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MATHEMATICAL ASPECTS OF ELECTROMAGNETIC THEORY 111

1, Bessel Functlons

In this section we shall investigate the Bessel functions
by studying the solutions of the two dimensional wave equation
written in polar form., No prior knowledge of Bessel functions
will be assumed; their properties anc representations will
arise as a natural consequence of the by now familiar methods
of solution,

The wave equation in rectangular coordinates,

Ogx ¥ Oyy * Ko = = S(x - x,) Sty = y,),

is simply a generalization of equation (33) Technical Report
No, 2 and its solution is easily seen to be equation (34)

written in a slightly more general form:

-

1 ( ip(x=-x ) + iJ K2 - P2|Y'y°|
o(x,y) = = m , ) e dp ,
: p K - p2

where the contour C.is identical with the contour used in (34).
However, the wave cquation may be solved in any coordi-
nate system which permits the separation of variables, Thus

we can 1ntroduce,pléne polar coordinates and solve

2

P == ,_((f-l' C(G-B_L)

1 ., 1
‘prr‘+ r"plr-o- -;z-q;ee-* k 9%
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In order to accomplish this we will try a solution of the

00

form ¢(r,8) = 2%— E un(r)eine. This expression for ¢(r,8)
-0

implies that, form =0, 1, 2,

m 2n
u(r) = 2 o(r,8)e .
a0 S > M olrs ae;

0

also, integration by parts shows that
2n
~-ing 2n 2n
g (peee de = ((pe + in(p)e-"ne'o -’g n2¢e inede = -nzlh(l‘) ’

since, from physical considerations, we can assume @(r,0) =
= ¢(r,2n) and ¢e(r,0) = ¢e(r,2n). Thus, when the wave equa=-
tion is multiplied by e~1M8 and both sides are integrated

over 0 < 6 < 2%, we have

2
(1) up o+ qup + (kz‘f?)“n"&;ze""% , 0sr s,

There is evidently only one boundary condition for equa=-
tion (1), namely, un(r) must satisfy the radiation condition
and be outgoing at infinity, A boundary condition at r = 0
is necessary {n order to define a unique .olution, Mathe=-
mat;cally, the change to polar coordinates causes the origin
r = 0 to become a singular point of the differential equation (1
As a consequence, ﬁgt all the solutions of (1) are regular

at r = 0, But physically the origin is a point in space
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without special distinction, and the field oroduced by the
line source along (ro,eo) should be defined here, There=
fore our second conditi n is that the solution of (1) which
we select must have no singularity at the origin,

The usual Green's function technique will be applied to

equation (1), The homogeneous equation is

2
witr) + dwt(r) + (6% = Zp)u (r) = o,
by

By setting kr =f3, we obtain Bessel's equation

(2)  wi(P) +f-§-w;,(p) + (1 -ﬁ‘;)w,,(p) =0,
where the primes now denote differentiation with respect
to{; s Attempting a power series solution of the form

w = f,“(l ta + °2P2 + o)
we find after substitution into (2) that the indicial equation
is ¢ - n? = Oy i.¢¢, a =+ n, Thus the two fundamental solu-
tions of equation (2) behave as pn and /:'n. The solution
that behaves as ()-lnl will be discarded because it is not
regular atlo = 0; the other solution will be labeled Jn(F) ,

n >0, and czlled the Bessel function of order n, Conse=~

quently, for r < oo un(kr) = wn(kr) = const Jn(kr)r\/(kr)lnl

( ~ denotes "behaves as"),

Notice that for n = Q it appears the honogeneous equation
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has only one solution; however, in this case it can be shown
that a second solutfon exists which behaves like log # .

In any case, the equation (2) always has two linearly inde=-
pendent solutions,

In order to determine which sdlution of equation (2) is
outgoing at infinity, we make the substitution L =i3'1/2vn;
this will remove the first derivative term in (2), (Such
a removal can always be accomplished in a second order diffe-
rential equation by means of the general substitution w = fv,
where f is a suitably chosen function,) The homogeneous equa~
tion becomes :
va(p) + (1 -RZ—P'-Z-‘-&)v,,(p) =0

Since we are interested in vn(fﬂ for large values of P,

ﬂ2 - ] ’ ‘t 1/)
we neglect the term -——1r-44*, and thus obtain A ~ e
-1/2 24
e

and W, -f forlo large, The outgoing and incoming
solutions of equation (2) are called the Hankel functions

and defined as follows: Hgl)go)’\/fD'l/éclf), Héz)gp)alﬁfl/ée'ﬁ:
where n > 0 . Recall that the factor /)"'1/2 = (kr)~1/2 has
also appeared in earlier investigations of the behavior of

cylindrical waves at large distances from their source and

that this factor is compatible with the conservation of field

=
FURpL

[ 2




o A =,

energy (e.g., see section VIII in Technicai Report No, 2),
Proceeding with the Green's function technique, we put

u.(r) = const Jn(r), rer,

= const HLI)(kr), r>rg,.
When we cross multiply in order to assure the continuity

of u (r), we find

= (1)
u (r) = c Hy (kro)Jn(kr), r<rg
= (1)
= ann(kro)Hn (kr), r> ..
The constants c, are to be determined by the jump condition,
=ing
o
ul(r) - ut(r) = =£
n n r
r°+ ro' o
i.e,, the c_ should be such that
S e ) ~"%
d .(1) (1 d -g
(3) Cn[Jn(kl‘o)a?Hn (kr) - Hy (kro)a-i_—Jn(kr)]rgro = T .

1f we let the prime denote differentiation with respect to

kr, equation (3) can be rewritten
(1)1 _ (1) "%
i 1 ~e
cakldHy - Hy J'n]r=r° = r, .

The bracketed expression is essentially the Wronskian of

the two chosen solutions of the homogeneous equation, It
should not be surprising that[rd H{1)' o i)y =
P nn n “nirer
-ing
= const e © §s independent of oo for if equation (2)

is written in self-adjoint form,
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2
(pwi) + (p -l{’-)wﬁ=o,
we find
n2
(LI + ([J -;;')Jn=0
and

1
o

2
CpuM'y + (p - Bt

= Hél)(PJ‘!‘)' - ‘Jn(pHg”')v =0

= fpap - P <o
> P & Hgl) - Hgl)'Jn] = const,

Because the Wronskian is a constant, the next step
would ordinarily be to evaluate Jn’ Hgl) , and their
derivatives at some converient value of L substitute
back into equation (3), and thus find the c . Usually r_
is taken large since the asymptotic behaviors of the Bessel
and Hankel functions are well known and easy to work with,

But because we assume no knowledge of these functions, thelr

* behavior, asymptotic or otherwise, must first be determined

as part of the solution of equation (1),
To begin with, recurrence relations can be obtained

for the Solutions wn(kr) of the homogeneous equation, We

2

know wn(kr)elne satisfies Pyx + k"¢ = 0 ; we notice

+

Yyy
also that Pgr Py and any linear combinations thereof are
solutions, Therefore,the combinations

P! ? ine ) ) ine
(— + 15-)-,)wn(kr)e and (5-;-‘ - 15—)-,)wn(kr)e

X

C e - R
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satisfy Ppx t Pyy + k2¢ = 0, If ES% and éﬁ% are expressed

in polar coordinates we find that

+ 4 2 1(n+l)e 4 1(n-1)e
bf /’ae)"(/)" a"d(-g'f- ,o/ne)"'(f)e

must each be solutions of the wave equation, Consider the

first of these, which reduces to (w! - Zw jelnttle ,

p N
by referring back to the derivation of equation (1), it is

not difficult to see that (w; -F;wn) solves equation (2)

when n has been replaced by n+l in that equation, We con-
clude that for some constant g,

l.... =
wn Pwn Wn+10

Similarly, using the second of the linear combinations
above, we conclude that

n
wp + p*h = PWnate

The Qquantities a and B are yet to be specified; to this

end, note that w!,, +2ly = pv_, from which follows

f’ n +1
2
wh + %'"% '}?E'wn = apwy, .

Because W, satisfies the homogeneous equation (2), we have
aﬂwn = -, and gf = -1, We shall choose a= =1, 8 =1,
The recurrence relations are therefore

(4) wl - %Vn ==Vpu o, VA P“h Wooy
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Recall that J Hél), and Héa) are solutions of the homo~

n)
geneous equation and so are qualified for the above relatlions;
thus, for example, if Hél) can be Qetermined, the above
formulae may be used to write Hél) for any n, This fact will
enable us to arrive at an integral representation for Hél)

as soon as we've found one for Hgl); from this integral

representation will follow the asymptotic behaviors of
(1) ,(2)
Ry Ry

’ » and J_, which in turn will enable us to compute

the Cne

Since Jn(kr) ~s (kr)'nj, Jn(o) =0 for n # 0. We shall

specify that J_(0) =1 , It is known from Section VIII that

for x =y, = 0, the solution of

oy t Ky = - $lx=x) £y-y,)

can be written

Pxx

¢ = const eikr cos 6de .
< S '
9"p¢an4
e,
C
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On the other hand, if ry = 0 we have seen that

0
9 3'2}1? Z ann(kro)H’(‘”(kr)eme n>r,

n=E =00

Hence, because J_(0) =0 for n # 0 and Jo(o) = 1, we must have

Hgl)(kr) =k ) ok cos 840
¢

where K is some constant, Now, Hr(,”(kr) N(kr)-l/eemr

and H‘ga)(kr) ~ (kr)"l/ze"mr, which implies that

-t

HgZ)(kt‘) = Hél)(k!‘) = K j e“ﬂ" cos ede .
C
1

We wish to compute the complex conjugate of the integral,

a task which is complicated by the fact that C, lies in the

1

complex plane, H((’l) may be reduced to the sum of the three

following integrals over real paths by the substitution

e=a+ I
n D
HC()1)= -iK ) oikr cosh de + KS o 1Kr co8 ay Hki o~1Kr cosh By,
© 0
therefore
. 0 n ¥e )
Ho(Z)' ms e~1kr cosh pda + KS ‘-ikr cos ay. 1K§ elkr cosh adp
()
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Letting B! = =B, a' + n = q, Héa) can be.written as

0 T '
H‘()2) = u{g olKr cosh B'dpl + 552 elkr cos aly .y |

«00 n
Jo o]
+ ifﬁ'eikr cosh B'dp' .
0
Thus
Héz)(kr) =K eik!‘ [efe}-] Gde »
s
where the contour C2 is as follows:
9-rdan
w
oA A A 0&
? 2%
Furthermore,
Hil)(kr) + Hga)(kr) = K + olkr cos 040 .

= K eikr cos © de ,

3 f , C3
0-f£u~¢

'X1)
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But because the integrand is periodic with respect to a,
the integrals taken over the vertical portions of C3 cancel

one another, Therefore,
2n
Hgl)(kr) + Héa)(kr) = Ké eikr cos a, -

The above sum is a solution of equation (2); it is real
since Hgl) and Héa) are complex conjugates, and it is
regular at the origin, We conclude that Hél) + ng) is
euqgal to some multiple of Jo; we define

Hgl)(kr) + ng)(kr) = 2J°(kr).

From the fact that Jo(o) = 1, we find that K = n'l. We

now have the desired integral representations:

(5) H(l)(kr) - lSeikr coOS ede’ H(Z)(kr) = ljeikt‘ CoSs Gde’
o} n 0 T 2
C
1 2
and 2n
Jo(kr) =;1t_,S eikr cos ay. |
¢}

Note: Since Hél), Héz), and Jn all satisfy the recursion

relations (4), we see that H{1) + u(?) = 25 = 1) o y{2)a 2

th-order Hankel functions is

The difference of the two n
- ult) (2)

usually denoted by 2Nn = Hn - Hn and is known as the

Neumann function of order n,

It shall now be shown that the outgoing Hankel function

of order n is given by
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(6) . Ht(\].)(f) = (-‘.)n ei/ cos Geinede .
7 CI

Equation (6) will follow directly from the fact that the

integral (5) satisfies the recursion formula (4) for Hn s

namely

1) _ i) 1
SOOI * O

In order to prove this fact, we shift the path of integration

from C1 to Cb

S 'Fl’anaf

In Section VIII it was shown that for 0 < €< %,
g eikr coS edg = Selkr cos ede’
C, c,

and a minor rearrangement of that proof also gives

eikr coSs eemede = eikr cos eelned

1 C

© .

n
Let 5-21’-[-)— el peos 8,1n0y, - I, a(p) (P = kr); then

“¢

since is uniformly convergent for 8 < £ < 7%,
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- 13 =

n
' . =_(_:_l_)_s ipcos g _ine - 21a
Ig,n P&’n ~ - e Y (i cos @ p]e==
e

n
= L:-‘iz-—jeif cos eeme[! cos @ ~ sin @)de +
c

. (_un eilocos aeine|

ﬂ -
P lce
Since the first term here equals <l

where we have integrated by parts,

PRTSE it need only be
14

shown that the integrated part is zero, But

elp cos e, ing; elfcos(- £ + 1B)ein(-2+ 18 0

+
o0}
‘e
+ lpcos aina %=t + .u. + ol P cosla-€+ 1p) in(n-€+p) -,
-t 0

= (tsiin».oo [exp(--ifzcosQ cosh g - f sin€ sinh g + in(n-£&) +np)+,,
vee + exp(ip cos(f~ 1B) = 1n &= np)].
This 1imit is equal to zero so long as ¢ > 8> 0, for in
the first term -psinE, sinh g + nprv - Psiné ef + np ~ -o00
as p 3 00, and in the second term ip cos(€ ~ i1B) -~ np =
= 1p cosf coshp ~psinf sinh B - npn ~psing eP = np = ~o
as - oo, Equation (6) is thereby proved,
Equation (6) enables us, after some familiar prelimi=-

nary manipulations, to work out an asymptotic expression

for ngl)(,o). 1f we let p = cos @, (6) becomes




-1l -
H},l)(F) = ‘-1ln fel(.\ pelne dg ..’
c V1-
-plan ,
p=p e \:/ ,.\ca
i

As beforc, in order to obtain an integrand which decreases
as p increases, thie contour C is shifted to Co and p put

equal to 1+ is (notice that e1ne is analytic except at

p=+1), It follows that

@

(1) - 2 P = 1/4 ~ nn/2) e=f3e ine
" (f) J—Jaﬂs

ine =

Since eI hag no derivative at s = 0 (a;
- > ] ) we may not legitimately use the

Jsz - 21s
theorem of Section VI1l, However, at the end of that section
an alternate method was used to arrive at an asymptotic
approximation of Ez, and this method will also find appli-
cation here,

The value of ei8(2 + 13)™ ¥/2 at 5 = 0 15 1.(2)" 1/2 H

-

eme J_‘elne d2+1s L2418

B—+

?3172 f- d“JZ + 1is

Substituting this into the expression for Hél) and integrating

we can write

the leading term, we have




N

- 15 =
- nfy - nn/2)
"m(f’ =[Z ollp - - o/

where
E =J§¢i( )j o~ F3 [Belf® {27 1s ds.
5 G 2‘2 + is

We may write

{2*31119 E:-Ts- -1 {é !2+rs .
N2 Voiis V7!"’ V2 Varis

The second term on the right, which also appeared in Section VII

s absolutely bounded by —Smm . A bound for the first term
L;QZ

can also be obtained, Recalling that cosg =1 + is, it is

easy to see that (ei9 ~1) = Jalsem/zg and because

(eine - 1) = (eie - 1)(3‘(3,-1)6 + Bi(n-?)a + qoe + 319 + 1)'

it will tollow that Ieme -1] < \ré.n Vs, Hence,

= _,§ = (Eg)e - { (i) =

(o]

E| < const 8 + const —i

|E| < con 3 cons Fsp .

This error estimate is satisfactory whenever n <<f’ (the
behavior of Hx(nl) for large n will be investigated lster),
Thus, stnce H(2)(p) = Hé”(/c) end 23,(p) = 5V (p) + 12)p),
we have determined the asymptotic behavior of the Bessel

and Hankel functions:
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(1) o A P = =/ - n%/2)
(1) H(Z)(r)~J_ ~i(p = 2/ - an/2)
J (F)'V{ cos( dxﬂ.a.-nn/Z) ('O >>n > 0)

We are now finally in a position to compute the <, of
equation (3) and thus complete our solution, In general,

asymptot ic forms may not be differentiated to yield the

asymptotic forms of the derivatives, However, in this case,

since the paths C1 and C, which appear in the integral
expressions of Ht('“ and H’(,Z) may be slightly altered in
order to assure the absolute convergence of the integrals,
equation (6) can be differentiated with respect.tof. The
estimation ’of H}.l)'((’) may be then carried out, and by
referring to the derivation of the asymptotic form of

H'(,”({)) it is almost immediate that

.H‘gl)'('n) ~/ iH'(’”((:) + O(P-I) .

Therefore,

w1 (p) ~v 1F ellf =2/ = 01/2) o (1) (o)

J,',(f)’v -J:-i- sin('o - x/} - nn/2),

where the terms containing (-5"1 have been dropped, When
these asymptotic forms are substituted into equation (3),

-
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-~ine
we find c_ | g--i-] = °,
n T " o
The solution ¢ = EE un(r)einq of the wave equation is
~00
®
1 - 1 10(9-90)
¢(r,0) = I Z H‘nf(kro) Jlnl(kr)e sy T ST
-0
2 in(6-6 )
1 N\ (1 nie=e,
=5 \\\ Jlnl(kro)H "i (kr)e » T>T |
=00

It may be more simply written by defining

r, & max(r,r,) , r. & min(r,r )
we get
= in(e-o,)
(8)  olr,0) = Z R er) 3, (krde O
=3
2 3 3

When the integral expression for Hél)(kr) was being

c .
computed we saw that for r, = 0, o¢(r,8) = 2% Hgl)(kr); |

1 ..u)eo E
c, is known from c, ='§r e . Therefore, if (ro,eo) 1

z on the xy-plane is taken as the origin we can write !

in(e-0 ) |
(9) H&l)(kR) = :;% ngf)(kr>)J‘n|(kr<)e ° ’

. =% ‘

e
———— - N . . . o—— - —— - R R
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Equation (9) leads to the evaluation of a definite integral,

Since R = \Ir + rz - 2r°r cos(e-eo) s it follows that

(0 -2%?6( Hé”(k Jri + 1. 2r,r cos(e-eo)e""%g =

={ne
l I(kl‘ )Jlnl(kr )e ° .

We might ask what happens when the line source is at

infinity, i,e,, when T, =~ ®e As s becomes large,

2 /2
R = r°[1+:1— --i—’-‘-cos(e-eJ

o
= r |1 -5 cos(e-6_)| + o(r~})
o o o o) ’
and referring to the asymptotic form of H((.“(RR), we have

2_1/2_ i(kry = n/Y}) =ikr co8(0~6, ) -1
(11) = m.-o) e e +0(r")
~ikr cos(@-o_)
Since the function e ©" represents an incoming

plane wave from the direction 6,5 Wwe see that the line source
at very large distance from the origin is asymptotically

a plane wave of very small amplitude (r‘o'l/a).
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Consider the right-hand side of equation (9), Since
r is fixed and r, > ®, we have r_ = r_ and r_ = r,
With the aid of estimates of Hél) and Jn for large values
of n that we shall obtain later, it is easy to ‘show that

the series in (9) is absolutely and uniformly convergent,

In fact, we can show that

0 N
12 3= H{M ke )3 ) (er)etP(8=00) 4o oR-1)

if r, is large compared to N, equation (7) gives

- i(kr_~-g/k = |n|n/2)
G o) = () e SO vo
Substituting (11) and (13) in (9), we obtain

(o o]
-1k -0 in(e-0_)
(l'-]-) e r COS(B 0) = Z (-i)nJln|(kl‘)e i ° ’
=00

(r;I)

a representation of a plane wave as a sum of incoming

and outgoing cylindrical waves,

- s
7

.
3

It still remains to discuss the asymptotic pe_ﬁa'\'rlor

n ipcos ¢ ine
of H},l)({’) = -L'%L S e P e de for the case of large n,

1

1 A 0 € s
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(the path C, is shown on page 12) . Instead of C,, however,

we shall use the contour Ct:
P

/
c Q~-ri(jh-b

M%.M.’%
, M "7 *
~ %

Note that -g/2 < a < %/2 on C', a choice of @& the reason

for which will become apparent below, Since our concern
here is with large n, we ought to Include n into the change
of variable; thus in the integral for Hr(,l)(':) i)ut

p= f)cos © + ng, This results in

(1) (=1)" i
B (p) = n n-;sin g I »

¥

where X is computed from

P=rp ¢+ ip2 = cos ¢ cosh § + na + 1(=sin ¢ sinh § + np):

L Fa ¢ F-[lann—
ST




—~

.neo + n(2kx) if sineo = 3

- 21 -

The loop, whose length depends on n, arises . from the fact
that when ¢ = %/2 and B goes from 0 to ~oco0, the quantity
np=sin a sinh B is initially a decreasing function of B,

The integrand above has singularities at Py = F»coseo +
-? . (k=0,+1, .0s)s These are
arranged on the p-plane in a sequence parallel to the
P, - axis at intervals of k(2nm); we will show in a moment
that the Py are branch points, Thus the contour ¥ encloses
only a single branch point; it is this circumstance which
determined the choice of C!, for, asusual, we will wish
to apply Cauchy'!s theorem and close about a vertical branch
cut,

Consider P, = pcose, + ng ; we want the behavior of
n - Psine in a neighborhood of P,» that is, when @ approaches
6_. Upon expanding,

o]

n - Pslne = - fcose('(e-eo) + (/’Si"eo)(a-eo)‘2 + eee

p = {Jcoseo + ng_ + (-Psineo + n)(e-eo) + -

2
+ (-Ecose )(6-60) + eee

Fcose

- 2
= Po [0} (9-90) + eee

- Pcose

Therefore, near p._, (p=-p_.) behaves like o(6=-6 )2
o o ol ?




and so
71/2

n = psine ~ - (Z(p-po) \ + O(p-po) + ene

cose°

1
-

- This indicates that Py ( and py for all k) are branch

points, The contour ¥ contains Py We take the branch cut

vertically, and find that after shifting .~ to 1!,
: i
y i oo
{ | [ g
L
Vv "‘ Bt o v iﬂi
i s [0 o] 1( ; )
p_+is
(1) (=1) el ~o 2(=1)" e -° .
Hy" (P ) T Jn-fslne dp n =215 \I2 1%
0 (‘JCOSGO)

Here p = P, + is and the first term in the expénsion of

n -(Jsine has been ased for the asymptotic estimate, Thus,

n 5o SPRNISSENER § o
Hr(ll)(r)'v .(:%L \)12-1.(1/2) lrf_coseo e ° .,

Now, ?— = slneo = sinaocoshpo + icoscxoc:osh(:lo -~ 00 as$ n be~

comes large.Bacauseg.l is real for .any value of n,we have ao?-'it-/e;

referring to the contour C' in the (a + iB) = ¢-plane, evi-
B -f -p

= ah_1, 70 o, )

dently ¢ = /2 ==§ﬁo < 0, Thus b =3(e” +e “)~vze .

for n large, implying that f_~ -m(?)_" .

Also,

_pcose, = f(l-sinaeo)l/a = (Pa - n2) 1/2 ’

P, = [pcose, + ne = (p2 - n? 1/2 +n(a, + 18 ),
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which indicates that as n becomes large,

P cose, ~v in

_2_n_)+n1t

(J T'

Py~ in = inin (
Consequently,

2n
' n i(in + nn/2 = inln(S3)
H,,(,”(r" ) o 'L-—:tl— J‘%"P(l/z) J—i_f-’ e ' T

or, _
KU )] 2 (@2 Gy
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X1, Field produced by a source in the presence of
a conducting wedge,

For simplicity, the two dimensional situation will be
considered, Assume the wedge to be of infinite length with
its edge along the z~axis, and let a sinusoidal line source

parallel to the z-axis bc given at (ro, eo).

~ Yy
*- S
| Y4
- ‘\/‘fec‘ > X
. \\‘l P '§
. . “~
v \
‘\\\\}

The electromagnetic field components will be independent

of z,From Maxwell's equations (eq.26) T.R. No,2 it is easlly s«

that two possibilties exist: we may either solve for Ez from
which will follow Hx and Hy; or solve for Hz which also
gives Ex and Ey. Both Ez and Hz are seen to satisfy the

wave equation

E .
(8 +1%),2 = olr-ry) §(6 - 6))
z r

Supposing the wedge to be a perfect conductor, the boundary

conditions are:
(1) E,=0ate=0andg=2n-8

[ 4

(i1) ?lig =0at e=0and g =2n -~ §
08 :
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Although two distinct problems have been formulated
the methods of solution are essentially identical, We shall
solve for Ez and in the course of the argument indicate the
differences, Of particular interest in the solution
Will be the shadow region . = +6 <652%~5,
whose “darkness" varies as a consequence of diffraction at
the apex of the wedge, Two other interesting situations
are the limiting cases § = ‘% and B = 0; the former has
2lready been dealt with in Section IX (reflection off a plane
conducting surface), while the latter is the condition for
the Sommerfeld half -plane problem (diffraction by a knife edge)
The Sommerfeld problem will be discussed below,

As in the preceding section, the wave equation may be

written in plane polar form:

2 2 , '
(37 + %% +i23? + KZ)Ez = - “""’916(9‘92_)_

or 06 r .
32
The equation is separable; therefore put - 3——2 =1, L is
e

an operator acting on the space of functions u(g),

0 <6 <2% - B, which satisfy the boundary conditions (i)
above.The eigenfunctions of L are derived fran(A1 = L)u = 0;
they are sin ﬁe, with A= (22-5-5)2 o (Were we .working with

H, the only difference here would be that u(e) satisfies

3 T Y gt - ———
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the boundary conditions (1i), necessitating the use of

cosines instead of sines,) We have

2 - S(r-r ) £ (e=0_)
1 J 2 L -
( g%? * T or * R -2')Ez - T . r . ¢

T

The homogencous cquation is Bessel's equation (eq, 27); as
in Section I, solutions must be chosen which are regular
at the origin and outgoing at infinity, Tﬁese wire labeled

Jﬁ(kr) and Htﬁl:)(kr), respectively, so that

Ez = Jﬂ(kr )H&%)(kro)a r<rg
= J = (kr )H“)(kr)a r>r
Ji o] (E o

where a is the jump factor, Ref:rence to Section I gives
- ni‘J

a4 = - (e-eo) 3 however, note that in Section I we

found the jump f actor by applying the asymptotic forms of

the Bessel and Hankel functions to the Wronskian, and that

these forms were derived for integral orders of Jr and Hil)

only. It will be shown in a moment that all the previous

representations of J and Hil) are valid for non-integral r,
xi —

which will jJustify a = - 3= f(e-e ) .

To interpret the order Ji of the Bessel and Hankel

functions, we expand é(e-eo) in eigenfunctions of L, Letting

Y= (zh) so that [ = nX, it can be shown that
®

{(9-90) = %[—"Z sinnj)esinnXe_ ,

e e~ -
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where _2__b_’15 the normalization factor. "The operator L appearing
in E can now, as in Section V111, Tech,. Report No, 2, be '

replaced by its eigenvalues n X' . Thus

(15)E, = iﬂ;Jn z),(k1~<)I*{r(lla)(kr;) sinnfesinn¥e, ;

r, = max(r,ro) and r_ = mln(r,’ro) has been used, (Hz is

given by equation (15)upon the replacement of slnn?]g by
o
e
cosn) < ,)
90 ‘
In order to check the convergence of Ez we utilize

approximations of Hgl) and .lA which are valid for large

values of A, With recourse to the familiar series expansions,

3,(p )w-(—(-% s ) ~P (P27, 8> >

That is, when A is large JA and H(Al) behave like the first

terms in their expansions, Therefore, for sufficiently large

n’
(1) 1 ,T< n¥
Jnx (kr )H U (kr ) land —"n X- (P—> ') P

r ‘
Since 3 < 1 wherever r $ r_, we conclude that the series

- (o]
in equation (7) converges absolutely except on the cylinder
e (Although of no physical significance, it is possible
to prove conditional convergence at r = Fos 8 fact due to the
presence of the sine functions,)

The behavior of Jy(f) at small values of P is again
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dominated by the initial term of its series expansion,

Consequently, near the apex of the wedge we may approximate

ey 1y Z (kr 2 H“)(kr )sin n¥ ¢ sin n¥ 9, ~/

nJ 15‘.4,-}(‘-;-%1;(}!;})(};1-0) sinY @ sinX 8,9 kr < < 1,
This approximation indicates the qualitative behavior of

Ez ( and Hz) at the wedge apex, Consider the limiting

cases p=0and p=m, i,e0, ¥ = 1/2 and ¥ =

For =0, Ez = O(rl/é) and Hx and Hy, which are propor-
tional to the derivatives of E , are o(r"l/a). This shows
that the Poynting vector E.x ; is bounded as r = 0 and
therefore the energy of the field is finite in the vieinity
of the knife edge even though the magnetic field is infinite
there,

For g = 1, E, = 0(r) and then Hx and Hy will be 0(1),
This shows that both the electric and magnetic field are
finite near r = 0, This result was to be expected since
the wedge in this case reduces to a plane,

We now turn to an ihvestigation of the field's beha=~
vior in general, This will become more feasible if the

infinite sum representing Ez can be replaced by a more

manageable expression; and as a matter of fact, upon
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‘admitting a certain simplification, we will be able to

write E:z as a contour integral,

(5'1) which

were derived in Section X have to be verified for non-

First, however, the properties of Jr and H

integral values of b/ e 1t was seen that for x= integer,

Y

/

H(1)(}“,) =1 5 oLkr cos (pei{(‘p-'n/Z)d(P
C
‘r

A

¥
1

e

R SR AL

—— AL A Tr A

-\

C'l
-t <0 <a<n |6-a|=

One may verify that this representation of H(l) is valid

J

for non-integral ¥ by showing that

32 1 © 2 2—’ iKkr cos i
1 - 6_5 ¢eirlo=n/2)y, -
[5‘?+r’§—r+k r.} e e de = 0.
€
Recalling that converges absolutely if a, # 0, m, we have
c
1

for these values of as

c

[ ]g = K2 g cos® ¢ el €05 @l 4 (‘p".n/z)d¢ +
1 Cl :

. +_§§ - cos2 o eikr cos ¢915(¢ﬁ/2)d¢ +
1




TSI

r 02 - XZ 5 ikr cos ¢ eiX((p-‘ll/Z)d(p
C

Consider - -2- g

C

1

825 = _é_; oIkt cos (pe1{(¢-1t/2)
r c, 1Yy <,
4

2 \

_5/_2_ ikr sin ¢ elkT cos ‘pei {(q,-n/2) do =
r P
c, 1y

- _7{_; _11_5/_ tkr sin ¢ _ikr cos ¢ ib/(cp-at/?-’)l + ovee

¥
oo +)£".C§ (=K 2sin® ¢ ~ 1Kkr cos (p)elkr cosa;ei;(qa—n/?

N

. (

when - —  is substituted into [ 1)), we find
c c
1 1

‘\

(1

OMN—~
o

= integrated" part =

L—

S—
\

(_}? .m; sin Q)eikr cos cpeif(q;-n/?.) c

i

1 L]
It is not difficult to show that the integrated part is

(1)

equal to zero, The integral representation of Hy' is
therefore valid for all real X

The computation of the asymptotic form of H“) followed
from the integral representation; the argument of pages 12«16

with minor modifications, will also go through for non-

integral E o Referring to equations 15 ,

et s v s R
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H(Xl)(kr),\j a‘%ei(kf - ﬂ/’-l. bl X‘lt/z)’ kf ?.>X‘

Since H'1) = §(&)

, we find as before

S
H%Z)(kr) =_11€ D o 1kr cos o, i(((p-'n/Z)d‘P_
C2 [ .
y ] A
I -phane
Ay *2
ir e
2
0<a <a <27, le;-ay| ==
also,

H(Zf)(kr)/\l \J;ﬁ—;e'i(kr - ’[/"‘_‘ - ¥ =/2), kr > > ¥

The Bessel function J?f may still be expressed as the

following linear combination of the Hankel functions:

Iy tke) =% H(xl)(kz) + 3 18

But Jb, is required to be regular at the origin and this
must be verified for the above sum when X is not an inte~
ger, Upon use of the integral representation, it is

evident that

JK (k!‘) = _21.{_083 e’.kr [efe} ¢eix((p - ‘l'l/a)d‘P .

——




B s L

- 32 -
p
, |
(’3—-‘3‘""\1 t

R Rl U Lﬁa )

) T b 3 X
“% <a <a<2x, lo-a] = 2#

Thus,
3l0) = ¥ (o=n/2) gy
“3

which for f > 0 is easily seen to be finite,

Although the integral expressions for J and H(l) are
now available for use in equation 15 , Ez at best remains
an infinite sum of, rather than a2 single, contour integral,
To write Ez in the desired form, and thereby proceed with
the examination of its general behavior, the original
situation will be slightly simplified, Instead of consi-
dering a cylindrical wave incident on the wedge, it will
be assumed that the radiation source is a plane wave in-
coming from the direction eo. In effect, the assumption
is tantamount to letting the original line source go td
infinity (r° - o). Though the source is altered, diffraction
still occurs at the wedge apex, the region x + eo < 0 < 2x-f

continues to lie in the shadow, and a wave is still reflected

P
PR A
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off the surface of the wedge. The incident plane wave
case thzrefore presents a good == and solvable -- analogue
to the original wedge problem,

We know the series of equation 15 is absolutely

gonvergent for r ¥ i'o. Since r, > o, Ez may be written as

N
E, = 1521- Jn‘ (kr)\’;%Foe”k'o'“m'naﬂ/a)sin n¥esin nfeo-ﬁ'al

from which it will follow that

@
Ez=1(? Jna(kr) \i.;tﬁ?oei(kfo-ﬂﬂl-'nK “/Z)sin n¥e sin n Efeo =

- e ei(kroqﬂ*)s ikr cos ¢ %.E_ einx(‘p'“)sin n¥e sin nfe ¢
Zx Ukt c; | 1 °

&lv

As r - @, IEzl -~ 0; that is, the amplitude of the field
falls off to zero as the source is moved to iInfinity. Thus,
also, the incoming part of Ez, which will be the incident

plane wave, loses its amplitude as r_ - oo, In order to
ks, e'i(kro'ﬁ/h)
2

effect, Ez is normalized, The z-component of the electric

avoid this, we multiply Ez by = in

field in the présence of the wedge is therefore

;= \(lzzkig e-t(kro-n/h)E




[

- 3=
We get .
! tkr cos ¢ 7 _in¥(q-n) ; ’
F=3=)e ¢ elPle-Tgin n)e sin nzbod¢
C !
3

because we may write

" 1n¥(0-9) -inl((e-e) inX(e+e) -in¥(e+e )}
sinrﬂean n[e EL +e -e s
F becomes ( -
1f (¢=n+0~6 hn i0(p=-n~0~-6_))
F_X:t S ikr cos o > (1§ (p=n+0~6_) +...-e( (p-m o n ‘o,
C
= o S ikr cos Q: ei (g-m+e- e ) - ei (¢-n-e-e°) do
e, I T{o-mr6-8,7 T To-7+6-6,)
l-e l-e

"

Thus the field incident on the wedge has been represented by
a single contour integral, The sums of the first two terms

in the square brackets, and the sccond two are, respectively

COSX(G-GO) - ei((w-n) c051(6+60) - e131¢-n)
cosf(¢-n7?cosg(e-eg7* and -

cosy(g-m) - cos¥(e+6,) °

When ¢-7t is replaced by ¢ and the contour C3 changed accordingly,

we have after addition,

F = 5 ‘-1kr cos ¢ simy d
cos (p-CoS Te-6,)) % .

- S -1kr cos (p(: mX .) dg
g,

F, + F,,

o A S
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k
'; ¥I-F¢(iﬂ7—
A
A,y 1 *3
asmen - s
-1T -% w
=21 < a < e, s/ loj-ay| ==

Although neither F1 nor F2 can be explicitly evaluated,
we can nevertheless examine, as usual, their asymptotic be-
havior and thereby arrive at significant results, Consider
F, for ¥ =4 = Y=

| ford =3 (=0 Y =1/2; without significant loss

of generality, we may reduce the wedge to a knife edge). Then

1
sin 79
1 5 -ikr cos
F, = <= € . 1 1 d(p .
1 167 C)_'_ cos ®¢ ~ cos 2(9-90)
Let 7= cos 3, T, = cos $(e-6,); al'=-7sin Jo dg. Notice

that the zeros of sin % ¢ determine branch points in the

Z’-plane, i.e,., ’t= cos % 2nn = + 1 are branch points, Thus,

Fy = -I%Tl e-ikr(a.tz_n 4y = - 11[ eikté o~2ikr 2

T-N, x-v, 4T

where B is to be computed, The contour Ch may be conveniently
taken with a, = - 3n/2 and a, = %/2 ,
a) When ¢ = -é§+ ia,'z‘ = Yl + !Tz--cosﬁcoshg-l-
+ 1 sin e sinh-g . ’z;/'v(a = ~tan x/l4 tash §/2 -~ =1

as p -~ 00; the contour B .% approaches a slope of = 1

it




L oot R

in the second quadrgnt, p =0 > f- -1/ fZ-.

b) When ¢ = a+i& ( thefis to prevent B from passing

through the pole 'Bo) :

-3n/2<ax<-x = i-ﬂ-l-_ ’2115 o,
-n1<ax<0 = 0< ’8151,

0<as%/2 = 12 Y 2 /e,
and 22 may be put equal to Q'on this segment of B,

c) When ¢ = n/2 + 1B, ?2- - -las g~ o, so that B
1

also approaches a slope of - 1 in the fourth quadrant,

s=0 > T=1/ /%
Y-Pﬂanc

, 2
We wish to shift the contour B so that e2iKrl

becomes an exponentially decreasing function, The line 1.

in the diagram is suggestive; and in fact on this line

. a.aa-»-‘”’/
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/g_ = Re"“/h, - o< R< o, and ‘52 = -£R2, which is just
whatt's required, The loop about the branch point, however,
presents a problem, Cetchy's theorem cannot be applied to
the region containing +1, and so B, after it is shifted tol ’
will have to be left with a loop about +1, This difficulty
can be neatly avoided by noticing that the integrand of 1‘-‘1

is an odd function of ¢, which means that the contributions
from - %/2 < 9 < 0 and 0 < ¢ < /2 cancel each other, It is
Just this interval, - n/2 < ¢ < ®/2, which has given rise

to the loop in the t-plane. Hence, by neglecting it, it

follows that we have .
‘gl T- fﬂanb
~
>
£ ~! - ...)v/'i «l
PRSI < .._.\... St }4‘
-—l ’ ~ ’w
-z ~
(5 ﬁ&\
- \\
A

The pole ¥ will have to be taken into accoust, that is,
when B is shifted to £ we will acquire a residue if 1’0 > 0,

The residue at }:o is

n2

-2iKr
+ 274 _ikr L i i
Bl-ﬁ e e Oa=+ Ee EG

The chauge of sign is due to the oricntation of B in the lower

2
~ikr(2¥o =1) . , L ~ikr cos(6-00),

T
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half-plane, Thus,

ikr
Fl = =g - je-alkrkz dt'ﬁ H( to)& e-ﬂﬂ‘ cos (9'90) ,
J2 Y- 2ro

where H(to) =1 when ?:o > 0, zero otherwise. Or, when

2 2
=2Kkr T
K1 * o e~Ti/l

ikr 42 1
_ -2 -1%¥ Y )1 ~1kr cos(e-6,)
Fi = =g ———==_d% + H( L )re o’
1 X é-tOJZRr o'l
-t /4

In order to estimate the integral in Fl’ we use a

technique made familiar in preceding sections, Set

1 1 1
= . + —————— o
5 -T2k Y VEE | Y V2ke 3-},’0\:‘21‘?_] 3
then,
VN o0 =T/t
2 ‘
ikr -1% ikr 2
-e a% -1%
= d -
B T gt o 5
-0 ¢~t /4 o ¢ T/4
e "/
2
_ glkr -15° ¢ . N
T £ £=To\BKT
o o1/l
JLkren/y)
+ El »
8 T V2rkr

where
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0
]E | < 1 e-Ra 2 |dR . = .
1l = Ex Rue ™4/ V2K T, \2kr

=-Q0

The minimum value of the denominator in the integrand of the
error term is simply the distance of e’u/h’% \} 2kr from the

real axls, namely '75.,/0 ri.' Therefore
00
|E,| 5 ——sbw— |R|e"R2dR = 0(—dmy)
1= Bntokr kel |
=®

l:‘.l is a satisfactory error term so long as "50 is not in the

neighborhood of zero, We have

F H(Y )1 ~-ikr cos(e-eo) ei(k"-“t/ll-) ]
= ’ . .
1 o 87./0321!1(1' 1

'
Similarly for F,; if ’}:o = cos 21-(9+eo) ’

Fp = =H(yy e~ 7 co3(8%6 ) ghlkr-a/l) ;.
° 8 L't enkr

The field produced by the incoming plane wave in the

presence of the knife edge is Fl + Fz = F:

-ik (e~0_) ~ikr cos (e+¢ )
(16) F= H('ro)l%e r cos o) _ H(té)&e r co o', con

i (kr=x/Y)
8V2nkr To T o

where‘go = cos é- (e-64), "d:) = cos é- (e+e,) , .
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The physical interpretation of equation (16)is clear,

~ikr cos(e-6,)
The first two terms of F are plane waves; Ee

is the source wave: incoming.along the direction e , and

-ikr cos(e+e )
& (] _ is incoming along -eo,- f.¢,, oOutgoing

along =6, and {t represents the reflection of the source by

the knife edge, Since .EQ > Owhen 0 < § < n*-eo and

s

2 ! > Owhen 0 < @< m-6,, we know in which regions these

plane waves exist, The remaining term in equation (16 )is a

cylindpical wave due to diffraction, and it exists everywhere, .

T-5% / 9,
1

/
,ji- z// plare : P 20
/
iz A
/
s T+by

Inl, F = inc, + outg, + cyl, = source + reflec, + diff,;
in 11, F = inc, + cyl, = source + diff, ;

in 111 (shadow region), F = ¢cyl, = diff,
Equation (16) ylelds no information about the behavior
of the field along 6 = x= 8, and @ = n+ e, since there either

1:0 or Qfé equals zero and the error term breaks down,




»&w«ﬂ

et s et 0 70

- ul -
In order to determine the field's behavior on the boundary
lines, we will have to arrive at an estimate of F which

does not depend on the magnitude of Yo or 'té .

Consi der Fl’ from before,

w e~/
ikr cos(6-6_) ke [ lga
- i - Yo’ - g , e
‘ o
-& e~ /k

Let § = Re™®/4 4ng R, = em/]‘to V2kr ; the integral in

Fl becomes

> 2
ikr ~R
I, = ¢ e
Yot S KRR .
o
-00
Since R-R, =R -'t o\'_l;- - 1'2‘,’0 Vkr s We can write

-1 1r(R-Ro)

TR=R") = e dr if Xo < 0, and
o

(o]

@ _ir(R-R_)
nﬁ:r):jer °dr lf't;>o.

o
()
Therefore, supposlngYo <.0, we have
® ‘ @

ikr 2 ir(R-R )
£ =R e ° dr =

——e
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. .

- u -
0 - © 2
ik ~1rR o/} =(Reif)
im— e dr e e =
() =00
©
2
ikr ~-rA4 - 1irR
= 1e e odf =

©
2 -(£ + IR
1emr e'Ro 5 ¢ 2 ° dar =

8

ﬁ 0 o+ iRo

ikr (127 %) 2

_le t e”
WE

where the last equality was obtained by putting u = 5 + 1Ro

iR
o

In Just the same way, when 'L/o > O the other representa~

tion of 'RTIR" is used to find
[o]

o ~-iR
e o
ikr(1-2 La)

F1=-&e e-'udu"l .

-1%0

The =1 is due to the residue,

For small values of Y, R, ~~0; either expression

for i-‘l gives Fl ~ é- cmr in the neighborhood of ¢ = X + 90 .

This is simply one~half the incoming plane wave, for if
6=x%+86,,

~ikr cos(6=6,) ikr

11 1
LAl =g .

w‘p‘#'
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A similar result obtains for 52 ¢ in the neighborhood

ikr. Notice that both Fl and F2 are

of 6=1t-6°, szv-ée
outgoing along the regional boundaries,

With reference to equation(16) then, we have:
ikr cos(e-o )

near @ =z~ ('~ 0): Ffvéem’+ﬁ-e +
ei(kr - n/h) .
Xz 0(1773_3) ’
. 1 (kr=n/l4)
near 9 = m+@, (2’0,\, 0): F~~é-e kr_%_:e_ﬁ '._(,(.1_;_;_1{:_3

'
In these expressions, ’t‘o 7~ =« cos g, and “(o ~s COS 6,

Equation (16) gives the field for all other values of o,

) -

E




