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ABSTRACT 

The Rayleigh-Ritz method is used to solve the eigenvalue 

problem for electromagnetic waves propagating through a waveguide 

of a non-simple cross section. The method is applied to obtain the 

cut-off wavelength and the power-voltage impedance for the fundamental 

mode (that equivalent to the mode in rectangular waveguide and 

the mode in circular waveguide) for a waveguide with semicircular 

side walls and flat top and bottom walls, and for a truncated-circular 

waveguide. 

Numerical results are given for both waveguides, and 

supporting experimental evidence is adduced for the waveguide with 

semicircular sides and flat top and bottom walls, for aspect ratios of 

0, 302 and 0. 702. The cut-off wavelengths obtained are within 3 per 

cent while the power-voltage impedances are within 6 per cent of their 

respective exact values. 



I. INTRODUCTION 

Interest in these composite waveguides arises from their 

possible applications in transition from rectangular to circular 

waveguides, where they provide convenient intermediate sections. 

When electromagnetic waves propagate in waveguides of 

non-simple cross section no exact solution can be obtained by the 

conventional method of solving the wave equation by separation of 

variables. In such cases approximations are available with the 
i 

aid of perturbation methods and variational methods . 

The Rayleigh-Ritz method will be used to obtain an 

approximate solution for the cut-off wavelength and the power-voltage 

impedance in waveguides with semicircular side walls and flat 

top and bottom walls, and for truncated-circular waveguides. 

The results obtained contradict the results published in 

Principles of Microwave Circuits2 on the cut-off wavelength for a 

waveguide of semicircular side walls and flat top and bottom walls 

for aspect ratios between 0. 3 and 1.0. 



-2- 

II. THEORY 

The boundary value problem of electromagnetic waves 

propagating in a cylindrical waveguide can always be reduced to a 

simple two dimensional problem. If the longitudinal waveguide axis 

is in the z direction, 

V 2 (x- y) + k2 4i1 (x. y) = o, (i) 

where (x, y) and k, are the eigenfunction and the propagation 
* ^ *■ 

constant for the i mode, respectively. 

Kornhauser ^ showed that in any cylindrical waveguide the 

lowest order mode with non-zero eigenvalue is an H-mode. Now 

let iJj represent the eigenfunction for the fundamental mode and drop 

any subscript. The eigenfunction ij; is proportional to the magnetic 

field component in the direction of propagation. 

Since the modes in a waveguide are orthogonal, that is, 

J ik ^ do- = 6 (kronecker delta), (2) c TmTn mn ' ' 

where S is the waveguide cross section, the eigenfunction 

for the fundamental mode can be constructed from 

/ d<r = 0 . (3) 

Then a legitimate choice for the eigenfunction for the fundamental 

mode is, 

^(x) = 

N 

Z 
n=o 

C2n + 1 
2n + 1 

x 
(4) 
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F°r simplicity choose N = 1, then 

+W = C1x+C3x3 . ,5, 

In general It Can be easily shown that If 4, satisfles elthei 

the Dirichlet or Neumann boundary condition». It, eigenvalue la 
minimized by the expression. 

J I grad i|i I do- 

J 4* do- 
2 . ' (6) 

the integrale being taken over the waveguide croee section. 

By using the trial function (5) for the fundamental 

Equation (6) takes the following general form, 
mode, 

k = aCl +PC1C3 + VC. 

(V) 
6C1 + c CiC3 + IC3 

wh«« „ , p , Y, 6 , t, and 4 are con8tants dependent on the dlmen8l 

ot the waveguide. 

Then the parameters and C3 are adjusted independently 
to minimize the eigenvalue k2. 

4k2] 
-rc^ =° 

|k] _0 
dC~ - U * 

After performing the minimization, we obtain the following 
of equations: 

system 
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% 

{26k - 2n ) Cj + ( t k2 _ ß ) - o 

(tkZ-p)c1+(2 ; k2 - 2y) C3 = 0 . (8) 

The non-trlvial solution is found 1„ the conventional way by 

equating the determinant of the coefficients to zero, which yields 

where 

k4 - 2©k2 + ¢= 0 , 

2q £ + Zby - e p 

46 e2 ’ 

(9) 

and 

4q V - p 2 

® = - 2“ 
46 ; - 

An expression for the power-voltage Impedance is obtained 

next. The power-voltage impedance is defined as the ratio of the 

maximum mean voltage v/vT across the waveguide squared divided 

by the total average power W flowing through the waveguide. 

7 VV* 
WV ‘ 2W~ 

The maximum voltage across the waveguide can be found 
from 

b 

v ° 2 / Ey U dy 
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where the electric field E=-^-r4.^r2 
y 0x + X . The maximum 

voltage then is 

V = ZbC, 
(10) 

The 
power flowing down the waveguide can be obtained fo, 

an H mode from 

where 

as usual, 

W = 
2Z / ^ do- , (11) 

Zo = 120-V^ is the field impedance, and 

and 

= is the waveguide wavelength 

X- = is the free space wavelength. 

The expreealonfor the power-voltage Impedance for 
composite waveguides is, 

b2Z 

Jwv 
Q +P[ 

(12) 

1 \ci 

can obtained from Equation (8). 
^ A 
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ni. application 

1. The approximate method was used to obtain the eigenvalue 

for the fundamental mode of waveguide with semicircular side walls 

and flat top and bottom walls. See Figure 1. 

The coefficients obtained for this composite waveguide are 
the following: 

a = ab 

ß = a3b 

5, V = a b 

6 = a\> 

5. t = a b 

t, = a7b 

[P*!'] 

[ 2p3 + ^p2r + 4pr2 + ^ r3] 

[! P5+^A+12pV + ”l pV^p^,3] 

[l P3^ph + 2 pr2+I6 r3] 

[ ! P" + J P4^ T P V + ^P2r3 + *1 pr4^ r5 ] 

[ f P7 + Í P6r + 2p5r2 + ^p4r3 + § p3r4 + 

+ 48 nr*’ + 7 I + nT5pr +2T5 r J 
where 

r = - and p = 1 - r. 

The numerical results are shown in Figure 2. 

2. The method was also applied to a truncated-circular 

waveguide. See Figure 3. 
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FIGURE 1: COMPOSITE CIRCULAR WAVEGUIDE 
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FIGURE 3: TRUNCATED CIRCULAR WAVEGUIDE 
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For tills waveguide the coefficients obtained are the 

following: 

where 

a = a 

p = a 

Y - a 

6 = a 

E = a 

r c ; = a 

r + ^ A + sin 4t I 

[ qr + i A - ^ sin 2t ] 

3 A X 3 
? A + IS 

[|q5r+-| 8in3 T cos3 T + A + 9 

F 1 3 1.1 1 
[ 3q r +qA + 32 sin 4t ] 

sin 4t 

Í 2 „5 slnJT cos3t .1..1 
l Tq +-3- t5At3Z‘ln4T 
f 1 7 , 1 f , 5 3 5 3 3¾ 5 
[ T q r + f I sin T cos t + -ç sin reos r + ^Af^- 

r = q = (l-r2) 
1/2 

r = sin q; A = ( 3 - r) 

sin4 t 

The numerical results are plotted in Figure 4 
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IV. EXPERIMENTAL 

To assess the accuracy of the results, an experiment was 

performed. Two 3" waveguide sections with semicircular side 

walls and fiat top and bottom walls of aspect ratios of 0. 302 and 

0. 702 were electroformed. Their wide dimension was 0. 622 inch 

the width of the standard P-band rectangular waveguide. See Figure 5. 

Tne cut-off wavelength was obtained by two independent 

methods: firstly, by measuring the phase change when the composite 

waveguide was shortened by about 1 inch; and secondly, by measuring 

the transmission-versus-frequency characteristic using an electrically- 

swept backward-wave oscillator (source). 

The measured points and the points obtained from reference 2 

are also included in Figure 2. 

The power-voltage impedance was also measured. For this 

purpose a termination was developed for the composite waveguide 

sections, and by using a standard P-band slotted line the impedance 

was measured at the junction between the rectangular and composite 

waveguide. The real part accounts for the impedance mismatch 

while the imaginary part accounts for the junction susceptance. 

The measured points are shown in Figure 6. 
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FIGURE 5: WAVEGUIDE WITH FLAT TOPS AND BOTTOMS
AND SEMICIRCULAR SIDE WALLS EXPERIMENTAL 
SECTIONS
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V. CONCLUSION 

The Rayleigh-Ritz method was applied to the eigenvalue 

problem for the fundamental mode in composite waveguide0. 

Supporting experimental evidence was obtained for the waveguide 

of semicircular side walls and flat top and bottom walls, which 

indicates the cut-off wavelengths are within 3 per cent and the power- 

voltage impedances are within 6 per cent of their exact value. 

The cut-off wavelengths obtained by this approximate 

method are smaller than the exact value, since this is a minimization 

problem of the eigenvalue k^. 

The cut-off wavelength for the waveguide of semicircular 

side walls and flat top and bottom walls indicated in Reference 2 for 

aspect ratios of 0. 406 and 0. 450 are even smaller than the cut-off 

wavelengths obtained by this method; therefore their approximation 

must have been inferior to the one used in this paper. 

Surprisingly enough the calculated values for the power- 

voltage impedance for both composite waveguides came out to be 

identical for all practical purposes. 

The accuracy could be improved by selecting a trial function 
2 containing terms in Y . 
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