo. !equlltes (3.10) and (3.11) follow frcm Tleorem 3.1.

T. p-ove the scond pdr-t of the theorem, we begin by showing that .-..

* S %
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Ta x /k >'T (aOx3) we obtain

aax a'.r >1f kTfa >i

and a,< o l x,> and

If a c thn a >O0 or if a

x > 0 ,then. cr.e: can incr-ase x~ and thereby decrease ax' while

A IT j -k

preserving 'Tx >1 Furthermore, a C implies tha

For if we su~ppose' the contrary, then since k TT ajlIk(j) satisfies -4

x > 0, ITx >1, we obtain the cont-adiction ax' k'TTa < <1 .F I ~

W&* wish tc replace 0 by a bounded set. Den~ote the minimum (Maximum)

characterist~c root c'. E by PmP choose (P> 1 and define

P k. p , *= I 'L a: aa' < 1) . If &~a' >~ 1 then since - - -.---

IXXI P , x for all x R , R 
--

Im

e a' E a a' 0 ___

Rut c/k c so that in! a E a' in! a Z a'

Sicea a* e a* for wnh i
Since is compact, the:re vxists ihIfa a

-k
a* E a* . By considering multiples of ax one obtains T a* k I-I

The above arguments show that the problem reduces to that o f fIn d1 ri

.4
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irf a a' su_________theconditonT__a_-_kkT

a > 0 aal <
thf- xinday of ecaus

Infimum~~~.q*~ ansnta,~ro l s

A~.

the ond~~onTT ak dos tt alow a0 ,and tric in

:j ~

tr~fa z a ua~ otecr.toi ~-

imuhv afsimutaeous solth inda ouc tha> 0 a a' <Jecu3

Futhermr dthen desre a minikizer ac* ais an su0chan soltins n-

Legrarlie's multiplie frst eqa-o abv ya*yed-

a ~ ~ Z E k ra) ota (3.2) i otined.k

m St ppae a thereus aohsolution a uh thf a312 wit 0 ru , a

Furt>e0nr the d ie Linimt> a* ~ P s multipsichtonb slton. o

(3u1t yldts ftefrteuainaoeb ils .- K:::----

al,; th. f' k a) 8 that 3.12)ticma is o ined by- th *Ibe

Suppoan thee pling aothrs oinuality3we o)tainh
0 0

u>0; hnu u>a a'. Pos muliictn uj E~) Ufl

U0



Herc we-- have eqaits that 2u. a*. 
4

A*A

CO--ol2.a-Y 37 Fq,.aticr (3 .l2 has c. an~d or1y one solution In each .. , '

crthar.: subject tc ',-fa I =c > 0-.

Frccf. Oric can rcplace the positive orthant in *;, argum. nts of Mbeoren

3.6 by any cther crthanL, and so conclude O~at (3.12) has a unique solution ..- ::AA..'A:

In every orthazt. ~

Theocrem 3.8.' Equality in (3.10) and (3.11) can be attained whcnever the 0 0 0

bound is less than. cne. 4A-

I.%

1roor. This is a special caste of (ii), Thtorem, 3.1.

Wc: consider n,;v two special eases for which the bounds can bL given

Example1. kf k 2,then NA;.. AA~

(3.14) min a E a'u )/2"A

(00' + A1 Z - A A

Proof. In this case the dircct solution of (3.12) together with a > 0

and a2 2 2 iel2 a ~ a A

1A.9
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eE l e re"- (I)

and hence etk is the desired solution of (3.12).

4.S&-,me Relazed Bounds

Tht-cre= 4.1. If X Is a random vector with EX'X Z where -

2= 2
mine 174 0 then .

.(4s2) -P Tr 2 j <I

TF x3Li) -~- 2/k
N143) 7r -N x> 2  ~ /

Proof. Since =i , 91 4.)follows from

(1.1). S'.;ccessve application of (1.1) and Holder's inequality yields %

p 1 3 il 13 p (v X3 l/> 3 <HI1jTX,12/k :;..:...

which~ Is (42.Terlto n

I. -
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Ve no cosie th0usino hrns.Spoeta

20 2

ak 2 2 n which case all three inequalitiee can be jprc~ed by(21

with fAx) > x x2/k . n order to satisfy (2.2),j Cz. X k must be

*the zero vector, and W:n Xk must be amatrix with '-W

E Is aiadamardatrix, then so is 1DC ,where D,, 2 i13(+ 1,..,+1 ec 1
From (2.6)- and the fact that C consists of the ==en~vector we know

that the attaix-nent of equality dependn on +be solution aC W'DW E .~

A Our use below of Hadamard matrices for W sterns froum the fact that matrices . . . . .

Z of a certain class are diagonalized by Hadamard matrkzea whose first .. -

rowvIs e.

0 - 0

Theorem 4..2. Let Z or [(l-p)I + Pe'e]

(i) Equality can be attained in (1) and (4.2) i Hadamard matrix

* of order k exists or if P >O0

* ~(ii) Otherwise equality may not be attainable. -

Proof of (i) .Because of the form of E any Hadamard matrix W of -

order.k..l.............Z .... . . . . . .. . . . . . .
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where ; is the -- -- <' E/

"O let - I +* .....

P.. m~~trsin - s P min kq > <0C

!- C.ere tl,, distribution o Z = ... Z Is given as in (4Z5) vith

['[ i .-- 3r c (i). By 1.l 1 11 4 >l Tr X , it is sufficet - -. .- . .- -,
to , t. .. ..n..,,

vector vfor which eqU& w i3 attained when k=3 must have a "stribution

r. .  ~~of th -fa"rx:' ::':-;::,

"" he ~ ~ x>, o " -"x, ""." :".': ":

'"" " ='% "P2 pi! - - ".-.,..- ..,

22

- , ,. -.

*

{,. =P.-,zi oZ (l P} m.m jZ_ >_;. -

wher.t dstribt:::ef::: (:::.., ) isgive:as i:P&.5.::
*..f::::::::::::::::

- AA. _ , ,p -'" "- ' .... .: ..

• . . .,. .,. . . . .. , . . . . . . . . ,.. . . . . . ,. . ... . . ,.. . ".".e. ,. ", 1. .', .,, , .,. X . ,',
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E is pcsitive de-finite whenever -1/2 < P < 1 and no distribution

attain~ing eqi.ality in- (4.2) c-xists when -1/2 < p < - 1/3 -I

2Thecrem 4.3. let k > 2 and Z a [M-0)I + iee

Equality can be attained in (4.3) whenever thert: exists a Fadarmard matrix

* ~of' srdcr k ;otherwise, equality may not be attainable.0 00

Remark. Since (X i ) f- > 1 ,sign X, sign, an

improvement or (4.3) f'or k 2 is given by (3.10) and (3.11.) 
... *. - .

Proof. A distribution attaining equality in (4.3) Is given by f4-5) .We __

teed cnly show that v c (IT x > 1) The first row w" Cf W Is .-

e All othe-r rows of W must have an equal number of positive and

neaieetre-eas w w V 0 . Because k is a multiple of .- "

(0) 0 J
*4 ,this means that w has an even, number of negative entries.

Equality carrnot be attained in (4.3) if it cannot be attained In *..

............................ 

IM,..

A ~wU
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5. 3:un-1s vr.r oriz var-Iar.ce-s are krocim.

ThrM 5.i. Zf 7 = (X Ix~k is a -andom vector with Y C

2 2
a, 7 ,312,.. ,k, then

(5.1) P fminF.>i 1 r min ( 2

(5 -) r .(r Y, CF. 21(1 2)

(5-3) P t: Tr Y,-> andall X are ofthe same sig" < -.....

.5.).) P ITfX'> I and all X > OJ ~2/k/(,.._WT .2 /k)

(5-5) P jmin :x '>1 <-

IT a- -IT

2/

P:rof. IfT 7- C 4 and P jX eT-1 <p then trivially

P fX c T) <p . Bc qualltties (5.1) and (55 follov from (1.1), and (5.z)* j

fclovs from (1.2) in this manner. Inequalities (5.3), (5.4), (5.6) and

(.5.7) fcllow rtesctivcly from (3-10), (3.11), (J'.2) and (4.3) .I

Theorvm 5.2. Equaity in (5-1) - (5.7) can be attained.

* ~ ~ Prccf. Equality it tach c-f (5.1) - (5.7) is achieved by one of the fcllowizig

dlst-!butions after a change of variable.

* 1 - ..7.
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Pf - fy 2/ * . * - . .

LIII) r . - - , . ..J-1,-k.P _2

(15- ) f ~ e Y r{C'.-.- ). T/, pY~)

2z .-IT 221k

Defuari cs Equalityd sr (51)a:d 5.) i -ve&d~ In ,

f53,f56 n ]ff~r 2 enin 5- (Ii X Zq t in ae5ie4) inf-'.

0.. %* (CI .jf .
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6. Anlcesrf Flwzz-r s :-qultt.

case.

6.. Anaorsef 6.1. ;:r if V r _ sly

with thY 0yct~-e Z_.dee ota hybcme r esailg

o6f1 P1mgc' min (Y Y If o~rse mno addY h+Yti ca 1 sro <

respcely6. lc prf f &m gre itual sinepnntrnovaibe

S and

Pfmin(T 1 '.T->1) C:1YI 1



We now shw4hth, abv Inqaiisaesap.Ieulte461

that. eqalt is atanbe SeScin2fo lrfcto fti

444k 44 42

distinction.)~~~~~-- Indeed weso htules0,eult

Theore shwt.tth2bv Inequalities -) 62 and(r3cr sharp. Equality 1

In()and (6.2) can bethtane only if th ow rov sarp 0itho uahoity

2

cannot3) be aae ie (6.1)and .2)s httepoaiiiso h

Proof.~~~~4 Caeo-(.) 0hae e 0 < .;adle

(61) (6.2) ol 444

> 2

rlC-Eo1  I . Let Z (ZL,...,Z) be a random vector with

mutually independent components nuch that

P[j )P(Zj a=cBe15P/2 P(Z , ) 1 b j 2,...,k.

Setting T (min (y ..+yj) > 1 or mint [-Y -+yj)] > 13

we have

Jk; 2J~ 44.

0 ~~which Proves that (6.1) is sharp. 0 4. S

-Y, 4 4 4 44 4 4
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To attain~ equality In .(6.11, 14.e., in

16.'.)PC T)<Fi:>11<0

It must be that equality is atta~mea In the right he-nd in*-quality. By (2.2),

- this meavs that if' the random vectaf Z attains ecuality, PflZ1  4- 1 or 0)-1,

and since EZ1 - 0,

2 2
F(Z 1 0[L1 cCZ .o I_ _ __ _

Sup,,*3e that 1 Is the smallest !=,-ex (I. > 1 foCr which ai > 0 Then

P[Z 0) 1, I j 2,...,-1 , bzt Z rust assum~ somre value v /0 with

positive probabilit~y. IIf v >0 aa'ir Z -1, Z = v ,then

(Zl,.,k) 9T bccause Z, .1 a~d ±( - Z 1 ) But

P(. -1,ZI v) P(Z1  -13 Fj v' ±.s means equality is

not attained atf the lef t hand in(-=ality off (6.4). A similar argument holds I .
* when v <O0

Case of (6.2). Choose c > 0 an! I1zt Z bc a random vector with mutually ...

1r.ik-.rdent c~omponen~ts such that

2/ 2)2 2.

2. 2

,tI ( + a,) [. S 6 l(
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1 cA, J=2 bi~ 
A-f C

smal soA th- s hap

A* 2 2 _ _

*-uie F(nr' and..JZ >li>I-
-a, all 2 Al + al)

3- 2- 3- z ) l a 1 * j2 i 22J-2

then EZ( jc 0' E-2 a fr ll j a

CHele eqalz is atffaiene In (6-3 whnve .,Z

Byrll shrpcs of& (6.2) impie shrnhaof(r3,bup.e

imel ta eait ha e iait a ntb-at~e x 62 I setal.A-A -

the e s can ast . 6 Lngth n this h teses af raom vecqr Z tta n 15 p. 229],,
(wic x-~l e h r p e c n f r P X1 -1 o X 1 1

J ~ qio f 1 -i ~ ' n . + *AA ~ **

1%_ _ _ _ _ _
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Wcn t l-s cil c a rfrv as; tc btain ptalun fr P1' s1or a-T >

Stochasitipoes wit apalel to 0s for al 6.1 ic Ts th n tsapsie

X'lmogrc ~ P[ ir.ft IXv~e > 1 e1 e <ond -n -..r

(7-1. Pxos Cn Ino StcIatc Prc1 s <f P/( + t P)isara

tt
to ei pT cs -t e() T o l t c Tthn* *

t. .

c T

(7.2 til aV X T1 o u

% E c
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Mecre 7. .f 7 i c imt r-a ( ) I rcs

Ex if th cmrln E c~c of X~ pX cs (s forcwn. Ge 8e 1 C
&-'s s~~.:. barn t c~etc.s1-swt .snl ~apefrS_. - . .. . .

I~--e~nt is Ism.~ f Xh pors su a t UP-inae

tt

2 2

P- ~~ ~ 0- f TS- folw .S=&~le2o etec31

:heox-v--- ~ ~ ~ ~ ~ ~ ~ ~ ~ 'a 7.. i X tc[,. i a.rigl ih Ex

1I-.-wr h noaI~Ie are deIned. p x 1 C

~~~~ Chs!olv fr i ap, 2 of St C 3.1.

2 2(o)
(7-71% n 7.2 1-f x1  > I 0) is a ( rtinga1 + ~ h£

a't C

. . . . .
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Equali t y is attainable in both of these =nequalities ifc2- is

r~ght coatinucus.

% Remark. inequalities (7.6) andl (7.7) rer~ain true if re replace the condition

that the process Is a nartingale by the ccn:ition that the process has .-

cova-.anco E X X - o (s) B < t ear czurse, a (-) =ust be nn-decreas-.ng%.
s t

* This is the case, e.g., If the ;,.rocess has or-thogonal incremnts, and with ~.

t Is replacement the thecr= would gt~ner-alze ExannDle 5 of Section 3.2. we

have. =~t chosen to weaker. the condit~ions =f the theorem because te do so

would weaken the re~sult that equality is attainable.

Proof. (7.6) and (7.7) are Immediate consequences of (7.2) azd (7.3). We .< .. N

now define a martipgale attaining equality in(7.6). Le-t -. >

{2() 2 ao ,r

where az= and let ~±be the measure irduccd cn the

P, Borel subsets (a of 10,t] by the right con-)tinc:ous distribution function

L .p Let D = 10,-r x (-1,11 and let (8 be the Borel subsets of 12

Define a probability measurti P on 16 by ?B-I :iCB*)/2 for 3 B-3 x (1)

*or B = B' X(-1) and B e 0. Denote apoint in .1 by and let *

* ~(Zi, t c [o,-r1) be the process defined on *.b- protability space %5,6,F) by ... .. '

V 4. ...

S S
V % ~- 2---



b 9 0

t~ to < 0 0

22 2 2MnF P(9.= 03 a(3 (C) + a~ k(t) - ifo): a (t).

*Clearl E Zt0 a--! t!bm- p;-cess is a vatihg~1e. Further-mre,-

2rt : t I >1u cr s , Z < -1) F(9 0) or (0) so that .'.i: *

- (O).

~obtain a P-Tocess attaining equality in (7.7), rPlace te function0

wp ab--Teby

0, 9<0,

C2(0) a_________

t - 0 El < T
where. . .~ .2 . . . . . *. .

cr 1-%C~r -r a ()) repla

(Zt E 10,"]) by thfe prt-cess (Yt, t E O,'T], where 
. .

0 ___?a_ t<

+ 0 0 t



-36- 0 !!!

It Is easily verified that the process (y t e [0,-r]) is a martingale
t

satisfyirg the cond.itions of the theorem and attaining cquality in (7.7). 1

7.2. Extensions Through Transformations. Let X be a random variable

with (0,i~ a By means of the linear transformto

y = i #- p, I~ > 0 ,ore can obtain Chebyshev's It-equality in its usua~l

generality from (1.1) with c = 1

Multlvariate Chebyshev-type inequalities with hypotheses concerning

m~ean~s and covariances can be extended similarly by linear transformations,

and, in fact, the possibilities are much greater than in thi- univariate case.

Let X be ara. imvector with FX 0,EXX E and suppose that

one has the inequality ..... '

If 11 is a non-singular matrix, then using the transformation y x H i .

0 S
* one obtains

(7.10) PfY e S) < p (H'1 H)

whenever Y is a random vector with EY u L EY'Y =lffand S fy: (y-p)H c T)

Clearly, (7.10) is sharp whenever (7.9) is sharp.

Ulon-1l.near transformations may also be uzeful, e.g., with -

.1 1, ... ,k , the results of Section 5 yi~eld corresponding results for

positive random variables in terms of their expectations.

%
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7.3.4 

.4. .*

7..Bounds for Subsets. ] ~idae ~ j ~. .. .4.

P ') <p P then 'ii) PrT2) :S P Obviously, if fii) i.3 sharp, thefi --

(I) is sharp, and it is perhaps surr-ising that in many cases .,--

sharp. Examples of this are (4.1), (5.1), and (5.2). 4 . . .'~.4

As a further application, let us consider inequality (3.8), but

0suppose that some entries of the covariance matrix Z are unknown. Th 0

we can consider subvectors '(Xi ,.. . ,X~ of (X 1;'.. -,Xk) for which OF
1 n

corresponding covarianc.. matrix is known and apply (3.8), together siith

Pf in X, 1) > P min X >1]
l<Jn I l<jk

Wh%~er this procedure (which canalso be applied to (3.7)) leads 'td -...

sharp inequalities Is not known, but in Section 5 we proved sharpness0

whem only the diagonal elements of E are known. This procedure cafi~

used wherever at least one diagonal element of Lis known.

8. A -knowledgement. The authors are indeed grateful to Herman Che rnf :.*. :*.f4..

for suggesting the proof of Lomnra 3.3, ea fo several valuable .Co.~--.--*~~~~*

and discussions.
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