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1. introduction

In the first half of the nineteenth century, the

problem of progressive gravity waves in a fluid of constant

finite depth was solved within the framework of linearized

perfect fluid theory. However, it has been only in the last

two decades that any success has been attained in treating

progressive waves where the fluid depth is non-constant.

Stoker^ discusses in considerable detail water waves on a

beach of constant slope. Other problems and methods are
2

summarized by Wehausen .

The work of Kreisel^ is of particular relevance to the 

present paper. He showed that a large class of progressive 

wave problems have a solution and that these solutions 

satisfy a certain integral equation. He further showed 

that this integral equation can actually be solved by itera­

tion and that the solution so obtained is unique.

Although Kreisel's method of solution is complete for 

the problems to which it is applicable, it is of interest 

to investigate certain approximation techniques for these 

problems. One approach is that of considering the case of 

very short wavelengths. For example, in a recent paper 

Keller^ has shown how this leads to a "geometrical optics" 

type of solution.

At the other end of the spectrum is the case of very 

long waves, and it is with this case that the present paper

^ Superscript numbers refer to references listed at the 
conclusion of the paper.



is concerned. Consider the following situation:

We have a channel of infinite horizontal extent, with 

a uniform fluid depth except in a finite region, where the 

contour of the bottom is specified by some function, y = b(x). 

(If the coordinate system is taken in the undisturbed free 

surface, b(x) = -h for lx| greater than some fixed constant.) 

If sinusoidal waves are incident from the left, than as

t- *>oo , there will be a progressive (reflected) wave moving

toward the left and a progressive (transmitted) wave moving 

toward the right.

Under appropriate conditions on the function b(x), 

several results will be proved:

(1) The velocity potential can be expanded in an asymp­

totic series in powers of the wave number, k^, valid as

k^- - ►O. This expansion is valid for every x, and it is

uniform in x in any bounded domain of the x-axis, but it is 

not uniform in the infinite interval, - oo < x < + oo.

(2) As |x|- *>oo, the potential varies sinusoidally with

X, and this asymptotic (in x) solution also has an asymptotic 

expansion in powers of k^. The magnitude of the coefficient

of k"^ becomes unbounded like x"^ as Ixl—► oo.
0

(3) If the complete coefficients of k^ are required to 

satisfy the usual boundary conditions and in addition are 

required to have the behavior at |xl—*-oo specified by the 

expansion described in (2) above, then they are uniquely 

described.

(4) The reflection and transmission coefficients can 

be expressed in terms of asymptotic series in powers of k^.



In other words, we have potentials which are bounded in 

the fluid domain, even ac (x|—^oo. These can be expanded 

into asymptotic power series, the individual terms of which 

become unbounded as |x|—••oo. In fact, each successive term 

is unbounded to a higher degree in x than the previous terms. 

These individual terms are uniquely specified when they are 

required to become infinite in a certain way as lx|—*-oo.

The reflection coefficient, R, depends explicitly only 

on the solution as Ixl—► oo. In spite of the fact that each 

term of the asymptotic expansion becomes overwhelmingly 

larger than the previous terms as ! x|—►oo, it will be 

shown that if we have the potential expansion to N terms, 

we can find an expansion giving R with a comparable number 

of terms. The latter expansion of course does not depend

on x, and since it is valid as k.

calculate R for small k^.

0, it can be used to

Finally, a specific problem is worked out by the pro­

cedure developed. We consider the case of a bottom which is 

completely flat for all x, interrupted only by a vertical 

barrier of vanishing thickness. Curves are given for the 

reflection coefficient as a function of wave number, with 

(barrier height)/(undisturbed water depth) as a parameter.



II. FORMULATION OF THE PROBLEM 
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We consider a channel of infinite horizontal extent, 

containing fluid of depth h for x £ xA and x >xß. For the 

time being, we take the origin in the free surface, as shown 

in Figure 1. Let the curve of the bottom be given by: 

Y = b(x). 

(b(x) = -h, for x Í xA and x * xß.) The fluid is assumed 

to be non-viscous, incompressible, and unable to sustain 

FIGURE 

surface tension, so that the fluid motion can be described 

in terms of a velocity potential, $(x,y,t), which satisfies 

the following conditions: 

^xx + $yy = 0» f°r (x,y) in the fluid domain; 

= 0 , 
y=b(x) 

where Ô/fln indicates the rate of change along the vector 

normal to the boundary; 

$X ^X " ly + = 0 

9*) + §t +$2} = 0 
on y = rç(x,t), 
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where y = f| (x,t) is the curve of the free surface. 

In addition, we must have* 

|$(x,y,t)| bounded in the fluid domain and on the 
boundaries. 

The magnitude of the fluid velocity, Jgrad $|, will be 

bounded everywhere as well, except possibly at a finite 

number of points on the bottom, where the contour has corners 

which project into the fluid. 

We linearize the boundary conditions in the usual way1,2 

Now let there be a train of waves of given frequency incident 

from the left. If we let t—*oo, the motion everywhere will 

vary sinusoidally in time with the same circular frequency, 

say cr , We can represent the potential by: 

$(x,y,t) = <Pi(x,y) cos<rt + q>a(x,y) sinct, (2) 

or, if we set <p(x,y) = (piix.y) + i <p8(x,y), (3) 

by: 

|(x,y,t) = Re{<p(x,y) e’i<r 

We find that <p(x,y) satisfies: 

<p(x,y) is bounded and harmonic 

Mx»b(x)) = . 
Ôn u * 

in the fluid domain; 

(4a) 

(4b) 

^ y(x.o) - g <p (x,0) = 0. (4c) 

thpAc!îc 9l^X,y^ and V*(x’Y) are each harmonic functions, 
nnnJ S 9i = c, «pa = d are not generally ortho- 
gonal, and ^ ^ not generally an analytic function of 
^ a ' iy• 



The shape of the free surface is given by: 
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n(x.t) = - f- I"i{<p(x.O) e‘i<rt} , 

to the accuracy of this linearized model. 

If the bottom were completely flat for all x, i.e., 

b(x) = -h, then the solution would be the classical result: 

/ \ cosh k0(y+h) ik x 
= a—oshkoh e ° (5) 

where kQ is the real positive root of 

O*2 = gkQtanh kQh . (6) 

In the statement of the problem above, it was implied 

that <r would be considered as a given quantity. From 
» 

(6) it is apparent that k2 can be expanded into a series in 

powers of cr2, so that this approach is entirely legitimated 

However, it will be more convenient to use k0 as independent 

variable, with o' always given by (6), even when the bottom 

is not completely flat. Physically, this means only that we 

shall specify the wavelength at infinity as the given variable, 

rather than the frequency. From now on, this will be indicated 

explicitly by writing kQ as one of the arguments of the func¬ 

tions considered or sought. 

If we write out (6) with the right side expanded in a 
series, 

T2/g = h k' 1/3 h3(k2)2 + 
there is no constant term in the series, so that it can be 
inverted to give a series expression for 

k2 = "o^2) 
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The general problem to be solved involves showing that: 

(a) under certain conditions, 
N 

<p(x,ysk ) = Zin(x.y)k" + o(k^), as k—► 0, w n,0 n o o O' 

valid for all (x,y) in the fluid domain; and 

(b) the expansion is unique under these conditions. 

The specific problem to be solved involves a reformula¬ 

tion of the problem as stated above (in a more convenient, 

but basically the same, form) and the determination of the 

first several terms in the expansion. 

« 



III» EXISTENCE OF THE ASYMPTOTIC EXPANSION 

OF THE VELOCITY POTENTIAL 
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This section depends very heavily on several facts 

proved by Kreisel3. The first subsection is devoted entirely 

to a restatement of these facts. The second subsection con¬ 

tains the proof of the existence of the expansion for all 

(xfy) in the fluid domain. The third subsection presents the 

proof that the potential has an expansion even when x a- +oo. 

A. Kreisel1s results 

For convenience, we redefine the scales of length and 

time, respectively, so that h = 1 and g = 1. Then kQ is the 

positive real root of: 

0-2 = k0 tanh k0 * (6*) 

n - 1,2,3,..., be the positive real root of: 

<r 
2 

tan k n n (7) 

for which 

(n - l/2)ir < kn < nr. (7 

Kreisel proves: 

LEMMA I. A potential function, <p(x,y;k0), satisfying 

(4), is of the form: 

♦ 

(a) 
= k tanh k. (ikn) is a pure imaginary root of: 
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<p(x»y»ko) = cosh k0(y+l) [a(sgn x;k0) eik°x (8) 

+ b(sgn x;k0) e”ik°x3 
CD 

+ Z an(sgn x;k0) e‘kn^ko^xlCos k (k )(y+l) 
n«i 

over the flat portions of the bottom extending to either 

infinity. Also» 

X |an(sgn x;k0)| e'kniko)lxl = Q(e~vW/2) asui-^oo. (9) 
n=i 

In our problem of incident waves from the left, there 

will be a transmitted wave going toward x = + 00 and a 

reflected wave returning toward x = - 00. in accordance 

with (8), let^ 

9(x,0;ko)-► [a'(k0)elkox + b'(k0)e"ikox], as x - 00. 

> a(k0)e 
ik0x as x—► + 00. 

(10a) 
(10b) 

(As x—* + oo, the solution represents a pure progressive wave.) 

Define: 

R = reflection coefficient = IbM/la*!; (11a) 

T = transmission coefficient = |a|/|a'| . (lib) 

Then Kreisel proves: 

The notation: f(x)—» g(x), as x—► loo, 
will be used consistently to mean: 

f(x) - g(x) —0, as x —► + 00. 
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n- The coefficients R and I are uniquely defined 

by the above statement of the problem. In the general case 

that <p(x,yik0) has the asymptotic forms, as x—»Too, 

'píx’0íko) a,(ko)eÍkoX + b,(k0)e'ikox, 

^ â(ko)eÍkoX + b(k0)riko*, 
then: 

Ul2 - |b|2 = |a'|2 - |b'|2. 

(This expresses the constancy of transmission of energy.) 

For the special case of (10a) and (10b), this reduces toi 

R2 + T2 = i. 

Now map the fluid domain onto the strip: 

-oo<Ç<4oo, 

by the function <(z), where Ç=Ç+i^, z=x + iy. 

The mapping is conformal and unique, except for a possible 

translation parallel to the £-axis. The free surface, 

y = 0, goes into the real axis, vj = 0, in the <-plane, and 

the bottom goes into the line rj = -1. (At certain points of 

the bottom, where corners may occur in the z-plane, the 

mapping is not generally conformal.) Sometimes we shall 

refer to the image of the fluid domain in the £ -plane also 

as the "fluid domain". No confusion should result. 

Again, call the potential in the S-plane 9(?,y]5k0), 

although, of course, it is a different function of its argu¬ 

ments. It satisfies: 

cp is bounded and harmonic in -1 < O < 0; (12a) 



From Kreisel again, we have: 

LEMMA III, As |x|—►<» (or as)$j- .00), 

ÛL . 1 

d? 1 ir)=0 
= Ote-'111). 

That is, Ç 
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(12b) 

(12c) 

Thus <p(?,>9;lco) has the same asymptotic form for 

Ifcl—^00 that 9(x,y;k0) has for |x|—»00. in particular, 

for our problem of waves incident from the left, redefine 

a(ko) slightly so that, as ^—» + 00, 

«lkoïcosh k0(r|+l)/cosh k0. 

Let: 

ftJ.lîkj,) = n(!.»|¡k0) + a elko5 cosh k0(f)+l)/cosh k0. 

(13) 
(We now take the amplitude of the outgoing wave, a, as the 

known quantity and consider the amplitude of the incoming 

wave, a’(ko), as one of the unknown quantities.) Then 

n(?»<];k0) satisfies (12a) and (12b). In place of (12c), 

we have5 

n(£.0iko) - <pi (S,o¡k0) 

= 9(Çik0) n(M>)k0) + h(hk0), (14) 



where 
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g(5¡k0) = -o-2(k0) [gf - 

h(r¡k0) = -<r2(k0) [ff - l]1=0aeikoï . 

In place of (10a) and (10b), we now have, as ^—►^oo: 

n(*»0»ko) w-►[a'(k ) - a]eik°* + b'(kA)e"iko^, 
u j —CD u O 

(15a) 

(15b) 

(16a) 

(16b) 

Kreisel proves the following lemmas: 

LEMMA IV. If a< 1, where 

,*♦00 

It -1=0 -5 

r 

a = [1 + 2k /sinh 2k.]"1« 2k, 

- oo 

+ [1 - 2k0/sinh 2k0][max - l| ] , (17) 

then <pi(Ç,0$ko) exists and is uniquely given as the solution 

of the integral equation: 
oo Í+ oo 

M9(?'iko) <pi(5\0;ko) f({-{',0!ko) df' 

Í+ 00 

h(?'!k0) f(f-f',Oîk0) df' , (18) 
OO 

where +ip 

flx.yikj = ± 

and 0 < p < tt/2. 

.ikx IQLh kjy-H) _ dk , * 
cosh k 0"*(k0)-k tanh k * 

-oo+ip 

The condition, a < 1, is sufficient but certainly not 

necessary. We also note that for sufficiently small k it is 
o 

always true that a < 1. 



13 

» 

LEMMA V. If a < 1, then 

+ oo 

[<r2(k0) <Pi(f’.0;k0) 

■” - ?i,, (?’.0iko)] dj' 
+ 00 

f(5-r^;ko) t9(f'ïk0) 9i(?'»0;ko) 

+ h(f';k0)] df*. 

LEMMA VI. As |—► - oo, 

<Pi(?.0;ko) >i[tanh k0 (1 + 2k0/sinh 2^)]-1 

/»+ oo 
4 

l 
[9(f'¡ko)n(F',0¡ko) + h(r'!k0)] 
00 

.[eiko(f-F') e-iko(f-F')] df- 

LE*I*IA vn- Let f(x,0¡ko) = f(xik0). Then f(x¡k0) 

has the following oroperties: 

(a) For X > 0, 

oo 

f(x¡k0) = 
e-kniko)x 

tan kn(ko]Ll t 2kn(k0)/sin 2kn(ko)J 

(b) For X < 0, 

f(x¡k0) = f(-x¡k0) + 1 2kJ 

B. Existence of the asymptotic expansion for all E 

In this section we shall work almost exclusively with 
w 

the function 91 (£*,,]5kQ)• For simplicity in writing, we drop 

the subscript i. Thus the function cp(?,K);k0). in this section 
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satisfies (12a), (12b), (14), and (16). 

Before proving the existence of the asymptotic expan¬ 

sion, we need several more lemmas, besides those proved by 

Kreisel. 

vin- Consider <r2, k0, and kn as complex varia¬ 

bles. Then kn(k0) and 0*2(k0) are analytic functions uniformly 

in some neighborhood of k0= 0, i.e., a finite neighborhood of 

k0= 0 can be found in which these are analytic functions for 

all n. 

Proof. For o'2, this follows immediately from* 

<r2= k0 tanh k0. (6.) 

To prove the lemma for k , let n 

kn = n7r ~ en* (20) 

Then, from (7) and (7’), we have: 

cr 2 = (nr - £n) tan £n = nir£a - £2 + . . . , (21) 

which is convergent for leni < tt/2. Since nr ^ 0, this 

series can be inverted, giving a series for 6 in terms 
2 n 

of (T , with a positive radius of convergence. From (20), 

kn can then be represented by a Taylor series expansion 

about or2 = 0. But from (6'), (T 2 can also be represented 

in a Taylor series expansion about kQ = 0, in powers of kQ. 

(In fact, only even powers of kQ appear.) Thus kn is an 

analytic function of <r2, which is an analytic function of 

k near k = 0. o o 
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We now need to prove only that the circles of conver¬ 

gence of kn(k0) have radii which remain larger than R (some 

finite positive number), as n —► oo. it will do just as 

well to prove it for the series giving ¿n(<r2). Let 

2| < ir/8. Since in any case we restrict |£n| < ir/2, we 

have: 

tt/8 
(n-l/2)7T 8T7r-l/2 ) * 

On any circle |£n| = constant < ir/2, |tan has a minimum 

where Re[S¿ = 0, so that tanh|6n| $ |tan £n| .(a) Thus 

tanh |£n|<l/8(n-l/2), which requires that Un| < V4, for 

all n, since tanh ir/A = 0.66. 

Equation (21), of course, has other roots besides the 

one near £n = 0. However, for n >1, it is easily seen 

that the next nearest root is (e^+Jr) or (€n+1-7r). The same 

proof as above, applied to shows that |£nfl| < V4 if 

|<r2| < 7t/8, and thus the minimum distance between 6 (n>l) 
n ' ' 

and the nearest other root of (21) is greater than tt/2. 

Now consider the integral: 

|a^Let y = tan (Ae^), A = real constant < tt/2, -ir< y< rr. 
Then: " 

ly|2 s y 7 s tan (Ae1Y) tan (Ae‘iY), 
and dlvl2 _ ^ 

dy = 0 when Y = 0, ± tt/2, n. 

Y s 9 or = tan^A has a maximum, because the 
coefficients in the series for tan u are all positive and thus 
I tan u I < tan lu|. Since |y|* is a continuous function of y, 
it has a minimum when y = ± */2, i.e., when |y| = |tanh A|. 



c 
where C is the circle |u| = tt/4. The integrand has a simple 

pole at u = u0, where u0 is the zero of the denominator. 

Since this is the same as equation (21), we have u = £ , 
o n 

and there is only one such pole inside C. It is easily 

shown from residue theory then that I(cr2) = u (O'2) = £ (a-2). 

But I(cr ) is an analytic function of O'2 for all O'2 such that 

|uol < xr/4. We have shown that if (cr2! < tt/8, then |£n| < tt/4, 

for all n, i.e.,|uol < tt/4. So I(o-2) = ^n(0"2) is analytic 

in o*2 at least for lo-2l < tt/8, for all n > 1. 

We note specifically that the series for € and k can 
n n 

be written: 

oo 
2v 

n n,2v o * 

kn = nir 
00 

vVn,2v‘o 2V 

valid for I k0l = some positive constant. 

LEMMA IX. Let 

f (lxl-k ) . _ e“kn|x| . e”n7rlx' 
n ,ko tan kn + knsec*kn + nTr (22) 

Then fn(lx|;k0) is analytic in kn near kn = nir, and thus in 

ko near ko = 0* This is true for all real x. 

Proof. The first term is a quotient of analytic func¬ 

tions (in k ), with the denominator non-zero for k = n7r 
n * 

which is all that is necessary, because of Lemma VIII. 
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We note that the second term of fn( x ;k0) just cancels 

the constant term of the expansion of the first term. Thus 

we can write: 

00 

fn(lxUk0) = fni2v(|x|) k 2V 

From Lemma VII, it is easily shown that: 

f(x;ko) Z fn(lx|;kJ - 
n=l n 0 

t I (1 - sgn x) 

- log [1 - e"^1] (23) 

eikoX _ e-ik0x 

tanh k 11 + 2k /sinh 2k J u o 0 
00 

LEMMA X. (a) Z fn(lx|5k0) is an analytic function of 

ko near k0 “ ^or real x. (b) The coefficient of kV 
o 

in its power series is obtained by summing the coefficients 

of kj in the expansions of fn(lx|¡ko). (c) For large lx|, 

the expansion has the form. 

oo 

converging uniformly in x for all real x, where Py(lx|) is a 

polynomial of degree V in x. 

Proof-. Parts (a) and (b) will follow immediately if 

we show that Zfn converges uniformly in kQ for all real x. 

This we do first: 

From (22) and (20), we obtain: 

f (lxl-k ) = = e-(n*- €n)lx| e-nirtx| 
n * 0 -tan £n + inir- enJsec*£n nn (25) 

- -n7rlx|/2 

•m[e-nnxl/2Sec2fn . e-(nTr/2 - Ejlxl] 

-[tan £n -f gnsec2fn1e~n1rlxl/2l 
im[-tan 6n + (mr - fn)sec*£j 

(25’ ) 
y 
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by a simple reorganization of terms. Restrict and n 
so that 

|£nl < ancl k2! < ff/8. 

Then, also, jtan £n( < l/8(n-l/2), from the proof of Lemma 

VIII. To estimate the denominator, we observe first that: 

I-tan En + (ni - fn)sec2fn| 

t nir - |tanen| - |€naec2En| - nir|tan26n] 

^ ' 8(n-l/2) " 4 + 64(n-l/2)*^ * n,r 64(n-l/2)1! 

> nT/2 , for all n. 

Thus the denominator in (25’ ) is > 4 T^n2 in magnitude. 

For |x| = 0, 

lf_(0ik )| S I™ tan^n - tan 6n - ¿nsec2Enl 
• n * o ' . Tfln*/2 

^ m |tan2g nl I tan 6 + lfnsec2£nl 
nB/2 

From the estimate of jtan £n| , we see that each of the terms 

in the numerator is uniformly bounded for all n. So there 

exists a positive constant, K0, independent of n, such that 

|fn(0;ko)l £ for all n. 

Thus Zfn(0;ko) converges uniformly in k . 

For |x|>0, we have for the numerator: 
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im [e"n7r|x|//2sec2çn - e"^nJr/2 * ^n^lj 

- [tan en + fnsec2£nJ e’n,,*xl/2 I 

- enir|x|/2 

$ e-nv|x|/2 

|im(l+tan26n) - ime£n,xL tan 5n - ^nsec2£n 

[im|tan2en| + m|e£n'xl. i| + |tangn| + |£ 

Since 

leínW. !]< |eigUI. 1ji 

and 

e-ni7(x|/2 I jen||x| ,1. _Jnl . l 
I I "^2 -|en| ^ 2ln-l/2] ' 

we find again that each of the terms in the numerator is 

uniformly bounded for all n. So finally, 

|fn(lx|îk0)| * e"nïï,x|/2 n ^ e-nir|x|/2^ 

where K is a positive constant independent of n. 

So we have proved more than was needed: The series 

e+nir|x|/2 
n=l M;k0) 

converges uniformly with respect both to k (near k = 0) 
0 O' 

and to IXj (for all |xl £0). 

To prove (c), we note that equation (25) gives: 

* (lx|;ko) e-nirlx| 
oo 

2T 9n^(|x|) k2v , 

where 9ntV(lx|) is a polynomial of degree V in x. Thus: 
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% = n| v| e"nirl*19n,v(ixi) V 
* f kf f e-nI,J<l9nV(lxl) 

V=1 0 n=l n,v 

= Z kf [.-11% v(|x|) + 0(0-^1)]. 
V=1 0 1,v 

Note that in general it would be wrong to remove the factor 

e-trtxl£rom surnmation# becau; e there is no guarantee of 

the uniform convergence at large |x| of Eg^yix ). However, 

as proved in (b), we can remove a factor e-7^x^^ without 

difficulty. 

LEMMA XI. The integral 
«+ oo 

h(V;k0) f(f-!'?k0) dç* 
J-00 

can be expanded in an asymptotic power series in kQ, valid 

as kQ —> 0, uniformly in | for - oo < - M < Ç , where 

M is any real constant. If the expansion is given by 

for n 2. 

Proof. From (15b), Lemma III, and (23), we have for the 

integral: 
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/>+ oo 

h(5'îk ) f(f-f'ik ) dç* 
W - oo 

r«+ oo 
_ a y 

V 

+ acr4 

elk°f [3^-I]0lo9 [1 - df 
- 00 

A+ 00 

(a) 

•lk#'iaé-i3o{nî1f„(?-?^o)}<'!' 
“ 00 

+ 00 

■ tanh k0\î r¿k0Ainh ¿k0J «ik°5[ä|.- 1]0 

.[e^(ï-r).,-iM?-ï’)] dr> 

Consider the first integral. Let 

IN "I ^'¿0^ k"3^- 1]0 ^9[1- e-'lF-Fl] df' . 

For I ^ Mf where M is any large positive number, 

[eÍko*- £ ÍCq] = o(k^J uniformly in as 
n=0 

*0 ^0, fly Lemma III, the same is true if we multiply 

this quantity by [^-Uq. But the multiplication by 

Eaf-Uo tarantees that the product will have a finite 

absolute bound at some finite value of £' and will approach 

zero as Ifl—►oo, provided only that IkJ < ir. Thus 

[Ht'’ ^ik°K X ^ni~ kS] = as k0-► °’ 
n-0 

uniformly in f' for all ?'(even as ?'—► + <»). 

Since log [1 - e ^ is integrable over the 

(a^^-l]0 means: [$7,-1] evaluated at V)' = 0. 



22 

infinite interval, we can multiply the asymptotic expansion 

by it and integrate term-by-term, obtaining another asymptotic 

expansion. (See reference 6.) 

I E lkoS'[ál-i]0iog[i- df e 
- oo 

N A+ oo 

11 ay + oik«) 
n=0 J - oo 

N 

* 1 v?)*; + o(kN), as ito—►£). 
n=0 

We note that 

!„(?) = as J-^ioo. 

All of the above steps can be carried out on the 

integral: 

J(íík0) = 

*+ 00 

1J0 dr • 
- 00 

although it is first necessary to rearrange terms in the 

product of the respective expansions of e^°^ and Zf . 
n 

The exponential bounds on the coefficients of the latter 

series guarantee existence of all of the integrals. It 

is found that J0(ï) = J,(r = 0 and: 

J„.(Ç) = Oír"-1 e-*1*1) as *-»± 

The third integral can be written: 
r+ oo 

00. 

k($;U = 

? 

}ik0V¡-d¿_ ij^e^od-^.e-ikoíÇ-rO^ç/ 

y r00 P00 
= elk^í [â|,-l]0dr - e'lk<* e2ik<í'[4.1]0dr 

Jf ''t 
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N 

with 

= Z Kn(í) “S + 0(kj) as kQ-»0, 
n=l 

0(^ne as f-► + oo, 

Kn<?) =to(rn) as } - oo. 

We previously had the fact that <r2(k0) can be expressed 

as a power series in k0> containing only even powers and 

starting with the k2 term. Also, the denominator of the 

quantity which multiplies K(*;k0) can be expanded into a 

series starting with a term linear in k0. Since asymptotic ' 

power series have the multiplicative property, we can combine 

and rearrange these series formally, as needed, and we obtain 

for the desired integral: 
>+ oo 

htf'.-k ) f(|-f';k.) df' 
- 00 

= isiiW [ T I ({, kn + o(kN 
n=0 n ° o )] 

N 
- <k0) [ Z J„(?) k^ + o(k“)] 

n_2 w u o 

2 

tanh kQ L1+2£/sinh 2k0J ^ ko + 0iko^ 

N 

5 Z HnW kS + 
n=2 

o(^) as k ->0. (a) 

where 
Hn<5> M aSf^ + “' 

' 0(^-1) as f —.- oo. 

Tãl— -----— 
1xPliSuWÍí:1.be,called "àn asymptotic expansion to N terms" 

although strictly there are at most N-l non-zero terms. 
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XI1, If a < 1 (See Lemma IV), then there exists 

a sequence of functions, {<pn(£)}, such that 
N 

?(£.0¡ko) = y Tn(Y) k" t 0(k^J as k 

n=2 

:n-i; 

y 

0; 

lt. J otF"-1) 

‘ l o.,"-V'i ) 

as J 

as Î 

+ -°o, 

e +00. 

That is, <p(Ç,0;ko) has an asymptotic expansion in powers of 

k0 for all £ , uniform in J for - oo < -m < J , where 

M is any real constant. 

Proofs Kreisel showed that <p(f,0;k0) is the solution 

of the integral equation, (18), and for a < 1 the solution 

is given by: 

oo 
<p(£,0;ko) = 

where 

+o(*’0¡ko) 

Z +r(!?»0;k ) 
r=0 0 

+ oo 

hlf'iko) f(í-í¡k0) di', 
J - OC 

1 
.+ 00 

♦r+líf-OÜ'oJ = 9Íf/»k0) fíí-r-;^) +r(F',0¡ko) df'. 
- 00 

It was shown in Lemma XI that to0f,0;ko) can be expanded in 

an asymptotic power series to N terms, the first.non-zero 

term containing k^. Because of the properties of g(|r;k0) 

(See (15a), (6*), and Lemma III.), and by the same arguments 

as used in Lemma XI, ijri(£,0;ko) can be expanded into an 

asymptotic series with N+2 terms, the first non-zero term 

containing k£. Similarly, Ÿr(ï*05ko) can be expanded into a 

series with N+2r terms, starting with the term. Thus, 

existence of the expansion of |o(!,0;ko) to N terms guárante 
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the existence of the expansions of Ÿr(f»°*k0)» r > 0, to at 

least N terms. Furthermore, only a finite number of the 

lr^»°»ko^ wi:Li have 'terrns in their expansions containing 

ko» for n < N. Thus <Pn(?) can be found by summing the 

coefficients of kJJ in the expansions of tr(?,0;ko). Such 

sums will have only a finite number of terms. 

The highest power of } appearing in cpn(f) (as $_* - oo) 

arises in the contribution from ^(£,0;^). Thus 

= 0(Fn as }-> - oo. 

Analysis similar to that of Lemma XI shows that the predomi¬ 

nant behavior as 1*—^ + 00 is also determined by ÿo(lr>0*koK 

We are now ready to prove the theorem which is the main 

purpose of this section: 

THEOREM I. If a <. 1 (See Lemma IV.), there exists a 

sequence of functions, {(pn(|,iq)}l such that: 

N 

<p(ï»n»k0) = ^ ko + °(ko) as ko-* 
n=2 

for every (|,»j) in the fluid domain, with 

as 
= 

0(?n ^) as f *—>■ - oo, 

0(Çn "e ^^ ) as Ç > + oo. 

Pro°f• Lemma V provides the methods for calculating 

?(* »T *k0) ^rom <p(f»^»k0)* We must prove that the integrand 

appearing in the statement of that lemma has an asymptotic 

expansion uniformly in ?, for all ? . Then the integral will 

have an asymptotic expansion. 

From (14) and Lemma XII, 
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<r2(k0) <p(f.O!ko) - ?T(?,o¡k0) 

has an asymptotic power series expansion, valid as k -► 0. 
o 

Because the factor [g|-Uq appears in both terms (See (14) 

and (15).), this expansion is valid uniformly in \ , for 

T addition, the coefficient of each power of k 
o 

is bounded at least by the product of a polynomial times a 

decaying exponential, as in —*oo. So it is necessary to 

prove only that fi^-^^jk^) has an asymptotic expansion in 

which the coefficients of k£ are of finite degree as 

1^1 —► oo, for any n. 

f(*,y*k0) was defined in Lemma IV. It can be evaluated 

by residue theory in the same way that Kreisel evaluated it 

for the case that y = 0. It is easily seen that the only 

poles of the integrand are at the zeros of 0*^ - k tanh k, 

i.e., at ± k0 and ± ikn, n = 1,2,3. (See (6’), (7), 

and the footnote to (7‘ ).) For x > 0, 

00 

f(x,y;k) = - 5"" — ^ My*1) - e knX__ 
írl C0S kn tan kn Ll + 2kn/sin 2knJ * 

Now, I cos kn(y+l)| = |Cos (n7r-6n) (y+1 )| 

- I cos nr-(y+l) cos £n(y+D + sin nîr(y+l) sinfn(y+l)| 

< |cos 6n(y+l)| + jsin fn(y+l)| . , 
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[cos kn(y+l) 
I cos kn 

S21 ~ii * / 'i 

cos fn I 
sin £n(y+l)| 

cos €n I 

for large n, 

since -1 < y ^ 0, and since |fn|-> 0 as n —»oo. Thus 

the convergence properties of the sum representing f(x,0;k0) 

(See Lemma X.) apply to the above sum for f(x,y;k0), y ï Q. 

Let: 

fn(lx|,yikj = - Itn(ytl) e'knlx|_ 
0 cos kn tan kn LI +2kn/sin 2knJ 

+ i-Uncos mr(v+i) e~nTr<-l 
7m 

Then: 

i(x,y;krt) = „Vnd’i.y^o) 

■ ^ log[l + 2e ''«'cos ïr{y+l) + e~^^x^] 

(27) 

+ ¿(l-sgn 
eikox . e-ikox 

c°sh k0 tanh k0 [1 +2K/sinh 2k0J 

In the same way as for f(x,0;ko), it can be shown that 

f(x»y;k0), y ^ 0, has the desired properties: It can be 

expanded into a Taylor series (and thus an asymptotic series) 

in powers of k0, for all x, (except the logarithm term, which 

does not depend on k0> may become infinite at x = 0) with the 

coefficient of k^ of finite degree as x—► - oo and 
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approaching zero as x-> + oo. 

As in Lemma XI, the predominant behavior of as 

$—►loo is found from the last term in f(x,y;k0) above. 

Since 

cosh k0(y+l) 
cosh k0 1 + o(k0), 

this predominant behavior is unaffected by y, so that the 

asymptotic behavior of <j>n(í,r|), as }->±00, is identical 

with that of (pn(?,0) = <pn(ï). 

In the above theorem and in several of the lemmas, 

estimates have been provided concerning the order of magni¬ 

tude of the terms in the expansions as £-►loo. It has not 

always been essential to make these estimates, and, in fact, 

the next section provides an explicit statement concerning 

the behavior of the terms as Ç—^-00. (All terms approach 

zero as £—►too.) However, the estimates have been 

included for the purpose of emphasizing the non-uniformity 

of the asymptotic expansion. Lemma I showed that the poten¬ 

tial remains bounded, even infinitely far away. But it has 

been shown now that the individual terms in the expansion 

become unbounded at - 00, This is not particularly remarkable 

in itself; the potential acts like a sine function at -00» 
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and if, say, sin kQX were expanded into an asymptotic series 

in powers of k , the same behavior would be found. However, 

we propose presently to use these expansions in a way which 

depends explicitly on their behavior at infinity, viz., to 

calculate the reflection and transmission coefficients. 

Before doing so, it is necessary to show that this unbounded¬ 

ness of the terms at infinity must take a particular form, 

and that this form enables us to determine the terms com¬ 

pletely and uniquely. This will be done in the next sections. 

To complete this section, it is necessary to state one 

more fact, which is now rather obvious: 

COROLLARY. The complete potential in the £-plane, 
i 

that is, 

+ a.“o* ço^tn , 

(See (13) and the first paragraph of this section.) has an 

asymptotic expansion in powers of k0> valid as kQ-► 0, 

holding uniformly for \|| < M < oo. The same is true of the 

potential in the z-plane. 
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>+«>, the potential is a 

sum of a sinusoidally-varying function plus a function which 

diminishes exponentially. Theorem I showed that this sum 

can be represented by an asymptotic expansion, for all | 

We now show that the sinusoidal part of the solution can be 

represented separately by an asymptotic expansion. 

THEOREM 11, As ?-»-oo, 

9l(f,^ko)^Ç°â.hskn|^l) [ai(ko)eikoï . 0,(lto),-iM]( 

where 0^) and a2(ko) can each be represented by asymp¬ 

totic expansions in powers of k0, each starting with terms 

linear in k0. As * —too, n(i,0. 

ProoL. The result for + co is already given in equation 

(16b). Lemma VI provides the method for calculating g,(f,0¡ko) 

as * —► - oo. The integrands appearing in Lemma VI can each 

be expanded in asymptotic series in powers of k0, starting 

with terms containing k*. This proves the lemma for ^ = 0. 

Kreisel proved Lemma VI by showing that only the 

asymmetrical part of f(T-f';ko) (See (23).) contributes to 

the asymptotic potential for ï_ -oo. By substituting 

(27) into the equation of Lemma V, one finds that this is 
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still true when ^ 0, i.e.f 

n(^.0;ko) as f - 00. 

The second part of this proof could also be implied 

directly from Lemma I. 

COROLLARY. The errors in the estimates of Theorem II 

diminish exponentially as ?—» +co. 

Proofs This follows directly from Lemma I. 

Theorem II is equivalent to the statement that the 

amplitude and phase of the sinusoidal solutions at infinity 

can be represented by asymptotic expansions in powers of k 
o 

Clearly, the same is true for the complete potential in the 

S-plane and for the potential in the z-plane. 
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í 

IV. UNIQUENESS OF THE ASYMPTOTIC EXPANSION 

OF THE VELOCITY POTENTIAL 

We consider again in this section the function 

and again we drop the subscript. So the function <p(ï,r|;k0) 

here satisfies: 

<p bounded and harmonic in the fluid domain; (28) 

Tr, = 0 on X) = -1 ; (29) 

»1 = <r2(ko) at f - h<*!ko> on 't 1 °¡ (30) 

<p(M;k0) ^_00v i[tanh k0 (l+2k0/sinh 2k0)]"1 

p+0° (31) 

[9(nko)9(r.0;ko) + h(F';kc)] 

^°° .[eiko(i-r#) . e-ik0(ï-r)] dr> 

(30) comes directly from (14) and (15a); (31) is just Lemma 

VI. g(Ç;ko) and h(?;kQ) are defined in (15a) and (15b). As 

I—> + 00, (|)(^>0;ko) >0. 

In the expansion of cp(î,v|;k0), cpn(F,o) satisfies: 

<pn bounded and harmonic in the fluid domain; (28’) 

9=0 on r} = -1; (29’ ) 
T 

9n = a function of (92. ..9n-l’ ? ) 

^ on rj = 0; (30*) 

^n ~~i ^ a Polynomial t which depends only 

on 92» 93» • • • . 9n_'., on rt = 0; 

—-—0 on »1 = 0. ) 
t —* + 00 ' 

(301) and (311) follow from (30) and (31) on noting that 

any particular 9n(f,0) is multiplied by a higher power of 



ko on the right side than on the left. When coefficients of 

given powers of ko are separated, the primed conditions 

result. We also note that <p0(!,ir|) = = 0, from 

Theorem I. 

THEOREM III. If a < 1 (See Lemma IV. ), then <pn($,vj) 

is uniquely given by the above statement of the problem. 

Proof- We prove this by induction. For n = 2 (the 

smallest n for which <pn(*,»)) is not identically zero), we 

have the conditions: 

''“I ' “ 

on rj 

dz 

■i » 

98 

= a [gjr - 1] on ^ = 0 ; 

oi t + o# as f—►- oo, on >1 = 0; 

0 as }—»+00, on ^ = 0 ; 

where 

Ci = a 
p+ oo 

J«- 
^ - 00 

Uo di • 
00 

r+ oo 

c* = a 
oo 

A solution for this problem exists; in fact, it was already 

shown that 
o+ oo 

m-T'ik.) Of' , ,{l?,0) = koi"o ^ 
V - 00 

and 92(Çi»}) is obtained by the methods of the previous sec¬ 

tion. 

Now suppose that there is some other solution for 

92(^)- Let lOf.i')) be their difference. Then ÿ satisfies: 

Ÿd.v)) bounded and harmonic in the fluid domain; (28") 



Ÿ > 0 as on rç = 0. (32M 

By (29") and (30"), |ÜF,V|) can be extended into the whole 

plane as a bounded, harmonic function, periodic in : 

Ÿn(M) = ^ fn(f) sin n7T/| + fo(f). 

But f0(f) = 0, by (29") or (30"). Thus *(*.,,) can also be 

represented in the whole plane as a periodic function which 

is bounded and harmonic everywhere. By (31") it is bounded 

even as Ç—*±oo. Thus it is a constant, and again by (31") 

that constant must be zero. 

For any other n, n > 2, a solution is given for 

9n(M) by the methods of the previous section. Suppose a 

second distinct solution were possible. We assume that, for 

m < n* ^(f»^) is unambiguously known. Then the difference 

between the solutions must again be a function satisfying 

(28") to (31»), and the same arguments show it to be identi¬ 

cally zero. 
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# 

A« The differential-difference equation 

We seek a potential function which can be written: 

§(x,y,t;k0) = 9i(x,y!k0) cos-rt + <ps(x,y¡k0) sin<rt 

, (2) 
9i and <pa «ach satisfy: 

9i(x»yï,co) is bounded and harmonic in the fluid domain; 

^ = 0 on y = b( x) ; 

_ 2 fl®i _ 
^ ^i “ 3y ” 0 on y = 0. 

(4a) 

(4b) 

(4c) 

(We still take the units of time such that g = 1.) ^ and 

92 are«real-valued functions. 

Let us now map the fluid domain into a strip in a new 

The mapping is conformal except perhaps at a finite number 

of points on 'the bottom. Also it is unique except for the 

possibility of a translation of the strip parallel to the 

H-axis in the ¿¡-plane. The fluid domain corresponds to 

the strip: 0 < $ < 1/2, - oo < y) < +oo, in the ¿¡-plane. 
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<A and $B are the images of the ends of the flat portions 

of the bottom. The part of the rç-axis between £. and £n 

is called "Lo"; the rest of the r|-axis is called "A1'. 

Let 

f(0 1 dz(g) 
2ih dc (32) 

Since Im[f(Ç)] = 0 on A and on ^ = 1/2, f(C) can be extended 

into the whole plane as a periodic function, with period unity: 

f(C+l) = f(0. (33a) 

Also, 

f(<) = f(-?)- (33b) 

There will generally be branch cuts at the periodic repeti¬ 

tions of Lq. If we define: 

Ln = {^ : ^ L0} » (34) 

then each Ln, n = 0, ±1, +2, . . 0 , is a branch cut for the 

function f(Ç). 

Let |(T,»|;<f) be the harmonic function in the £-plane 

corresponding to either or <p2» i.e., 

= 'Ki(x,y),*l(x,y)iJ-(k0))> i = 1 or 2, 

where 

S = 2hl<0. 

kQ is now to be considered strictly as a real variable. 

From (4b) and (4c), \|r(|,irj;^) satisfies: 

- (2ha-2) f(Ç) | = o on Ç = 1/2? (35a) 

= 0 on \ = +0. (35b) 

We now change the problem to one of finding a function of a 

complex variable, ¢= Ç+ irj , which satisfies conditions to 

be determined. We state the new problem in the following: 
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THEOREM IV. Let G(Ç;í) be a function defined in # (the 

image of the fluid domain), such that 

= RetiGfci*)] = - Im[G(<;<f)] 

satisfies (35a) and (35b). Then G(e;;/) can be continued 

analytically into the whole plane in such a way that it 

satisfies: 

[G‘(C+l;¿) - G'£;<*)] - 2h<T2f(0[G(¿;+l;<í)+Gte;i)] = 0, 

(36) 
for all £ , and it also satisfies: 

Re[G(£;«T)] = 0 on L0 U A . (37) 

The prime denotes differentiation with-respect to C. 

(Generally it will be necessary for branch cuts to be located 

on every Ln; in addition, to make G(C;¿) single-valued, it 

may be necessary to cut the plane further, viz., along the 

real axis from Y = 1 to Ç = 00 and from ? = -1 to f = - 00. ) 

Eroof• ßy (35b), Re[G(C;<0] = constant on LQUA. Since 

there are no restrictions which prevent the addition of an 

arbitrary real constant to G(Ç;<Í) (| determines directly only 

the imaginary part of G), we set: 

Re[G(C ; Í) ] = 0 on LqUA. 

We then extend the definition of G(C;i) into 8' (See Figure 

2) by reflection about the imaginary axis. Let the function 

so defined on Æ U 0' again be called G(C;J); then ^ 

*!!£ =S 0Pe? set- 1,6 G(t¡<í) on the bound- 
anes as the limiting value when the boundary is approached 
from the interior, if such a limiting value exists. Where such 
limit does not exist, the function remains undefined. 
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Gí¿’í<f^=i;1 = - <! € /3 U ñ\ (38a) 

GMCiíJjj. j1 = + G'Í! É © U &'. (38b) 

Since t(?,n¡J) = - Im[G(< ;¿) ], +5(?,n¡í) = - lm[G'(C;<5)], 

we can write: 

♦ (f .1!«*) = - ¿ [G(r+if|!<f) + G(-*+ir|¡í)] ¡ 

♦ ftf.li'í) = - ¿ [G-(F+lr)¡í) - G'i-ï+i^/)]. 

Then equation (35a) becomes, for C = 1/2 + i/| : 

[G’(C;J)-G'(C-l;<f)] - 2hCT2f(C)[G(S;<f)+G(£-l;<f)] = 0. 

So far, G(C;cf) has been defined only for C, ( /Ouß', 

i.e., for - 1/2 < + 1/2, We can extend G(C;«5) into the 

whole plane now by this equation. Let us again call the 

extended function G(C;<S); then, for example, if 1/2 < Ç ^ 3/2, 

G(C;J) is given by the solution of the differential equation: 

G’ (Ci<) - 2hcr 2f(c)G(t;<f) = G1 (C-lji) +2h<r2f (Ocfc-l^). 

The right hand side is completely defined, since f(C) was 

previously extended into the whole (cut) plane. We note 

that the differential equation has singular points on the 

branch cuts, Ln. So it is expected that G(C;<f) will like¬ 

wise have singularities on Ln, for all n. Otherwise, the 

differential equation has no singular points, and so it 

defines G(C;<f) as an analytic function in the neighborhood 

of any point C ¢ L . 

For -1 < ? < +1, the differential equation defines G(C;<r) 
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as a single-valued function. But for I?I>1, it may be 

necessary to introduce other branch cuts connecting the L 's, 

in order to make G(t;S) single-valued. If such be necessary, 

let us make the cuts along the real axis, so that G(t;<f) may 

be defined uniquely as a single-valued analytic function 

everywhere in the cut plane: 

Clearly the extension of G(t;<f) into & also satisfies (37). 

The converse of Theorem IV is also true: 

THEOREM V. Let G(C;i) be a single-valued analytic 

function in the cut plane of Figure 3, satisfying (36) and 
(37). Then 

KM;*) = Re[ iG(C ;<f) ] (38 

satisfies (35a) and (35b). 

Proofs Equation (37) requires that 

+ Gl-i+ir^i) = 21 Im[G(^+i»|ii)] 

= -21 i|r(j,r|¡í)¡ 

G’íj+l^í) - G'(-|+ir)!Í) = -21 

Wh.n these are substituted into (36), we obtain (35a). Also, 

(37) requires that Im[G'(£;i)] =■- = 0, on Ç = 0. 
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B. Boundedness of the complex potential 

In the z-plane it was permitted that the velocity might 

be infinite at a finite number of points on the bottom. We 

now show that the analogous situation cannot occur in the 

Ç -plane. 

THEOREM VI. G(£;<0 is analytic, thus bounded, on and 

near L ; G'is thus also bounded on and near L . o o 

Proof. Let zQ be one of the points of the bottom at 

which the velocity is infinite, and let its image in the 

C-plane be CQ 6 L . Since there are only a finite number 

of such points, there is a neighborhood of which contains 

no other such points. In this neighborhood, G(Ç;í) is single¬ 

valued (except that it may be undefined at Ç Q itself), since 

Re[G(C;i)] = 0 on L0UA, and this implies that ImLG(C;<f)] 

has the same value on both sides of LQUA. (For points near 

but not on LoUA , G(C;<f*) is obviously single-valued.) Also, 

G(C;<f) is analytic in this neighborhood, except possibly at 

£0 itself. Thus either £0 is a regular point or else 

G(<i<r) has an isolated singularity at ÇQ. 

Now \]/(Ç ,ir);<r) = - ImLGÍCjí)] is bounded for or 

C € LoUA. The extension of GÍCjí) into ft* shows that 

Im[G(t;i)] is bounded there also. Thus Im[G(¿T;í)] is bounded 

in the complete neighborhood of CQ> At an isolated singular¬ 

ity, it is impossible for the imaginary part of the function 

to be bounded in a complete neighborhood and the real part 

unbounded. So G(t;eí) is bounded in the neighborhood of CQ 

and £o is a regular point of G(C;¿"). 
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We thus have the fact that LQ is actually not needed as 

a branch cut for G(C;Í); G(¿;¿) is analytic for all 

£ € £ UÆ UrfLo UJV. And, in fact, from the differential 

equation which extends G(£;<T) into the whole plane, G(C;<f) 

is analytic for all C such that -1<Ç<+1, - oo<rç<+oo. 

But it should be noted that L0 is still a branch cut for f(£), 

and the cuts on Ln, n * 0, are still needed for G(C;<T). 

£*—Ihe asymptotic expansion of the comolpy potential 

We now assume that G(£;<i) can be expressed asymptotically 

as f —>0 by a power series in 
N 

G(£jiJ = ^ Gn(C)<fn + o((fN), as «T—*0. (40) 
n=0 

Let: 

oo 

2h^2 = T r2ncT2n. (41) 
n=l 4 

Since 2hO-2 = 21toh tanh k0h = <f tanh <f/2, it is easily 

seen from the well-known expansion for the hyperbolic tan¬ 

gent that 

v - 2(2^-1) p 
Y2n (2n)! B2n ’ (41’) 

where ¡$2^ ~ (2n)^^ Bernoulli number. 

Also, define the two operators: 

(a) 
yThe definition of 

reference 7, where: 
B2n is not standard. We are following 

“ tn + 
Ç ÏÏT Bn = Vie1-!). 

Then, for example, B0= 1; 
etc. Also, ya = 1/2; y4 

bi= -1/2; Ba= 1/6; B3= 0; 
- 1/24; Ys = 1/240; etc. 

34= --1/30; 
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AFÍC) = F(C+l) - F(0, 

2F(<) = F(C+1) + F«J. 

Then we have the following: 

JHEOftEM VII. Gn(0 satisfies the following conditions, 

for all n: 
q 

-r- __ (42) iGn(C) = f(£) Z T2mMn.2ra(0 , 
m=l 

where 

q = 
n/2, for n even, 

. (n-l)/2, for n odd. 

Re[Gn(C)] = 0 for £ = 0. (43) 

lGn^l ’ lGñ(c)l bounded in ß V G'l) Lq \j J\_ t (44) 

except as /)—►too, where each is of finite degree in Ç . 

-yoof• is obtained by substituting (40) and (41) 

into (36) and then identifying corresponding coefficients 

of <f. When the expansion, (40), is substituted into (37), 

the latter must hold for the coefficient of each power of 

, which gives (43). Likewise, Theorem VI must apply to 

each coefficient of in (40). 

From Theorem H, Im[G(i;<f)] behaves sinusoidally 

in as i) ±00. From Lemma I, the error in approximating 

Im[G(£;J)] by a sinusoidal function, asrj—►¿oo, decreases 

exponentially with increasing |r)|. That is, 

Re[iG(£;i)] = Re[Aicosh(ite - ill) + iAasinh(<fc - ie8 )] 

+ Oie-01^1), as ^—>±00, 

where Ai, A2, , e8 are real constants depending only on 

sgn Kj and on cf , and c is a real positive constant depending 

only on the geometry. Since Re[G(C;<T)] = 0 on f = 0, this 
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requires that 

iG(C;<f) -^ Aicosh(cTç-i e*) + ^sinhí^C - ig2 ) 

as rj—»loo, again with exponentially diminishing error. By 

Theorem II, the right hand side here can be expanded into an 

asymptotic power series in <f ; clearly then Gn(£) will behave 

like a polynomial in C , as rj—^+00. 

If we write: 
N 

Gn(C) = Z anm(89n'l)Cœ + Ote’'1’'1), as « —.+«, 
m=0 

then: 
* 

N 

G;( ) ^ manm(s9n 2;m'1 + 0(e“c|lr|1). 
m=l 

This is possible only because of the rapid decrease in the 

error term. We thus have the last part of the theorem. 

COROLLARY. The polynomial expression for G (C) as 

H ^00 can be differentiated to give the expression for 

the behavior of G¿(¿;) in the same limits. 

The above statement of the asymptotic behavior of Gn(C) 

and G^(<) is not sufficient to determine the function G (£). 
n 

We postpone to a later section the formulation of a more 
» 

explicit condition at infinity. 
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The determination of the asymptotic expansions can be 

simplified in cases where the bottom is symmetrical about a 

vertical axis. In this and the following sections, we assume 

that the function which specifies the shape of the bottom has 

the property: 

b(x) = b(-x). (45) 

We also require that the mapping into the £-plane be per¬ 

formed so that the symmetry axis in the z-plane goes into 

the real axis in the C-plane. (See Figure 2.) Then it is 

apparent from the symmetry that Im[f(Ç)] = 0 on rj = 0, 

0 < Ç < 1/2. Thus: 

f(o = T(?y ; (46a) 
which, with (33b), implies that 

f(0 = f(-0. (46b) 

For reference, we note that: 

T(C) - 1 + 0(e ^lll) as ^—* + 00. (47) 

——Separation into even and odd solutions 

THEOREM VIII. If (45) holds, then any solution can be 

represented as the sum of an odd and an even function, each 

of which is separately a solution. 

Let G(C;<f) be a solution as defined in Section 

V, i.e., 

= Re[iG(C5i)] (48) 

satisfies (35a) and (35b). Let G be continued into ft' as 

given by (38a) and (38b). Then (35a) is equivalent to: 
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Im^ dCi ’* " (?iJG(^i;<0] = 0, (49 j 

for Ci = 1/2 + iirj. By (38a) and (38b), 

Im[- - 2hcr 2f fca)G(Sa ;<f)] = 0, (4f ) 

for C» = -1/2 + if) . if we take Ct = - Ci, with Ci = 

1/2 + if) , then: 

G(C,ï<F) = GirCiiS), and = . -d_G(-C<;<n 
d<r2 dC,i * 

Thus, for Ct = 1/2 + 1*| , (49') gives: 

imtáSí^liíl . 2h<r2f(Cl)G(_Cl!<J-)] s 0> 

(46b) has been used here. This is the same as the condition 

on GlOii). That is. if G(Ciá) satisfies (49), then so does 

G(-Ci<T). 

Equation (35b) requires that Re[G(C;<f)] = 0 on ? = 0. 

Obviously, if G(£;¿) satisfies this condition, then so does 

G(-rj<f). 

Now we need only note that 

G(C;<f) = ^[0((^) +G(-£;<r)] + ^[G(e:;i)-G(-C;<f)], 

the first bracketed quantity being even in C , the second 

odd in C, and each a solution separately satisfying (35a) 

and (35b) (when (48) is used). 

If a solution satisfies (37) (as it must), and if it is 

odd or even in C , then it is easily seen that the real and 

imaginary parts are each odd or even in r) . The mapping 
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between the z-plane and the ¿T-plane retains this symmetry, 

so that the real potential in the z-plane can also be repre 

sented as the sum of odd and even solutions in x. 

—Asymptotic form of the even and odd solutions 

The original form of the solution in the z-plane was: 

§(x,yft;ko) = 9i(x,y;k0) cos at + <pa(x,yjk0) sinat. 

, (50) 
(See equation (2).) We can now rewrite this: 

§(xff,t;ko) = ^ |Íçi(x,y;ko) + <pi (- x,y;ko)] cosat (50a) 

+ U2(x,y;ko)+9a(-x,y;ko)] sin <rtj 

+ ^{[«Piíx.yík^-^í-x.yikJ] cos <rt 

+ U2(x,y;k0)-9a(-x,y;k0)] sin crt| . 

Each quantity in square brackets is a solution of the 

time-independent problem: 

(A) < 

bounded and harmonic 

0 on y = b(x); 

in the fluid domain; 

LEMMA. Let 

^i(x.y!k0) = 5Ui(x.y!k0) + n(-x.y¡k0)], 

^.(«»yikg) = stfsfxiyîkç) + 9.(-x,y¡k0)]. 

Then: 

^i(x,y¡k0) = A ^2(x,yik0) , 

where A = a real constant! that is, the two even solutions 
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* 
V 

are linearly dependent. Similarly, the two odd solutions are 

linearly dependent. 

Proofs Suppose the two even solutions to be indepen¬ 

dent. As X >?oo , each must vary sinusoidally in x, by 

Lemma I. Since each is even in x, let their asymptotic 

behavior be given by: 

^i(x,0;ko)-^Ajcos (k0x±Yi). 

^a(x,0;ko) ->> Aacos (k0x + ye). 

Now [^i(x,y;ko)cos crt] and 2(x,y;ko)sin at] are legiti¬ 

mate solutions for §(x,y,t;k0); so also must be the linear 

combination of these: 

$i(x,y,tiko) = ^i(x>y;k0)cosct + j^*(x,y;k0) 

As x-> T oo, 

sin at. 

$i(x,0,t;ko)-> cos (kox + at) [ cos Yi i sin Ya] 

+ sin (kQx + at) [Tsin Yi + cos Ya] 

+ cos (kox -o-t) [ cos Yl ? sin Ya] 

+ sin (kQx - at) [?sin Yl - cos Ya]. 

The transmission of energy principle (Lemma II) then requires, 

after some reduction, that 

Y* = Yi • 

That is, and (Ax/A2)^2 have the same asymptotic behavior. 

Now let: 

= #iU,y¡k0) - S^a(x.y¡k0) . 

^ satisfies (A) and in addition: 
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^(x,y;ko)-»0 as x->Too. 

In the ¿[-plane used in Section III, ^(x(r,v)),y(f 

satisfies: 

* X = " Lg^-1]^ on rj = o. 

This is exactly of the form for application of Lemma IV, but 

with h(Ç;k0) = 0. The solution by iteration of the integral 

equation(a) in Lemma IV shows that ^ is identically zero 

for f| - 0. Equation (14) and Lemma V then show that V 

is identically zero for all (f.rj), hence for all (x,y). This 

proves that ^ and are linearly related. The same 

proof applies to the odd solutions as well. 

THEOREM IX. For the symmetrical geometry, the potential 
can be written: 

$(x,y,t;ko) = >Mx,y;ko)cos(<rt + *) 

where, in the notation of (50), 

+ t8(x,y;ko)sin(o-t +/S), 
(51) 

Ÿi(x,y;ko) cos o< 

ti(x,y;ko) sin <* 

t*(x,y;ko) cos ß 

ta(x,y;ko) sinß 

= jtfilx.yîk,,) + ?i(-x,y¡k0)] , 

* jtíílx^jko) + ía(-x,y¡k0)] , 

= 3[f»(x,y¡k0) - <p,(-x,y;k0)] , 

= 5[<Pi(x,y;k0) - <pi(-x,y¡k0)] , 

!na)dTetaííP¿íCKÍeÍssfiíh«f«encei03n.PrOCedUre is dUcussed 
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and a and /3 are functions of kQ only. Furthermore, if 

^(X,0>t?kO) r-o? cos(<rt - k0x) + a1(k0)cos((rt+k0x) 

+ aa(k0)sin(<rt +k x), 
(50b) 

V—b»(lt0)cos(o-t-k0x) + b,(k0)sin(»t-k0x), 

then: 

|i(x,0;ko) -►cos (k0x +«) as x —**oo, (52a) 

|a(x,0;ko) -> sin (kox ±0 ) as x—>Too. (52b) 

—The first result, (51J, comes immediately from 

application of the Lemma to (50a). The Second result, (52a) 

and (52b), is obtained by writing the asymptotic form of ^ 

and ijrg, as x-*?oo: 

Ÿi(x,0;ko)—.—^.Ajcos (k0x ± yi)» 

|8(x,0;ko)-> Agsin (kox + y«). 

These forms must exist, since *1 and are even and odd, 

respectively, and they behave sinusoidally at infinity, by 

Lemma I. Detailed comparison with a reduction of (50b) 

shows however that these forms can exist only if: 

A1 = A* = 1; Yl = <* ; y8 = 0 . 

Thus the second part of the theorem. 

Further comparison of (50b) with (52a) and (52b) shows 

that: 

ai s sin («+/3) sin (/3-0/); 

bi = cos (<*+/?) cos (/5-0/); 

a8 = cos (o/ + /3) sin ((3 -o<); 

b8 --sin (o< + ^) cos (/3-ot). 

(53) 
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We again map (conformally) the fluid domain onto the 

strip: 0 < f < 1/2, - oo < yj < + oo, in the Ç-plane, as 

indicated in Figure 2. The symmetry of the z-plane is to 

be preserved in the image in the <-plane. Let ^ and |2 

be the real parts of two functions of the complex variable, 

¿I * as follows: 

+»(x.y¡lt0) = Re[iG(f ;<Oh (54a) 

♦«(x.y¡lt0) = Re[iH(£;<r)]. (54b) 

The function G and H will have all of the properties 

described for the G of Section V. In addition, 

G(£;i) 

Also, as r¡—* + oo, 

require that: 

= (55a) 

= -H(-¿;¿). (55b) 

it is easily seen that (52a) and (52b) 

G(£;a) 

H(<:;¿) 

-i cosh L^(¿ + i£) ^ioífí)]; 

-► sinh [ó (c + i£ ) *^(<0]. 

where £ is the amount by which the fluid domain h 

"stretched" in the mapping. Specifically, we have: 

z(c) = [ dC' 

1/2+iO 
d<' 

= 2ih(^-i) + 2ih 

*2ih(£-¿) T ih 
i ^ > ^oo 

rC 
[fíijO-l] dÇ 

1/2+iO 
f+ioo 

[f(0-i] d< 
-ioo 

(56a) 

(56b) 
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z->2ih(t + ie) - ih, as x-* Too, 

(See Figure 2.) then: 

6 

^+00 

[f(^+irj) - 1] d . 
J -00 

(57) 

£:—The reflection and transmission coefficients 

In accordance with the definitions in Equations (11a) 

and (lib), the reflection and transmission coefficients are 

now: 

R = ^ í” * 

T = AJ + b* . 

We can express R and T in terms of the asymptotic "phases" 

of the even and odd solutions. 

THEOREM X. If £(x,y,t;ko) has the asymptotic form 

of (50b), then: 

R = I sin (<* - 0)| , 

T = I cos (<y-/8)| , 

where cl and ß both are functions of cT. 

Proof. From (53), 
2 2 2 

R - sin (« +ß)sin [ß-oi) + cos^(<x+|d)sin^(|ô-«) 
O 

= sin (oí-^) . 

T - cos (<* +/3)cos^(^ - o¿) + sin^(oí+|á)cos^(/S - «i) 

= cos2^-^) . 

(58a) 

(58b) 
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Let: 

= 2rGn(C)!fn + o(JN) as ¡-,0¡ (59a) 

H(C!Í) = ¿ Hn<C.)<fn + 0(iN) as <r_^0. (59b) 

The functions Gn(c), Hn(í) satisfy all of the conditions 

found in Section V-C, which we collect here for reference. 

(A) AG'(C) = HO J r2miGn.2m(c) , 

where 
q = 

m=i 

n/2 , n even, 

.(n-1)/2, n odd. 

(60) 

(61) 

(B) Re[G (C)] = 0 on LUA, 
** o ’ 

which implies more generally that 
:(m) 

where 

Re[Gn (^)] = 0 » for m even, on LQU A ; 

Im[G^m^(C)] = 0 , for m odd, on L UA; 
o ’ 

(62a) 

(62b) 

n d<m Gn'^' * 

(C) Gn(¿) is analytic for all £ ç ^U^U L0 UA 

which implies in particular that: 

G^(<) is bounded and harmonic near L0 (all m). (63) 

(D) The above all apply to Hn(i) as well. Since G is 

even in £ and H is odd, we have in addition that: 

G<m)(£) = (-l)^W(-£); (all m) (64) 

H‘m)(C) =-(-1)^)(-0. (all m) (65) 

(E) Let: 

S n5-o an^n + °ijN) 3S ^-*0; (66a) 
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ß[J) - Y. /ôn^n + as ^—*°* í66b) n=o ' 

We now expand (56a) and (56b) into asymptotic power series 

in <f , and then we identify coefficients with the respective 

coefficients in (59a) and (59b), as r¡—>±00. (This is 

allowed by Theorem II.) The results are as follows, as 

-»•+ cc:_ 

G0(C) 

Gi(c) 

G8(c) 

g3(c) 

g4(c) 

etc. ; 

H0(£) 

Hj (c) 

H*(f) 

Hs(£) 

H*(£) 

etc. 

-i cos a0; 

í(c±l£Mai)sin o0¡ 

1 2 -2Ti(£$i£*iai) cos a0 + ia8sin a0; 

(67a) 

(67b) 

(67c) 

^a8(¿r+if ^iai )cos a0 

+ + ia3Jsin o0; (67d) 

[-4TÍU±iÉ*ia*)4 ^aaUiieTiax) +^ia8]cos a0 

+ [jiaaic+ifi^iai)2 + ia4]sin a0; (67e) 

*?isin^0; (67f ) 

■> (CiU*ißt)cos/90; (67g) 

♦^8cos ß0 T ^(¿¿UTi^J^sin |30¡ (67h) 

* [yfUii^ijôi)3 ?i/Ô3]cos /S0 

- ßglCtielißilsin fl0} (67i) 

► [*7i£»fc+ie*ift)2 * ifithos ß0 (67j) 

These are the conditions which were omitted in Section 
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V-C, now stated only for the case of the symmetrical bottom. 

Although the coefficients in the series for a(¿) and/3(¿) are 

still unknown, it will be shown presently that sufficient 

information is now available to find both solutions, G and 

H, as well as a and/â, uniquely. 

We note specifically that the asymptotic behavior as 

I)-. + 00 Of and H<m)(£) can be found by differentia- 

tion of the appropriate expressions in (67a)-(67j). See the 

corollary to Theorem VII. 

E» The even solutions 

We now show that the conditions (60)-(67) determine* 

Gn^) completely. In fact, the will be determined as 

well. 

First consider Gn(¿:) with n odd. For n = 1, from (60), 

AGj(c) = 0. 

Thus, G^iC) = P^O - a periodic function of unit period. 

gJ(0 has no singularities, from this result and (63). The 

only periodic function with this property, which remains of 

finite degree as rj-*+oo, is P^C) = constant. From (67b), 

Gl(0 sin a0 as ir|—►+oo. The only constant which 

can have this behavior is zero. Thus a0 is an integer multiple 
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of ir. But addition of ir to a does not change the value of 

cos (kQx ± a) cos (o’t + a). 

(See (51) and (52a).) So we can set 

a0 = 0. (68a) 

It then follows from (67b) that 

Gi(C) = constant = 0. (69a) 

Similarly, 

AG¡(C) = 0. 

Again, G¿(c) = constant for all C . By (67d) and (68a), 

G*(C)-a*. Thus, 

ag s 0, (68b) 

and: 

G3(C) = 0. (69b) 

The same result follows for all and all G2n+i(c)» 

n = 0, 1, 2, . . , by induction. For suppose it has been 

shown that 

a2m = 0’ m 4 n* 

Since a0 = 0, the expansion of G(?;<0, as rj-++00, is: 
00 

G(í!Í)—>-i '^7í[«il£Tio1>ína8í3 Í ... »i«2n+1i2n+1 

Tla2n+2,f2n+2 • • ]2" l70) 

The coefficient of <f^n+3 is ^a2n+2^*^7iai^ * 

hC^lC) = 0. 

which means again that G2n+3 (C) = constant, and the constant 

must be zero to give the asymptotic behavior corresponding to 
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a2n+2 = 0 » for 311 n» (68c) 

G2n+3^^ = 0 ’ for a11 n* (68d) 

We now find Gn(¿:} for even n. As in the cases above, 

Gq(C) = constant. 

By (67a), the constant is zero and 

G0(O = constant = -i.(a^ (69d) 

Next we have: 

AG¡(C) = f(OYa2G0(¿:) = -if(0. 

Since f(C) is periodic, we can write down the general 

solution of this equation immediately: 

Gi(C) = -iCf(i) + P2(C), 

where P2(0 is again a periodic function of unit period. 

(We shall occasionally refer to the first term as a 

particular solution" of the non-homogeneous difference 

equation and to the second term as the solution of the 

associated homogeneous equation.) We now find that P2(¿:) 

does have singularities, so that the solution is non-trivial. 

Since Im[f(C)] = 0 on A, ?2(¿) satisfies: 

Im[P2(£)] = 0 on A ; (71a) 

Im[P2(<:)] = Im[iCf(C)] on L0. (71b) 

(a) ™ 

Thus Gq(£) adds nothing to the flow, since its derivative 
is zero. However, this term may not be dropped, because 
equation (4c) removed the possibility of adding an arbitrary 
constant to the real potential, and the selection of the bottom 

• • zero-streamline (See proof of Theorem IV.) fixed the 
additive constant in the harmonic function conjugate to the 
real potential. Thus the complex potential may not be 
altered by the addition of a (real or imaginary) constant. 
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(See (62b).) In general, f(C) is singular at least at the 

ends of Lq. By (63) we must have: 

-i£f(C ) + P2(0 bounded near L_ 

Since f(^)-*+l as rj-►+ oo, 

-> ±(f - ai). p2(c) — 

(See (67c).) And, of course, 

P2(C+1) = P2(C), 

Let 

P2<£> = 2ÎI 

(71c) 

(71d) 

(71e) 

7r:ot vit'-C,) i^[f+(¿:')-r(C)] dÇ' 

'° +Q2U)» (72) 

where the direction of the integration is taken from to 

f (¢) is the value of f(£) as the point C approaches 

Lq from the left, and f“U) is the value from the right. 

(The naming of + and - sides follows from the convention that 

the + side is always the left side as the contour is traversed. 

See reference (8).) The function Q0(<) is analytic near L . 

Since cot 7r(C-C-l) = cot 7r(£'- ¢), the integral is 

periodic. Thus Q2(ç) must also be periodic. 
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For C near Lo, write P2(£) as follows: 

[ ^;>-cn<-Mdg,,Q2(0 (721) 
Jlo 

+ 2ÎÎ f In«* »(£'-«) - prj]i£'[f+(S')- f-(t')] d£'. 

Lo 

Let a point on L0, but not at either end or at any £ 

for which f(£) is unbounded. The Plemelj formulae8 give 

for the first integral in (72'): 

1 I - f-(£-n 
2m I C - £ 

L_ 
dC' 

t$it0ifUz0)-at0)]*±Jin&Lbp£iiáC‘ 
Jlo 

- i lm[ic0f*«0)] + jij ¿ ittfM-ric'n dC, ( 

^ Lo 
where we have used the fact that 

i 

f+(<T0) - f-(C0) = 2i Im[f+(£0)] = -2i Im[r(C0)]. 

This last fact also shows that the term with the principal 

value integral is pure real. 

The second term in P2(C) as expressed in (72') can be 

written: 

[ircot "(C'-O-j^-JiC'tfV)-f'(£')] d£' 
Lo 

= 2ÎÎ Í f + PrVfïïi ií'tfV)- f-(0] di' 
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This is pure real for C e Lo or ItA. Also, it is single¬ 

valued and bounded on and near Lo (including in the neighbor¬ 

hoods of the singular points of f(C)). Thus we see that the 

integral in (72) has the properties required of PgiC) by 

(71a), (71b), and (71e). We next investigate the behavior 

of P2ÍC) near a point at which f(£) becomes unbounded, to 

show that (71c) is satisfied. A typical such point is one 

end of L .^ o 

Suppose that the bottom turns up through an angle ma at 

2 s ZA’ ^ee ^i9ure 4*) Then near z = zA or £= 

* [ i (£ ■ ¿A ) ] 1"cfle~ iwTr + ..., 

the omitted terms being of order: o(C-í») near { =£*• 

(Similarly in subsequent formulae) The branch of the root 

is taken so that this relation corresponds to the figure. 

In particular, on the + side in the C-plane, 

UIí-ía)]1-“* k-c/-“. 
Then: 

iff = i(l.a.),-iro[i(f-fA)r“+ . . .. 

and: 

lif(i) = Il U.a,),-i"“[i(C.£A)]-<» +. 

On the cut near £., 

^ ^If f(c) is unbounded at some C in the interior of L , we 
reduce it to this case by considering L as being compoied of 
two segments which abut upon each other? 
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i £'[fV)-f■(£')] = ?in m + . . 
h[i(i-CA)r 

with the root in the denominator selected for the + side of 

the cut. Near the integral then has the behavior: 

„-iïïio 
- I^AU-COJ 
no I wr * ^ 

'A' 

- xT-r17710 r^AÎl-œ) sin mol , } 
¿í sin ™ I h[i(e:-iA)]û) J + Rlc; 

- LLi 
~ 2h (l-(o)e_i7rtl)Ci(f-CA)]-“ + R(c), 

where R(i) is bounded near CA and tends to a definite limit 

as C ^ ^A* ^See Pa9e 74* reference 8.) This is the same 

as the behavior of iC i{C) near £A. Thus P2(c) has the 

desired behavior near C^. (See (71c).) 

Finally, consider P2(C) as vj->¿00. 

Po(^) - Qo(C) ±5 Jif'[f+(n- 
Jl 

f(0] dr . 

It is now apparent that Q2(C) satisfies: 

Im[Q9(£)] = 0 on L UA; ^ 0 ’ 
Q2(C+D = Q2(C); 

|Qo(C)l bounded near L : ¿ 0 

02^^) —*• constant, as <\ —►i 00. 

Obviously, Q2(c) = constant. Then: 

P2(0 —*Q2 * 5 I - f'(£')] d¿' . 
‘i00 Jj 

The only value of Q2 consistent with this relation and (71d) 

is Q2 = 0. So now P2(C) is completely determined, thus pro¬ 

viding G2(£). And, in fact, has been found, as is seen 

by comparing the last result with (71d): 
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ai = £ - i iC'[f+n-f"(0] dZ‘. (68d) 

o 
We note that ax is pure real, as desired. Also, [f+-f] 

is odd in C' on L0. So this integral is not generally zero. 

Now that GgiC) is known, (67cJ provides for the unam¬ 

biguous determination of G2(C). in fact, if Ki is any point 

in the fluid domain, 

G,(C) + G0(C1) = f G*(Od£' 
JCl 

= -^-iC2 + (e-ujc +i^fic? - 

+ a2(<l) t|í[-iC'[f(C')-1] ♦ [PjlO-fi+ajjdC' -. 

As £-*i00» the integrals here exist. Comparison with 

(67c) shows that: 

jri(e-ui)2 = ^-152. (f-ujjc, + G2(C,) 
aipO 

[-ii'tfli”)-1] + P2(C')-e + ajjdC', 
■ 

which gives G^Ci). 

In the same way, we can find G^(C) uniquely by satisfying 

(60)-(67). We obtain a special solution of the non-homo- 

geneous difference equation: 

dGj(C) = f(£) [Y2ZG2(C) + y4£G0(C)] , 

and add to it a solution of the homogeneous equation, that is, 

a periodic function. Again, the periodic function will be 

expressed as a Cauchy integral which approaches ± a constant 

as Y\-► ±oo. Comparison with (67e) then determines a3. 

It is easily seen also that the special solution of the non- 
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homogeneous equation supplies the parts of g’(C) that act 

like £ , , and £ , as r]-►ioo. This comes most directly 

from consideration of the last form given above for 62(^). 

The same procedure is possible for each G2n(c). At 

each stage of the solution, the asymptotic form of Gl (C) 
2n 7 

introduces a new one of the unknown constants, viz., a 
2n-l* 

These arise from the tto»-.l. t*rm in (70). 

F. The odd solutions 

Consider first the Hn(c) with n even. 

AHjiC) * 0. 

So = R0(£) = a periodic function of unit period, 

with no singularities. Thus H¿(c) = constant. By (67f), 

this constant is zero, and hence 0O = 0 or nw, m an integer. 

But addition of mTr to ß makes no difference in 

sin (^x+^J sin (at + ^0). 

(See (51) and (62b).) So we sets 

£0 = 0 • (73a) 
Also, then, 

MO = 0 • (74a) 
Next, 

AHÍ(C) = 0. 

So H¿(<r) = Ra(c) = constant -vTi/3* as rj—^ + 00. Thus; 

£ a = °’ (73b) 

H*(C) = 0. (74b) 

Similarly, for all n, 
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ß 2n = °* (73c) 

H2n(C) = 0. (74c) 

The general proof is identical with that for the even solutions. 

Now consider Hn(<) for n odd. First, 

AH¿(0 = 0. 

Then, by (67g) and (73a), 

«1(0 = Ri (C) = 1. 
We can integrate this uniquely because Hite) = - Hi(-c): 

HljO = |H;(C')d£' + HxICJ 

= £ + [MCJ - Ç,] . 

The term is brackets is, of course, a constant. Since 

Hi(£) is odd and the first term on the right is odd, then 

the second term must be odd also. But this can be so only 

if the constant is zero: 

Hi(0 = £ . ( 74d ) 

By (679)* Hi(0-►C+iU-jÔi) as r)-too. Obviously, 

ßi - G • (73d) 

See (57) for a formula for 6 . 

Next, 

4H;(C) = {(OyíSMC) = I {(¢)(26 + 1). 

The general solution of this difference equation is: 

H¿(c) = 5 £ 2f (c ) + R3 (¢). 
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RsíO satisfies: 

Im[Rs(0] = 0 on A ; 

Im[R3(0] 

j^2f(C) + R3(C) 

= - Im[^C2f(¿)] on L0; 

+ RaiC) bounded near L : 
o 

R3(C+1) = R3(C)ï 

RsiC)-► 0 as /]—* + oo. 

(The last condition comes from (67i). As before, we repre 

sent R3 by a Cauchy integral along L : 
o 

An extra additive function (Cf. Q2 on p. 57.) can be shown 

to be identically zero. This function has the same kind of 

properties as ?§(£), with one exception. As r¡—►+», 

T 7 / £'2[fV)-r(£')] dC' . 

JL0 

Sine. [f+(0- f(0] = 21 ImtfV)] is odd with respect to 

the real axis, this integral is zero, i.e., 

RaiO ►O as rj—* + oo, as required above. 

It is readily seen that the other conditions on R3(c) are 

also met. 

Wa note that R3(cJ * R3(-*). We use this fact now in 

integrating H^C): 

*(£)«[ h;^J d£' + M+O+iO) 
+0+Í0 

dt' + Hji-O+iO) . 
-O+iO 



65 

Since Ha is odd in C , we must have H3(+0+i0) = - H3(-0+i0). 

Thus, rO+iO 

H¿(f) di. 
O+iO 

By deforming the contours for these integrations in an 

appropriate manner and using the even behavior of H^C), we 

find: 

Half) = £ H¿(C')dC' 

-Í 

= 5 i ^£'2[f(£')-l] di'-! df'+34i3. 

Since ßi = 6“ , by (67i) we have: 

/5s = 
r+i<» 

5C2[f(C)-l] di 
-ioo 

Mi oo 

MC)dC. (73e) 
-100 

Similarly, the successive H2n+1(C) can be found. In 

each case, the function must be odd in f , thus supplying 

the means to determine a new with each (¢). 
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A. Formulation of the problem 

Now we consider a specific problem, the case of sinu¬ 

soidal waves passing over (and being reflected from) a sub¬ 

merged wall of vanishing thickness and height A . See 

Figure 5: 

A 

FIGURE 5. 

Since the bottom is symmetrical with respect to x = 0, 

the results of Section VI all hold. We make repeated use 

of the fact that the solutions can be separated into even 

and odd parts, which are separately solutions. The procedure 

is essentially that of the last section, although here we 

take advantage of the particular simplicity of the boundary 

to alter the procedure somewhat. 

Instead of mapping the fluid domain into a strip, we 

simply rotate and compress it. In particular, let: 

Thus the function f(C) used in Section VI becomes identically 

equal to unity. The purpose of using the Ç-plane at all is 
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just to simplify the form of the difference equations which 

must be solved. 

As before, we need an even and an odd function, which 

behave, respectively, like cos(k0x ± a) and sin(k0x ±0) as 

* y - 0. But we do not even have to look for the 

even solution, it is the classical standing wave solution: 

cos k z . 
0 

t is, a 0 and an - 0, for all n. The real potential 

is thus: 

$(x,y,t;ko) = Re[cos koz cos crt 

where 

F(z;k0) sin((Jt +/9 )], 

(75) 

F(z;k ) — sin 
•too (koz ifi) (75’) 

and ^ is a function only of k0- (See Theorem IX.) 

From Theorem X, the reflection and transmission coef 

ficients will be given by: 

R = (sin £1 , 

T = |cos^ I . 

As before, we define: 

( 76a ) 

(76b) 

and we consider the complex potential in the C -plane: 

iHU;¿) = F(z;ko). 

H(<T;<5) satisfies, by Theorem IV: 

AH’(C;<r) - 2ha2(<f) SH(C^) = o : 

Re[H(C;«r)] = o on L0U-A.. 

Since Lo is part of the real axis and A is part of the 

imaginary axis (See Figure 5.), this implies that: 
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f 

» 

Re[H^ \c\S)] = 0 on LQ, for all m; 

fte[H^ = 0 on A, even m; 

Im[H^ ^(c*(f)] = 0 on A, odd m. 
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(78) 

(79a) 

(79b) 

Note that LQ includes the reflection of the barrier, as 

shown in Figure 5. 

We still require that H(C;S) be bounded in the fluid 

domain and on its boundaries. However, we now must allow 

that H'(£;i) be infinite at (i/2h + iO). It is easy to 

see, in fact, that H’UjJ’) has an inverse square root 

behavior near C = (7/2h + i0). This can be deduced from 

the ract that if the fluid domain be mapped into a simple 

strip then the complex potential is analytic on the image 

of the bottom, by Theorem VI. The inverse mapping into the 

present C-plane gives the described behavior, as is found 

by application of the Schwarz-Christoffel type of transfor¬ 

mation. (We could have assumed that the potential has 

this behavior by referring to the known solution for the 

passage of waves over a submerged barrier in infinitely deep 

water. ^^^) 

For convenience, define the complex number p =>^/2h+i0. 

That is, C = p is the point at the top of the barrier. We 

shall also occasionally use p to mean the real number, ^/2h, 

when no confusion can arise therefrom. 
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We now assume the expansion: 

U 
mf¡<f) = 2 Hn(c)<rn + o(áN) as <r—o. (8o) 

n=o 

From Theorem VII, the individual terms satisfy: 

<{c) ’ I r2m ïHn.2ni(o , 
m=l 

where 

q = 
n/2 , for n even, 

(n-l)/2, for n odd. 

^(c)] = 0 on L , for all m, n. 

^ (C )| bounded near t = ±p, 

which implies that: 

CTpIlan-D/îl^m)^)! bounded 
near 

(81) 

(82) 

Re[H^ ^(¢)] = o on A, for all n, even m; (83a) 

Im[H^ ^(¢)] = o on A, for all n, odd m. (83b) 

£ = ± p . (84) 

As shown in Section VI-F, we can expand ß in an 

asymptotic series in odd powers of <f : 

ß = /3/ *(¡i3¡3 + + ... +/32n+1<f(2n+l) 

+ o(<r2n+1) , 

as <f—»0. From (75'). 

H(CiS)-+ [^-(CTi^)3 T 

+ T T ^«r5 + 

(85) 
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Identification of coefficients with (80) yields, as rç—^ + oo: 

Hl(r)—(86"a)' 

H3(0—T ^3¡ (86b) 

h5(C) —^feTi^)5 ? (86c) 

etc. 

The behavior of as r) — ±« is obtaining by differ- 

entiating these expressions m times. We also recall from 

the last section that Hn(£) = 0 for all even n. 

There are also some derived conditions which will be 

used. Since H(C) is odd in £ , we have: 

i(m)< 
»r«) = - (-ir hW(.Ç). 

Combination of (83a) and (83b) with (87) yields: 

= 0 on R for all m, n, 

(87) 

(88) 

where 

R = { £ : T = 0 and p < I £ I < 1/2 J . 
But (88) is equivalent to: 

[(m), 
'(C) = H®"(C) for all m, n. 

Finally, for future reference, we define some new 

functions: 

(89) 

(88') 

Pn(0 = sin ire 

[cos2irp - cos8irÇ](n+1/2) 
(90a) 

q (c,) = -^ 
n [cos2irp - cos2irC]^n+^/2) ’ (90b) 
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[cos8irp - cosairC] (n+1/2)- ( 1)n _i +(2n+l)iirC 
~ v A; 22n+l 6 

as + 00. Then: 

T -i. 1. n=0, 

0, n>Oi 

i 

±(-1)"^ e7(2n+1)« 
Ti, n=0, 

0, n>0. 

(91a) 

(91b) 

We note that the numerators and the denominators of Pn(C) 

and qn(£) are periodic, with period 2, and that p (c) and 

are periodic, with period 1, i.e., 

pn(C+1) = Pn(c)' (92a) 

9n(c+1) = (92b) 

B. Solution for (id 

From (81), we have 

AHj(C) = 0. 

Thus H^(C) is a periodic function, with unit period. By 

(84), we must allow H^(C) to have a square root singularity 

at C - ± p. Since it is periodic, it will then have 

similar singularities at every point given by C = ± p + n, 

n = 0, ±1, +2, ... . 

Now consider the function [Ff{(C)]2. From (82) and 

(88'), Hj^C) is pure imaginary on Lq, with opposite values 

on the two sides. Thus [H^(C)]2 is single-valued and real 
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on L0. On R, hJ(C) is single-valued, and thus so is [Hj(i)]2. 

From its periodicity, is thus single-valued every¬ 

where on the real axis, except that it remains undefined at 

the ends of Ln. (The point C f L if the point (£-n) € L . ) 

It is also single-valued at all points near the real axis. 

Thus the ends of the Ln must be isolated singularities, and, 

by (84), the singularities must be simple poles. By the 

Mittag-Leffler theorem, the most general form for [h|(C)]2 is: 

íh[(c)]2 alt) 
cos^irp - cosznC + h(C), 

where g(C ) and h(C) are both entire and periodic. Because 

they are entire as well as periodic, they can each be expanded 

into Fourier series valid in the whole plane. Let: 

+00 

9(0 = Z ane2nl,rC , 

h(C) = Z b e2ni,r£. 
-ob n 

By (86a), [H^(C)]2 is bounded as ^-- + 00, Thus: 

9(0 = a ,e-2i,rC + a + a ,e2i,rC. -1 a0 d+le * 

h(C) = bQ; 

-► - 4aT1 + b0» as q —* + oo. 

The other coefficients in the expansions of g(C) and h(C) 

must all be zero. Again from (86a), 

■ 4a+l + bo - 4a-l + b0 1, 



which requires that: 

Thus: 

a-l = a+l; 

bo = 1 + 4a+r 

[h!(C)J2= —A - cosa7rC 
1 _! cos8irp - cos2irC ’ 

where 

A = “2ai + a0 + (1+43^)0082^. 

For H^ÍC) we have now: 

HÎ(£) - \/ A - cos*irC 
* r w ■ 

•J cosairp - cos*vC, 

Fron, (82) and (83b), this is zero for C = 0 ± 10. That is 

- 0, and A = 1, Therefore, finally, 

siov¿T 
**] / = . —— - n (r \ 

J cos2xrp - cosa7T¿ P° 

This can be integrated explicitly in any of several forms. 

Using a result of Section Vl-F, we obtain: 

HjlC) P0(O d£' 

= (93a 

= ¿ iog[^-^ (93b; 

= “ è ^0[^os - s/~cofiaTrp- cos^ttC .. , 
^ icos^p^ J* (93c] 

We decided previously to take the branch of the root so that 

[cosavp - cos2irC]1^2-W± i cos tC> as 0_±co. 

From (93b), as fj—^ + oo, 
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H,(¿) -* i iog[2Í£oS_EÍi 
1 F icos FpJ C - I log[eos FpJ + 2k, 

Where k is any integer. From (93c), which is entirely 

equivalent to (93b), but is more convenient for estimates 
as rj—*_oof we find that> as 

Hi (C) —> - i in9[2içps FC-, > . i . r i 
1 F icos FpJ ^ ^ + ÿ logteos FpJ + 2k. 

Comparison with (86a) shows that the branch of the logarithm 

is to be taken such that k = 0, and that then: 

~ n i°9[cos irp]. (94a) 

Thus we have found the first non-sero coefficient in the 

expansion for ß . We note that it can be expressed by 

integral representations: 

/>0+10 />io° 

/*1 = i ([ +5 I 
VvJ n+ i n J 0-10 / 

[p0(O - 1J dC 

= ^ i i [p0(c)-u d<: . 
ioo 

(94b) 

(94c) 

It is easily seen that this is the same as the result given 
in Section VI-F. 

It is of some interest to note that is the complex 

potential for a simple physical problem, viz., the flow 

between two walls with a protruding barrier from one or 

both walls. It can be shown rather easily that the problem 

as stated for H^C) is equivalent to replacing the free 

surface by a rigid wall. As — ±oo, H^) « , which 

means that H^C) is the potential for a uniform flow at 
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infinity. These two facts together show that ^(£) is just 

the complex potential for the flow between two rigid walls, 

with a barrier perpendicular to one wall partially blocking 

the flow. Since H^C) is symmetrical about the image of the 

undisturbed free surface, we could consider the fluid domain 

and its reflection about the free surface as forming a new 

region filled with fluid, and H^C) would be the complex 

potential for the flow in this region which becomes uniform 

at infinity. Obviously in this case, there will be a 

barrier protruding from each wall. By considering the fluid 

domain and its reflection about the bottom as a new fluid- 

filled region, we could utilize H^C) as the complex potential 

for a flow between two walls with a barrier perpendicular to 

the walls—but in midstream. These three situations are 

indicated in the figure. 

>1 

j ' ' 

1 . 

V 1 1 

FIGURE 6 



76 

Each Hn(C) which i» found can be interpreted as the 

complex potential for some complete problem. Of course, 

none of these problems will be a free-surface problem, and 

in fact Hj(C) seems to be the only one with real physical 

interest. 

C. Solution for H^(C) 

Rather than find directly from (81), we differ¬ 

entiate (81) once with respect to £ (for n = 3). Then we 

solve: 

AH”(0 = Y2 ïh;(C) = £.2p0(C) = p0(O. 

Since pQ(C) is periodic, the general solution is: 

= ^ + P3(C^ (95a) 

where P3IC) is a periodic function of unit period. We note 

that pQ(£) is pure real on A and pure imaginary on L . 

Thus C P0(C) is pure imaginary on A and on L0. From 

(78) and (79a) we see then that: 

ReLP^tO] = 0 on A and on L . (95b) 

Also, ¿P0(£) --, as |T|—»¿00. So by (86b), 

P3(C) V ? i^, as r\ -> + 00. (95c) 

From (84) we have: 

|£t p|3/2|p3(£)| jj0uncjecj| near £ = ± P, (95d) 

Also, of course, 

PsiO = - P^i-^). (95e) 

This, combined with (95b), yields: 

Im[P3(£)] = 0 on R, (95f) 

or, what is the same thing, 

P3(C) = p3(c). (95g) 
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Now consider [P3(0]2, which is meromorphic. It may 

have third order poles at the branch points of f(C), that is, 

at the ends of each Ln< So it can be written: 

[p,(t)]2 * 7—- + _Me) 
^ [cos*irp - cos2nt] [cos8irp - cos*ir<]8 

+ ka(C) 
[cOS87Tp - COS8ir¿;]3 

where the k^(^) are entire periodic functions such that the 

whole expression remains bounded as rj—* + oo. (An additive 

entire function is eliminated as before.) Each 1^(0 must 

have a Fourier expansion valid in the whole plane. 

We must also be able to write: 

P,(C) = AM 
[C0S87Tp - C0S87TC] T72 + 

[cOS87Tp - COS87tC]^^ ' 

(96) 
since the presence of a term containing [cos8ïrp- cos8tt¿;]_* 

would be inconsistent with (95b) and (95f). If this 

expression is squared and compared with the previous expres¬ 

sion for [P^iC)] , we see that the (Ç) each have Fourier 

expansions valid in the whole plane. Also, from the behavior 

of the denominators in (96) and the fact that P^(0 is w 
periodic, we must have: 

i !<£+!) = 

Thus: 

0 IT" 
^i(C) = Z aincos(2n+l)7rC + ^ bi• 

n=o n=o 

Boundedness of PßiC) as q^ + oo requires that the coef¬ 

ficients all be zero except a^o» bi©» ato» b20> a2i» ancl b2i. 
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Thus: 

(.. = «locos ir« + bipsin fC 
^ [cosaFp - cosa7rC]i/r:¿ 

+ arpeos aaicos 3irt, + baosin vC + baisin 3f¿; 

[cosaFp - cosaF<]^^ ~~~ 

The sine terms cannot satisfy (95b). So the b’s are all zero. 

The other constants must be pure real. Thus: 

p (£) s -a10cos ttC + aaocos irC + agicos 3tt£ 
[cOSaFp - COSaF<r]1/2 [cOSaFp - COS8^]372 

_ [am - 4aai3 cos irC 
[cOSaFp - COS2^]1^2 

+ ^a8Q +4321 (cosSFp/cosirp)] cos ttC 
[coSaFp - COS*^]^^^ 

If we let. asp ~ aio - as* = aao + 4a2i(cosSwp/cosFp); 

then: 

P (C) = áspeos vC + aséeos ttÇ 
3 [cosaup - cosaJTC]1/:¿ [cosaFp- cos2ttC]ó/¿ 

- aso q0(c) + a31 (C). 

From (95c) and (91b), we have: 

T iasp = T iß p3(0 as 

So: 
? 

.+ oo. 

330 = ßy 
We must still determine a3i. 

Our solution now has the form: 

H^lc) = <:p0(e) + ^(C) ♦ a,iqi(e). 

From (82) and (83b), H*(0±i0) = 0. Thus! 

Hj(C) = tf'Pon +(8^(^) + a3,q1(C')] iC1 
0+iO 
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Clearly we could just as well have taken the lower limit as 

(0-iO), and since the integrand is odd with respect to Ç 

this shows that: 

r'e 

HjiC) = HjtC') d£' = Hlf-C). 

J0-i0 

That is, HgiO is even, as required by (87). 

We can rewrite in a more convenient form as follows: 

As rj-»» + 00, by (86b), 

H’(C)-►¿(Ç-^)2 

Thus: 

5S2-¥lc -£/3 2 
1 * 

1 A2 - 
“ 5Pl “ 

Pioo 

[¿•'[p0(C’)-l] +^[q0(f')+i] + a^q.fe'j) dC', 
O+iO J 

which supplies the means of determining a31. In fact, 

-ißl- 

AlOO 

a31 = 
O+iO 

rioo 

q^C) dC 
O+iO 

(97) 

Each of these integrals exists, because [po(*)-l], [q (C)+i], 

and q^(C ) all approach zero exponentially as >) —► + oo. So 

we now have determined Hgtç) uniquely. 

As in Section VI-F, we can integrate H^(¿;) explicitly 

and uniquely, obtaining the result in any of several forms: 
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« 

Comparison with (84b) shows that: 

- 1] 

(98) 

This provides the second non-zero coefficient in the expan¬ 

sion 

D. Solution for H^(¿) 

With n = 5, we differentiate (81) twice, obtaining: 

AH^O = r2 »Çlíl + Y4 SHjte). 

The solution is: 

H5<C) = 5Í2P0(Ç) + « [/3^(0 + a3iqi(C) - ¿P;(C)] 

” 5^iP0lc) + asiPjt^) + asjP2(C) • 

The constants ayi and a^z are to be found. 



8.1 

As before, this result can be integrated: 

**5^)= si " è^i^2 " è^2^ 
^0+i0\/" 

•' ‘si P 'ï 
O+iO J 

ircPo^)-!] 
O-iO^ 

+ Z'lfiiiqoW + i] + aaiq^icO - ¿Pq^')] 

- ^iLPoUO-i] + aslPl(*') + ar8p2(c')|. d¿; 

"►ãT^ ■ è^i^2 ‘ + TT1/*! ” ¥3 » 

as rj—*+00, by (86c). This provides a linear algebraic 

equation connecting a^ and a92: 

a*i 

r*ÍOO (O+iCA 

Pilcldi; 
o-iy 

4 
O+iO 

aS2 

rioo 

+ 1 
2 

O+iO - 

rO+iO\ 

O-iOl 
P2(f)^ 

s 9(^.^3) 

where 

(99) 

= TT1/9 1 - % 

rioo 

4 
O+iO J 

'0+i0\ 

O-iO/ 
è[C2-|âiKp0(f)-i] 

(99’ ) 

+1 t/SiKid + i] + asiqi(o-^p;(C)] 
m 

Another integration yields: 

d<. 

\ 
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»;<<) = èt4 - s3 - ^ - iA* 

< rioo 

- <J£' dr|^U"2-A?][p0(c")-i] 
«'O+iO J t' L 

+ ^1^1^0^)+1] + asiqjtc'O-^U")] 

+ asiPjlt") + a«p2(t")| 

—M£3 - tâ*+3T^+K-^-Avô3’ 

as *)—^ + 00, by (86c). By taking the integrals to i 00, we 

obtain another linear algebraic equation for a5i and a52: 

a5i 

rioo 

dC 
O+iO J 

,ioo 

Pj^ (C )dÇ< + 352 

pioo 

dC 
O+iO 

/>100 

P2(c')d£/ 

= h^i»(33) , (100) 

where 

h</W = -tt/^AiAs 
^100 

dr 

O+iO 

rioo 

dC1 (C') - 1] {ÿ^-Aiî[p< 

'[(SjUoto) +1] + asiqjlC) - ¿p;(i')]J. 

(100') 

Equations (99) and (100) determine a$i and 352 if the 

determinant of the coefficients is non-zero. In fact, 
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» 

\ 

D = 

loo 

♦è 
O+iO 

O+iCh 

O-iO 

Px (C )dt 

ri00 

O+iO 

'O+iO 

O-iOl 

P2(OdC 

«ioo 

dC 

O+iO 

ri00 /doo 

de J p2(Odt' 
O+iOJc 

Si^cos4^ sin2í7,p 
^ 0. 

Thus solutions exist for all p < r/2. and |33 are 

undefined for p = r/2. ) In particular, 

Daji 

Da 52 

9 ( ^ i » ) 

>ioo 

O+iO ^ 

'O+iO \ 

0-io/ 

J p2(c)d¿: 

rico 

dC 

O+iO 

rioo 

P2(C')dC/ 

rioo 

O+iO 

rO+iO\ 

O-iO 

P^OdC 

rioo 

dC 
O+iOJC 

.100 

P^OdC 

9Í /®i* /^3) 

h(i*r/S3> 

One more integration can be performed. The expression 

for will not be used subsequently, since we shall 

terminate the approximation with this term; so we do not 

give the result. However, as <}■—^+00, it provides the 

following result: 
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+ í"[(31[q0(c") + 1] + asiqjíC'J-^te»)] 

+ asip^i") + a5ap2(c,") 

Thus we have a third term in the series for / 

j. The reflection coefficient 

From equation (76), 

R = |sin^(«T)| = (sin [foS + feS3 +/S5¿5 + ...]| 

+ o(<T5) . 

Numerical results have been obtained and are presented in 

Figure 7, with 

£ = 2hkQ = 47rhA 

as abscissa. The parameter 2p = i/h is indicated on the 

different curves. The solid curves give the complete 

results to three terms. To show the contributions of the 

P and cf5 terms, curves are also presented for 1/3^( and 

3 !• 

We note that the first term in the expansion for R is 

exactly the same as Kreiselfs approximation for this problem. 

We also note that R —* 0 as X—^oo, in contrast to the 

situation in infinitely deep water, where R—>1 as \_->oo0 

(See references 9, IQ.) 
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The method of performing the calculations will be 

briefly indicated. Because the integrands are 0(K|me~n7rir) ) 

as 'O *+oo, the following transformations are valid: 
‘ioo 

tf(fc) dCi 
O+iO 

rioo ^ioo 

dC'fiC) = 

.O+iO 

O-iO 

O+iO 

O-iO 

dC' HC1) = 

dC dC‘ / dí-fíc") 

yO+iO> 

O+iO ^ 0-i0> 

»ico 

•< 

O+iO J O-iol 
4 

O+iO \ 

tfíOdÇ 

5¿:2f(t )d¿; 

All of the integrals except those containing [q (^)+ i] can 
0 

then be transformed: 

rO+iO1 ^ioo 

4 

O+iO O-iO 
dC fit) = 5 

^*l/2+ioo 

f(0 dC . 
1/2-ioo 

Also, 

2n+l 

f2n+1[q0(C)+i]dt =-i-(i/2) 

rl/2+ioo 

2n+2 

[q0(C)-i]dÇ +i . C2nTl[qo(C)+i]dÇ . 
1/2-ioo J l/2+iQ 

With these relations, all of the integrals of sub-sections 

B, C, and D can be reduced to single integrals along straight 

contours parallel to the imaginary axis. 

When the expressions for pn(C) and qn(c) are inserted 

into the integrands, a typical integral obtained is: 
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f00 
-Ur cosh n~n_ , i ,„ 

^ I v/sinh1"^ + cosz7rp~ ^ * 

We note that: 

_1_ 

v4inhlllirrj+ cosairp 2e^ Z P. (cos2Trp), 
k=0 k 

where Pjç(cos27rp) is the Legendre polynomial of order k and 

argument cos2irp. We substitute into Iu and integrate term- 

by-term. It is easy to see that convergence is no problem, 

and neither is the term-wise integration. The final form 

of Iu is: 

I 00 

= Ü7^V°(C0S2’'P) + I1(-1)kpk(cos2ffp)[l^+üïïi^]- 

In this way, all of the integrals were evaluated. The values 

of the Legendre polynomials were obtained from Reference 5. 
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