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1. INTRODUCTION
'‘'■■OV.vTniT \J ~UIili 

’■PDR a

cn

This paper is devoted to a discussion of the equation of motion for the 

intrinsic angular momentum of a classical particle placed in a homogeneous ex-

CZl ,S^' 'ternal electromagnetic field. The Interest in this problem has a number of
Li-J
C’3
rS ^ ■ facets. The first is practical in that the classical equation of motion is

^ ^ identical with the equation of motion for the expectation value of the intrinsic
<t: c- o spin of a quantum particle.'^ Thus, for example, the results of this paper are 

applicable to the discussion of the motion of the spin of an electron in an 

external electromagnetic field. Another interest in these classical equations 

stems from Kramers, who in his book on quantum mechanics showed that for a 

particular choice of the equation of motion one is led to conclude that the 

gyromagnetic ratio for a classical particle is the same as that for the Dirac 

electron.5 Although, as Kramers himself states, the equation of motion he 

discusses is a special case of the most general equation of motion which was 

first Introduced much earlier by Frenkel,^ the belief still seems to persist J 

that the gyromagnetic ratio of a classical particle is uniquely Implied by the

*The support of the Office of Naval Research, Navy Theoretical Physics, under 
Contract No. Nonr 122U(15) for part of this research is gratefully acknowl­

edged.
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equation of motion. 5 Another aspect of interest is in th~ choice of the co-

variant representation of the intrinsic angular momentum. Kremers and Frenkel, 

for example, choose to represent the intrinsic angular momentum by an anti­

symmetric second rank ten~or, while more recently it has become fashionable to 

represent intrinsic angular momentum by a four-vector. 6 The two representa-

tions are, of course, equivalent. 

In Section 2 we first adopt the antisymmetric tensor representation for 

the intrinsic angular momentum and then write down the most general equation 

of motion consistent with a set of reasonable restric·· ions. The resulting equa-

tion is essentially identical with that of Frenkel. We then repeat the discus-

sion using the four-vector representation and show the equivalence of the two 

approaches. In Section 3 we use the equation of motion derived in Section 2 

to obtain an explicit expression for the angular velocity of precession of the 

intrinsic spin. 

In the following discussion we shall adopt the usual four-dimensional 

notation as given, for example, in M¢ller's book. 7 In addition we shall use 

cgs "natural" units for which c = l. In the formulas which are of practical 

utility we put the e's back in. 

2. THE E'l}ATION OF MOTION 

The non-relativistic equation of motion for a particle with charge e, 
--+ mass m, and intrinsic angular momentum S = (S1 , S2 , S3 ) is 

+ 
dS = 
dt 

+ + f + + 
~SxB+~SxE 2m 2m 

2 

(2.1) 



Here we have assumed the particle has a magnetic dipole moment 

+ 
m = E+ 

2m s , (2.2) 

and an electric dipole moment 

+ + 
d = fe s 

~ 

+ Higher multipole couplings do not appear because the electric field E and the 

+ 
magnetic field Bare assumed homogeneous. 

Following Frenkel, 4 we introduce an antisymmetric tensor (SKA), which in 

the particles rest frame has the form;8 

S3 -S2 

0 S1 
(SI ) = (2.4) KA 

-Si 0 

0 0 

We want now to write down the most general equation of motion for (SKA) which 

is form-invariant under Lorentz transformations and which is a generalization 

of the non-relativistic Eq. (2 .1). In doing this we will be guided by the fol-

lowing requirements. 

1. 'Ihe differential equation should be of first degree in the time, or 

rather the proper time, T, whose increment is related to the increment of lab-

oratory time by 

dT = Jr:7 dt, (2.5) 

3 



where vis the velocity of the particle. 

2. The equation should be first order !n the electromagnetic field tensor, 

0 B3 -B2 

0 Bi 
(Fµv) = (2.6) 

B2 -Bi 0 

Ei iE2 iE3 

In particular we assume the equation does not involve derivatives of the elec-

tromagnetic fields. 

3. '!he equation should be homogeneous in SKA.' 

4. The equation should be form-invariant under the improper Lorentz trans­

formations of time reversal T and spatial inversion P, It is in regard to this 

requirement that we distinguish the magnetic dipole and electric dipole coup-

lings. 'lhus, the non-relativistic equation is form-invariant under T and P 

only if we assume that the coupling constant g, which is just the Lande g-

factor, does not change sign under either Tor P and that the coupling constant 

f changes sign under T as well as under P, In other words, according to Wat­

anabe's classification g is a regular scalar while f is a first kind pseudo­

scalar.9 

5. Finally there are two dynamical requirements upon the equation of 

-+ motion. The first is that the intrinsic angular momentum S must be unchanged 

in magnitude during the motion, i.e., 

4 



is a constant of the motion. '!he other requirement is that during the motion 

SKA must continue to have the form (2.4) in the rest frame of the particle. In 

other words, the requirement 

(2.8) 

must be consistent w1 th the equation of motion. Here UA is the proper four­

velocity vector: 

-1/2 
= (1-v2) . (2.9) 

'lhese requirements are not all independent, e . g., requirement ( 2 . 7) is implied 

by the remaining requirements, but they do form a consistent set which uniquely 

determines the ec1.uation of motion. 

'!he covariant quantities which can be used to form the equation of motion 

of consistent with the above requirements are the field tensor Fµv' the proper 

velocity of the particle UK, and the dual of the field tensor: 

0 -E3 +E2 

+E3 0 -E1 

(~v) = (2.10) 
+E1 0 

0 

'!he reader can readily supply the arguments which show that the most general 

10 equation of motion for SK~ fulfilling the requirements 1 to 4 has the form: 

(2.11) 

5 



Here the fact that g and g' must be regular scalars while f and f' are first 

kind pseudoscalars follows from the fact that F µv is a second kind pseudo­

tensor while ~v is a third kind pseudotensor. 9 'lhe dynamical. requirement 

(2.8) implies that for allowed solutions of (2.11), 

(2 .12) 

must vanish identically. Using (2.11) together with the equ&.tion of motion of' 

11 the particle itself: 

e 
iii F'Nl1a 

we find that (2.12) becomes: 

(2.14) 

where 

(2 .15) 

Providing the first two tenns on the right hand side of (2.14) vanish this equa-

tion is a homogeneous equation, first order in time for, the four vector SK~u~. 

Such an equation clearly has the property that a solution which vanishes at any 

instant of time must vanish identically for all times. Hence the dynamical re­

quirement (2.8) will be consistent with the equation of motion (2.li) providing: 

g' = g - 2, f' = f. (2.16) 

With these values for the coupling constants this equation becomes: 

6 



Sit>.. = ~ { g(S1trJNJ. - S-,.ditr) + (g - 2)(Uit¾!ai/Jf! - U>..SJaf ~l 

- f(s1tcna - S>..cJla + UitS>d'afPf! • U>.,S1tafadJf!)} , 

(2.17) 

which is the ·desired equation of mtion. It can readily be verified that (2.7) 

is a constant of the motion, at least for those solutions for which (2.8) holds. 

If one sets f = 0 (no electric dipole coupling), the resulting equation is 

4 
identical with that of Frenkel. If in addition one sets g = 2, the resulting 

equation is that discussed by Kramers.3 

'!he choice of an antisynmetric tensor to represent intrinsic angular mo­

mentum is not unique, we could equally well have introduced a four-vector Sit, 

which in the rest frame of the particle has the form: 

+ 
(S~) = (S, O). 

'lhe requirements upon the equation of motion for SK are the same as those upon 

. . . . 
the equation for SK>,. except that the dynamical. requirement (5) becomes· · 

... . 
(5') 'lhe condi.tion that the magnitude of S be constant is that 

2 2 2 = Si + S2 + S3 

be a constant of the motion. nie condition that SK continue to 

have the form (2.18) in the rest frame is that 

must be consistent with the equation of motion. 

7 
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~e most general eqaation for SK consistent with the requirements 1-4 is: 

If we now impose the requirement (2 .20) we find 

= (g - 2 - g')2iii FKc}JKSQ 

+ ( f ' - f )2iji r:cPcP K • 

Hence (2.20) is consistent with the equation of motion providing 

g' = g - 2, f' = f 

With this choice of coupling constants the equation for SK becomes 

(2.21) 

(2 .22) 

(2.23) 

'lbfs is the e·qu~ti~n ·of motion obtained by Bargmann et al .1 Again, one can 

verify that (2.19) is a constant of the motion providing (2.20) is satisfied. 

'!be question still remains as to the relation between the four-vector SK 

and the antisymmetric tensor SK~. It is easy to show that the following pair 

of relations are inverses of one another and reduce to the proper relations in 

12 the rest frame of the particlei 

(2 .25) 

Again it is a straightforward matter using the se re_latio~s to deri_ve the equa­

tion of motion for SK~ from that for SK or vice versa. Hence the two approaches 
8 



are canpletely equivalent. 

+ 
3. mE Eq]ATION OF l()~ON FOR S 

nte equations of motion obtained in the previous section, while quite 

general, are not in the most convenient form tor the discussion of the motion 

+ 
of the intrinsic spin, S. In order to obtain an explicit equation of motion 

+ 
tor S we must introduce the Lorentz transformation, LKA' from the rest frame 

to the laboratory frame. 'Ibis 1J1USt be a pure Lorentz transformation, with­

out rotations, which bas the property that 

where UK is the proper velocity of the particle in the laboratory frame, given 

by (2 .9), and 

is the proper velocity in the rest frame. 'lbe transformation which fulfills 

these requirements is 

+ 
as can be verified by taking v along one of the coordinate axes and using the 

fact that 

'lhe four~vector SK, whose equation of motion expressed in the laboratory 

frame is (2.24) is related to s~, which has the form (2.18), by 

9 



Taking the derivative with respect to proper time of both sides of this equa­

tion and using (2 .24) we get 

• e 
- LK~s~ - m UKFVAUySA 

+ f ~K>..s>.. + U1lv>..uv5~ 

- : ~>..s>.. + ul~>..uvs>..] • 

Using (3.5) to express the right hand side of this equation in terms of S~ and 

then using the orthogonality property _of LK~: 

we find 

Here 

F' = L L F FM-' = L L F* KA µK vX µv' KA µK vX µv' 

are the field tensor and its dual evaluated in the rest frame. 'lhese tensors 

have the form (2.6) and (2.10) resp. with13 

(3.10) 

10 



We can n.ow express LvA in terms of F~A by taking the derivative of (3.3) with 

respect to proper time, using (2.13) to express UK in terms of FKA' and finally 

using 

(3 .11) 

which is the inverse of ( ~. 9) . Working &11 this out we find we can write 

- 1vKivA - i WKFVAWv = i 1!1 
{<uKF~vWv - UAF~vWvl 

(3.12) • 

- 1 WKF~vWv + (1+21) WAF~vwv}. 

When this expression is put into (3.8) the last term vanishes since WAS~= 0 

and we get: 

s~ = ; {1!1 EKF~vwv - UAF~vwv - 1 WKF~vwJ 

+ J E~A + V~Aw~ - ½ ~~ + V~~w~}s~ 

-+ 'lhis is the desired equ~tion for the intrinsic spin S, whose components a.re the 

first three components of S~- (One can readily check th~t S4 ·= - _1 WKS~ = o.) 

When expressed in three-dimensional vector notation this equation takes the 

form: 

-+ 
dS = 
dt 

-+ -+ 
11 XS , (3 .14) 

where t is the laboratory time related to T by (2 .5) and O is the angular veloc-

ity of preces~ion given by 

n = e - - [ 
l • ! x E' + _g__ B' + f EJ me l+!' c . 2"°)' [r (3.15) 

11 



~e first term within the bracket is the well-known ~omas precession term, 14 

the second term is the magnetic dipole 1,recession in the rest system magnetic 

field, modified by the time dilatation factor 1-1 .J1-v2-/c2, and the third 

term is the corresponding electric dipole precession. Hence, this expression 

for the spin precession velocity is Just what one could have written down from 

the beginning. 

As the particle moves through the external. electromagnetic field its 

velocity will change in both magnitude and direction as determined by the equa­

tion of motion (2 .13). In particular from (2 .13) one can show that: 

+ 

+ 
d V 
dt V 

+ + 
= nv x ! 

V 
. (3 .16) 

where nv is the angular velocity of precession of the particle's velocity, 

given by 

+ 
nv = e 

m(~-1) 

+ + 
!.. XE' 
c2 

(3.17) 

ihe angular precession velocity of the intrinsic spin relative to the velocity 

of the particle is then: 

(3.18) 

+ + + When n, Oy, and nrel are expressed in terms of the laboratory fields, using 

(3.10), they can be written: 

n = - ~ r1 B - ...Li x E + (.5. - 1)(B 
me lz r+l c 2 

12 

1 1 +++ + + 
~ - V•B V - ! X E) 
cc: r+l c (3.19) 



~ err•..,;. 1++;~ 
Yv • - _ - B - - - x E - - v•B - , 

me 1 12-1 c 12-1 c2 
(3.20) 

e ~l; + 1 ++; 
= - - -- - x E + - v•B -

me 2-1 c 12-1 c2 

+ +++ + + 
+ (J - l)(B - .L v•B ~ - ! x E) 

1+1 c.: C 
(3 .21) • 

f + 1 + + + + +~ 
+ - (E - - v-E ~ + ! x B) , 

2 1+1 C C 

'lhe results (3,15-3,21) for the motion of a classical particle with spin 

are identical with those for the motion of the expectation value of intrinsic 

spin uf a spin one-half quantum particle. 

13 
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1. 'Ihe most recent article on this topic is that of Bargmann, Michel, and 
'lelegdi, Phys. Rev. Lett. g, 435 (1959). 

2. 'Ihis statement is simply a slight extension of Ehrenfest's theorem, Zeits. 
f. Physik., 45, 455 (1927). In this connection it seems to have been first . 
remarked by ~ Bloch, Phys . Rev. 70, 460 ( 1946) . 

3. H. A, Kremers, Quantum Mechanics (North Holland Publishing Company, Amster­
dam, 1958) pp. 226-238. 

4. J. Frenkel, Zeits. f. Physik, 21., 243 (1926). 

5. See e.g., Corben and Stehle, Classical. Mechanics, (John Wiley and Sons, Inc., 
New York, 1950), P· 358-359. 

6. 'Ihe four-vector representation of intrinsic angular momentum (or polariza­
tion) was first introduced by Michel and Wightman, Phys. Rev. 98, 1190 
(1955) • See also ref. 1. -

7. c. M¢ller, The 'Iheory of Relativity (Oxford Univ. Press, London, 19)2), Ch. 
IV. 

8. By the rest frame of the particle we mean a coordinate system in which the 
particle is instantaneously at rest and which is obtained by a pure Lorentz 
transformation, without rotation, from a fixed laboratory coordinate system. 
We shall denote quantities evaluated in the rest frame by a prime. 

9. S. Watanabe, Rev. Mod. Phys. 27, 40 (1955). 'Ihe classification of "kinds" 
of pseudo-tensors is according to the extra changes in sign under Tor P 
and is indicated by the following table. 

Kind 

Reg. 
1st 
2nd 
3rd 

T 

+ 

+ 

p 

+ 

+ 

10. We use the notation in which the derivative with respect to proper time 
is indicated by a dot. 
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11. '!he most general particle equation of motion which includes spin orbit 
coupling is of the form, 

12. Here Ett>..µv is the Levi-Ci vita symbol (see e.g., ref. 7, p. 113). 

13. .'lhese expressions may be verified using ( 3. 9) . '!hey are also g1 ven in 
ref. 7, p . 142 . 

14. See e.g., ref. 7, p. 56. 
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