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ABSTRACT .
¥ A"L e

Wn nolutionlqof Reynnldl equation for cylindrical
Journa.l bu.rlngi in which the valncity o! the Journal center is considered;
hoyevqr. the inertia terms are neglected. Solutions are obulmd foz_'.b.ﬁl'
compresgible and incompressible fluids. Analysis of the steady state
forces that exist {n compressible {luid, ext; rnaliy-prel'luriud cylindrical
joumn.i bearings with one plane of feeding is aleo included.” From these
analyses the gradients of the rldrial and tangential forces with respect to
displacement and velocity are obtained. The equations of motion for small
and large oscillation in terms of these forces and -gudiont‘l are set up and
l&billty_crlteria ar§ established for uﬁall oscillations and also for iargo |
cscillations of a massless rotor. Sample calculations for threshold of
{ristability are given and, where existing experimental data is available,

theoretical predictions are compared with results attained in practice. -




1 INYRODUCTION

The dynamic ch‘a.ueteruﬁcl of rotating oquipmornt are becoming very
much mbu Mpomi with the present trend tawi;-dl higher ipudu and
preacision equipment iuch as turbines, ,compnuou; gyros, grinders, etc.
Nm;nerouc cxu"nplel can Se, cited where equipment was unaccepltabln; or |
actually failed due to inatability, excessive vibrq.tiozin."opeuting speed co-
inciding with system criticals, and other dy‘hupic malfunctions.

In recent years it has been pointed out that bearings have major influence
on dynamic response of rotoers. They possess both stiffness and damping
‘and thus govern the system criticals and amplitudes of vibration. It has
lllb been shown that forces generated in the fluid films of the bearings may
excite lateral vibration in a rotor and cause it to become unstable. This
m-l-ublllty may be so violent that the bearings fail within minutes and often
damage the whole machine. The importance of th;u problem, therefore, has
attracted many investigators since it was {irst reported by Newkirk and
Taylor in 1925. However, the subject {s very complicated and it is not sur-
prising that many observations and even the terminology are controversial.

A brief history may be in order so as to highlight some of these
observations. Newkirk and Taylor (1) reported a violent whip of shalts
which was caused by the oil {film in the bearing. They found that the whip
started at speeditwice the critical and persisted at higher speeds. Often
the instability could be initiated merely by shock. Rohertson (2) made

certain assumptions and reached the conclusion that the rotor is inherently




unstable at all speeds of rotation. Poritsky (3) showed, by introducing an

| additional férce to the oil film force, that the mcnbiliiy occurs only at speeds
‘exceeding twice the firet critical spsed. Boeker and Sternlicht (4) pointed

out that the additional force intreduced by Poritsky (3) in reality does exist.
and {t corresponds to the :5dial comnponent of the hydrodynamic force. Ref. 4
further points out that the threshold of ins'ability is dependent on the magnitude
of this force and that dnder some conditioni ix-:'uubility may etart avan at |
rero speed. It also shows that the anaiysis applies equally to comprassible
and incompressible hydryu: aamic lubrication, provided the hydrodynamic
{orces are properiy cealculated for the two cases. This important observation
was verified experimentally in Ref.. (4) and more recently Fischer. Cherubim
and Decker (3) have confirmed this in thei: experiments. On the other hand,
Newkirk and Lewis (6, 7) and Jukis Hori (8) reported experimental cases in
which the rotating speed reached five or six times the critical before the
instability developed.

Newkirk and Taylor {1, 7) feported also that the violence of whip
increases with speeds higher than twice the critical . Hori (8) and Sternlicht
(9) observed that in some cases the amplitude of whip decreased as the speed
increased. Pinkus (10) found even more complicated examples in which
whip disappeared and appeared again as speed was raised.

The effect of fluid viscosity, turbine or motor electrical loads on

instability are even more controversial.
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Another class of instabilities, often referred to as '"Fluid Criticals",
are rotor instabilities of limited speed range due to fluid-film action. These
have first been discovered by Stodola {!1) and further studied by his pupil
Humm’el {12). Cameron {13) pointed out that aside from the two criticals
discussed by Humnmel, there also is a third criﬂcal in the region of
eccentricity ratio less than 0.7,

These observations point out some of the complexities and cnntrﬁve rsies
in the subject. In this study the authors give 2 more comprehensive theory
of stability which explains some of the inconsietencies and gives a better
ineight into the subject matter.

(In order to clarify th-e terminology employed in this paper, a section
entitled "The Mechanice of Hydrodynamic Instability' {s given which defines
some of the terms.) '

The report gives a number of solutions of Reynolds equation for
isothermal compressible and incompressible lubrication of plain eylindrical
Journal bearings. The analysis neglects inertia terme but considers
velocity of the journal center. In the case of compressible lubrication,

P, ° 14.7 paia is assumed at z =+ L/2. Few cases are also given for 120°
partial journal bearing operating with air as lubricant. Results are given
in dimensionless form for the radial and tangential forces as functions of
(e, €', L/D).

Several cases are also solved for the compressible externally
prassurized cylindrical journal bearing with central single plane of feeding,

operating under non-rotating steady state condition. Dimensionless force

- —————— e e —




is given as a function of (¢, L/D, Py Py Zt opt)'

A brief discussion is next included to show that ingtability ia {nduced by
'farceﬁ-norml to-the radiil displacement ¢f the journal. Following this, equations
and methods of calculation are given for the threshold of half frequency whiri
for both vertical and horizontal symmetrical rotors. Equations are also given
for calculating the amplitudes of forced vibration of ve rtifal shafts. It is
fur er shoivn hov  1e fluid {ilm and rotor resonance in rigid vertical shafts
can be calculated. |

Equations o-f motion are -set up for small oscillations about a pusition of
equilibrium. The equations are in terms of displacements and the -hydrodynamic
radial and tangential forces. Solutions of these equations exist in which time
enters as an exponential. Severa) solutions are given for a symmetrical rotor
supported by .n elastic shaft and fluid film. Results give the threshold of
resonant whip as a function of eccentricity ratio and dimensionless parameter E.

‘The more Vgenara.l equations for large displacements are also set 'upr in
terms of eccentricity ratio and attitude angle These equations form a set of
two non-linear differential equations, each of order 3. In the case of small
rotor mass, the tems involving m can be rneglected and the differential equations

| reduce to a second order non-linear system. The integration of these can be
carried out by a graphkical method and the steps are outlined.

For several cases where experimental data was available, comparison
between theory and practice is given. Explana.ion is given for several of the
reported observations which appear to be irreconcilable It is shown that in
reality they provide consietent veri:‘ic;ticn of the theory and thus enlargs our

availadble knowledge for a better understanding of journal bearing inetability.

- —— - a o ——
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u THE MECHANICS OF HYDRODYNAMIC INSTABILITY

Hydrodynamic instability {s caused by forces generated in the fluid film

rof the bearing, 80 directed with respact to the _l_h'&ft dieplacement as to propel
it 1n its whirling motien. ‘I‘o_ vhﬁn._liu better the forces which cause this
whirling motion, conlid-er.Flig.-"l wmch'lhown the equilibrium attitude of a
shaft rotating in a bearing and supporting a load W. As this is the poaition of
equilibrium, the resultant force of the fluid film on the shaft {e the force F,
which must be equal and opposite to W. The important thing to notice in

Fig. | ie that the force F is not in the direction of centers O'O but at an
angle ¢ to it.

Now let us consider a rotating shaft which carries no load,(W =0,)

and suppose that it is momenfarlly displaced from O te O', as shuwn in

Fig. 2. The {ilm under these conditions exarts a resultant force F on the
shaft, just as {t did in Fig. 1. However, in this case there is no opposing
force, W, 80 the force F must be spant in accelerating the shaft and over-
coming the frictional drag of 1t|. resulting motion. The movement of the
shaft center O' in relponl'e to the force F obviously will not be toward the
shaft center O. Rather, the shaft center will be forced to progrees in an
orbit around the bearing center and -n long as the centers de not coincide,
some force F will be generated by the rotation of the shaft and the whirl will
continue. Whether the whirling motion becomes meore pronounced, continues
at the same amplitude, or dies out, depends upon the angle ¢ and the damping

characteristics of the bearing and shaft system.
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The whirl frequency is set by the speed at which the shaft can pump the
fluid around in the clearance and maintain the pressure pattern which produces
the driving force F. As surning laminar conditions and neglecting {low due to
any pressure gradients {which in a lightly laaded'_bearing are very small}, the
average lubricant velocity {¢ half the periphﬁul'apeed and in the direction of
shaft rotation. Hence, ther greatest frequency at which a pressure pl.ttérn
can pregress arﬁund the bearing h half the cha.ﬁ speed. Tals is the apeed
and direction at which the shait vibratica occurs. We shall refer to this
kind of instability as "Hal(-Frequency Whlr}“-,

Finu!‘iy. ‘consider the case illustrated in Fig. 2. in which the shaft
‘supports a load W in the equilibrium position O'. Suppose the shaft, by lofne
external shock, is momentarily given a secondary displacoment to a new
position O''. The fluid force F corresponding to this new position of the
shaft {s no longer equal and oppoiitc-a to W, The vector difference bstween
the forces F and W is & force Fz which can cause the shaft center to whirl
(in the direction of shaft rotation) around iﬁ equilibrium position O' at a
speed nearly equal to half the shaft rotational speed - just as in the case of
the unloaded shaft discussed above. As before, therperliltence of such a
whirling motion will deperd upon the damping characteristics of the system.

Another phenomenor, system resonance, can join with half frequency
whirl to produce a vigorous vibration. When the rotational speed is about
twice the actual system firat critical, the system will build up in resonance

at a frequency equal to the system {irst critical frequency. This form of




T B i e e e e e -
e T e v meayn ey ae vr

-7.

resonance is raferred to as "Resonant Whip'' and may be defined as a resonant

vibration of a journal in a fluid film bearing which, {or low eccentricity ratios,

nete in at approximately twice the actual first system critical and perliitl

at higher speeds with the i‘uq‘dency of vibration approximately equal to the

~ firat system crm&al ragnrdleu of running speed. Here too the motion of

the shaft center is in the same direction as shaft rotation. - Resonant whip

{s a self-supportad vibration, as is half frequency whirl. In the case of

" zesonant whip, the vibration {s supported by the fluid {ilm action while the

frequancy {s controlled by'the system critical speed.
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1 CALCULATION OF FLUID FILM FORCES IN SELF ACTING BEARINGS

The general form of the Reynolds equation may be written

g;[h’pg] + %[h’pgs} = bu [UQ%? "+ 2pV + 2h gtﬁ (1)
I;l thin 'equr_; on Uis th; relative tangential velocity between the joﬁr_rml and
bea__'.-iﬁg surfaces and V is the relative normal velocity between them.

Equation (1) then contains the terms which determine the rinsunta.neous
- velocity of tae jorun_u.l center. The fluid inertia terms, however, are
neglected {n the derivation of Equation (1), {n accordance with past analytical
and experimental evidence which show their effect to be amall, at least at
meod: rate speeds.

The hydrodynamic pressures (and hence, by integration, the fluid
film forces) ars obtained {rom the integration of Equation (1) using the
appropriate boundary céndltlons.

For a full circular bearing, Equation (1) is aut:;ject to the boundary
condition of ambiant pressures at the edges. Thus:

p(6 L/2) = p(8 -L/2) = P, (2)

We will now further examine Equation (1}, first for the case of
an incompressible fluid, then for the case of a compressible {luid under

igothermal conditions.
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A. Incomprassible Fluid

If the fluid is incompressible, the density is assumed constant and can

therefore be factored out.of Equation {1), which then reduces to:

\ ' o o, '
g? [(1 + g cosgh? %%J + R® g:[(l + e conb)? %]B bu (%)‘[s(w-za) sin 6+ 2¢ cos 9](3)
Also, in the case of an incompressible m_nd.-cu.riutwn may oceur. If the
pressure 'p'' ‘ends to take on values below ambient gver an area Ac
extending to the ends of the bearing, then cavitation occurs over Ac' Equation
{3) then applies outside Ac. along with the additional boundary conditions:

P = p,over Ac
(4)

% = 0 over C, the boundary of Ac
(where n' ia the direrctional co-ordinate nomﬁ;l to C)
If cavitation were to occur over an internal area not extending to the
bearing ends, pressure below ambient could occur and the onset of cavitation
would be governed by the boundary conditions:

p = 0 over Ac

‘§= 0 over C

It turns out, however, that no such situation occurs and Equation (4)

(4a)

applies.

For incompressible fluids, p in Equation {1) may be used to denote the

pressure above ambient {gage pressure) in which case we set pa(gsge) = 0.

gy,
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The integration of Equation (3} yields the pressure distribution in the
bearing corresranding to the conditions at which the integration illperformed.
By a further integratlon,ofrth-e puuuretbutifde of G one obtains the net |
resultani force which the fluid film exerts on the journal and thus, one may
evaluate the components I-‘r and l-‘;. of this force in the radial and tan.gentialr :

directions respectively.

From dimensional analysis considerations, these -camponeﬁ't'u can be

expressed in the following form:

- Y
- Rhs I .t L _
F_ wLuiglt 1 e 5 5 B -
B (8)
v Vv '
x 2l Lot L
Ft wLU c {t (E. U ’ .D)

where .Vr (= Ce) and Vt (= Cea) are the radial and tangential components,
respectively, of the journal center velocity, and where Ir and {t are
dimensicnless and depend on the dimensionless variables shown.

Ncte that the dimensionless quantities Vr/U and Vt/U may be replaced

as follows:
5.1’: a l. 9_5 = -é. o e!
cC U w dt w
&.E = l— ﬂ = .a_ = al!
cCu - w dt w

For any given L/D ratio then, Equation (3) may be written:

R
. -uLU el

R
¢ 2 LU rel

F

: £, (e €' o)

{5a)

F ft (El E" B’)
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The negative sign in the Fr equation is due to the fact that l“r is
measured positive in the direction of increasing radial'dlaplacemet;t. while
{(at least for Vt = 0) the radial force turns sut to point in the directipn oiapo_sing
the radial digplacement. 7

The right hand member of Equation (3) is linear in w, 4, £. It would
appear {iom this that Reynqldl équntion for incompressible ﬁui‘dn can be
integrated se;-nrateliv firet for a lt&tiﬂn&l'? Journal cenier. (wf 0, E=a =0)
then for a radial velocity of the journal center (w = o= 0; € #0), and {finally
for a tangential velocity of the journal center (w =€ =0, @ ;l 0), and hence
by superposition, the pressures (and thus the forces Fr and Ft) obtained for
the jbirnt effects of U, Vr'aﬁd Vt. Thia condition, however.. is vi'thted by
the non-linear requirement of the boundary condition given in Equation (4)
and the fact that the curve C will, in general, change in 2 manner depending
on all three velocities U, Vr and Vt.

Nerverthelau. examination of the righ-t hand side of-Eq\_.w.tion (3) shows
that at least U @d Vt enter in the form (eCU - ZRVt) sin 6, or its equivalent
form, (w - 28) #in 6, Suppose that Equation (3)i{s integrated for a given
L/D and the forces Fr and 1-"t evaluated for Vt z 0 yielding |

I-‘r = ) wfr (e, €')

(6)

Ft b )\wft (s €")

where X w has the dimensions of a force, X being defined by:

: (7)

ulR R
" C
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Then, for non-zero Vt or a, the forces may be derived, without further
integration, by replacing w by w (1 - 2a'). At the same time, the diménsionlgu ,
parameter £' must be divided by (I - 2a'). Hence, for Vt £ 0, the fluid film 7

forces become:

F

Aw(l =2aY) £ {e; EY)
r r - . (8)

and Ft = Aw(l - 2a') ‘t e, EY) | - _
where

- E' .

S U (8a)

For the case of a.'-full circular bearing and lncomp_nuible fluids,
discussed above, rumerical inf.bgu’tio’nn of the flog}no!dn equation have been
carrie-d out for L/D ratios 0£ 0.5, 1.0 and 1.5, and for a wide range of
journal center speeds. The resulting fluid {ilm forces are given in Tables |
and la, the symbols in these tables éorrelponding to the nomenclature given
in Figure 4.

For the case of L/D = |, these forces and attitude angles hwé also’
been plotted in Figures 5 and 6, on the eccentricity ratio-journal center
velocity plane Note that these curves represent an extension of the conventional
one parameter steady-state solution to the two parameter dghumic condition.
The conventional steady-state solution appears in this more general repre-

sentation as the particular case where &' = 0.
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B. Compressible Fluids - Isothermal Conditions
When the bearing fluid is a gas and the ratio of the film to ambient
pracsures is large, compreuibility o_m.s'ctl may no longer be neglacted and -
_the more general form of the Reynclds equation given 1n,_Eqv'uation‘ 7(1) applies.
. The riﬁ!_:t hand »aido of Equation {1} ':i;nclu_dea the nan-lterady flow term:
12w e |
This term may ba-,of importance in cases of high fraqtl;ency oscillations
of the jouﬁul center. At léw {requancy oscillations of the jourhl cer‘_1te-r.
however, it is of lma.ll.er ﬁngnit@a r.hn.n the .n(the“r.torml ‘onA the- right hand 7
side of thé eq@tion. Furthermore, ifi_{nclulion in the analysis would gréatiy
complicate the :work by introducing a third parameter (time) in the iolutions.
In the presert xnalysis Iqi- compressible fluids, the non-steady flow term
has been neglected. More rigorous examination of itl- c.iffect on bearing
stability 1s plmnedrfvor the futt-x_re.

"We have also assumed in tl-m present mlynu' that {sothermal conditions
prevail in the fluid film and this conforms with the results of numerous
experiments (ree, {or example, References 5, 15 and 16).

Under iscthermal conditions, the equation of state is:
P = RTP (9}
where £ is tge"-gu constant and T, the absolute temperature.
Eliminating p from Equation (1) by means of Equatlbn (9) #nd

dropping vut the non-steady flow term, the Reynolds equation becomes:

Lo leel] - alol ooy




-l‘-

This equation' is non=linear. Thus, the method of superposition {(which
was proved to be linvand ‘in the incompressible case oﬁ account of the non-
linear boundary condition, Equation (4)) is invalid here too because of the
Aon-linearity of f:quation (10). |
‘7 The boundary condition éi, atmoiphe reic pressure at the-bearing ends,
Equation (2), still holds, howéver, absolute preﬁure in the bearing region
may now become lubg_a.ttnospheric (though, of ;ourie‘, never negative).

Once again, as mr the incompressible case, the fluid film forces may be
expressed in termas of their radial gnd t;i.ngential componenta Fr and Ft'
ru-p‘ectively. Here, of course, t:he dimensionless function: fr and ft have 7
to be calculated anew, this time by integration of the non-linear Reynolds
equation (Equatlorn 10).

Numerical integrations have besn carried out for full circular beariﬁgc
(with compressible, isothermal flow) {for L/D ratios of 0.5, i.O and 1.5,
and a wide range of journal center velocities. These are given in Table II.
For purposes of computuoﬁ. similar :&dltlorﬁl cases have been calculated
for a 120 deg. partial bearing with an L/ ratio of 0. 8 and these are given

in Table III.
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1Iv  CALCULATION OF FORCES ON JOURNAL IN EXTERNALLY-
- PRESSURIZED BEARINGS

A.nalylpi- have besn made based on (Ref. 15, 16) for the relultaht
hydrdi'uuc"force,acﬂng on a journal £n & cylindrical bearing with central
plane of feeding. ‘Results.are given in,t_rrrrrll of L/D iit_io. supply pressure

Py ambient preuure P, and z 7
“The governing equn.tian which applies for an incompreuiblo fluid

non-routtng Journal and small eccentricity ratio {s:

: 3, ) '
?S‘E' * %—3 * -‘s'éh = 0 (1
, Since % ~30 as e—-,O. for mull e, %u of the same order of ma.gnitude
as . This means that - 2 is of the order of (e)®. Thus fore ec |,
squation (11) reduces to
Y | 3 :
_ %ﬁ + g;@- = 0 ge<l (11a)
In the case of compressible {luide under isothermal flow conditions
‘equation (11) {s of the form a |
2 [om & 3! §E
+ |
= [ ph ] h S i.p . B 0 7 (12)
Performing the indicated operations, the equation expands to -
L : ? a) (2. 3%] .32
P @@ BT 28R - o (128)

The {ilm thickness equation may be written ar

h = C(l =€ cos 8)
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Equation (l2a) rhay now be written as -

JERE R

x
3e lln-i

R(.l-scmx-i)_l._ :

~Now, for small g, %bﬁcomu of the order of magnitude of £, 80 that

Equation (12b) may be reduced to

| ;—[(g)"i‘(%t“] + §§+%:{ = 0

. By defining a new dependant variable, 3. such that

p -] \) E
Equation (12b) can be rewriiten a8
2 Y
T
o

This equation is of the same form as Equation- {12a)

1 .

{12b)

{12c)

- {12d)

Applying the separation technique to Equation {l2d) yields twa ordinary

differential equations which can be solved for a (=, 2).

It should be pointed out that for rigorous analusis of the externally-

puuﬁﬁ:ed bearing, the equation of continuity of flow between the feeders

and the bearing must also be satisfied. Since the tude-u and bearing '

clearance are restrictors in series, they jointly affect the bearing per-

formance. The calculations presented here take account of this and,

therefore, the results are in terms of the dimensicnless fe..ding parameter

Zt.




-
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In general one is interested in getting maximum etiffness from a hydro.

static bearing.  This is accomplished by optimising the paramaeter 4".t versus

the dimsnsionless spring efanlhnt %. Ch'the left hand side o{th? éptimum

too much restriction is present in th-e 'f_a'éi{ligr"iysium.‘wﬁile the reverse {s _

true on th-e- r.igh-t‘ !u.nd side of zt ;pt' |
The procedure for ealcuh-t!omr i{s outlined in order to clarify ths subject

matter:

1) GQGiven L/D, P, and P,

2} Assume values of zt'

3) Calculate

L :
3(1 + zt)

Y = I p.) 2- I ' - (13)
2, || =— -] ,
. t({P, _

4) Find g (Y, L/D)

. . -7- 7- ' .
g (¥, L/D) @ J2- [. -¥ [v 'R %‘.-HY)J "-i’- oY [yv‘ + 5 S0t ae)

where ¥ and .5 are the arror functions

&
v(x) = f: o at

-t?

& ,x
dix) = T /o e

5) Calculate dimensionless stiffness V.

. g (Y., L/D)
k = Z, 0

couh% + =T unh-%

(15)
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and optimize Fby V&ryiﬁg Zt (ses Figure 7).
Stiffness can be calculated from

6)" Calculate dhémioﬁlgu pnhluri. P ve & _
- opt - _ .
Popt ° B, Sopt® : | A
The results are given in Fig. 8- 10 .for thru different supply preuuru
and thru L/D ratios:

7) Restrictor calculations

22 [pd .pd Juc d' = '
t 8 "a RT

fvhou ‘
_Cd n dlléhdr[o';bltﬂcio’ﬁt-(ﬂ‘:o.é)

d = orifice diamaeter
n = aumber o!!udul/bnrin.
(14) m = number of ormcu/lndor
Several important ecnclulionl can be drawn from this analysis.
8)  For a non-rotating externally pressurised journal bearing, ths displacement
is in the direction of load tattltudo angle is zoro).
b)  The displacement {s proportional to load for low eccentricity ratios
e<0.5. Thus, the fluld stiffness ie a constant. This leads to the
conclusion that for a given mass rotor the critical speed of the system

is independent of eccentricity ratios for e ¢ 0.8.
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c) 'f‘he critical speed.can be railqd by increasing the supply presasure.
'rhu' ie conﬁmed by our experiments l.nd those uportedin-an_ff 5.
d) From th;-;ﬁndpoint of m;ximum 10;&. it p.ppe_n-rl- thlt--theto is m
_optimum L/D n-.tic. -This shows up clearly in Figure é;_ where it il
~ seen that (for the values of ihe_ parmet-a_rl ﬁ_ud in that figure) |
(.L/D)opt o 1. Thus, Figu:;e 9 shows that a bearing with L/D= Zr
which has twice the area of the optlmum,_huring.- carries only 67% 7
of its l6ad. Similarly, & bearing with L/D = 1/2, which has half
the area of the optimum buringr carries 89% of its load.
o)  Once the optimum :.'.-tﬁ obtsined one has still ire: ‘=m of choice of t

savaral parameters in equation {12), ¢.g., 4, C, na. m.

It has been shown by unrﬂ investigatcrvs that the Aydrodynamic effscts

“are vary small when supsrimposed on the hydrostatic affects. This 1o

upoc_iuly true when the bydrolutic supply pr_._lig‘:_u 1 'l_x_i-gh- (p./p‘s 3).
There is, however, a smalil attinxh angle when rau.tidn is 'c,a,na“it_;'!e”r-ad, 'rhe
attitude angle dacuaiu withincun@ in cﬁpply rprrreuu-u' f;pr under this
condition hydronutl-f:‘ effects predomimtﬁ. Ez’par!.u_iohmr x"uu.lt; confirming

this point are shown in Fig. 11.

From Fig 8-11 one can calculate the optimum force and stifiness as a
function of ¢, L/D, ps/pa. From Fig.11 one can estimate the attitude angle as
a function of P, and in turn obtain the radial and tangential force and stiffness

for the hydrostatic bearing in which hydrodfnmic effects due to rotation are

considered.
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v INSTABLLITY INDUCED 'BY FORCES NORMAL TO RADIAL DISPLACEMENT

In the precading uctionl we have obtalned the fluid fﬂm (orcel that act
on the jourml Before proceeding to use theu in the aubility invuﬂgatlonl.
it il of mterut to point out. the effect of the force component normal to the

radial displacement.

The equticnn of motion of a balanced rutor with a restraining force and

. a force normal to the dtlpllcament from equuibrium and proporticnal to it

are:
mx A -kx + k¥
” R {19}
my =  aky « klx _

zr = x+ iy (wherei-'r-T.'l_ ' _ | _ - (20)

Multiplying the second equation (1) and adding {t to the first one, there

" results:

‘mE ot . (k+ tk ) e

whose solutions are:

z = A e'jM +B e"JM

‘where A and B are arbitrary constants, j indicates compiex components, and

k. +1ik
A o= l 2 T W+ iw
m !
' Jat -2t
Since X is a complex number, it follows that either e’ ore will become

infinite with time. Hence, a rotor with a force normal to its displacement

is {nherently unstable.
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Vi .THRESHOLD FOR HALF FREQUENCY mL

Employing the hydrodynamic forces generated within the Qluid film, it

has been shown (Ref. 3 and 4) that the threshold of instability may be

represented by

mut(f+ =) < 4 (21)

%2

| where l/xz is the radial fluid film resiliance. In Ref. 4, it wae shown that

this inequality appliu to bearinga which possess a high dqréo of symmetry. '
It was also lhbwn in that rsfqrénu that the reluitu apply to both ecmpnur!ble
and incompressible fluids. This point was further cdnﬂrme-d experimentally
in Ref. 8. _ _ | .

In Ref. 2 it is shown that neglecting friction forces, the resultant film

force due to journal rotation in a plain bearing is at right angles to the

~ eccentricity, and is just balanced by resultant force dus to whirl;ng when the

whirling frequency is one-half rotationsl frequency. This result reapresents
the upper limit of whirling frequency for an unloaded ideal bearing. The
same result can be deduced‘hmon directly by considering the continui-ty
condition that the volume of lubricant passing through the film at some point
A, Fig. 12. must equal the volume passing point B plue the volume nqﬂnd
to 111 the void of the receding journal. In the limiting condition no pressurs

can exist {n the film, herce side leakage is sero, and it follows that
%;t_é(c+.) a %‘*L(c-.uznm

Hence:
" s w/2 ' (22)

The same resuit is obtained vregardless of where pointe A and B ars taken.
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Vil FORCED VIBRATION OF VER;TI%L ROTOR (SIMPLIFIED ANALYSIS)

Let us con;ldar a vertical rotor supported by. twor plain journal bearings
~as shown in Fig. 13. “The rotor c;t_ui_ltl of & flywheel fitted to a lhl_ft'and)to' |
simplify the analytical work,it will be assumed that the rotor mass 18 con-
centrated at & point lit\u.te& hmqwa_.y between the bearings and, further, that _
the bearings are identical. The center of guvity-of the rotor is offset a die-
tance & from the center of the shaft. 7 )

For the amplitudes of vibration of the center line of the shaft at the
pointi 1, 2 and 3 we wiu_ use the symbols LI and ey ulpectivily. The
actual bending deflections of the shaft will be noted by y. The relation be- -
tween the duﬁluceme'ntu at various points on the shaft will be as uﬁluugl by
the displacement diagram of Figure 14. The amplitude of whirl at the '
point 2 {s partly due to the displacement of the shaft 1# the bearings and partly
due to the deflection of the shaft. Further, it will be seen that the amplitude -
of vibration of the center of guviﬁr of the ﬁtér is the vector sum of e, and 3.

Figure 15 shows the force diagram for the rotor. f.at us denote the
angular velocity of the shalt by w and the centrifugal force acging on the rotor
will be given by the following a:prenién: - |

C.F. s mu? (e, + 8) {23)

Since there is no damping in the shaft, the phase angle of the shaft
deflection must be the same as that of the applied centrifugal force and the
vectors representing these two quantities must be parallel. As shown by the

force diagram, the centrifugal force is compossad of the two componsants
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parallel to the amplitudes & and e

mw Sandmule respectively.

2 2

The centrifugal force acting on the rotor is equally divided between the
‘bearirge li 1 and 3 and the force acting on each of these bu-rinp will there-
fore “s1s aqual to c.‘r-‘. /2. 8ince the bearings are assumed to be-identical, the
shaft displacements must be the same in both beaxl nge. we will therafore
drop the suffices and wﬁrlter e =e, e

Since the forces applied to the bearings are of conetant magnitude and
rotate with a conluﬁf a.ngulurvqlocity. | the relation bgtwaon'force and dis-
placement can be determined from the conetant load characteristics of the
bearings. From Equtioﬁ (3! it is apparent that h-_nrtroductng_a value for o
makes no difference to the principle of the solution of the equation. Con-
sequently, the use of #urvel obtained frqm the constant load calculations can
" be extended to- cover the case of a constant rotating load.

If we consider the disturbing force as the ﬁnbn.lanco force then it rotates
with the same angular velocity as the journal, i.e., & = w. Making use of |

the load number, { (Tahlies ] ard 11, and taking into account the rotation, the

force C.F. will be given by the following expreseion:

&r . L LwlD(R/CPgel W (24)

For convenience, the attitude angle ff has been chosen to be positive
when the force on the fluid film leads the displacement, {.e., for negative

lJoad numbers, Here, f unz y are a function of the eccentricity ratio € as

given in Tables | and II.
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Let us introduce the symbol 8 for the phase angle difference between
vectors & and (e, + &) as shown in Figure 14.
By r.iolving the displacement vectors in the x and y direction, we
arrive at the Ionéwtng two squations: | -
| esingd s JsinpB (;Sa)

d4e, = econftlconBey | (25b)

The deflection of the shaft is cbtained {rom simple beam theory and

is given by:

cC.F. 0} ’ - '
v oo S | 28]

Making use of Equations (23, (24) and (26), Equation (25b) can now be written:
-:‘; uLD(R/C)'f(é;-!'-s-—:n) = ecosf+Sconf - _(27)

The unknown B can be eliminated betwaen Equations (2%a) and (27) and
as a result we obtain the following relation between the frequency and the

unpiitude of whirl:
' )

1 3¢t w, [* 2 ‘ A Pe
{;ux.nm/c) “mu'%ﬁf’} -'uLD(&/C)'!(m-%-BTI)ecosﬁ+a‘

s & (28)
For a further study it will be convanient to introduce in the above

equation a nsw variable defined by:
1 3w
v - b (29)

This leads to a simple quadratic equation, the solution of which is: -
' \

v c ' 3 .22 2 _ 3 1/z;

v i(F) {”‘”“[‘ coa’f + (8% - o) j

o
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Making use of Table I and the above equation, values can be found for
Y as a function of any eccentricity .
‘The frequency w is defined in terms of 'y by Equation (29). Rearranging

and solving for w ‘7e get the following formula:

ks ol [(—z-;:sﬂi)' ‘ z‘,é_'l’.]’/z
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VI  FLUID FILM AND ROTOR RESONANCE

Fluid film resonance is a conuquehco of the quasi-elastic properties
of the oilr film. 'I‘hq phenomencn may therefore be studied by assuming that |
the'rbto'g {s rigid. The cdnd_itianl of a rigi.d__:,afor may be o_iu_xull.tedf_by setting
1*/E1 = 0 in Equation (29). Thus, we obtain the following relation:
7 : " ) . ,
By lubltitutlng the _expruﬂon for 7y in t.ho above equation w; obtain

the foliowing equation for w!

|
b LD (R/C)° £ (30

T “‘{e con § +[e? cont ¢+ (8* - .'.)W

By conesidering the {forces acting on the journal it is boulble to derive

the {requency response chnnctorigtiel for the system and pndlgt the variation
.1n amplitude of “nu_id ruounco(’ with speed. Referring to Fig. 15, we shall
2emsts s Sistusting fovse by tha vactar B. tha inw«:- nosition of the
Journal by the vector e, and the force in which the fluid film exerts on the
journal by F. The ﬁonig'- !orr'gg acting on the journal will be given by me.

I{ the Juﬁrm is vertical and there are no othef external forcu acting
we can axpress the conditions of force equilibrium for the journal by the
following vector squation.

| me+F = P _ (31)
Let m& denote the out-of-balance of the rotor and w its angular velocity.

The disturbing force acting on the rotor will thon be given by:

Ps mbuwle
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Where P is the phase angle of the disturbing force relative to the
displacement vector e. |
~If we assume that the Journ.n.l center moves in a circular pa;th around the
bearing center, we can write’ _ | |
o e = e e
where e_ is constant over any complete revolution.
The inertia force acting on the journal can, tharefore, be expressed by
me = -mute o't '_ (39

If we assume that a single bearing is taking the total load, Equation

(30) bee-'men

F @ g pwlD (RGP 1o (#*H (34)

Malking use of Equations {32), (33).a"d (34) in Equatien (35), we obtaia:

-m w? eorcurnll' %’ uuw(%)'u““”” = m@u' .1“‘4‘&)

The real components in the abovs equ:io:i give:
-muo°+-z—1;uuLD,(R/C)'!cooﬂ = mdwcosB

and {rom the inugini.ry components we get:

-z-l;u.LD(R/C)'fninﬂ s mdwsinp

Eliminating £ between the above two equations and rearranging we

finally obtain the following equation in w:

me K LD (R/C)? { cos d [LLLD (R/C)' f]

L w+ T a0
tr(m eo)‘ e (m 6)']— 4x? [(;eo)' - (mﬁ)'_}
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The condition for resonance is that the two roots of the abovs aquation

_ Eoi.ncide. This will lead to the following relation: .
_con ’ 2 | i ‘.meo ) : o 7 (35)

and the resonance frequency will be given by

m e_ i LD (R/C)*  cos §

a {36)
2w(m eo)' - (m3)3 :

W
res
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~

IX EQUATIONS OF SMALL OSCILLATIONS

In Sections 111 and IV, the fluid film forces that act on the Journal were

obtained. We will noﬁ consider the equations of motion for small oscillations
about a posiuon of cguilibrium cbrrenpondlhg to some particular externsl, steady
load, making use of these fort:es o
Introduce fixed rectangular (x, y) axes as in Fig. 16. Suppose now that

snder a certain external iteady load on the journal, it is running at eccentricity
ratio €, which corresponds to politicn A » which we choose as the direction
of pomlve y. Then Equation - rlndl for tha steady load on the journal

Fr 5 =2 u_fr (‘o" | R )

rt s A “'ft “o' 0)
Consider next a small (variable) deflection da, de of the journal center to A,
near the position A and let X, Y ba the added forces on the journal in the
x, y direction resulting {rom this dilpucmpat. rm Equations 8 due to

éhn.n;u in magnitude of r’. 't' we cbtain (since « is constant)

r u M ]
dl"’llzulr-u(rc— dl#g.— d"’J
dF, = A|-2dd 1, + 0 (g‘- ds+-&-§- as')J

3! 5! Bi a!
Whorofr.! a— E- F.g-;nov:luudntsaz.e'-o

These forces contribute directly to Y, X respectively. In addition,

there are also contributions to X, Y due to the directional changes da, given

by '
i‘rda 2 e} ut’rdc
. (39)

.Ftd‘ - -Aﬂftdﬂ
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where { , {, are also evaluatedate . 0. Hence
X = 2 ( wda f - 2dd £ + af‘ d sua‘t d".

| - gt 2L+ oG de v del)
L : . (40)
¥ 3 . |
Y = A |-wdaf 42dd¢ -U(rde+§?f' de')

Since I ' I are positive and mcrnuing functions of € as well as of E', both

of Bt

' f ) f and the various dsrivatives -5— 'ée— ars positive.

Lat the camponenu of the displacement A A along the x, y direction

be g. N (see Fig. 16) and let a be measured from y-axis. Then for small

8, nand a, there results from Fig..16,

de 3- gt da = ?é-l
_ : : (41)
dé
a8 o L a“ - Eé'
Equations (40) yield ,
u! E thﬁ Bi a!t 2
X = |- "TEtewet W
e ° -
(42)

[ wf 8 2e 8 ¥ .
: t T r 3
¥oe '%—c-*eoc'“m—%'w%}

Because of the assumption of small a, Equations 41 and 42 are not valid for
emall ¢.

Now. suppose., as in Fig. 17 that a rotor, consisting of a single disk is
symmetrically mounted on a shaft, which is carried in two similar and
symmetrically placed bearings. Let k be the shaft stiffness constant. We

agsgume that the deflections of the shaft in each bearing, both for the steady

lcad deflection £, and for small further deflections are symmetrical about
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the middle plane of the rotor, and that steady lond‘ l.nd the addad forces

X, Y on each AJorurn-al cre equal. fi'ho -lillft segment to the left of the rotor
has ‘f;ha force X, Y oY exerted on it by the lubricant on its journal, and must
have an equal -lfld ocpposite force axqrted on it by thﬁ rotor mass. (which aleo
exerts a lﬁdihl‘ Ilo.rco oﬁ the shaft ssgment to the right). Thus the shaft
center deflects relative to the Jouﬁul centers an a_moﬁﬁt '

x = - 2X/k, y s . 2¥/k (43)
giving rige‘ to a net displacement of the rotor center |

x+ 8, | | ven  (44)

We wp#ou that the iuldy force -ZYO is An extemal load on- the

rotor (gravity). The remaining forces, 2X and 2Y, assuming that the rotor
{s balanced, cax only bﬁ used up as *inartia forcas?. Hence

2X s m{E+8 = .k

. : 45
2Y = m(P+%) = oky (45)
and substituting {from Equations (42) we geat
_ - . -
wt &8 21 8 wodf . L . o
Xe Mgt 2wl s FED - - F
: S ° o -
- - (46)
we 8 2¢ ¢ wdf af .
SR Thippui S Tl . 2al . Biys) Xy
Yo M-FEtTe "® c Wl ¥ = -3
Here the functioni ‘r' f? and their derivatives with respect to e, €'
are all evaluated at the squilibrium eccentricity ratio, and for e' = 0. They are

given in Fig. 18-2] for the incompressible cases and in Fig. 22.25 for the

compressible cases.
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The differential equations (46) are linear in the variable & % x yand

solutions of them exist in which time eriters as an a:pénlntll.l. These may be

expressed in dimensionless form as :
vy , = _ _
) 1. where 7 -rwot., n_ao B\/; S , f (47)

Here w_{s the critical speed of the rotor mass m with a shaft stiffness k '

From the right hand equation pair of equation (46 )y there results
]
m (v uc)

(Vu ). .
T;(-w—r' b ATy 7R L (48)
Equation (46) now ludl, to the determinantal oqultlo_n: _ |
kme,C(va ) ¥
Yo Vet
PO (49)

o
[uf +zvuf+27\tk+m(\'u)'j S
[ A R kmC(vu)'
ur+

"“‘ow' |F+m(vu)'

{-wt +2vw { ]
t or

{f we now introduce the dimensionless ratic

s = -u—“!- (30)
o
we obtain, on dividing through by w,:
Ee v? -} ¥
o1 +2v(+ —p St + Vet
K ¥ '
f(v) = M 3¢ il = 0 {51)
-pf +2vH{ 'E-y-:gd-c Lasv z
t r 1+V 3 &%
where
kC3
E ° iR, (52)
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Oniet of Instability -

it may be ;héwn that for small valﬁel -af s, all sis roots of Equ;tioﬁ {51)
‘li-e in the left half of the cor::’plax.vrpln.ne This means,_thv_.t}the uo_lutions: of the
amall dilplagemént’ ec{utiom (46), about the position of equilibrium corres-
ponding to the. ﬁivan constant load on the rotor,. are- stalle.  On the other hand,
if 8 is large;, it can be show that some of the Vrootl lie in the real half of the
comélex plane, so th;t the rsolutions of Eqﬁztion (46) become unstable. The
trmlitiah from stability to inutability. one may further show, can never take
place by a root cro-uing atv =0. Thereforé.‘ this trransition can only occur
as a result of roots crossing the pure imaginary v axis, as illustrated in
Figure _26. We now proceed to find when this crossing takes place. (Note
first that to study the roots of Equatién (51), it is convenient to keep constant

the value of e, At which Ir and It and their derivatives are evaluated.)

Writing
. ,
. Y . .
A G
Equation (81) becomaes
aft Bft
sfr+2vft+sc 9-55—+v§-e—.-
_ = 0 (54)
, f of
-sf +2v{ At I N
t r TS , Jet T

To find the threshold of instability, we seek pure imaginary ronts of
(51). For such a root, both the real part and the pure imaginary part of { (v)

in (51) must vanish separately.




Equating to zero the imaginary part of Equation {54), we have:

: B'ft - ?nt
th s s | afri-.E( Ser

4 R + v , , = 0
- ' Bfr : . 'Bfr
26, st e 1y T

Since v # 0:

a, [ o a 3 TR
c(th+E§ET)+’ B—---l-ftg?.— +28(ftr rﬁ-) = 0

This is linear in { and yields for. /s an explicit function of £ which tur_rna out

negative:
a, Ao a, A
g, 2hwbhe! smrther) (55)
) ' : ' Bfr 1
2 It +tE S
Next, equating to zero the real part of Equation (54), we have:
L= A of
si_ +¢ef .. { !
r B¢ t S’
a¢ +2v8 3 = 0
r T
" i I fo&

Upon dividing by s?, substituting for {/s from (55), and solving for (v/s)?,

there results:
Bf

[f(e)] -f(e)(f +er) ( T—+ft

(."’-) = <7 o, =1, {e) (56)
r
[fts;-'- L 5




«35.

This is a function of € only, and turns out to be positive, yielding a pure

imaginary value of

where (57)

(3] - o

The quuntity( s the ratio of the oscﬂlation frequency of the journal

center to the shaft running frequency at the limlt of stability. Note that it is
independent of E and depends only on k.

We now return 1o Equation {53! and put it in the form:

TN o

Recalling (58) (56) and dividing (58) By Il(e) ' Ia(e). we obtain:

E _L_ . (59)

fl (e) Iz(e)

s +

The solution a8 (= u/uo) of this quadrati-c. equation depends both on ¢
and on E and is thus dependent (see Equation 52) on the bearing geometry,
fluid viocosiiy. rotor mass and shaft stiffness. The vallue of s,obtained by
solving Equation (59),expreues the rotor speed at the limit of stability as a
function of w,r the mass-shaft critical speed.

It should be kept in mind, however, that the critica] speed of a mass -
shaft-bearings system shouldrl-:e calculated using the ¢ ombined s*ifiness -f the
shaft and lubricant film. For a symmetrical 2-bearings system, this critical

speed may be calculated as follows:




-3ba

a) Shaft Stiffness = k

N
b} Lubricant film stiffiness = %E: = BLoR(R/C)” -di

.2 C ~de
] - 8k df
2E de
The critical speed of the system is then:
LS
wl - 1 _ .. m
CR 1 1 2E fdf h E /df
m(k+2 ks[ds) - “+s/a?’

Its ratio to the shaft-mass critical, @ is

(60)

In defining the lubricant film sti{fness as above, it is customary to use
the radial film stiffness BFr/ae.
Now, the ratio of the rotor speed at the limit of stability to. the critical

speed of the rbtor-shaft-hearings s.ystem can be obtainedf

w . w (uCR) rad - 3
“erlrad %o “o | Y
: de
¥ L E
de [}

The value of 8 used in this equation being that cbtained {rom the solution of

Equation (59).
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Examp le: _
Conaider the rotor-shaft-bearings system of Figure 27, ,
R = | inch | |
% = 0.5andl
% s 10°}
k = 1.25x10°1b./in.  (From Fig. 27 for a steel rotor  shatt)

m = 0.11b. -sec. */in. (rrém Fig. 27 tér a steel rotor « shaft)

'I'he_ dimensicnless number E (defined ir-i: Equation 52), is a function of
bearing geometry, shaft stiffnese and fluid viscosity. In the example worked
out ﬁof’a. the range:0.1< E£100 {e covered. fnr_ the rotor shown in Fig. 27
this corresponds to l. viscosity ranging from order 10.9 to order 10~
1b. -gec.?/in. The range of eccentricity ratios covered in this example is
0.15¢%50.8, | |

The film ltﬂfn,u used in calculating *As natural t’uqdancy’ (per
Equation 34) is that due to the radial restoridg force. .The natural {requencies
cl}culnud below will then hoa‘thoua,‘ along a:he ndtaatl direction (w CR)r'

The values of Ir. {t' '&L ' w‘. «5-5- and 3-:7 + were obtained {rom the
sdlution of the dimensionless Reynolds Equitlon. These are given in Table 1
and Figures 18 through 21 for the incompressible cases and Table II and
Fio:ces 22 theauch 25 for the compressible cases.

Introducing these values into Equtionl'iz; 55, 59, and 60, we obtain:

(for the incompressible cases):
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Bearing 1./D = 0.5

4 ¥)a .1.{2.) Cer)y 5
3 E 8 8 ils -8 Swy (”Ci!)r

0.2 0.1 - 0.9429 -0.1411  0.3186 2.6096 0.9852 2.6488

0.5  U.1 - 3.1968 -0.1252 0.3538  2.8104 0.9974 2.8177

) 0.8 0.1 ~-13.4452 -0.05543 0.2354 4.2438  0.9998 4.2446
ait) ’

' 0.2 1.0 - 0.9429 -0.1411 0.3756 2.1842 0.8533 2.8597

0.5 1.0 - 3.1968 -0.1252  0.3538 2.6719 0.974l 2.7450

: 0.8 1.0 -13.4452 -0.05543 0.2354  4.2105 0.9985. 4.2168

0.2 10.0 - 0.9429 -0.1411  0.3756 0.6307 0.2723 2.-3162

: 10.0 - 3.1968 -0.1252 0.3538 1.6659 0.7325 = 2.2743

0.8  10.0 -13.4452 -0.05843 0.2384  3.8919  0.9839 3.9856

0.2 100.0 - 0.9429 -0.1411  0.3756 0.06678 0.02910 2.2948

0.5 100.0 - 3.1968 -0.1252 0.3%538 0.2533 0.1315 1.9262

" 0.7751 2.4857

0.8 100.0. .}3.4452 -0.05843 0.2354 1.9267
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Bearing L/D = |

1 I Ml o
€ E s (n) A i (l (] Wy (WC-R) r
0.2 0.1 . 2.6761 .0.1377 0.37  2.6763 0.9948 $2.6903
0.3 0.1 - 4.32¢4 -0.1338 0.37  2.7224 0.997) 2.7303.
0.7 0.1 -18.484  .0.0846 0.29  3.4179 0.9998 3.4186
.8 0.1 -29.2005 .-0.04898 0.22 4.5169  0.9999 4.5173
0.2 1.0 -2.6761 -0.1377 .~ 0.37  -2.5146  0.9488 2.6503
0.3 1.0 - 4.324  -D.1338  0.37 2.620 ~ 0.9704  2.7000
0.7 1.0 -18.483  .0.0846 0.29 3.3936 0.9974 3,4024
0.8 1.0 -29.2005 -0.04898 0.22  4.5016  0.9992 4.5052
0.2 10.0 . 2.6761 -0.1377 0.37 1.4108  0.5798 2.4332
0.3 10.0 -4.324  .0.1338  0.37 1.8120  0.7263 2.4950
0.7 10.0 -18.483  -0.0846 0.29 3.1603.  0.9737 3.24%7
0.8  10.0 -29.2005 -0.04898 0.22 4.3806 0.9917 4.3872
0.2 100.0 -2.6761 .0.1377 0.37 0.1981  0.0834 2.3420
0.3 100.0 - 4.324  -0.1338  0.37 0.3198  0.1390 2.300
0.7 100.0 -18.483 -0.0846  0.29 1.6383  0.7000 2, 3647
0.8 100.0 .29.2005 .0.04898 0.22 3.1199  0.8998 3.4678

The ratios (T%_ {or these (incompresaible) cases are plotted in Figure 28
CR' rad

as a function of the eccentricity ratio, L/D and dimensionless number E. The

figure indicates taat wuiie sur iow sccentricity ratios the instability occurs at

approximately twice the critical speed, this number increases with increase in
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eccentrici-ty ratic. Thus the onset of instability for eccentricity ratios of

>0. 8 is around three to four times the critical speed. This _cbnclua!én_agreo'sr
with observations which show that atnl;ilil;y increﬁes with increase in
eccentricity ratio.- Howe.\‘r'e.r,” if also shows that inatability may occur evan at '
very high eccentricify ratios. These have not been cbserved for very few -

machines {n practice ope rate at speeds much above twice the first critical.

iy
The number =— (-; , shown in the above table (where | = Vfl)n represents

i
the ratfo of the frequency of the oscillation of the shaft center to the running
-fre'qunncy of the ah_a.ft, cs;lculated at the onset of inataﬁility. as discuseed on
page 35. Th_i-s ratic, which was shown to be independent of ’E. is pl'otted in
Figure 29 as a function of tha eccentricity ratio. Note from this {igure that
for a wi_de band ot eccéntricity ratios (btheen 0.2 and 0.5), the frequency of
the shaft oscillations at the onset of instability is between 35% and 40% of the
r-unning frequency of thé shaft. '

Calculations were also made, using the analysis described above, for

bearings with an L/D of 1 and using compressible theory. The forces and

gradients used in these calculations are those given in Table II and Figures

o “) is plotted in Figure 30
CR

"as a function of eccentricity ratio and for values of E - 10 and 100. Note,

22-25. From these calculations, the ratio
rad

from this figure, that for the compressible case too, the limit of stability
increases with increase in eccentricity ratio At low eccentricities, however,

instability sets in at very low speed. In fact, Figure 10 suggests that at

.
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zero eccentricity ratio, oscillations will be unstable at all speeds. Some ex-

perimental verification of this is given in Reference 4, where it ia shown that

for vertical rotors (-e = 0} iriniability exists at all speeds.

It must be pointed ocut here that the mesh size used (in the digital com-

- puter calculations of the fluid film forces and gradients) for the incom-

pressible :aies. Qaa approximately three times as coarse as that used for
the compressible cases. The ré@son for this is the much 'Qreatef complexity
of the non-linear, ciomp-reulble fluid Rreynoldl equgtion. Checks-w.ére

made ina fﬁw calculations, uking a finer circumferential grid and these
lhOWVGd-thAt'the -value_rl-of totrn.rl du-nr'enlionleu force (f =d f: + f:) are obtgined

with good accuracy inboth the compressible and incompressible cases.

: £
However, the calculated values of the attitude angle (¢ = T.vm'1 ?E- ) may be

in error by two or t.hre§ degrees in some of the compresraible cu:a.
Since the relative viluca of the tangential and radial components of {luid {ilm
forces are vary critical in stability investigations, it is planned to review
the renultﬁ given in Figure 30 using more accurate computations.

The difficulty in obtaining accurate numerical solutions of the non-
linear, compressible fluid Reynolds equation ﬁlultrute; the advieability of
evaluating the order of magnitude of each term of the equation. This allows
those terms whose order of magnitude can be shown to be small (relative
to the other terms of ihe equation), to be omitted from the equation before
numerical solutions are obtained for a wide range of cases. Failure to do

this greatly increases the difficulty and computation expense required to

obtain accurate results.

-



o e ————— ——— = = - A e} & —_

-42-

X EQUATIONS OF MOTION FOR LARCE DISPLACEMENTS

We now consider the general equations ef motion of the Journal centar
and the rotor canto;; witho’ﬁt uu.kinl the assumption used in section IX tiut
this motion is close to t.hé liead-y-ume palAition'.

Suppose that under a certain applied steady load oﬂ the -rntor. iueh a8
gravity, the journal center is deflacted to Q, corruﬁbhdlng toese,, and that co-
ordinate axes are chonnp in ri_;u_ro 3l 16 that y axis passes through Qo.

Then the coordinates éf Q° are

820 n=Ce, _ (61)
. The forces exerted by the lubricant on the journal at each bearing (half the
applied u‘iﬁjr 1§ad)'a.re given by
Fom Nwfle, O Foom haf (e, 0 (62)

These forces also cause a nudd} deflection Q°A° of the shaft center
-and rotor center of amounts

x, = -z_rm/k. Yo * -2 rw/kf (63)

‘Consider now a general motion of the journal center to the point Q

specified by the polar coordinates (eC, o). The journal center is now at

£ » Cesinag, 7 n = Cecosa (64)
The forces on the journal in the radial and tangential directions are (from Eq. 8
and Ba) -

F_o= aX{w - 24) ‘r (e, €*) '

- (65)
F o Aw=-24)f (e, €')
t t

where L

AN —-—'—(1 - 2a1) (65a)




-43.
and along x, y directions .
Fz 2. A{w e« 28) 'fr (e, &) sina + ft (c. €¢)cose
_ . -8 ' (66)
F_ o= A(w-28) )¢ (e, )cosa+f (e, ) atna '
y r ; t |

The shaft center deflection is.

x o -ZF*/k = ;é& (w -2&)’[-!r linn-i-tt cos nJ

22 | (67)
y = .gry/k 5 = (w - 24) [!rcolu-btt linn]
and the net deflections of the rotor center are: |
L+x = Ce ntnc_+3£- (w - 24) [t‘r sina - { cos c]
| (68)

N+y = Csco'ln-l--z%(u - 28) {frcoua'l-ft'atnc]
Subtracting the steady f_qrce components Egquation (62)-trom Equation (66)

we obtain:

F:-F“ -lwft (so. 0)+7«(u-2&.)[-!r ltnnd-ftconcJ
' ' (69)
!‘y-F” = \ufr(eo. 0) » A (w = 24) [!’couad-ttllnn]

These forces can only be used up in producing scceleration of the rotor mass.

Thus,

m o9 m .. .
TED 2T -F, FGeRder T (70)

or mors explictly,

go
-

m d? _ . mcd?
(k a?.-i-l) (U-Zc)(-frlinc-pftcun) a uft (eo. 0) ¢+ m(elmn)

3 - . 3
(%g?r'b l) (w - 28)( ‘r t:o.t:'l'ft sin a) B ufr (eo. 0) --éulc--g?-(g cos a)
-

b

. i e ——
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Massless Rotor

1f we consider the cass of maseleuss rctor. the terma invnlving Mm can

be daletad from Eqution 71 which then uducu to:

' (l - % [-fr(e. g') sina ¢ ft (g. £') cosaf = ti (e;. 0)

1 2 { (e, &Y +f ;")un:af('o)
: .H- - y E C.OIG tEr 87 r Bot
)

These are differential equations from which 4, £ can be solved as
functions of e.r . | |

The steady state lnlutiqn is givenbye=¢ , a = 0. Eﬁutlonn 72
may be tzansformed by multiplying  first by - llnin. cos a and adding;
then by cos a, sin a, and 'addiﬁg. l'I‘horé results

(1 - %} fr (e, ') = -"It (eo. 0) sina + fr (eo. 0) cosa
(73)

(z --‘-z‘-“i)'tt (_e. €)= f (e, 0conats (£, 0) sina

Introducing as in Figur-o 32, the resuitant force { ;.ven in dimensionless

f(e, &) = \/I: + I: - (74)

and the direction angle ¥ that this force makes with the (inner) radial

form

dire.

2
v = tan ft/t'r (75)

We note alec the relation

Ir s {coe ¥, tt e {ainy {76)
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Denote bf ‘o' % the values of f and ¥ at the positions of equilibrium.

f, = t(e 0} Y, » V(e 0 S  (77}

Thus, by taking the aquare root of the sum of squarea of eqﬂtio‘nl'(ﬂ) and

their ratio, dm;:ﬂ e giae following egquivalent form for these equations: -

" o
(1 -";')f(e. g £° _ (78)
‘tany = tan (a+w°) : | - (79)
Hence '
v & a+ ifo 7 : (80).

Introduce the parameter T by means of
T e wt ' (81)
Then Equation (78) can be replaced by .

(1 «2a){ (g, €") = l(ao. o) = £ ~(82)

By means of plots of { and v in the £ - T' plane, such as thc;u of
Figures 5 and 6, the locus of a shaft center initially displaced {rom its
equilibrium position (:o. wo) to some cther poutipn (e, ¥}, can be obtained
numerically.

The equations required for this and a description of the procedurb
I-ollow:.

From Equation (80) we have

a = Vv-y, CHR

and from Equation (82) we have
f
1 -]

R (84)
2 "2 1
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For a small dimensionless time increment

we can write

€ ie e WL _ (85)
T"nﬂ TBTn ‘ _TTn '
and
’ _ | a 2z q +a' AT (86)
) T ael A Rr™
* Now, consider a shaft center whoss static equilibrium position is
(eo. 0} and let it be displaced to a position (e,"-’,ro , a“%) at the m-ung

b . TS Ty Its locus can then be traced as follows (See Figure 33a)t
l.  From Figures 5 and 6, obtain the dimensionless force { and tha
' angle Vo which corrnporid to the position of static equilibrium
e=e € = 0). |

} - - .
2. From Equation 83, t_:llcu.!a.ta WT“ B wo te .

o o
_ H]
3, Locate the point (51"0. VT.TQ) {n Figure 6 and hence read off €
' .
4, locate the point (B“To' ET-TO) in Figure 5 and read otfr f“_ro.

5. By means of Equation (82), calculate

at s L. l.fl'.'.'.‘.n.
187 2 2 f
o °

6. For a small time increment4 1 o 1T calculate from Equation (86)

‘!tﬂ'r : Ty * “,IBT " AT
l o o

7. From Equation (84) calculate

v‘lﬂ't " vo ¥ c‘tﬂ‘tl
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8. From Equation (65a) obtain
g a [e' (1« h')]

TaT a
o 't‘l'

9.  Feom Equation {83) calculate

3 5. & + ¢! < AT
i L TT - 187
1 - 1 0

The new location of the shaft center (ew,r L. ) is now defined.
: . ) IS | o
The procedure is repeated for a new time intervalAt = Ty = Ty znd the

location of the shaft center at time 7 = Ty is similarly obul.ned.@_, su;f.wrue

rapetition of thu procedure will then define the complete Iocul-bf the liuit
center. Figures 33 (b), (c) and (d) show three pouibla loci.

In Figure 33 (b}, the shaft center leads bark to the position of static
equilibrium so that the condition is stable. |

In Figure 33 {c), the shaft center describes & closed loop. This is
a coqdltion of etable oscillation. The period -ot these élcinl.tiom is |
¢lvon by (1!"“1 ) |

In Figure 33 (d), the locus of the shaft center spirals out and the
oscillations ars unstable.

As an example uf this procedure, a numerical integration was carried out
for the case where the journal center was displaced radially from {ts steady
state pusition at £ = 0.1 to an {nitial position at ¢ = 0.4. The fluid fiim forces
used were those .obtained from incompressible theory for a bearing with an
L/Dofl. The results of this integration, carried through for the first loop,
are shown in Figure 34. These indicate that, for the conditions assumed, the

journal center spirals in towards the steady state poasition.

S e s g gy pgre PO [
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X! EXPERIMENTAL VERIFICATION

Several ‘oblnrv;tiuhn may be cited which verify the thlory.- and to

 some sxtent clarify this very difficult and controversial suhject.

Figure 35 shows the uﬁplltﬂé and frequency obtained experimentally
c.p@ voéticn.l 700 HI-‘ cﬁncd i-qtor !hotor. The*first ayl;cm enﬁgﬂ !o.r_thin
motor was aleo ﬁo’hﬂnd by excitation and was found to be at 28.6-29
cycles/sec. Similar results ware obtained on four other units of same con-
struction. f'nm mult-nuon is given for it cites two forms of .im tdbilihf

and shows that thers is lctuuy'"tfunltiéa between them. The implitude

'of_' the Half Frequency Whirl in general is quite small a.nd. therefore, the

- rotor speed may be increased without causing damage to the bearings. On

the other ha.ad-. the unplitl‘ade‘o! Rasonant Whip is too large for satisfactory
éporltian. Ref. 4 gives a number of examples of Half Frequency Whirl.

If also points out that compressible fluid burlnﬁ are also susceptible to this
furmr of instability. Thii point iu further verified more recently in Ref. 8.

7 Figure 35 shows tb_lt,depending on the speed of operation, one may {ind
different formse of instabllity. It is not, therefore, surprising that conflicts
in observation exist, The Half Frequency Whirl has not been oblprved too
often because iurunplitude of vihration in goncui is small and may not cause
severe problems to the equipmorit. ‘This form of instability 'u more common
for vertical rotors and lightly loaded machines especially of the compressible
fluid type. Thre Resonant Whip on the other hanvi which occurs in general at

speeds twice the firet system critical has large amplitude. It has been shown
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however (Fig. 28 and 30) that the occurance of this stability (s deperdent on
eccentricity ratic and the parameter E. Thus, once the inatability occurs

its frequancy may increase or decrease with increase in sneed depending on
the actual position of jcurnal center and the value of E at the apeciiic speed.
For as speed increases, the eccaniricity and the viscosity decrease and they
both influence the threshold of {nstability. If the damping increases with
speed, the tendency is to decrease the Rescnant Whip Frequancy; the raverse
is also true,

A stated previcusly, observations have al:, been made on the inception
of instability with turbine or moter lcad, This .s to be expected for, U we
refer to the torque on a turbine or motor, we {ind that there is an eccentricity
between the rotor and the atator. Thus, uneven torques are present, see
Figure 6. In the case of a turbine, at the point of closest approach the
steam or gas leakage path {s decreased and therefore, the force at that point
is larger than that 180° away. In the case of 2 motor or a gu...rvator, the
flux increases and this has a similar effect. Thus, there is a reuu.l:mt
force at O' which is at right angles to the displacement. [t acts in the same
way as the tangential fluid {ilm force and, therafocre, must be included in
the stability analysis.

In sections IX and X {t hae been shown that instability is dependent on
the fluid {ilm properties within the bearing clearance. It is therefore
essential to evaluate these properties accurately. These sections show that

the inception of instability depends to a very large extent on eccentricity
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ratio and system critical. A general statement can be made that the threshold
of instability increases with increase {n accentricity ratio.

Since the stiffness of the fluid {ilm is extremely important in predicting
syetem criticals and also frequencies of instability, the point deserves a
brief discussion. It has been shown in Ref. 4 and confirmed further {n Ref, &
ﬂut Equation 2! will predict accurately the threshold of Half Fraquency
Whirl. This equation, howaver, contains the radial fluld film stiffnees which
has to ba obtainec accurately either by th.ox;y or from tests. In Table Il
of Ref. 5 good comparison is givan betwasn the measurrd and caleulated
Whairl Frequencies. Ths correlation betwesn ths two is further improved i
compressible theory ie used. Figure 37 amploys comprasasible theory and
shows the radial componszt 2 force vs eccentricity ratio for bearing B
discussed in Ref, 5 (Figure ! and 'rl.blo 3). For the load corresponding to
point (a) the radial stifinses for the compreassible case is actually lower than
that obtainsd from Ref. 5, Figure 1. This will, therefore, lowaer the
calculated threshold of Whirl., The revarse is true for the two higher loads
b and c.

Figure 317 was plotted to show ancther relevent point. Note that the
radial component of force is a {unction of both eccentricity ratio and speed.

Since increassd load produces both «n uncreave in eccentricity and
threshold of instability, the question arises as to where does one calculate
the radial stiffness, e.g., atborh', ¢, ct ore'. It is fortunate that the

stiffness doces not vary too much between point b and b' or ¢ and c'' as shown

o




in Figure 37. Further, since stiZiness antars to the one kalf power (n
Equatien 2{, the errors in threshold of whirl will be relatively small,

In the calculation of system criticals, the fluid film stiffngss must be
considered. In the use of hydredynamic beaxings, there is some queastion
as to which stiffnaes should be used. For, 2s shown in sections I, 1X and
X, there are both a radial and a tangential stiffnsse and, in genaral, ths two
sare not equal. In rigorous analysis one mudt use the derivativa of force with
respect to displacement. The incramaent of force must contain coupling
terms. Since the sti{{nass varies with attituds, there will be a number of
criticals which will cover a band of frequancies. Large variation in radial
and tangential sti{fness will yield a wide {requency band. Conversely, in
the case where the stiffnasses ars nearly egual in all directions, the critieal
frequency band will be narrow,

In the case of hyd rostatic bearinge, the problem of calculation of
critical speed is very much simpler, as shown in section IY. For such
bearings, the stiffness as a function of load remains consetant at least up to
eccentricity ratio of 0.8, Thus natural {requency is independent of external
force. This simplifies the calculation of the natural {requency. Experimental
verification of calculated natural frequency was made recently on a Helium/Nitro-
gen compressor whose rotor mass was 2x 10'2 1b. -uc.z/i.n. and whose rotor

stiffncas was 3 x 10° Ib. /in. The measured natural frequency with 100 psia

supply pressure was 698 cycles/sec.
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Bearing No. | Bearing No, 2
L = 128" L o= .28
D = 1.2§" D = 2. 50"
C = 0.0008" : C = §.0010"
m = 8x10°3 b, ~sec?/in, m o= 12.4x10°%1b. ~sec2/in.
k calculated {rom Fig. 7 k calculated from Fig. 7
= 1.43x210% b /in, » 2.12210% 1. /in,
Therafore Therefore
{f = —I-JT— n 6785 ~/gec. £ = 695 "“/aec.
n 2 \m n

These compared very favorably with the sxperimantal value of
698 cycles/sec.

The above clarifies some of the cbssrvations and shows comparatively
good agreemant between theory and practice in the calculation of critfeal

speeds and frequencies of instability.




X1t CONCLUSIONYS AND RECOMMENDATIONS

It was shown that if the Reynolds Equation {s integrated and the {ilm
forces On the journal computed for zere tangential velocity, then the effscts
of & tangential velocity can alec be obtained. Thin {s done by corrscting
the radial velocity (Vr v Cwe') and the radial and tangential force components
(Fr and Ft) using the factor (1+2a'). as shown {n Equations (8 and Ba:

Solutions for radial and tangential forces an functions of ¢, &' and
L/D were obtained for both compressible and incompresaibla journal bearings.
Likewise, the darivatives of thase forces with respect to € and &' wers
obtained.

Caiculstions were alec made of the forces generated in externally
pressurizred compressible fluid bearings. It was shown that stiffness in this
type of bearing (s constant for at least small eccentricity ratios. The critical
speed {8 independent of external load. It was further shown that the optimum
bearing {rom. the standpoint of maximum stiffness exists at L/D ratios around
unity., Msuximum stiffness ia a function of p.,/p‘. L/D, and z.

Equations of motion were set up for anail cescillations about a position
of equilibrium corresponding to scme particular extarnal, ateady load. These
equa;,.cr3 contain functions fr' ft and their derivatives with respect to f and
€'. These differential equations are linear in the variable §, = x, y and
solutions exiet in which time enters as an exponential. Solutions have besn
obtained for both compressible und incompressible cases tc show the effect
of ¢ and E on the threshold of instability.

Rasults show that the threshold of instability increases with increase

in externsl load. Refer to Figures 22 and 23.
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The calen'ation of eritical spesd duserves additicnal attantion for
cases when the stiffness {n all directions around an squilibrium point is
unsgqual.
The squations of large displacemants have also been set up in terme
ef e and u. Mathod for obtaining the path of the journal ceanter for the case
of a massless rotor have baen outlined. |
The thrashold for Half Frequency Whirl and cther forms of dyaamic
digturbance have been treated in secticas VI through VIil and equations are
glven for the frequencies of disturbance.
Wherevar data was available, morf and experiment has been compared.
The results appear to have good agreasmasnt. Several of the contravarsial
cbservations havs baen clarified.
The subject is by no means completaly covered and it still demands
considerable study. feveral of thase studies are sncmerated below!
1) Study the bekavior of rotors for emall oscillations at vary low sccentricity
ratios and where t.hn angulay increment da may not be neglacted,
2) Find methode for solution of the equations of motion for large dis-
Placaments. Preferably try to obtain closed solutions.
3) For the case of large displacemants study ths special cases whare
a) the sccentricity is small
B) the rotor mass is small (method of solition is outlined in section X)

¢) the bearing clearance in small compared to the shaft bending

deflectione.




4)

5)

é)

8)

9)

10)

—— o mm———— e

.58 .

Study the above three points (n cases where the rotor or bearings are

not symmetrical.

Study methods for predicting critical speeds of rotors where unsgual
stiffnesses in two directions exist.

Conduct experiments to verify all the above points.

Perform experiments on externally presaurized baaringe to determine
how closely thecry agrees with practice with regard to constant stiffness,

optimum L/D ratic and critical speed ans function of eccentricity ratio

and Py

Study pocketed externally pressurized journal bearings under the same

condition.

Study other forms of instability which have been reported by sevaral

ievastigators.

Establish charts and tables to aid engineera in the deaign of stable

baarings.

e L w
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INCOMPRESSIBLE CASE - FULL CIRCULAR REARING

(Equal Radial and Tangential Shaft Ceanter Velocities)

TARLE I
L/pgr 0.5 L/p = 1.0 L/D=1.4
|t o, £ e (e, ¢, £ 1e0f|fe £t 180-g]
11.2 9.2 14,5 140.4  33.2 31.5 4%5.9 1368 &4.9 56,5 86.0 138.9
74 64 9.8139.1 23,9 21.4 32,1 138.2 43.0 38.0 .4 138.5
306 34 491370 117 10,9 16,0 1370 20,0 20,5 28,6 134.3
L 16 2,2 1303 485 4.9 6.7 1326 8.4 10,8 13,7 127.9
0 0.2 0.2 %3 0, 0.2 0.7 100,1 0.3 1,3 1.3 102.4
20,3 13,0 24,1 14704 62,0 &0.0 73.8 147.2 104.0 72,0 126,% 1453
13,5 9.0 16,2 146,3  41.2 27.5 49.5 46,3 6B.%5 4B8.5 83,9 144.7
7.2 5.0 8,8 145.4 19,5 15.0 24.6 142.4 34,0 26.0 42.8 142.6
3.6 2.8 461420 7.8 7,2 11.0 1352 17.8 15,3 23,2 138.8
0.3 0.8 0.8 111.,8 2.8 2.4 2.5 108.2 1,6 .0 4.3 2.l
<0,3  «0.1 0.3 342,3 0.6 -0.4 0.8 3308 1.0 -0.% 1.1 331.5
=1.0  =1.7 .2.0 300.8 «2,0 =4,3 4.8 2955 3,2 8.5 9.1 20,6
=20 ~42 4.6 295.5  <4.4 -12,8 13,9 288,828 6,0 -21,0 21.8 286.0
«8,7 -20.5 22,3 293.0 -15.6 -65.0 67.9 286.8 -26,0 -105,0 108.2 283.0
45.0  19.6 49.1 156.5 123,0 56,0 135.3 155,83 182,0 91,5 203.7 1%53.3
30,0 13.8 33.0 155.,3 80.0 39.5 89,2 1%53,7 122,0 63.%5 137.5 1%2,%
15.6 7.8 17.4 153.6 39,C 21.8 44,7 150.8 62,5 35,0 71,6 150.7
8.1 4.7 9.4 145.9 17,3 11,9 21.0 1455 1.2 z2,0 38,7 145.3
1,1 1.6 1.9 125.6 2,9 4.8 5.6 121,3 4.8 7.4 8.3 122.8
$0:2 0,2 0.3 35,6 0,6 0.6 0.8 475 <0.7 0.8 48.3 48.0
«0:8  «1.2 1.4 303.2 -1.8 2,3 2,7 3030 ~2.2 6,0 6., 289,7
~1.4  +2,2 2,6 301.,2 2,8 -10.6 11.0 284.8 3.6 -17.0 17., 282.0
~4:8 =19.2 19.8 284.0 ~10.3 -%8.5 $9.., 280.0 -13.7 -95,0 96,0 278.2
136,0 36,5 1i7.7 165,0 290.0 87.0 302.8 163.3 420.0 125.0 438,2 163.4
92,5 26,0 96,1 164.3 205.0 62.5 214.2 163.0 278.0 G0.0 292,2 162.1
45,0 15,0 47.4 161.6 98,0 36.5 104.4 153.6 139.0 53,8 145.0 159,0
19.5 6.6 21.7 153.8 42,5 21.0 47.4 153.7 67.5 32,0 4.7 184.6
Ll 3.5 541397 o7 a,1 13,2 1362 13,1 13.0 18,5 135,5




TABRLE I (Cont'd)

L/D = 0.8 LD = 1.0 L/D= 1.8

E we! [fz t, ! 130-541| ot 180-51 [’: R ? .180-5]

C.2 4.0 3320 58.0337.6 17,1 650.0 12(.0 661.8 165.2 780.0 163.0 797.%5 168.0
40  220.0 42,0 224.0 169.2 425.0 88,0 433.5 168,13 £20,0 118,0 532,95 167.2

2.0 113.0 25,0 115.8 167,85 215,0 52,8 221.4 166,32 265,0 71.0 27444 165.0

1.0 56,5 16,0 58.7 163.5 112.0 34,3 116.6 163.0 133.0 46,8 L 140.7 160,8

9 8.8 5.8 10,5 148.5 18,3 1341 22.5 14 .6 18,0 25,7 1427

-0.6 Jel .9 0.9 943 0.2 2.4 2.4 93.0 0.3 3.5 3.8 842

=2.0 -0,5 -0, 0.7309.2 1.1 1.3 1.7 309.6 1.5 2.8 2,5 301.0

“4.0 =0.8  -2.4 2,6 288,7 ~2,0 7,2 7.5 285.4 «2.5 11,2 1l.5 282.5
~18,0 =0,6 -18.,6 18,6 271.8  -0.4 =54,5 54,5 270.5  <0.1 «B4.0 84,0 270.0

of




TABLE 1A

INCOMPRESSIBLE CASE - FULL CIRCULAR BEARING

{}No Tangential Shait Center Velocity)

E xe! £ ft [ 180-4
§.01 2.0 10.0 0.050 10. 0 179.5
1.3 7,30 ¢.089 7.30 179.3

1.0 4,80 0.088 4.80 179.0

0.8 2.25 0.08? 2.28 177.8

0 0.001 0.078 0.075 1.0

-1.0 - 5,00 0.067 5.00 0.8

2.0 -10.00 0.065 10.00 0.4

0.3 2.0 20.0 3.10 20.2 171.2
1.5 15,0 3,08 15.3 168. 4

1.0 10.0 3,00 10,5 163, 3

0.5 5.00 2.96 5.81 149. 4

0 0.798 2.43 2.56 108, 2

-1.0 - 2.50 1.75 3.05 5.0

.2.0 - 5.50 1.69 5,78 17.1

0.5 2.0 40.00 7.30 40.7 169.7
1.5 29.50 6.80 30. 3 167.0

1.0 19.50 6.45 20.8 161.7

0.5 10. 50 5,70 12.0 181.5

0 2.90 4.77 5.58 121.3

-1.0 - 1.58 2.66 3,08 59.8

-2.0 - 3.90 2.48 4.63 32. 4




TABLE 1A (cont.)

3 re! fr ft { 1804
0.7 Z.0 102 15.0 103, 3 171. 6
1.8 80.0 14.8 Bl.4 169.7
1.0 52,0 13.7 53.9 165, 2
0.5 27.0 12.0 30. 1 156.0
0 9.67 9.08 13.3 136.8
-0.8 1.60 78 5.97 105.5
-1.0 - 1.00 3,80 3.93 75. 3
-1.8 - 1.88% 3.24 3.73 60. 3
2.0 - 2.98 3.06 3,33 45.7
0.95 2.0 2000 70. 0 2000 178.0
1.8 1495 69.0 1496 177. 4
1.0 1000 67.0 1002 176.2
0.8 548 88,0 548 173.9
0 112 6.0 118 161.3
0.3 13.0 15,8 19. % 133.9

W

-1.0 5.5 6. 50 7,38 L1s,
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TABLE Il

(Equal Radial and Tangential Shaft Center Velocitises)
L/ = 0.5, P, 7 147 psia

wea'
£ v e L ft $ 180-¢
2.1 2 0.0052 0.0461 0.0470 101,2

0 0.0030 0.047? 0,0478 §3.6

0.3 2 0,0837 0.2250 0.2401 110.4
0.0483 0.2351 0.2422 103.9
o} 0.026) C.2431 0.2445 96,1

0.5 2 0.4871 0.6184  0.7872 128.2
0.1687 0. 7818 0.797 102,2

1.5312 2,565 2.9876 120.8

(=3
2
L& )
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" Fig. 2.

Unloaded shaft dispieced from the bearing center,
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F:g. 7. Dimersionless feeding parameter Z, vs dimensionless st1ifness .
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SYMBOLS

C radial clearance in,
Cd discharge coefﬁcient;’llpprax. equal tc 0. b‘)

D diameter in.
d driﬁce diamete s in.
E kxS, §

m o l‘\ R 30 modulus of elasticity

e eccentricity : in.
F Force b,

{ dimensioniess {orce

g acceleration in./sec?

h film thickness in.

1 moment of inertia in4

KZ radial fluid {ilm stizfness 1b. /in,

k stiffnesa constant of the rotor shaft b, /in.

L bearing length in.

l length between hearings in,

m mass, Also number of orifices;feeders Eq. 12 b, -sec?/in,
N speed RPM

n number of feeders/bearing Eq. 12

P pressure over projected aroa, also force Eq. 7. pai
P prassurse pei
et «f-';;i_ _)_-"f_?“‘j“'p, TR T A e P AMETIOITECT W R ¢ s O )




R radius in,
; R gas constant in. /OF
_ s u/ua '
T temperature cr
t time sec.
u weloclty in. /nec.
4 v velocity in. /nec.
« w lcad ' ib.
X disturbing force 1b.
‘ x t_:oord!m.te. also displacement of rotor center
r Y disturbing force ib.
: v coordinate, also displacement of rotor center
zt dimensicnlens feeding parameter for turbulent flow
] coordinate
: a angle
a Vt/'Ce
- 8 phase angie
Y variable Eq. 69
i 3 distance in,
[ v accentricity ratio
oo g, R ‘
w dt 2y CN
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B
n displacement of journal center {rom eguilibrium
& angle
, BLR B2
¥ \ C!;
e visconity
Yy complex number
¢ displacement of journal center {rom equilibrium
p mass density
T uot
¥ 4 attitude angle
angle
0 whirling frequency
w angular velocity
Subscripts
a ambient
o equilibrium position, critical speed of rotor
opt aptimum
r radial
(] supply
t tangential
CR eritical
res rescnant {requency
Superscripts

dimenusionleas

in.

radians

. lbu -jec. |

lbn -ll("./m- 2

in,

1b. -pec.2/in,

radians

radians

radizns/sec.
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