UNCLASSIFIED

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

X

UNCLASSIFIED



NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsidility, nor any
obligation vhatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
vise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto. :



ZPh-096
Physics Section

257172

THE MICROWAVE DIAGNOSIS OF A COLUMN OF IONIZED GAS

J. R. Barthel

May 1961

caratogep By ASTIA
AS AD No.

This work was supported by the Army Rocket
Guided Missile Agency, Contract No. DA-Ol-L495-
ORD-3112, ARPA Order No. 39-59, Task 2.

$ ‘(DO f T s 1

GD

-
¥
b4
L r
04‘ o

Yo
o
<

1\\\'\

S

Q

%
oS

AV

CONVAIR SAN DIEGO CONVAIR DIVISION GENERAL DYNAMICS CORPORATION

XEROX

ol




ZPh-096
Physics Section

THE MICROWAVE DIAGNOSIS OF A COLUMN OF IONIZED GAS

J. R. Barthel

May 1961

This work was supported by the Army Rocket
Guided Missile Agency, Contract No. DA-Oi-495-
ORD-3112, ARPA Order No. 39-59, Task 2.

SRR

GHIEID
CONVAIR SAN DIEGO
Convair Division of Generai Dynamics Corporation



CORTENTS

ABSTm. ® ® & ® e o o o s o

MROWGDION L] L ] [ ] [ ] [ ] [ ] L] [ ] [ ] L]

SCATTERING BY DIELECTRIC CYLINDERS

A. Limiting Values of K .

B. Ilimiting Values of ka .

ELECTRON SCATTERING THEORY . . .

THE INVERSE PROBLEM « ¢ ¢« ¢ « &

SUMMARY AND CONCLUSIONS . . . .

REFERENCES ¢ ¢ ¢ ¢ ¢ o o o o &

13

1k



THE MICROWAVE DIAGNOSIS OF A COLUMN OF IONIZED GAS

J. R. Barthel

ABSTRACT

The inverse scattering problem of deducing the
structure of a column of ionized gas from its microwave
scattering properties is solved for a homogeneoug column
and a column which is sufficiently dilute that the electrons
may be assumed to be independent scatters. Criteria are
presented which may be applied to experimental data to
determine which of the above models (if either) is
applicable.

INTRODUCTION

A summery and an extension of.methods for determining the signals
scattered forward and backward by a column of ionized gas, with known properties, .
immersed in a known incident plane microwave field 1s presented. A method is
developed for solving the inverse problem of determining the properties of the
gas column from measuring the forward and backward scattered signals for
negligible absorption. The direct and inverse problems are considered for

two models:

1. The column of ionized gas is treated as a homogeneous dielectric

constant is an arbitrary complex number;

2. The coiumn is treated as a large number of individual electrons
which scatter the incident field independently. These electrons
are distributed with a number density which may be a strong
function of the distance from the center of the column but a
weak function of the distahce along the axis.
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The theory is applicable to the 1nterpreta€ion of measurements made of the
signal scattered forward and backward by the ionized wake of a hypervelocity
peliet.

SCATTERING BY DIELECTRIC CYLINDERS

Consider a dielectric cylinder in a vacuum. The incident plane wave
propagates in a direction nomal to the axis of the cylinder as shown

below.

D:oawmo RECEIVER

Rp | INCIDENT PLANE WAVE

- = TRANSMITTER AND
BACK-SCATTER RECEIVER

An approach to this problem is to expan(i the incident plane wave as an infinite
series of cylindrical waves.t The reflected aqd refracted waves are similarly
represented, but the coefficients in these two series remain undetermined.
By applying the boundary conditions at the surface of the cylinder, it is
possible to find these coefficients. However, for arbitrary variations of
the dielectric constant K (¢), an equation of the following t.y'pe2 mst be

solved for each integer n in the series from -e to =

(er )" + (¥ K(e) & - n2/y) £ =0

Each choice of the function K(¢) presents us with a very formidable comp}lting
task, even ir the series converges rapidly. Thus, in practice, the study of
the dielectric cylinder is made only for a very good conductor (refracted
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fields vanish) and a uniform dielectric [K(z) = constant}; the former will
be represented here as a special case of the latter by taking the limit |K|-w.

We vill consider only the transverse magnetic (TM) case, in which the .,
incident vave is polarized in the 2Z-direction. The transverse electric (TE)
vave, polarized perpendicular to the Z-axis, has been treated by Panofsky
and Phillips" and by Bshleman? ag well as by others for some of the special

cases vhich we will discuss.

The general formula for the electric field at all points outside a uniform
dielectric cylinder immersed in a uniform, infinite plane (TM) vave is the sum
of the incident and the scattered fields:

E =Ez = Ei .+E:= e'mt |E; I{ [eikgcose - Z inﬂrgl,) (ke ) eman (ka.;K)] } (1)

=) [
where

5 (Vi) 3° (xa) - YK ° (Eka)T () |
Fn(ka;l() = B = n ,
I (Vi) (xa) - VK 17 (i ka) 8(2) (xa)

[

Jn’ Hx(xl) are the Bessel and Hankel functions of the first kind, order n, and
k = w/C. In all cases which interest us, the point of observation is far
enough from the cylinder that Hr(xl) (kt) may be represented by the asymptotic

expression

KO ) a0y ew (e - ) )

vhich holds k¢ >> 1. Here, Eq (1) becomes

o= lEzle-iwt { Lkecosd _\/ 'n%g' ei(ke-v/“)zeine Fn(ka;l()} ()



It is convenient to define a backscattering reflection coefficient R,
and a forward scattering coeﬂ‘icient. Pp such that

From Eqs. (3).and (4)g we find

. %=-i te2)" [Fn(kalx)] . D)
and :
. pf=-z [Fn (ka;K)} . o (6)

In g‘eneral, the evaluation of expressions (5) and (6 1s very tedious
and must be repeated for each given set of values, of ka and K; therefore, it
will be useful to examine certain limiting cases.

Lﬁnitigg Values of K .

The dielectric constant K may take a variety of formss For the usual
non-conducting dielectric medium, it is a real mumber K. > 13 for a eeondustor,

2/ 2
W
io
KE=1+="; for an fonized gas, K =1 - P vhere w_ 1s the plasmg
cw oo P
3y 2
frequency (= N(electrons/m’ e ) and v/w yepyesents the attenuation by
m, ec? .
[ J
collision and by radiapion. 2
In a very good dielectric or a very good conductor, we find |K| > 20
Then Eqs.s(5) and (6) approach the following form, as [K| -+ « .
b s
J_ (ka)
n
B = ' z (1) = (7)
] H (ka) ®
L]
o' I (ka) > |
oS SRR
£ H(*) (ka)
- n 9
h * ® ®
5 ® o
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(Rote: Eq. (7) is shown graphicaily by Eshlexan,? pp. 111 and 112.)

In an*onized gas near the critical frequency, |K|<<1l. As |K| =0,

however, no terms in Eq. (1) may be dropped. It may be seen by expanding
In (’5( ka) and Jn' (V"”l-( ka) for small arguments that the two tcrms in the
nugerator of Eq. (1) arfl the two terms in the denominator are all of the
same order .1n K.

Idniti_ng Values of ka P =

The number ka = we/c is a real number, We consider t\io 1imits:

le %a << 1, i.e., the longevave limit;
2, ¥ %> 1, the optical limit,

Fos small velues of ka, ve find the following results! If |K| is not too
%arge, so that | J!’C ka| < <1 as well as ka << 1, then

. - 2
I .!x] >> 1 then ) »
ar
N R (108 T :0.5779: r: 1078110 (10)
0f 2 log (‘%2)
3¢ |K| << 1, then '
: by = pp = - £2 (ka)? )

Nate that Eq.(10) 1s valld enly 4f [K| is so large that K| (ka)?® Yog
€
fRa) >> e R

For large values of ka, it is difficult to approximate the infinite
series of Eqe (1)e However, the laws of geometrical optics hold in this
1imit. The reflection coefficlent from a perfectly reflecting cylinder
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(for vhizh|K| > 1) is readily found® to be
. =
nka
% = \[ R (12)

ELECTRON SCATTERING THEORY

Consider an iogized codupn of gas with varlable electron density,li(s)
[ J
which is immersed in a plane microvaye field. The incidept vaVe propagates
in a direetion normal to the axis of tbe. column as shown below.

TONCIDENT) ’ K UINCIDENT)
| \
L ] 'm] ]
& P—— —_— — --—-II-’ L J
3 ; * i
lﬂ i Hl‘ ]
" -]
-—1-- -
. \/osseRvER . S oeserver /

-~ The eaq:re;ssion of Eshlemnn's® Bq. (64) for the seattered electric field at *
the polnt of observation for @ = O may be extended. for arbitrary p 10 the
Lolloving Lorm:

210l B &l @ ’ *
o - - U e |BZ| J||"j f. Nl:) exp (4k [ao-gcosfa-a)]-iwtIstnaugdgded_z ’(13)
Z - 0
u” me (o] O e RQ - Y
®

here we heve assumed that all electrons are subject to an {ncident wave ¢of the
same strengthe This assumption holds only for sufficiently dilute columns
in which v << w. DNote that Ex end Ey at the o;pserver ere zero because of

@

symmetry.
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If a back-scattered signal is being observed (B = 0), and if Ro» a,
then the following approximate result holds

s -ipoea 1 T 2 r
E, = T . on Ezlexp L(kR - | - m)]\jm- f"(;)Jo(akt) gde; (14)
B8=0 . ° o
or 4 a
) f = A ftl(g)Jo(Zlcg) tdg (15)
. ’ o .
vhere
mod":‘
A= = o¢smeene .
ean .
. (2] L L
i v

15 the forvardescattered sigual %s being dbserved B =13, and
Ro >> a, then ve find

- 4
@‘a ®
E: = A IEi exp [i(kR - %'wt)] d—k%. fN(E)EdE
A= : 2y - [} T I '
o .
A
I RN el

vhere q is the number of electrons per unit axial lengthe The total f2eld
obsegved 1includes the imcident ﬁeld.. and gay be expressed as

exp [i(kRo - wt)] [l+ -;::—:2- exp (- i%ﬁ) \ME q] . @

o

i
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as expected. However, this effect is not due to absorption, which is neglected
but is due to the fact that the net phase of the scattered signal opposes the
phase of the incident field when observed in the direction g = 7.

Equation (17) for the field at the forvard cbservation point holds for
any electron distribution N(t). Equation (15) for the reflection coefficient

has been evaluated® for ‘several special cases: ° .
.0, A
Narrow Columns ka<<l :py =37 Q (18)
N J (ka)
, Homogeneous Cylinders N{e) = Noegpb =27 q —"—h (19)
Gatssian Distribution, N(¢) = ﬂo exp [-gzla"'] :
4 .
o .
5 A
- pb =§— q exp tQ ‘ka)z ] J (20)
It has also been found that for en exponential distributionm, N(g)=ll°e'§/°‘
foatye [l 18- e

a
,1 + b k2 a2

Fop mrbitrary functions N(£), Eq. (15) may be evaluated appraximately
by expanding Jo(’akg) in series

5 fap) -1 - 8L, L (el o,

()2 (28 (3:)?
: (22)
a & a a a
P = 4 6
5 = [ N(e) eat - k’*fﬂetg)e.adg +frﬁ(§)§fd! 13‘3 N(g)e%de +ee o
o (o] o (o]

L

This series converges rapidly if ka is not large.

If at some part of the column the electron density is large enough that

Kreal < 0, then the cylinder of radius gc reflects almost perfectly and may
]
be treated as-a metal cylinder, if Kr <0 for €< gc + 9 Here 5 1s the



skin depth, f.e., the depth inside the surface Kr = 0 at wvhich the electric
field attenuates by a factor e-!. The region ¢ > gc may still be treated as
a dilute medium, but the above analysis is not strictly applicable because
the field reflected from 3, as vell as the incident field, acts on the

individual elcctron scatters.

TAE INVERSE PROSLEM

The problem of determining the structure of the column from the scattered
signals is more difficult. We wish to obtain the radius e and the dielectric
constant K, wvhich may be a function of E; alternatively, as the problen is
posed in the previous section, we vish to determine N(&).

.Only certain simple configurations may be analyzed successfully. The
first step is to determine vhich, if eny, of the following simple models is
most consistent with the deta: the dilute column of scattering electrons, the
narrow uniform dielectric cylinder, or the perfectly reflecting cylinder.

Our choice of a model must be guided by a priori kno::ledge of the column, as
obtalned from approximate calculations for the known conditions; this choice
must be substantiated by making. a comparison with the experimental results.

If estimates indicate that collisions are significant o}® that q exceeds
a certain limit (vhich will be obtained later) then we may postulate the
paprow, uniform, dielectrie cylinder model and compare it with expepiment.

From Eq. (9) we obtain

L4 .

® 1m® o 2

‘ = = 2 o 23
7P 20 - 1v/w) (®7

We may determine (a w ) and v by applying Eq. (23) at two frequencies.
The model becomes convincing only if there are a number of measuring
frequencies, so that the result mey be checked several different ways.

Note, ﬁowever, that we may apply Eq. (23) only at frequencies for vhich ka
is somewhat less than unity. The indeterminacy may be resolved if a frequency

can be found which is low enough that the skin depth 8 1s much less than

———————

* L ]
Note that (a o )2 = q x known constant, i.e., we then know the

number of electrons per unit axial length.

9



-

the column radius; we find 8 , = c/wp {as w=0). If c/mp << a, we may
use Eq. (7) to find a, since the column is then effectively a perfectly
reflecting cylinder; if not, the indeterminacy vill remain unless some

independent way of finding a or wp is found.

If the column is not sufficiently uniform for the above method to
succeed, then it appears that a simple microwave analysis of the column
structure is not feasible unless the dilute column model (independent °
scattering electrons) may be applied. However, this model applies only when
absorption [by collisions with neutral particles or by electron resonence
(w< up)] ig small., For this model Eq., (17) leads to the following relation

for the forward-scattered power ratio*

P n e ue"
{ 1 , 1 1l ( 1l )
* F:=1--2. (’one> —"mf q+8(—o—u;> JKR qz (21")

b4

vwhere P 0 refers to the ;bsence of the ionized column. The solutions of
Eq. (24) for q, from the measured values of Pf/Pfo’ should give nearly the
same answer for each k > wp(max )/c, if we are tq‘ be justified in using
the dilute column model.

If application of Eq. (24) for various k justifies the dilute column
model, we may then proceed to determine N(¢) by solving Equation (15)

(-]
. p, (k) = A fN(g) J (%ke) gde. - (@)
* o
The solution 1is fo;md by applying the Fourier-Bessel :I.n't:egrala which states

o
.

£(2) =me (kz) kdk ff(g) Jm(kg)gdg m> - %) (26)

o] o]

e ————
L ¥

*
Note that if g exceeds a certain value, which need not correspond

to wp >"w, there is a ;’ocusing effect, i.e., Pf/Pfo >1.

L2 lo L]



After applying Eq. (26), we find

-]

j Jo(akg) (ek) mf N(x) J’O(akx) xdx
(o]

o

N(e)

(27)

%[ I (i) g (k) kak.

There is a question of the validity of the application of . (27).
There is a frequency w’, or a wave number k’, below which the integrand
does not have the form which corresponds to a dilute column (w’isthe plasma
frequency corresp.ondi.ng to N mx)' If the region k < k’ does not make the
dominant contribution to the integral, we may resolve this question by
employing the folloving scheme. First ve determine a trial function N(e)
by Eq. (27) by using the experimental values of pb(k)' Then we consider
the value me, which corresponds to

Voo 2l = o el (29)
P m, € '

We assume Nmax = §(0), for simplicity in developing the scheme, although
N ox # N(0) 1s treated by, straightforward extension of the following.
Now notice that

>l &

N(o) = f Ay (i Jiedle =Ny (29)
(o]

We wish to adjust p (k), for k < k’, to the form it would have if the column
continued to act as a number of .independent scattering electrons, i.e., we
wish to remove.the effect of absorption and reflection from regions in which
0y > w We know N o’ ¥ £ind k’, and then we analytically extend the
function pb(k) (for k >k”) to the interval 0 <k <k’. In so doing, ve
may utiliﬁe the fact that for the dilute column model with ka<< 1, pb=qA/2Tr,
where g is estimated by using the trial function N(¢) 1in the expression

[ o]

. o q=21rfN(g)gd;.

o
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By using the adjusted function po(k), ve then repeat the above procedure,
and again find a trial function N(z), find k°, and adjust po(k) for

k < k’. We may continue to repeat the procedure until convergence is
evident. However, it is doubtful that the scheme will lead to accurate
values of N(&) unless the function to which N(s) converges is not greatly
different from the result of the first correction; i.e., ve must rastrict
k’ to be small enough so that the major contribution to the integral for
N(8) at each § is in the region k > k. ' ‘

We may estimate the gseverity of the above restriction by considering
thei case k' a << 1; then pb(k _<_k') =qAf2r (Eq. (18)]. The above
restriction requires that
kl
. N(O) > 1 fpbkdk=%g-@-2:)i 3‘-’-2-!192) (30)
b m.€ ¢

or g <<10* electrons/meter, where we hate employed Eqs. (28) and (29).
Therefore, we may expect successful application of Eq. (27) to the inverse
problem only if approximate calculations for the prevailing conditions in
the column indicate that q is considerably less than 10 electrons/meter
of column length. This restriction may be unnecessarily severe, because
the value of @ assumed for k < k’ is the maximum that any of the models
in Eqs. (18) to (21) may attain. Nevertheless, if we assume, for example,
a Ceussian distribution, the above restriction leads to -

’

NG »% fk"b kadk =%3, f e®eF gk _n(oyi-e” 2%
o .

(o]

(31)
or (ka)® <<1

which will lead to the same restriction as Eg. (30).

There 1s less restriction on the validity of the scattering electron.
theory for the direct problem. If the plasme frequency mp is less than w
everywhere in the column, and if v/w << 1, the theory is valld for the
direct problem no matter how laerge g may be. Eghlemen® has shown that for
a column with w, > u and kr_ <1, vhere r_ 1s defined bya=mTN, ri,

12



then it is recuired tiat q << 10'% electrons/meter to validate the theory;
if (ke o) > 1 and v >w, it s reguired that g << (kro)-? 10} electrons/meter.
The more stringent requirements for velldity of the theory in the inverse
problez are caused by the necessury congideration of very smll as well as

very large values of w.

SUMMARY AKD CONCLUSIOlNS

We have first sumearized results derived elsewhere for microwave

scattering from colwmis which are cither
1. uniform dielectrics (K mny Le complex), or
2. sufficiently dilute that the clectrons scatter independently.

Trese resulis were then extended, for the second case, to forward-scattering.
It was found that the ratio of the power of the forward-scattered signal

to its value in the abscnce of a scattering column may exceed unity, 1.e.,
there is & focusing effect; Lt wus also found that, neglecting collisions,
this power ratio depends only on the nuwsber of electrons per unit length

of the column.

The inverse problem of determining the column structure from its
scattering properties was also studied, for both cases. 1In Case (1.) we
may determine at the least, the collision freguency v of the electrons
and the number of electrons q per unit axisl length; if the column reflects
perfectly at sufficiently low freguencies, We may measure the column
redius a, and hence deduce the electron density N fron the value of q.

In Case (2.) it was shown that the electron density N(¢), which may
vary radially, may be determined from the reflection coefficient Py by
applying the Fourier-Bessel integral, provided q is considerably less

than 10'% electrons/meter.

13
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