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ABSTRACT 

Floqwt's tteerwi and tte raflaetlon wjmmtrj proparti— of 

MumoU'i «quation aro nod to establish tbs relationship boto—n 

scattering by too di—nsional periodic structv— in free spa— and 

equivalent oaveguide problems. For structures« such as strip grat¬ 

ings« having periodicity in one direction only it is sheen that the 

free spa— problem is equivalent to the sun of too uaveguLds problems 

and vice-rersa. For structures ulth periodicity along too axis it 

is shown that four waveguide proble— must be solved in order to 

determine the complete solution of the free space problem. Only when 

—re than one b—1c cell of the periodic structure is contained within 

the waveguide walls will a single waveguide problem be equivalent to 

the free space problem as far as dominant rode fields are concerned. 

i 
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!• Xatrodgctlfln 

Ifc la mH knonn that radar certain conditions the probien of 

•cetterini fsron a periodic array of obstacles in free space can be 

reduced to an equiralent waveguide problem. Pbr arraye, in free- 

•pace, with periods lees than one half-wavelength all tin higher order 

»des that are excited are evanescent. For those arçles of incidence 

which pendt reducing the problem to an equivalent waveguide problem 

this results in at least two periods of the structure being located 

within the waveguide mils in order that a waveguide mode will pro¬ 

pagate. When only one period of the free-epace array is contained 

within the waveguide walls the waveguide problem an! free-epace prob¬ 

lem are not fully equivalent. The reason is that under these condi¬ 

tions one or more higher order diffraction modes can propagate in 

free-space. This particular aspect of the waveguide image technique 

does not appear to have been considered in detail before. 

In this note Floqust’s theorem is used to establish the equi¬ 

valence between the problem of scattering from periodic arrays in 

free space and the corresponding waveguide problems. In particular, 

it is shown that by solving two (or more) waveguide problems the 

solution for the reflection coefficients for the two (or more) pro- 

•pagating reflected waves in the free-space problem my be found and 

vice versa. 

2-L Scattering from One-DInsnaional Periodic Qratlif;« 

Consider a one-dimensional periodic gratliç (infinite and 

uniform in the y direction) with spacing a along tte x axis as in 



Fl«. 1. y 

Fig. 1# A one-dlnensional periodic grating 

itch grating «latent la of aidth t and la raatrtctad to tan a oroaa- 

«action that la «yimatrical about ita mid-plana aa indicated in fig, 1, 

hat a perpendicular-polarised TBM wave be incident at an angla 

®i’ ”UtlT' ö» « in the as plane ae in Pig. 2. L, rtew of 

the nature of the incident field and the unlforaitj of the atructure 

in the p direction only TI endee are eiclted. The field component« 

^ and ^ for theee any be derived fro. the eligía coeponent E of 
y 

electric field that le present. 

I*t the Incident electric field be 

-jbx- Pz 
e 0 (1) 

where h kQ ein ■ jkQ cos Since the structure Is periodic 
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Fig. Z» Incidence of TEM «are on grating 

in the X direction the eeattered field for t < 0 id.ll, accordixg to 

Floquet'e theorem, hare the form 

where 

* b e"3(h + fcV»)* efn* 
n^-oo n 

(2) 

Pj - (h ♦ 2nn/a)2 - k2 
** 0 

For e > 0 the transmitted field will be 

2 c e“^h * Wt)x ~ ^n* 
n 8 n»-oo 

(S) 

If we begin with an incident field 

a_ e 
jhx- roz 

(4) 

incident at an angle ^ the oymnetry of the gratis elementa anl array 

ehowe that the reflected and transmitted field mwt be 
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L 

1^- “ ba * W»)x , r’n* 
n—oo 

(«) 

• 2 c t^h + W») §“ ^n* 
• * — — ® n»-oo 

(6) 

It is only nsMMSiy to repises x by -x in (1), (2) and (5). If 

m svperiapom the above two solutions we obtain 

^ - 2ao cos hx e -r.* 
(V) 

00 r«* 
E7r " 2 2 bn co*(h ♦ 2nn/a)x e n (8) 
' n*-® 

00 -P* 
*rt " 2 2 Cn coa(h * 2ns/a) e n (9) 
/ n—oo 

If the angle of incidence is chosen so that h ■ k sin 9 • n/a. 
o i v * 

1*6. 

«in »i - X0/2a (10) 

then (7), (8) and (9) become 

n* ~^nZ 
008 T * 0 

nx . H)* 

(11) 

r.« 
SyTmZbocoafe ♦ 2b.! cos H* 0 

nx 'n ♦2 Z b cos(l ♦ 2n) H e 
n--oo a 
n^-1. 

(12) 

i 
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\i • í2co ♦ 2c-i) co« H e ^ 

00 -Pt 
* 2 2 en co«(l + 8n) 2 « n (u) 

n--oo — 1 
nAvii 

•in» r.x •-J’. K la Utami timt «U T P^uA P 

•M «U Md hmc. OIÛT th, n-0,-1, TOI., p.0i»c»tt. Th. n.cu.^7 
oondltlen 1» ^ » k0. An .XMimtion of thin „lotion .ho« that at 

* " -1 * “ *** el,ctrte fl*W ranlahaa. Conductii« pUnaa iy 

thc«for., b. laaartad *t . ♦ a/s. Wo „y pi«, 00^,,^ pllnM 

«t jr - o,b M „11 aim» th. .metric flaw 1. ar^r, 

to th. a Plana* Han» * obtUn th. «yagoid. .trnctnr, UlMtratnl 

In Fig, 5«, 

Equation« (11)-(15) give the solution to the waveguide problen 

Of fif. ía. Tha raflaction coaffldant Rj, fro» (If), i, IMn 

n«. 5, Wwgoid, .tracturea dariy«l fro» tm grating atructura. 



-fi¬ 

to bo giron by 

If 1b the étant induotire ans cep ton ce of the diophragn in Fig. (80) 

for infinitoly thin flot stripe then 

JB, 

*1*7^ 
(IS) 

It should bo noted thot o solution for detendnes tha sun of the 

oeplitudes bQ ♦ b_^ for the n ■ 0 ond n • »1 propogoting nodes for 

the free-spa ce problem. Conrersoly, both b ond b , mat be found in 

order to determine the reflection coefficient ^ for the waveguide 

problem. 

By choosing a different incident field we con olso arrive at 

the wveguide structure of Fig. 5b. A combination of tin two preble» 

provides a solution for both bo and b^. In tbs waveguide it is 

assumed that only the mode propagates. Because of the eynnetxy 

the Hgo* etc*« modes are not excited. 

let the incident fields be those given by (1), and (4) imiiMpun 

by «1« th» 

• -2.1a_ sin hx e hfi) » — # 

The reflected field is now given by (2) and (5) multiplied by (-1) and 

K ■ - 2j Zb sin(h ♦ 2nn/a)x e (17) 
" wtmswwN 11 

is 





reflected modes In the free-space problem ere know the solutions for 

the tw wreguide problems Illustrated ln Hg. 5 are determined by 

(14) and (20). Relations similar to the aboye hold for the coefficients 

of the higher order eranescent modes as well. 

2.2 Asn—trical Case 

Let the incident TB field be choeen as 

-star r « 
e (28a) 

The corresponding reflected field will be 

co -j(h ♦ 2nji/a)x ♦ Ps 
Z b e 

3* n—oo n 
(25b) 

Choose a second incident field 

V "*o • 
jhx- P0t 

(24») 

Symeetry considerations show that the reflected field will now be 

yr 

CD 
- 2 be 

n»-oo 

J(h ♦ 2nu/a)x ♦ Pa n (24b) 

Siçerposition of the two aboye solutions gives 

- I'i 
O «4- V.. . ° 

OA.11 UJL « 

0 
fnr. \ 

00 p S 

^-2^ Zb sin (h + 2nn/a)x e n 
^ n-oo n 

(25b) 



Ut tbe «í1* of incidenc* ^ be efat>een eo tfet 

h - k0 ein ^ - Zn/ê (ti) 

Purthemre let the «peeing e be eboeen 10 tint 

t/2 < ^ < e („) 

Under the«« condition« the node« n-0,-1, end -2 propegete. The node 

n-1 corre.pond. to e TEM were «inc. h ♦ 2(-1) n/n - 0. Thle !Bf m 

■ode i» ireeent in the eolutiona (25b) end (24b) but i« eb«ent Jn (25b) 

•ince »in (h ♦ 2n«/e)x ■ 0 for n*-l. 

For the epecifted ytl» of h the fonction ein (h ♦ 8nn/«)ï 

TUieheo et * - 0, ♦ m/t. Condocting pu™. m ^ ,t 

X - 0 end X - a/2 In Fig, 1 and the waveguide problen of Fig. 4 

le obtained, a thle waveguide only the node propagatee. toudna- 

tlon of (25b) ehowe that the reflected mode In the waveguide la 

(the n-0,-2, nodes) 

-2j[bo ein hx » b_2 aln (h - 4n/a)x]e* ”0' 

- -2j (i0 - b_2, 'in 2nx/a e "° (ge) 

A eo lotion of the waveguide problem of Fig. 4 thoe provide, . rolnti,» 

for the difference bo - b_2 between the ampUtudea of th n« 

reflected mode, for the free apace problem. On the other ham the 

waveguide problem provldee no Information on the amplitude b , of the 
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Tig, 4» Ware guide problem for asyametrical case 

reflected ASM »de in the free space ¡roblen, lb solve the waveguide 
! 

problem both b0 and b_2 must be determined in the free space problem. 

2.8 Iquivalsnt Problems 

If two or more periods of the structure is confined between the 

waveguide walls and only the mode propagates in the waveguide 

then only the n*0 mode propagates in the free space problem. In this 

case the free space problem and waveguide problem are fully equivalent 

as far as the dominant mode fields are concerned. The reflection 

coefficient is the same for both. Fbr example! with h • n/2a and 

2a < X < 4a only the n*0 mode in (8) and (17) propagates. Corres¬ 

ponding to the solutions (8) and (17) are the waveguide problems 

illustrated in Fig. 5a and b. The reflection coefficient in the two 

wavoguide problems and the iree space problem are all equal to b /a . 

i 
* 
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2d (h) 
Fig. 5, Waveguide problème equivalent to a free space problem 

S» Parallel-Plate Media 

Figure 6 illustrates an infinite array of equi-epaced, 

infinitely thin, and perfectly conducting parallel plates. The 

incident nave is a TE wave of the type considered in Sec. 2.1. If 

the angle of incidence is chosen so that sin ■ XQ/2a then the 

free space problem is equivalent to the two waveguide problems 

illustrated in Fig. 7a and b. In Fig. 7a the parallel plates 

coincide with the waveguide walls and hence no reflection occurs. 

Z 

Fig. 6, Parallol-plate array 

Jta. V 

i 



Tig. 7» Waveguide problema equivalent to five space parallel-plate 
problem for sin ■ X0/2a 

b ♦ b , - 0 
O “1 

or 

bo • - b.i (Î9) 

Tor the problem of Tig. 7b the reflection coefficient is 

(50) 

The result expressed by (29), obtained here from rather elementary 

considerations, shows that in the free space problem, with the 

angle of incidence given by ^ - ein"1 Xo/2a, Just as much power is 

reflected in the mode n—1 as in the mode n*0. This result checks 

with that obtained from the formal solution of the parallel-plate 

problem.^ 

^T. Berz, "Reflection and Refraction of Microwaves at a Set of 
Parallel Metallic Plates" Proc. IKE (London) vol. 98, part III, 
pp 47-55, Jan. 1951. * * 
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4' g>PI0tgg> ^th Periodicity la Two Mronglona 

Figur« 8« illustrât«« « two dlmnsional periodic structure 

consisting of thin circuler disks vLth uniform specing a in the x 

direction and b in the 7 direction. Any other shape of disk vith 

cywmetry about the x and 7 axis would serve equally well for the 

discussion presented below (see Fig. 8b). 

0 0 0 0 %e 0 

0000000 

O O O O Q O 0-» 

(a) 

Tig. 8 (a). Two-dimensional array of disks* (b) a general shaped 
disk with two axis of symmetry. 

Let a plane TKM wave be incident* on the array of disks* along 

a direction defined by the unit wave normal n. The electric field 
•4» 

may be written as 

ill ‘io 
Pmz 

(81) 

«hw* 1> * k0 V ■ 'vy »“> Poo ’ 3ko\ ■ (b2 - ^)1/2 
and K is a constant vector perpendicular to n. The scattered field 

will in general consist of both TE and TM inodes with respect to the 

z axis. Each component of the reflected electric and magnetic field 

¥ i 
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can b« rtpr«Benfc«d in ^ following foi» 

œ œ -J(h ♦ 2n«/»)3t •id ♦ Wb)y rm* 
♦ - * * An»# 

n-oo »-oo (w) 

rt,r. r. •[(!> ♦ W»)* ♦ U* Wb)' - kJ]17* «d ♦ e» b. MOT 

field component provided the enplltude cone tanta are appropriately 

chosen. 

Xn order to carry out the required aynmetiy arguments it ulll 

be convenient to introduce t directed electric and magnetic Hertzian 

potentials and from which the fields are expressed as 

B - ** ** xl\ - x V%) i55a) 

lm - %v\ "7xíôz XW (55b) 

The potentials ne and generate the I and H modes respectively. A 

general incident field can be expressed in terms of the potentials 

-Jhx-jiy- noo* 
"el ‘ 6el e 

-Jhx-j7y- roQi 

nml " Cml 6 

(54a) 

(54b) 

where Cel and 

the reflected 

are constants. The corresponding potentials for 
ml 

ields may be expressed as 

el»r 

co 
Z 

® A e-3(h ♦ Wa)x 

n—œ m“-oo ran 

-¿(2 ♦ 2mn/b)y 
e e (54c) 
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ao ao ■J (h ♦ 2nn/a )x 
"mbr m 2 2 9 filn 

n--oo a«-oo 

e 
■j(¿ ♦ 2mA>)y Pmi 

e (54d) 

Similar expansions may also be vritten for the potentials tint gire 

rise to the transmitted fields in the region z > 0 (the array of 

disks Is assumed located in the >4) plane) 

In addition to the Incident fields specified by the potentials 

(54a) and (54b) three additional incident fields derivable from the 

following potentials may be specified» 

jiK-ji y- 
(55a) 

Jhx-jiy- roo* 
(55b) 

-)ta*3iy- rmt 

(56a) 

-Jtoc+jiy- 
nm5 " Cm3 e (36b) 

Jhx+jiy- rooz 

(37a) 

n_a " c_, e 
}hx*}h- rMt 

(%7b) 

The corresponding potentials for the reflected fields are of the same 

form as given by (34) 
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Th» amgr of disk» exhibit« reflection syawtiy in the x axia 

and the 7 axia. üjpon reflection in the x axie the ao lut lone of 

MucMell'e equation» tranafom aa follona^ 

*x(n»7it) —» ♦ Ix(- x»y»*) 

*y(^7i») —> ♦ ïy(- *7t*) 

(58) 
B8(x,y,e) —* ♦ EI(- x,y,i) 

—> ♦ ^(- x»y»e) 

^.(x,y,s) —» ♦ ^(- x»y>a) 

^(x»y>e) —> ♦ Ha(- x»yi*) 

The oorreeponding transformation« for the e directed Hertzian potentials 

must be 

ne(Wiz) —> ♦ n#(- x»yi*) (50a) 

njxiy#*) —> ♦ nj- x,y,z) (59b) 

in order that the above transformation of the field componente will 

result. Tor a reflection in the y axis a similar transformation of 

the potentials holds. Finally» for a reflection in both the x «ri" 

and the y axis it follows that 

t, C.G. Montgomery, et. al. "Principles of Microwave Circuits," 
Rad. Lab. Series vol. 8, McGraw-Hill Book Company, Inc., New Tork, 
1948. 

i 
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%(at»y»«) —> ♦ nf(-x»Tr#i) 

*m(xfyt») —^ 

With the «Id of the tranaforaatlone (S9) and (40) it ie clear 

that the incident fields specified in (55), (56) and (57) correspond 

to solutions obtained froa (54) by reflection in the x axis, y axis, 

and both x and y axis provided the coefficients are chosen so ttot 

C.i ■ 7 Ctl' •w ■ 2 CÄ> °.5 ■ * c.l> * 2 CàL> *nd c,5 ■ 2 O.!' 

C^g ■ ♦ C^. The solutions for the reflected fields follow by 

transfo mat ions of the coefficients A and 6 • Since the array of ran ran * 

disks has reflection syneetry in both the x and y axis it follows that 

solutions of the field equations obtained by mans of the above trans- 

foraations will also satisfy all th* conditions of the problem. 

If the wave noraal is now chosen so that £ ■ */b and h ■ n/a 

then all the nodes given by nmO; n—1, m«Oj nO, m--lj n-a—1 in 

(54) correspond to nodes propagating energy away, fron the plane of 

disks, in the -s direction* Thus there are a total of 8 unknown co¬ 

efficients Am, corresponding to propagating nodes. (It is aseuaed 

that all other modes are evanescent, which will be the case if 

(n/a)Z ♦ («A)Z < kZ < kZ where k2 Is the smaller of (3n/a)Z ♦ (n/b)Z 

and (n/a)Z ♦ (5«A)2*) 

By a suitable linear combination of the fields determined by 

inf) a»,«. 
\*+ » g j \ ww / j \ w # / ssaasj xw 

Tig* 9 can be obtained* 

.4J« _X--1 
• ugujjao yxwu4.oauo xxxuobx auou ±u 

1 
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■^x

Fig. 9) Waveguide problems equivalent to free space problem in Fig. 8.

A complete solution of these four waveguide problems provides a couplete 

solution of the free space problem and, in particular, determines all 

the amplituie coefficients of the reflected propagating waves. In a 

similar way a coirplete solution of the free ^ace problem provides a 

solution to four different but related waveguide problems. These 

solutions will not be detailed here since the analysis is only intended 

to establish the connection between the free space and waveguide problems. 

It is clear from the analysis that a single waveguide problem is not 

equivalent to the free space problem unless, of course, more than one 

basic two dimensional cell of the free space structure is contained 

within the waveguide walls. Actually the minimum number of cells to 

be contained within the waveguide walls is four in order that a single 

waveguide problem be equivalent to the free space problem (it is now 

assumed that only the n>^0 modes propagate). It should also be noted 

that ■vdien a single waveguide problem is said to be equivalent to the 

free space problem the equivalence is meant only to apply to the deter­

mination of the dominant mode amplitudes. Solution for all the mode 

amplitimies still requires the solution of all four waveguide problems.
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