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ABSTRACT, 

The Taylor-MaccolI equation for the supersonic flow of an ideal 

gas about a right circular cone with an attached shock wave is solved 

for the two cases of infinite and finite free stream Mach numbers. The 

solution for the former is given in terms of an expansion in the limiting 

density ratio across the shock, , and the solution to the latter 

in terms of a double expansion in the actual density ratio, € , and 

The results are compared with a Taylor series solution to the Taylor- 

Maccol I equation and also with the exact values of Kopal for air and 

Mue 11er for he I¡urn. 
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ÍMOMENCIATURE 

a 

h 

k 

P 

P 

« 
P 

% 

r 

u 

U 

isentropic speed of sound 

specific enthalpy 

entropy function in adiabatic pressure-density relationship 

pressure 

dimensionless pressure, p/ps 

dimensionless pressure, p/A»U^ * * 

maximum speed obtainable by expanding to zero absolute 
temperature 

length measured along any ray from apex of cone 

velocity along a ray 

dimensionless radial component of velocity, u/U 

velocity normal to a ray 

dimensionless polar component of velocity, v/U 

M 

U 

Y 

€ 

€, 
o 

0_ 

Y 

Mach number 

free stream velocity 

ratio of specific heats 

density ratio across shock, 

limiting density ratio for strong shocks 

polar angle 

half-angle of cone 

density 

dimensionless density, t'f' 
shock inc I¡nation angle 

reduced angular variable, (9-0-)/6 
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Subscripts 

c cone surface 

s shock 

oo conditions upstream of shock 
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HYPERSONIC FLOW OVER CONES 

I. INTRODUCTION 

The problem of determining the steady supersonic flow of an ideal, 

compressible fluid about a circular cone when the shock wave is attached 

was completely treated by Taylor and Maceo 11 in a paper in 1933. Since the 

flow is both isentropic and irrotational, and depends only on one variable, 

the entire problem can be reduced to the solution of a second order non¬ 

linear ordinary differential equation for one of the velocity components; 

from a knowledge of this velocity component all the other variables can be 

obtained. Taylor and Maccoll solved this differential equation numerically 

for a number of particular cases. 

The Taylor and Maccoll analysis has been the basis for a large volume 

of work on the cone problem which appeared subsequently. Kopal integrated 

the Taylor-MaccolI equation for air for a wide range of conditions and pre¬ 

sented his results in tabular form. Hence, in a sense, the problem of the 

supersonic flow of air about a cone may be said to be solved. However, in 

recent years, the interest in high Mach number flows has led to the need for 

these basic solutions over a wide range of Mach numbers and specific heat 

ratios. Since the work required for the tabulation of these solutions over 

the entire range of these parameters would be prohibitive, the need for 

approximate solutions giving analytic relations among the variables is 

greatly increased. Even in cases where the exact numerical results are 
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available, an approximate analytic description of the flow Is very useful In 

indicating the effect of the various parameters upon the resulting flow. 

Hence, much work has gone Into finding approximate solutions to the supersonl 

cone problem. 

With the advent of concern for flow problems at hypersonic speeds, an 

assumption made In many problems Is that of small density ratio, where this 

is defined as the ratio of free stream density to density Irwnedlately behind 

the shock wave. The assumption of small density ratio, In general, leads to 

the concept of a thin shock layer. Applying this assumption to the cone 

problem the Tay I or-Maceo 11 equation may be reduced to a very simple linear 

equation which can be solved by two simple quadratures. If the full Impli¬ 

cations of the small density ratio assumption are not made In simplifying the 

Taylor-MaccolI equation, that is, one additional term is kept which in terms 

of density ratio Is of the same order of smallness as those terms already 

dropped, then the reduced Tay I or-Maceo 11 equation is still linear, but the 

analysis becomes more difficult. This reduced equation is a Legendre equa¬ 

tion and so the solution may be explicitly set down. This has been done 

independently by Hayes and Probstein, and Feldman. If one traces back 

through the analysis one then finds that this linearized Tay Ior-Macco11 

equation is exactly the equation that would result making no assumption 

about the density ratio, but assuming that the density In the shock layer 

is constant. As clearly pointed out by Hayes and Probstein this assumption 

of constant density is not equivalent to the assumption of Incompressibility. 

The latter Is a statement about the equation of state of the fluid, while 

the former is a statement that the pressure changes experienced by the fluid 

are small so that the flow Is at nearly constant density. The assumption 

of constant density yields a solution to the cone problem which is exact; 
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however, this assumption is approximately valid only if the density ratio € 

is sufficiently small, and in this case it yields a solution which is much 

more complicated than the analysis indicated above, but which is no more 

accurate in terms of order in Ç . 

In an alternate, much simpler analysis, Hayes starts with the assumption 

that the shock layer is thin and obtains an approximate picture of the struc¬ 

ture of the layer on the basis of continuity arguments; from this he derives 

results of equal validity as those obtained by the Legendre function analysis, 

except for the isolated case of the almost-normal shock. This exception 

holds in all theories in which the concept of a thin shock layer is used as 

a consequence of the assumption of small density ratio, for in the case of 

a nearly normal shock the density ratio may be small without the shock 

layer being thin. 

On the assumption of the shock layer being thin, it is possible to show 

that, to a first approximation, the streamlines in the layer are hyperbolas 

with the body surface as asymptote. Using this fact as a starting point, 

Hord has obtained an approximate solution for the cone in a perfect gas of 

constant X . He compares the results of his theory with various other 

approximations and the exact results of Kopal. His expression relating 

shock angle and cone angle agrees with the result of Hayes and Probstein. 

In a paper on flow about cones at very high speeds, Zienkiewicz 

develops an approximate analytic solution for the cone problem. He starts 

with the full Tay I or-Maceo 11 equation and drops one of the velocity components 

from the equation, an approximation which is valid as long as € is small 

and the shock layer is thin. Zienkiewicz's approximation occupies an inter¬ 

mediate point between the approximation of the comp lofe constant density 

theory and the simplest equally valid approximation indicated above. 

Zienkiewicz does not derive any geometrical or pressure relationships 

- 3 - 
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based upon his approximation, but if one uses his results to obtain the 

relationship between shock and cone angle it agrees with the results of the 

analyses mentioned above to first order. The fact that all these various 

approximations give results which are identical within their range of validity 

is due to the fact, as expressed by Hayes and Probsteln, that "within the 

limits of validity of constant density theory a number of almost equivalent 

approximations of slightly different form are equally valid except in the 

case of the almost-normal shock". In the exceptional case the constant 

density assumption is still valid as long as £ is small, even though 

the shock layer may be anything but thin. In this case, the complete theory 

involving Legendre functions is essential. 

An entirely different method of analysis was proposed by Maceo!I, who 

used the Tay Ior-Macco11 equation to determine the first few coefficients in 

a Taylor series expansion about the cone surface. This expansion was then 

employed in the earlier numerical method of Taylor and Maccoll to determine 

the location of the shock wave and thus to give the solution to the problem. 

Hammitt and Murthy extended the usefulness of this approach by allowing the 

Tayl or series to represent the entire flow between the shock and cone and 

matching this flow analytically to the free stream flow by means of the shock 

relations. Since the Taylor series involves terms in powers of (0-0c) this 

analysis is limited to this quantity being small, and so is also a thin 

shock layer analysis. 

All the approximations given above, except for the Legendre function 

treatment of Hayes and Probstein, require that as a consequence of £ 

being small that the shock layer must be thin; they do not put any require¬ 

ment on the magnitude of the cone angle. There are several other approximate 

solutions which have proven very useful, but these, in general, do make an 
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assumption about the cone angle. The linearized and second order solutions 

are useful for small cone angles at supersonic Mach numbers, while Lees' 

solution Is good at high Mach numbers and small angles, and that of Feldman 

at large angles and high Mach numbers. 

Some of the approximate solutions given above, while yielding Important 

results, either do not indicate clearly the order to which the approximation 

is valid, or do not indicate the method of obtaining higher order solutions. 

It ¡5 the purpose of this paper to develop a systematic method of solution 

of the cone problem by an expansion In density ratio. This will be done 

first for infinite Mach number and then for finite, but large, Mach number. 

First, it is hoped In this way to obtain a solution which will clearly 

indicate the order of accuracy of approximate solutions which depend on 

the idea of a thin shock layer. Secondly, since nearly all the solutions 

mentioned above are first order solutions in density ratio, it is hoped 

to develop a solution accurate to a considerably higher order, which may 

itself be used in place of the numerical solution for high Mach numbers, 

and which will indicate the procedure for obtaining even higher order 

approximations. 

AFOSR TN 60-1214 
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II. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS 

As coordinates we choose a polar coordinate system r, 0, where 0 ■ 0 

is the axis of the cone and r is the length measured along any ray from 

the apex of the cone (see Figure I). Me assume the shock wave Is attached. 

The geometry of the problem indicates the existence of a flow for which all 

the variables are functions of 0 only. In this case the flow must be 

irrotational, which implies the condition 

The equation of continuity is 

■fcCfMr'tin«) + =0 

Since so this may also be written as 

Zpu.S(n* (f''*1"*1) * 0 (2) 

Substituting V.in/*, , obtain«! fron eguntlon (I), Into .quation (2), 

we obtain the following equation 

7¾ ♦ za.-ÿÿ »> 

The condition that the flow is of constant total energy is expressed 

by the equation 

h + = C0««+w\ta -¿V (4) 
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Assuming the fluid is a perfect gas with the adiabatic relat 

the enthalpy may be written 

ion 
f *kf 

f 
- sk v-i 

if-1 

Equation (4) then becomes 

(5) 

where q0, the maximum velocity, is a constant throughout the flow field. 

Differentiating equation (5) with respect to 6 to obtain ¿f/üt and substi¬ 

tuting the resulting expression into equation (3) we obtain 

(*&**■&) 
YK jO 

■^T + co+e^ + au. = V 
d6 

(6) 

From equation (5) 

y Vf',= vl) =a-‘ 

Substituting this into equation (6) and using V s d-U./^ we obtain, after 

some rearrangement of terms 

&) 6-+ írJ 
z. 

(7) 
dôz/ "jTL^* “^ IflJ* + co+e de ^ zy) 

This equation, a second order non-linear ordinary differential equation for u 

as a function of 0 is the basic equation for ideal fluid flow about unyawed 

cones. The solution of equation (7) determines the complete solution to a 

particular problem since the pressure and density can then be determined from 

the energy equation (equation (4)), the equation of state and the shock 

conservation conditions. Equation (7) is called the Taylor-MaccolI equation. 

- 7 - 
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Boundary Conditions 

Boundary conditions are given both at the cone surface and immediately 

behind the shock wave. 

At the cone surface we have only one boundary condition, the vanishing 
t 

of the normal component of the velocity. Using equation (I) this condition 

is 

* * ° 

At the shock wave we have the following four conservation conditions 

(9) conservation of mass 

(10) conservation of normal 
momentum 

-jfcU 4- = ïÔA-î*Vä)+ (II) conservation of energy 

¢.03 <r = (12) conservation of 
tangential momentum 

Since the Taylor-MaccolI equation is a second order ordinary differential 

equation only two boundary conditions are needed to obtain the complete solution. 

One of these is supplied by the condition at the cone surface, equation (8). 

The other boundary condition must come from the shock relations. However, 

since the shock wave is a free boundary whose location is not known until the 

problem is solved, we must employ an additional condition to determine this 

additional unknown quantity. Hence, two boundary conditions are required at 

the shock wave. The two appropriate boundary conditions are given by the 

AFOSR TN 60-1214 
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conditions for conservation of mass and conservation of tangential momentum 

(which reduces to continuity of tangential velocity by virtue of mass 

conservation). From (12) and (9) these boundary conditions are 

(12) 

Vft * (iCel ° «-€Usi*<r (l3) 

The entire problem is now reduced to finding a solution to equation (7) 

together with the boundary conditions, equations (12), (13) and (8). In the 

actual physical problem the cone is given and the shock wave location is to be 

determined; however, in all the following work we shall regard the shock as the 

fixed boundary and determine the location of the cone surface from the third 

boundary condition. This latter procedure is chosen because two of the three 

boundary conditions are given at the shock and only one at the cone surface. 

Use of this procedure allows us to treat the problem as a one-point rather than 

a two-point boundary value problem. 

AFOSR TN 60-1214 
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II. ORDERS OF MAGNITUDE OF VARIABLES AND SIMPLE APPROXIMATE 
SOLUTIÒN ¿P fiRôfeLËM - 

Since equation (7) Is highly non-linear we cannot expect to obtain a 

complete solution satisfying all the boundary conditions. (Note that u»Acosô, 

where A is a constant, is a particular solution of (7), but does not satisfy 

the boundary conditions. Since (7) is non-linear the knowledge of a particular 

solution of the equation does not simplify the problem of finding the complete 

solution.) In order to obtain an approximate solution we shall look into the 

case where M# ^ I. For a perfect gas of constant specific heats we obtain 

from the shock relations 

Ê Ä A*. = ft-i)M>$iny+Z 

/¾ (V*h)M£ siftV 

when M^ ^ I (i.e. M^ ->00) this becomes 

€. = -/fs. y- L 
(¾ tf-H 

(14) 

(15) 

Thus, in the limiting case of infinite M,, the boundary condition (13) becomes 

(¿a)* = —eUsinr = _ ^7 Usina- 

OC«) « I • 

(16) 

Now, if )f-| « j then £ \ and so 

For an oblique shock we readily find that 

to^ Or-e4) =1 (l7 

This relation shows that if 6 is sma11 (which means Mm » I and Y^| ) 

and the shock is not nearly normal, then the streamlines behind the shock must 

lie close to the shock. That is, since 

i- 
* i ' _ ' • ” 

- 10 - 
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-Kv\Or- 6s) = 0 0Ê) « ! 
we may write 

■Kv\ 0*"“ 6*) « 6»^ « 0¾) << I ( l8> 

Thus we expect the angular width of the shock layer to be 0( 6 ). 

We are now in a position to estimate orders of magnitude for u and its 

derivatives appearing in equation (7). At the shock Us-UcosW^OtI) and QÜk« oCs). 

Since f“-0*O( € )> where 0C< 0 < (T> we have 

u.* rr) - 06)+ OC*) * °&) <19) 

or 

0.=. oO) 4- 0(j€*) (20) 

SinCe and ^tó)c S ® we expect s throughout 

the shock layer. The second derivative of u may be analyzed as follows, since 

the shock layer is thin 

^ » A-te., . cú) a„ 

T-ec o Cê) 
To summarize, we have obtained the following orders of magnitude for u and Its 

first two derivatives 

(22) 
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If we now examine equation (7) using the results of (22) we see that the 

left hand side of (7) is 0(fc*) «< I (for N« very large and ï near I, which 

will be assumed throughout this section). The expression in parentheses on the 

right hand side of (7) is seen to be 0(1). The rest of the right hand side is 

equal to a2 (from equation (5)). At the shock 

p«- p. « A.U,sinVCi-«) (23) 

or 

•ßjz - = si«*<r 6-«) 

S ¡ nee 

pm_a*» _ > 
/tu* ~ su* ~ ï<24> 

we may now write 

SinVÖ-0 

For the second term on the left goes to zero and we are left with 

P*-» (O«U*8'inV0-€) 

» tU*5ir\XT0-fe) 
r* 

or 

o4- 

Thus 

a* = o(*) 

(25) 

(26) 

(27) 

- 12 - 
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and we would expect a2 - 0( € ) throughout the shock layer. Hence 

(28) 

Combining equation (28) with our previous results shows that the left hand 

side of equation (7) is 0(61, ) while the right hand side is 0(6 ). To lowest 

order in 6 then, the right hand side is equal to zero, and since the first 

factor Is not zero this becomes 

(29) 

Equation (29), unlike equation (7) from which it came, is linear. From 

equation (3) we see that this is the same equation one would obtain under 

the assumption of constant density in the shock layer. The complete solution 

of equation (29) subject to the boundary conditions can be obtained in terms of 

Legendre functions (see Hayes and Probstein, p. 143). However, this is not 

really necessary if one is making a thin layer analysis based on £ being 

small and yields no more information than does a much simpler analysis. This 

follows from the fact that, if cote*0(l) at most in the shock layer, then 

C0+ 6 = 0 ¢€) 

so that the middle term in equation (29) is 0(6 ) while the two other terms 

in this equation are 0(1). Hence to lowest order in € equation (7) reduces 

not to equation (29) but to 

(30) 

13 - 
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The middle term cannot be consistently retained for more accuracy since 

there are other terms in equation (7) which are of the same order as this 

term and are not included In (29). (The correct first order equation will 

be derived later.) Hence, while equation (29) together with the boundary 

conditions yields an exact solution for constant density flow about a cone 

it does not consistently represent the lowest order formulation of the 

problem in a hypersonic analysis. 

Returning to equation (30), the solution of this equation satisfying the 

boundary conditions (12) and (13) is given by 

ULÄ Uco*TCûSfri«“-ô) 4--jijg-íUsmTSinlfFÍr-e) (3| 

To find the cone angle, 0C, we differentiate this result and set it equal to 

zero, according to (8). We obtain in this manner the relation 

{z VT (r-ôt) ■= 

Since G is assumed small we may write this as 

¿Ct-Óc') ^ €+0dí)T 

or 

qr-ôc. » r 

Equation (31) can be somewhat simplified by introducing the flow velocity at 

the cone surface. Using equation (32) to replace é in the second term 

on the right hand side of (31) we obtain 

= [tt s fr-s) CÆS1/¾ + sin SirtVlfr- e)J 

- 14 - 
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(34) 
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or 

_ U GOST COS {Z(6- flfc) 

^ “ Cos tz Ct- Ôc) 

When 0 ■ 9C, u « uc, so (35) gives 

Ucost 

~ tasirCT-^) 

Substituting (36) into (35) we obtain 

(35) 

(36) 

U-» UcCÚsSíô-ôc) <37) 

which gives u directly in terms of uc and 6C. The solution in this form was 

first given by Zienkiewicz. 

Referring back to (31) again, we may expand the cos and sin terms since 

( *T -0) I, to obtain 

l/L ÄS Ucjôst— U -os«“ ■+ (kUsinT)^- ó) Í38) 

Since (O’-©) = 0( 6 ) we may write 

ÜL- UcoS T* -j- 0CfeA) ■= 06)+ (39) 

which shows that for fixed U and 0" that u is constant to 0( € ), a result 

we found earlier when estimating orders of magnitude for u and its derivatives. 

- 15 - 
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—SOLUTION FOR INFINITE MACH NUMBER AND Y- I | 

We now wish to obtoln the solotlon to the cone prob lee, terms of on 

expansion In density ratio «ross the shock. For sl^pIcation we first 

treat the case of Infinite free stream Mach number so that fitw #- . 

We 8SSUm6 ... 9lven by T , Is known along Ílth the ' 

upstream conditions. The generic angle e will be measured relative to <T. 

The shock conditions and our first order solution have already shown 

that ( T -9C> . 0(« ). Our series expansion for any on. of the dependent 

variables will be of the form 

jeO) +|.C«kl+ I« (•)«£+ . . . 

Since the value of 9 Is Itself unimportant, the Important quantity being 

(^-9) we would want the f, to be functions of this angular difference. 

However ( <r-8c) -0(6 ., while a necessary requirement of the f, |s that 

tbey be 0(1). Thus, it seems natural that In the above expansion we should 

introduce a new angular variable 

_E_ 
= f , €» * T , say (40 

(since ST > e always, y ., ,| he negative throughout the shock layer). That 

is, all the expansions of dependent variables will be of the form 

■fO)+ iO)e* + + + . . . 

where all the f.( ^ ) are assumed 0(1). 

Since the T-M equation (Taylor-MaccolI, on abbreviation we shall 

henceforth) Involves u only, for the moment we need expand only u In 

3* • Since we already know u Is constant to 0( fii ) we write 

(41) 

use 

à series 

this series as 

- 16 - 
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•y “ 'J*®+ y» * ^ 
(42) 

where u0 - const, and all the uj for I i* | are functions of vf and are 

non-dimensionalized with respect to free stream velocity U. We assume all the 

u|( ^ ) and +heir derivatives are 0(1). The derivatives of u are 

^ s €t*(u,'f W.Í Ét-c lU'g^ +..0- «í ii1 

U»“éî+ . . ) -. €i 

To transform these to 0 derivatives, we use, from (40) 

die = 

The derivatives of u then become 

(44) 

U Aft = Tf cl * •)= €».i¿' 

U Ip s^ + u‘ €*-+V .. ■ - a.- (45) 

Equations (42) and (45) give the following orders of magnitude 

u. = o0) 

& * C&) 
OO) 

V 

which agree with those given in equation (22). 

Dividing both sides of the T-M equation by U3 and denoting u/U by ïï 

we obtain 

AFOSR TN 60-1214 
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Using equations (40) and (45) to change 0 to ^ and equation (42) we 

obtain 

¢/ü'1 (w*+ii+ u") = ^[(^) - (<u*etuf-tiu.1*] X 

[li!1 + ^.f) £ + z flU -h Z€¿ (¿J 

For a perfect gas the following relation holds 

(t = I + 

Since « -6¾. 
2. S|. 

(^-0 Mt 

this may be written 

(46) 

Substituting for )( and with these relations in equation (46) we 

(47) 

obtain 

CA'l(V+y,+ ^lL)= +i^MÏ 

rj¿I5+ + 2Uo 4- Z6¡t y»J 

(48) 

Since we are now developing an infinite Mach number theory it may seem odd 
2 

having M» appear in the above equation. Since 6L multiplies M^. 

in (48) it is not permitted simply to drop this term. We proceed in the 

following manner: Equation (43) may be written 

AFOSR TN 60-1214 

- 18 - 



C O-U! *Cu- « [^0 - 7¾ - U *) - c¿ ètuil-t- li'*) - 

[üî-^^0+(0-+^)^4. zu, + z^i¿] 

(49) 

Now consider the first expression in the first bracket on the right hand side. 

Since u0 is a constant it must equal the value of u/U behind the shock, or 

cos <T . Thus, we may write 

_Sfc_ + 

From the shock relations we obtain 

6*-= -fit. * fe-l)M»Sin*y ±_z 
ß <5f+1) MJ sinV 

which may also be written 

(51) 

íd. 

?+î + (ÿM)MismV 
Since this can now be written 

€|l- 
I 

Kisi^o- Mi (52) 

Substituting equation (52) into (50) we obtain 

^6- Mi + ^mT ~ = 6s'm"^ 
We now substitute this result into equation (49), at the same time letting 

é « £|L . We obtain 

- 19 - 
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íL(\-e¿) lü'Gi“ + U.+6Í li) = [smV - «í Cl'*. ü+ lü*) -^Ü*] X 

[li" + «.cot 6-+ vi) Ii'+ ZU, + ZííliJ 

(54) 

Equation (54) is the basic equation we will use in developing our series 

solution. 

To obtain the boundary conditions on u. we consider the shock boundary 

conditions, «quations (12) and (13). These give, since ^ * 0 when 0 ■ 

U=- s IA,-*- «ÛOSCT 

u 

(55) 

From the boundary condition at the cone, Vç.* Ü , ve obtain 

Before we substitute the series for ¿j. into equation (54) we must 

expand cot ( étîf ) in a series in . This is done by expanding 

this function in a Taylor series about the angle T . In this way we obtain 

AFOSR TN 60-1214 
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co+CTi-^t) - a+r- a+ t)e^ 

- [fZCCsVjjtjJx 

The series for u. is 

» 

^ « VA, + VA*U,€t -»■ Uv€>.3-I- . . . 

(57) 

(58) 

'l¿+ i-Uo 

Substituting the series (57) and (58) into equation (54) we obtain 

MÍ+ (^[0.% u:'«i+ U,*ei+ u; 

+ Wa€*+ Uv^u’f • • )J 

= [¢1 *T- ÏzVjC*s+ U*«* + ..) + (i:* Wi€i^ u»’ €^+ <€4 + •• .)*] 

- As fijL*+ Uv€**+ . . . 

Ctcac4«-) Cf'cs^w+oOct + • ' ja,'+u.¿€x^ u,'ÿ+ wi^ 

+ ZUk — ¿<é* V/.*6*+ + Ui».éiS + . • .)j 

(59) 

We are now in a position to equate coefficients of like powers of €4 on both 

sides of (59). Doing this we obtain: 

Coefficient of £1 

sifiVO*," + •«U.') = c (60) 

Coefficient of €4 

ui*(V‘+— Ss^cr ^va* + ulcc^cr) (6i) 
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Coefficient of 61* 

+ ZU,' 

— T [ua" - VCSCV U,‘ + CO^T U¿ + ini] 

- Czu^u,*»* VA.‘‘)(u,'»+ ¿U#) (62) 

We have written down these equations only as far as the coefficient of 

but in principle we can go as far as we please. Note that the equations 

are all linear and must be solved in sequential order. Note also that the 

determining equation for any U| contains that quantity in only one position, 

so for each equation the u¡ is given immediately in terms of a quadrature. 

The circumstance that the equations for the u¡ are all linear whereas the 

original T-M equation is non-linear is due to the fact that the non-linear 

terms in the T-M equation are of higher order in than the linear 

terms, so their effect is consequently felt in succedding equations where they 

act as Iinear terms. 

In order to solve the above series of equations, we need boundary condi¬ 

tions on the u¡. These are supplied by the shock conditions on equations 

(55). Substituting the series for ^ into these equations, we obtain the 

following conditions on the uj 

(63) 

We are now in a position to solve equations (60), (61), 

We solve them in turn: 

AFOSR TN 60-1214 
- 22 - 



Coefficient of 

Equation (60) reduces to 

UL" « -ZULo 

Since uq * cosT ■ const, this may be integrated twice to give 

1(.,-=- S^cos + cf -t- dl 

Using the boundary conditions, equation (63), this becomes 

W., • - ^ C^CC+T + |) (64) 

Coefficient of 

This is the first equation in which the cote on the right hand side of 

the T-M equation appears. Equation (61) shows clearly that when this term is 

taken into account so must terms on the left hand side of the T-M equation. 

In fact, equation (61) shows that to this order the left hand side of the 

T-M equation need only be approximated by its lowest order value. 

Substituting u0 ■ cos r* and for U| from (64) we may write (61) as 

- if cos cr = Llr - cost (z Yco+<r -(- l) 

which when solved for u^ gives 

HÜ = — O0TT + |) CôST Goto“ 

Integrating twice and using the boundary conditions (63) we obtain 

ÜLÏ = —5 COST CßtT ÍV+CO+T + (65) 
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Coefficient of €Í 

If we substitute u0 ■ cos 3“ Into equation (62) and for U| and U£ from 

equations (64) and (65), and integrate twice using the boundary conditions, we 

obtain, after a good deal of manipulation, the following expression for U3 

^.VficCoST oofV - ^CdSTCb+V 

+ +cot*<r) + •¿•f^C.OST 

(66) 

Due to the increasing complexity of the algebra Involved we shall not 

proceed any further In determining the u¡. We now wish to gather together 

the terms in the series for u we have already obtained. Substituting for 

uo, ui, U2 and U3 in equation (42) this series becomes 

^ » COST ^-YsihTOfutT-H) - 3 COST CôtTOvVc+T + 

+ tbcoSTCAtV - ^-^coSTootV — ^f^coST cot*q- 

If we factor out cos T this equation may be more neatly written as 

= 1 +- 6>lj-4'+*jftT6,Cirt-<r+l)-'tkf'it«+T(ycff+r+ ¡)€» 

+ [- ^ ^c+V- ^ r«co+V - J1 fc+T 

-I- "tf H^'T'Cl+u+'r) + + . . 
J (67) 

Equation (67) gives u up to fourth order in €.* ; the number one on the 

right hand side of this equation represents the Newtonian value, while the 

terms in curled brackets represent higher order corrections to this value. 
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To find the cone angle, 0C, we must differentiate equation (67) with 

respect to ^ and set the resulting expression equal to zero. Before 

doing this let us rearrange the right hand side of (67) in terms of powers 

of Ÿ . The equation may be written 

UcAS<r ~ 1 J LVk*^3 

■” ^ co+V)^ 

-($Co)tV)y*+ . . .j 
(68) 

Differentiating equation (68) and setting the resulting expression equal to 

zero we obtain 

-+nn<r €iU+r] 

^CM+Vtc' = C 
(69) 

Dividing through by tan T and letting S - faXO-hr , »e may .rite this 

equation as 

(s6£ + $^)51 - (ieisetV-6)5* 

+ (z-e^S + i = 0 

(70) 

This equation, a fifth degree polynomial in S, involves terms of 0(1), 0( ^ ) 

and 0( ). Jo lowest order, dropping all terms involving , it 

reduces to 

S = -± (71) 
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Using the definitions of S and this becomes 

S~— 0t — -fe hyjf\ cr (72) 

which agrees with a result we obtained earlier, equation (34), and with the 

constant density value (Hayes and Probstein, p. 146, equation 4.2.20). 

If we retain only those terms in (70) which are 0(1) or 0( 6* ) the 

equation reduces to 

%€ts3 + 6^5* + z5 + I « o (73) 

Since this is a cubic equation in S it can be solved exactly to give S in terms 

of . However, since this equation will give S accurate to only 0( ) 

dbe to our having dropped 0( €£ ) terms, it is not necessary to go to this 

lengthy detail. The lowest order equation in S having given S = let us 

therefore assume S * -i(ltP), where P is to be no larger than 0( ), and 

obtain a corresponding equation for P. Substituting this expression into 

equation (73) we obtain 

-¿■€*.£l4*P) — "¿p P) -h P = 0 (74) 

Since P * 0( €a ) and we want only the leading term in the expression for P 

let us now expand (l-rf»)3 and (UP)2 and retain only the first two terms in 

each expression. We obtain 

f ex 6+a p)P = o 
which gives 
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Thus 

S = (75) 

and hence 

<r- ec — T" (76) 

This result is in agreement to 0( ) with Hayes and Probstein (p. 150, 

equation 4.2.36), who obtain their result by correcting the constant density 

expression, equation (72), using an argument based on the approximate constancy 

of the Howarth-Dorodnitsyn variable to i0*0 account the small 

density variations in the shock layer. 

So far we have obtained S to 0( 6¾ ). To proceed to the next highest 

order in we must return to equation (70). As before we introduce a new 

variable T where 

S«-i(l+T) (77) 

where we assume T * 0( ). Substituting (77) into the full equation for 

S we obtain 

-.s. ej (l+T)r + ¿i éí (i+tV - ¿(ue«* + 
'5 ' 

- -irCiCsecV -^(i+t)' - 6-Í6í*)(i+t) + I =0 
Now, letting T * €a.W and dividing through by , we obtain 

- -¾ + (i+ ^w)v- ¿ (n ÉA+ 

— (^z ’)C'+ w) ~ jt + — Vi = 0 

(78) 

Since we want to obtain W to 0( ) we must retain those terms in the above 
A 

equation which are 0(1) or 0( ) and may drop all higher order terms. 
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Equation (78) then becomes 

“-jj €i -f- — ¿f — i:^ifCkSec*<r ^ 

+ -¿€^W 4- — W Ä o 
which when solved for W gives 

w = « + C^s_ 15ec*,r) <7' 
which can also be written 

w = -fe + tCts-+0.^)^1 (80> 
Then, since S * t where 

s «-•¿(i+t) *--^0+¾.w) <80 
we finally obtain 

T— 6 c Ä (¾ - 4^y\V)] Wt (82) 

which gives the relationship between cone angle and shock angle to third order 

in Éx . 

(In considering the application to a particular gas of a theory based 

upon the assumption that may be used in place of è. , our first 

question must be the degree to which this assumption is met for this gas. 

The replacement of ¢. by €|. requires infinite Mach number, a requirement 

that cannot be met in practice. We should then ask for what range of Mach 

numbers is sufficiently close to so that the theory may be 

reasonably applied. We know that € decreases from I to the value C 
jL 

as the normal Mach number, M«» sin<r , increases from I to infinity. For the 

application of the theory to the widest range of Mach numbers for a particular 

gas it would be best if the greatest rate of decrease of £ with normal Mach 

number should occur as near M^ siny* = I as possible. From 
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equation (57) we have 

j. _ A = (V-t-i) M,f 
e I5" + z- 

in which we have let Mv»m . If we differentiate this equation 

twice we obtain 

dfct) _ ‘td’n-OL^- M*] 
[6(-0 Mi + z]3 

Setting this equal to zero we obtain 

If we set Y = 1.4 in this expression we obtain 

K,= V%" - 1-3 
Setting Y * 5/3 there results 

Mn * I 

This shows that helium is the gas for which the rate of decrease of 

with Mach number has a maximum at a Mach number of one. It is not true, 

however, that among different gases it has the greatest rate of decrease at 

Mn * I. At Mn = I it turns out that 

¿(t) _ 4 

which shows that the maximum rate of decrease of ^ at Mn = I for different 

gases (different ) occurs for the minimum Y , that is, for Y = I.) 
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V. SOLUTION FOR LARGE MACH NUMBER AND V -I <C I 

In the last section we developed a method of solution of the cone 

problem in terms of an expansion in the limiting density ratio, 

Our analysis was then limited to infinite Mach number. In this section, we 

want to analyze the problem for the case of large but not infinite free 

stream Mach number. 

The most obvious approach now might be a double expansion in the limiting 

density ratio, , and l/M^w or l/M^«, sin^Q" . However, a con¬ 

sideration of the governing T-M equation and the boundary conditions indicates 

y_ i 
the best approach is a double expansion in = -- , the limiting density 

0' I 

ratio, and £ = , the actual density ratio across the shock. The 

latter parameter takes into account essentially the variation of the Mach 

number while the former accounts for the variation of V • Since the basic 

approach ot this entire paper is the smallness of the actual density ratio 

across the shock, it must, of course, be assumed that € « I , but this 

condition can only hold if both -I « I and M^» sin^T I (see 

equation (52)). Thus, the condition that the density ratio be small implies 

two other completely independent conditions (neglecting effects such as 

dissociation and ionization), one on the particular gas ( Y variation) 

and the other on the particular flow conditions of this gas (Mcc variation). 

So, while we may be making a double expansion there is really only one 

independent parameter, £ , whose range we may specify. Once this is 

done the range of is determined (equation (52)). (According to 

equation (52) one of the requirements for € to be small is not M^c» I 

but m3» sin^T » I, that is, the normal Mach number be large. There¬ 

fore, in places in this paper where note is made of the Mach number being 

large, as for example in the title ot this section, it should be understood 
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that it is actually the normal Mach number to which reference is being 

made. No distinction need be made between these two values in the case 

where sin <T * 0(1), which taken together with our thin shock layer 

assumption means for large cone angles.) 

Instead of equation (42) we now let 

-= U. + 

where 

Ü - u, + ü.e -t- -t- !A»é6i+ ^ . . («i 

and uo is constant ( * cos r ) while the for i > 0, are functions of 

• AI I the j¿¡( y ) are assumed to be 0(1). The derivatives of 

u are now 

Œ u1 = fe ái "l 
U A® \ 

(85) 

The orders of magnitude of u and its derivatives agree with our earlier 

analysis. 

If we now go through the same analysis as earlier on the T-M equation, 

equation (7), but carefully distinguish between £ and €./i we obtain, 

instead of equation (54), the following very similar equation 

+ € C0*K<r+ ¿4- ZOLo -I- 

(86) 

The boundary conditions remain the same and are: 

J_ _ 

u w ~~ = €. 
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at the shock 

(55) 

at the cone surface 

(56) 

Equation (86) is the basic equation in this section; we seek its solution 

subject to the boundary conditions, equations (55) and (56). As before, we 

Shall assume the shock angle is known, so (86) need be solved subject to the 

boundary conditions (55) only. Equation (56) is then used to determine the 

cone angle. Note that equation (86) involves the two parameters and 

and hence is in the correct form for our assumed form of expansion. 

From equation (57) we have 

a+O+iV) - Go+T - (V«cMé + C^tscV ci+r)e* 

(87) 

Substituting equations (84) and (87) into equation (86) we obtain 

+ + . • 
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“ €>€.*Clí„ i- +• • • .) j ^ 

l&i“ + '¿** + ^'€l + ü!¡.fc€fcS¿« 6*4- ^4" €t* -h • • • +■ ^e 

+ efcB+r-^vf c«cV)€ + cc+r)€^- .. ]^'+ 

t _ 

+ ^4^4- . . J 4- ^4- \ás€tt 1^^1.4-\Ac€.A4 ^44^4 • • •) ‘ 

(88) 

We may now equate coefficients of like terms in on both sides 

of equation (88). Doing this we obtain the following set of equations 

zero order term: Sifl'V C&.V ¿0«) ■= 0 

€ term: ^0^4- O = Si*V (u.¿' 4 1¿‘ Co+t) 

(89) 

(90) 

^ term: siflV Cüi") = o (91) 

term: » U('‘^(" + u.) * Sw>V - (¿^^,4 U,'0^4 

(92) 

term: 4 ¿Ü,'^(u,"U#) = 4 ^ ^ CSC.*1 T i¿ 

4 

(93) 
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term: smV Clii' ) * 0 (94) 

This procedure can be continued to obtain equations determining all the 

coefficients in the series for Me have set down only those giving the 

coefficients jij through^, that is, up to second order in £fc6j[ (the 

order being equal to n, where n • i+j, i, j >0). 

In order to solve this set of equations we need the appropriate boundary 

conditions on the u,¡. Substituting the series (04) into equations (55) we 

obtain the following shock boundary conditions on the u,; 

^ (o') = 0 , i. > I 

a,' (o) = - sm ¡T 

1AÍ (.0)=-0, t >1 _ 

(95) 

Since sin^T 4 0, equation (89) becomes 

Si," + ziiu = 0 (96) 

Setting u0 * cos Q" and integrating twice taking into account the boundary 

conditions (95) we obtain 

(97a 

Equations (90) onwards can be solved in succession by simple quadratures, 

in each equation using the results of the preceeding ones. Since the solution 

of these equations involves only extensive algebra and simple calculus we omit 

the intermediate steps ano present only the results. The solutions of 

equations (90) to (94) subject to the boundary conditions, equations (95), are 
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(97b) ü.(E -=1 --5 co«N T £v*cc+<r + J ) 

U5 = C (97c) 

Ü» = (? ff\,+ T + ifA) ces T (97d) 

is" tt+V — Íj'4'sCíít Ce+V <57s) 

“ € co5<r C.(j+*<r X r 0 - 51«+ *0) 
(97f ) 

S 0 

(N.B. Although we have not written down the equations for any additional terms 

in the series for we see immediately from the form of equation (88) that all 

the coefficients of terms of the form , i >0, will be zero.) 

Since the algebra involved in determining further coefficients in the series 

for u becomes lengthy, we shall not go further than those already obtained. 

From equations (83) and (84) we have 

Wt + e'-'L * c.cs<r t + t ( 

(98) 

Substituting equations (97) into the above equation we obtain 

~ = t«ST ,- )- iOS-rtri-rOvH-c^-r + + >)ê 

(i+'-afV -f f f’ctT + tf*)^ T COST' 

Í li«5 CX S 'T’ C.t4+!T— ^7 Ci'i’V — 

4--bvV5Í^cr(l-'^^zr')U*4. . . .1 

(99) 
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Gathering like powers of in the brackets this may also be written 

^ — COST ■»- ^*£-1 +-j£€^)coST 

•+• ^{--¿ecaS^C^r ^ f €6áO»TCD+T + -¿€*sinT^.50lf*T)] 

+ ^^■i'€coSTC4^*<r + ,3€€jiCoS<rt*+*<r“ CcS«r cct*o^ 

-‘reo*0*Co4V- |-6*fkC6STCa+V + , . .j 

(100) 

Substituting Vp= ijZ into this equation we obtain 

~ - (Lost-(es»nr)(ô-t)- 0~t 

“*■ J^íâitíT t- cx‘5tco+tC“Í+ 

+ ¿CosTCc+^T^-t-*“ t€4- 

~ zz CoSTCi+3T ^ sa Ccsrcï+^O* A \k 
is-\- ^ '°V “ -^s --C« -'r) + . . . 

(101) 

Equations (99), (100), (101) are our final equations for u• They give u to 

fourth order in 6L6)J . If we set £ = €* in equation (101) this 

equation becomes identical with equation (67), which is the result for u in 

the case of infinite Mach number. 

To find the cone angle, 0C, we must now differentiate equation (100) with 

respect to ''p and set the resulting expression equal to zero. If we do this 

and set S * ŸcCC+T as before, we obtain, in place of equation (70) 

which holds only for infinite Mach number, the following fifth degree 

polynomial in S 
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^ + ^ é* S“" + (f« - + S£*) S* 

- [-<.+ <feet+ íí.*-(Wt-i)J5*+ (*-«S|)5 + 1*0 

(102) 

Since this equation can be treated in the same way as equation (70) was for the 

infinite Mach number case, we shall omit the details. We obtain for the cone 

angle the following expression 

(103) 

If we put €s in this equation it agrees with equation (82), the result 

we obtained earlier for infinite Mach number. 

If we drop the third order term equation (103) becomes 

T-6c = (l03a) 

For given values of € and O’ equations (103) and (103a) can be used to 

determine ec. Denoting the value of ec given by (103a) by (6C), and that 

given by (103) by (6C)2 we have compared in Figures 2 to 7 the computed values 

“(Oc^I and S’ “(0c*2 exflct values of Kopal for air ( * 1/6) 

for cone angles of 5°, 10°, 20°, 30°, 40° and 50°. The agreement of both com¬ 

puted values with the exact values improves as the cone angle increases for 

fixed Mjj, . This is so because the normal Mach number is larger and hence 

the density ratio is smaller. For cone angles of 20° and higher, as shown 

in the figures, both the second and the third order values of CT-0 lie so 
c 

close to the exact values over a very wide Mach number range that separate 
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curves have not been drawn. For these large cone angles the agreement is 

very good even for free stream Mach numbers as low as 2 and 3. For the cone 

angles of 5° and 10° the overall agreement between approximate and exact 

values is not so good, the largest discrepancy, as expected, occurring for low 

supersonic free stream Mach numbers. For both these cone angles the third 

order value predicts the width of the shock layer considerably more accurately 

than does the second order value. 
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VI. EXPANSIONS FOR PRESSURE AND DENSITY 

Having obtained the first few terms in the series expansion for u we 

now wish to obtain the series expansions for p and ^ . The two relations 

giving p and P in terms of u are the energy equation 

and the equation of state for the isentropic flow behind the shock 

The values of ps and are determined from free stream conditions by the 

shock relations. In terms of Ç we have for ps and Ps 

FSÄ ?- + e) (106) 

1= = -fir (|07> 

We now wish to solve equations (104) and (105) for p and yO . First we 

non-dimensionalize the quantities appearing in equation (104). Since the 

velocities are non-dimensionalized relative to free stream velocity, U> we 

write (104) as 

Y 

r-' 

vz\ 
U* ) 
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Now define the non-dimensional variables 

n « -LL 
u 

rt 
F “/^. 

The energy equation may now be written in terms of these variables as 

£ f - 
From equation (105) we have 

(108) 

F m f 

Substituting this into the energy equation we obtain 

(109) 

Y-I 

Substituting for ps/^ in this equation using equation (106) we obtain 

-£i€ [mT + SinVÍI'É)] f" - -a‘-V*) "l0> 

Now 

y _ jj; *) 

Also, 

l-6i 

(HD 

- _ 

(112) 

but from equation (52) we find 

m: 

—SÍ^*T 
i-eA 
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so we may now write, noting also that y l+St 
1-¾ ) 

fs-u1 TT&r s'f' T 
Substitutir/] equations (III) and (113) Into equation (MO) we obtain 

(113) 

which can be simplified to 

6t ^ I VJ (114) 

We now let u( ^ ) * u0 + Ç^u,( ^) from which it follows that V^) s 

We may now write the right hand side of equation (114) as 

-ÿ*-UU*-fe*(ü'*+ ZU.Ia)-6’1Í* 

Since u0 » cos Q" we have 

« I- SVVN* 0- 

so we may also write 

-¾ [si'^T- ééL(si‘*+ 2U.Í) _ 

Substituting this into equation (114) we obtain 

(115) 

(116) 

sW)V(\-efc*)P '-«c rr sv/\T- + 

Solving for this may be written 

(117) 

f ¿vj(#u+ inV 
■] (118) 
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Since the second term in parentheses is 0( €€i ) we now expand the right 

hand side of equation (118) to obtain 

ë « I - -^r^TT-f li'*+ si^o-l 
r «0-fe^smV L J 

» i ttStv- k««'»•- «''•]'* ■ ■ • 
If into this equation we now substitute the series for 

+ ■t“ ^5 £Z 4--- 

omitting the u^ and u^ terms which are both zero, and retain only enough 

terms so that ^ is given to second order, we obtain the following 

f = ^v(^l+ -^) 

‘ »f if SÍiT)AtT— 8í>wVCü'ü¿4- 0(6â) 
sirrcr 1 J 8 S» 

Equation (119) gives the first few terms in expansion of J5 as 

j5 = 14- t- j^S^L 4- 

Comparing equations (119) and (120) we note that p,«—pâ , also that 

j5* S p.r =. 0 • 5'1 

(119) 

• • • (120) 

i nee 

I *- — . z. 
+ S\f) <r » — ¿jo, sno <r 

we may write the expression for p* as 

- 8s>*V 

or 

(p» - i p‘) SmV «= -CüIük + ^-O 
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If we now substitute the known values of the and j¿! into the 

expressions for the we obtain for the 

resuIt 
/5 

series the following 

^ — 1- l)€ Í)€€*. 

(121) 

which may also be written 

^ = 4 = It'lart-ri'llferl-.r+i)«] 

+ -¾ <r e + . . .J 

(122) 

These series give j? to 0( €* ). 

To obtain the corresponding series for p » p/ps we use the relation 

F° f (123) 

Let us represent the series for 

?~'+r 

^ as 

= \ -H ^ 

Since « 0( €: ) we may expand ^ as 

^=^+|û#) = 1+ 4- . . . (124) 

As ^ is known only to 0( £ ) equation (123) can be used to determine 

p only to this order. Since ( "tf -I) » 0( ) the third term on the right 

hand side of equation (124) is 0( ) and may be dropped. Substituting 

for jZ * from the series for ^ , equation (120), putting 

Y » (1+ €*)/(!- €ji), and retaining only terms of 0( £*■ ) and larger, 
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we may write ^ as 

Y *=■ 1+ pi* + (jpj+ ^6* + oCe1) 
(125) 

Since ^,s — ^ the coefficient of the term in the above equation 

becomes 

Pj+ ä ~p* 

so equation (125) may now be written 

p = ,+ p,fe-ps^+^‘ + o6*) (|26) 

which gives p as a series in • Comparing equations (120) and (126) 

we see that to second order the series expansions for JS and"p are identical, 

except that the sign of the term in €€¿. is different in the two series. 

Substituting the expressions for the f t into equation (126) we obtain for ^ 

the following series 

P \ — 'Vgo-W 1) 

— “¿vF*Co+‘t<r(ll'+,*Cfi4V + iz.4co4t + .5)€*4- . 

(127) 
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VII. SOLUTION OF THE TAYLOR-MACCOLL EQUATION BY A T/VLOR SERIES 

Maccoll has solved the T-M equation in terms of a Taylor series about 

the angle corresponding to the cone surface. At the cone surface we have 

UL= He 

where uc is the as yet unknown velocity on the cone surface. Substituting 

these values into the T-M equation we find the value of d^u/d©^ at the cone 

surface to be 

¿V _ 7 
(128) 

Successive differentiation of the T-M equation then gives a series of 

equations from which the higher order derivatives of u at the cone surface 

may be evaluated. Maccoll has gone as far as the fifth derivative. His 

final result for the Taylor series is the following 

u, _ a, 
t- V" 

1 
l£ 

& 

il 
S7-7* 

izfr-i) Me/ 
S 

■<- • • 

(129) 

This series gives u in terms of q., 0C and uc. In general, q0 and 0C are 

known quantities, while uc is an unknown. Maccoll gives some information about 

the convergence of this series. 

Since the Taylor series contains the unknown uc it cannot be used directly 

as the solution to the problem. If we now apply the two boundary conditions at 

the shock, equations (12) and (13), to the Taylor series we will obtain two 

equations in the four quantities 0* , uc, q0, 0C, which we can solve to give 
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any two of them in terms of the other two. In this way, we may obtain uc In 

terms of q0 and 6C; the use of this result along with the Taylor series then 

gives the solution to the problem. This has been done by Hammitt and Murthy, 

who compare their results for certain ranges of the parameters with the exact 

values from Kopal and find very good agreement. 

Since our previous work involved assuming the shock to be given and 

required the finding of the cone surface we now wish to obtain u as a Taylor 

series taken about the shock angle rather than the cone angle. The velocity 

and its first derivative evaluated behind the shock are given by 

UL = U COST 
(12) 

= “ eU Si/) (T 
cXe (13) 

The evaluation of the derivatives in the previous Taylor expansion was 

comparatively simple due to the fact that du/de at the cone was zero; this 

made many terms drop out of the resulting expressions. This simplification, 

unfortunately, is not possible now since neither u nor du/d0 is zero at the 

shock. 

Substituting equations (12) and (13) into the T-M equation, we find, 

after some simplification of terms, the following expression for the second 

derivative of the velocity evaluated at the shock 

'JLV| TT 

■77T = -ZUCoST 
(¾1 - - x) 

(130) 
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This expression is quite complicated but it can be very much simplified. 

We have already obtained the following relation 

o>s*<r = = s\n cr 

(115) 

Substituting this relation into equation (130) and replacing —r 
a-l 

by l/éjL , equation (130) becomes 

(S4= COSO- 
(i- i«) - - t-e) 

Slice -¾ - 

I-ft 

this may now be reduced to 

■] 
(131) 

(132) 

which is considerably simpler than equation (130). 

To obtain the third derivative we must differentiate the T-M equation. 

Doing this, solving for d^u/dô^, and gathering like terms, we obtain 

7F = w ^(sf- ï['- 

(133) 

To obtain (d3u/d03)s we now substitute O* for 0 and for u, du/d0, and 

d2u/d02 from the shock boundary conditions and equation (132), respectively. 

If we also employ equation (115) and use to eliminate we can 
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reduce equation (133), after much algebraic manipulation, to the following 

= éUsi«T + (-Z+ 'vst+6et+ «s1«*-‘tee,*-e 

(134) 

This may also be written 

(135) 

Equation (135) is the exact expression for the third derivative evaluated at 

the shock. For the case of infinite Mach number, that is, when ç s } 

it reduces to 

~ ^Us\n<r -i- Ucí-I-T coso-[-z + 64 + z.£az— 

( 136) 

If, however, the Mach number is not infinite, but £ <<- | , then we may 

expand 1/( I-£ ) in a power series in ^ , in which case equation (135) 

becomes approximately 

■=■ £Us^cr 4- U C0+o-cos0-(-2 + ^£4- 3£ 4-S^êji - 36x 

+136â+ • • 0 

(137) 

in which only third order terms in £c£^ have been retained. 

Before continuing further, we must digress a moment to consider the 

philosophy behind this procedure. In seeking a Taylor series as the solu¬ 

tion to the problem, we are obtaining a series in which the successive 

terms involve powers of (6-0"). The fundamental assumption of this whole 

paper, however, has been the assumption of small density ratio. Thus, any 
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series solution of the problem should be examined in the light of the order 

in density ratio to which it represents the true solution. In other words, 

each term in the Taylor series should be examined as to Its order in density 

ratio. It may turn out that, although <6-(T> - 0( € ), so that adding 

successive terms In powers of (0- T) appears to add higher order terms, we 

may actually be adding on terms which are as large or larger than those 

already contained In the series. This would occur if any of the coefficients 

of the powers of (0- ) should be 0( €"* ), where n > 0. It is this state of 

affairs which makes the Taylor series approach difficult in a small parameter 

analysis and leads to the procedure of direct expansion in terms of this 

parameter. 

For our particular problem, we see from equations (132) and (137) that 

(138) 

From the shock boundary conditions we know 

Us= o6) 

(139) 

If the fourth and all higher order derivatives evaluated at the shock are no 

larger than 0(1), as is true for the first three derivatives, then the Taylor 

series taken up to the terrn^ in (0- T*)^ will approximate the exact solution 
J 

to 0( ). 

Unfortunately, the supposition made above about the behavior of higher 

order derivatives is not correct. In fact, the fourth derivative itself Is 
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0( e-1 ); we will now show this and also obtain the term in (d4u/d0*)s 

of this order. To actually differentiate equation (133) In order to analyze 

each of the resulting terms would be quite an undertaking In view of the 

complexity of this equation. Fortunately, this arduous task is not 

necessary and a more cursory examination will suffice. Since the denomi¬ 

nator in equation (133) is 0(1), we see from examining the numerator that 

the only terms in the equation which will be 0( ) when differentiated 

are those of the form 

where A 

will be 

A àL 
y-i de 

0(1), for when this is differentiated one of the resulting terms 

_A_ 
«-i diô* 

and since As = 0(1), t -I * 0( ^ ) * 0( 6 ), and (d2u/d02)s » 0(1) we 

have 

Thus, retaining only those terms 0(fe"1) when evaluated at the shock we 

find for (d4u/d04)s, after some simplification, 

S i nee 

(140) 

and 

VJL, %*-U*CASfçr = I^UVinV 

*-\ 

we may write equation (140), also using our values for us and (d2u/de2)s, as 
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(141) (i-éi)cjo+Vco5^ + oú) 
(The term in €ä/€ in this equation is really 0(1) and should not be 

retained, but as we shall see later it does exactly represent the term in 

in the series solution.) 

An examination of equation (133) to prophesy the behavior of higher 

derivatives than the fourth reveals that all further terms in the Taylor 

series will be at least 0( ). Hence the terms we have already obtained 

should give the solution correct to OfC3 ). 

The Taylor series for u may be written 

Jk = 
u 

a« 

+ >♦! ud«^0'^ 
(142) 

Substituting for these derivatives from our results we obtain 

~ = COS - (csincr)(6-<r) - CoS<r(t--¿-€£i)(ó-<r)* 

^ Cô-^)3 + + 06)] (ô-c^V 

(143) 

which gives u as a Taylor series to third order in (although some 

higher order terms have also been included). 

We are now in a position to compare this result for u with our previous 

results. Comparing equation (143) with equation (101), obtained by our small 

parameter expansion analysis, we see that both expressions for u agree to 

- 51 - 
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third order in ; in fact, the terms in (0- <r )2 and (0- (T)3 

agree to fourth order, and the term in /e in the (0- O* )4 term, 

while also of fourth order, is the same in both. 

In summary, while the Taylor series method of solution serves as a 

valuable check on our previous expansion technique, it suffers from the 

defect of its successive terms being of varying orders In the small parameter 

€. , the only method of determining these orders being the examination of all 

the derivatives of u. 

AFOSR TN 60-1214 

- 52 - 



VIH. ADDITIONAL RESULTS FROM SERIES SOLUTION 

Thus far we have the solution to the problem in terms of a double series 

expansion for the variables u, p, and yO . We are now In a position to 

deduce certain results from these series. 

The location of the cone surface is determined from the condition 

(du/d9)c - 0. This implies Immediately that the radial velocity u is 

stationary at the cone surface. Since (d^/dô2^ < 0 (see equation (128)), 

it follows that this value is a maximum. From the Bernoulli equation we 

then find that the density has a maximum at the cone surface and hence also 

the pressure. Hence, there is an isentropic compression from the shock to 

the cone surface. From our series for u, p and p we may find the values 

of these variables at the cone surface. These turn out to be 

= coso- + -^MurtVcoso- 64- "¿fe t- -j! JjL 

— sínT 4- 0(j£s) 
(144) 

= 1 + -¿f*) + Oíé*) (145) 

4- *•€ 6 + ÉÍ++ oCe*) (146) 

An important feature of these equations is that for a given gas ( fixed) 

the value of the velocity at the cone surface depends upon both € and Çp , 

while to second order in 6 both the surface density and pressure depend 

only on € when non-dimensionalized with respect to their values behind 

the shock. 
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In Figures 8 to 11 are plotted vt' and pc/ps against € 

for the case of air and helium (for helium * 1/4). For a given Cji 

the curves corresponding to equations (145) and (146) are parabolas. 

However, since the £ term in parentheses in both these equations appears 

divided by 24 this term is very small for € small and hence the resulting 

curves are nearly straight lines in the figures. In both of the figures for 

air we have plotted exact values from Kopal. For cone angles of 5° to 40°, 

the agreement between the approximate and exact values for the case of air 

is seen to be very good for values of € up to 1/2; beyond this value of £ 

the exact values for the 20° and 30° cones begin to fall below the 

appropriate curve. 

For helium for cone angles from 10° to 40° the agreement between 

approximate and exact values is seen to be not so good as for air. This is 

partly due to the value of being greater for helium than for air. It 

is also in large part due to the incompleteness of the tables for helium flow 

about cones. The exact values plotted on the figures for air were taken 

directly from the tables of Kopal. To obtain the equivalent values for 

helium required, in addition to some computation, the reading of two graphs 

from Mueller. It is from the reading of these graphs that the greatest 

error has come. 

We have not yet set down the final result for v. Differentiating 

equation (101) with respect to 0 we obtain 

+ ¢050-0+5-(-1+ «t- v ÍSâS^dir + 

_ g »WV («_*.)% , . . 

(147) 
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j V is obtained only up to Since u is known to fourth order in €¿€J¡| 

third order in this quantity. 

It was mentioned earlier that to a first approximation the streamlines 

are hyperbolas with the body surface as asymptote. In deriving the equation 

of the streamlines now we shall show that this is so. Referring to Figure I 

we see that 

"hajfi <f) 

so that 

U. (148) 

6- 6« « W'( a) - - W'tt) (l49) 

If in this last equation we now substitute for v and u from equations (147) and 

(101) respectively we shall obtain an expression giving the streamline angle 0S 

In terms of the angular variable 0 and (T , £ and . This equation is 

then the equation of the streamlines of the flow. 

Since v * 0( € ) while u * 0(1) the argument of the arc tangent in 

equation (149) is 0( € ). Using the series expansion of arc tangent we may 

write equation (149) as 

-(4)+i(■&)*- fd)\... <'5°> 

Substituting for v and u in equation (150) and retaining only those terms of 

0( ) and larger we obtain 

6- ©c = jjt+MQ“4- - j-Jrfc-UnT + ofcrí-1 + |fe)}(0- rf 

i- £ !) <r+ ¿(ó -t*)¡ 

±r / v (|5,) 

AF0SR TN 60-1214 

- 55 - 



We note that the particular combination 

4- z(ô-<r) 

occurs in three places in equation (151). Using the relation between shock 

and cone angle, equation (103), we find that 

é-hvrt <r + z(e-T) « z.(g- ee) - + 

+ oC€‘)] 

Substituting this result into equation (151) and dropping those terms which 

are smaller than 0( €J ) we obtain 

0-ô4 ® Z(d-ôc)- 

-[ic-Kno- + CA+r(-i + zet - 

- içrfV ('.i+t6jl„ £é)(;ô.^ + í¿ afV * 

¡5 ^^3“ C®'®)4" + 6t)-tan+ |J 

“ 0 (£*) 

(152) 

Equation (152) represents the equation of the streamlines to 0( £J). The 

right hand side of this equation involves, apart from the polar variable 0, 

the four parameters 0C, 0" , £ , and . However, these parameters 

are not independent, being related by the. shock-cone angle relation, equation 

(103), so the number of independent parameters is actually only three. 

Since equation (152) is quite complicated, we shall consider in detail 

only those terms of 0( £*■)> that is, those terms which represent the first 

correction to the constant density or lowest order solutions. The terms of 

0( €* ) on the right hand side of equation (152) are the following 
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(153) 

f- 

- -jrvivr -I- cH T Ce - t)*4- 3 S£tX (¿ - r) 3 

Since we are only retaining terms of 0( €/ ) In this expression we may 

substitute Into it the lowest order result for the relation between shock 

and cone angle, which is 

T- 6c_ — "k - 7“ 

In this way, we obtain from (153) 

-Ci- 6c)* 4* 3(^-^)(t- zCr-e)3 

(154) 

We note that the expression in brackets in (154) is zero when 0 « 0r. It turns 

out that 0 « 0C is a double zero of this expression. Hence, (154) may be 

written 

Cp4cr 
30r- 6c) 

Cci 

3(^0 
(e - - 3t + ¿e + 

Let us denote this expression by A(0; cr , 0C) and also note that it may 

be written 

A C®; = i zCt- e) 4- (a-- ec) 
30r-e¿) I 

cc~b <T 

(155) 

We are now interested in considering <T and 0C as fixed and treating A as a 

function of 0 only, which we shall denote by A(0). First, it is immediately 

evident upon examining (155) that, since 0" > 0 > 0C, A is never positive. 

Upon examining (155) in greater detail we find that A has a maximum at 0 = 0,. 

(at which A * 0) and decreases monotonicaIly to a minimum at 0 * (T , with a 

point of inflection halfway between 0C and CT . At its minimum the value 

of A is 
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f\(<r) = -t<Si--eOZcet<r 
(156) 

A graph of the function A is given In Figure IA. 

Returning to equation (152) we may now write this as 

e_es = z(e-eO + A(e;<r,e<)-f- oCe*) 

which may also be written as 

e-e. = e-et+ ACs;<j-,ôc) 4- ofe*) 
C (157) 

where A(0; <T , © ) is given by equation (155), and is of 0( €* ). If we drop 

terms of higher order in € than first in this expression, it reduces to 

öc-es « e-ec 058) 

This relation says that the cone bisects the angle between the ray and the 

streamline passing through that point« This is equivalent to the statement 

that the slope of a streamline with respect to the body surface is equal to 

minus the distance from the body surface divided by the distance from the 

vertex. Such streamlines are hyperbolas with the body surface as asymptote. 

If we now return to equation (157) and drop terms of higher order than 

second we have 

ec-es = e-ec4A(e; r, ec) 059) 

The information we have already obtained about the function A shows that 

instead of the cone bisecting the angle between ray and streamline, the 

angle between the cone and the streamline is smaller than that between ray 

and cone. This means that the effect of the term A on the slope of the 

streamlines is to incline them less to the cone and hence to push them away 
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from the cone. Since A decreases monotonica 11 y from zero to a minimum value 

as 0 goes from 0C to 0“ we see that this effect increases from zero at 

the cone surface to a maximum at the shock wave. Also, since A is also a 

function of 0" # it follows that the shape of the streamlines now depends 

on the shock angle explicitly, whereas to lowest order the streamlines can be 

drawn in as soon as the cone is given, without a knowledge of the shock angle. 

In other words, in the lowest order solution the location and shape of the 

streamlines are frozen and independent of the particular flow conditions, 

whereas in the next higher order the streamline pattern does depend on the 

particular problem under consideration. 
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VARIATION OF öc WITH MACH NUMBER FOR Qc »50° 
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VARIATION OF pc/Pt WITH « FOR HELIUM 
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