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Minimum Variance Unbiased Estimates.
Generalization of Thompson's Distribution.
Random Orthonormal Bases.

Y ] ‘ by Andre G. Laurent

Depariment of Mathematics
Wayne State Universlty

1.0 Let Xy=~=Xy be a sample of N independent observations with a

normal disfribution N(m,c~). 1in 1935, W. R. Thompson has obtained
the probability distribution of an observation X: chosen at random
in the sample, when the mean m and the standaerd deviation g are
replaced by the corresponding sample characteristics [1]; namely

(xi-Y)zi(N-!)Sz follows an 1incompliete beta distribution with

parameters 172 and (N/2)-],

e ok A S OO e

B This resuli has been generallzed in several directions, in
[2]; the distribufion of a sample is given after its belng
centered and studentized by means of the mean and standard devia-

fion of an independeni sample; the distribution of a subsample

CINENER .-+ DR W

is derived when m and &~ are replaced by the corresponding ssmple

-
v

characteristics, and the conditional distribution of a subsample

is obtained given X and S,

Further generalizations have been presented in [3] where the

1. results Jjust mentioned are extended to the case of the multivartate

normal distribution. Applications to Bombing Theory were proposed
in [47, '
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tet (5) = (5 .., Eoy 80 witn &) = (x,..,02, 0 xB) be
a subset of obscrvations from a set of N Independent observations
(X) = ()(l,..,X',..xN)-' = (X-'I) with the seme p-variate normal dis-
tribution N(m,Y. ); let m* and S be the vector mean and covariance

matrix of the subset (€). The distribution of Ealven m* and S

for kL N=p is

(Nek=p-2)/2
£ |mv5)dE c.II - (k/N)S"’S‘ - Ck/(n=k)]s= s P dE/ 8

in the domain where thc determinants ore positive, with
\ )

oL t o m! [ . v

S (mE mt) (mg )

and

A= evean r1"’.-" e mad i L&N—k-u;/zJ..,r'C(N--k-p)/zJ..,

Ik i 2
- p/2, 0 l)p/?(”,_k)p/z
This result was given in [3].
in view of the completeness of m'S, it results from Blackwell's

theorem that

f (?(E ) § (8 Im's)dE

will provide a uniformiy minimum variance unbiased estimate of
E[\?(E)] if it exists,
a special application, if

g(A,m, i) ~f coe gN(m,j)dx

a run;mum variance unbiased estimaie of a(A, m,i) will be given by
{ );('; |m's)d& with k = 1,

since an unbiasecd eciimate ot g{A,m,4. ) is provided by the charac-
terisiic function (E) of ihe set A whose conditional expected
value is given by the infegral above. Further, in view of the
fact that summation keeps unbiasedness, the minimum variance un=-

biased estimate of the density N(m,i) is -‘f(gl m*'S),
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The already established results for the univariate distributton
can be obtained by considering it as a special! case of the multi-
variate situation.

The conditlonal probability distribution of ng, 5% gfven m*,S
is obtained by writing the joint distribution of fne mean m; and Co-
variance matrix Sn of a sample of size n = N~k and of m% and SE’
then rerforming the change of variabie

mi = Nm*/n - km’ /n

S /n - S*kN/np2

n NS/n - kS
ye

1l

5
ently dividing by the distribution of S.

subseq
m; is N(m,;é/n) disiributed, Sn is W(i:, n~-1) distributed, the
Jacobian of the change of variabies is

(S p(e5) 2
D(m*,S)
is H{m qtj&(, S is W(;t, Nei) distributed,
After grouping terns, oneobtains for p<£ k£ N-p
f(n1 ; ! me ,S)dm dS =

IT~(R;N)S§ =1 L[k/(ti-k)Is®s™

‘(N-k-p-Z)!Z‘S
172 ‘(p+i)/2
l } ds, /i‘

ll'(k-—p-Z)/z
3

?
(dm,s_ / 'S
where

c = k

K | pr2 p(pti) /4 p
1271
ke §

]T‘r [ [N=-]) /2]
[ ek~ 1) 723 [ (k=) 72]

in the domain where fthe determinants are positive,

(=k)N

In view of the compieieness of m*,S, the kernel
f Uﬁ' S ‘ m*',3) is of gi‘eat interest

K3 \Pn m »S ) is an unbiased es?rmate of a function g(m, ;t)

of the parameters, then, as a consequence of the uniqueness of

B Sant oA
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minfinum variance unbiased !linear estimates in case of completeness
LPN(H’N,S) =§-.0 o-o(t-?k(mé, g )f(m;,sg

l.e, minimum variance unbiased |inear estimates are a subclass of

m',S)dm% ng

the solutlons of this inftegral equation which defines a muttivariate
transformation.

in case X is normally distributed N(O,0~), univariate situa~-
tion, or N(O,Et), multivariate situation, other generatlizations aré
of inverest.

In the univariate case, lef X be a set of N observations
S’.,..XN wiih probability distribution N(C,0"), the conditional
distribution of a subsample ¥ of k items drewn from X at random,
given the moment cf oirder fwo mé(x) of the set X, is obtatned by
writing the joint disiribufion of the monent of order two, mé(Xn)
of a sample X, of size n = HN-k and of an independent sample g of
k itemns, performing tne change of variables
m3(Xp) = (H/n)mg(X) = (k/n)mg(8 ) whose Jacoblan is N/n, then
dividing by the distribution of mé(x), one obtains with 3.

(XgaeaX, )y KN

!
Fr8 |my01a3 =
[ (nr2) my (%) [ (K22 e
TR7Z 1-(k/N) m¥(x) T K/
T [Nk} /2] m, (X) [Nmé(x)]klz

in the domain where the bracket is positive,

i T =5y m(X), one obtains




,

o e T

RS A b oL i

“5”

Doy (=¥ )<N?-k-2)!2(drmk/2)

R7E TZTYN
L) iqf(N~k)/2]

i.e. the distribution of a subsamp!e normatized by Vmé(x) is de=

pendent from mé.
Also, in case k = N~{, u = E/V Nmé(x), Upseotty [ are Ne! in-

dependeni coordinates of a N dimensional unit vector, and one has
. N/z » '“!/2 y)
thwzyy e 30 -ud ) aw w’g

The disiribution of any coordinate ug ‘being

\ s (N=3)72

(l-u.) du, u
s M-l ] ' ‘

3¢z 21

L

- DN

(if H = 3 one obtains a rectangular disfribution).

Cleariy, the quantiity v =\/_r4—:f-uiiv l—-u?‘ is Student distribufted
wit: N-1 degrees of freedom.

u; is the cosine of the angle P ; of the unit vector with any

= cos P, end v =V n-1 cof. ¥,

direciion, uj

This result can be slightly generalized to the case of a
sphericag! disfributiaon,

Let X = (X!,...,Xn) have probability disf?'ibuﬂo_nf(x)‘dx,
fet R2 = XX*, let f(X)dX be spherical, i.e. {J(X) = h(XX*),
then R is a sufficient statistic for £ (X}dX
£ (x)ax = n(RE)dx = h(Rz)Rn”ideiin’l. (ZE;ﬂgfhé area of the unit
sphere in the n dimensional space}; integrating quf dZn", one
obtains En}

h(R?)R""'dR as the probability distribution of R, a
well khown resulft. '
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More explicitly, using polar coordinafes
X1 = Rcos\p;
Xn_g = Rsinl?l Sin\& o-aSin(.Pn_zCOS\P n_‘!
Xn = Rsin‘-? ;nnocuosinlpn_zsinwn”l
9 ; in (o,w) if [ ¢ n-1, ¢, in(o,2w) if i = n=~!

dX = JARA Y ..dy _,,  whers

-1 . n=2
J = [D(X)/D(R,¥ )] = RnAistn 'y oooS?n(?nuz
_ _..n=2 <-.' _ N
6Dd dZ n" - Sln L?z iue\.’inl?n_zd[f zaaodl?n_i - Jdl? /R
, n-2 - '
= ¥y ...dX7]%,|R

. . . 2 .
hence,the conditional distribution of X given R is

dZnt = [M(nj2) . n-2 ;
Z /.' n/z sin le_]ooosin\en_‘zdv lnaad\en.’:
n’(

2T

it is the disiribution of the independent polar coordinates of a
unii veclior equidisiributed on the unit sphere. in terms of the

x;'s and ui‘s, this gives (faking into account boih signs of X;),

[C(nr2)  oXpae.d¥ay 172

LR SA LA e n=-1 n/?_)

7 h/2 e = 573 {I-uut) du
’Xn’ R w

Consequenily the disiribution of any subsample is the one
given in paragraph 3.1.

This shows thati "Thompson's distribution depends only on the
sphericity of the universe, If we consider a random unit Qécfor,
with fixed origin, "chosen at random"™ in the n space i.e., with a

probabiiiiy distribution invariant under the rotation group, we

. see that we can consiruci such a vector by normalizing a vector

whose distribution is spherical.
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Let us consider a set (X) of independent N observations

ot o p-dimensional vector with distribution N(o, i Yo (X) =

J

1 i . P i 1 G
(X;w;qv,xi,ua-)Xi\l) = (x‘i’) = (x’,naa,x '...ex )}XJ = (X‘?vooxiqonxﬁ)
' 1

let (8 ) be & subsei of K observations. Let S and Sg be i1he

max imum tikelihood estimates of ;i obtained respectively with
(X) and (). 1nhe distribuiion of (%) given the sufficient
statistic S, is cbitained by writing the joint distribution of
(§) and the moximum !ikelihood esiimate Sn of i obtained with
2 semple of n = N-% observaiions, making the change of variables

- = in\ . \Q
...‘n (“.n) S (k/n,vg
and dividing by inhe distiribution of SUne obtains
_’! N ._" (N--k-p—-i).iz
(§15)dE =C.| T - (k/W)S S,

s

d% v lslkiz

;3 o= b
wivn

valid for pdd-k, in fthe domain whei'e the determinanis are positive.

Now kS. =§1E = Ell ES +5094'E’kz

k

i K
!I N {k/m)s”'sglz !zr- (s"'/i S FLE = INS,""S-Z‘E.E.
| T T i

there exists a unigue iriangular mairix T with positive diagonal

such that 88 =X x =7 T fthen

ll’— (::/N}s’fs,él = {TM‘[S-ZE"EJI T"‘l =

J?

J
- - . - . . ’ -]
I .- ZT '1EJ.§-T, ]‘ ::IT“ZA)J@J{‘ i7 ’93=T iE. 9~=EJT' I
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How, it is known thai

iI"Z'D}% =i’9§z’92/7£'

. S0 thaft

i
3
3
¥
>

) ! ﬂ%é ol TR I - ,931 - gi(s"'/n)fz‘,-l

5 (N—k-p-—l)/zd,g/ }s;

T .- (k/N)S“’sg

kfi2

f(EIs)aE:c. - Ei(S"/N)E;» ‘

it

w e

’ One can also work with the variables 7 making the ftransformation

"9=ET"', one obtains for the distribution of 9

l (Nekep=i)s2

T - A

) C..I v d? .

; since ihe Jacobian D(E)/D(’? ) = IT‘ =
| ,

K72 i

sl

i' ‘ Y] =ET10"
| is a procedure of sfudenfizatton of the sel € and generalizes the
- | ' studentization by R =V Nmé(x) in the univariate case to the multi-
variate case, i

e

in some problems ihe fol fowing remark is of interest,

egaaw

Consider theorthogensl matrix O that diagonalizes (S"’/N) into
/\"; say, then premultiplying and postmuitipliying by 0=! and 0 we

have

BB ETA e ¢ o sOnin
3

_i Kk
y AN ’iu’u

o -1 — -1 k~! 1 ’-—
1 - { %/H)S sil-lz.-[\ =0 EJEJO = tug

where ui is the vector of fhe coordtnate of ES W.r">. to the system

of coordinates constituted by the eigen veciors of (S"!)N) i.e. of

i
R T

NS, (which is almost surely of rank p).

Cne can consider the normazlization of these coordinates by

172 . .
the roois VY h,.. \/hp of /\ . we get, in terms of the new vari-

ables V
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. (Neke~p~1)/2

clI - V'V l av

and the corresponding normalization is

V= gsv-llz

. . . 1/72 ‘
) according to the usual definition of S (see, for instance, [13]).
| 3.5 The conditional distribution of SE given S Is obtained

by writing the joint distribution of S¢ and S, making the change

- ﬁ of variables indicated in 3.4 and dividing by the distribution of

S, one obtains

2 | _ , =1 | (Nekep=t)/2 ‘ -?’(k-p-l)lz
fisg|s)yes = c. |1~ (k/N)S, S S S |
(pti)/2
dsg 7 |s | :
with b *
c = (wnPHE 7375[(N+a-1)(g;
{p=1)/4 p P \
(1r)p 71[‘[(k+i~j)/2]TTFT(N-k+|-j)/2] ‘

p L k £ N-p, in the domain where the determinants are posltive,

g

In terms of fp one obtains

- e | (N~kep=1)72] s+ | (kep=1)72
BN FEEY ) " an
: since the Jacobian of the transformations from § £ = ks§ to
. . . +} +1)/72 .
4 E mm s ‘T'p = ,S ,(p )/ » This is a generalization of
’ é the incomplete beta distribution.
¢

3.6 The results in 3.4 and 3.5 can be generalized to the case
of a probability distribution which depends on the sef X through
X°X = NS, f.e,
$ (x)dx = h(X X)dx

- f L 4 -

ST TE TG Ry apeen
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Then X'X is a sufficient statistic for the distribution. It has
been shown by Hsu that the probability distribution of X*X = NS,
under such circumstances, s
. g(x1x)axrx = whp/2 -plp=1)/k |x'xl(N—p-i)lz

T%J"[(N-3+s)/zj

h{X*X)dX*X [9]

1t is well known that there exists a unique triangutar matrix T

N i with positive diagonal such that X'X = TT' andthat the transfor-
mation X = YT' defines the socalled "rectangular coordinates"” T
[8)]. To a considerable extent, what follows overlaps the theory of
rectangular coordinates, though fhe aprroach is somewhat different,

; 3.6.1 The vectors (XV,...,xd,...xP,), span a space that is almost
surely p-dimensional!, ‘e want to construet an orthonormal basis

4 (Y',.A.,,Y;j,.oYp) in that space. This can be done by use of the

Schmidt®s orthogonalization process, starting with xt,

} (x. .. xd..xPy = uevl. L, vdl. P

i where U is an upper triangular operator (i.e. in the system

3 (Y,’.,..,Yp), u is represented by an upper tffangular matrix with

[ positive diagonal.)

now X'X = NS = ((xIxd)) = ((urivrd)y = ((viuruvd))

i.e, the i,]j elemenf of U'U mafrix of U*U with respect to
(Y)'...,YP) is the i,] element of NS that is U'U = TT* and

from the uniqueness of the factorization U = T*; consequently
X = YT?*

Y has orthognnal columns and Y'Y =7 |

pp

.« = 'Yl +ooo+ '*Y]
X; =15, 5]
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X invoives np free random variables,Y,np~pp+i)/2 as orthogonal
L
and T, plp+i)/2 as triangular,

' L - .
=X 7T ! is a random orthonormal basis.

Now

Pixydx = n(x*x) T ax? ,.dxd
i N

let us study .
Tax?) ...dxd = T axd

: { N J

J g J=1 J

= = 1 t cen * o » + + s
One has X (fti + 4 ?JJ~IY ) ?JJY
Consider the j-§ dimensionai space spanned by Yﬁeon" and compiete
that basis by an or.honorma! basis in fhe N-j+| dimensional comple~

menfary space; 1JJYJ is the projection of XJ in that space where

its coordinates are XJ, ,o.,,XJ say. in the new N dimensional
J J“t' T3
V

basis XJ has coordina,es %J *coo?J -1 Jauaxd and since one passes

from the old basis to the new basis by a rotalion one has

j* g
dx~ .MdXN

J =

Using polar coordinates in the N-j+! complemenfary space we have

i # Ne -
ax ' ax 3 = gN-d .
J NG d*JJd}“n-*j-M

where dz:N 1 denotes the elementary area of the unit sphere in
e T
the N-j+i dimensional space.

Therefore,

dX =d T° Tﬁ» N-J dy

Jdi N+

- S
and since dT° = p]—Yf RTJ=tax™x and Tj-fjj = ‘ TI , one has

- (N~p~i)!2
dX=2p‘X'X' Ma ¥ dx %
J

- N+

Jp— O

@t s s o 6 et A ANS B i 1

S e
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angles functionally independent [i.e, Hp-p{pt+!) variables for all

symbolizes a differential expression involving N-j

Jj from 1 to p.]
! (N~p-1)

TTde 23X

F(x)dx = n(xrx)2~P lx'x

integrating the angles ouf, one obtains g(X*X) dX'X, mentioned

‘above, so that the conditional distribution of X given X'X is

f(x[ (X)dX = TTd...N

?—u _m

when expressed in function of the angular coordinates of the polar

systems of coordinates.

4>

»4__ +1

ZN..J'H

is the distribuiion uvf a unit vector vd equidisiributed on the unit
sphere of fhe H-j+i dimensional space.

The distribufion of X given X'X is inderendent from the nature
of $ , therefore, all the resulis of 3.1t and 3.5 are valid without
the assumptiun of normality, if is enough that £ (X) = h(X'X).
ilaking the change of variables X = YT? and integrating out T*, we
obfain the disiribution above, (since T and X*X are equivalent as

sufficient statistics), f.e. the Y have fthe distribution

T’{d}i /§: ; more specifically, the random basis (Y1, 00as YP)
iU TN T

is constituied with unit vectors YJ that are uniformly disfributed,
given Y?.O.YJ“’, on theupit sphere of the N-j+{ dimensional space

and the distribution of Y is the same as that of X given X'X = ],

L]

Fl
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¢ = XT*~! can be considered as a studentization or normall-
zation of X generalizing the normaiization by V ﬁmé(x) in the

univariate situation. One canh write

a2 4o 141 ] FT-j+0)720dE oy

ET S N-j‘” ]}Zp T Nplz-;ﬂ D"‘WIF

ry -‘u‘ '*
YJ has coordinates YY ... Yd with respect to any orthonormal

J

basis spanning the H~j+! space it belongs to, and the distribution
of those is

i N ®J
Mo J+|)/2]dYJ. oo dY,

(N=j+t)/72 # :
T [l-(Yg SR RGOS

14F
20 (e jt1) 22) de, e”dYt‘j
W(N—j""?)/Z : vy

(Y; can take iﬂ& values when the other deprendent coordinates of
Y'j are fixed,)

3.6.2 To obtain the distribution of X given X*X as an explicit
function of the Xf or the Yg, one ought to pass from.fhe Y¥# to
the Y, choosing Np-p(p+!) functionally Independent Yg, theni if
needed, come back to X, through X = YT': only NP-p(p+i)/2 X:
are funcffonaliy independent, given X*X, As a mattfer of fact,
only H-j coordinates of xJ are independent, given X'X; this, in

view of the fact that T is trlanguiar and that only N-j coordinates

of Y are independent. This shows that it is possible to get the
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distribution of a subsample of k observafions;g, given X*X, onty
if the minimum of N~j, namely N-p, is at most equal to k, As an
explicit function of the independent Yg (that we will denote as Y*)

the probability distribution of Y, i.,e, of Y¥* s

P j
2 D(ZN5'°"ZN-p+:) T dv;

D(Y¥*) LR

. To obtasin the Jacobian, one can refer to [10] where it is shown

that the Jacobian D(X)}/D(T,Y#) of the change of variables X = YT¢

is given by

D{X) _ D(X.Y'Y) L D(Y'Y)
D(T,Y#¥) o(T,Y) D( Yysi)

the set of dependent Y:)

{(vinere Y¥# danote

4]

How, D{X,Y!Y)

e s 1 2 p

? n~} see [10]
{

i,
D(T,Y) i
1 p [

ana E-LI.Z.—. = zup'ﬁ' “,":[i)'rﬁ"i

D(Xe*X) o
so that

P i{H-pmtj/2
T (X*)dx = h(X*X) x=><i dXTX D(Y##) dy*

D(Y*Y)

D(Z e es 2y pry) _ b(ren)
D{Y#) D(Y*Y)

\

the distribution of Y% is
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(2P/TS ) ar*s[n(Yry) /D(Y#]
Ne j#1
N i
“where the general e¢lement of Y'Y is = YhY
!

:T&-.

and of Y#* isg
£
Yyok+) for k é[and o for k>£
3.6.3 In case N = p, one can also use Cayley's parametric repre-
sentation of Y,
¥ !I+Y! # o, i.e. if Y is non-exceptional, then there exists

a skew-symmetric matrix S such that

Y = (1)~ 1(T-s) = ([-8)(X+5)~! = (I-5)7(I+5)
S=(1=7) (I+7) "' = (1)~ 1(x=¥) = (T-V)7(L+Y),

S non-exceptional since skew symmetric.

i ¢

1

!+Y' = g, f.2, if Y is exceptionai, then it is known
that if one defines a sequence f Jpg of diagonal! matrices
(X 4,0t D)

J] = {11 .... 1)

.
i

2 = ("‘!’iﬂuecui)
= (“ig“ggioouaa)

e
t

in such a way that J_ differs from J._j by changing the sign of

i
only one diagonal eiement and if M. is that set of matrices Y such
that
IY+I != o
+ =
’JZY I] )
IJr~§Y+If =0
IJ.,,Y + I) = 0 )
i bd
the set of excertional matrices is . M and Cayiey's represen-
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fation for such a matrix is
Y = dp (T-5)/7(1#S), S = (I-4 Y)r{1+ Y)

for some > |

Let us, thenh, partition the space of X into the sets X* and
X*# such that, respeciively,
X¥* = Y#T#, Y* pon-excepiional
and YW = Y%ﬁTl*%’ Y%% eXCGPf}Onas,

one has

f(x%)dx% o h(X*'X*)dX*

1
let us make the change of variables 3
X# =[{1.8%)7{]-+8%) JT** ;;
whese Jacobien, after Hsu [11] is
P p-t o{p- ~{p~1)
D(X*) /O(T¥5%) =TT‘%?§ 2PiP=1)72 1&5*‘
i i
fhen
—p nlo_1Y/o - ~{p~-1
exr o= pTFpRAP ‘>"§7"x«) As*‘ dX*1X*dg* §
!
4
hence, the distribufion of S* given X¥'X® is independeni from f

1

-y

3
K is given in [157 as 2= (P=2)ip=1)/298 K/2, Py

In cave ¥ ig erxcepiicnal, one makes the iransformation

NiEE = Jr{(I"S**)iI+5*%)]T'** when Y¥¥% g Mr
v results from [12] that iy has same measure as My and M. has
megsure zero if r> 2. Considering only ithe set M, we will have
dyirsr = “an\P" 1272 yr maye ”’*E/ZII+S**lw(ph3)dX'**X**dS**

and the disfiributicn of $%¥% given X7¥#EX¥#

is the same as that of
5% given X1#X¥, ’
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"and use the Schmidts' orthogonalization process. Alternatively, one

—57-»

Given the proper definition of S=5% on M, S=5## on M, we
will have.

- ~(p-1
Pxrax = 27P2PP= 120 (xoxy (xox) 2| 1es| "P™ axoxas

and given X'X, S has distribution

-1
(PP /2) (s 1 ass[Tas] e
i Tp-j+i

n - _l
Tf-p(p+l)/u}2T[‘[(pwj+,),ij(pwl)(p-2)/2-.’I*SI (p )dS
'

Conéider»*he space defined by all X given X'X, if G is a group
operating transitively on X|X'X, there exists at most one probabll-
ity measure on that space that is invartant under G,

1f we consider the group G of orthogonal mafrlcesn9n operating ;
on X, X~0X, it Is geometrically obvious that G operates transitively
on X|X'X, on the other hand, it is straight forward that the condi-
fional distribuiion of X given X*'X Is invariant under G since (OX Y(OX) é
X'X, therefore it is the unique disiribution on X|X*X invariant under G.

Suppose now we want to "pick at random® a p dimensiona! orthonormal !
basis In the N dimenslional space; by this is meant choosing X such
that X'X = I and that the probabllity distribution of X be Invariant
under the orthogonal group; it sufficies to take X with probability
dis%ribufionieix)dx = g(X*'X)dX and normalize by X=YT', Y will be the

basis desired. To construct such a basis, one can take X‘,e..,Xp

sees that one can choose at random a uni% vector Y} in the N dimen-
sional space, then a random untt fector Y2 in the space complement
to Y, and so on; at the jth step, one takes a random unit vector
YJ in the space compiement to that spanned by Y‘o..YJ". By random
unit vector is meant a vector that is equidistributed on the unit

sphere of the N~j+l dimenslional space.
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From 3.5 we see that, In case if(X)dX = h(X*X)dX, a minimum
variance unbiased estimate of a function of the parameters, if
it exists and except for a condifion of completeness on S, will have

tc be found among the solfutions of the integral equation

P (s) = f gwk(s)f(sg , s)ds

Further generalizations of Thompsonts distributions can be
fried in several directions,

One can fry to obtain the conditional distribution of a sub-
sample € of a sampte X with probability distribution f’(X)dX,
given the mean X and fhe variance S° of the sample,in the general
cése,when f(x) is not spherical. This is possible when one has
the probability distribuiion of the couple of statistics X,S® for
a sample of any size; references [5], [6], [7] deal with the
dei-ivation of such a distribution,

One writes the Jjoint distribution of E = (§I oea Ek)e
and of fhe variance and mean Sz,Yn of an independent sample of
size n = N-k, (where M is the size of X), makes the change of

variables, (as shown in [21]),

]

Xn YN/(N«~$<) - k/(N-k)

i

si SZN/(N-k} - (’s:- ~ X2/ (N=k)? ~( & ~ X)) (E ~ X)/7(N=k)

. 2 I . . .
whose Jacobian is (N/N-k) and divides by the distribution of X,

2
S .

- 2 . s o 4 . 2
17 Yn(xk’sn) is the probability density of Yh’sn one has

i
1
i
!

Lo "
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"where the summation is performed over the proper domain,
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— - a = 2
P E‘ %,5%) = {nt*n % T )5 SHX,S%, T L5 11\ k)26 E )T
Y (X,s2)

over the propei- domain (namely S: > o) and the recurrence formula

YN(X,3°) = j [ynlfn(w, §), Si(X,5%, § ,s: ) £ (€ )(N/N-K)2dE

This formula may be useful when )"n can be obtained directly 1

without foo much difffculty for sma!l n.

In case n=2 one will perform the rotation

Y, = (X4=Xa)/ V2 Xy
Ya = (X;+X3)/ l/_z. = V2% Xa
X = Y,/v/2 §° = Y32,

(Y1+Y3)/;/;
(Ya=Yy)7 V2

1]

One can also be inferested in the distribution of the ;
studentized 8 , namely t = (8§ -X)/s.

One writes the joint distribution of 5 = (§,.. §,)* and
of SE,R’H, makes the change of variables t = (E - Yn)lsn and

integrates out ')’('n,Sn; the density of t is

k
h(t) = HYD(X,,:S:)]P(Y,, + #53)S dR ds_

then one makes the change of veriables : !

e
i

(+ + Thk/N~K)S/S,

1

2 =2 3 172
(+4TK/N~K)JINJ{N-K)~F k /(N=k) =t*1/(N=~k)]

2 172 i IR

[t + Tk/(N-k) 1/ {(N/N=K)TT = Tk/(N=k) ~ 5, k/N1$ g |

i}

»
L
PO

¢
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The Jacobian of the transformation is

B - Cn-k) 12272 §4 L preka k) + 1IN ~(k+2) /2

(k-2}/2

= [(N-k)/N] 0~ TPk/(N-k) = Sik/N]-(k+2),,2

This can be shown as follows, let
[: [iet?t = KT/ (N-k) 1/7(N=k)
Y=t + KT/{N-Kk)

direct compuiafions shows fthat

D(t) _ ~3K/2 i
DCEY T ‘g (N=K) {:(N-k)(?rj + i][ + (.Pi Lf

I
the determinant is thaf of the mairix

(w—k)f’(z + [17(N-k)Ju'u + [!/(N«k){ Tyry)

where u is a row of one u = (ll...11};, it results from the identity

) Y]

T+ XY, +X%vs | = |} T YAy YaXa
’

Y,Xs' 1+ YaXs

that this determinani is

k k ' 2
=k) £ T+ 99 Y+ k) - KT ]
iN-R;z ﬂ-—E -l

- k"“
= (N~k)k 249 iﬁg

which gives fhe result above. Then, g{t)dt is easily obtained

g(t) = h('t)D%;)

in case k=l this reduces io

rh
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= ftN(N-—l)J'/Z/UQw/N—I)”2

D(t) - i 172 BN 3/72
5157 IN(N=~1)1] F{1~13/H=1)

Another line of generalization arises from fhe consideration
of distributions admitting a sufficient statistic (scalar or
vector). The problem is to find the conditional parameter free
distribution of a subsample 5 of size k given the sufficient
statistic objained with a sample X of size N, Nothing very
general can be said about this probiem withou! making further
assumptions.

in case the distribution of an individual observation

belongs to Koopman®s family, with one parameier) namely
:z?(xg)dxi = explg(@)+t(X;)n(2) *“P(X;)]dxi,hé # 0

a change of scale of fthe parameter in an interval where h(8) is

monofone gives

-

(X, )eH(X ) |
dX .

£ (xpex; = g(e) @
Then, it is well known thai The characteristic function of the

N
sufficient statistic T(X) = & ?(XE) is
1

w o (u) = [gt2)Miglerivy IV
P T(X)

This is straight forward since

fiut(X)P ff(x)[?u+9]+d(x)
e T(Xydx = g(e) = Je £ Tdx = g(e)/Tgle+iu)]l

RPN
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In any case, the probability distribution of T(X) can be obtained

21 AN

by recurrence, using the classical convolution formules. Under

Liad

' proper conditions of continuity and boundedness, nd with

obvious notations,

]

p (T )

ntk Ntk ( P T TP (Tn) T

H

(pn(Tn+k-Tk)pk(Tk) T

To obtain the distribution of a subsample E of size k given
the sufficient statistic T(X) of a sampie X of size N, one gets
the distribution of T(gl),,oT(Q}J given T(X) and comes back
to the original variable £ . The characteristic function of

3 Eo %/ T -
T(5,).0.T(S ) is [g(e)17/ | g(@+tu;), that of T, =
J

:1
=

T(X) - T(E) is [W(e)ﬂ(’(cﬁﬂ]""k that of T(E;)OMT(Ek))ank

k
cyN=k ‘et
is [g(Q)]N/[LP(@-'rW)]N [T g(6+iuj), hence the characteristic

J

function of T( Ei )QOaT(E'k)J(X) is

‘ Kk
[90) 1 Lg(o+in) N IT glovt(u )]

J
T(¥¢)+otu, T(F ) +vT(X)
since E[eui ! Yk K ]

. Co gt TOS )+ 2 TOE )Ty g
= e

B OIFIEEN
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from which one gets the chairacteristic function of'T(€4).oT(§’J

given T(X) whose characféristic function is
n N
Lg{s)/g(e+iv)]

The result is

: Nk -
| [e”“’”x’[g(emn" UTT (gleti(u ) D) T av
(-, Ug ) = : J

TCE )78 ) | 7(x) ge"'iVT(x)[g(’—J-i-iv]“N dv

I+ is always possibie to obtain the probability disfribufion
of & given T(X) by writing the joint probabitity distribution
of T( Ei)"“T( gk) and T 4 = T(X} ~ T(¥ ), making the change
of variables Ty_, = T(X) - T(¥) and dividing by the distribution of
T(X). To obtain the disiribution of T(¥ ) given T(X) one writes
the joint distribution of T(E ) and Ty.x» Makes the change of

variables Ty . = T(X) -~ T(§) ond divides by the distribution of

k
T(X). 1f T =T(X) is complete and if ?(P n(Tn)i is a
sequence of unbiased esiimates of a funciion g(€) of the parameter

2, then

W u(m

f.e., minimum variance unbiased estimates are {o be found among

l

flp [T(§ )]T‘D(T(E}'T)dT(E)
k 4

the soluftions of the integral equation above., Also,

f f\}/(i)%’(ﬁl‘r)dﬁ

witi be an unbiased minimum variance estimate of E[V’(E)]

if it exists.

PR
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Since the characteristic function I%{Xg) of a set A is an

unbiased estimate of

L‘; ., Lf(x!)dx§

the best estimate of this measure will be given by

fAf(’s’i | 1a g,

and consequently the best estimate of.f(xi) by f( gi IT }o Thne

discrete case can be treated in a similar way. %
b4 in this paragraph, the straightforward technique mentioned

above is applied fo several importent distributions,

a} Foisson's distribution.

b In case

—m X
P(X;) = e My t/ng

Xyteo +XN = NX is a sufficient statistic, Foisson disf{ributed
‘ and it is complete, one obtains ;
NX KT (N2 4
- PE|R) = [1=(k/N)T [17(N=K)T % — L #N |
R > teso 5 3INX - KEI:
on the domain NX - k § > o
b In case k=N, one obtains the well known result
1 ‘
: k gi
PCE|X) = (NR)$/(TT N g.1)
;- 3
¢ the best estimate of F(X; £ X) Is
;
s — - O ——y e = T

o
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X
NX T.N¥
P(E; 2x) =2 [1- (/01 Ci7(n-1)1 i(N;(,‘) X & NX
3 i
also
k€ NT -
POEIR = (/) "= Gyl N - kE Do

This is a Btnomial disiribution,
b) Gemma distribution f1(a, h)
. h-1 _~0X
£ixpax, = Py MGt e ax,
if h is known X is sufficient for o, complete, and NX is
r1(a,Nh) distributed., che obfains

k

[ [nn] T h-1
(5§ I%)d€ = ( E./%)
fee| L ISPTn-k)ng *

[1- (T Reeon 3R gE s Bk wx

i.e. the Ei/NY are parameter free
the distribution of g [X is

i
(g = {

( g kh-1
Blkh,(N-k)h] N X

= (N-=k)h=
)y (1= K58
NX

X

| -
d(k §/NX)

i.e. kE/MX is Blkh,(N-k)h] distribufed.

The best esfimaie of P(X; & x) ts, for x £ NX,

« )
i % h=l . (N=1)h=1} '
f BIRTR=TTR ](,'&) (1= S.!.) d §./u% §, £ X
o NX f -

bt} In case h=l, rﬂ(a,h) is the exponential distribution, one

obfains,
. T 1 Nekel ~
f(E’de = [(N) 7 T(N-k)] m-%%} A E/0m"




e

.

jé
i
i

b )

<)

d)

- 26 -

(% fY)d € = [1/ B(k,N-k)] (l;.

>4 |v)

The besi estimate of P(XE £ x) is, for n' 4 NX,
g™
. N-2
D17 8,0-101 (- 5%y oS mm ¥ W
o :
The case of the sc-caiied Weibull®s distribution

-1 —(Px )

for known ¢ is noi different from that of the exponential
distribution except for a change of variable.

Binomial distribuiion

X; is 0 with probebility I-p and | with probability p,

I3

cient, compleie and Binomiel disiri-

-t

X* = Xl +°06+XH ES auf

buied
. H-Kk N
pCE ] = Gy v 1700
i
with B# = B +,,,+5

,j 2y = N-k N
P(E# | X#) (,,*)(X* e/ (xe)
a hypergeomeiric disiribution,
Muitinomial disjriboution
xi m
2(X...X ) = (isxty.. X" ...pﬁ ; Xt ™ = N

. ¥
(x*,,..,x"‘) is a complete sufficient statistic X, E:( E'_.. gm)
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PCEx) = e g e x
Rectangular distributiion,
£(x,yax, = ax;/e, 04 X; £ 8,8 >0
The observations being ordered Xy £ & X(i) L "L X(N)’.
X(M) is a sufficient and complete statisvic.
One picks a set cf k observaiions E(])... E(k)'
The probabitity ihat

g(k) = X(N) is K/ and rihat E(k) # X(N) is [1~(K/N)].

~i

Eay F % 77 (E(,);.E'(k))

:.P % { 1 = T (N~ 1A k
C (B x(yy) a8 = keDOu-k)/RI2E /Xy, 04 ()< Xy
H -
D, X
FCE GolXa e E o e
= [(k(n=k))/NI(S ., \7X T d X Z X
Zrsiein-Sntel’s distribution
’Pl ) \) B "‘J(XE"";} v w\
T '\Xf,dy= = e C.'/\E XE = e
;({)é .‘é—l<(§>‘é~'.d éX(N)
fnen (g py, %= Zepy) is e sufficient and complete statistic.
=

The probgbiiiiy tnat S, = X is k/N d ti X

e probhabiitiy itnaji (1 (1) is /‘ and that E(')¢ (n
is 1-{K/N).

he disti fbut i FK, L, X = = i
The is ibution of ( (1 (({) Y) is
(aN) " e e v -
r.'l” - Ys\'—u\.e —1@\)(('} + ¥ - a)dx dy

\13—_1) (l)
Considering E‘(!) # X(I)’ fei X° be the complementary sample

of E , then

N
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[(N-K) INIY* +(k/N) (S = X]

]

Y=X- x“) = (Nukif(’%—kg -.x“)

foee Y' = [NYZ(N=K)] ~ (k/N)( E X,

~a?

the usual technique gives

~ Xy iy Nek-2
{08 | xy.%x( )= K )b (N“k)[' (k/N)(—-—-—i—l

a5 7 N Rex( )"

in the domain where the quantity between brackets is positive,

f Sy 5 - g'(1), X(1yeX = X(py) =

k( ¥ ~F k2 k( E - X7 y) Nek=2
k(k~l)(sz)[(N-vk)/N][——-E—-——u-))] {1 = (1) ]
7-)((!)) N(Y-—X(”)

dkg(l) dk(gng(')
N(Y—X(‘)) N(X - X(l))

in the same domain,
The first formula is in agreement wifh a result by R, F. Tate,

[is], p. 361, formula (7.8).
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Log~Normal Distributton
Estimation Problems
by Andre G. Laurent

Department of Mathematlcs
~ ‘Wayne State University

The use of the Log-Normal distribution has Been rarely advo-
caied in the liferature devoted fo i;ausfria! life testing and
$allure theory, though considerable emphasis has been put on
that tool in papers dealing with sensitivity data and it has
been widely used as a model in the field of biolcgical assays.
(Refer, however, to "The Exponential Distribution and lts Role
in Life Testing", Technical Report No. 2, May, 1958, by B. Epstein).

A somewhat extensive exposition of the history of the Log-
Normal distribution is given in [i].

A broad variety of realistic and "reasonable” hypotheses
about the mechanism of failure leads to a Log-Norma! disiribution
for the age of death or the infensity of the stimulus under which
failure occurs. Among them, that class of hypotheses which involve
random effects that are multiplicative instead of additive and
iead tc the use of the central limit theorem. For example, if
failure is caused by an accumulation of infinitesimal random
shocks whose effects are not independent but are sequentially
proportional to the already accumulated total effect. This is a
well known set up and & plausible model for failure data when an

ageing process takes place,

B TOPETRTOTO
[
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Let X be Log-normel distribufted, i.e., Y = Log X is N(m,0")

distributed. The moments of X are

ri3g2/2 rm
Mo (X) = e e
whenze the expected value and variance of X .
e Ll e R ] 62,2 m
My = LNy ~ © <
2m 2
us = varlx] = " (e¥ -1)
i
while
E[Y] = m, logarithmic mean

2 . .
var(Y1l = =7 logarithmic veriance
- . - v
rhe minimum verfance unbiased estimates ot m anc =7 belng Y and

2
,’ - i S o
(ni(n=i)] v

e
m and o~ are mcasures ot central tendency and dispersion
in ¥he logarithmic scale, uscful corresponding choracteristics

In the original scale of X are = e™ thai is the median of the

2 2 2,
. " = G o=/
distribution and }t = @ oy Et = e ‘., 2
. 2 el Sy
"Nalve" estimates of p an. Et are e' and e
Y i/n
e = oxpl¥ tog X;1 = (%) is tie geomotric mean of the X 's
[ n c
These two estimatces are not unbilased;
.- . . - Y 1 2 .
since Y 1s Him,o / n):ieYJ - ¢, et /2n)
~(n=~1)/2

and since the generating function of s? is (1-20 zfin)

2 - - ’
E[es 1 =14t ~ 20 2/n) (n=1)7s2
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We want tg obialn estimates wlithout blas
e N e T (v 1) %7k 300~2%/ (20T

also
[k+(n=1)72]
" et (- 25 nky

2k, Kk
Els, 1 =2

M (n=1)/2]
P {(n=1)rs2] 2k
lewe (iok.":k} r'[k ( 7773 SY 15> an unvirased estimate of O"zk
+(n-1)/2
iherefore 2k

Sy
P [k+ (ne1)/72]2%%

8 an

Pr.(n-u)m'%[ (=1)% /x1]
~U‘2/2
unbiosed csilmate of e M but this Is

_rrrn?\/zl\(D~3)’?th(n_|)/zj J

b o0
L2 JY (nwj)luldy,

where J denoics the Bessel function of first kind of order

(n"'B)/zu
Since 7 and SY are indeyendent voriables

oTra(n=3)72,5(n=3)/23 Pr 1y a1y

v (Sy)

(n=3)72

is an unbiased estimate of el = r; since 7 and Sy are
sufficreny statistics, !t Is a minimum verience unblased
estimaie of b
2) One has

eho ? Z el

therefore
. 2k
[ [(n=t)o2] Z [hF ke 100" 2% - Sy is an un-
K T TRFTA=TI7Z]

a
L

. ho- B}
bissed cstimate of e , how this s



-3)/2
M ten-nrey 280 3( - I(n-3) s2{ Sy V/2RR)
(syv/2hn) "2 /?

where I denotes the modified Bessel function of first kind

of order (n-3)/2.

Since Sy is o sufficliont statistic, the mintmum variance
2

2l
, . o = .
unbiased estimate of o and % /7 arc respectively

M-y 2227 g )05,/ end
(SY' zn)(n-'B)//:

1 . ~3)/2

M C(n-nys21 __ 203 Tin-3) /2ty VM

(3¢ 7 (n-3)72
As a by-product, onc will obtaln the miniium vartence un-

biased estiwate of any momeny Mr(x) uf X.

Since
<~ . 2.2
; i n
Efe” ] = &' e o/
on .. . . hfz
depends onty/ ¥, ond we have win unbiased cctimate of e that
. 2 g .
denends only on Sy, making h - (n-1)r" /2n ,we get & minimum

varience unbiased estirztc of M. as

4

S a1 /2] z‘“ffi’z -m_,I(n-B)/z(FSYI/n~I )
(roy /nory(n=3)/2
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