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SUMMARY

This study examines the thesis that a part o# the human
physiological system can be simulated by a suitably constructed
mathematical model. The model employed derives from a class of
mathematical programming methods that were originally developed
for representing complex military and industrial activities and
have recently been used to represent involved chemical
equilibria.

The motivatlion for this research 1s the long-range view
that a successful mathematical simulation of the human system
or of human subsystems would provide an important tool for
blological 1nvestigatlons. A sufficiently complex mathematical
model—that 1s, a model that embodies sufficient chemical and
biological detall to represent a whole, functioning human system
or subsystem—could be used to explore biological hypotheses,
en&ironmental stress reactions, and interplay of dependent
subsystems, and could serve as a pedagogical tool or even as an
ald to medical diagnosis.

Of course, the foregolng long-range view is an ultimate
goal. For the moment, only the technlques, concepts, and
characteristics of such a mathematical model are being explored.

This paper presents the results of a simulation of the
external respiratory function. Respiration, and the consequent
gas exchanges at the lung surfaces, involves many chemical
reactions and a transformation of venous blood into arterial blood.

This activity was chosen as a test case to explore the feasibility

of constructing a mathematical model of a human subsystem.
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Basing their work on the known physiological and chemical
aspects of this subsystem, the authors have constructed a
mathematical model that, when solved, yields values describing
the major phenomena of the subsystem. The values of some thirty
different molecular species as determined by the model are in
excellent agreement with observed values.

In the present form of the model, emphasis was placed on
the chemistry and thermodynamics of the subsystem rather than
on the physical dynamics, such as flow and mixing. These time—
phased phenomena are expressed only implicitly at this stage.

In spite of these and other approximations, this exercise appears
to demonstrate that the mathematical art is now capable of
representing such systems having large and complex sets of
functionally interrelated variables, and that there 1is reason

to be optimistic about the possibilities of representing other

more complicated human subsystems and interconnecting them.



FOREWORD

Traditlionally, the Docctor of Medicine has been trained
first in the basic sclences of anatomy, blochemistry,
physiology, pathology, and pharmacology. Subsequently, in his
clinical years he has been tralned to integrate and relate the
knowledge obtalned in these basic sciences of medicine as they
apply to the individual patient.

Sirce the turn of the century, the accumulation of
knowledge — not only in the clinical fields but also in the
basic sciences — has become so vast that there has neces—
sarily developed a fragmentation into many specialties and
subspecilalties.

The human body may be considered in one aspect as per—
haps the most complex chemical factory ever devised. It 1s a.

dynamic chemical factory in_which theré are _no._absolute _

—

——

__zglgge. The recent Introduction of 1sotope techniques into
medicine has re—emphasized the dynamlc state of the human
body.

Recognizing the dangers inherent in oversimplification,

we mlight nevertheless say that 1n medlcine we are dealing
functionally with highly complex systems of oxidation-reduction
reactions and with control mechanisms affecting the varying

b rates of these reactions. Of the hundreds of parameters

measured in medicine, we are, in fact, measuring indices of

rates of conversions at a given time. The avallability of




RM—-2519
vi

energy to control these rates may be a critical factor in such
normal processes as growth and aging — and in the variations
from these normal processes; which We may view as diseased
‘states or pathological conditions.

New approaches must be undertaken to assist in viewing
the human body as a whole. These approaches must be applicatle
to the integration and evaluation of information and of a very
large number of parameters that have been accumulated but not
necessarily interrelated in the hundreds of special flelds in
which research has been undertaken in the study of the human
body.

It now appears feaslble to use advanced techniques of
mathematical programming and computers as one means of galning
greater insight into the over-all complexities of the functioning
of the human body in relation to i1ts anatomical structure. The
present trlal study has demonrstrated the éeasibility of this
approach as appliled to oxygen utilization.

Crawford F. Sams, M.D., Research Physiclan,

Institute of Englneering Research
University of California
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I. THE GENERAL OBJECTIVE

The only way of real advance in biology lies in

taking as our starting point, not the separated

parts of an organism and 1ts environment, but the

whole organism in 1ts actual relation to environ—

ment, and defining the parts and activities in

this whole in terms implying thelr existing re—

lationships to the other parts and activities, —

J. B. S. Haldane

Haldane's formulation(l) of the prerequisite for
important advances in blology was made by that eminent British
blologist thirty-seven years ago. Until very recently, 1its
implementation had seemed well beyond the capabilities of
human accomplishment. This 1s not to imply that blologists,
physlologists, and medical researchers have falled to develop
a knowledge of the micromechanisms of the reactions occurring
in the separated parts of organisms. On the contrary, these
sclentists, working in many countries, have amassed a re—
markable amount of duta relating to reactions occurring in
organisms and parts of organlisms ranging from the single cell
to complicated multifunctioning organs of the human system,
The problem of interrelating and synthesizing these multitudes
of dependent reactions into entire systems or even infto sub—
systems representative of the organism has, however, remalned
unsolved.

The diagnostician has resorted to intuition in attempting
to synthesize in his mind the results of tests of 1isolated

functions in terms of the subsystem of particular interest.
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Physiologlsts have had no suitable means for relating a new
understanding of the functlioning of a part of an organism to
larger parts or to the system as a whole. Chemists developing
new drugs have been handicapped in obtaining an appreciation
of the possible effects and side effects of these drugs in
vivo.

The coming nuclear and space age presents an especially
difficult challenge to the blological sciences and to the
medical arts. The stresses that may be placed on organisms by
the completely new and stringent environments associated with
these technologies are largely unknown. An understanding of
the effects of these environments on the whole organism,
especlally on the human system, will be difficult and slow if
not impossible to obtain within the present state of the
biological arts and sciences. This is partly because of our
lack of knowledge of individual bilological phenomena and
partly because of the present lack of a technique allowing
the integration of a very large number of environmental
effects, which may operate primarily through a part, on the
whole system. We shall not try to decide in advance which
lack 1s more important. However, mathematical techniques and
computing faclilities are now becoming available for integrating
increasingly complicated sets of components. It is felt that
these techniques should be pushed to the blological or mathe—
matical 1limit — whichever comes filrst — in the hope of

constructing mathematical models for increasingly large
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portions of the human system.

The idea of bullding mathematical models of biological
systems 1s, of course, not new. Many investigators have
explored the possibilities in the past and the field 1s
attracting increasing attention at present. The names of
Lofka, Rashevsky, Henderson, Michaelis among others come to
mind as early investigators who proposed mathematical models
of blological systems or who ploneered in the quantification
of parts of such systems. Present interest in the subject 1is
attested by the devotion of two complete issues of Reviews of

Modern Physics (January and April 1959) to papers dealing with

the quantification of blological processes. Welnrauch and
Hetherington have recently reviewed the increasing activity in
the application of electronic computers to the study of
bilological problems. (J.A.M.A. January 17, 1959 pp. 120-125.)
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IT. ON THZ FEASIBILITY OF A MATHEMATICAL
MODEL OFF THE HUMNAN SYSTEM

In considering the fcregolng situation, the authors
belleved that the difficult blological problem of relating the
parts to the whole, and the whole to the environment, might be
well served by employing some of the newer mathematical pro-
gramming techniques that have been appllied successfully in
representing other systems of comparable complexity and number
of components. Thus, linear and nonlinear programming models
have been successfq}ly constructed to schedule the activitiles
of vast industrial and military enterprises.

The egenecral approach 1s to view the collection of organs
of the body — the hcart, lungs, liver, skin, arterles, velns,
etc. — as an interrelated and interdependent physical set of
subsystems each of which berforms a well-defined function or
activity uch as the pumping activity of the heart. For a
particulﬁr orrzan, the level of activity must be consistent
with certaln inputs from other organs and muat not exceed the
given capaclty of the organ — for example, the pumping ac—
tivity of th> beart 1s limited by 1ts physical slze and the
availabllity of oxygen to heart muscles, and also by the
volume of blcod avallable from the veins. The result of a
clven level of activity is certaln outputs to other organs.

If 1t were valld to assum2 that a change in the activity
level of an orran results in a proportional change in its in-

puts and outputs, then the resulting mathematical model would
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be of the pure linear-programming type. It 1s immediately
evident, however, that gross functions such as the respiratory
function or the liver function do not remotely satisfy the
condition of proportional inputs and outputs. Indeed, these
systems can function under an almost endless variety of
complicated inputs producing a correspondingly complicated
variety of outputs. Nevertheless, if we broaden our defini—
tion of activity to include the forming of various chemical
species within some gross function, then these more elementary
functions 1in most respects satisfy such an assumption of
proportionality, the well-known chemical law of combining
proportions. In other respects, these elementary functions
are qulte different. Thus the amounts of various substances
formed when venous blood and air come in contact through the
alveolar surfaces of the lungs must also satisfy known laws
for chemical equilibria. In other cases, such as blood
circulation, basic relationships drawn from the science of
hydrodynamics play an important role.

Thus a human—-system model, while possessing many
characteristics of those used successfully to program human
group activities, has other characteristics that result in
a more complex structure. One aspect of the mathematical

system 1s clear. It must involve many variables, representing
levels of activity of certain organs and rates of flow of

many substances, and these must satisfy a large number of
Ty

\
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equations and inequalities expressing the limitations of
capacity and avallability from other organs and sources.

It 1s the authors!' bellef that the successful development
of mathematical models capable of handling such a multitude of
varlables, and especlally the more recent mating of these
types of models with chemical thermodynamics, provide en—
couragement that the complexities of physiology may be amenable
to mathematical representation and solution.

Developlng a complete and integrated human—system
representation 1s quite a large order. In the first place,
the slze of medical libraries alone attests to the large
volume of specilal cases that such a model would be required in
some sense to interpret. One might nevertheless argue that,
with luck and several years of effort by a large number of
qualified specialists, 1t might be possible to handle the task
if 1t were not for one outstanding fact — the great gaps in
our knowledge of the human system. To cite one obvious
example, we know the brain plays a major role in the control
of the physical processes of the body, but the exact func-—
tional relationships that define the control can at best only
be hypothesized.

How then can on2 presume to build a mathematical model of
the whole human system? The only way of doing this 1s, as in
all sclence, throuzh the combined use of fact and hypothesis.
Thus, in areas wh2re th2 underlying mechanicm i1s unknown, it

is generally true that either X's or Y's hypothesis
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can be used to fill the gap. Incorporation of a

hypothesis into the model may provide a useful way of testing
the hypothesis by comparing observations made under a variety
of conditions with those predicted by the model under similar
conditions.

It 1s thé opinion of the authors that a mathematical
model of the human system can be built largely on the func-
tional reletionships derived from basic physical and chemical
laws. Such a model 1s not limited by the range of empirical
observational data. Rather, the mathematical system permits
the exploration of wide ranges of situations that may repre-—
sent extremes of environmental or pathological conditions.
Even 1f at first the results of such mathematical explorations
frequently do not correspond-to reality, much useful knowl—
edge can be obtained in determining the reasons for the lack
of correspondcnce. ;

The remailnder of this paper describes the results of
applying these techniques to the human resplratory system.
Other human subsystems should also be amenable to representa-—
tion by the techniques described. Possibly.in ascending order
of difficulty, these might be the following:

Total metabolic system, including digestion,
nutrition, and excretory functions.

Synthesis, storage, and conversion system, in-
cluding functions of the liver, blood-forming
tissue, and muscles.

Hormonal regulatory system,
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Central and peripheral nervous system.
Mechano—skeletal: response system.
It is quite possible, of course, that — as the research
results unfold — this ordering may be changed or different
groupings of components may prove more expedient.

It is not knovm whether the simultaneous operation of
models of several human subsystems in detail would be beyond
the capabilities of currently available computing machlnery.
If each should turn out to be no bigger than the respiratory
model, there would be no problem. This, however, seems un—
likely. Nevértheless, because of some unique characteristics
of the chemical systems represented, and their thermodynamics,
and the flexibility of the model, it appears to be possible
to employ some tricks that may allow an interesting number of
subsystems to be operated concurrently with present equipment.
Moreover, in many cases the additive qualities of the
chemistry can permit parts or all of a subsystem to be aggre—
gated, and yet allow the essential relationships with the
rest of the subsystem or with other subsystems to be main—
tained. This phenomenon is something like looking at the
human system with a microscope. A small field that 1is
being examined can be seen in great detail, while the rest of

the system, still operating, is involved only grossly.
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II1I. A REVIEW OF THE PHYSIOLOGY AND CHEMISTRY
OF THE EXTERNAL RESPIRATORY SYSTEM

To confirm the bellef that complex physiological systems
can be represented by mathematical programming techniques, the
authors selected one important subsystem of the human organism—
the external respiratory system—as an exercise.* This sub-—
system includes the functions of breathing, the transfer of
gases to and from the blood, the complex oxygen and carbon-
dioxide transport in the arterial and venous blood, the
reactions between blood plasma and red cells, the reactions
within the red cells, the transfer of oxygen and carbon dioxide
with the bpdy tissues, and the flow of blood through heart
action. An important reason for selecting this subsystem for
mathematical study 1s that it has been extensively investigéted
and a large amount of quantitative data are avallable for

validating a model.
Figure 1 {l1lustrates in a schematic fashion the gross

physiologlcal aspects of the external respiratory system 1in
man. The ultimate purpose of this system 1s to provide oxygen
from the atmosphere to oxidize carbonaceous food, thereby {

generating heat and supplyihg energy for performing work, and

to return to the atmosphere the CO2 (and some of the water)

that is formed by these reactions occurring 1in the cells of

*The internal respiratory system relates to the metabollce
processes occurring at the cellular level. These processes
are not represented explicitly in the present exercise.
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Fig.1— Gross physiologiccl aspects of the human
respiratory system (schematic)
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body tissues. The exchange of gases between the blood and the
external atmosphere takes place in the lungs by transfer across
the extremely thin walls of the caplllaries and the pulmonary

alveoll.

The alr passages to and from these exchange membranes
include the nasal cavitles, the pharynx, larynx, trachea,
bronchi, and bronchloles. The lung tlssue proper contains
an immense number of irregularly shaped alr spaces, called
alveolar sacs. Tne termlnal twlgs of the bronchial treec open
into these alveolar sacs; see IFFig. 2. The number of pulmonary
alveoll 1n the lungs of man has been estimated at 7.5 x 10 8.
The tremendous surface area presented by the alveoll for gas
exchange results 1n close—to—equllibrium condltlions between
arterial blood and sac—gas composition except under translent
stress condlitlions.

The lungs play a passlive role 1n inspiration and expira—
tion. Thelr change 1n volume durling this cycle is brought
about through change 1n the capaclty of the thoraclc cavity.
The change in capaclty of this cavlity 1s caused by the descent
and ascent of the diaphragm, and by the movement of the rilb
cage.

Only about one-half liter, or one—tenth of the total air
capaclty of the lungs, 1s inspired and explred during ordinary
qulet breathing. Thls 1s called the tidal alr. Even after
the most forceful expiration, from 1000 to 1500 cc of alr

remains in the lungs. The space enclosed by the bronchi,
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Respiratory bronchioles— Terminal branchiales

Alvealar ducts

Alveolar sacs

Pulmonary alveoli

Fig.2— Diagrammatic representation of q respiratory unit (Ref. 2)
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bronchloles, trachea, larynx, pharynx, and nasal cavities 1is
called the dead—alr space. It has a capacity of about 150 cc.
The air 1n the alr sacs 1s termed the alveolar air. Various
techniques have been developed for measuring or estimating the
composition of this sac alr, which 1s in equilibrium with
arterial blood and which 1s different from the external
atmosphere.

The foregoing characteristics of the lungs, especlally
the small tidal volume in respect to total capacity and in
respect to the large residual volume, permit the lungs to
accomplish the remarkable function of damping out the large
fluctuations of sac—alr composition that otherwise, during
the intermittent inspiration—expiration cycle, would subject
the flowing blood to large surges of oxygen (and alternately of
carbon dioxide). To a first approximation, this lung charac—
teristic permits the breathing mechanisms-jo be represented
as a large volume of alr of sac composition in equilibrium
with the blood,

Actually, the breathing mechanism and changes of air
composition from atmosphere to lung sac are quite complex in
detall. The blood gives off carbon dioxide (and usually
water) to the lung sacs and picks up oxygen. Thus, the air
leaving the sacs 1s of a different composition from the in-
coming alr. On top of this change, there are other factors

such as diffusion, mixing, the dead—alr space, the alternate
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inspiration—expiration cycle, and the blood—flow rate that
all affect the composition of sac alr in relation to atmos—
pheric air.

One's breathing rate can be controlled voluntarily within
1imits, but 1t 1s essentially an involuntary act controlled
automatically by the rhythmical discharge of impulses from a
group of nerve cells 1in the medulla oblongata of the brain.
This respiration center 1s influenced largely by changes of
carbon—dioxide concentration in the blood. Changes in oxygen
concentration can also influence the breathing rate, but this
is thought to be an indirect influence through chemoreceptors
lying close to the heart. These chemoreceptors also appear
to be influenced within limits by hydrogen—ion and carbon-—
dloxide concentration, in addition to affecting heart—action
and blood—-flow rates and indirectly influencing breathing.

The gaseous exchanges Bétween the blood and the tissues
are the reverse of those taking place in the lungs. The
oxygen concéntration is lower and the carbon-dloxide concen—
tration 1s higher in the tissues than in arterial blood.
Therefore, in passing through the systemic caplllaries, the
bloed gives up oxygen and absorbs carbon dloxide. The compo-—
sition of the blood returning to the lungs varies, depending
on the part of the body 1t has served. There 1s also some
admixture of arterial blood with the venous as it enters the

lungs. As a resvlt, the blood entering the lungs — which 1is
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called mixed—venous blood — 18 higher in oxygen and lower in
carbon dloxide than the most degraded venous blood, such as
that coming from an extremity and sampled there.

The chemlcal phenomena of the external respiratory system
in which we are especlally interested may be represented sche-
matically as in Fig. 3. Here the system 1s considered as
consisting of three compartments, corresponding to the lung
sacs, the blood plasma, and the red blood cells. Following
first the path of oxygen from the lung sacs, wé note that in—
asmuch as the concentration of oxygen dissolved in mixed—
venous plasma is lower than that dictated by the partial
pressure of oxygen in the lung sacs, oxygen transfers from the
sacs to plasma, increasing its concentration there and 1n red-
cell solution. This increased oxygen concentration causes
the reduced hemoglobin in the red cells to combine with oxygen
until a new equilibrium is reached at the hlgher oxygen con—
centration. Hemoglobin accounts for the large percentage of
oxygen carried by the blood; however, as 1s also true of
carbon dloxide, its solution in plasma and red cells serves
as the important pathway in and out of the blood.

Conversely to the case of oxygen, the concentration of
carbon dloxlde 1s higher in mlxed—venous plasma than that dic-—
tated by the partlal pressure of carbon dioxide in the lung
sacs, so carbon dlioxlde transfers from the plasma to the sacs
until a new equilibrium is reached at a lower carbon-dioxide

concentration. But carbon dioxide 1s stored by the blood in
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both plasma and red cells largely as bicarbonate ion (and in
associlation with reduced hemoglobin in the carbamino form).

As the carbon-dioxide concentration is reduced, the bicarbonate—
ion concentration 1s also reduced. This reaction in the red
cells 18 catalyzed by the enzyme carbonic anhydrase. As the
bicarbonate concentration in the red cells decreases, an im-
portant reaction called the "chloride shift" takes place
across the cell membrane; in this reaction, bicarbonate ion
from the plasma transfers to the red cells, and chloride 1ion
from the red cells transfers to the plasma. The reverse of
this shift occurs at the tissues when carbon-dioxide concen—
tration increases in the blood. Here, bicarbonate ion formed
in the red cells shifts to the plasma and chloride ion shifts
to the red cells. This shift results in an increase in the
carbon—dioxide carryling power of the blood. The remarkable
ion—selective characteristics of the red—ell membrane and the
resulting Gibbs—-Donnan equillbrium make this important shift
possible.

As mentioned, carbon dioxide i1s also carried by hemo--
globin. This hemoglobin-linked carbon dioxide, while repre—
senting only a small part of the total carried by the blood,
provides a significant part of the carbon dioxide transferred
from tissues to lung sacs.

The physliology and the chemistry of the external respira-—

tory system are, of course, much more complex in detail than
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could posslbly be indicated in this brief description.*
This introduction, however, should provide the background
necessary for an understanding of the mathematical represen—

tation of the more important features of this system.

*An excellent detailed description of the external res—
piratory system is contained in Ref. 4.
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IV. A VMATHEMATICAL MODEL OF THE CHEMISTRY
OF THE EXTERNAL RESFIPATORY SYSTEM

DESCRIPTION OF THE MODEL

From the physiologlcal data avallable and thé working of
the resplratory system as outlined above in Sec. III, a
mathematical model was set up to represent the more important
of the known interrelated physiological functions and chemical
reactions involved in the human respiratory system. Actually,
two models were formulated. Model I useé a simplifled concept
of the hemoglobin molecule, but otherwlse 1s sufficilently
detalled for the present purpose. Model II, described in
Appendix D, 1s based on Linus Pauling's theory of the complex
hemogloblin molecular structure.

Figure 4, which is ; schematic 1llustration of the
external respiratory system, démonstrates the relationship of
the inputs and outputs of the mathematical model to the actual
system. The a's and v's in the figure refer to the input
"elements" coming to the lungs in unit time from mixed—venous
blood and from the air. The x's refer to the resulting
numerous molecular speciles 1n the arterial blood and in the
air of the lung sacs as determined by the solution of the
mathematical model. At the present stage, the cell outputs
are introduced into the model in terms of the composition of

the mixed—venous blood.
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Air out: xl.x ,x3,x4 Ajr in: 01.02.03.04.05
Lung level

Arterial Venous

blood out: blood in:

x5,4....x30

Vv Youeey, Vi

Tissue level

Cell output

Cell input

Fig. 4 — The relationship of the inputs and outputs of
Model T to the respirotory_ system
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Model I was constructed to provide an accounting of the
mass of all of the "elements" involved. The concentration of
each of the molecular species (dissolved compounds, gases,
ions) was established in terms of 1ts mole fraction. Since
the equilibrium constants for the many reactions were avail-
able, it was possible to interrelate, within the model, the
mutual effects of changes in concentration of any of the
species. Further, from thg equilibrium constants and mole
fractions, 1t was possible, on the assumption of ideal solu-
tion behavior in the dilute solutions involved, to establish
the thermodynamics of the system within the model.

Scme previous studies at RAND(S) provided a technique for

the introduction of these energetics of the system into the

‘computational model in an efficient manner. This method makes

use of the Gibbs' chemical-potential concept with the

minimization of total potential energy of the system defining
equilibrium, rather than use.of the équilibirum constants and ,
their more conventional relation to free energy. The two

concepts are mathematically equivalent. .In the first part of

Appendix A; the interested reader will find a review of the

basic chemical and thermo?ynamic concepts employed in the

present development. -

The model constructed t§ represenf this system is shown in
Table 1. Briefly, the input data of the model consist of
glven quantities of the "elements" of mixed—venous blood and

air, shown on the left-iﬁ the table. The output data are the

e

; ’k.}.a... “
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evaluations of the quantities xJ reprcsenting the amounts of
various molecular species found in three compartments rep-
resenting lung—sac air, blood plasma, and red celiz. The
numbers appearing in the various columns for the individual
molecular specles characterize the species and are therefore
independent of thelr quantity. 1In greater detail, the model
consists of the following portions:

1. An "Input Section" consisting of gilven amounts vy
of essential "elements" "1" of the blood corresponding to
typical mixed-venous blood values (measured in moles), plus
amounts a, of fresh air "elements" "1," glving total inputs
b, = a, +v,. (For simple chemical reactions, the "elements"
could be defined as the atomic types composing the molecular
specles. It was more convenlent for the present application
to compose the varlous possible molecular specles appearing
in blood from a set of "elements" consisting of either atoms

or "groups of atoms in fixed proportions," such as ut or

OH .)

2. Compartment I, labeled "Air Out,"” with columns
corresponding to differeni, specles of lung—sac gases in
equilibrium with the arterial plasma and red cells,

3. Compartment II, labeled "Arterial Plasma," with
columns corresponding to chemical specles appropriate to the
arterial plasma. When the model i1s "solved," the corresponding
values are the equilibrium amounts (in moles) of the speciles

in lung sacs, plasma, and red cells.
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4. Compartment III, labeled "Red Cells,” with columns
corresponding to chemlcal specles contained in red cells. As
noted earlier, Model I uses a simplified structure. A more
complete theory 1s contained in Model II; see Appendix D.

The mathematical problem for Model I 1s the following:

For given values b, (L =1,2, ..., 12), and for the
detached coeffilclent values a1J given in Table 1, de-—
termine equilibrium amounts %, (3=1,2, ..., 30), and

minimum free energy z defined by
Z = % Xy [éJ+1n(xJ/YI)] + I? Xy [?J+1n(xJ/XII)]

+ I%I x, cJ+1n(xJ/RIII)] .

where ¥ denotes the sum over all specles J in compart—
ment kk(k = I, II, or III), cy 1s proportional to the

free energy per mole of the jth specles, Ek = i Xy is
the total moles 1n compartment k, and 1ln means natural

logarithm, subject to the constraints

XJ 2_ 0 (J =1, 2, ..., 30):

30

= X a X
17,5 197

(1=1, 2, ..., 12),

Thus, the computational problem as presented in the model
18 to determine the amounts of each of the chemlical specles
present in the lung sacs, 1n arterial plasma, and 1n red cells

at equilibrium.



RM-2519
27

In the past, the determination of equilibrium compo—
sitions of such large chemical systems involved computational
problems that have been tedious and time-consuming; they have
often been "solved" by assuming certain species to be dominant
in the final solution.(G)(7) In recent years, however,
several conceptual and computational developments plus the
avallability of large electronic computing machines have made
it feasible to attempt the solution of such large-—scale
problems repeatedly, and under any desired variation of the

basic inputs into the system.(s)

THE FREE-ENERGY FUNCTION

The method here used for solving the system 1is described
in detail in Ref. 5. It consists of the direct minimization of
the nonlinear free-energy functlon subject to certain linear
constraints instead of the usual nonlinéar equilibirum
equations that express the mass-actlon laws, Mathematically,
the free energy F(X) of a mixture of n chemical species

relative to some standard state containing xJ moles of the J-th

species can be expressed as

n

F(X) = Jfl JFJ » (1)

where X = (xl, Xos eees xn) is the set of mole numbers,

FJ represents the free energy per mole of the j-—th species
at the given temperatpre and concentration, xJ/ X; these are

defined by
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= free energy per mole of the
J—th species in its standard
state.
(For specdies in liquid state, the pressure term ln P defining

¢, 1s omitted for P's near atmospheric; and for pure speciles
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