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ABSTRACT

The :-a--rp-eas golutions of Reynolds equation for cylindrical
- 4

Journal bearingse in which the velocity -of the Journal center in considered,

however, the inertia terms are neglected. Solutions are obtained for be*

compressible and incompressible fluids. Analysis of the steady state

forces that exist in compressible fluid, externally-pressurized cylindrical

Journal bearings with one plane of feeding it also included. From these

analyses the gradients of the radial and tangential forces wfth respect to

displacement and velocity are obtained. The equations of motion for small

and large oscillation in terms of these forces and gradients are set up. and

stability criteria are established for small oscillations and also for large

oscillations of a massless rotor. Sample calculations for threshold of

instability are given and, where existing experimental data ti available,

theoretical predictions are compared with results attained in practice. .....

-- - - - - - . S -'-
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i ThVRODUCTION

The dynamic characteristics of rotating equipment are becomLng very

much more important with thepresent trend towards higher speeds and

precision equ).pment such as turbines, compressors, gyros. grinders. etc.

Numerous examples can be cited w}jere equipment was unacceptable or

actually failed due to instability, excessive vibrations, operating speed co-

inciding with system criticals, and other dynamic malfunctions.

In recent years it has been pointed out that bearings have major influence

on dynamnic response of rotors. They possess both stiffness and damping

and thus govern the system criticals and amplitudes of vibration. It has

also been shownthat forces generated in the fluid films of the bearings may

excite lateral vibration in a rotor and cause it to become unstable. This

instability may be so violent that the bearings fail within minutes and often

damage the whole machine. The importance of this problem, therefore, has

attracted many investigators since it was first reported by Newkirk and

Taylor in 1925. However, the subject is very complicated and it is not sur-

prising that many observations and even the terminology are controversial.

A brief history may be in order so as to highlight some of these

observations. Newkirk and Taylor (1) reported a violent whip of shaft.

which was caused by the oil film in the bearing. They found that the whip

started at speeditwice the critical and persisted at higher speeds. Often

the instability could be initiated merely by shock. Robertson (2) made

certain assumptions and reached the conclusion that the rotor is inherent!y
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unstable at all speeds of rotation. Porituky (3) showed, by introducing an

additional force to the oil film force, that the instability occurs only at speeds

exceeding twice the first critical speed. Boeker and Sternlicht (4) pointed

o'at that the additional force introduced by Poritsky (3) in reality does exist

and it corresponds to the i.-4ial comg'onent of the hydrodynamic force. Ref. 4

further points out that the threshold of instability is dependent on the magnitude

of this force and that under some conditions instability may start even at

z ero speed. It also shoes that the analysis applies equally to compressible

and incompressible hydroni. .Lamic lubrication, provided the hydrodynamic

forces are properly calculated for the two cases. This important observation

was verified experimentally in Ref. (4) and more recently Fischer, Cherubim

and Decker (5) have confirmed this in theie experiments. On the other hand,

Newkirk and Lewis (6, 7) and Julcis Hori (8) reported experimental cases in

which the rotating speed reached five or six times the critical before the

instability developed.

Newkirk and Taylor (1, 7) reported also that the violence of whip

increases with speeds higher than twice the critical . Hort (8) and Sternlicht

(9) observed that in some cases the amplitude of whip decreased as the speed

increased. Pinkus (10) found even more complicated examples in which

whip disappeared and appeared again as speed was raised.

The effect of fluid viscosity, turbine or motor electrical loads on

instability are even more controversial.
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Another class of instabilities, often referred to as "Fluid Criticals",

are rotor instabilities of limited speed range due to fluid-film action. These

have first been discovered by Stodola (11) and further studied by his pupil

Hummel (12). Cameron (13) pointed out that aside from the two criticals

discussed by Humnmel, there also is a third critical in the region of

eccentricity ratio less than 0. 7.

These observations point out some of the complexities and controversies

in the subject. In this study the authors give a more comprehensive theory

of stability which explains same of the inconsistencies and gives a better

insight into the subject matter.

(In order to clarify the terminology employed in this paper, a section

entitled "The Mechanics of Hydrodynamic Instability" is given which defines

some of the terms.)

The report gives a number of solutions of Reynolds equation for

isothermal compressible and incompressible lubrication of plain cylindrical

journal bearing@. The analysis neglects inertia terms but considers

velocity of the journal center. In the case of compressible lubrication,

Pa 1 4.7 psia is assumed at z a t L/2. Few cases aye also given for 1200

partial journal bearing operating with air as lubricant. Results are given

in dimensionless form for the radial and tangential forces as functions of

(c, r', L/D).

Several cases are also solved for the compreselb.e externally
z

pressurized cylindrical journal bearing with central single plane of feeding,
I

operating under non-rotating steady state condition. Dimensionless force
a
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is given as a function of (E, L/D, ps pal Z
t opt

A brief discussion is next included to show that instability is induced by

forcesunormal to tthe radtAl displacement ofdthe Journal. Following .this, equations

and methods of calculation are given for the threshold of half frequency whirl

for both vertical and horizontal symmetrical rotors. Equations are also given

for calculating the amplitudes of forced vibration of vertical shafts. It is

fur' Ler shown ho% te fluid film and rotor resonance in rigid vertical shafts

can be calculated.

Equations of motion are set up for small oscillations about- a pusitiun of

equilibrium. The equations are in terms of displacements and the:hydrodynamic

radial and tangential forces. Solutions of these equations exist in which time

enters as an exponential. Several solutions are given for a symmetrical rotor

supported by _n elastic shaft and fluid film. Results give the threshold of

resonant whip as a function of eccentricity ratio and dimensionless parameter E

The more general equations for large displarements are also set up in

terms of eccentricity ratio and attitude angle These equations form a set of

* two non-linear differential equations, each of order 3. In the case of small

rotor mass, the tems involving m can be neglected and the differential equations

reduce to a second order non-linear system. The integration of these can be

carried out by a graphical method and the steps are outlined.

For several cases where experimental data was available, comparison

between theory and practice is given. Explanaiion is given for several of the

reported observations which appear to be irreconcilable It is shown that in

reality they provide consistent verification of the theory and thus enlarge our

available knowledge for a better understanding of journal bearing instability.



I1 THE MECHANICS OF HYDRODYNAMC INSTABILITY

Hydrodynamic instability is caused by forces generated in the fluid film

of the bearing, so directed with respect to the shaft displacement as to propel

it in its whirling motion. To visualize better the forces which cause this

whirling motion, consider Fig. I which shows the equilibrium attitude of a

shaft rotating in a bearing and supporting a load W. As this is the position of

equilibrium, the resultant force of the fluid film on the shaft is the force F.

which must be equal and opposite to W. The important thing to notice in

Fig. s in that the force F is not in the direction of centers O'O but at an

angle 4 to it.

Now let us consider a rotating shaft which carries no load, (W * 0,)

and suppose that it is momentarily displaced from 0 to 0', as shown in

Fig. 2. The film under these conditions esarts a resultant force F on the

shaft, Just as it did in Fig. I. However, in this case titers is no opposing

force, W, so the force F must be spent in accelerating the shaft and over-

coming the frictional drag of its resulting motion. The movement of the

shaft center 0' in response to the force F obviously will not be toward the

shaft center 0. Rather, the shaft center will be forced to progress in an

orbit around the bearing center and as long as the centers do not coincide,

some force F will be generated by the rotation of the shaft and the whirl will

continue. Whether the whirltng motion becomes more pronounced, continues

at the same amplitude, or dies out, depends upon the angle 0 and the damping

characteristics of the bearing and shaft system.

LI t.t. .. , . .,-....
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The whirl frequency is set by the speed at which the shaft can pump the

fluid around -In the clearance and maintain the pressure pattern which produces

the driving force F. Assuming laminar conditions and neglecting flow due to

any pressure gradients (which in a lightly loaded bearing are very small), the

average lubricant velocity it half the peripheral speed and in the direction of

shaft rotation. Hence, the greatest frequency at which a pressure pattern

can progress around the bearing is half the shaft Ppeed. This ti the speed

and direction at which the shaft vibratien occurs. We shall refer to this

kind of instability as "H.1el-Frequency Whirl"..

Finally', consider the case illustrated in Fig. ?. in wb'ch the shaft

supports a load W in the equilibrium position 0'. Suppose the shaft, by some

external shock, is momentarily given a secondary displacement to a new

position 0"1. The fluid force F corresponding to this new position of the

shaft is no longer equal and oppomite to W. The vector difference between

the forces F and W is a force FZ which can cause the shaft center to whirl

(in the direction of shaft rotation) around its equilibrium position 0' at a

speed nearly equal to half the shaft rotational speed - Just as in the case of

the unloaded shaft discussed above. As before, the persistence of such a

whirling motion will depetd upon the damping characteristics of the system.

Another phenomenor, system resonance, can Join with half frequency

whirl to produce a vigorous vibration. When the rotational speed is about

twice the actual system fLirt critical, the system will build up in resonance

at a frequency equal to the system first critical frequency. This form of



resonance is referred to as "Resonant Whip" and may be defined as a resonant

vibration of a Journal in a fluid film bearing which, for low eccentricity ratios,

sets in at approximately twice the actual first system c.-tical and persists

at higher speeds with the frequency of vibration approxinate~y equal to the

first system critical regardless of running speed. Here too the motion of

the shaft center is in the same direction &a shaft rotation. Resonant whip

is a self-supported vibration, as is half frequency whirl. In the case of

wesonant whip, the vibration it supported-by the fluid film action while the

frequency is controlled by the system critical speed.

S... ... ... ..-.. ..-... .. ..
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III CALCULATION OF FLUIf FILM FORCES IN SELF ACTING BEARINGS

The general form of the Reynolds equation may be written

* .[3P ] ~.h'O ] + zp]V + 2h (1)

In thiri equ, .on U is the relative tangential velocity between the journal and

bea-..ing surfaces and V is the relative normal velocity between them.

Equation (i) then contains the terms which determine the instantaneous

velocity of tae journal center. The fluid inertia terms, however, are

neglected in the derivation of Equation (1), in accordance with past analytical

and experimental evidence which show their effect to be small, at least at

modt rate speeds.

The hydrodynamic pressures (and hence, by integration, the fluid

film forces) are obtained from the integration of Equation (1) using the

appropriate boundary conditions.

For a full circular bearing, Equation (1) is subject to the boundary

condition of ambient pressures at the edges. Thus:

p (e, L/Z) - p (e, -L/Z) a p (2)

We will now further examine Equation (I), first for the case of

an incompressible fluid, then for the case of a compressible fluid under

isothermal conditions.
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A. Incompressible Fluid

If the fluid is incompressible, the density is assumed constant and can

therefore be factored out.of Equation (1), which then reduces to:

I + EcOs 81ý] + Ra [ re÷cosO)n ] 6L (CA '[e(w.2&)hsnein e + a.cor (3)

Also, in the case of an incornpressible fluid, cavitation may occur. If the

pressure "p" Iends to take on values below ambient over an area A
C

extending to the ends of the bearing, then cavitation occurs over A . Equation

CC(3) then applies outside A . along with the additional boundary conditions:

p = a over A

(4)

= 0 over C, the boundary of A€

(where n is the directional co-ordinate norrmal to C)

If cavitation were to occur over an Internal area not extending to the

bearing ends, pressure below ambient could occur and the onset of cavitation

would be governed by the boundary conditions:

p 0 overA

2 (4a)
0 over C

It turns out, however, that no such situation occurs and Equation (4)

applies.

For incurnpressible fluids, p in Equation (1) may be used to denote the

pressure above ambient (gage pressure) in which case we set pa (gage) 0
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The integration of Equation (3) yields the pressure distribution in the

bearing corresu.nding to the conditions at which the integration is performed.

By a further integration of the pressures outside of C, one obtains the net

resultant force which the fluid film exerts on the Journal and thui, one may
[3)

evaluate the components F and Ft, of this force in the radial and tangential
r

directions reipectively. . .. .

From dimensional analysis considerations, these -components can be

expressed in the following form:

V Vt
r tL

LLU() f~ (a 'u -)

-•LU U r1. • "U. )

r t

where V (= Ci) and Vt (a C&) arn the radial and tangential components,rt

respectively, of the Journal center velocity, and where f and t are

dimensionless and depend on the dimensionlessvariables shown.

Note that the dimensionless quantities V r/U and V t/U may be replaced

as follows:

V
R r I dt

R Vt I da
C dt

For any given L/D ratio then, Equation (5) may be written:

Fr *-iLU 1 r (E. E', a')
r r (5 a)

Ft 4z.LU ft (a, t'' -')

p t



The negative sign in the F equation is due to the fact that F isr r

measured positive in the direction of increasing radial displacement, while

(at least for V c 0) the radial force turns out to point in the direction opposing
t

the radial displacement.

The right hand member of Equation (3) is linear in w, 6, . It would

appear from this that Reynolds equation for incompressible fluids can be

integrated separately first for a stationiary journal center, (w .0, & a 0),

then for a radial velocity of the Journal center (w * 6 0, & $ 0), and finally

for a tangential velocity of the Journal center (w 0, $ 0), and hence

by superposition, the pressures (and thus the forces F and F ) obtained for
the joint effects of U. V and Vt. This condition, however, it vitiated by

r t

the non-linear requirement of the boundary condition given in Equation (4)

and the fact that the curve C will, in general. change in a manner depending

on all three velocities U, V and V
rt

Nevertheless, examination of the right hand side of Equation (3) shows

that at least U and V enter in the form (eCU - ZRV ) sin e, or its equivalent
t t

form, (w - ZA) sin G. Suppose that Equation (I) is integrated for a given

L/D and the forces F and F evaluated for Vt a 0 yielding

F w .Xf (e. F-')r r (6)

Ft XWft (e, e')

where w' w has the dimensions of a force, X being defined by:

LR(
W C)
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Then, for non-zero V or a, the forces may be derived, without further
t

integration, by replacing w by w (1 - 2ga). At the same time, the dimensionless

sing parameter El must be divided by (1 - 20'). Hence, for V 0, the fluid film

forces become:

F = -Xw•(l -2A')! (cli')r ()r (

and F - X w(l -2%')1 (, it')
tt

whe re

V E' *(8a) I - 2.'

For the came of a full circular bearing snd incompressible fluids,

discussed above, vumerical integrations of the Reynolds equation have been

carried out for L/D ratios of 0. S, 1. 0 and 1. 5, and for a wide range of

journal center speeds. The resulting fluid film forces are given in Tables 1

and la, the symbols in these tables corresponding to the nomenclature given

in Figure 4.

Is
For the case of L/D - 1, these forces and attitude angles have also

t
been plotted in Figures 5 amd 6, on the eccentricity ratio-journal center

velocity plane Note that these curves represent an extension of the conventional

one parameter steady-state solution to the two parameter dynamic condition.

The conventional steady-state solution appears in this more general repre-

sentation as the particular case where it • 0.

)i" ! . . • -- "
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B. Compressible Fluids. - Isothermal Conditions

When the bearing fluid is a gas and the ratio of the film to ambient

prea'sures is large, compressibility effects may no longer be neglected and

the more general form of the Reynolds equLation given in Equation (I) applies.

The right hand aide of Equation (1) LIncludes the non-steady flow term:

12 .h

This term may be of importance in cases of high frequency oscillations

of the Journal center. At low frequency oscillations of the Journal center,

however, it is of smaller magnitude than the other terms or. the right hand

side of the equation. Furthermore, its inclusion in the analysis would greatly

complicate the work by introducing a third parameter (time) in the solutions.

In the present tnalysis for compressible fluids, the non-steady flow term

has been neglected. More rigorous examination of its effect on bearing

stability is planned for the future.

We have also assumed -in the present analysis that isothermal conditions

prevail in the fluid film and this conforms with the results of numerous

experiments (et%, for example, References 5, 15 and 16).

Under isothermal conditions, the equation of state is:

p = fT p (9)

where it is the gas constant and T.,- the absolute temperature.

Eliminating p from Equation (1) by means of Equation (9) and

dropping uut the non-steady flow term, the Reynolds equation becomes:

([113p + '_{hSp? 6- [U -a (pvrzz+ z (10)
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This equation is non-linear. Thus, the method of superposition (which

was proved to be invalid 'in the incompressible case on account of the non-

linear boundary condition, Equation (4)) is invalid here too because of the

nAon-linearity of Equation (10).

The boundary condition of atrnosphereic pressure at the bearing ends,

Equation (2), still holds, however, absolute pressure in the bearing region

may now becos-ne sub-atnospheric (though, of courie, never negative).

Once again, as in the incompressible case, the fluid film forces may be

expressed in terms of their radial and tangential components F and F,
r

respectively. Here, of course, the dimensionless functions f rand £ have

to be calculated anew, this time by integration of the non-linear Reynolds

equation (Equation 10).

Numerical integrations have been carried out for full circular bearings

(with compressible, isothermal flow) for L/D ratios of 0.5, 1. 0 and I. 5,

and a wide range of Journal center velocities. These are given in Table U1.

For purposes of comparison, similar additional cases have been calculated

for a 120 deg. partial bearing with an L/D ratio of 0. 5 and these are given

in Table If1.



-15-

IV CALCULATION OF roacES ON JOURNAL IN EXTERJALLY-
PRESSURIZED BEARINGS

Analysem have been made based on (Ref. 15, 16) for the resultant

hydrostatic force acting on a Journal in a cylindrical bearing with central

plane of feeding. Results-are given in turms of -L/D ratio, supply pressure

p. ambient pressure p and Z'

-The governing equation which applies for an incompressible fluid

non-rotating Journal and small eccentricity ratio is:

i#4 + i 04 (1.1h)

Since -.40 as e--Q.O, for small £. is of the same order of magnitude

as e. This means that A b is of the order of (e)' Thus for e c.e 1,

equation (11) reduces to

+ . 0 Eccl a)

In the case of compressible fluids under isothermal flow conditions

equation (11) is of the form

hs + h'jI~ p 0 (12)

Performing the indicated operations, the equation expands to

11 ] 3a (1 2-a)

The film thickness equation may be written at

h - C( -( cosO)
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Equation (1Za) may now be written as

r ~ ra 3e sin3

S+ (08I[ (t1+ 2( b)

--Now, for umaU e, e-becomes of the order of magnitude of C, so that

Equation (1Zb) may be reduced to

e 4 * {Z

A
By defining a new dependent variable, p. much that

Equation (12b) :an be PeWrtitter ',S,

0 0l2d)

This equation is of the same form as Equation (I2a)

Applying the separation technique to Equation (12d) yields two ordinary

differential equations which can be solved for a (a. a).

It should be pointed out that for rigorous analusis of the externally-

pressurized bearing, the equation of continuity of flow between the feeders

and the bearing must also be satisfied. Since the feeders and bearing

clearance are restrictors in series, they Jointly affect the bearing per-

formance. The calculations presented here take account of this and,

therefore, the results are in terms of the dimensionless fei.ding parameter

Z.
t
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In general one is interested in getting maximum mtiflnehu from a hydro.

static bearing. This in accomplished by optimizing the parameter Z versus

the dimensionless ejr.Ing rýastam . On the left hand side of the optimumi

too mnuch restriction in present In the faeding system, while the reverie to

true on the right bn.nd side of Zt apt'

The procedure for calculations to outlined in order to clarify the subject

natte r:

1) Given L/D, pa and p1

2) Assume values of Zt

3) Calculate

S( + zt)(13)

4) Find g (Y, L/D)

g (Y. LID) * Yk. ~[w KVc~ 4 e ;[W TF i(Y~j( 4

where f/ and ) are the error functions

toAW(z) a e dt
2 z •"A

W) n ; lo dt

5) Calculate dimensionless stiLfness k

g (Y, L/ID)(

L Zt0Lcosh + , y ' sins
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and optimize k by varying Zt (see Figure 71.

Stiffuese can be calculated from

Itk , Cp l- (16)

6)- Calculate dlinensaoiegs# pressure ve e

popt p k •pt (it7)

The results are given in Fig. 8-10 Lor three different supply pressures

and three' L/D rattos.-

"7) Reutrictor calculations

,t P,.a , cd T'
It a V

wheore
C6 a dleichrgeeoaflct ow.- 0 o6)

d a orifice diameter

n a number of feedsrs/bearing

(14,) m = number of orlficeu/feeder

Several important conclusions can be drawn from this analysis.
a) For a non-rotating externally pressuriaed Journal bearing, the displacement

is in the direction of load (attitude angle is sere).

b) The displscement is proportional to load for low eccentricity ratios

Be 0. S. Thus, the fluid stiffness is a constant. This leads to the
conclusion that for a given mass rotor the critical speed of the system

is independent of eccentricity ratios for e . 0. 5.

p/ .
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C) The critical speed- can be raised by increasing the supply pressure.

This is confirmed by our experiments and those reported in-Ras. 5-.

d) From the standpoint of maximum load, it appears that there is an

optimum L/D ratio. -This shows-up clearly in Figure 9. where itis

seen that (for the values of the parameters used in that figune)

(L/D) a 1. Thus, Figure 9 shows that a bearing with L/D a 2opt

which has twice the area of the optimum bearing, carries only 67%

of its load. Sim larly, a bearing with L/D u i/2, which has half

the area of the optimum bearing,. carriei 89% of its load.

a) Once the optimum r" is obtained one has still fret '.-M of choice of

several parametere in equation (12)* ea.g d, C n ia. 'in.

It has been shown by mevnial investilga.•r that the hydrodynamlc efects

are very small when superimposed on the hydiostatic effects. This is

especially true when the hydrostatic supply pressure is high (pp />

There is, however, a small attitude angle when rotation is considered. The

attitude angle decreases with increase In supply pressure for under this

condition hydrostatic effects predominate. Eiperlmental results confirming

this point are shown in Fig. I .

From Fig 8-11 one can calculate the optimum force and stiffness as a

function of s, L/D, p /P a From Fig. I I one can estimate the attitude angle as
aa

a function of pa and in turn obtain the radial and tangential force and stiffness

for the hydrostatic bearing in which hydrodynamic effects due to rotation are

considered.
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V INSTABILITY INDUCED BY -FORCES NORMAL TO RADIAL DISPLACEMENT

In the preceding sections we have obtained the fluid film forces that act

on the journal. Before proceeding to use these in the stability investlgations,

* it is of interest to point out the effect of the force component normal to the

* radial displacement.

The equations of motion of a balanced rotor with a restraining force and

a force normal to the displacement from equilibrium and proportional to it

are:

X -kx +ky(19)

my -ky - k x

Let:

z = x+ iy (where C T--. (20)

Multiplying the second equation (1) and adding it to the first one, there

results:

mz t .(k+ ik z

whose solutions are:

.a Adjxt+ B • J)t

where A and B are arbitrary constants, J indicates complex components, and

kI + I kW•' =I mn 2 o I

Since X is a complex number, it follows that either e 't or e j t will become

infinite with time. Hence, a rotor with a force normal to its displacement

is inherently unstable.

i 'a -
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V1_ THRESHOLD -FOR HALF FREQLUENCY WHIRL

Employing the hydrodynamic forces generated within the fluid film, it

has been shown (Ref. 3 and 4) that the threshold of instability may be

represented by

1 4 (21)k K2-

where I/K3 is the radial fluid film resiliance. In Ref. 4, it was shown that

this inequality applies to bearings which possmes a high degree of symmetry.

It was also shown in that reference that the results apply to both compressible

and incompressible fluids. This point was further confirmed experimentally

in Raf. S.

In Ref. 2 It is shown that neglecting friction forces, the resultant film

force due to Journal rotation in a plain bearing is at right angles to the

eccentricity, and is Just balanced by resultant force due to whirling when the

whirling frequency is one-half rotational frequency. This result represents

the upper limit of whirlin4 frequency for an unloaded ideal bearing. The

same result can be deduced more directly by considering the continuity

condition that the volume of lubricant pausing through the film at some point

A, Fig. 12. must equal the volume passing point B plus the volume required

to fill the void of the receding Journal. In the limiting condition no pressure

can exist in the film, hece side leakage Is sera, and it follows that

r(Ce+) a y(C-ea) +2R 0e

Hence:

0 U w/3 (22)

The same result Is obtained regardless of where points A and B are taken.

I _ _



-22-

VII FORCED VIBRATION OF VERTICAL. ROTOt SIMPIFIED ANALYSIS)

Let us consider a vertical rotr supported by two plain Journal bearings

as shown in Fig. 13. The rotor consists of & flywheel fitted to a shaft and to

simplify the analytical workit will be assumed that the rotor mass is con-

centrated at a point situated half-way between the bearings and, further, that

the bearings are identical. The center of gravity of the rotor is offset a dts-

tance 6 from the center of the haft.

For the amplitudes of vibration of the center line of the shaft at the

points 1, 2 and 3 we will use the symbolse a, e 2 and e3, respectively. The

actual bending deflections of tJe shaft will be noted by y. The relation be-

tween the displacements at various points on the shaft will be as indicated by

the displacement diagram of Figure 14. The amplitude of whirl at the

point 2 Is partly due to the displacement of the shaft in the bearings and partly

due to the deflection of the shaft. Further, it will be seen that the smplitude

of vibration of the center of gravity of the rotor is the vector sum of e 2 and 6.

Figure 15 shows the force diagram for the rotor. Let us denote the

angular velocity of the shaft by w and the centrifugal force acting on the rotor

will be given by the following expression:

C.F. a mwa (e 2 +6+) (23)

Since there is no damping in the shaft, the phase angle of the shaft

deflection must be the same as that of the applied centrifugal force and the

vectors representing these two quantities must be parallel As shown by the

force diagram, the centilfugal force is composed of the two components
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m WA 6 and rn wa e 2 parallel to the amplitudes 6 and e2 respectively.

The centrifugal force acting on the rotor is equally divided between the

bearitle at I and 3 and the force acting on each of these bearings will there-

fore 'n• equal to C. F. /2. Since the bearings are assumid -to be-identical, the

shaft displacements must be the same in both beatings. We will therefore

drop the suffices and write a e3 a e.

Since the forces applied to the bearings are of constant magnitude and

rotate with a constant angular velocity, the relation between force and dis-

placement can be determined from the constant load characteristics of the

bearings. From Equation (3'; it is apparent that introducing a value for a

makes no difference to the principle of the solution of the equation. Con-

sequently, the use of curves obtained from the constant load calculations can

be extended to cover the case of a constant rotating load.

If we consider the disturbing force as the unbalance force then it rotates

with the same angular velocity as the Journal, . e., a.. w. Making use of

the load number, f (Ta00es I and I11\ and takin into account the rotation, the

force C. F. will be given by the following expression:

C.F. 1 w+
- w L p w D (Rf/C)a f e (24)

For convenience, the attitude angle # has been chosen to be positive

when the force on the fluid film leads the displacement, i. e., for negative

load numbers, Here, f arp,* are a function of the eccentricity ratio £ as

given in Tables I and 1I.
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Let us introduce the symbol A for the phase angle difference between

vectors 8 and (ea + 8) as shown in Figure 14.

By resolving the displacement vectors in the x and y direction, we

arrive at the following two equations:

estin 0 8stn0 (sit)

6+62 a ecos+ 8 coos +y (ZSb)

The deflection of the shaft is obtadned from simple beam theory and

is given by:

or. L(26)

Making use of Equations (23:, (24) and (26), Equation (25b) can now be written:

1 1 4 • L_ I m, coo + 6 coag (2?)
v n•m " 48El "

TL'a unknown 0 can be eliminated between Equations (2na) and (27) and

as a result we obtain the following relation between the frequency and the

amplitude of whirl:

A L.D (R/C)' a f (•_ I_ . .• > 2 p'- LD (R,,~ fo e + a$
mw 46 ElmW 48 Z!

6 9 (28)

For a further study it will be convenient to introduce in the above

equation a new variable defined by:

3 W (2 9 )

This leads to a simple quadratic equation4 the solution of which is:

fIL LD (RE) c {e' cos 6mn' 1/2
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Maingti ue of Table I and the above equatiot. values can be found for

y as a function of any eccentricity e.

The frequency w is defined in terms of my by Equation (29). RmarrLnging

and solving for i '76 get the foflowing formula:

2 E•+• E,

+ t.Z
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Vill FLUI FILM AND ROTOR RESONANCE

Tluid film resonance is a consequence of the quasi-elamtic properties

of the oil film. The phenomenon may therefore be studied by &ewsuing that

the rotor to rigid. The conditions of a rigid ra or may be simulated by setting

t'/El C 0 in Equation (29). Thus, we obtain the following relation:

By substituting the expression for y in the above equation we obtain

the following equation foriw:

LL LD (K/C)' £ 30
T vMf con E.[e' Cos's (6' as

By considering the forces acting on the Journal it is possible to derive

the frequency response characteristics for the system and predict the variation

in amplitude of "fluid resonances with speed. Referring to Fig. 15, we shaul

, a.t. .IJ,.a..--...LL. Saisa h•, sha. v'a- P. the inmtaatanscus nosition of the

Journal by the vector e, and the force in which the fluid film exerts on the

Journal by F. The inertia force acting on the Journal will be given by mil

If the Journal is vertical and there &ar no other external forces acting

we can mpress the conditions of force equilibrium for the Journal by the

following vector equation.

*o + F a P (31)

Let mb denote the out-of-balance of the rotor and w its angular velocity.

The disturbing force acting on the rotor will then be given by:

P M m a *a(3+wt) (32)
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Where A is the phase angle of the disturbing force relative tb the

displacement vectoi e.

If we assume that the journal center moves in a circular path around the

bearing center, we can-write

iwt

00
where e 0 t constant over any complete revolution.

The inertia force acting on the journal can, therefore, be expressed by

me a -mrd a a(wt (33)

If we assume that a mingle bearing is taking the total load, Equation

(30) bee.,rmeu
!+

F LD (R~l/C)fal) (34)

Making use nf Equations (32), (33).a,ad (34) in Equation (35), we obtain:

a-Ml
5 a Miwt + I ,LWfL (t )A telb*+$)oamasae (Wet+0)

The real components in the above equation give:

1*m W ao + " w L.D(A/C)' f coo x m, w cou

and from the imaginary components we get:

1  J.D (R/C)' f min m 6 w sin

Eliminating A between the above two equations and rearranging we

finally obtain the following equation in w:

me LD(R C~fco. LLD (R/C)a iJ
W (m ( ,wa [me )'a (ma)']

0- a -.
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"The condition for resonance in that the two roots of the aWovs equation

coincide. This will lead to the foUlowlng relation:

.co'p * I.(rn ) (35)
me0

and the resonance frequency will be given by

me 0 4 LID (R/0 )' f cos0
a (36)

rem 2 W-(m eo)a (m6)a



IX EQUATIONS OF SMALL OSCILLATIONS

In Sections III and IV, the fluid film forces that act on the journal were

obtained. We will now consider the equations of motion for small oscillations

about a position of equilibrium corresponding to some particular external, steady

load, making use of these forces.

Introduce fixed rectangutlar (x, y) axes as in Fig. 16. Suppose now that

Junder a certain external steady load pn the journal, it is running at eccentricity

ratio go which corresponds to posltion A , which we choose as the direction

of positive y. Then Equation 6 ytivs for the stuady load on the journal

Fr k - "wf (a O)
11 0 (37)

t W1 tw (g ao)

Consider next a small (variable) deflection da. de of the Journal center to A,

near the position A and let X, Y be the added forces on the Journl in the

x, y direction resulting from this displacement. From Equations 8 due to

change. in mapitude of 7r. T , we obtain (since w is constant)

dTs 2 IdA f rw~j des+ r del)dr r ( e" ro

(38)

t tt
drt 44 f .6 dg +• do':

tt b
whr fU t U t

wheref re, itj sr-- e , a evaluated at a s' O.

These forces contribute directly to Y. X respectively. In addition,

there are also contributions to X. Y due to the directional changes da, given

by
F doa =-•~wf a•r r (39)

-Ft de a .- Xw ft da
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where f ft are also evaluated at a 0. Hence

r t t

xe th copnet of - h 2 dislc n +o deon the -, derlto

ýY • d It ts• .Y ~ ~ ~ dai #2_ r_

[..aaa 1 (40)

W(Y_.de + - d

Since £ r £t are pouittve and increasing functions of e as well as of e', both
st U) r

Be'it and the various derivatives r- V. are positive.

Let the component. of the displacment A shA along the x, y direction

be nheq (iee Fig. e6) and let a be meamured from y-axis. Then for small

lijand a, the re results fo r Fig. 16.

de' *dL(41)
'a C'a'4

Equations (4[0) yield~f~A

(42)

Because of the assumption of small a, Equation. 41 and 42 are not valid for

small 6-

Now, suppose. as in Fig. 17. that a rotor, consisting of a single disk is

symmetrically mounted on a shaft, which is carried in two similar and

symmetrically placed bearings. Let k be the shaft stiffness constant- We

assume that the deflections of the shaft in each bearing, both for the steady

load deflection Fs, and for small further deflection. are symmetrical about
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the middle plane of the rotor, and that steady load and the added forces

X. Y on etch Journal are equal. The shaft segment to the left of the rotor

ha. the force X, Y ,Y exerted on it by the lubricant on its Journal, and must0

have an equal and opposite force exerted on It by the rotor mass. (which also

exert sa salaflar force on the shaft segment to the right). Thus the shaft

center deflects relative to the Journal centers an amount

x 2 x/k, y .ZY/k (43)

giving rise to a net displacement of the rotor center

x + •,y + 11 (44)

We suppose that the steady force -ZY is an external load on the0

rotor (gravity). The remaining forces, ZX and ZY, aesumtng that the rotor

is balanced, can only be used up as iNrt forces'. Hence

2X a In(V+() •a *k

ZY N i(74M) a *ky (45)

and substituttng from Equations (42) we get

a 0

(46)

Cr* C ina

Here the functions fr' it and their derivatives with respect to e, el

are all evaluated at the equilibrium eccentricity ratio, and for el a 0. They are

given in Fig. 18-21 for the incompressible cases and in Fig. 22-ZS for the

compressible cases.
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The df•ferential equations (46) are linear in the variable r, x x, y and

solutions of them euiut in which time enters as an ezponential. Thuse may be

expressed in dimensionless form as

*VT (7a *where r u Wot, w (17)

Here w ui the critical speed of the rotor mase m with a shLft stiffness k.

From the right hand equation pair of equation (46), there results

M (Vw•o) m (vW0o(8

k+ m (Vw) • k m (Vr' o)

Equation (46) now leads to the determinsntal equation

f +2 VW +k mst 0 C (vw a)a ir" 0 It 2__[k•rm•,_ I "I - + 0 __

v + ]0 (49)

bf bf k m C(vw0 )

if we now introduce the dimensionless ratio

W - -- ( 3 0 )
'a
0

we obtain, on dividing through by Uao:

f + aV t+ • E t•i* 0 bt Vbi

[i[t +_ 5 0

where

E ~ kC 3  f(2E 2 gL wR
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Onset of •nstabilitV

it may be shown that for small values of s, all six roots of Equation (51)

lie in the left half of the complex V plane This means that the solutions of the

small displacement equations (46), about the position of equilibrium corres-

ponding to the given constant load on the rotor,. are stable. On the other hand,

if a is large, it can be showst that some of the roots ite in the real hat of the

complex plane, so that the solutions of Equation (46) become unstable. The

transition from stability to inntability, one may further show, can never take

place by a root crossing at v = 0. Therefore,z this transition can only occur

as a result of roots crossing the pure imaginary v axis, as illustrated in

Figure 26. We Mww proceed to find when this crossing takes place. (Note

first that to study the roots of EquatiOn (51), it is convenient to keep constant

the value of e at which Ir and £t and their derivatives are evaluated.)

Writing

.v 1 '(53)

Equation (51) becomes

a f + 2+V f t + v tf -
r t a o-

0 (54)

-. Zfr r
-s + 2 V fr5r+

To find the threshold of instability, we seek pure imaginary ronts of

(51). For such a root, both the real part and the pure imaginary part of £ IV)

in (51) must vanish separately.
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Equating to zero the imaginary part of Equation (54), we have:

ft s-sf

V r V+='t
- a- f 8fr

r t

(f + E F f - + 7EL (' If r I + t I 0f r "Ft

This is linear in • and yields for. U/s an explicit function of e which turns out

negative:

8f !ft af ft

E r2ft +. E"-

Next, equating to zero the real part of Equation (54), we have:

af •t aft
s fr +C t f

af + V-ar f r
"Ift r- FE -

Upon dividing by a', substituting for -C/s from (55), and solving for (v/s)a,

there results-

]r t)+ f r { ( 6ft

-+ fr w

"- - t "~~~~"T rr"•• t .. fz (0 (S 6)

rIt. 2 -



This is a function of E only, and turns out to be positive, yielding a pure

imaginary value of

V iVt

where (57)

The quantity ) is the ratio of the oscillation frequency of the journal

center to the shaft running frequency at the limit of stability. Note that it is

independent of E and depends only on e.

We now return to Equation (53, and put it in the form:

E( + 0 .(58)

Recalling (55) (56) and dividing (58) by f1 (&) f L2(E), we obtain:

itE
9 + 0 (59)5l (e) Z )

The solution a (-- 0/ o) of this quadratic equation depends both on S

and on E and Is thus dependent (see Equation 52) on the bearing geometry,

fluid viscosity, rotor mass and shaft stiffness. The value of suobtained by

solving Equation (59).expresses the rotor speed at the limit of stability as a

function of w , the mass-shaft critical speed.

It should be kept in mind, however, that the critical speed of a mass-

shaft-bearings system should be calculated using the c.mbined u'.flness "4 the

shaft and lubricant film. For a symmetrical 2-bearings system, this critical

speed may be calculated as follows:
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a) Shaft Stiffness = k

b) Lubricant film stiffness a j- = R
dv O C d

skd f
ZE de

The critical speed of the system is then:

k

2 I - (I n
Om(+ k- ds (1",- de

Its ratio to the shaft-mass critical, w is
0

d.C

d a'

In defining the lubricant film stiffness as above, it is customary to use

the radial film stiffness bF //a.

Now, the ratio of the rotor speed at the limit of stability to the critical

speed of the rotor-shaft-bearings system can be obtsined:

W (W _ CR ) rad
(WCR) tad J:)0 o d

w de0F

df
r *+

The value of s used in this equation being that obtained from the solution of

Equation (59).

- I- - - - - - -I - -
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Example:

Consider the rotor-ahaft-bearings system of Figure 27.

R. I inch

= 0.5 and I

C 10.3

k 1.25 x 106 lb./in. (From Fig. 27 for a steel rotor. shaft)

M 0 0 lb. -sec. k/in. (From Fig. 27 for a steel rotor *' shaft)

The dimensionless number E (defined in Equation 52), is a function of

bearing geometry, shaft stiffness and fluid viscosity. In the example worked

out here, the range0O. It E•IO0 is covered. For the rotor shown in Fig. 27

this corresponds to a viscosity ranging from order 10'9 to order 10.6

lb. -sec. '/in. The range of eccentricity ratios covered in this example is

0. 1 e SO. Be

The film stiffness used in calcuating• the natural frequency (per

Equation 34) is that due to the radial resto ring force. The natural frequencies

calculated below will then be those along the radial direction (wCR1)r'
Th vlue f ,£t•r •t r •t

The values off, f. r s- t ad r were obtained from the
r t 7 PIT7 M

sblutldn of the dimensionless Reyn•nlds Equation. These are given in Table I

and Figures 18 through 21 for the incompressible cases and Table II and

Fier.g-es I2 Zt..._,.eh 25 for the compressible cases.

Introducing these values into Equations-r2. 55, 59, and 60, we obtain:

(for the incompressible cases):
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Bearing L/D = 0.5

IE 0 (CRI r

0.2 0.1 - 0 9429 -0.1411 0. V56 3.6096 0.9852 2.6488

0.5 .51 - 3.1968 -0. 1252 0.3538 2.8104 0.9974 Z.8177

0.8 0.1 -13.4452 -0.05543 0.2354 4.2438 0.9998 4.2446

0.2 1.0 - 0.9429 -0.1411 0. 3756 2.1842 0,8533 2.5597

0.5 1.0 - 3. 1968 -0.1252 0.3538 2.67lA9 0..9741 2,7450

0.8 1.0 -13.4452 -0.05543 0;2354 4.2105 0.9985 4.2168

0.2 10.0 - 0.9429 -0. 1411 0.3756 0.6307 0.2723 2.3162

0.5 10.0 - 3.1968 -0.o1252 0.3538 1.6659 0,7325 2.a743

0.8 10.0 -13.4452 -0.05543 0.2354 3.8919 0.9839 3.9556

0.2 100.0 - 0.9429 -0.1411 0.3756 0.06678 0,02910 2.2948

0.5 100.0 - 3.1968 -0.1252 0. 3538 0.2533 0.1315 1.9262

0.8 100.0. -13.4452 -0.05543 0.2354 1.9267 0.7751 2.4857

a
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Bearing L/D 1

5. Ivi WCR r. W___
£E a 0 C -R ) r

0.2 0.1 - Z.6761 -0.1377 0.37 2.6763 0.9948 2.6903

0.3 0.1 - 4.324 -0.1338 0.37 2.72.4 0.997) 2.7303

0.7 0.1 -18,484 -0.0846 0.29 3.4179 0.9998 3,4186

a.8 0.1 -29.zoos -0.04098 0.22 4.5169 0.9999 4.5173

0.2 1.0 -- 2.6761 -0.1377 0.37 -2.5146 0.9488 2.6503

0.3 1.0 - 4.324 -0.1338 0,37 2.620 0.9704 2.7000

0.7 1.0 -18.483 -0.0846 0.29 3.3936 0.9974 3,4024

0.8 1.0 -29.aOOS -0.04898 0.22 4.5016 0.99-92 4.5052

0.2 10.0 - 2.6761 -0.1377 0.37 1.4108 0.5798 2.4332

0.3 10.0 - 4.324 -0.1338 0.37 1.8120 0.7263 2,4950
0.7 10.0 -18.483 -0,0846 0.29 3.1603 0.9737 3, 2457

0.8 10.0 -29,3005 -0.04898 0.22 4.3506 0.9917 4.3872

0.2 100.0 - 2.6761 .0.1377 0.37 0.1951 0.0834 2.3420

.0,3 100.0 - 4.324 -0.1338 0.37 0.3198 0.1390 2.300

0.7 100.0 -18,483 -0,0846 0.39 1.6583 0.7000 2,3647

0.8 100.0 -29.2005 -0.04898 0.22 3.1199 0.8998 3.4675

The ratios for these (incompressible) cases are plotted in Figure 28

as a function of the eccentricity ratio, L/D and dimensionleus number E. The

figure indicates 44a; w16u tSr iuw accsntricity ratios the instability occurs at

approximately twice the critical speed, this number increases with increase in

mui_
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eccentricity ratio. Thus the onset of instability for eccentricity ratios of

0.8 is around three to four times 'the critical speed. This conclusion agrees

with observations which show that stability increases with increase in

eccentricity ratio. However, it also shows that instability may occur even at

very high eccentricity ratios. These have not been observed for very few

machines in practice operate at speeds much above twice the first critical.

The number ~.(. shown in the above table (where jmVT represents

the ratio of the frequency of the oscillation of the shaft center to the running

frequency of the shaft, calculated at the onset of instability, as discussed on

page 35. This ratio, which was shown to be independent of E, is plotted in

Figure 29 as a function of the eccentricity ratio. Note from this figure that

for a wide band o0 eccentricity ratios (between 0. 2 and 0. 5), the frequency of

the shaft oscillations at the onset of instability is between 35% and 40% of the

running frequency of the shaft.

Calculations were also made, using the analysis described above, for

bearings with an L/D of I and using compressible theory. The forces and

gradients used in these calculations are those given in Table II and Figures

22-25. From these calculations, the ratio i Ws platted in Figure 30
(WCR) rad

as a function of eccentricity ratio and for values of E - 10 and 100. Note,

from this figure, that for the compressible case too, the limit of stability

increases with increase in eccentricity ratio At low eccentricities, however,

instability sets in at very low speed. In fact, Figure 10 suggests that at
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zero eccentricity ratio, oscillations will be unstable at all speeds. Some ex-

perimental verification of this is given in Reference 4, where it is shown that

for vertical rotors (E c 0) instability exists at all speeds.

It must be pointed out here that the mesh size used (in the digital com-

puter calculations of the fluid film forces and gradients) for the incom-

pressible cases, was approximately three times as coarse as that used for

the compressible cases. The reason for thin is the much greater complexity

of the non-linear, compressible fluid Reynolds equation. Checks were

made in a few calculations, using a finer circumferential grid and these

showed that the values of total dimensionless force (f f' + f0) are obtained

with good accuracy in both the compressible and incompressible cases.
f

However, the calculated values of the attitude angle (0 - Tan 4 I ) may be
r

in error by two or three degrees in some of the compressible cases.

Since the relative vc.Jsea of the tangential and radial components of fluid film

forces are vsry critical in stability investigations, it is planned to review

the resultrt given in Figure 30 using more accurate computations.

The difficulty in obtaining accurate numerical solutions of the non-

linear, compressible fluid Reynolds equation illustrates the advisability of

evaluating the order of magnitude of each term of the equation. This allows

those terms whose order of magnitude can be shown to be small (relative

to the other terms of the equation), to be omitted from the equation before

numerical solutions are obtained for a wide range of cases. Failure to do

this greatly increases the difficulty and computation expense required to

obtain accurate results.
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x EQUATIONS OF MOTION FOR LARGE DJCPL&CEMENTS

We now consider the general equations of motion of the Journal center

and the rotor center, without making the aesumption used in section IX that

this motion is close to the steady-state position.

Suppose that under a certain applied stoady load on the rotor, such as

gravity, the Journal center is deflected to Q00 corresponding to a n uo' and that co-

ordtnate axe are chosen as in Figure 31 so that y Mis passes through Q0

Then the coordinates of C are
0

0 COE (61)

The forces exerted by the lubricant on the journal at each bearing .(bal the

applied oleady load) are fiven by

F X0 , t (eo, 0), F o .a Wfr (a a 0) (62)

These forces also cause a steady deflection QoA of the shaft center

and rotor center of amounts

x -2.FZ /k, y • -iF /k (63)

Consider now a general motion of the Journal center to the point 0

specWifd by the polar coordinates (eC, a). The journal center is now at

" C sinC, q i C e cos a (64)

The forces on the Journal in the radial and tangential directions are (from Eq. 8

and Ba) F " -)(w-2d)f (S. it')
r r (65)

t a (Z&)f (E, i')

where L (65a)
(1 - Za')(6a
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and along x, y directions

F Xx .2k (a, P') @in a +f (a, i'Couca

m(66)
F A Xw2) 1£ (es 71) coon a +f WE' sinai(6

L t JL
The sUft center deflection is

X 2 iF./k . 1e&[f uin&+f Cosa

va-ZY/km x( -k 2A) f[rCos a+rfthasna(] (7

and the net deflections of the rotor center are:

4+ x C euinaCL+!A- fia-Zos)
k rtin fitcoa

n~l (68)
+ vy * CBaCoUC a+S(W -Z&)[frC@sat+ftsiflS

Subtracting the steady force components Equation (62)-from Equation (66)

we obtain:

F - t(% O)+x(w•sa)r sina + ft coa]

F F *o xwNf r(as.Q ).x N(wu.2&) [ caro a +4' sin (6]

These forces can only be used up in producing acceleration of the rotor maus.

Thutae

r a?, + (Y o+ TI at y aTy (70)

or more eplictly.

rrda C1 )[(wZ&)(..f sin a+f Cos aj) ) xduBia

1 + (71)
( . +41)f(ew-2)1" 'rCos s+ftn si fr(Cos 0)- r r0a cos
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M)aseless Rotor

If we consider the case of maleesit rotor, the terms involving fn can

be deleted from Equation 71 which then reduces to:

r it) mina + f (eB, 11) os * (6. f W 0)• ~(72P.)

(I a~ e. (a )c a+ It ' sine] f (5 0

These are differential equations from which i, i can be solved as

functions of C, a.

The steady state solution is given by ae £ , a a 0. Equations 72

may be tt"ansformed by multiplying first by - sin a, coo & and addlngj

then by cos a, sin a, and adding. There results

\ - Jf • (•. ,f((c') - , 0)sinc+f (e0(. 0) coosa

(73)
( L& t (e, it (go 0) coo a + f (P00) sin a

Introducing as in Figure 32., the resultant forcesI ;4ven in dimensionless

form

I (, +' u (74)f~~eFo E')" f +to

and the direction angle If that this fores makes with the (inner) radial

dire#

Vt * u t/i r (75)

We note also the relation

71) f r f coo, f f sfein (76)
I t
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Denote by fo, 0 the value@ of f and * at the position. of equilibrium.

£ 1 (s , 0), V" * V(s o 0) .(77)

Thus, by taking the square root of the sum of squares of Equation. (ql) and

their ratio, one oL '- the foUow Ing equivalent form for these equations:

tan tan (a +V) (79)

Hence

g e +V1o (80).

Introduce the parameter -r by means of

r * wt (81)

Then Equation (78) can be replaced by

(1 .Z')f(a, i') = f(a 0) f (82)

By means of plots of £ and Vt in the e - T' plan., such as those of

Figures 5 and 6, the locus of a shaft center initially displaced from its

equilibrium position (to p o) to some other position (e, *). can be obtained00
nune 'rically,

The equations required for this and a description of the procedure

follow:

From Equation (80) we have

€£ U,€€ (83)

and from Equation (82) we have

S ~ (84)
2 T

j'
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For a small dimensionless time increment

&-t
'n+ I n

we can write

n+ n n
and

C- IT £, 5,o . (86)

Now, consider a shaft center whose static equilibrium position Is

(e 0) and let it be displaced to a position (e a ) at the instant
0 0

T ¶ * Its locus can then be traced as follows (See Figure 33&):

I. From Figures 5 and 6, obtain the dimensionleses force f and the0

angle *Wo which correspond to the position of static equilibrium

(e s a 0 i O).0)

2. From Equation 83, calculate *'r a + a=U

0 0

3. -Locate the point (E t ) in Figure 6 and hence read off it
1ol 0 12o~

4. Locate the point(e ' ) in Figure 5 and read of f
o o 0

5. By meani of Equation (82), calculate

0 0

6 For a small time increment .0 T tI "1. calculate from Equation (86)
a* + ' .41

'EDT al '310 0

7. From Equation (84) calculate

1 1

-a---- -I --- | -. I- - |-I I - | | I
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8. From Equation (65a) obtain

aIts (1 - as)]

9. Ttom Equation (83) calculate

01 " 0

The new location of the shaft center (c a. [is now defined.

The procedure is repeated for a new time Interna&lt -• T =nd the

location of the shaft center at time T a T2 is similarly obtained., Stepwise

repetition of this procedure wifl then define the complete locus of the shaft

center. Figures 33 (b), (c) and (d) show three possible loci.

In Figure 33 (b), the shaft center leads bark to the position of static

equilibrium so that the condition is stable.

In Figure 33 (c), the shaft center describes a closed loop. This is

a condition of stable oscillation. The period of these oscillations is

given by v - .1  ItW ( final 0

In Figure 33 (d), the locus of the shaft center spirals out and the

oscillations are unstable.

As an example uf this procedure, a nUmerical integration was carried out

for the case where the journal center was displaced radially from its steady

state pusition at E = 0. 1 to an initial position at F = 0.4. The fluid film forces

used were those obtained from incompressible theory for a bearing with an

LID of I. The results of this integration, carried through for the first loop,

are shown in Figure W4 These indicate that, for the conditions assumed, the

journal center spirals in towards the steady state position.
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XI EXPERIMENTAL VEUFICATION

Several observations may be dtted which verify the theory, and to

some extent clarify this very difficult and controversial srtjeet.

Figure 35 shows the amplitude and frequency obtained experimentally

on a vertical 700 HP canned rotor motor. The'first system critical for this

motor was also measured by excitation and was found to be at 28. 6-29

cycles/sec. Similar results were obtained on four other units of same con-

ustruction. This illustration is given for it cites two forms of ins tability

and shows that there ti actually transition between them. The amplitude

of the Half Frequency Whirl in general is quite small and, therefore, the

rotor Ipeed may be increased without causing damage to the bearingse. On

the other hand, the amplitude of Resonant Whip is too large for satisfactory

operation. Ref. 4 gives a number of examples of Halt Frequency Whirl.

It also points out that compressible fluid bearings are also susceptible to this

form of instability. Thiu point was further verified more recently in Ref. S.

Figure 35 shows that,depending on the speed of operation, one may find

different forms of instability. It is not, therefore, eurprising that conflicts

in observation exist, The Half Frequency Whirl has not been observed too

often because its amplitude of vibration in general is small and may not cause

severe problems to the equipment. This form of instability is more common

for vertical rotors and lightly loaded machines especially of the compressible

fluid type. The Resonant Whip on the other hand which occurs in general at

speeds twice the first system critical has large amplitude. It has been shown
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however (Fig, 28 and 30) that the occurance of this Stability is deperndent on

eccentricity ratio and the parameter E. Thus, once the instability occurs

its frequency may increase or decrease with increase In rneed depending on

the actu&l position of journal center and the value of E at the specific speed.

For as speed increases, the eccentricity and the viscosity decrease and they

both in.luence the threshold of instability. If the da.mping increases with

speed, the tendency is to decrease the Resonant Whip Trequency; the reverie

is also true,

As stated previously, observations have al: j been made on the inception

of instability with turbine or motor load, This in to be expected for, if we

refer to the torque on a turbine or motor, we find that there is at eccentricity

between the rotor and the stator. Thus, uneven torques are present, see

Figure 36. In the case of a turbine, at the point of closest approach the

steam or gas leakage path is decreased and therefore, the force at that point

is larger thLn that 1800 away. In the case of a motor or a gt...rator, the

flux increases and this has a similar effect, Thus, there is a resultant

force at 0' which is at right angles to the displacement, It acts in the same

way as the tangential fluid film force and, therefore, must be included in

the stability analysis,

In secttons :-X and X it his been shown that instability is dependent on

the fluid fiLm properties within the bearing clearance. It is therefore

essential to evaluate these properties accurately. These sections show that

the inception of Instability depends to a very large extent on eccentricity
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ratio and syatem critical. A general statement can be made that the threshold

of inutabiity increases with increase in eccentricity ratio

Since o esti•sfsum of the fluid ilUm is extremely important in predicting

systern criticala and aýleO frequencies of imutability, the poent deaservs a

brief diucuesion, It ham been shown in Ref. 4 and confirmed further in Raf, 5

that Equation 21 wiLl predict accurately the threshold of HaLlf Frequency

Whirl. This equation, however, contains the radial fluid film stiffness which

has to be obtainat accurately either by theory or from tests, In Table Ml

of Ref. 5 good comparison il given between the messured and calculated

Whirl Frequencies. The correlation between the two is further improved if

compressible theory is used. g•,Ure 37 employs cmmpreceible theory and

shows the rad'al compmant -f farce ve eccentricity ratio for bearing B

discussed in Ref, S (Figure I sad Table 5). For the load corree dleadng to

point (a) the radial etifinles for the compressible case is actually lower than

that obtained from Ref. 5, Figure 1. This will, therefore, lower the

calculated threshold of Whirl. The reverse is true for the two higher loads

b and c.

Figure 37 was platted to show another relevent point. Note that the

radial component of force is a function of both eccentricity ratio and speed.

Since increased load produces both &n aLcreaee in eccentricity and

threshold of instabilit-y, the question arises as to where does one calculate

the radial itiffneos, e.g. , at b or b", c, c' or el". It is fortunate that the

stUfness does not vary too much between point b and b' or c and c" as shown
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in Figure 37, Frther, since stiffines enters to the One hal Power In

Equation a:, the errors in threshold of whirl will be relatively small.

in the ca.lculattor. of system critleals, the fluid film mt~itfnesm must be

considered. In the use of hydrodynamic bearings, there is c•me question

as to which stifnaes should be used. For, as shovw in sections U1, IX and

X, there are both a radial and a tangential utlfinese and, in general, the two

are not eqial. Ln rigoroue analysis one must use the derivative of force with

respect to displacement, The increment of force must contain coupling

terms. Since the stiffness varies with attitude, there will be a number of

criticals which will cover a band of frequencies. Large variation in radial

and tangential stifness will yield a wide frequancy bad. Conversely, in

the c4se where the stifineasee sare nearly equal in ali directions, the critical

frequency band will be narrow.

In the came of hy rostatic bearings, the problem of calclation of

critical speed is very much simpler, as shown in section IV. For such

bearings, the stLffness as a function of load remains constant at least up to

eccentricity ratio of 0. S. Thus naturLl frequency is independent of external

force. This simplifies the calculation of the natural frequency. Experimental

verification of calculated natural frequency was made recently on a Helium/Nitro-

gea compressor whose rotor mass was Zx 0"2 lb, -sec.2 /in, and whose rotor

stifin1ss wae 3 x 106 lb. /•n. The measured na•tural frequency with 100 psi&

supply pressure was 698 cycles/see.



-52-

Bearing No. 1 Bear"n No. 2

L, • 1.25"1 L a 1.251"

D) - 1.25", D a 2.50",

C u 0,0005" 0 0,0010"

m 8 : 10"3 lb,-mecA/lin, m * 12.4x 10"3 lb -secA/ln.

k calculated from Wig, 7 k calculated frm Fl1 , 7

* 1.43x 103 lb/in. • 2.12z 105 lb. /in.

The reuo re The reto re

f 675 ,-'i ec, £ * 695 A",/sec,

These compared very favorably with the experimental nelu of

698 cycles/aec,

The above clariflee come of the oblerntions Lad ahows comparatilvly

good agreement between theory and practice in the calculation of critical

speeds and frequenctes of instability.
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Xu1 CONCLUSION$ AND RECOMMENDATIONS

It war shown that if the Reynolds Equatio Is integrated and the film

forces on the journal computed for suro tangentiln velocity, then the eflects

of a tangential velocity can also be obtained, This is done by correcting

the radial velocity (Vr a Cs.') and the radi and tangential force compt.nents

(Fr and Ft) using the factor (I-L). as shown in Equations (8 and Ba;

Solutions for radial and tangential forces an functions of E, e' and

L/D were obtained for both compressible and incompressible ýournal bearings.

Likewise, the derivatives of these forces with respect to E ard El were

obtained,

Calculations were also made of the forces generated in externally

pressurized compressible fluid bearings. It was shown that stiffness in thil

type of bearing is constant for at least esmll eccentricity ratios. The criticml

speed is independent of external load. It was further shown that the optimum

bearing from the standpoint of maxirmumn stiffness exists at L/D ratiou around

unity, Mý,.xtrnun stifness is a function of p /Pa L/D t'

Equations of motion were set up for sn'a. oscillations about a position

of equilibrium corresponding to some particular external, Fteady load. These

equaý,cri contain functions fr' I t and their derivatives with respect to r and

EI These differential equations are linear in the variable', r- x, y and

solutions exist in which time enters as an exponential. Solutions have been

obtained for both compressible :.nd incompressible cases to show the effect

of E a-nd E on the threshold of instabiltly.

Results show that the threshold of instability increases with increase

itn eornal load. Refer to Figures ZZ axd Z3.
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Tlh ccr'sioa of critical spes d deeveue addtItAl atte:tion for

caisr when the atLffnuse in all directions around an equilbrium point is

unequal.

The equatioms of large disepUcemese a'r aloe been set up in terms

of 9 and a. Method for obtalning the path of the Joess caster for the case

Of& A, maaleuu rotor have been outlined.

The threuhold for Hal Frequency Whirl and other forms of dynamic

disturbance have been treted in eetlonns V': through V'c: and equati,--,Ms are

given for the frequencies of disturbance.

Wbererer data wag asytlable, theory &ad experiment has bean compared.

The results appear to have good agreeent. Seyelwn of the contramrsi ruL

observations havs been clarited,

The subject is by no meLas complotly covered aid It fs lalends

conaidtrable study. SeT-eLl of these u•utes are enuerae belo•w

1) th behavtor of rotors for emaL osciclatious at very lco eccentricity

ratica aM where the a4nuar increment dio may not be neahctud.

2) Find methods for solution of the equations of motion for large dis-

plcameents. Preferably try to obtain closed solutIons.

3) For the case of large dlsplacemsnts study the zspcial cases whire

a) the eccentricity is small

b) the rotor mass is mall (meth•d o•f solgtion is outlined in section X)

c) the beaLrin& cleaance i small compared to the shaft batnding

deflections.
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4) Study the above three pointo in cases where the rotor or bearing. are

not usymetrical,

5) Study method. for predicting critical speeds of rotors where unequal

otflnelies in two directions exist,

6) Conduct erperi.ments to verify all the above points,

7) Perform experLment. on externally pressurized bearings to determine

how closely theory agree. with practice with regard to conutant stillness,

optimumrn L/D ratio and critical speed am function of eccentricity ratio

and Pa.

8) Study pocketed externally pressurized Journal bearings under the siame

condition,

9) Stdy other forms of instability which have been reported by several

t'veetigaorus.

10) Establish charts and tables to aid engineers in the design of stable

bearings.
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:NCQMPRESSIBLE CASE - FULL CIRCUIk'.R•qEARPNG

(Equai Radial and Tangential ShLft Center Velocities)

TARLE I

A 0.5 L/D 1.0 1 .5

2 r' f1  f~ f iso-$ Ff f f 180-o f f

0.1 6.0 11.2 9.2 14.5 140.4 33.2 31.5 45.9 136.8 64.9 56.5 86.0 138.9
4.0 ?,4 6.4 9.8 139.1 23.9 21.4 32,1 138.2 h3.0 38.0 57.4 138.5
2.0 3.6 3.4 4.9 137.0 11.7 10,9 16.0 137.0 20.0 20.5 28.6 134.3
1,0 1.4 1.6 2.2 130.3 4.5 4.9 6,7 132.6 8.4 10.8 13.7 127.9
0 0 0.2 0.2 98,3 0.1 0.7 0.7 100.1 0.3 1.3 1.3 102.4

0,3 6.0 20.3 13.0 24.1 147.4 62.0 40,0 73.8 147.2 104.0 72.0 126.5 145.3
4.0 13.5 9.0 16.2 146.3 41.2 27.5 49.5 146.3 68.5 48.5 83.9 144.7
2.0 7.2 5.0 8.8 145.4 19.5 15.0 24.6 142.4 34.0 26.0 42,8 142.6
1.0 3.6 2.8 4.6 142.0 7.8 7.8 11.0 135.2 17.5 15.3 2,3.2 138.9
0 0.3 0.8 0.8 111.8 2.8 2.4 2.5 108.2 1.6 j,.0 4.3 112.1

-0.6 -0.3 -0.1 0.3 342.3 -0.6 -0.4 0.8 330.5 -1.0 -0.5 1.1 331.5

-2.0 -1.0 -1.7 2.0 300.8 -2.0 -4.3 4.8 295.5 -3.2 -8.5 9.1 290.6

-4.0 -2.0 -4.2 4.6 295.5 -4,4 -12.8 13.5 288.8 -6.0 -21.0 21.8 286.0
-18.0 -8.7 -20.5 2.2.3 293.0 -19.6 -65.0 67.9 286.8 -26.0 -705.0 108.2 283.9

0-5 6.0 45.0 19.6 49.1 1156.5 123.0 56.0 135.3 155.5 182.0 91.5 203.7 153.3

4.0 30,0 13.8 33.0 155.3 80.0 39.5 ".2 153.7 122.0 63.5 137.5 152.5
2.0 15.6 7.8 17.4 153.6 39.0 21.8 44.7 150.8 62.5 35.0 71,6 150.7
1.0 8.1 4.7 9.4 149.9 17.3 11.9 21.0 145.5 11.8 Zz.u 38.7 145.3
0 1.1 1.6 1.9 125.6 2.9 4.9 5.6 121,3 4.8 7.4 8.8 122.8

-0,6 -.2 0.2 0.3 35.6 -0.6 0.6 0,8 47.5 -0.7 0.8 48,3 48,0

-2.0 -0.8 -1.2 1.4 303.2 -1.5 -2.3 2.7 303.0 -2.2 -6.0 6,4 289.7
-4.0 -1.4 -2.2 2.6 301.2 -2.8 -10.6 11.0 Z4.8 -3.6 -17.0 17.4 282.0
-18.0 -4.8 -19.2 19.8 29A.0 -10.3 -58.5 59.4 280.0 -13.7 -95.0 96.0 278.2

0.7 6.0 136.0 36.5 147).7 165.0 290.0 87.0 302.8 163.3 420.0 125.0 438.2 163.4
4.0 92.5 26.0 96.1 164.3 205.0 62.5 214.2 163.0 2"8.0 90.0 292.2 162.1
2.0 45.0 15.0 47.4 161.6 9S.0 36.5 104.4 159.6 139.0 53.5 149.0 159,0
1.0 19.5 9.6 21.7 153.8 42.5 21.0 47.4 153.7 67.5 32.0 74.7 154.6
0 4.1 3.5 5.4 139.7 9.7 o.1 13.3 116.8 13.1 13.0 18,5 135.5



TALE I (Cont'd)

L/D 0• 0. Lt 3, 1.0 L/t , .

ft tf 2s-i f t 180-07 £ £ ft f180.01

0.8 6.0 332.0 58-0 337.6 170.1 60o0. 12,.0 661.8 169.2 780.0 163.0 797.5 168.0
4.0 220.0 42.0 224..0 169.2 425.0 88.0 433.6 168.3 520.0 118.0 532.9 167.2
2.0 113.0 25,0 115.8 167.5 215.0 52.5 221.4 166.3 265.0 71.0 274.4 165.0
1.0 56.5 16.0 "8.7 163.5 112,0 34.3 116.6 163.0 133.0 46.5 14.,7 160.8
0 8.8 5.8 10.5 146.5 18.3 13.1 22.3 144.4 23.6 18.0 29.7 142.7

-0.6 3.1 0.9 0.9 96.3 0.2 2.4 2.4 93.0 0.3 3.5 3.5 94.2
-2.0 -0.5 -0.6 0.7 309.2 -1.1 -1.3 1.7 309.6 -1.5 -2.5 2.9 301.0
-4.0 -0.8 -2.4 2.6 288.7 -2.0 -7.2 7.5 2-85.4 -2.5 -12.2 !1.5 282.5

-18,0 -0.6 -18.6 18.6 2•1.8 -0.4 -54.5 54.5 270.5 -0.1 -S4.0 84.0 270.0

0

c



TABLE IA

INCOMPRESSIBLE CASE - FULL CIRCULAR BEARING

(Uo Tlngenti&a ShaLt Center Velocity)

E WE' , f f 180-0
7 t

0.01 2.0 10.0 0. 0 el0 10.0 179.5

1.5 7.30 0.089 7.30 179,3

1.0 4. so 0.088 4.80 179.0

0.5 2 25 0,087 2.25 177, 8

0 0001 0.075 0.075 91.0

-1.0 - 5. 00 0,067 5.00 0.

-2.0 -10.00 0,065 10.00 0,4

0. 3 2.0 zo2 0 3.10 20, 2 171. 2

1.5 15.0 3.08 15.3 168 4

1.0 10.0 3.00 10, 5 163 3

0.5 5.00 2 96 5.81 149.4

0 0.798 2,43 2,56 108 2

-1.0 - 2. 50 1.75 3.05 35. 0

-2.0 - 5.50 1.69 5.75 17 .1

0.5 2.0 40.00 7.30 40.7 169. 7

1.5 29. 50 6,80 30 3 167.0

1.0 19,50 6.45 20. 5 161 .7

0.5 10.50 5,70 1 .0 15. 5

o 2,90 4.77 5 58 1I. 3

-1.0 - 1.55 2.66 3. 08 59. 8

-2.0 - 3.90 2.48 4.63 32,4

I I I - I-I-I I I _ _ _ _ _ _ _ _ _ _ _ _ _ _I



TABLE IA (cont.)

F Ir f f , 180.0
0.7 ... .0 10 15. 103..3 17116

1.5 80ý0 14.5 814 169. 7

1.0 5z.0 13.7 53.9 165. 2

0.5 27.0 12. 0 30.1 156.0

0 9.67 9.08 13,3 136. 8

-0,5 1.60 5. 75 5.97 105.5

-1.0 - 1.00 3. 80 3.93 75.3

-1,5 - 1.85 3.324 3.73 60,3

-2.0 - 2.98 3.06 3. 33 45,7

0.95 2. 0 2000 70. 0 2000 178. 0

1 .5 1495 69.0 1496 177,4

1.0 1000 67.0 1032 176. 2

0.5 505 58,0 548 173 9

0 112 3f,,0 118 161. 3

-0.5 13,0 1.5 £"1 , 133' 9

-1.0 .5 6,50 7.38 11S 3
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TAME MA!

COMMIEBE CASE -1 120a PABTZAL, BE_,RfI.

(Equal Rkdial and Tangential Shauft Center Velocitiea)

L/D = 0.5. p a 14. 7 psia

E wC ff tt f 180-0

0.1 2 0.0092 0.0461 0,0470 101.3

0 0.0030 0.0477 0.0478 93.6

0.3 2 0.0.27 0.2250 0.2401 110,4

1 0.083 0.2351 0.2422 103.9
0 0.0261 0.2d31 0,2M5 96.1

0.5 2 0.4•81 0.618u 0.82 128.2
0 0.16V 0.,18• 0.27"7 10,2

0.1 0 1.5312 2.56, 2.9W76 120.8
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Fig, 2, Whirling journa,
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Fig. 26. Threshold of instabillity.



u|x

I

Fig. • Shaft rotor bearing systern,



90 - ---

w II

6 -

(WcR)f

4

E=OI / • LD = 1,0..i =,, =

2 -. .. _ -_'__. ...

• 0,50,

0 o 0 1 0,2 0,3 04 0,5 06 0.7 0,8

Fig, 28, (wliWCR)r vs efor incompressibit



4 o.0 - -

0.7

-ii

Ole

S0,7 - -___ _ _ __ _ _

015

0,4 ID 1 ,0

I 0,2LU 9

I0 " 0 02 0.3 0.4 0.5 0. 0.7 0.8

Fig. 29. vs C for ;ncom-pressilb'e LacSe.



-. 4

2. O n . a

E. -
1 0

("CR)r

0.$ Es!0

0.6 /

0.4 OF

0.2 a ..-.

O0 0...1O 0.2 0.3 0.4 0,5 Ot,6s, 0.7 '

F~g. 30, va z,•e for co pesbl c•a ses,CC R) r

0.8-EI

0.6 -- I



0x

CC

00 F

A

Y, 17Fr

Fig, 31,. Large dtsplaceements from equillbrium,



As f
y f

Fig. 32, Representation of resultant force,

p(



%/•BRG/

GT~r

Cc i SHAFT UNOER

Ccrare p STATIC EQUILB•IUM

INITIAL
POSITION /
OF SHAFT//

(a) PROCEDURE FOR DETERMINING LOCUS OF SHAFT j

(b) STABLE CONDITION (c) STABLE OSCILLATION (d) UNSTABLE OSCILLATION

Fig. 33 Locus of jourt'al center - mauless rotor solut•on



210 200 190 180 170 160 ISO

220 140

230 130

240 120

250 110

26010

2700 8 0 4 0 90.0 • O ao 0,6 0.4 0.2 0, 04 0o,6 O-

280 so

290 STEADY-STATE POSITIO 70

300ITIAL DISLACEMENT60

310 5

32j0 40

S/ i

330 340 350 0 10 20 30
- DEGREES

F:,g. 34. Locus of journal center,



a. HALF FREC.ENCY RQ4 IEONANT

WHIRL I WHIP
- 2100I0s IN,

I
RAMP

2 ,15 - INST-
_/- .-, ;200 ," IN.

29,6~ow 587ýIIC.

WCR 2WCR
I st sYrE M
CRITICAL.

Fig. 3i, ArnplýW,4ý,e and fr•equency of instabj'.it•iee-

II



+0p

,o. Tr1 i T2

Fig, 36, Uneven torques due to eccentricity,



-. .- - - ?-• I - a ...... - - ... j a ,
.. .. , I ... . . .. .. - - , .

- - (- - .m.a 5[ - . .. a ..

_ _ -_ 1 . .. .. . . . . . ..I----,-
10 5" 6,0,000 RPM

4 "0,00135'
i4 7 xp~jp" a - 9 , -, -ec, .......

S~in.t

b- I b --

I 40,000 P0M'--
-- J . . - -. ... . I

2,'- -I i-2 _

-Ii p -T -iti I

-I IJj

OJ 0,-2 0,3 0.4 0.5 Od 0.7

F 3 SUf ?-Lt-g bea rir rad&ial fcrce vs ecce r



SYMBOLS

C radial clearance in.

Cd discharge coefficient/approx, equal to 0.6

D diameter in.

d orifice dia.-nettr in,

S also3' modulus of elasticity

* eccentricity in.

F Force 'b.

f dimensionless force

g acceleration in, /sec 2

h film thickness in,

I moment of inertia in 4

K2  radial fluid film sttfness lb. /in,

k stiffnesa constant of the rotor shaft ib. /in

L bearing length in

1 length between hearings in.

m mass, also number of orifices/feeders Eq. 12 lb, -hec 2 /in,

N speed RPM

n number of feedets/bearing Eq. 12

P pressure over projected area. also force Eq. 71 psi

p pressure psi

-,• % .- ,¾ 
4

" 7--j' t,• • 4-i •J•- . • • • . ..



R radiuu

S igam constant in, /OF

i w/w 00 W/W

T tempe rature or

t time seec.

U ,eloeity in, /sec.

"V velocity in. /sec.

W load lb.

X disturbing force lb.

x coo-dhlate1 also displacement of rotor center

Y disturbing force lb,

y coordinate, also displecement of rotor center

Zt dimenaionlems feeding parameter for turbulent flow

x coordinate

,a angle

S pharse angle

Sy variable Eq, 69

6 distance in,

s eccentricity ratio

VdE VR

w dt Zw CN

S..... .. • • r.l.,• • .• - .. a• 3,•.z -- I



Lv

dimplacement of Journal canter from equilibrium in.

6 angle radians

'0C lb. -sec.

Viecosity lb. -se./in. 2

v complez number

4 displacement of Journal center fron equilibrium in,

m sAs deOity lb. -sec. 2 /in,

0t

, attitude Lngle radians

* angle radiana

C) whirling frequency

W angualar velocity rdau.c

Subscripta

a ambient

a equilibriu-m position, critica&l speed of rotor

opt v tLzrn urn

r radial

s supply

t tangential

CR critical

res resonant frequency

Superscripts

"" dtdmeniionleu 
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