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MULTIVARIATE CHEBYSHEV TYPE INEQUALITIES*

by
Albert W. Marshail and Ingram Olkin

Stanford University; Michigan State University and Stanford University

1. Surmary and Introduction.

Exact distribution-theoretic results in the fileld of multivariate anslysis

are too often unknown. In order to make specific numerical probabilistic state-

ments, one often must resort to thie use of approximations or electronie

computers or dboth.
In a number of situations the use of bounds provided by multivariate Chebyshev

type inequalities may be more appropriate. These bounds have the advantage of

being distribution free and may be epplied even if unknowns preclude the
Jegitimate application of distribution theory.

In this paper, inequalities involving the minimum component and the
product of components of a random vector are investigated. If we are interested
in whether 81l of Xk vorlances exceed some preassigned volue, or in
estimating the reliadllity of a system of k components whose performance
critically depends on the smallest value obtained by some characteristic
of the components, them the former .kind nf inequallty mar be useful. The
second Xxind of inequality moy be also useful in reliability, which is some-
times measured by the probability that a product of indicator variables
exceeds & critical value. Another area of application for the second Xkind
of ireguality axdces from the fact that the likelihood ratio statistic for
testing certain hypotheses ( e.g. » irdependence of sets of variateu) in
miltivariate analysis 18 a product of variables and its distribution is

nuwn only in a very f'ew cases.

* This vork vas sponsored in part ty the Office of Ordnance Research at
Michigan State University and the Office of Haval Research &t Stanford.

University.
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r=1,2,...,k . If L (°1j) : kX Xk {8 a xomeat matrix, fcr convezience

i

we yrite o,, < ca sy §-1,...,k.
3

J

P P - - vy AT PYRIIARTT TR
S i 2-
¥, i :
'y
3
'::‘ - v X Exz iy 2 ’ [poigt~ '
2, i X 15 u rapdom varidale wita = 0 , then oy Cucbyshev's
< 1nequulity,
Ef:‘ . : o .
‘, (r.1) - PLiXi > €] _<_02/e2 . .9 ! e
. P TSIty
L 3 If in udditica EX = O , one cbtains a correspcnding ore-sided inequality ca e
an .
- £ :
Ch (1.2) X > ) < P/ (E+ o
?'.{j o (sce, e.g., [8] p. 198). 1In each case a distribution for X is known that
"ﬁ & results in equulity, so thut the bounds are sharp. Note that & change of
—_— [
S B variable permits the choice cf € to0 be unity with no lcss in generality.
.:\. ;
b ¢ There are muny pessible multivarinie extensicns =f (1.1) and (1.2).
S .
e # Those previding beunds for Pf Bax EXJ! >1) sad 2 max ZJ >1]
~H 1<y<x 1<ygx
’;‘-:': % ’ \have been investigated in [3,5,9) and [4], respectively. We consider here
S~ ¥ arte ecpaids redk) '
- { 2% . E=3 ] z
0 3 yarfous irzguaiitfes)involving () the mintzum coxposect or (3] the -
0 : - .
} product of ccmponents of a random vector. Derivations and prcofs of sharpness
3 5
e~ ¥ -
.:- ; for these twe classes of inequulities show remarksble sizilarities. 3Some of .
:
Z-‘; 3 each type occur as special cases cf a genernl thecrez.tn—Ssedics 3.
R 3
N f\ Bour.ds are given ynder variocus assumptions concerjyiang vuriances,
&N i
- f’ ccvarinnces snd inderendence.
S
i it - Kctation. We demcte the vector (1,...,1) by e =nd {C,...,0) by O;
2”: " the dimensiontlity will be clear froz the context. If 'x = (xl,...,xk)
. PO
o \
. o - ces > to - X, >
; and y = (y),--0%,) 5 ve urite x>y (x>y) e’ (xs>¥y) s
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- Unless othersise-stated, we hssume that £ s positive defintite.

.\..'.m'q&& N

2. On Proving Sharpness,

%

oy

In many cases Chebyslic:¥ type inequalities can be proved by defining

. : .
L o
f.'_—j : a non-negative function f{ 6n g {kx-dimensional Buclidean space) such ::.
S ] o
. that £{x) >1 forall x€fTc Rk . Then if X 1s a k-dimensional

F:“ 7 rendom vectcer,

i

-“~— 3‘

S (1) Ee{x) = J f(r)ap+ [ r(x)aP> [ £(x)aP>P(XeT .

oo : X eT) (x ¢ T (X eT)

ﬁ i b @ 0 s
AR The bound of (2.1) depends 6A the distribution of X . Ordinarily, one

:::.:: ’ states the inequality vith some further hypotheses ¥ , e.g., EX'X = Z ,

P - :

T

in order to obtain a more €xplicit determination of the bound ET(X) .

X .
3

&' Z‘ We call such an inequslity sharp, if for every € > O and every
b valuc of Ef{Z) possible under JH thcre exists e random vector 2
SN satisfying & , with

®

W

e P(Z eT) > Ef(2) - €,
>::‘- ;

‘ in which case no bettor bound can be given without stronger hypotheses.

e

o Except in Section 6, the gharpness of {2.1) will follow as a

::'.:J‘ h consequence of the stronger rogult that there exists a random vector

;.:.‘_. ’ (sa.isfying H) for which equality is attained. ”;
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If cne is to prcve [2.1) s¥arp by exhipiting & distrik:ticn for X
attsining « uality, ther trat cistributicn must assigr probapility ocly

to.points x € T for wkick 2{x) = 1 aad to points x £ T for whick .

{x) = o.

Zence, to cbrz2fn a Zistrisution for X achieving eguality

in (2.1), we 2egir by ccnsia. risg distributions that assign preba>ilis .

only tc the rows of a matrix (g) with .

2 L1} )
i) -=0, f(v(al)'-'l’ 1= 1‘_’"-)"; J=15-cc05,

(2.2) 1{c

wis

where c(i) 16 the i-threw of C: o Xk arnd v(‘” is the J-tk rowof

W:nxk. Since f(x)>1 for xeT, (2.2) izplies c(i) § T foran

1 , but we gtill must spectfy tkat :

- ’

- (2.-3). - V“” €T forall J.

-y
’

t]

Conditions (2.2) and {2.3) mes B> sufficient tc define beth € and W

- o

s

(e.g-, see [4,51). However, if f 13 a qusdratic form that is oot positive
definite but only positive sexi-defiiite, then f{x: £(x) = 0} 1s not

finite ard (2.2) will not éefize C . In this parer most proofs of starprcss

are complicat-d by the fact trat positive geni-definite functicns are uscd.
\ .
If P(c(i‘] =Py 1=1,2,...,m ard P{w(‘”} = q‘: » J=1,2,...,n

then attainzent ¢f equality in (2.1) weans that

(2.4) £q3=q=2f(x), Ir,=1-q.
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Mcse ideq:alit:es.:snsiiéred in this paper rre stated with the hypotheses

s
e

EX'Y = Z sand screvires 2als> with E X =0 . The condition EX - 0 1is

equivalent to -

—r
H

ETTY

(2.5) . eD CeeD W=0,

. .

AR TR VRN SV P 1 TPt L N

and the condition E X'X I 1Is eyujvalent tc

(2.6) S D T4WD VeI

Ore can try t> solve eawations (2.5) and (2.6) {or equation (2.6)

alone vhen E X 0 is not a hypothesis ©>r (2-.1)) subject tc conditious

{2.4) with the realization that {2.2) and (2.3) must be satisfied. These
requirerents may not be sufficient to define the various parameters, in
which case the example attaining equality is not unique.

. If T is syzmetric about the »rigin, it may be convenient to replace

N Py
I oW v-iA-.lugr&n.»uw.v-«w Fand

C, W,,D ané D by
» M Yy qJ'

xde T o AU Y ie B
aQ
x
=)
(o}
(=]
o

)
‘-l‘
PR
.

R hl

- ) respectively, in which cese (2.5) is automatlcally satisfied and {2.6) is

(4
»

L%
K
-

unchanged.
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! 2 3. 3Bounds Invclving Convex Sets.
. If w wish the bouna Xf{X) to be in terms of the first a=d second )
4 -
- I momer:ts, thern f{x} must be quadratic, possibly with lincsr terms, i.e., 3
£(x) ~ {x-a) Alx-a}* . A bound 1s then cbtaized Yy nintaisiag Er{X) 4
- subject to the conditiors f{x) >0, f{x) >3 for x €T . if the
. complement o T 4s bounded then clearly these are satisfled caly for ,‘
. . positive definite A . Hovever, i T s elither ccawex or the uaion of :
. ~-'<<
) ‘two ccnvex sets, a minimizing A carnot be positive definite. For if A %
. 18 positive definite, then by (2.2) € = 0: 1 X X . Furthermore, )
. {x: £{x) <1} 1s st-ictly convex (an ellipsaid) so {£{x} = 1IAT tas :
. at most two points and W: 1 Xk or 2 %X k . Eowever, a three point
; distribution 18 rot in general sufficient to fulfill all the conditions
. EX'X=Z.
H
- ; The following theorem gives conditions when & minizmizing A has
g rank 1 (in vhich casc A has a vepresentation A = a'a , a: 1X k) and’
i
iv the above procedure leads to sharp irequalitles.
:' .
1
g 3.1. A General Theorem.
L
i Theorem 3.1, Iet X = (xl,..-,)&) be a random vector with EX = 0,
P EX'X =L . Let T=T U {x: -x ¢ T*l »y where T gﬁk 1s a closed,
X
£
% convex set.
z
&
’;‘ . (1) 1r
£ ]
i X o
A (3.1)" Q: {aeR:ax'>1 forall xe‘l;), "
£
P
k%
) P PURPTRr Ty S ST ARt L s .

-

i St




i v oot '-:-:;ui’“a' AR L SN SR I S O, 2 P _t W @
e s <+ e e emaen < v e B . 25 o

‘::3 . . - . .-';.
R . . s
’\j“}, . . - : -7. - . ‘:‘:-
& - L
\ru - [y
,-‘-F .
i—!;: M . )
& then
3
S0 (3.2) . PIXeTI< inf aZLa',
3 aeQ - . . . 1
35 a l‘.,a' -
3 (3.3) - FXeT)< taf ———m—. ;
§ . + s e l+aZa . ]
g -
i ’ e ¥
35 (11) Equality in {3.2) can be attained whenever the bound is lcss E‘“"‘“ iy 3
; than onu; equality in {3.3) can always be attained.

Remark. Ncte that if the origin is not in T , then d is ron-empty,

since T and O thave a separating hyperplance., It the origin is in

.

aarn

.
2

T , trea the bound one is sharp. .

g

P
ettt

-
AeTA

Proof of (1). If ae (], then (3l2) and (3.3) fouow from (2.1) vith _
£(x) = (ax')2 and f(x) = {(ax* +a L a‘)a/(l +aza)’ , respectively. |

-
AS A

.

Note that the hypothesis EX = 0 1s not rcguired for (3.2).

o

To prove ( 11) we need the following lemmas. We write .

q=qa) -aZa', q%=-1 va(a):%at.

1 l+q’
3 Lemma 3.2. If I 1is pcaitive definite, then for all a e 2, Z - qv'v ::%
:‘ is positive semi-definite and I - q'w'w' is positive deTinite. ::'r
: Proof. wETw' - 1/q , and since aw' =1, it follows from Cauchy's
inequality that for all x € Rk
;' . !xv' !2 2 2 g
: x Ex' > =l = qxet) > qr(xw')© . ]
: wITw s

»
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e
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Ir x l 0 , than strict ircquality must hcld ia cne of the two inequalitlies,

so that x(Z - qu'wIx' >0, x{Z - qn'udx' > 0.}

Leoma 3.3. If 1&r afa' = I/qo > 0, then there exists a € Q such

that.

(3.4)

and such that w_ 2 w(ao) €T, .

Proof. We show that the minimization can be viewed in terms of A game ia

which® T+ i3 onc of the strategy spaces.
Suppose for the moment thajt T* is bounded and consider thc game
G = (s, T+_.g) wvhere S~ (s: 8 £5° <1] and gls,t) = st’' . It follows
{1, Theorem 2.4.3, p. 50] that G has a value v and there exist pure
strategies 8, € S, to € T+ such that ‘
st‘;ss t'<s_t'.

o 0= D

for- all aeS,teT+. Since Oeé,vzo. In accordance with

1t
o
-

the remark following the theorem, we assume O § T,. Then if v

0> Stc; for a1l ¢ € S implies tb = 0 , a contradiction, so v > 0.

Clearly 8, z r_' =1,

We first sl ow that té = v so L. Let a*= A E-l/b , where b > 0

is chosen so that s* L s*' = 1 . By Cauchy's inequality,
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i (3.5) (s*23))° < (s* 7 8v'3(s, 8} =1 .
* . Pl pnd .
13
N > .
; . ut

(3.6)

28 t!' = v>e“t' =bs*risgr=b,
o0 =" "

.

82 that s* Zs!>1 . ZHence cquality helds in (3.5) and s¥=a LI
vhere a is a scalar. Since 1 = s* L g** —:C_l'2 8, b s -a® s X =+ 1"
and s =+ 5%, acd by (3.6) b=2rv. But >0, v>0, 50 that
' s = g%, Eencc, t_=vs I. ) : -
c E) o . P
‘Note that to has sjuared ncrm :
:
%0 = 3 2 2 B -
BtV s Ta o SV o
o ” %
wvhere 02 is tho zaximum characteristic root of £ . If we scplace I‘+ )

by some larger set, then the value of the geme cannot be increasec and
the best strategy for playcs: 1I still has norm less than or cqual to vP .

From this it follows that the boundedness assumption cn 'I'+ may be re-

A2 e a3 R ow

3 moved. .
i Let.a=s/~r't,heuaZa'::l/v2 and a t'=3 t'/v>1
t o 9 ’ (o] o) . [o) o -
1 -
whenever ¢t € T+ s 80 that a € Q . Using Cauchy's inequality, t, z 1 t! =
¥
2
. v' and a t‘; > 1 , we obtain
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Hoence, B8 Z a2 l/va =a I a‘; . Thus {3.4) is satisfied; furthermore
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- - . Lry
w <t =vs I- ?O_Z/qo €T, - i

St

Procr of {11}. For convenience the subscripts on g = q(ao), g% = q‘fao),

and v = v(ab) will be cmitted. :
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‘We first prcve that (3.2) 1s sharp. Chocse r > k and let M: rXk

By

be such that

A

M'M=Z -qu'y .

v

L
&
P
124
&
L
T
3
¢

-
r

Choose D = diag(pl,...,pr) » such that p, > 0,Zp =1-q, and define

.

~Tg LT,

C = D.l/ 2 M. Considér a random vector Z with

s
Sy

T ha g

P(Z = c(i)) =P(Z = - cm} = "1/2 ’

SRR

o4

a

"

PlZ=w) =P2=-u)=q2

e
kO

(1)
is the i-th rowof C . Then

-

T v

Rt

EZ=0, F2'Z2=C'DC+quw'w=E.

PR,

By (2.2), c(J) 47T if aC' =0 . But this holds since aw' =1

=za(E -gw'vla*=0.
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By Lemma 3.3, we€T . Hener, P2 € %) - 1 and equality in (3.2) is

attaired vhepcver FIX « 2 =1 .

We rext prove that (3.3} is srarr. By Lemma 3.2, there exists a

ron-singular mat-ix M- kN~ k suck that

MHE=Z<o*uw'vw

Choose an crthcgoral matrix T: k X k which rotates - g% w ML to the

1r>0. Define D = diag(pl,...,n. )

positive orttant, 1.e., - qYw M ,

and C by

/ - R
DY s (fp, i) mar Ml r T oorwp 2

Consider & randen vector. Z with

{
Pz - o1y . Pps» t=l,..,k, PlZaw)age,
where cci) is the 1-th rov ot C . Then

EZ:oDC»rvq*-—.(qq"vM'lI‘)(I" M) +wg* =20,

EZ2'Z=C'DC > q* w'v = N'M + q* w'vw = L ,
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. Since {aC' 4+ eq)DiCa'+ae'y=0,

T
't
aC' = - o5 , =8po e*! f T* « Hence, PlZ e T*] = q% , and ejyuality

in (3.2 1s nitaines whenever P[X = 2) =1 . |

Remark., Suppuse T is not convex. The following exewrle shows tha
ALY .

(11) nced no lorger o wrue even when (1 is ncn-empty.

Lt k=2,7 ={x:x30, x2+x221},and1et T-17 U

1 2

P(X € T} < U’? + o: fcllows frow ‘_.l) with x) g . Now ax
'S 2 2
1 o [
cn T* if and only 11“ 8 > 1, 85 >1 But =2Za'> 0 9, vhenever
012>0 end al?_l . 32;:1 .
3.2. Bounds Involving the Minimum Componcrts.

Theorem 3.4. If X = (xl,...,x )} 1s a random vector with EX = O

and EX'X = Z {Z positive definite) , then

(3.7) P{ min X421 or mn (- X,j>1) < min i . )
1<y<k 1<g<x 9 s crte

(3.8) P[ min xJ31]5_ nin 1_1 R
1<3<k s l+el e .

where the minizmum 15 taken over all principal subrmatrices ZB of X

such that e Z’i

>0
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Freof. let X = {xi ,...,Yi } 5 such that F.}:'i’= 2‘ . Consices the
1 s
.function :
(’: 2;1 i";z
. ti{x) = — .
(3.9) . I
.S )

Clearly f{x' >C for all x ard "(x 21 for xeT: - { min x, >1

Sinw Ef(x} = 1/{e }Zsl e'} , we obtain (3.7;
hi s 1% et et v 1)

or min (-x.}>1}

J

from ?2.1) Tc odtain (3 8). replace f{x} by {e

and T by | n;n 'xJ > 1} 4n the above proct. §

There always exist principal submatrices }:s cf I such that
e 2;1 >0 {c.g., if I s 1X 1) so that {3.7; azd ?3.8) always providc
a bound. ‘

Equality 1a (3.7) and (3.8} caz x attained whonever

Theorenm 3.5.

the bound is less than cre.

Proof. The functica f{x) of (3.9) is cf the form 'ax')a In order to

apply Theorem 3.1 we must shcw that the bound 3.7} is cbtaincd by miri-

2

mizicg g=8Za" =8a X"} sabject- 10 the resiricticn trat a e @.

J>1' &.da fa: ax? >1 fer

ercT-:[m.nx xeT‘]r

{a: a >0, se'>1}. By Cauchy's inequality

aZa'> (a..z')af (e ! eY),

and minaZa's= = 1/{c P £°) occurs at a = ¢ 2'1/ (e £t oy
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If «E 1 30, thez mir & £ a' occurs on the pcundary of &, L.e.,

where some cezponeats of & are zero.

Suppose

B PV

8, = C when J§ [11,...,13] , ancg let a = (ail,...,ais) ,
H - - - .

: 27 (%, y-eepxy ) - I OEX X =L,

: } 8 s

afar -z & 2 (8 (e z;l e,

——a

with equality if &.= ¢ 2;1/ (e g1 e') 1in whick cas= Ef{X) = 1/{e Z;l et) .

. miz & £a' = min 1/(e X;le') - §

Q 8 - ' .

Repark. It I, 1s & submatrix of L, , then e Z;l e'>e E;l e¢' . Thus

<

. AR e M S P Y SdB ® A gt b

‘n order tc find the toam2 of (3.7) or (3.8), one zeed not investigate

al]l submatric-s Zs cf Z for which e 8;1_> 0.

To prove the {reg:ality let

YA em s MW mapiesmi e amas e 8

™
™

Then ala'> 1/{e Ilil «') by Cauchy’s 1inequali:y and the cordition

.1 -
ee' = 1. %ut aXa :1/(e2 e') when a:{fz‘i/(eilie‘),O)

[ R R I .

Same speclal cascs =7 intercst for vhich the tounds of Theorem 3.4
. cen be written more exriicitly are given in the fs2liowing examples
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Exazple b. A special Zurm et Sreex’s manzix A - {a )

mir + =

~ - 2. N [ P 2 2
Exazple 2. If E =g ils I+ pe'el , tee., ol =", 8, =
P U/, e eT V50 ani e Eler xS0 - (k1))

(1 -0 ea)/fooile)] , where Q= 5{l + {a-L)el}

Sirce the colum sums of Tt an an equal, and e X 15 »

-~ . -
it fellows tkat e X >0 . Ihe coxpeiaticnct e T 1 e’ g immediate. §

Txamole 3. Let Z = ={0 - r'pi, vhere D - dt 8g\pl.--~-;k) s P =

o\ 31_9},;

k 11,1 .
\'pl,...,pk) , Ep, <1 . It 13 easily verified that T - - = D 4 —t)
S

R

If whe rancoi vectcr X = {X, .~..,.} l} b X, = n, a5 a mulel-

1
nezinl distrisuticn vitkh fEranelers pl.u.,.}:bl s he tOrsciance matrix

ef X 1s singular, out the covarianms: msiTix of (Z\fl....,!\‘) 1s Z

L4 -~

(1 <3} 1s gtven by
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PR ‘ < n’ygrﬂm 3 vtic o) ?f»’.’\""‘r = ?' 3
i o )
f . . . ,
3 ; . .
i -
(- 16- o
A 2
a . : -
b : : x-1
», - : 1 a alaa coe Tr a A
o ! 1
" i .
b ! k-1
a ; a, 1 a, .es T4 i,
: 2 -
- . -
{": N Z= 0’2 @ % & o + 4 o & 8 + 4 e 2 e e o ~ s e « .
' it k-2 _ k-2 1
i T Ty .t
! 1 . 2 ]
i t xa X1 :
: a «a .. o 1
; RURE T | I k-1
I 3 § 2
:
;
P and 1s positive defintte if ai <1 for all In this case TV
has wain diagonal .
. PRRRLL BAPIIRC N -L Y
2 2 e« o
—];— / 1 1 - G‘L \ta 1 - Jk-e 3}2{_1 1 E: - .-«..«....,. Pl L-»n—-.-ua.—w.da
2 27, 2 2, 72 2 2 2 ’
o laf {1 - al)(l - a2) (1 - ak_e)(l - :xk_l) 1-ap ,
E ' 1 [ A 1
super and sub didgonal 5 | -~ 5 yeeey - 2' , and all other
o \ o 1a 4
; . ' a
N elements are zero. It is easily verified that e XL~ > 0, and
{
el dfL B Mmoo )
: i \lﬂl = (1+x J)(1+a ,j+1) a2,

Yy nd ey

¥4 Ve v .

v, ‘m.numn{t«m;
;!
;
q
-

.
N

.~
.

vhich takes the form [x{1<x} + ax]/[aa(léa)] if ay=a forall 3. 1§
Ir the above examples vhere L has the form aaR , one can replace I

by DRD where D = diag(gl,ga,...,ck) . Then it may no longer be that
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e I'L> 0 , argd exaxples cam be obtained vhere varicus submmtrices ts

lead to the best bourd. Hewever, if ¢ - O in Fxaxple 2 o @ = 0 in

Fxanple 4, ther I - d:ae':ai,.. .-,ci) scthat « E1>0 arda eLte' =

2
2 - ;

o -

J - )

el v

. Exazple 5. Ilot Yl, ‘!2,... ’Yk be unco::n‘le.:.ed. randez v-aris.’;les with
EY =0, E‘:2=12 » 3 =1,2y...,k , and suppose that X =X Y .
3 377 177 3
1=1,2,...,k, are partial sums. Thes E¥ =0, 1 ~ 1,2,...,k, &and

2 2 2 2

N
N
N
n
e

‘eeva

RN P o’k

2 -
vhere a?-— ri,scthat ai_<_a <..._<_02. n this casc, e£‘1>0

™

only for £ :1Xx1°, and min 1f{e }:;1 e') = oi .
8

Proof: If T is the upper triangular mairix

e T 3L

————
e ,?99-_:-’:':’::-‘:‘ cg?x,ﬂ FLa
=5

A M R i i b prete o]
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f:_ thet £ TT' . Sizce I hes mair diagcral {;‘!’- . ,—I- sener T ) s Buper
i . . 1 2 ko

z G:apczal (- ==, - A j ari all cther entries zerc , e T =

- 2 T3 k

[ . .

¢ {1; » Opono,OV, azs 1 (-:i2 s 0y.2.,0} . All prirctpal submairices

€ I an «f the san fc-mas Z , sc thar « 2;1 > 0 orly wtern Zs is

1 -

1 <1. Thus mrn

3.3. 3cunus for the rrcduct of randem va:iables.

Thoenm 36, D2 X: (xl,...,xk' is a randcm vectcr witk IX = 0

- (3.10} . vtvrv|>1 ard X>0 or X<0}< min aZa'

. s
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a €
3.11) r{mx|>1 X >0} < mix aZal
\3- ’ M Tvalal

o

£

1Y

3= .

% when (] 1s grven 1y (3.1). .

;f Treve 1s a wdqus sclution a¥ of

& C oot

s ¢ . _ als 1

{: \3‘12) a z = k (a) 2

L 1y .1 1 X

. (=)= {== ,..., =)}, with a*>0 anda[las =k = . Furthormere,

. a a- a 3

; nin aXla’'=-a¢tZla* ., .

| acQ

; . Proof. Inequalities {3.10) ané (3-11) follev frce Theorem 3.1.

§: Y0 prove the secord part of the theorem, we begin by showing that
n
s
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Q. al : (a: 28>0, 'ﬂ"a.1 lk.k; wrere ( is given by {3.1) with T =

i a ch NIETED!

1/ k we cbtein

{ITﬁchzl,x>0]. ard x > 0 , thea usirg

ZaJxJ/k >TT (a,>
ax’ > m“/("ﬂ'x.’)l/‘k > kTraJl/k >1,

0 ; for if ai<0,TTxJ21 ard

b

an(:aca. it aca then a8 >
and thereby decrease ax' while .
Y

x > 0 , then cre car increase X i-
X -k
Furithermore, 8 € a implies that T] ad >k

-

preserving TTx >1.
1/x,1
For if we suppose the concrary, then since X —TT a:j ( =) satisfies .

x>0, Trx >.1, we obiain the contradiction a.x' = kTr a.Jl/k <1l.

Thusagal , axd we conclude that 0. = CLL

We wish tc replace O by & bounded set. Denote the minimum (mximum)

-

characteristic root &i
B=goy ke ,(Qr=Ql1is: ea’ <8} . If sa'28,

xx' pm§x8x’_<_xx' Py for K

. £ by -pm (pr) , chocse @ >1 and define

then since

all x € R

e e
Xk s

(3-13) o

But e/k € (1 sothat inf afa'=inf aZa'.
' @ Q=
ipf a I a'

Since (1* 1s compact, thure exists a¥ € Q* for which &

»
a* L a* . By considering muliiples of aX , one obtains T 83 . k°F
The above arguments show that the problem reduces to that of finding

e

i
v s

TeT Tt ¥




28>0, a'<p
infimum aces nct ceeur or the bourdary of {a >0, aa'< B} s Dbecause

- k‘k -

the -onditien FT a dces nct allow a.j 0 , and strict in-

J
equality in {3.13). dces not allow 8a‘' =B .

Thus we¢ conclude via

| .

;.;:; Legrange's multiplier that

K

b

sy

.. &, Tra -x*
al = LS -n- aJ ; * J =

nust have a simultaneous sclution a, such that L >0, aoa": <g

)

Purthermore the desired minimizer a* is among such solutions. Fost
multiplication of the first equation above by a' yields A\ =
aZa'/ (k7T aJ) , 80 that {3.12) 1s obtainecd.

-~k

Suppcse there {s another solution u of (3.12) with TI'uJ =k

b 1'1 * 4n

Post multiplicaticn by

u> 0 ; then uZu'_‘{_a"Za*'

(3-12) ytelas

o C 1, -1 ,1 .
;...., (;) z (;;) ' 37
FA ..x

i Usiz, the fact that the geometric mcan is dominated by the arithmetic

; ; zeas and then applying Cauchy's inequality we obtain
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Herce we have rquality; so that u =a% . I ' ‘ . ;r_‘__ o._e o j

PR
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Cc-clla-y 3.7. ¥quatior {3.12} has cre and crly cne soluticn in each

crthart subject te fTraJ] =c > 0..

Freof. One can rcplace the pesitive orthant in vhe arguments of Theorem

3.6 by any cther crthant, and so conclude that (3.12) has a unique sclution

in every crthast. ||

VR ol T e, WIS s o

Thecrem 3.8." Equality in {3.10} and (3.11) can be attained whenever the

bound is less than cne.

Trcof. This 1s & special case of (11), Theorem 3.1.

We censider now two special éases for which the bounds can be given

erplicitly. .
Y Example 1. If X =2, then :
(3.1%) min aZa'= la + o )/2 .

a

«
W

S PN RS

Proof. In this case the dircct solution of (3.12) tcgether with a> 0

. -2
and a8, - 2 yields a; - \fa;ﬂ;cl » 8y % \/61/502

Example 2. If the column sums cf E are 8l)l equal, then min a Z a* =

274 ghis sards b

(¢ = -:')/k2 . Ir particular if I - 02[(1-p)1 + pe'e] then min aZa'.

- f[h(k-l)ﬂ/‘k . . ' .

H

.1 .

.i .
s Prcof. Equality of the column sums cf I meana that

i

3
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- eZ = X e = X (‘é’) )

and hence efk - is the desired solution of (3.12).
"
: %. Scme Relezed Bounds
* Thecre= b.1. If X 18 a random vector with EX'X = Z , where
;\ min ai = 02 s then
; :
: . 2
(%.1) . P {min lxal 21 < 6
v 3
: k- ~ X
. (.2) P {g M x 1> <-ﬂ—02/k ’
. - 1 Jd - - 1 J
- k x :
j (4.3) P 1T x >1} < Tr o 2%,
* 1 J - 1 J

Prsv—

ATy P e P Ry w ARy D o by e 8 bes

B WIRRT A NIy,

»

) P{}‘H'xalzl}

Proof.

Since {=zin ixji > ]} C 6)(1} > 1} , (4.1) follows from
J
(1.1). Successive applicatica of (1.1) and Holder's inequality yields

4

P nrlel/-“ >1 SEITTlea/"

<[ Eszlly" - o 2% ,

%

which 1s (4.2). The relation (‘n‘xi > 1} - ﬁﬂ'xi} > 1} and
(4.2) give (4.3). 1
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We now consider the question of sharpness. Supposa that 6'12 E see ®

o‘kz = » in which case all three inequalitiee can be grcved by (2.1)

; x
with f£(x) =) xJ2/k . In order to satisry (2.2); ZT:2 X k pust de
1l

‘ the zero vector, and Win X X must be a matrix with W, =+ 1.

: : Matrices H = (h“):m X m with hiJ =+1 and HE" = mI are called

;_., ‘) Hadamard matrices. Vsarious sufficient conditions for thzir existence can :

E'!' ; be found in [2, 6, 7]; e.g., they exist if m = 4{x’ + 1) where =x is an "

_ ; odd prime, r {8 a positive integer. A necessary condition for their F

— z existence 1s that m=2 or m= 4t for some positive integer t . If

ﬁ ; H 1s a Fadavard matrix, then so 1s HD_, where D_-= ataz(+ 1,..., +1) . ‘o

' ; Hence we can assume that the first rowof H is = . . ;A::;.:::’::::.:-jg:{:_\h__--:.;::::-:.:.:::
= | TR
- :{ From (2.6) and the fact that C consists of the zero vector we know f:“::-:::-:": ::;;.::::::- :::::_::::.:::.

that the attairment of equality depends on the solution o W'IW =L . D N T e e
? ® .

Our use below of Hadamard matrices for W atens from th= fact that matrices

Z of a certain class asre diagonslized by Hademard mstrices whose first

~. § Yow is e . .
o ) -

2 1 ™ 4 2 '

. 2 Leorem 4.2. Let Z = ¢“[(1-p)I + pe'e] .

N 1 -

. 3 (1) Equality con be attained in (4.1) and (4.2) if a Hadamard matrix
L ¥

- ’ of order X existsorif p>0. )

L‘.’ ]

1

:._ i (11) Othervise equality may not be attainable.

3

e Proof of (i) . Because of the form of I , any Hadamerd matrix W of

- : order k will diagonalize I ; 1.e., E
o

5 {

o w

., { .

%. 7

e '
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vhers D = dlag|

Qgs--eag) = @08 {1 01)0) , (10),..., 0060 U

The clsracteristic meiz =X L are kqi >0

PPN R M

Coxstider the ranjow wacter 2 with

] S

x. \
(-3) F{z- v“’}: ={z-- v(i)} ~aq f2, 151, 2, sy K,

l’l-r."‘.‘ .

¥ L/
i)
s e &."]:
’
REPpTreEea e SN Pl ¢
'
]
[}

{1)

a4
.

wvhere w

»

i

-
is the 17 wwecf W. Clearly L q = o , E2°2

- (J} - + y f
and w¥' €T when T= {n... ,xJ!Zl} or {!fodlzl}

Ift &#>0, let X*= 52{(1—0)1 + pe'el:m X m where >k is such

z,

»

T T
IR
PP
PRI
c e wen s
.
.

that a Ssiszard matrix of orSer = exists.

- -

Y e e
’
.

‘E]'
-
.

L* {5 a positive definjite and

i:.'.‘_ P zin zle} <P min ]z!zl} gcz,

1<y<z 3 1<y<k 9

__ vhere the distribution of Z = (Zl,..., Zm) 1s given as in (4.5). }

0

» : ;

- i Proof cf {t1). By fmi= I Zl}c {IT[' XJI > ]:} , 1t 1s suffictent

b Y < - -

E‘ ; to prove t:at (k.2) is nct mecessarily sharp. Since Vg T2 1, a random

E‘ ; vector Z for vhich equslity is attained when k=3 must have a &istridution
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The ccratcicn EZ'Z - I lead te the sclution .
: py - o2(1:30)/h , b, = Py 7 By - 0o (1k)/b - ‘
: 1 2 T3 | 2
; a
: R g
’ L {s pecsitive dcfinite vhenever -1/2 <p <1 and rc distridbuticn {
¥ L
i attairirg equality ir {4.2) oxists when - 1/2<e < - 1/3 -1 '
>
4 2
: Thecrem 4.3. let k>2 and I « ¢ [(1-0)T + pe'el .
; LRI
'y

'~
5
~

Equality can be attained in (4.3) whenever there exists a Fadarard matrix

[

of crdcr ¥ ; otherwise, equality may not be attainable.

]
. Remark. Stnce {xlx2 >1} - {_xlxal >1, sign X - sign X} , an .
imprevezert of (4.3) for k = 2 1s given by (3.10) and {3.1k) .

Prcof. A distribution attsining equality in (4.3) is given by {4.5) . We

(1

teed cnly show that w(J) € {Wx,>1) . The first rov w cf W is .

J

P P Py L I R X

i} e . All other rows of W must have an equel rumber of positive and
(1), (5)"

;;_ negative eptrieg because w'7'w = 0 . Because k 1is a multiple of
-

(#))

4 , this means that w has an ever number of negative ertries.

1e

;? Equality carrot be attained in (4.3) if it carnct be attained in
h":

- (4.2). &
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5. 3zunds when only varisnces are krewn.

- 2
Thecrem 5.1. I is a -andcm vector with EXJ = ':1"t s

W e 0'125 o

J

Y = (Xl, .-.,Xk)

2 s 31, 2, «.2y Xk, then

{min F,>1 or min ('XJ) > 1} < 012 ,

Y J.
{
/k

3
mir ¥ >1} < 0:2/(14o %,
12t =9 1
3
{:Tr:f‘fz'l end all XJ are of the same 515"}§ch2 ,

la-}

{5-1)

——
w»

Ay

S
"

")

(5-3)

v

(5-%) { iz 1- and all %> o} _<_Tr0J2/k /(h.z."- %2/1;) ,

Lo~ ]

. {(5-5) {m;n :XJ' 2 1} < 012 g

Go  r {21 <o,

-

e -]

{(5-7) {TTXJ 2'1} $~.(TUJ2/1: . .. .. -

TgIegR

Proof. 1If acd P {X €eTY <p, then trivially
P {x €T} <p. Incqualittes (5.1) and (5.5) follov from (1.1), and (5.2)
fcllovs from {1.2) in this warner. Inequalities (5.3), (5.%), (5.6) ana

(5.7 fellow respectively from (3.10), (3.11), (4.2) ana (.3) . ||

Theorem 5.2. Equality in (5.1) - (5.7) can be attained.

Procf. Equality ic each cf (5.1) - (5.7) is achieved by one of the fcllewing

dist-ibutions after a change of variable.
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g, shr U ke

P(Y“(‘ =P{Y=-¢-

2 2
g ’(1‘02) s P {Z = -gzt- - 1/(145 ) »

A

LT 4

P {Z- [N

2
02-/.‘ s 31y v Kk, P {U = 0} = l-0 ,

EU NN »*:y‘.i.-;.(_(

whe-e v(‘” is the J"h rowef {27 -c'e):kxXx k.

Equality is achieved ir {5.1) ard (5.5) 1t XJ - (o-J/c}ZJ , in

Y e

{s52) 1 X, - slo iY! -
) J ( ' k 2.-‘]
* o {1) - (111) Equality is achieved in

Defize o= 1T :
1

. v ‘. .
i tent Berdy t

(5-3), {5.6) ard for k even in {5.7) 1f X 5 (o‘,/o') zJ , in (5.%) ir

Xy = (cJ/a) Yo 15 (5-7) for k ocdd if X, = (aJ/c) Uy -
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¢ 6. Analcgs of ¥rlmres—T s T-quality.

Tie follewirg ther exn nesistes scoe of the previcusly prover incqualities

R

vith the hypotheses strezcchezed so that they beacme, in a serse, analcgs
of Xelmogerov's ipe gualsry. Of course, no added hypothesis can destroy the
validity of ar inequalizy, bdut it mey destroy sherpness by rermitiing a

bYetter beund. For the Zollcvirg incgualities, we show that this is not the

¥
<
-

case. R RCR AT, ?: -~

>
'l
Ao B

Theorem 6.1. I ¥ Y are cutuslly irdependent random variables ey,

W
“
1]
1]
.
-
w
.
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.
p
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X
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*y
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.
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1
N
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1
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. with EY, = 0 and I, = g, ,

J

(6.1) P m;;n (fl;.-.4 ¥Y)}>1 or mie [-(!1+...+YJ)] >1) < o’i ’

d 3

v ew

(6.2) P{ m‘ijn (Yf.-.q ) >1) ci/(l + c’i ,

IA

s 2
o -

....
v
L

IA

" (6.3) P{ min in%--'.* Y
J

Proof. (6.1), (6.2) asd {5.3) are special cases of (3.7), (3.8) and (4.1),

respectively. Dirrvct proofs are immediate since

'y,

[mir.(Yl+....¢ YY¥>1 ¢

3 mn[-(!1+...+ YJ)] > 1)

c [min}Y1+...+ ’{J: > 1}

i

{"1! >1),

and
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We now show that the above inequalities src sharp. Inequalitics (6.1)
and {6.2) are the only incqualities that we prove sharp without showing
that equality 1s attainable. {See Section 2 for a clarification of this
cri = 0 , equality
cannot be attained in (6.1) and {6.2) so that the probabilities of these

distinction.) Indeed, we show that unless 02 Ze e

inequalities are strictly less than the given bounds.

Theorem 6.2. Inequalities (6.1), (6.2) end (6.3) are sharp. Equality

.

1r {6.1) and (6.2) can be attained only if o, =***= o, = 0 . Equality

in {6.3) can always e attained.

Proof. Case of (6.1). Choose ¢, 0< €< ai , And let B =

[1-(1-¢/7)

mutually independent components such that

1/(k-1) %
. let Z = (Zl,...,Zk) be a random vector with

PO PR VR WP T O b e D T e e R L LV S

P(zl=l]=P_{zl=-l)=U?./2’ P[Z].:O}:l-ﬂi:
] P(Z, = 0,/8) = PZ, = - g /0] = 52/2 , P(zy = 0} = 1 - 52, 3=2,...,k .
3 Setting T = {min {y +...+y ) > 1 or min [-(y +...4y,)]> 1),
g 4 s g 1T
we have
X 2
P(ZGT]>plzl=:l}.n-P(zJ=O):31=£’

J=2

which proves that {6.1) 1s sharp.
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G-

TRy
PRI

T attain equality in (6.1}, t.e., 12

N
Lo

6.4) P(X e T} < Pix): 21} < uf

? R -
-4 T M
SN AT T e
At A ks
b : ]
r-y ». . -
e ft must be that equallity is attaize2 In the right hend irequality. By {2.2), : :

R : this mears that if' t<he randcm vectcr Z attains ecuslity, P[Zl =+1 or 0} .
L...:a ., : . :“
R and since zzl =0, .
A 2 : A ‘

.

R p(zl=c.}=1-c2.

<.
ROTS RY
‘~
[
‘~ia "
! a

ormare.
)
B
.

P(2, » 1) - P2 = - 1) = &}

shen

5::-:, ; . Suppode that 1 s the smallest szdex { i >1 ) fer vhich 021> 0. Tuen
NS : :

-;:.: ¥ P{ZJ =0} =1, 3=2,...,i-1, Bt Z.i rust assure scze value v £ O wizh
F-"‘ P

«

positive prcbability. If v >0 aad'if Zl = -1, .",1 = v , then . :

(zl,...,zk) ¢ T beeause Z 71 == -~(z1-...+ zi) £1 . But

- J.
g
Lovsten

v,
.

T,

P2 = -1,2 = v) = P(Z; = - 1} F{Z_ = v} >0 . This neans equality is

LR}
.

'D
B

et \'*‘e‘:\‘\\‘b'
. n

[ 2 nct attaincd at the left hand ineguality of (6.4). A similar argumert hclds
M ' 1 . .

pe - 3_' . * .
,,?_., i when v<O0.

AN

L

XN " Case of (6.2). Choose € >0 ani Ivt 2 be a randca vector vith mutually
SRR

;;':- Y inde;endent components such that

p - 4 .
A

b’-: % N

b:::'l f‘,‘ 2 2 - 2\ ] .

L P(z, = 1) = al/ (1 +ro), Tz --o) =171+ o))

":-:_ %.‘ .

[ o -

- . ~8) = ¢ / (5 + oy ), ¥ A 62/6] = l,"(62 + 02) -

o J J J J
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e 2ol

Clearly this is gn.ater than [ci f(l 4 ai)} - € fcr b sufficiently

small, so tha:z 76.2) is sharp.
The arguzent that egquality cannot be attained in (6.2) is essentially.

Z attaining cquality
2
ay)

the same as for 76.1;.  Ir this case a random vector

[
4

2 e 2 2
requires F[Zl =1 = o] 1. 01) and P{Zl = - 1} -1/«

lete 2,, 3= l,..:,k be mutually independent rendom

%

variatles such thas

Case of {6.3).

F(Z, =+ 23'1) - °§~/ 223°1.’ P{2, = O) = 1 - °§ / 22.1-2

J

. \ ,
then ¥Z, =0, EZ5 = oo forall J, and _

soe zJ_l 1) = ®(1z) 2 1) = o] -

Hence, equal:ty is atzained ir (6.3) whenever P{Y¥ -2} =1 . |
By (6.L), starpncss of (6.1) implies sharpness of {6.3), but does 'not

imply that eguality cen be atiatned in (6.3) as we have Juat proved.
One can sirezgthon the hypctheses cf Lal's ircquality |5, p. 229)

(vhich previées a sharp upper beund for P{ixl] >1 cr !xai > 1}
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in terms cf cevaz'mncc’_:s) tc cbtair a bouna for PU:’I! >1 er EYI + '{23 >13,
where Yl and Yz are indeperdert. It is cturicus 1o fote that vhile this

specializaticon i3 a parallel to these of Thecrex 6.1, it 18 not sharp since

SR,

.

3"
LW &

¥elmogorev's incqualily prevides a betizr bound.

7- Scre Extensions.

There are a rumber of methcdas by which the results <ss be extended.

o

s F
PRI

We mention cnly 8 fev and give scme partial sesules.

APSCIRERE

Swan catsan e

.7 1. Extrrsicns to Stochastic Processes. 1If {xt st €T 13 a real

. Stochastic process with E(Xt) =D forall t €T, then

(7.1) . F{ irf 2) = Co-

(7.2) F{ inf X >1 or sup X, <-11<p,
teT teTl

(4

{1.3) Pl if X >1)< p/1+71),
tel® .

h
%
'_;? whenever the probabilivies are defined. These inequalities are trivial
<.
"o I :
. censequences of (1.1) and {1.2) since .

]
A<

|4
H

Crprin ey

{ inf Xt_?_l or sup X <-1} C { irf ]X‘izlf
teT tel ° te?

.

l’;

ety
.
-

et

and

.
- andi

L

{ inr X >1) C X _>1]

>

teT ~

for all se¢T.
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of Theorex 3.5, we car hope scretimes to improve (7.2) and
General results

N TR IME)

v

covariance furcticn of the precess is known.
curselves with a single exazple for

.
773} 38 +a
2d-2) =2 X2

&5 o7 €55:1y obtairea. We corntent

¢
2=y

€

nick {7.2) axé (7.3) ca&c b+ improvea and ccrcentrate ¢n showing that no

imgsssenert 1s pessible 2 the proress is a martingale.

RLEAY LIOTS J-\M,‘,‘,
.
ESE PN

¥
i
i 4

1
.
Y]

If I is rct finite ard {Xt, t € T) 41s a process
2 . =
op,(sf1), forall s,7€7,

_-:":.e__gnex‘{.l.
=0 and E?.i:az,}:xsxr=

‘A
3
1
N
i
L4
:
g
%
=
-
H

fstere 5.9 <1), then

Pl inf X >1 or sup xt_<_-1}5 020,

(73) >
te? te?
- - 2

(7.5} Pl i=f r2 1} < ozp/kl +0Pp),
te? .

wheazever the procabilities are defined. .

Ineorez 7.2. I {X .? t € [0,7]] s s m’tirgale with E x =0
&nl Exz 0’2(?-) , thex
t € [0,73 t € {0,711
(7.7 P{ isf X, > 1) < e (0}/[1 + o (0)] ,
t € [0,7]

whezeger the probabiiities are defined.
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1 Ejuality is attainsble in both of these :nequalities if ¢ ( ) is

M .

7 right continucus. .

% .

£ . ’

! Rozark. Incqualities (7.6) and (7.7) remeiz true if ve replsce the condition

, thet the prccess is a martingale by the condition that the process has -

5 2 2

: covariance E XX =0 {s) , s<t fof course, o (*) rmust be ron-decreasirgl.

¢ is is the case, e.g., if the [.rocess has orthcgenal increnmests, and with r

i v

‘ this replacement the thecrem would gereralize Exarple 5 of Sectiom 3.2. We X

:. 1

have-r.ct chesen teo weaken the condiiicns =f the theorem because tc do so
. would wveaken the result that equality.is attainsble.
Proof. {7.6) and (7.7) are immediate conseguences of (7.2) azd (7.3). We
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nov define a martingale attaining equality <= (7.6). let

o, 8<0, :
2 2,y
<{8) 2(0) + 9-@-1_5_0_(2- 0o<s<1,
a
1, a>T,

023"\') - 2(0)

1-0(0)

where I = and let u be tke measure induced crn the

Borel subsets (8' of [0,i] by the right continusus distributioz function

p . Let 9= {9,7) x {-1,1) , and let (B b= tke Borel subseis cf Q . ‘

Define a probability measuré P on 8 by FZ} = u(B*)/2 for 3= 3% x (1}

or B=3B#*xX {-1) and B* ¢@&* . Denote a zoint in 2 by (5,8) snd let

{Zi’ t € [0,7]) be the process defined oa tie protadility space (9, 6,P) by
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5=0,

s

; : zt(s,s‘;_ 5a, 0<9<t,
> S o, . t<o .

AT IS

2 - X 2 .
Then X 2 = P{9.= 0} = & i ;'_ Cu = @ (C) + 32[¢‘(t) - ¢{0); = ca(t) .

St}

Cleerly E Zt = 0 azd == process is a martingale. Further=ere,

\ Pl =l 2, >1 er up Z_< -1} =F(9 = 0} = 02(0) so that
t €{G,5] telc,r] °

equelity is avtaiped in {7.6).
5 obtain a process attalning equality in (7.7), replace the function

P adcre by .

PO Vae A BB P Tty g,

3

{ .

: c, 9<0,

:‘ B PR PN 2[,.\ 2 .

; 8) = —= (; . €} g7(0) y O<s&<rt,
: 2~ o°(0) 2 -

i .
3 (l, ' 9>,

2rn-e 2,
= vl[l + g (07:ic"7z) - 02(0)] , and repla

DRPRFENES

[

vhexre

W

[

[Zt’ t € {0,71]] by the process [Yt.’ t € {0,t]} , where

! ;aL-\““Q““ P

, =0,

¥
i . 2rn

; (e.8) = ( -9y, 0<t<sfo,
1 2;

! -g1C) + 83, C<s5<t.
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€
- It is easily verified that the process (Yt , t € [0,1]] is a martingale
. satisfyirg the conditicns of the theorem and attaining equality in (7.7). ﬂ
-
} 7.2. Extensicns Through Transformaticns. Let X be a random variable
: B2 o 2
H with EX =0, = g . By means of the linear transformation
i‘ Y= +pu, >0, cre can cbtain Chebyshev's icequality in its usual
d generslity from (1.1) with e =1 .
£

'
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Multivariate Chebyshev-type inequalities with hypotheses concerning
reans and covariances can be extended similarly by linear transformatious,
and, in fact, the possibilities are much greater than in th2 univariate case.

Iet X be a rar (m vector with F¥ = 0, EX'X = £ , and suppose that

one has the inequality

(7.9) P(X e T) < p(Z) .

-1
If H {s a non-singular matrix, then using the transformation y =x H = -+ u

one obtains

(7.10) P[YeS)< p (T H),

wherever Y 1s a random vector with EY =u , EY'Y =Tland S = ly: (y-u)E ¢ T} .

Clearly, (7.10) is sharp whenever (7.9) is sharp.

5

Won-linear transforzaticns may alsc e useful, e.g., with s

Y
J
1=1,...,k , the results of Section 5 yleld corresponding results for

positive random variadbles in terms of their expectations.
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. 7.3. Bounds for Subsets. It is. immediate that if T, T, and (i)
) P(';‘l) < p , then {i1) P(Te) <p . Obviously, 1f {i1) is sharp, thed
: (1) is sharp, and it 1s perhaps surrrising that in many cases (11) {8
; sharp. Fxamples of this are (4.1), (5.1), and {5.2).
f As a further application, let us consider inequality (3.8), but
1
3 .
! Fhen

HCd -

P

Tl Bl TR R PN XY S W Rt LA BV SV AR 3 ¥ 74y

R r-d.v T T

f

U

.

NPT

suppose that some entries of the covariance matrix I are unknown.

ve can consider subvectors '(Xi ye-X, ) of (X ;...,Xk) for which the
_ N 1 1

corresponding covarianc.. matrix is known and apply {3.8), together with

P{ nmin X >1)>P min X, ,>1) . .
r<ygn 153k d

Whether this procedure {which can.also be applied to (3.7)) leads to

sharp irequalities is not known, but in Section 5 we proved sharpresé
whea only the diagonal elements of I are known. This procedurc cufi b€

used wherever at least one diagonal elerent of I 1s known.
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