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INTRODUCTION

In the first half of the nineteenth century, the
problem of progressive gravity waves in a fluid of constant
finite depth was solved within the framework of linearized
perfect fluid theory. However, it has been only in the last
two decades that any success has been attained in treating
progressive waves where the fluid depth is non-constant.
Stokerl discusses in :onsiderable detail water waves on a
beach of constant slope. Other problems and methods are
summarized by Wehausenz.

The work of Kreisel3 is of particular relevance to the
present paper. He showed that a large class of progressive
wave problems have a solution and that these solutions
satisfy a certain integral equation. He further showed
that this integral equation can actually be solved by itera-
tion and that the solution so obtained is unique.

Although Kreisel's method of solution is complete for
the problems to which it is applicable, it is of interest
to investigate certain approximation techniques for these
problems. One approach is that of considering the case of
very short wavelengths.\ For example, in a recent paper
Keller? has shown how this leads to a "geometrical optics"
type of solution.

At the other end of the spectrum is the case of very

long waves, and it is with this case that the present paper

IASuperscript numbers refer to references listed at the

conclusion of the paper.



is concerned. Consider the following situation:

We have a channel of infinite horizontal extent, with
a uniform fluid depth except in a finite region, where the
contour of the bottom is specified by some function, y = b(x)-.
(If the coordinate system is taken in the undisturbed freé
surface, b(x) = -h for |x| greater than some fixed constant.)
If sinusoidal waves are incident from the left, than as
t—=o00 , there will be a progressive (reflected) wave moving
toward the left and a progressive (transmitted) wave moving
toward the right.

Under appropriate conditions on the function b(x),
several results will be proved:

(1) The velocity potential can be expanded in an asymp-

totic series in powers of the wave number, k valid as

o?
kd———>0. This expansion is valid for every x, and it is
uniform in x in any bounded domain of the x-axis, but it is
not uniform in the infinite interval, - o < x < +o0.

(2) As |x|—soo, the potential varies sinusoidally with
x, and this asymptotic (in x) solution also has an asymptotic
expansion in powers of ko. The magnitude of the coefficient
of kg becomes unbounded like x" as Ix|— oo,

(3) If the complete coefficients of kg are required to
satisfy the usual boundary conditions and in addition are
required to have the behavior at |x|—>o specified by the
expansion described in (2) above, then they are uniquely
described.

(4) The reflection and transmission coefficients can

be expressed in terms of asymptotic series in powers of ko"
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In other words, we have potentials which are bounded in
the fluid domain, even ac [x|—>0o0. These can be expanded
into asymptotic power series, the individual terms of which
become unbounded as |x|—=>o0. In fact, each successive term
is unbounded to a higher degree in x than the previous terms.
These individual terms are uniquely specifiéd when they are
required to become infinite in a certain way as |x|—> .

The reflection coefficient, R, depends explicitly only
on the solution as |x|—» . In spite of the fact that each
term of the asymptotic expansion becomes overwhelmingly
larger than the previous terms as |x|—»oo, it will be
shown that if we have the potential expansion to N terms,
we can find an expansion giving R with a comparable number
of terms. The latter expansion of course does not depend
on x, and since it is valid as ko——a-O, it can be used to
calculate R for small ko'

Finally, a specific problem is worked out by the pro-
cedure developed. We consider the case of a bottom which is
completely flat for all x, interrupted only by a vertical
barrier of vanishing thickness. Curves are given for the
reflection coefficient as a function of wave number, with

(barrier height)/(undisturbed water depth) as a parameter.
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