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ABSTRACT 

One of the main problems connected with the analytical 
evaluation of primary loads and transient control effects on 
helicopter rotors consists in the assumption of the local 
induced velocities over the rotor disc. 

This problem has attracted the attention of many engineers 
all over the world but, up to now, no salisfactory engineering 
solution was found and though the mean value of the Induced 
velocity, in hovering and forward flight conditions, is well 
known, thus permitting a fairly good evaluation of the hellcopi 
ter general performance characteristics, lack of knovfledge of thj» 
actual vortex structure, which gives rise to the local blade 
induced velocities, explains the poor agreement between analytl 
cal and experimental results, mainly  in blade stress problems 
and those connected with the transient effects in rotor control 
and stability studies. 

The solution of this problem by analytical methods alone 
leads to practically insoluble difficulties and for this reason 
an experimental method consisting in visualizing the vortices 
by smoke emission on model rotors,operated in a wind tunnel,was 
used to help to build-up a reasonable and intentionally simpli- 
fied (for mathematical accessibility) canevas for the rotor 
vortex system. 

As a result of this study engineering methods are proposed 
for the analytical evaluation, with a satisfactory degree of 
approximat-ion, of the local instantaneous induced velocities over 
a rotor disc, in various helicopter flight conditions, as a func- 
tion of the rotor characteristics. 

Some of these methods are immediately applicable, others 
need numerical function tables which remain to bo established. 
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A.i. 

EXPERIMENTAL AND THEORETICAL STUDY 
OF LOCAL INDUCED VELOCITIES OVER A ROTOR 
DISC FOR ANALYTICAL EVALUATION OP PRIMARY 
LOADS ON HELICOPTER ROTOR BLADES .- 

•. 
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HffflODtJCTIOtf 
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The pnrpos« of this stud/ it to atka «vallAbl« to tngineers 
a itietiiOd of ovatuttlnc. with a tatlofaotory dtgrtt of .approxima-. 
t'lon, the aerodynamic ioadt dlttrlbuttd over th« bladtt of a heii- 
«optar rotor. ., .• -A'^io;." 
"jL? * ti •  c ■. ^ -, tJ 

Two «ain elftots were introduoed t 
■ ;.*> ^ «s»  f-, 

■' '..■ > i* o 

■ i'  • ' -O \ tat»  S-» 

,■.7 t-"_A-..*» 

C-J 

•velocity Induoed by the free vortieei* 
■■ **' ^ ■'r' - i '•  C ■* f t 

*-■        ■,.:.•. ,.-.-'   AV, u 

• non stationary regioo.        0 . c r 

*  ■ ''  •'   ■ ; ;.'>   c 

This document is divided ioto'tvo part» t 

- an experimental part,      ' "' 

,, ^ • 
- an analytical part,      •' 0 " • «fü^w^" ^i. ^ 

In the experimental' part« an atteapt* waivotde. to' situate 
in space the free vortices issuing from the-rcWr'/or different 
helicopter flight oonfigurations. Indeed, in .the. •■Oaae.'of fixed 
vrln^s, the loeation of the free vortices Is knotrn, whereas It is 
difficult to define theoretically the location of tueh'vortlces 
beneath the rotor dito in the oat« of heiieopter retortr it 
was therefore decided to retort to experiment, whlehoenslsted 
In visualizing the vortices by meant of tmoJce« «on5 model, rotors 
operated iu a wind tunnel. 

, 'b 

Tn the analytical part, the propoted actnod it-tet out and 
illuttrateci with niuaerloai examples. .     .-, 

1: •i'«^ - 

%h9  method is an approximate eoe oalyV 'Wherever possible 
«onWktleii'al «alcuiatldt. methedo have been uced„"*»*•'» 

1 - WIND-TUNNEL VISUALIZAT»ION TEST PROCEDURE 
——-—^———————————————-^——■——■——————————————-——■—      , 

1.1 - Description of method 

The visualizations were made In order to locate the free 
vortices Streaming from the blades. 

/. 



A-2. 

A double visualization was performed t 

- First, the smoke Jet was emitted upstream and above the 
swept disc. These locations were chosen so that the Jet 
touched the tip of the blade for a given asimuthal posltio i 
(see photographs Pig, 5 through 10). . This provided sec- 
tion views of the vortex. 

- Second, the smoke was emitted either at the two blade 
tips or at the root, thereby showing up the vortices in 
continuous fashion (see photographs Pig.11 through 16). 

The lift, the flapping and the drag were recorded in each 
case. 

For the dynamic regimes, the input force was also recorded, 
but on the other hand the drag measurement was suppressed. 

The tests were performed at the wind-tunnel of the INSTITUT 
DE MEOANIQUE DES FLUIDES at MARSEILLES, under the direction 
of Professor VALENSI. 

1.2 - Description of Rotor 

1,2.1. - Definition of Blades 

1.211 - Basic Characteristics (See tables 1.1, 1.2 and 1.5) 

In order to facilitate data processing and interpre- 
tation the blades were of rectangular plan form (cons- 
tant chord), without twist.  The airfoil adopted was 
the NACA 0018.  Rotor radius was R - 0.75m(2.46 ft). 

From the structural standpoint, the blades comprised 
a massive leading edge spar (see Figure 47) and two 
shells in thick plate. 

It was sought to make the blades rigid in bending and 
torsion (see table 1.5) to avoid introducing the ben- 
ding and pitch distorslons in the calculations. 

To avoid loads or. the controls and a parasite cyclic 
pitch <SB , the CO. line was brought as close as 
possible to the feathering axis.  Blade No. 5 deviates 
most from this condition (see Table 1.1). 

1.212 - Specific Test Requirements 

To permit photographing to take place, it was necessarj 
for the rotor to be able to rotate in both directions. 
This was possible by reversing the blades, due to 
the fact that they were symmetrical (NACA 0018 airfoil, 
with no twist). 

/. 



A.3. 

For the smoke emissions from the blade tips, a stain- 
less steel tube was Incorporated In the blade (Fig.47), 

The blades were balanced statically and dynamically. 

1'215 -«•Varlatg^on of Solidity Ratio apd of Look's Constant 

• ^-^ ^or8l.«ntl^^ad5be^ia8jri:fQtt»h9ies.:weM wldeiy dtstfnftt: 
t!      l^^P^er't^d6v.ltft. lbe^ii^«P8l8Jtv^u«li|^i..a:

!; .; -.• 

Theie^^Mquinaitfi^Wre alip- ooapared to th« lapeattenel«! 
oft0th^ aetfodynamlc-f«Mt8 (tip to lOw) to that thort 

*^--u.-^.fthouia be ho reaonanoa at the ohostn rotattenal iptoö 

• V30X":^1?5?rad^i^^  V<8e* 'Lauras W^throttgh'S?^" ^^^^ 

.X' ^^i^ng/«*1^«R^ tha-fatftjthat^h^ ,toi^i^irt::: ^1 
J vi/A-r^Sfy "Itbtt it .»as also neoesaary to iaauro tVa* ^ 
*r^ ; f^fr^S ^00d ^»fW* »if"It* in* a^^an^^ 

X' the proble« wa» obvloufly a triokj on«.     ; >•• 

, j^y^^a Parameters      - V^V ^vk^M^Q^^ < 

.* ^^^r^lA»»«^ form (tabla l.a)t--^. V-t "J &•<*'  "^ ^. a*   ', 

('♦ 

_■) 

•if-'.''' 

*V7 

j|ri(l... ■•^•i. 

' -' ft. 
s„ • IV- 

/.   • 

*    * 

►NN .-: 

J 
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For a rectangular blade  x 

GQ ^   1 

Gl^   1/2 

.   «2^  1/5" 
•■♦•«•■ 

.*    if    B 

1»22  - Hotof ^•^Kul»•- Oontroi|'    ^ "* r
:
4.' 

'.'. flite-f* 

-;,. c ■■■■ 

1.221 - The rotor «M meunigd OP the end of th« balance arm 
(photogrtphs 9i$,l  and £) provided vlth eyaiic pltoh 
'ä|3t) and,oclloativo pitch (6c) oontrols capable • 

5.    of reaoto oontrol. It «rat also possible to tilt the 
rotor In pltoh-(o() by'rooote eoatrol.- / 

Ihe rotor was drltoji'bjraa a«ynchron.otts; motor. 

The ihaft passed through the balance'arm^ 
•?♦     • i» 

Snolcs was delltaTO^, to:the:;blados. throvgh'the 
,.«onta> of th^hub»;* «C .s.c" •  * •■.■>:. . .1 .? • 

; U288 '»• Balanoiafg"- ^SSSSJ^LZ"'^ ■-' 
'?    »-. 

Air>otatlcg' Ö^nt>oi\miäisSi';(leVers-.ajid swaahplate) 
l J- * >;/ had to bo-V^cy^^ri^:Ür;.haiancW statically and dyna- 
f ;.,•ü;•t.m*••^*•^i

;- ^,-•> 

•• »•"* 

4:3 jvCf;vC^\ .'-;'T?*»•'■ natural ^frii^uenei^«^f'ihe;drive '«haft and of the 
'''';.cv;^H ,f::;, "tuimfl baiaftcleJR^e doopaped to those of the blades 
; - *r* ^ '•• ■:: ;■ v,.. IF Iß ..55 ),• • _ .ry «'^/^ , ;>tvT ? . - 

^^^S Test .PrograiB •._,> 
r,-, 9' 

V 

.♦.»• V» 

firoup C i dynamo toot«. 

ff1.*' Äctotrapbo an« rooordlntiiiioro oade for groups A and 8» 
;r ■' * " •'   •'' ; -v •;•**'" • • •  -   .   — ;-,-.' 

Pilmj «nd reoorditigs-ooro Wide  for group cl' ."■ 
1*^1 - Grcufta A and. S. •  * . * 
l.JUl» Flight Parameters 

It wa^ desirable to 'cover different flight conditions in 
order to be able to locate the vortices for each different 
configuration.  To this end, the following were made to 
vary : / 

* / • 
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Blade n0 

Torsion 9 c 

for FM = 20 Kg. 

Bending 

E.I 
« 

(Kg.mz) 

mean 

2' 

Torsional Rigidity 

Flexural Rigidity 

20/100 

87,2 

20/10C 

•        • 

80 

15/100 

115 

Table 1.3 
-A-T- 

''■<' ->*. 

20/100 

.if1.. "*««>.«..   « ■/ 

9 '♦*» <*•...♦  T' 

13/100 

•5.29?; . 
• * •'•' 
• v •••«••" v.. 

■*«,» ••!,!•••■■ 

»«ff ■' ' 

5LX '...IS • 

.!? • '* 

, ., w- 



% • « 
•Im 

• /»■ 

wr v 

* * 
»» 

• t • 

"■<?» o. 

-A-8- 

- the collective pitch 0^ 

- the cyclic pitch    9A    *    6« » 
* 

9*  Sc ■<• ^ w f * «i Jin V^ 

'•v the  lncllnat;oh «{ of» the j^tor shaf^ 
1  -. the.solfcil^f. «T.   .  .   . 

#■•' • 

•;?: •; i'V , --'Loek's censt^ y • 

•   ' ^-^   th» v*iu«a of tii«s* paz«ft«»t»rs and «heir wriAtions 
.,3:.-^ .»«r* deteriined e© as %6 fulfil botii Mehanlcal and ph«- 

; tographlc treQUlre«ejits, 

>;*.'. This vafc  important becausey fro» the standpoints of pro* 
;r^.. • «tiaing and .vlgual nation/.any two  values of a given par«. 

.«ttei» had to dlfffr sufficiently from each other-so that 
• 4 priori* the effects should alao be different and the 

"'Vvartiett dletlnct from each other. 
.   ■•••■••'•.:; .."•   •• . » ■ . 1 "■   •. 

f;:;:; Blade Ko, k (o* O.ilS n or ^,^9 ft) was chosen as the 
;,.-:v^/..l»Mil«*fcltAi for the tests as It best satisfied the rlgl- 

;     ^dlty* C*0, and weight requlrenents. 

1.3U - Test Phases U 

Tables 1.4 and 1.5 (pages A.10through A.36) Indicate the 
^„itest prograam for these two groups. 

Each individual ease »as itself divided into several 
groups of photographs. It is proposed to examine one 

* speelfle ease in detail. 

. External Saotee Emlsaiori (Photographs 3 through 10) :.• • 

The ejection of the smoke was studied so that the tip of 
the blade cut through the sacke at different aslmuth . 

. >  .. angles V . We called for 9k  values of V . 

Due to the fact that the balance are hindered pastaga of 
the gmoke for the obtainment of ,0 < t < 360*, the dlreo- 

, tloo of rotation was changed everj li  poaltions and acted 
. as follows : • 

ff • 

+'rotation  :     l80,<y<1   360* 

-   rotation   :     0<*f<l80t   (see  photographs  4  and 8) 

Internal  Smoke  Emlssjon   (Photographs   11  through 16) 
« 

. This form of emisslor enabled several ^ pros it ions' to be 
grouped on a single photograph.       # 

e 

 ' A 
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It may be noted (anc/wlll be further reference to this 
when discussing the data processing method) that any one 
photograph made during, say a + rotation, does not give 
all the«azimuths.  Indeed it can be seen from Figure 54 
that a number of blind angles arise from the position of 
Vie cameras, examples In + rotation being J^VVOoO* *n< 
160'<*C< 180°. The cameras were therefore moved and 
furthep photographs made to supplement the results. An 
example «f this on an Induced velocity curve Is provided 

' iflfiftftion 1.5 (cameras at C2 and C5). 

♦ •*   the* instantaneous position pf the blade was also 
varied'. I« etneral , photographs were taken of the center- 
plan«, aAvaMing-blade and retreating-blade positions. 

$»vk9  gatsslop Jjirotfeh the Hub (Photographs 17 through 20) 

A oentp'al Moke emlaaton was also made for two instantane- 
oua bladt p9s i11 ons • 

•       • 
In all easea and for «Ach form of smoke emission conside- 

• i»ad abovet the photographs were taken from vertical and 
. horlsontal Viawpoints respectively.  There will be further 
oooaelcn to discuaa the difference between these photo- 

■grapha whan*the data processing method is dealt with. 

In oach eaa« a racordlng was niade of the lift, the flappln c 
and tha dra«. * 

1.52•- Oroup G (Fljttffa *5 a&d a6) 

y-'i';^.   In group C anly fIXM .and recordings were made. 

«••I. 

.  .'. •• *  »* 

•;.;'. 

;.;■ Tha testa wara aallad for on blade JTo.4 for the reasons state 
;;■ prav.loualy i  houavar» .thla blade was corrodad by the smoke 
. . fro« the preceding taata and Mas therefore replaced by the 
•. llrhtar blada Ho.2 (0 - O.O95 •, or 0.51? ft). 

Tha aondltlona Of dateralnatlon of t'he different parameters 
ware «nora rigid than preaedjn$ly, because tha.variations of 

;r tha input variables «ore obtained by aeana of case, and thus 
effooted with a high prftelslon. 

The Input variables were, the came as for groups A  and B, *' 
_   plus the tip speed u, the vini  veloefty ?0, Two extra aooele 

ration tests were also performed, 
* .   * 

•Table 1.6 lists the test program.     • 
and only 

Smoke emissions were of the Internal variety onIy7one ease of 
rotation was called for. However, both the vertical and 
plan views were retained. 

Each test was accompanied by flapping and lift recordings. 
/. 
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1.4 - Data Processing Method 

The processing of these visualizations9 having for Its 
object to determine the velocity Induced over the disc at 
different azimuth angles ^ , use was made of the photographs 
of groups A and B, in a different manner according to the forfi 
of emission, 

1.41 - Principle Underlying the Method 

The principle however is Identical In both cases. 

Let us consider two vortices (Pigure 55a) formed at the 
same place at a given f by each blade in turn one at an 
instant Z   ,   the other at T + S . 

2 
Let these vortices be designated by A and B respectively. 

Relative to the plane of the rotor, vortex B will have 
been carried along by a horizontal velocity V and by a 
vertical velocity Vit .  Vtti< will be neither the induced 
velocity at B nor the induced velocity in the swept disc 
plane, but a mean induced velocity beneath the disc.  Vor- 
tex A will have sustained a same entrainment, but during 
a very short time only;  furthermore it will have sustai- 
ned only a mean vertical effect Vij, close to the disc and 
of lesser magnitude than Viz .    % 

If we now consider A and B relative to each other, we may 
postulate that the distance AB is projected horizontally 
and vertically to give 

AA' = V+ 

AA" = Vi 2 t 

respectively, where t is the time elapsing between the gen< 
ration of A and B.  Since A and B are formed by each of 
the blades and result from the same */ , then t = T , 

2 
The horizontal velocity V will represent the sum of thewlnd 
velocity V0 and of a velocity Vix (this was determined 
at each processing performed). 

Once this principle is established, only the modes of 
applying it will differ according as to whether the emis- 
sions were Internal" or external.  These differences will 
in fact arise especially from determination of the angled, 

1.42 - External 'Emission 

Figure 55 groups together the determination of "K (Figure 
55b, horizontal photograph) and the determination of V* 
(Plgure 55a, vertical photograph), as discussed previuOis- 

ly. 
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Vortex A was formed Z  seconds before by the blade A, 
and was formed when that blade out through the smoke flllei 
Let A' be the position of the blade at the instant of ge- 
neration of the vortex and f its azimuth, 

1,45 - Internal Emission 

Contrarily to the previous case, we shall*choose here the 
angles *K in order to locate the vortices upon their 
locus (smoke fillet).  Processing of these photographs 
is somewhat tricky , as they overlap to some extent there- 
by entailing numerous correction factors regarding the 
respective positions of the cameras (Figure 56)« 

Photograph 56b 

We determine the angles ^ ((1) (2) (5) )   along the trace 
of the swept circle.  Neglecting the effect Qf Vy , we will 
therefore have, on each vortex fillet, the position of the 
vortices generated at (1) (2) (3), say (4) (5) (6) for 
blade B and (41) (5*) (6') for blade A. 

Photograph 56a 

Viz and Vi will be determined from this photograph, on 
which It will suffice to locate the points (4) (5) (6) 
and (4') (5*) (6').  Figure 56 shows the construction used 
for the purpose, the processing taking place in accordance 
with thd principle Indicated previously . 

In both processings , and as regards the corrections to be 
made, account was taken of the respective positions of the 
photographed object and the camera, the latter having in 
all cases been focused on the hub. 

Figure 3h-   elves a schematic diagram of the relative loca- 
tions of the cameras. 

1.5 - Test Results 

From a study of these tests it was possible to deduce the 
following fmdamertal results : 

- the evolution of the mean Induced velocity beneath the disc, 
in terms of the flight parameters (photographs), 

- the experimental lift, drag and flapping values (recordings) 

- the assigning of circles as substitutes for the helix vor- 
tices . 

1.51 - Evolutlor. of the Mean Induced Velocity 

Figures 57 through 60 give the rough experimental results 

/. 



•1 

.A-23- 

for two selected test cases computed from the various 
types of visualization defined previously. 

These results concern the Viz, and Vi« values respectively. 
The following flight parameter assumptions were made for 
these selected test cases i 

0.05 
and 

€t= 12* 3° V 7* 

p = 0.10   6C= 12°   oU 5°   e^ 

ez- o 

%i - 5 

Figures 60 through 64 represent these same tests, except 
that the curves have been made somewhat smoother. 

The evolution of Vt« has not been given for all.the visual! 
zation cases, for it was found that for M }   0.10, 
Vix mean = 0» 

In all the test oases we find evolutions, in the case of 
VCZ ,   similar to that of Figures 61 through 63» with, in 
particular, a drop in Vtt for the retreating blade.  Figu- 
res 65 through 97 give the processed results for various 
flight parameters. 

An 8-point Fourier analysis on the "typical" Vtt. curve showed 
that the third harmonic is sufficient to provide a good 
approximation (Figures 98, 99) and enabled a ^'zmtj^o  be 
calculated. This VCzm  curve is drawn for different flight 
conditions (Figures 100 through 106), as is also the non- 
dimensional ratio   Jdi. (Figures 107 through 113) in terms 
of ^ =  j^ with   v^     V/^VTSL, where A-TTRa^p. J 

and where FJJ is the lift given by the recordings. 

The following equations were found for Vi_ t 

-  yu= 0.05, et, i2«, oUj^ e^. 7«f e4- o. 

V<:r= 6.95 + 0.47 sin V    - 0.461 sin 2 ^ - 0.557 sin 3^ 

+ O.745 cos f + 1.21  cos 2 «K + 0.055 cos 3V (in m/iec 

p = 0.10,   ec=x  12°,   oU 5°,    6,-0,   %- 3* 

\/Ci = 6.15 + 1.74 cos V + 1.37 cos 2^ - 0.593  cos 3^ 

- 0.5  sin 2 V'    -  1.2  sin 5 V (in m/sec) 

In these two test eases, the VizH values are 6,93 m/s-and 
6.15 m/s respectively. 

These values of V«.z are useful, particularly situating the 
vortex circles.   "* 

 L, 
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1.52 - Experimental Lift. Drag and Flapping Values 

The conventional processing performed on the recordings In 
each test case enabled the lift, drag and flapping to be 
defined from*their fundamental, first and second harmonics 

In Table 1.8 the values of FN , P^ , T0 , T, , T{ and a0, 
ai, &2  are given. Also added Is a Table 1,9 giving the 
rotor lift* In »n-dlmenslonal fu with (5- -tsJ* 

1.55 - Situating the vortex Circles 
§ 

The purpose here was to replace the vorte« lines (1) (2) 
(3) (Figure 114) by mean circles parallel to the plane of 
the swept disc. 

It was therefore necessary to determine the distance bet- 
ween the circles, also their centers and their radii. 

I.5J1 - Distance between circles 

In the case of the first fillet (1) which Is distant, 
in time , by T from the swept disc, a good approxi- 
mation can be ?. obtained by regarding It as lying 
within the swept disc. 

We have already seen that the fillets, which are'produ- 
ced In alternation by each blade, are separated from 
one another by a» timfe T .  This is equally valid for 
the circles,  s'ince  2  (1) and (2) are distant by T 
from each other, then if (l) is located upon the   2 
swept disc, the distance between (2) and the swept disk 
is, in mean value., of.3 T « But, at the tip of the blade, 
this distance is ecual~Jr~to T.  The distance, between l|he 
others fillets,(2) and (3)..2 , must be taken as T . ^ 

I.532 - Circle Oenters ? 

All the circle centers are remote from the disc plane; 
we determined this experimentally from photographs. 

Ih«ecenters (Figure Ilk)   are aligned upon a straight 
line ABC such that 0 A » V0 T , where V0 is the 
relative wind velocity.  The 5 straight line ABC 
makes an. angle J with the disc diameter lying In the 
center plane ( ^- 0, V- 180*).' We tirtt  determined 
J experimentally (Tables 1.10. 1.11); we thi»n compared 
It to angles CT such that tan eT = Vtarnt^^.From tables 
1.10 and 1.11 Jt may be noted that J JJJ .  This resul; 
is logical enough, for the straight line A B C is loca 
ted at the center of the helix and Is not subjected to 
disturbance by vortices whose locus Is the helix, or, 
if It Is, the disturbances caused are symmetrical and 
cancel one another. Hence , 

rri*_vit.***v.*h« 
Ve CO&<K /. 
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•/ 0 f 0 a 0 0.073 0.0 IS9 0.Q1 
z 0 $ 0 0 0 o.ioe 0.0113 0.00318 
3 0 10 0 o 0 0.14Z 0. 0Z18 0.0031 
4 0 -tz 0 P 0 0.159 00186 0.005 
S 0.05 € 3 0 0 0.0719 0.0045 -0'000 91 
e 0.05 1 3 0 0 0.1 ZZ 0.0154 0.0082 
7 0.05 10 3 0 0 0146 0.0154 0.00775 e o.os -ft 3 0 0 o.ies 0.0104 0.01C4. 
9 0.05 € 0 0 0 0.07 0.O10 0.00364 
10 • 0.05 € 7 0 0 0.08Z5 00141 0.0 OS45 
H 0.05 a 41 0 0 0.0685 0.01ZZ 0.00635 
iZ 0.0s € IS 0 0 0.0594- OOIZZ 0.00635 
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Z4 0.05 /z 3 r 0 0.193 0.0364 0.00545 
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34 0.05 1Z 3 0 0 0.Z09 0-00795 -0.01 Z 
35 0ß5 11 3 0 -3   1 0.Z01 0.0066 - 0.018Z 
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6 o.zo a ?} 0 0 045 O.OZ 0.0113 

7 040 10 3 0 0 046 o.oz 0.00136 
^ 04S iQ 3 0 0 0.I6S 0.O164 0.0073 
9 0.20 iO 3 0 0 0.174 O.OOS 0.0036 
to a.-to *z 3 0 0 04 ez ~ 0.0031 C.013Z 
1i 0.15 1% 3 0 0 O.Zi 0.0018 0.013Z 
iZ 0.20 It 3 0 0 0.117 -o.oodz 0.0045 
15 0-10 t 0 0 '0 - 0083 0.0173 0.01 
14 045 6 0 0 0 0056 0.0117 0.0095 
i5 0.ZD Q 0 0 0 0404 0.0145 0.0077 
i€ 040 ^ 0 0 0 0.183 0.0145 '0.0100 
i7 0.15 It 0 0 0 0.Z14 Q.ona - 0.00091 
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iQ . 040 6 7 0 0 00 9Z 0.0168 0.0118 
ZO 045 6 7 6 0 O.iO 0.0195 0.0063 
Zi O.ZO 6 / 0 0 0.096 0.0173 0.01/8 
zz a/o <l 7 0 Ö 04az 0.010 0.010 

2-3 0.1S 1Z 7 0 0 0496 O.OHQ 0.0214 
Z4 o.zo 1Z 7 0 0 o.zoz - 0.0O137 0.01Z3 
25 040 Q tl Ö 0 0.076 0.014i C.Oil8 
26 0.15 6 ■11 0 0 0.0185 o.oz 0.0OZZ7 
Z7 O.Z0 6 ii 0 0 0.0 73 0.0159 0.01S9 
23 0.10 it -ii 0 0 04? 0.0O36 0.0145 
Z9 0.15 it 11 0 0 0475 0.0/04. 0.0160 
30 0.2X) 11 11 0 0 047 Z 0.0066 0.0104 
31 040 6 15 0 0 0.0S05 0.0186 0. 0101 
3Z O.IS 6 IS 0 0 0.038 0.01 0.0164 
33 0.Z0 € 15 0 0 0.OZ4 0.01Z3 0.01Z3 
34 o-m ft IS 0 0 0466 0.0086 0.0086 
35 OJS 11 IS 0 0 0466 0.0159 0.007 Z 
36 O.Z0 11 IS 0 0 0.145 0.010 - 0.00136 
37 0.iO f 3 Ö - 3 0.0755 oooie 0.0066 
38 0.15 6 3 6 -3 0.0745 0010 0 
39 O.ZO 6 5 0 -3 0.078 0.01S9 0,0077 
40 040 iZ 3 0 -2 0.177 0.00S9 0.0082 
4i 0.15 iZ 3 0 -3 0488 0.0OZ18 0.0092 
4Z olo 1Z 3 c -3 0.194 0.0168 0.O10 
4^ 0.10 6 0 -10 0.059 0. 0186 0 
44 Jkll 6 3 0 -10 0.0SZ4 0.0114 0.00 m 

45 024 6 3 c -10 0 0 44 0.0/66 0.005 
46 0.10 ■tz 3 0 -10 0.18Z - 0.069 0.0364 

«7 OJS -11 3 0 -10 o.ip - Ö.069 0.06i 
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5i 0,2A 6 3 3 0 0.0665 0.0218 0.006 
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56 0,15 6 3 7 o 0.117 0.0066 0.010 S 
57 0JÜO 6 3 7 0 0.446 0.Ö0S 0.010 S 
M O.iO 41 3 7 0 O.ZU 0.008Z 0.0166 
59 OJS 11 3 7 0 0.Z19 0*0066 0. 0i36 
id 040 tz 3 7 0 O.Z3e 0.00318 0.OZ3Z 
€i OJO 6 3 0 0 0.079 - 0.00076 .0.00206 

61 
OJS 6 3 0 0 0.0645 O.QQZOQ 0.0064S 
0.10 6 3 0 0 0.08€ -0.0068 0.0007 

64 Oio il 3 0 0 0497 0.00 60S -0.0079 
i5 o.ts iZ 3 0 0 0.Z04 0.OO76 0 
66 O.Z0 IZ 3 0 0 0JLZ6 - 0.^05 - 0.0019 
67 O.iO 6 U 0 0 0.06t -0.0019 - 0.0049 
68 OJS 6 IZ 0 0 0.0S6S ~0.ö037 0 
69 O.ZD 6 IZ 0 0 O.OJSZ - 0.00605 0.0037 
70 Cjo 41 iZ 0 0 0.4S9 0.004S -0.00605 
7/ O./S 11 IZ c 0 O.I6i 0.0037 - 0.OOS7 
72 o.zo IZ it 0 0 0.i47 0.OH7 -0.00 57 
74 O.iO t 3 0 0 0.1465 0.0171 0.0435 
n OiS e 5 0 0 0.iZ8 0.0i36 0.0148 
75 ozo 6 3 0 0 0411 0.0436 0.0444 
7^ 040 41 3 0 0 0.19S 0.00 £27 0.00 S7 
77 OJS IZ 3 0 0 0.209 -0.0074 0.0OS7 
76 0.ZO IZ 3 0 o 0.209 0.OO9Ji 0.0OZ2 
79 o.io 6 'I 0 0 0426 -o.ooze - 0.4057 
so 0.15 6 iZ 0 c 0.09 -0.0074 - 0.0022 
& OJfi 6 IZ 0 o \ 0.0765   • 0.0493 0. OiOA 
8Z 0.-/0 42 IZ 0 0 0.182 0.0017 0.0094 
63 OiS fZ il 0 0 0.174 0 0 

'64 0.24 it il 0 0 0.I6S 0.008S 0.0017 
as OHO a 3 0 0 0.106 0.0114 .0.01 
66 0.i5 12. 3 0 0 0.Z26 0.OOU.7 -0.018Z 
87 0.& <i 3 0 0 0.233 0.0114 - 0.0 Z77 
6fi O.i0 il 3 0 0 0487 0.042S -0.0045 
89 045 4Z 3 0 0 Ö.2A8 0.0094 - 0.004 
30 o.lo 1Z 3 0 0 0.154 0.0137 000218 
9t 0*5 41 3 c 0 Ö.234. 0.0045 -0.016 
91 Off IZ 3 0 0 0±I6 O.OHl 0. 002Z 

63 0.15 11 3 0 0 0.Z3 0.00134 0.0267 
H OJS 11 3 0 Ö älöS -0.00965 0,042 
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In order to be able to place circles in the hori- 
zontal plane we have defined the distance OB* (Figure 
114b), where B* is the projection of the center of 
the first circle on the horizontal plane passing 
through the center of the swept disc. 

OB'-VopV. «4V^, 

where Vi C Is the distance between two circles 

tan $m ^«n + Voam* 

o B' = v0 T cos o<  + V eos*(nT) 

1.555  - Circle Radii 
"■| "■I| ■■■      —— * 

It will be remembered that the circles are parallel to 
the .swept disc, so that they form an angle o< with the 
relative wind. * 

It now remains to determine their radii. 

To this end *we shall first determine experimentally the 
directions dj and cJ^ defining a bounded zone containing th i 
circles (Figure 114).  In the zone «K - 180*, the direc- 
tion 4 does not bear upon the blade tip , but is at 
a distance O'A = VQ T . 

f 
From the photographs we found different values for ti* ef. 
cJj for 0 <^ <. 0.05.  On the other hand, for u ^O.IO,'  ' 
we have. 

<M.4- 
The values cX, ^ v%*0  are capable of explanation.  Let 
us call Vi,3em the mean horizontal induced velocity (Fi- 
gure 114b).  The vortex at E will be influenced by the 
Vix of the vortex E' and will be accelerated with respec 
to the relative wind.  On the other hand, the vortex Fv 

will be retarded by the influence of F1. 
We can therefore calculate 6A   and 6L  from the followingi 

UnA, ^g™^'5 tit« 
Wtx m ^-Vcxm 

As already stated, y,.Xm is defined from the data proces 
sing in each test case. Also, when VQ becomes relative- 
ly large (^> 0.10), we obtain Vi ^0, which explains 
the equality between d $ d, , Ö» , 

The radius of the circles is given by 

/. 
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iht 
where Viz C   is distance between two circles 

Ro      IS the radius of the swept disc and 

tan d^    and tan O^   have been defined previously. 

Let us take, for 0 <u < 0.05, 

and for 0.10<jU <0.20 

R = Ro " l£ Vn   T 
2   IT 

In Tables I.10 and I.11 we summarize , for different 
parameter values, the values of V0, VU  , V^ , of ^ 
calculated , of O  measured and of Vlxra **  ( f3p group B). 

/. 
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BASICS FOR THE ESTABLISHMENT OF AN ANALYTICAL 
METHOD OF EVALUATING AERODYNAMIC LOADS 

2.1 - Causes of^a dlsorepancy between the predicted 
i,  lift and the actual lift of a blade element 

m 

2.11 - The local lift dL of a blade element c dr (see Figure 
. 115) is usually calculated from the following formula» 

The values of the flapping coefficients: 

(ii.i.2) />>^ae(t)-^(tjco^f-d2(ct)co5^^-d3a)co53r 

.. b, UMin V- be Ct)sin IV~ 63 (t; s\n 3f 

are calculated (hinced blade) from the equation : 

(II.1.5) I.<^+I> 
dt I 'Jtr 

rdr 

The induced velocity Vi Is In general defined by overall 
formulae.  The simplest of these is : 

(II.1.4) /• = Kfn 

2.12 

(II.1.5) 

Discrepancies can arise for a variety of reasons. 

Simplification of the formulae 

In actual fact, the local lift should be expressed by i 

4-P ^cCt(^ dr      ^ r   R 

There is an error in the velocity : 

y£~(u>r +V**W+ (Vi +Vsi<xöU'rjt+ V^Cot^)' 

(the second square term is often neglected). 
/. 
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*   There is an error in the evaluation of the angle of 
'.   Incidence : 

I 
(II.1.6) . i ff a-^ 

(ii.1.7) B • Gc+9^ cosV * 9t$\nV 

(II.1.8) ,n „ V^^in^r^^Vco^ß.CoSy 
^«^^     <or + V^V 

The tangent arc and the angle are taken to be one and 
the same. 

This gives rise to an error of non-linearity;  if the 
angle of Incidence i becomes too large it is no longer po6Blt|le 
to replace CL by  4£fc ( 9- ¥). 

If one confines oneself to low advance ratios 

u =   v    4*0.1 

and if one aVolds over-accentuated stalls, one may retain 
the formulae (II.1.1)  and (II.1.5). 

2.15 - Blade rigidity 

Blades are usually flexible in bending and sometimes also 
not very rigid in torsion; 

For a flexible blade /i  no longer has any physical signi- 
ficance.  If y {r,t)  be the distortion of the blade (see 
Figure 116) the expression for fi must be replaced by the 
following expressions : 

(b  by 

at 

dt2' 

by 

by 

3 

ä 

Dt ^ 

De rS 
The blades in the five sets built were made very rigid 
in order to avoid the y distortions at low frequencies. 

A parasite rotation C/d of the blade can also take place 
if the blade distorts in torsion or if the pitch controls 
are "mushy". 

The blades built for the teVts were torsionally rigid. 

/. 



The CG's of the various blade sections were located upon 
the feathering axis. • 

On the other hand, the controls were light enough to per- 
mit remote control and to introduce unit-step harmonic 
forces. 

It is considered that the parasite J© effects from the • 
inserted blade-roots were small. 

Consequently*the expressions (II.1.1) and (II.1.2) remain 
valid. 

2.14 - Induced velocity and blade flapping t 

A priori, the only doubtful terms in equation (II.1.1) 
are ; , 

V; , r  —  and ß 

The Induced velocity Vi   is generated by the free vortices 
escaping from the I  rotor blades (b = 2). 

As long as the free vortex is remote from the blade (at 
a distance of about 5 to 4 chords) it produces, on the 
straight section^ of the airfoil, a constant velocity 
distribution that generates an ordinary type of circula- 

. tion (see below): hence the blade can be reduced to a line 
and the velocity Vi sought at that'polnt. 

When the vortex is close to the blade (at a distance'of 
loss than 3 chords), the blade can no longer be reduced to 
a straight line because the distribution of the velocity 
Induced by the vortex on the airfoil varies too much, 
therefcy causing inertia forces to be seb up In addition to 
the circulations. 

The variation through time of the «circulation about the 
blade causes free vortices to escape from the trailing edg( 

These two latter free vortex effects produce dynamic (non 
stationary) regimes that must be taken into account.  These 
will be examined again later.  As a result, the lift dL 
may sustain amplitude modifications as well as an out-  S 

phasing. 

The st-atic lift dLstat# given by formula (II.1.1) conse- 
quently becomes a dynamic (non-stationary) lift dL dyn 

(II.1.9) (it) 
W dyn. ^ £) scab. 

where    D^ designates an operator, i.e.* a mathematical 

it 
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transforraatlon of the static llft,which takes into accoint 
the amplitude and phase modifications. 

The blade flapping value ]i  is consequently modified» 

ll.l.?)'  l#cü^ + r.s£j| ./"(ikj  rdr= D4 ffiir)  rdlr 

2.15 - In what follows, it is proposed to attempt to show.how Vi 
and the operator D. can be calculated. 

2.2 - Description of vortex model 

2.21 - General 

Before proposing a calculation method, a vortex model will 
be described and the orders of magnitude of the various phe 
nomena estimated §0 as to permit simplification of the ma- 
thematical equations. 

• 
In the case of an aircraft fixea wing(in a compressible 
medium), the whole set of phenomena is known. On the other hand 
whereas the phenomena are similar in the case of a helicop- 
ter rotor, expressing them mathematically is a complex busi 
ness;  an attempt will therefore be made to find approxima- 
tions for these mathematical expressions, by introducing 
the phenomena in rough form only. 

The vortex visualizations obtained by means of smoke emis- 
sions proved of great help In achieving these approximations 
and especially as a means of insuring that all effects had 
been accounted for. 

2.22 - Helix vortices and radial vortices 

The free vortices are generated on the blade and are of 
two kinds. 

Any change in the circulation P( r,t )around the blade : 

(11.2,1) dLa p V.... Pdn Rtt.». 

gives rise to a streaming of free vortices. 

2.221 - First, the circulation P   can vary along the span t   
do 

These free vortices locate themselves along the flow 
streamlines If they are referred to axes linked to the 
blades 

( V . rotation V = 0 ) 

A 
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These .^ill be germed helix vortices (Figure 117). 

Let us now calculate a point of such an helix wortex 
(Pigure^llS). 

Let us consider the blade at the instant t - ti and a sys- 
tem of coordinates 0 x y z linked to the blade« and let M 
be a point on the blade from which is detached an helix 
vortex of intensity iL (t^). 

The coordinates of the point M are » 

f    r f 3CM « -rcos cut., 

(II.2.2)   ^  IK (tO  /^'e  rSWMut,, 

I 1* CM  [ 2M - -r(Mt,) 
Let us now find the location of the helix vortex element 
formed Z   seconds before, i.e. at the instant fc^-T». 

Z  seconds before, the center 0 of the rotor was at (^ 2 • 

\l a "vf  S 

(II.2.3) 

Z seconds before, the point M was at M2, such that: 

X ^  s - /• cod u» (b., -Z) - Vco» o<. Z 

^M  • rsitw^-Z) 

jH^ , - /»/ÖCt^- Z)  - Vainoil 

At that Instant ( k^ - ^) a free vortex element became deta- 
ched at Mg . 

During the time taken for the blade O2 M2 to reach 0 M 
(viz. two seconds) this vortex element was entrained from 
the point M2 to the point H by the velocities Induced by ai: 
the free and connected vortices 1 

(II.2.4) S CxlS,5.t) 

The  coordinates  of H are therefore   t 

(II.2.5) r. «4 

r i\r\ co u t^~Z) + £ Vs 
~r^   ctj-^j» Vsinct g »/V^ di^ 
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The slope of the vortex line at»H Is consequently: 

(II.2.6) 

(  dx* • - re« 5«n cü (t 4 - S ) - Vco* <L +  V/tx 

cLS 
dLP> 

2.222 

d%H  . r HI ct-i -^)+ l/^«^^ +^5, 

Let us consider the difference with an aircraft fixed 
wing. 

In the case of fixed wings It Is customary to cancel out 
VtK ', Vuu , Vi.ft In the wake, since their values are small 
compared with the flying speed V0. 

From this It may be asserted that the free vortices remain 
at the place (referred to space coordinates) where they 
were formed (M2). 

This Is not always true In the case of a helicopter. 

The helix vortex Is tangential to the streamline at that 
point. 

Determination of Vcx , Vwu and of Vcfc Is a difficult problem, 
The visualization tests made have nevertbeless enabled vail 
approximations to be made. 

Second, the circulation P may vary at a point r on the 
blade in terms of time, as follows : 

„'hen that is the case, a vortex will stream from the trai- 
ling edge.  Such a vortex will be termed .a radial vortex 
(Figure 119) and its intensity will be equal to t 

since it is opposite to the Intensity which genetates It 
(conservation of the circulation). 

This radial vortex is orthogonal to the streamlines defi- 
ned above 

( V . rot. maximum ) OC- 

The coordinates at the instant t » ti of a radial vortex 

i 
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element formed Z  seconds before. I.e. at the Instant 
ti - Z   ,  are J 

(ii.2.7)    ^T » rsin c« (t^-tiff Wüdr 

The tangent to the radial vortex line Is defined by x 

( 

(II.2.8) 

4lLs-co9 0ü (fc^ti) +-r-C ^txac 

c)r ^X   ^3 dL2 

The orthogonality of the radial vortices and of the. helix 
vortices can be expressed by t 

DP 

2.25 - Conservation of circulation 

2.2^1 - The complete system of free and connected vortices consti- 
tutes a system of closed curves of elemental Intensity 
(Figure 121): 

Each elemental closed curve consists of connected vortex 
section (oL/%),.an helix, vortex section ( |^ f), a radial 
vortex section ( ^J ) and a further helix vortex section 

(JoO. 
The free vortex,viz.f»* (<£ excluded)may assume a wide warlet' 
of configurations and chance Its location periodically In r 
ponse to the velocity field (depending on wnether operation 
takes place as a helicopter, a gyrodyne, or In autorota- 
tlng descent); the total circulation will consequently 
by zero.  It Is proposed to consider only helicopter 

,        configurations here. 

/. 
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Por long-established hovering (5-»H* the radial vortex 
is thrown back to downstream infinity (.£*Vifc JZ  )   and th« 
helix vortices /ty and ckc are of infinite length. 

2.252 - The connected circulation produces the local llfti 

PV^Tfr.t) 
'S 

Since the lift cancels out'at the two ends of a blade (at 
the root (V0) and at the tip (R) (see Figure 120)), we 
have : 

PC r0,b) *o 

(II.2.9) 

The conservation of circulation gives : 

/ *J1 (r,fc)dr, r(R;-rcr0).o 
^ op ro 

V.'hence : 

Per)./ 4£ (r,b)Ar « - / il cr,t)d.r 
J      dr Jr   tr 

The circulation at a point in the helix vortex is : 

^../ 

The circulation at a point In the radial vortex is 1 

-/ 
<Af 

2.235 - Experimental orders of magnitude 

In order to estimate the values of j 

these will be calculated from the experimental lift dis- 
/. 
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trlbution values jp l"7»n^,based on the tests carried out 
by John Meyer Jr.      and Oaetano Palabella (see refe- 
rence A.), 

Two cases will be ccusldered j hovering flight ( U - 0) 
and forward flight (fi^ 0 ). The rotor characteristics art 
given by Table 2.13 and the circulation P is obtained 
from : 

P -. j      at 

The points in the neighborhood of r = R and r 
somewhat uncertain. 

ro ar« 

The variations of P   In terms of r are given by the graphs 
in Figures 1^2, 125, 124. 

The maximum value of Pis situated lr the vicinity of 
r = 0.8, for ^* = 0.2 and r = 0.9 for ^=0. 

The values 

PC r - 0.5. ^ ) and r( r = 0.8, Y   ) 

have been broken down into a Fourier series (Runge's 12- 
point method) for forward flight ( >A. - 0.20). 

p 
The expressions for —  are given My  Table 2.12). 

(n.aao,    f. P. . ? [rn cos „ V, p;sin „y] 

As a first approximation, we may write : 

This result bears a relation to that found by Meijer Drees 
(see reference A5.), 

If it is assumed that the circulation f1 (r) Is constant over 
the span,- so that j 

dr  -0 

then the blade flapplngequation j 

2, 
(II.2.11) (aA* I) (»*!**■ l.r> c «Aa 
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developed in cosine and sine form gfves the following two 
simple relations : 

!&     4 3 
M^UO 

^"-^[^-i^-^H 
If the hinge is a central one <a = 0) then we have J 

- l/'-i^' 
and 

jr*    - -f A* 
'z 

Using the local values for P given by Table 2.12, it will 
be seen that the second relation' : 

0.15 

is true neither in sign nor in magnitude, for  : 

f\    f   +    1.47 for ? = 0.5 

HZ   I + 1.52 for f = 0.8. 

On the other hand, the first relation : 

-1L- 0.50 - 0.15 -r^ 
P.      p*     ^p 

gives 0.415 and 0.245 for -f-,  with —A. negligible. 

From this it emerges that the hypothesis of constant cir- 
culation is untrue for cos ^ and sine 2 «f frequencies and 
that it would provide an approximation for the 0 and Sin.  «f 
frequencies, unless the .blade flapping equation (II.2.11) is 
incomplete. 

dP 
■g-jf was calculated by deriving the curve P (r) graphically 

This graphical derivation was performed as follows J 

a) A protractor was used to measure the slope of the 
tangent in degrees.' . 

b) A curve was drawn to represent the values of the 
angles found; this curve was then 'smoothed out* 

/. 
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Table 2.12 

Harmonie Analysis of the Circulation 
around a Blade at f = 0.3 and r * 0.8 
for f* * 0.20 (Sec Reference ...) 

-jri 0.5^) jr (o.8f) 

cte 

Cos ^ 

Cos  2f 

Cos 5^ 

Cos 4f 

Cos 5^ 

Cos 6 ^ 

Sine V 

Sine 2V 

Sine 3^ 

Sine 4^ 

Sine 5^ 

IS. 
Q 
n 
r. 

n. 

To 
n 
ü 

ji 

A" 

A" 

A* 

IS 

- 1 -1 

0.069 0.0514 

0.1142 0.056 

+ 0.052 + 0.0316 

+ 0.025 -  0.02 

-0.002 - 0.0114 

+ 0.0073 + 0.0114 

0.415 0.245 

- 0.047 - 0.0338 

+ 0.05 + 0.01 

- 0.0107 

■. 

-  0.009 

- 0.025 + 0.0 
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and checked against the measurements obtained 
under a) above. 

c) The angles were converted into trigonometry tan- 
gents, thus enabUnc the derivatives to be obtai- 
ned. 

The variations jp? ( ^T ) are shown by the graphs 
in Figures 124,125 and 126. 

The area comprised between the curve and the x-axis 
must be zero : 

L ULtt 

an 
Although the value  "57: appears to tend towards 
infinity (00) as r—»R and T—*.T0,   the area bounded 
by the curve and the r axis between 

P = n. 

(r 5 r,*! | b ) * 0 

and R, must have a finite value s 

4i fr^)ar.ar max 
r.r, m 

2.254 - Determination of the Induced velocity 
as a complementary term. 

If it Is assumed that the local circulation is expressed byt 

|i-f(c„r-V.inr;P 

then the Induced velocity Vi will be equal to t 

(II-2.12)     ^ 

* ck 
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In the case of the Meyer-Falabella tests (see reference ... 
and Table 2.15) all the terms on the right-hand side of the 
equation being known, it was possible to calculate the 
induced velocity required to balance the equation. Evi- 
dently, all errors and parasite effects are included. 

The Vi curves ( »* , VO are given in Figures 124, 127, and/25 
for hovering flight and also for forward flight (^1= 0.20). 

These curves were compared to the mean induced velocitiesJ 

(II.2.I?) Vi- 

n. 
/ 

It— 
for 

Zff*.yV*+\/?' for /u » 0.2 

These calculations call for the following observations i 

1) In forward flight (yuj< 0), the Induced velocity is not 
Just an indirect measurement of the lift. For V » 90°, 
due account was taken of a possible error in 0 of 0.5° 
(dotted curve); however, it does not account for the 
prsslbility of the negative Induced velocity. The lattex 
is presumably due to the free vortices of the second 
blrde, which are located beneath the rotor disc (see 
visualization photographs ). 

2) This way of determining the Induced velocity, from the 
Meyer-Falabella results, is not physically correct. 
For it is not the Incidence but the .chord which cancels 
ouf at the blade tip, thereby giving rise to a large 
increase in the circulation derivative. 

/. 

L. 

• • • f 
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Table 2.13       • 

Data Concerning the Meyer-Falabella Rotor 

Diameter 

Airfoil 

Chord 

RPM 

Angular velocity 

Central hinge 

Hovering flight  ^ = 0 

'2 R - 5 ft 

NACA 0015 -^ - 5.7 

c  =3 inchas 

N  = 800 

CO    =83.8 rad/sec 

ö&= 8° 

T  = 7.6 lbs 

Forward flight   /J = 0.22 

öt= 8° 

j^ = 0e5 - 4e6 cos f 

|I= 0.083 
o 

ot= - 5° 

2« sin ^ 
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2.24 - Vortex visualization 

- The accompanying photographs taken at the Marseilles 
Wind-Tunnel show: 

- the extreme marginal vortex and 
- the vortex at the blade root, 

- The vortex at the blade tip Is clearly localliedi It Is 
also more marked (sharper photographs)* for blades locate( 
between azimuth angles y/ » 180° and 360° (retreating bla^ 
•des) than for blades located at 0<t//<  180° (advancing 
blades)(photographs markedly less contrasted). 

core 
- There Is a single /6nly In the casQ of a steady periodic 

regime.  According to a film which was taken,If sudden 
collective pitch changes are made, small cores may appeal 
which, after a certain time has elapsed, are sucked In 
by the main core. 

- The vortex at the root Is much less Intense and dlfflcul' 
to place In evidence. The spirals correspond to a high 
local ^M. ( r = 0.2). 

2.25 - Calculated orders of magnitude 

2.251 - Application to the two-blade rotor 

In a manner somewhat analogous to the theory of fixed 
wings. It is necessary. In order to calculate the lift 
at a point M on a blade A, to know the velocities Indu- 
ced there by the free vortices and the connected vor- 
tices. 

It Is therefore necessary to kndW both the location 
and the intensity of the vortices. Visualizations permit 
a simplification of the problem of situating these 
vortices. 

Let M be a point where we wish to know the velocity in- 
duced by the vortices : 

(II.2.14) 

2H   ' 

- r cot; f 

+ r sin $ 

To calculate the induced velocities, use will be made 
of the Blot and Savart formula written in Cartesian cooij- 
dinates (Figure 129). 

This point M will be on blade A if 

fin tit,) /. 
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It will  be on blade B if 

PM s |i ( tn+T) where T-perlod of rotation. 

2.252 - The coordinates of a point H in the helix vortex are 
known in terms of the auxiliary variable (see Eq.II.2.5). 

Formula II.2.16 given on the following page permits calcu- 
lation of the velocity induced at a point M by the helix 
vortex ( Z  varies between 0 and o* ). 

Since it was necessary to make approximations, a number 
of numerical applications were made by graphical integra- 
tion. 

2.255 - Helix vorzex in hovering flight 

The velocity Induced at a jioint r = 0.5 R on the blade A 
by an helix vortex of intensity V    streaming from the 
point r»n = 0.8 R with : 

U = CüR « 100 m/sec 

R =  O.75 m 

Vi = 4.55 m/sec, 

is given by :   1/ _   /"*  ** 
1 " 4 7r 

OJZ 

(II.2.15) 
A^ 

Cr^-r, CCOSUJZ) d (uZ) 

tlh 

The integration :s performed grapnlcally for the follo- 
wing three cases (Figure 150) 1 

1) For the helix ;Vi = 4.55 m/s   0 ^ o,^ <[ 2 n ) 

2) For a circle (Vi - ü)contained In the plane of the 
disc and acting as a si.Lstltue for the helix. 

5) For a circle located aalf a period beneath the disc, i.e 

Vt   2-   .2  viz 
(Vj = 4 35 m/sec) 

/. 
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For a whole period, i.e. for one complete loop, the 
following values are respectively obtained for A (  1  ) 

( meter) 

A .   1 error for one period 
meter 

1 9.05 0 0 % 

2 10.7 + .1.65 18 % 

3 9.7 

• 

+ 0.65 7 % 

For a quarter-period , i.e. for the first quarter-loop , 
we have 

A.   1 error or the first 1/4   [ 
meter • 

1 4.5 0 0 

2 4.5 0 " 0 

3 4.0 - C.5 - 12 % 

If the quarter helix be replaced by a straight line half- 
vortex issuing from the same point (0.8 R) and having 
the same intensity, we have 

^ = 4 rr     (o.s-as;* 
fcos^l 

The value  of A1 then becomes : 

A' « 4.45 m-1 

From the calculations it can be asserted that : 

a) The effect of a quarter helix upon its own blade can be 
replaced either by a quarter circle contained In the 
pla/ie of the disc or by a straight half-vortex 
(Figure 131b). 

b) The effect of a complete helix loop can be replaced by 
a circle locate' : '.neath the swept dleo, one-half period 
from It .  From the processing made of the visualiza- 
tions, one Is led to situating the circles In the manne: 
lndica^Gd below, in order to take into account the de- 
formation sustained oy the vortices : / 



•A-59- 

2.254 

- When calculating the effects of the helix yortices on 
the blade A, the effect of the letter's  marginal helix 
vortex can be replaced by that of a circle located a 
quarter period beneath the disc. 

- To study the effect of the first half of the loop, the 
half-loop in question can be replaced by a semi-circle 
situated in the plane of the disc.  This gives a good 
approximation. 

- To study the effect of the helix vortex of blade B on 
blade A, the effect of the first loop can be replaced by 
that of a circle located 3 T beneath the swept disc 
(Figure 151a). T" 

The effect of the remaining helix loops can be replaced by 
circles located at distances measured in half-periods.. 

• Velocity induced on the blade A by the first loops of the 
marginal helix vortices from blade A and blade B. 

The circulation of these vortices is constant.  The graphica 
integration was performed for for'-'^rd flight (u= 0,20) in 
the following two cases : 

Case (a) : Blade A is In the position ^ = 0 and the induced v 
city is calculated spanwise. 

Case (b) : Blade A occupies different azimuthal positions, 
the induced velocity being calculated for a fixed point P 
(r = 0.75 R). 

Characteristics are as follows: 

ale- 

b = 2 blades 

K - 0.746 meter 

a» = 111  rad/sec 

h = 0.2 

r. ■ 0.927  sq.m/sec 

A •= uft   =    0-0765 

o( =,  0 

U t u)R = 83 m/s 

/. 



•A-60,- 

Case (a) 

The induced velocity at the point  ^= 0 is given by the 
table below : 

Table 2.3,4 

r rs  IT A V,A AS/ift ToC^l   \Ji 

- m/s m/s .<r\/s 

0 0 0.4 1.0 

0.75 0.625 0.555 1.18 

0.95 2:0 5.0 5.0 

It may be noted that the effects arising from the two blades 
are substantially be same ( *K= 0), 

Case (b) 

Velocity induced at the point r = 0.75 R with y assuming 
16 different positions. 

The result is given in the table on the following page and is 
illustrated graphically In Figure 152, 

It may be noted that the constant -circulation helix give 
variable induced velocities. 

The effect produced by the helix of blade A is always 
sizeable. 

The effect of the helix from blade B is particularly marked 
in the second rear half of the swept circle, 

2.255 - Practical estimation of infinity 

Number of helix periods necessary.  This study was made 
for the following case : 

b- 2 

(y = 0.927 sq.m/sec (constant) 

R =  0.746 m 
A=    0.C765 

^=   0.2 
o( =    0 

U) =   111   rad/sec 
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t •» -i»   t»jt 

f j    AVi    (A) A Vi CB) Vc   tbfdL* 

rad 1       "i/s m/s m/s 

TT 

6 

j       0.625 

!       0.92 

0.555 

0.43 

1.18 

1.35 
TT 

4 I      0.895 0.55 1.45 

3 0.72 0.78 1.5 

f 1       0.288 0.752 1.04 

¥ '      0.35 -    0.10 0.25 
iTT 
4 0.316 -    0.086 0.23 

6 0.41 -    0.116 0.294 

TT 0.485 -    0.033 0.452 
7n 
6            \ 0.465 -   0.007 0.458 

SI 
4           < 0.59 -   0.C5 0.531 
47r        , 
3        ; 0.595 0.035 0.63 

3-rr 
0.70 0.035 0.735 

STT         ; 
3           1 0.73 0.6 1.33 

TTT          | 
4         ; 0.73 0.697 1.425 
^7T            • 

0.72 0.74 1.46 

ZTT        1 0.625 0.555 1.18 
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A graphical calculation was made of the velocity induced 
at the point r = 0.75 and  v^ * o by the helix vortices 
up to the second loop;  beyond this, the asymptotic formula 
deduced from the formula (II.2.16) given previously was 
adopted. 

V.Ä JL &        /    A't Mt^i CoslvZtjujZ) 

4TrR   (fa**') % Cwt)5 

Cut. .oe 

The numerical results obtained are given in the following 
table 2.16. 

Table 2.16 

I Helix A 
!     vi 

Helix B 
Vl 

Total Vj 

'      m/s m/s m/s % 

First  period   J  0.625 0.555 1.1800 77.5 

Second       "        !  0.108 0.17 0.2780 18.2 

Other periods i 0.055 0.035 0.0661 4.3 

Total                  j 1.5241 100 

The first two periods give the induced velocity with an 
approximation of 4 ^. 

Leo us now seek the location of the downstream infinity for 
^= 0.2. 

The first period gives 77.5 %  of the total Induced velocity. 

The first two periods give the Induced velocity at 4 ?5 near 
of the total Induced velocity. 

Therefore the second loop must be located at a distance 
(Figure 131c) : 

A0 A2 = V0 x 2 T 

where T is the period. 

We have : , 

0.2   T = 
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v/hence: 

•A0 A2 =  1.5 . 2 R 

The practical infinity can consequently be defined as 
follows : 

1) Depending on the value of the advance ratio and upon 
the disc loading X , n helix periods will be taRen 
such that ; 

«> 
z*  /fJ7xz 

2)  The practical downstream infinity is located at a 
distance of 1.5 times the rotor diameter. 

This result can be compared either to half a straight 
line vortex (Figure 153) or to a solenoid. 

2.26 - Conclusion 

These basic considerations will be used in approximate 
methods of calculation exposed in the following chapter. 
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5 - PROPOSED METHOD OF EVALUATING THE AERODYNAMIC 
LIFT OF A HELICOPTER BLADE 

5.1 - Hovering • 

5.11 - Setting In equation form 

(III.1.17) 

Taking the case of a two-bladed rotor, the local 
clrculaticn (^ (r) at a given point on the blade A 
Is provided by the expression 

Air)        2     dl L   wr  cur 

where Vf^ and Vj are the velocities induced on a 
station point of blade A by the free vortices issuing 
from blade A and blade B, 

The velocities ViA and Vj are normal to the blade, 
no account having been tasen of tl 
velocities. 

bhe radial induced 

B 
The expressions for the induced velocities Vi* and Vj 
are computed from a helix vortex having issued from 
a point r4 en the blade (A or B) Z  seconds before 
(see Figure 154 , formulae III.1.18 and III.1.19). 

The variables wZ, Z , and »•< are integration variables, 
yf designates the vertical velocity of the flow beneatl 
the disc, generated by the free and connected vortices, 

Equation (III.1,17) may then be written : 

(111.1,20) P fr) 
A 

In theory, to resolve this equation, one may postulate! 

per) ^t *; Vr> 

where ^(r) is a sequence of known functions which 
satisfy the limit conditions, and 

ifrv are unknown constant coefficients to be determined. 

To this end, n points 

Cj ^, rv) 

are taken on the blade, writing that equation til,1,20 

 L. 
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(111.1.21) 

(III41.22) 

A.65 
Is satisfied at those n points, which in turn 

'■jives n linear relations containing X. , Y       as 
unknowns.      • 

■• 

This method would call for the calculation of 2 n2 double 
integrals (cu^and r^ ). 

or 
These are the integrals of (III.1.18), in which  -57: 
is replaced by n ^rv ( r4 ) functions. These integrals 
contain a fixed parameter V-pT such that {^t^/f(     )     = 
4Tl1Frt/2p^Ul  anr1 n parameters r = r* with 
(j . 1  LA.  n). J 

A good approximation with this method gives n equal 
to 5 or 6, which in turn leads to research for an 
approximating method. 

Approximate expressions for the cores NA and Ng 

The core N^ reveals the discontinuity for 

ran 

U)Z. 

To isolate this discontinuity, the first half helixes 
of the vortex 0$CüC<,n' must be separated from the 
core NA. 

«A« 

UiZs 7T 

(JJZS 0 

CüC—».00 

cotic TT 

Let us replace these first half-he.lixes by semi-circles 
( 0 ^cuC^TT and \/p«0  ) located in the plane of the 
swept disc. 

The expression for the velocity induced by a vortex cir- 
cle has been given by Lamb. Castles and Deleew have tabu 
lated this velocity numerically. 

In connection with the method under discussion, the 
following approximate numerical expression has been es- 
tablished for a vortex semi-circle : 

O i J 

Here, the first term predominates. The first two terms 
can be interpreted as two half-stralght-llnevort?locs, i.c 

/. 
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(III.1.23) 
4 TT [ r - r^ r -t-r i J 

It Is to be noted that the discontinuity is of the same 
nature as for a fixed v.'ing. , 

The reoainlns core 1T,Ä and the core ND will now be dealt 
with simultansously, 

Thecc cores arc double Integrale with respect to Cj and 

^ • 

Proceeding no;/ v.ith this doubl.? integration, that with 
respect to 1% can be performed by applying the theorem 
of averarss : 

j   MU)VJJ(.U: i )du = F (X) I  feu) du 

(III.1.24) 

X « £ + 0 (b-d)      0 ^ 6 ^ 1 

thereby enabling the ciarginal vortices observed in the 
wind-tunnel to be introduced. 

The integration with respect to C  is performed by 
replacing the alngle variable Zi    by two independent va- 
riables : a linear variable Za Vf Z ,  and an angular one 
cw^. This method entails replacing the helixes by a 
circle and a solenoid. 

Integrating with respect to r^  by applying the theorem 
of averages , we have : 

IC (C.) fl(r-,^ ) dr. . n (r,r4) |  ii! (C^n, 

M 

whence, since P »1^=0 we have 
/. 
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.1.25)      ^       3fI 

x^ • r0  * ^ ^M - C» ) 

x2 . rM +£2 (K-r, ; 

o<£, < 1 

o <eil<^ 

The equations require elucidation of the following three 
unknowns: 

1) -  r^  : value of the maximuni circulation intensity 

2) - XA  (6,) 

3) -  xl(a2) 

Knowledge of rM io not necessary. 

PM and rM  can only be estimated, so that one must 
proceed by successive approximations. 

Though no proof can be offered, it will be assumed that 
the abscissae X^ and CC^ correspond to the marginal 
vortices observed in the wind tunnel. 

- IntepratlnL with respect to (JüZ.    .The expressions for 
the cores II1^ and Ng contain terms in Vc Z,   and in cos 
CuC , sin (ja Z    ,  thereby excluding the use of the 

usual simple functions. VpZ,  and <ML  will be treated 
as two Independent variabl.^. 

The first helix loop of the vortex, issuing from B 
(0 4   tuZ4Z'n)   (see III.1.18) will be replaced by a 
circle in a horizontal plane located beneath the blade 
A,  at a distance equal to Vp T/z . The first 
helix loop of the vortex issuing from A, i.e. 

TT 4 u)C 4 sir 

will be replaced oy a circle in a horizontal plane loca- 
ted beneath the blade A, at a distance equal to VpT . 
These vortex circles as " whole will be termed "recent 
vortices". The velocity Induced by these circles is 
given In the tables compiled by Castles and De Leew. 
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The other helix vortices : 

Vof'tices A 3 IT  4  OJC—^OO 

Vortices B  2 "n" ^ u; S _»o«. 

w.'.ll be treaiCd as solenoids. 

T.^ 

(q) 
\ tip 

he  replaccrl by   T— «f—  4z-   (see  equation  111.1.18} 
by postulatinit  r'    "0 

-2- -~  «  ——    —    and       dZ.    =   d (Vr C j 

This amounts to saying that a helix (or circle) Z.— 
has been distributed in uniform fashion over a O'l 
cylindrical surface of height Vp,T ( 1/2 Vc Ton either 
side of the Initial helix). 

The integration limits are then as follows t 

for   Cü'C   •• 0 and 2  TT 

for  z -VrZ :   uiivyn In table below), 

TABLE 3.18 

Vortex (VfZ), (VftJ, 

A ZVfT.lV(T^Vfr oo 

B S.VfT.V(T*±VfT oo 

Integration is now possible and has already been perfor- 
med by Callaghau and '.aslen,  Ecuations 10, 11 and 12 
In their study, transposed into the annotations used 
hero, civo the following t 

VfZ. 

un.i.*nfjrH(rtri)dr fir ü o£c^ K, <ymrX(fi) 

-*mm%  i *« ■ i 
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(III.1.30) 
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where K is a complete elliptical integral of the 
first species, the modulus of which is : 

0 2      4 r r. 

The approximate value of K for k values in the region 
of unity is : 

K(i) ^u L n W 
(P-.i-ih 

(Tables are available). 

^« (^*J is the Heuraan function (Byi^d's table). 

For k = 0, thlfi reduces co sin f  , and for k = 1 
to 2 \p  , 

The argument  f is siven by : 

tanV 

The equation for the circulation P (III.1.17) then 
becomas-: . 

*■     dC J   3r; [iu\[ r.rt        r+r, ~ r«+*.35r* 

where 1/CA and V/tB are velocities Induced by the four 
recent vortex circles Issuing from blades A and B (outer 
and inner), and V/<A and V/^ are the velocities Induced 
by the four solenoids. 

Let rM C (r,, oc, x ) 

designate the velocity Induced at a point {l)Zm 0)   on 
the blade A by a vortex circle of intensity PM , 

The radius of the vortex circle is JC(x=a:4and OC^), lo- 
cated at a distance z beneath the swept disc such that , 

Vfif-r, and ,, ...- VfT f, 
The function C is equal to the quotient of a function 

.or rA 

•/. 
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fVjr 

tabulated by Castles and De Leew ("TT"^ divided by the 
radius x  ( X^and xz)   of the vortex circle. 

The table below shows the difference between the anno- 
tations used here and those used by Castles and De Leew: 

TABLE 3.19 

Designation Present Text 

Radius of vortex circle 

Vertical distance of a point 
(P) from vortex circle 

Horizontal distance of a 
joint (P) from vortex circle 

Velocity induced at a point 
(P) by a vortex circle of 
intensity 

Induced velicity referred to 
vortex Intensity 

Formula of Castles and 
De Leew 

x = x. or ac. 

^fT 

Castles and 
De Leew 

P
M C(r,x,z) 

C(^Ä,x) 

xC (^x.r) 

r 

r 

In this case, the velocities V^A and V/tB are expressed 
by : 

VCb- PM[C<'^X4.VfT,- C(f,X4,VfT,] 

Let Soo and S^ be taken to deslßnate the velocities 
induced at a point on the blade A by a solenoid of radlu 
x, the density of the vortex Intensity of which is  : 

¥• 
S0o extends from the swept disc to upstream infinity 

lä 
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S«  extends downwards from the swept disc over a 
distance z . 

In the case of the infinite solenoid, we have : 
«  *  e *• 

s - Hif,:<x 

In ttie case of the finite solenoid, the Callaghan and 
Maslen result is obtained j 

r äZ= 

(III.1.52) 

Axr 
(*. ^T^-KX+r) 

eanfs 1-^ 

(III.1.55) 

'hence, the velocities VSA and VSB are given by : 

^SA^ 

'SB 

-[•s«.<'-,«<)--Scr)x<1vfr)]] 

-| S^cr.x^.^rr.^.i-VpT)] 

The functions K and A0 (VJ k) exist in tabulated form. 

5 .15 - Estimation of V. ,'M»rM.3C< and 3Ca 

In the visualization tests, the basic length used was 

Vf T 

T = 2 TT  is the period of rotation, and 
"37- 

Vf       the mean Induced velocity, given by : 

Fjj was measured during the tests and was therefore known 
at all times. 

/. 
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In applying the calculation method, recourse may be 
had to the momentum theorem: 

,m.i.35)  ^TrrVf* . ^ («r)4 ^ (9-^ ) 

on the assumption that Vf is beins calculated for 
r = 0.5 R . 

Estimation of 'H   (rM). The position of the circulation 
m aximum must be calculated by' successive approximations 
when applying the method.  To this end, a first approxi- 
mation is necessary, and it will suffice to take the 
circulation at r = 0.9 R on the basis of the momentum 
equation. 

A knowledge of rM is not essential. 

Estimation of X2 .  Beneath the blade, the outer marginal 
helix reveals a marked contraction which is a function 
of the load on the disc.  To simplify calculations, one 
nay take x = R for the outer circles and solenoids 
(A and B). 

Estimation of Xj   . The inner circles and solenoids 
(A and B) can be located in the following manner : in the 
case of the solenoid, the radius of the marginal inner 
helix increases markedly below the disc.  In view of 
the variation in the circulation (see Section 2), it 
would be logical to estimate the radius as : 

r= r« ^M-ro 

i.e., halfway between the inner extremity of the blade 
and the point where circulation is at a maximum.  For 
cimplification purposes, the radius of the inner solenoid 
is taken as half that of the blade. 

v.'ith regard to the Inner circles, their radius is taken 
as : 

'o + */2- 

5.14 Application of the proposed method 

It is now required to solve equation III.1.50. 

f"^ Is the unknown function, while "M is known approxi- 
mately only. The remaining values are either known or 
estimated , as stated in the previous paragraph. 

/. 
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Equation III.1.50 may be written in the following form t 

du.i.56  n 

The terns ?i  (r) and T2 (r) are known. 

For a given Pn0 ,  the function P (r*) tnust be found. 
Having determined it, the P(r)curve is plotted and the 
fVl.jthus found compared with the previous r^0 , thereby 
providing a better approximation PM^ 

This process is pursued until a P^ ^ is obtained which 
is little different from rM 

It is now proposed to show .IOW  P(r) is found and how 
it is then modified. 

- Resolution of the equation.  ObtelnmenVof P(r) 

Changing the variable, we have : 

Y s 0    r s r0 

^ sTT •   r =K 

The unknown circulation P^ takes the form : 

y =0 

n.mi 

r = 0 

where c0 is the reference chord, such that c0s oonstan
- 

The unknowns arc the dimensionless coefficients Yn . 

Performing the change of variable in equation III.1.36 
integration can be carried out easily by using the wel 
known relation  : 

/ 

/. 
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Dividing both sides of the equation by 1 C^1 .. ■ WK 
we have : 2 

n.f *ri      T 2  dc ff.4 1.1 0n-    s)ny 

n = 6 was chosen to represent the function P . One 
may therefore write that the equation is satisfied for 
the following values of f. 

^ - 30°. 36°, 45°, 60°, 72°, 108°, 

120°, 135°, 144° and 150° 

The next step is to calculate the values of the func- 
tions 1i   ly)   and T2 ( f) for the ten values of the 
variable 

This gives 10 linear equations in ^rn ( n - 1 6). 

A number of elementary transformations lead to a simple 
system of equations, given in table 3.20. 

Should It be desired to modify Prt , the expressions T^ 
( *f) and T2 (Y) do not change;  only E (f ) varies, 
but resolition of the system III.1.41 can be accom- 
plished quickly. 

The major part of the labor resides in calculating 
Ti ('f ) and T2 ( f ).  Tables would undoubtedly 
facilitate this work. 

The ej.prossions for the lift and the aerodynamic moment 
at the blade root (a = 0) are given by the following 
expressions : 

f di        0 cur P 
dr   ' 

n 

n 
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dr . 

r0  4-2^   (^cosH>) 

R-re 

integrating;* we have  : 

(III.1.40) 

-\ (,+ K 
/. 
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TABLE 3.20 

RESOLUTION  OF  EQUATION   (ill.1.39) 

The  unknowns are    0 --------------JC 

K 0.58779 ri(0)+       k     1 +iro.95106ri +     3 k   1,f(36)^(U 
L     0.58779]   3       L     0.58779J     2 

) 

(III.1.41) 

^0.95106 Fl +        k     1- X 0.58779ri +     3 k   1=E(72)+E(108 
L        O.951O6J     3 L 0.95106J 2 

^0.866     fl H-        kl- ZT .0.866    fl +      5 k   1=
E(60)+E(120 

L        C.S56 J    5 L 0.56(5 J  2  

^0.866 

^0.866 

f1 +      2  k   1+ ^ 0.866     r 1 +      4 k   1 = 
L 0.5   J     4 L 0.5    J 

F F 
= (30)"  (150 

2 

E +E 
f1 +      2_k_ 1- K 0.866    fl +      4 k   1=  (60)     (120 

a, fi +   2^1- ^ [1 + __6 k ]  >:>}" Lau 
^ [_     0.707 J L     0'ötb J 2 

k(f)  .    lo'iCL TT  .       r . 
2        di R -  r0 UTT 

(0)   Note Per s:" '»i:."i  d   :ot\'0o.3,   1 must  be replaced 
by  L + 1c  4£h     i 

2     cU   VfT 
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5.15 - Example of numerical application 

(III.1.50) 

(see page 69) 

5.151-The general equation HI.l.J-O will now be verified 
by comparing tfte experimental results of Johft P. Rabbott 
(see references) to the theoretic data resulting from 
this equation, rotor characteristics being the same In 
both cases. 

The general equation, as indicated before, is as followsi 

2" </< / ^r, Vrt.4/Vp-r,  r+r,  p» *2.*Srx
tJ 

The numerical calculation of the different terms of 
this equation shows that the terras in J/Wr, and 

ar'    may be neglected being indeed ten times 
P't a.Jfr,1 smaller than the term in j/f'-r, when connec- 

ted whith sin f    and hardly reaching _1  of its value 
when connected with sin Jy ,  k u>   - - 10000 - - 6w. 

Equation III,1.30 nay then be written as follows : 

-ic ^/ HL   -ÜL      ! 2   ary   3r(     ».4     r-rc 

Its resolution will be made with the help of equations 
III.1.41. 

. F.abbott's curve -3^-= f ( f* ) was transf 
urve r =(iy)   ,   w bein^ our variable in 

J 
c 
tlon. 

ormed in a 
the P equa- 

The expressions permittinc this transformation are : 

</L 
37 

l-rv 

= f O^P and 

r = r0 t 2ZJJ (i ~ Cffiy) with   r= 0.18, o 

/. 
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The transformatiün of J. Rabbott's curve in curve 
P= f ( f) ,  which will be our reference of comparison, 

is given in Table 3.22 . See also Pig.135. 

3.152 - Equation resolution hypotheses 

The characteristics of the rotor experimented by 
J. Rabbott are given in Table 3.21. 

These same characteristics will be introduced in the 
considered equations. 

Plow velocity Vf, the knowledge of which is necessary 
for computation of VCA , VCB, VQ. and Vg«, is given 
by the momentum equation V^=   p \r)   , at r = 0.5 
(fig.136). 

The vortices are located, as indicated in paragraph 
3,14, as follows J 

3C2 = R 

X4 = 0.36 R for V-. and VCB and 

0C4 = 0.5 R for VSA and VSB . 

For a first approximation it is necessary to know an 
order of magnitude of rM , 

In the considered case (")»,= 11 sq.m/sec will be selec- 
ted , this being the value of the momentum equation 
for r = 0.9 (see PiG.136). 

3.153 - Equation computation 

Using Castles and De Leew Tables for computing V.. 
and VCB and Byrd Tables for computing VSA and VSB 
it is possible to determine the second member of the 
general equation III.1.41. 

Values of  rÖ, 
V 5A 
M 

'CA and 
^ CB 

are given in Table 3.23. 

These values make it possible to determine E (y) 
and E ( TT - f ) such as : 

with     T, (»fj« rec and 

r%rt) - •I ( VjA ^^B * V'CA 4 SJC3) 

cuK 
M /. 
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Item Dimension or magnitude 

Blade radius R = 2.50 m = 7.5 ft. 

Blade tip speed CUR = 151 m/sec ■ 496 ft/sec. 

Rotor angular 
velocity 

cu = 65.5 rad/sec. 

Rotor Solidity ö = 0.097 

Blade chord C = 0.55 m = 14 inches 

Thrust coefficient c = 0.00518 

Blade coefficient 
pitch angle 

ec = 902 » 0.161 rad. 

TABLE 3.22 

f dr  /'ncW ^Vm Pscj.m/j« ^dogne 

0.18 0 0 0 0 

0.30 0.9 16,1 2.84 45 

0.56 2.6 46.5 4.40 85 

0.75 4.8 86 6.10 113 

0.85 7 125 7.80 129 

0.90 8.1 145 8.50 159 

0.95 7.1 127 7.1 151 

1.00 0 0 0 180 

/. 
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Each terra such as VgA etc is decomposed 
Into inner and outer V ., say, along xj and xg . 

In Table 3,24 are given the values of equations second 
members, that is E (V) + E ,('n"-*f) and in Table 3.25 
the derived equations, in a form still admitting P^ 
as parameter. 

The k coefficient of III.1.41 equations is equal to 
0.287 

xifi "dir    ^.4 = 0.287 

In figures 137 and 138 are Indicated the variations 
of VCA' VCB' VSA and VSB' versus <P . 

In Table 3.26 are given the values of flf  0$ as 
a function of rM , 

3.154 - Determining P= 1c -Jl Uj"R Z Kn S\n  rxS' 
ä  etc    n*»   l 

(III.1.42) 

It is only necessary to replace, in the equations of 
Table 3.26, PM as given by the momentum equation 
for r = 0.9 , that is-: P^ = 11 sq.m/sec. 

This first approximation gives 8"i ^& and lead 
to the following equation j 

P,   ,   = 4.19 sin^P - 3.8I sin 2^ + 1.855 sin 3^ 
(sq.m/sec) 

- 0.219 sin 4<K + 0.118 sin 5 *f - 0.191 

sin ey 

Starting from this equation we can draw the curve 
P- F ( 9 ) . See Pig.159. 

The P« of this curve does not correspond to the 
selected  PM and It is thus necessary to begin again 
the calculations with a new PM , taken as a mean 
value between the two previous values, and thi» as lon^ 
as the PH introduced into the calculations and the PH 
given.by the derived curve are no4 practically identii ca 

The convergence is rapid as shown by Table 3.27 where 
are indicated the various results of the computing 
process. 

Pig.139 gives the variations of P= f  (MM  for the 
different approximations. 

The equation ^itinc  the circulation is thus finally 
obtained : /. 
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^datf E  (VJ 

50 

1 

E  (50)  = 0.0578 - 0.000857 nM 

56 E  (56)  = 0.0419 - 0.00181   rH 

45 E  (45)  = 0.0484 - 0.00252 rM 

60 E  (60)  = 0.062    - 0.00474  rM 

72 E (72) = 0.075 - 0.00627 rM 

103 E(IO3) = 0.115 - 0.00725 rM 

120 E(120)   =  0.128  - 0.00702   PM 

155 E(155)   -  0.142  - O.OQ646   rM 

144 E(144)  =  0.149  - 0.0057   rM 

150 E(i50) - 0.155 - 0.00501 rM 



TABLE 3.25 

System of  equations fo be  solved, 
with   rH   as  parameter 

A. 83 

(1) 1.86 y^ + 2.85 iru 

(2) 1.441 y2 -  2.01 y4 

(3) 1.812 y2 

(1)' 1.151^, 

(2)' 0.874^ + 2.?45 y3 

(3)' 1.24^   - 1.12   yä 

-5.44jr6 

- 2.3K6 

= - 0.0576 + 0.002086 P^ 

= - 0.033 + 0.00114 rH 

= - o.o468 + 0.00197 rM 

0.095    - O.GO588  ^M 

= 0.09502 - 0.003755 r« 

= 0.095      - 0.00676   Pn 

TABLE 3.26 

Determining ^ versus I ^ 

(The values of JTn are dimensionless, P,^ being given in v n sq.m/sec.) 

r<= 0.0849 0.00515   P* 

h- -0.0268      + 0.00095   PM 

h O.CO891    + 0.000318 r« 

h- -0.0027      + 0.000111 TM 

*s- 0.00113    - 0.0000304 rM 

h= -0.000495 - 0.0000728 rM 
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P = 6.275  sin f - 2.804  sin 2^ 
(sq.m/sec) 

(III.1.45)        + 1.708 sin 5 V -  0.2637 sin 4 ^ + 0.1)0 sin 5 V - 0.162 

sin Of 

It Is now possible to compare this curve P = f( *?) , 
as given by equation III.1.45, with the curve obtained 
by J.Rabbott. (See Pig.155 and 140). 

In the same way as previously the curve' = F(V) nay 
be transformed backwards Into" ^t = f (?) and e-ompared 
to the original J. Rabbott's curve. See Plg.l4l. 

It may be seen that the comparison of the two curves is 
quite satisfactory. 

In Pig.142 is Given the final curve P=  P(V>) . 

This Flu. shows also all the components of *   as indica- 
ted by equation III.1.50. 

5.16 - Attempts to use simplified methods 

In this section are analysed simplified methods, the 
objective of which is to reduce the number of terms 
of the equation giving the circulation. 

Pirst simpliiied method. 

(III.1.44) 
rA=4cl^.cürer_lc ii± 

dC dt ^.4 
W* (r, 

^2   dC 

Or, 

OP x dr. 
Or, VpT 

The first two terms of the second member of this equa- 
tion are the same as previously. 

The last integral means that to the helix vortices loca- 
ted under the swept disc has been substituted an infinity 
of elemental solenoids (A and B) v:hosc  number of turns 
per unit coil length is : 

VfT  or. 
It may be noted that the lower limit of the last Integra: 
is P  instead of r  because Inside the solenoid the 

/. 
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axial magnetic field is constant and it is null outside 
the solenoid. 

Let us perform the transformation already indicated i 

r = r0+ JLH (^-cos^) 
2. 

ra 
iti 

Art  sirv nV 

(in 

The above equation may then be written as follows : 

n 
XI An  4in rxV ^f4c ^:-J- + ici^_L JL Jl_^ 

ECO-lc   ^u,r^ 

The  system  of  equations  III.1.24   is  still  valid   if  1   O 
is   replaced  by   (   1  +  1 c      d ft       -I     » and   if 

. c 
2 

For the  numerical  application selected  previously 
(J.Rabbet's   rotor)   and  using the  metric   system,   the   folio- 
wins results  are  obtained   ! 

1 ^     d Ci        t, - o 
2C ur"*'*' 

1 C      ilk 2 e H.04 
2 «it      R. rfl 

= 25.75        ( ec = 9?2) 

VpTs 0.74 

1 c    l£t.        2       .      TT     = 0.287 
2 At        R_r0        11.4 
1 + i.     4^.      ^_ 

2C     dU        \/fT 
- 2.525 

The values  of E   ( H* )   = j r   ^ CL
   Cü r ÖC    are  given by Tabl« 

5V28 2       dt 

/. 



TABLE 3.28 

£ CV) * ±c  4^ tor 0c 

A.88 

E 

50 36 45 60 72 108 120 155 m" 150 

5.57 6.125 7.12 9.15 14.5 16.85 18.9 20.9 21.9 22.4 

(III.1.46) 

The resolution of the system of equations gives i 

P (<P) = 6.58 sinf - 2.34 sin 2 ^f + 0.99 sin 5f 

- 0.38 sin 4^ + 0.189 sin 5V - 0.0812 sin 6^ 

The harmonic analysis 'Runge's method) of J.Rabbott's 
experimental curve gives : 

Vif)  =  6.05 sin 4* - 2.46 sin 2 ^ + I.56 sin 3 f 

- 0.511 sin 4 H* + 0.192 sin 5 T . 

Fairly large discrepancies may be observed for the terras 
in sin ^f , sin 3 ^ and sin 4 ^f though the i,um of terms 
is practically the same : 7.61 against 7.59. 

The corresponding curve is given in Fig.143. 

Second simplifJed method 

nA= 4c   i^a,rGc_jLci^:     j    /   ^      ^ 
A     ^      dc Z      dc    4Tr /    Or, r.c, 

2      di.       r 

4 7rr Vf
z cu r _SLc   i£b  ctur e^ _ V^ 

The second expression is the momentum equation. 

The successive transformations shov; a relationship with th( 
equation of the Infinite solenoid. 

/. 
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4 7rr V^, F   ^   =^^   (rA
+r3) 

a; = HE 
T 

vP =     ill:    (rA + rs) 

^f      =    -^3-     (^    ^^ rr     ts     „..  ..:     ( 1 \    "*• 1 « s   —-—    "A f      zvfr   l A     ^        VpT 

Vp   ~ or      -f     d, 
Or     vpT 

The  chantie  of variable,   from r to   ^    ,   leads  to the 
following equation ; 

rv 

P a 21 AM sia a^ 
n»^ 

(III.1.47) 

The III.1,41 equations system remains valid if a substitu- 
tion is made for : 

2   dU    c   T   Ac F 

T8k5rit: again the previous numerical application , the foll< 
wine is obtained (metric system) t 

/. 
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1 = 0.245 • 

i C 
2 

1 c CICL  = 0.98 
2 dC 

TABLE 3.29 

23.75 r   («c = 9?2) 

V ° 30 36 45 60 72 108 120 135 144 150 

l'§^e' 5.59 6.14 7.14 9.15 14.5 16.9 18.9 20.9 21.95 29.95 

Vf 
4.61 4.95 5.5 6.5 8.7 9.6 10.3 11.1 

1 

11.3    11.5 
I 

4.52 4.85 5.39 6.37 8.52 9.41 10.2 10.88 11.0 LI.26 

£ (V) 1.07 1.29 1.75 2.78 5.98 7.49 8.70 10.02 10.95 11.69 

Resolution of type III.1,41 system of equations gives 
the following results : 

P (Y) = 6.05 sin ^ - 2.62 sin 2 ^ + O.5O5 sin 3^ 

- 0.32 sin 'I ^ + 0.469 sin 4^ + 0.301 sin 5»f 

The corresponding curve is given in Fig.143. 

In this Figure are grouped for comparison : 

- the experimental J.Rabbott's curve, 
- the curve derived from the complete theoretical 

method, 
- the two curves derived from the simplified methods. 

The proposed complete theoretical method shows to be far 
the best.  It may be used to determine the loads acting 
on the blades. 

The first simplified method is less good but It may 
be used, however, for overall oerforma/ice ealculatJ.ons» 
The proposed complete method ma* s-ill oe Improved by 
taking into account the contraction of the outside helix. 
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3.2- Problem of the non-stationary conditions 
applied to helloopter rotors. 

Attempts to find an approximate solution. 

* 5.21 - Objective 

The local lift of a blade In non-stationary conditions 
may be considered a the sum of two effects t 

- circulation due to a distribution of velocities, normal 
to the (thin) airfoil section , 

- impulsion of air on the airfoil due to accelerations 
(derivatives of those normal velocities). 

Defining the circulation is difficult because of the 
presence of the free vortices escaping from the trailing 
edge (wake), the intensity of which must satisfy the 
vortex conservation law. 

These free vortices (termed radial vortices, by opposi- 
tion to helix vortices), after appearing at the trailing 
edge of blade A, move away from the latter during a half 
period (except in the inversion circle) then come back unc 
the rotor disc and so forth. 

Those of the radial vortices, which are formed less than 
half a period ago, will be termed recent vortices. 

The totality of the radial vortices escaping from the 
blade trailing  sdge will then be separately considered 
according ./hether they are recent vortices or not. 

The recent vortices will be considered as the vortices of 
the non-stationary wake. 

The other radial vortices, whether they come from blade A 
or from blade B (in the case of a two bladed rotor) will 
be considered as inputs in the same way as the blade sec- 
tion pitch angle variations,. 

In this way it becomes possible to make use of number of 
results of the fixed wing non-stationary theoryr. 

However, these results lead to expressions which are diff 
cult to handle when applied to helicopter rotors, and for 
this reason approximate formulae will have to be derived. 

In the first part of this section will be reminded some 
basics of the non-stationary theory. 

In the second part will be exposed an approximate method 
used for fixed wings. 

 A 

er 
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In the last part these results will be applied to helicopte 
rotor blades. 

5.22 - Basics 

5.221 It Is not our intention to expose here the non-statlona 
ry theory of lifting wlngs'but merely to give some 
results which might be useful for a better coraprehensior 
of the following text. 

The lift of a blade section dr, either in stationary or 
in non-stationary conditions, is due to a pressure dif- 
ference between the upper and lower surfaces of the air- 
foil section.  It may thus be obtained by integrating 
the pressure differences along the airfoil chord. We 
may write ; 

(III.2.48) AL 
dir 

( Ps-P* ) d3c 

Paand p., designate, respectively, the local pressures 
on the airfoil lower and upper surfaces (See Pig.l44). 

In Fig.145 are given characteristic pressure distri- 
butions, for stationary (a) and non-stationary (b) 
working conditions, in the case when the airfoil may 
be considered as a plane thin sheet. 

Presence of large "bumps",in the rear part of the air- 
foil section (rigid and flapless) indicates rates of 
non-permanence of the motion. 

Their absence indicates that the working condition is 
quasi stationary. 

5.222 - The study of non-stationary conditions is made easier 
by substituting to the notion of section angle of attack 
a notion of distribution of the velocity Vz (x,t) normal 
to the airfoil.  V2 varies along the chord (x) and with 
time (t). 

The e; istonce of two typical distributions of Vz (trans- 
lation and rotation) gives rise to a circulation. 

The existence of accelerations y^- V2 (x,t) gives 
rise to an impulsive lift, i.e. to the effect on the 
blade of the accelerated air sirrounding it. 

In stationary conditions, lift is due to the circulation 
P exclusively. 

du.2.49) -iL= P VR P 

/. 
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Circulation 1$ kept up by the Vz0 component of the 
velocity, normal to the airfoil (see Pig.146), This 
velocity is constant in time / 5 \/T  , o )ftnd along the 
chord / a v   o). V^r z*   ' 

All happens as if the airfoil section, placed in an air 
stream VR, was translated with a speed Vs0, relative to 
the surrounding air, in a direction normal to the chord. 

re4.c jUi= v,    «-ic^k V, 
(III.2.50)    1    «   oHT zo    Z      ^T    vR  

R 

We will say that.the airfoil section placed in an air 
stream Is a black box whose input is a translation velo- 
city Vzo and whose output is the circulation. 

For a helicopter in hovering conditions : 

\/Ze . cor Ö-Vt 

The velocity coco is constant in time and along the 
chord. 

The velocity Vj induced by the helix vortices is constant 
in time but not absolutely constant along the chord. In 
fact It Is the velocity of the neutral rear point (loca- 
ted at three quarter chord from the leading edge). 

As it has been said before, in non-stationary conditions 
lift is produced by a double effect : 

- the circulation due to the Vz (x,t) velocities, 

- the impulsive force due to accelerations -r-VC, 
dt * 

Let us first examine the circulation , 

It is convenient to write : 

AT c -4 COS 0 
(111.2.51) ! 

^■"j      ^*^ leading edge 

X* + i"     e * ^        trailing edge 

and to express Vz (x,t) = Vz ( e,t) in the form of a 
Fourier series (cosine series), 

(111.2.52) vz (e,t) s Vx<) (t) *   Z VZfv (t)co5 ae 
TUI 

/. 
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The first term of the second member of this equation 
corresponds to a translation of the airfoil section 
along the normal to this section. 

The second term : 

represents a rotation of the airfoil section around a 
point located at half chord. 

All the components of the Vz velocity give rise to a 
pressure distribution (Thin airfoil theory, by Munk- 
Glauert), but only the two first components, i.e i 

Vz0 ^^ translation 

VXJ <fc) rotation 

give rise to a circulation around the airfoil which gene- 
rates lift. 

For the other terms of VZn , such as n S 1, the 
(III.2.48) Integral is equal to zero. 

We may note that the translation velocity Vz0 (t) is not 
a mean velocity along x : 

(k)   ^   -T I     Vz  cx,b)dx Vz. 

It is the constant term in the cosine series i 

C/2 
fk) - 4 /  vT (x,t) 

dx 

i/ijJ^*2 

We will admit that the discrepancy is small.between these 
two values. 
The effect due to accelerations  will be examined 
later, 

5,225 - Schematic description of the circulation. Relative 
Importance of translation and rotation motions. 

Let us consider an airfoil section placed in a bl-dlmen- 
slonal flow,with a uniform wind VR (t) which may vary 
In tine. 

The possible Inputs are : 

a) a translation of the airfoil section along a direction 

    /. 
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normal to this  section«:   7 (t). 3 
b)  a rotation    ^(t)   around a point located at half 

chord. 

The Vz   (x,t)  velocity is  then  j 

(III.2.55)   Vz <xtt>   . [3<t) + ^-   [V/R <t)v]] +•< <t)ac 

If no vortices existed at the trailing edge,  the 
corresponding circulation would be  : 

(III.2.54) 
z  dt 3't'+£-('H+fc5Hf* 

As circulation varies in time» vortices having the same 
intensity and their signs opposed to the successive in- 
creases of circulation around the airfoil will, in fact, 
be escaping from the trailing edge, in virtue of the 
vortex conservation law. 

These new free vortices, parallel to the trailing edge 
and orthogonal to the stream-lines, will induce a new 
distribution ^\/z(x,t) around the airfoil which, in turn, 
will modify the circulation and give rise to a new depar- 
ture of free vortices, and so forth...... 

If we consider again our image of the "black box", des- 
cribed previously,the input is the V^ given by equation 
(111.2.55) buWutput. i.e. the circulation, is not P* 
given by equation (III.2.54), but given by j 

du.2.55)  r = D r 

where D is an operator of P  accounting for the passage 
through the black box. • 

A vortice - dP  (see Fig.148) which has escaped from 
the trailing edge Z    seconds before the present time t, 
is located at a distance : 

Jo 
It  Induces at a point x of the airfoil a velocity Vz  , sudh 
as t 

i 

A 
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V4 ixtk) zn if-*      c     4-hcos© 

By braking down this expression into a Fourier harmonic 
series , we obtain: 

(III.2.56) V^ (X^)* AL 
2Tr| /? 

and using the transformation indicated by Rufus Isaacs} 

co-sne  ae  = TT 
d-cosd 

a>-i 

the local vortex distribution may be written t 

fc <W AL 
27rf 

Among other terms, we can recognise in (111.2,56) the 
presence of the translation and rotation terms. 

As the total circulation around the airfoil is only due 
to the translation and rotation terms, the modification 
of the circulation around the airfoil by a wake free vort 
located at a distance ^-£. f rora the half chord, is : 

(J, 

(III.2.57) 
dP 27T ZTT ( t-ZF- ■i) 

j/^TT /Stt 
or   : 

r. ^4^ ( ill -•O 
additional 

This/S'irculation, highly intensive at the trailing edge 
( %  = l)i becomes very rapidly equal to zero, as the vorte 
moves away ( ^ —» oo ). 

We may note that it is not only a function of the intensi 
ty of variation of the circulation  dT  but also a  /. 
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function of the velocity VR , with which the free vor- 
tex is carried away by the air stream (see Table 5.50), 

No great error would be made if the effect of the wake 
was modified or even suppressed beyond a distance of 4 
to 5 chord lengths. 

The circulation produced by the translation effect is 
always larger than the one produced by the rotation. 

The ratio between those two effects, is as follows t 

y translation _  d —.    /*•*_-i £ >A 
if rotation 

The values of this ratio, versus ^  , are given in 
Table 5.50. 

5 times the half chord length being the distance of 
the free vortex to the middle of the chord. 

TABLE 5.50 

4 1 2 1 5 10 

/£-< 0.75 0.29 0.22 0.11 

1 0.27 0.15 0.10 0.05 4- / 4^ 

Figure 145 (b) gives (ref. Von Karman) the pressure 
distributions generated by the wake vortex, as a function 
of its distance to the airfoil. 

We may note here that V* (t) intervenes In two ways i 
on the one hand, it appears in the expression giving V« 
(see equation III.2.55), whence It plays the role of an 
input, and,on the other hand, it appears In 4    , 
which means that in the circulation black box it plays 
the role of an Impedance having an Influence on all the 
Inputs. 

/. 
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3.224 - Approximate configuration proposed for 
helicopter rotor blades. 

In the case of a helicopter rotor blade the free radial 
vortices (wake) draw a spiral shaped surface. They 
first move away from the blade, during half a period 
(except In the inversion circle) then come back under 
-the rotor disc, in the vicinity of the blade. 

In order to make maximum use of the results available 
for fixed wings, the wake of the blade will be cut down 
into two parts. 

To the first portion of the spiral shaped sheet, which 
was formed between half a period ago and the present 
time t, will be substituted a plane sheet moving away to 
infinity, because, as it has been said before, its in- 
fluence after four or five chord lengths is small. 

The other portion of the spiral shaped sheet, formed at 
an earlier time, will be regarded as an effect which 
would be foreign to the wake, comparable to a blade pitc^ 
angle variation. 

3.225 - Accelerations effects 

In the case of a two-dimensional flow (infinite aspect 
ratio) the lift generated by impulsion is equal to the 
Inertia force of a mass of air whose volume is a cylin- 
der having c for diameter and the wing span for helghlj 

(JII.2.58) 

The acceleration is 

^(t;« 
at Z (t) (VR*J 

In the case of a wing having a finite aspect ratio the 
above force is to be multiplied by a coefficient which 
is the ratio between the span and the half perimeter of 
the wing. 

In the case of a helicopter rotor this ratio will be 
taken equal to one . 

3.23 - Approximate method used for fixed win^s 

3.231 - Objective,  Limitative hypotheses. 

The wing, placed in a wind VR (t) is considered as an 

 ■ A 
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impedance system Z (p) whose Input is the velocity 
Vjf (x,t) normal to the airfoil (except in the zone of 
the trailing edge wake) and whose output is the circula- 
tion. 

This system is generally governed by an integral equation. 

It may be theoretically replaced by a systenrtff ah 
infinite number of differential equations. 

A first approximation is thus made when this system 
is replaced by a single differential equation. 

The second approximation comec from the non linearity. 

If the airfoil is stalled the theory is not valid any 
more and another theory Is necessary. 

As mentioned previously, the velocity V/^ (t) plays a 
double role In the circulation : firstly as an input, 
secondly as a wake. The influence of VR on the 'nipedance 
Is thus a cause of non linearity. 

It may be noted, however, that if the local advance ratio 
p    is small the error made in considering the system 

as linear is also small. 

We will, therefore, hence consider the system as being 
linear. 

In these conditions we are led to the following problem i 
we have to define the Impedance of a system, by means 
of a linear differential equation, knowing the latter's 
response to : 

- a sinusoidal Input 

- a unit step input. 

Determinlnp an approximate solution 

Let us consider a wing of aspect ratio A, placed in a 
wind speed VR (t). 

The Input     J?    is an unit step, i.e., being zero 
at. time 0     VR(fc)  it suddenly takes the value V

Zö <t) 
then remains constant. VR(t) 

This  case has been studied by Wagner for infinite aspect 
ratios and by Jones for aspect ratios of 6 to 3, 

The approximate unit solutions given by Jones are : 

/ 



(III.2.59) 

[i-'K(xJ)] 
A«, 

I 
A 

A.100 

-0.04S-f _ 0.3/4 

= H- R0e 
J 4 

dLj ^VRdt 

The values  of R    and S ,   for A = 5  and   A= 6,   are 
given  in Table 5.51 

(III.2.60) 

A K 5 

5 0.285 0.540 

6 0.561 0.581 

The approximation made can only be estimated for A .-©o ! 
the Laplace transform of the response to the unit step 
input is compared to Theodorsen's curve (see Pic.1^9). 

We will admit that this approximation is valid for values 
of .A. such as 5 and 6. 

For a helicopter rotor we will admit .A = 6.  In this 
way we will not only take into account the vortex paral- 
lel to the trailing edge but also portions of lateral 
helixes. 

Formula III.2.5 for A= 6, may be construed as the 
solution of a differential equation.  We obtain t 

di Sc dc 
(f-'RoJ-t-cJc 

i * is the static angle of attack (similar to f1*) 

i  is the dynamic angle of attack (similar to P ) 

/. 
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It is to be noted that we may substitute to i, either 

The equivalent expression may then be written as followst 

c   d 

(III.2.61) 

fllfc 

V i --^^Cr.t) 

If the derivative ^^      is considered as negligible and 
VR considered as constant during a range of.four ohord 
lengths. It may be said that the wake vortices move with 
a constant speed. 

This result is only valid for the translation motions. 
In order to introduce the rotation we will calculate 
an equivalent translation velocity AVr     by means of 
the following formula : 0 

(III.2.62) Avr = i (-f-f) 

a.c defines the position of the center of rotation, 
taken as positive in the direction starting from the 
middle chord point towards the trailing edge. 

If rotation takes place around the middle ohord point 
then a = 0. 

If rotation takes place around the forward neutral point 
(aerodynamic center) we obtain i  a = - 1 and a a « - o « 

2   T"   IT * 

5•24 - Application to a two-blade helicopter rotor 

3.241 - Disturbed working conditions 

3.2411 - Definition 

Let us consider that hoverins conditions is the initial 
state of operation of the rotor and that small dls- 

  /. 
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(III.2.65) 

turbances are then introduced. 

These disturbances may be classified in two types: 
ft 

- symmetric 
*   - ant-symmetric 

(see Tables 5.52 and 5.53). 

The symmetric oerturbances increase rotor lift and 
modify the rotor conlcity angle a0. 

The antisymmetric perturbances do not modify rotor 
lift but tilt the rotor 

'  fbit)  '  do (t)-^(t) co5 </-b^ct)5ln4/'  

I. Ü/* + l^
zp> = H0 + H, cos ^ + Me sin ¥..... 

b. «- M4 Ct) 

J«JdH-eu.2   S*.^ -K,    -cufftb.,   =Jk(tj 

6a = ^ HAS' radr 

TABLE 5.52 

Symmetric Disturbances 

Disturbance originated 
by : 

Variable 
Disturbed 

state 

1 Collective pitch e« Bc + AQc 

2 Rotational speed CÜ CÜ •f-ZiCO 

5 Ascensional veloclty(0) Vz e ^Av^ 

(") not experimented. 
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TABLE 3.33 

Antisymmetric - Disturbances 

Disturbance 
originated by : 

Variable Disturbed 
state 

4 Cyclic pitch e^sin V 0 + A0r 

5 Horizontal speed Vo 0 + AV 

6 Rotor tilt or angle 
of attack o< (*) o + A* 

Every disturbance modifies the lift of a blade. 

Let us assume that this modification consists in an 
increase of lift of blade A. 

The increase which appears at the birth of the dis- 
turbance Is attenuated by the blade's own recent wake 
effect and by the impulsion (Co-»).  As lift Increases 
the hinged blade comes up (?»0-) and this motion gives 
rise to a double effect : 

a) the flapping velocity opposes lift, 

b) as the blade comes up it gets away from the 
former helix vortices. 

This decreases their Influence on the blade 
and , therefore, decreases blade's lift. 

After approximately half a period (2öa) the influence 
of the radial vortlöes Issued from blade B becomes 
effective on blade A, first giving rise to a decrease 
then to an Increase of lift. 

Finally Intervene the marginal vortices. 

The latter do not take their position immediately but 
the different helix portions get into place progressi- 
vely as they are being reached by the disturbances or 
the vortices, 

A movie film has been taken of this phenomenon (see 
reference 8)»which Illustrates what has been said above 

Let us compare now the time constants £e . 
Account being taken of the wake and of the impulsion, / 
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the lift of blade A becomes established when the 
blade has travelled over a distance of n chord lengths 
(say , n = 4). 

(III.2.64) T     = nC     m      -^I *■   -^i- . JL _1_ 'Oi cur CÜ TTR Zb 
(r.-f) 

(111.2,65) 

For a t""? tladsd rotor, having a solidity (? ■ 0.10, 
the time constant Z      is : 

^«-T 0.10 

f 
(T. JH) 

CÜ 

that is : 

0.10 T for the blade tip, 

0.155 T for the section at 0.75 R 

0.20 T for the section at 0.50 R 

and T for the section at 0.10 R. 

In the case when the influence of lift on the flapping 
motion is to be calculated it may be taken that the 
non stationary effect is the/^which concerns the secti 
at 0.75 R. 

When it is wanted to study lift distribution along 
the blade, the variation of the non stationary effect 
along the blade radius may be taken into account. 

The flapping time constant Z (02) is as follows (see 
equation III.2.65) J 

on 

OZ 
11 ITT 

UÜ (± I. 
rr G, 

)- T _± Ji. 

For helicopter rotor blades the ordinary value of 2J. 
is comprised between 0.5 and 1.25, ^« 

Whence : 

0.8 i I 4    2.0 

The value of Z0^ is therefore comprised between a 
quarter and two third  of a period  (we leave cut the 
case of A   hinges). 

The recent radial vortices. Issued from blade B, become 
effective on blade A after u time C0- , approximately 
equal to half a period. 

/. 
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The same happens with the former radial vortices which 
follow with Intervals of T .  The process Is completed 
by the establishment of tie final pofeltlonnlng of the 
helix vortices which also affects blade A approximately 
every Ijalf a period J 

During the visualization tests carried out for the 
study of non stationary conditions, very heavy blades 
were Intentionally selected ( 0%  » 0.10) In order to 
maKe appearant the aerodynamlc"T process without too 
much blade flapping. 

The disc loading was also high In order to avoid cou- 
pling and to obtain a better view of the helix vortices, 

The pitch angle disturbance amplitude reached, during 
those tests, fifty per cent of the Initial pitch angle. 

The displacement of the marginal vortices, after one 
period time. Is not visible too well on the films. 

On the contrary, the displacement of the blade relati- 
vely to the marginal vortices Is quite large If the 
rotor is tilted (<* ) •  It Is also rotlceable In the 
case of cyclic pitch variation (62), though at a smallei 
degree. 

5.2412 - Let us examine the case where the whole rotor pitches 
nose-up, by an angle oL  (t), starting from hovering 
conditions, and let us determine the response to this 
motion in flapping. 

The resulting normal blade section velocity (transla- 
tion) and the acceleration are : 

V7- cJrcosH^ - r 4!L - A V, 

The local lift and the moment at the blade root due to 
the blade inertia forces and to" the impulsion of air, 
are : 

.A 



« 
1 

Aki =<J< r m 'cos V« ^«i co r m Via V_ mV ^iB 
dr dt* A. 106 

cue 
m 2.U< 

dt      t 

r cur Par -». 

where  m dr   Is the  mass  of the blade element  <ir   and  I 
the  blade  moment  of  Inertia relative to the root. 

(III.2.6?) 

Let us compare  P 
l2~~ t0 G3 

P __ 
'  1 

7rczKä  TT   be 
2G3   3b TTR 

( b being the number of blades). 

V.ith a solidity 0" - 0.10 this ratio is equal to 5 <g. 
In the case of a two blade rotor, that is, 2,5 to 5 <? 
of I for a conventional rotor. 

V.'e will, therefore, neglect  p   (appearant 
mass effect) in front of I.      1* 

We will introduce now the effect of lift (due to circu- 
lation) on the flapping motion, bjr examining, first, 
simple cases, then, more complex ones. 

Usually, the non stationary conditions and the free 
vortices being not taken into account, it may be 
written : 

du dL , pcücf--Lpfccrfc i±t.( ^Lco^V^ C   Jlil 1 r i  rv     '       dL    v  (o CUP   ^t"' 

/. 
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The flapping equation is then,(fo^(k) nose up) i 

S4 +CÜ ill i,, + 2tt> b. ■»- VJZ Jtt b, s - -^ - otto ^5- 

In practice, this system has a time constant 
and a natural frequency cu . 

II. 

Let us introduce the effect of the recent wake, belon- 
ging to the blade from which it is issued. This is 
the black-box system which has been described previous- 
ly. 

In stationary conditions we »have : 

r\±c i<±. *JL) cur ( _*_ cosV !L 
^       cU "> cor     ab 

The true circulation, at the output of the black-box, 
is given by the equation which was indicated in para- 
graph 5.23 : 

Ob 
0.761 3r ^.cor r = -fLL (0.639)  ^S^iwrr 

For the calculation of the flapping motion we will assum 
CUT constant and equal to the one at r = 0.75 R. 

cor is thus to be replaced by 00?= 0.75 U^ R. 

Let us multiply the two members of equation 111,2.70 by 
fcor^dr and integrate from f^ to R. 

The flapping equations may then be written i 

W* f   pcorapar GjBipA   c -^ rSdr 

S ^ 

5 ' c 3 Ob c 

= 0.639 co G^cJcosMZ+cicuSiaY^ ^|icI5r coG.ot CoiV 
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It is known that,comparatively to the previous 111.2.68 
system,the black-box introduces a decrease of amplitude 
and a phase shift which does not exceed 15 degrees. 

Let us examine the influence,on the disturbed motion,of 
the inner and outer marginal helix vortices. 

Before the disturbance those«helixes are defined by their 
circulation intensity and their pitch. 
In the case of symmetric disturbances, when the final 
conditions are reached, the helices have a new circula- 
tion intensity and a new pitch. 

In the case of Antisymmetric disturbances, which is the 
case examined here, the helle is distorbed In a sinusoi- 
dal, way, its pitch does not vary and its circulation 
intensity varies in azimuth (because of the radial vor- 
tices) . 

During the transient period a triple effect will be ob- 
tained (in differentiating with respect to three varia- 
bles). First effect : the marginal helix vortices 
remain at their place and keep their pitch and their 
intencity.  The blade undergoes a flapping motion and 
takes a position distant by &?.      above its initial posi- 
tion.  Originally blade A was located at a distance Z, 
above the inner and outer marginal vortices (z , Vt X ) • 

r 2. 
At a time t during the disturbance, the distance Zft of 
the blade to the first outer helix is ; 

. 

4z, R ( (i - o< C05 ^ ) 

and Its distance z^   to the first Inner helix is i 

A2l    
R 

Let  2_ VC (Zojf)   be the velocity induced by the 
helixes in hovering conditions and ZVt(2#^At/r)  the 
Induced velocity when the blade is lifted by  '  , 

V/e  have   j 

1 AVC   .   Az    4^(201c) 
üz 

If 6* >o ML (z0,*v <o 
AL  /. 
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(III.2.72) 

Hence, the new Induced velocity variations. 

0% 

The expressions  jr-^ (Z0)r)    are derivatives of the 
elliptic integral •*       K and of the Heuman's A# 
function (see hovering conditions). 

Second effect. The intensity of the marginal vortices 
is constant and their distance 2# V/p £    to the blade 
remains the same. The pitch of the vortices,alone,varies 
in azimuth. 

This term takes the following form : 

SVc   = A "f CO 

Third effect. The pitch and the distance z0  of the 
vortices are constant. The circulation varies in azimuth 

This term may be written i 

The disturbances being small, we will neglect the two 
last effects. 

Let us introduce the first effect (III.2.72) Into the 
III.2.71 system. 

The circulation equation is modified as follows t 

/. 
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(III.5.75) " 

' 0.659 Q5tt;ö3ß+ (0.659cu G2 R k + 0.762 eTTruiQ^)^ 

+  0'J62cü"ra;G2 R k f^ + -^- M + 0'j62 cor  M 

- 0.639 uXfy <*   cosV  + 0.639 cu Gj eico  sin V 

+ (0^62 üTrcüOj + 0.639 ^G2 R k) <i cos f 

- 0.639 Cü G2 R ko^cü sin y+ 2il62 CUT C0G2 R ko( cos^ 

Introduction of the term III.2.72 In the conventional 
flapping equations (III.2.68) may have a double effect. 

Firstly, the b,flapping terra may be modified, secondly, 
there may be a slight u   spring effect on the rotor. 
This latter effect Improves stability in hovering. 

The effect of the radial vortices located beneath the 
rotor disc has been studied by R. Loewy and also by 
R. Timman and A. Van de Vooren (Ref. 13 and 14), 

As far as there is no resonnanoe this effect may be 
compared to a gain raodification of the lift. 

We have introduced In the calculations of the above 
paragraph the O^   expressions Instead of the more accurate 
y^ development terms (see hovering conditions), Accoun 

may be taken of this by Introducing B R instead of R 
(with B < 1) in the higher limit of the integrals. 

3.242 - Periodic working conditions 

The circulation Pcr^t) may be expressed in a general 
way as follows : 

m _ 

Only the first term, which is a function of r alone, 
exists in hovering. 

Disturbed flight conditions,the knowledge of which is 
necessary for stability and control studies, may be wrl* 
ten in a linearized form as follows : 

<5r(r,t)«<J Q(r>t;+cJ^r,t;cos'K+<Jr;%,t;5iaH
r 

The expressions P»,^      and 
conditions, independant from time and functions ofralone 

„  are. In periodic working I 
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This is the ideal case of a rotor in stabilized level 
flight (when the machine is stable or indifferent ). 

The phenomenon is periodic : the marginal helix vortices 
have reached their equilibrium location and perform only 
periodic displacements, when V varies. Thelrdlstanoe z 
to the blade depends upon the azimuthal position of the 
latter. This distance t takes into account the flapping 
effect p fi . There is no reason, therefore, to consi- 
der this effect separately, as this has been done In the 
previous paragraph for transient conditions. 

The radial vortices, of the type studied by R. Loewy, form 
a steady surface which extends towards infinity.  A theo- 
retical problem arises concerning those vortices : what 
happens to them when the sheets of helix vortices coil 
up to form the marginal voriices ? 

From a practical stand-ooint it may be noted that the 
intensity of the radial vortices is only high at the 
immediate vicinity of the blade. This remark permits 
approximations to -be introduced. 

5.25 - Conclusive remarks 

The application of the non-stationary theory leads, for 
fixed wings and incompressible flow, to satisfactory results. 
This makes one believe that the results will also be good 
in the case of fairly high loaded helicopter rotors. 

In the author's point of view, the primary effect of the 
introduction of non-stationary conditions concerns the flap- 
ping motion of the blades (in transient conditions as well as 
in the steady state)and rotor control performance. 

The mathematical apparatus which was introduced In the 
calculations is of the same order as those normally used to 
handle such problems. 

3.3 - Forward flight 

(It is recommended to read first paragraph 3.1) 

3.31 - Setting in equation form 

Let us consider a two-blade rotor in forward flight.  Let 
Pi (t»,^) be the non-stationary circulation at a stand-point 
(r,^) of blade A and VJ  (r.'K) the stationary circulation a 
the same stand-point. 

We obtain : 

/. 
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r
AVi^«4c4^fCür+ v^xtc* ek+ e, cosn0, sin «/) 

• • 

(III.5.74) { 

2    dt 

) 

2    ar 4Tr /     ^r^     r-q       ^     dT      " 
'^ 

The Integral term represents. In an approximate 
*ay, the half helix issued from blade A. 

The relation between the stationary circulation and the 
non-stationary one, is given by : 

(III.3.75)      at" 
2xo.38^ (cor+\/sia^ VtocosV 

cor + VsinW 
r   m 

s0.639-|f   . ^i?i(a>r+VsiaV)+o.«9^i^ 
Cür+Vsla¥j 

For flappingr, we will substitute to this equation the 
following one : 

(III.5.76)\ 

VL + ur   = o.639   1L 
at ^t 

kr 

k=     Z**:™   cu 0.751? 

The flapping equation may then be written : 
(central hinge) 

(III.3.77)   Lp+co1!.^ = f / P (r,V )corzdr 
'ro 

5.52 - Defining vortex location 

As it has been said in the study of hovering conditions 
(paraßr.5.1) two methods are proposed : 

First njethod, 

The first half-turns of the helixes, which are evenly 

  /. 
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distributed along the blade radius, are replaced 
by half straight lines. 

dr, 
r-c 

Then the helix vortices are grouped together in four 
marginal helixes ; 

- two outer marginal helixes (blades A and B) 
- two inner marginal hellKes (   n « n «j 

The circulations of the outer and inner helixes are 
opposed and equal to + P^ ( «f) which is the maximum cir- 
culation to be determined by successive approximations. 

Each marginal helix is replaced by a circle (C*) and a 
solenoid (Sm)  the characteristics of which are summarized 
In tables 5.54 and 5.55. 

TABLS 5.54 

Vortex Circles 

B 

Inner Outer Inner Outer 

Radius r,* ■i ,* fif-o •«/B 

V^aot+Vi   (SO    T V0s\n* + VCzti¥) J 

Circulation *rN do - r„ w * rH  fl -n«^; 

Circle center 
location 
0 B' coso< 

^♦(V. cos^)T ^r+(v;co5«<)T 

/. 
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TABLE ?.?? 

Vortex Solenoids 

A B 

Inner Outer Inner Outer 

Radius R 
2 

R R 
2 

R 

Limits of Inte- 
gration 

Z^   to oo 

Circulation 

Direction of 
axis 

Displacement of 
solenoid axis 0 A 
(see Fig.114) 

Z.-Mslnci+Vit) if 

♦'M 

(^siooUVt^T 

-rM 
(\Js'iri«C4VCr)T 

V0 5ia ot0 + Vi Zm 
\/   COS o< o 

8 

«. .CV0stn<*+\/Cz)T 

^H 

(V03raoC+Vcz)l 

-P M 

(^Jin^+Vtz)T 

V-liao^o + Vt rm. 
\/0t05ot 

8 ' 

The distances z. of  the tables are measured normally to 
the rotor disc, from blade A downwards. 

The value of Vj_ is given by : 

Vc 
Zm" SfVVo1*^ 

The values of Vi^ (f) may be estimated with the help 
of curves of Figuree 107 to llj. 

The first value of rM (^K) 

(III.5.78) ' MA 

1 ' MB /. 
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may be taken, for the first approximation, from 
formula 111.5.7^ In which the induced velocity terms 
are replaced by the meanVctm, 

rM will be computed for r - 0.9 and for f- 0. 90'. 
180° and 270*. 

It is Important to take Into account the circle (C») 
center location. The solenoid axis displacement (OA) may 
be .neglected. 

The effect,op blade A, of the radial vortices Issued 
from blade B will be Introduced In the form of a correc- 
tive term, when the correct value for PM will have been 
obtained. 

The expression of this corrective terra is given In the 
following paragraph. 

Second method. 

In the same way as previously the first half-turns of 
thf helixes Jlstrlbuted along the blade radius will be 
replaced by half straight lines. 

However, In order to avoid thfe successive approximation 
for rM , the remaining helixes will no more be grouped, 
here,in marginal helixes but will be considered as 
sheets of oblique solenoids stretching from z = 0 to 
Infinity. 

The intensity of every elemental solenoid is unknown and 
may be written : .• 

111(0/) 1.  
Or,     C\/sirvo<+^) T 

The corrective term for the radial vortices Issued from 
blade B will be maintained here. 

5.35 - Calculation work up 

Let us write : 

/. 
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f» .  r0   +    iilL  ( ^ _ cos f J 

0 4^ 4T 

are 

o.«fi      Tn«3 

a.i       1n.^       n-«,n ,lJn,' 

The circulatioi'i is defined by 42 coefficients. 

This figure may seem very high, but it may be roted 
that this comes to calculate load distribution^ for seven 
azlrnuthal blade positions,v.'hlch is quite usual in rotor 
calculations. 

We may also note that flapping calculations, with the 
help of equation III.5.57, are simple and that use of 
equations of table 5.20 (still valid) does not raise any 
difficulty, these equations being solvable With variable 
parameters. 

However, the calculations of the Induced velocities for 
variable y values and stand-points (r) such as t 

(III.5.80)  <f = 508. 56°, 45°, 60», 72°. 108°. 120°, 155°. 144* and 
150°. 

are not practically feasible without availability of 
Tables of functions. 

5.5^ - Requirement of Tables of Functions 

The objective is the calculation of the induced veloci- 
ties, for different azlrnuthal positions,for f values 
defined by III.5.80 and for the two parameters u s ~ 
and  ^»m ^  WR 

CUR 

When use is made of the first method, one must compute : 

- the velocities induced by an inner and an outer 
circles, 

- the velocities induced by an inner and an outer 
solenoid, 

- the velocities Induced by the radial vortex corrective 
terms. 
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the 

When use Is made of/second method, one must compute: 

- the velocities Induced by the solenoid sheet, 

- the velocities induced by the radial vortex corrective 
terms. 

The typical formulae are given by equations 111,^,81, 
in Table 3.36. 

In order to render the method practically accessible 
to engineers, calculations should be carried out with 
the help of numerical Tables. 

Digital computers should be used for the drawing up 
of such Tables. 

3.35 - Flexible blades 

It is possible. In the proposed method, to take into 
account blade flexibility. 

To this end , the value of the flapping angle /J must 
be replaced, in equation 111.3.7^» by the natural modes o 
a homogeneous blade. 

The flapping equation III.3.76 is then replaced by a line ir 
system which will define the new Jfi   coefficients substi- 
tuted to the J 

a. = -^ ?c 

4  and h4    flapping coefficients i 

Livt 

'■ T. •/W 
with : 

V = natural frequency of the blade 

CI = flexural rigidity. 

/. 
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4 - CONCLUSION • • 

4.1 - The results of this study show that it is possible 
to substitute to the determination, by analysis, of a 
helicopter rotor vortexrstructure, an experimental method 
leading to a satisfactorily simple and general vortex ar- 
chitecture. 

This experimental method consists in visualizing the 
vortices by smoke emission on model rotors operated in 
a wind tunnel. 

The accuracy of. this method is not very high but it pro- 
ved to be quite satisfactory. 

In order to avoid hasty generalizations of particular * 
cases, a large number of operating conditions and of 
blade characteristics was experimented. 

However, only "normal" flight conditions, such as t 

- flight In established state, 

- disturbances due to rotor control motions, 

- fairly high disc loadings, 

have been considered. 

Peculiar cases such as rotor stall, blade flutter and 
aerodynamic resonances have been intentionally omitted, 

4.2 - Confrontation of the vortex theory with test results 
was made In a way which is believed to be logical. 

The introduction of inner marginal vortices (already 
brought to evidence by Robin Gray) was, in particular, 
considered as necessary as well from the theoretical point 
of view, as for the obtainement of more accurate load 
distributions over the blades. , 

The theoretical correlation of the mathematical vortices 
distributed along the blade to the marginal vortices 
observed in the wind tunnel was not established (same as 
for fixed wings). 

It has nut been possible to demonstrate with accuracy 
that the marginal vortices are to be considered as stream 

'     lines (in a co-ordinate system linked to the blade) and 
that the vortices which appear, at any modification of 
lift, are orthogonal to the latter. 

Our conclusions refer to the fact that the marginal 
vortices do not give rise to any excha^e of energy 
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( V . rot V » 0 ) while the Radial vortioes do give rise 
to such an exchange (7*. rot V / 0). 

In the Rankine • Froude theory, the infinite down-stream 
flow velocity is twice the one at the rotor disc. 

In the solenoid formulae which were used,flow velocity has 
not this double value. 

It seems that a theoretical explanation may be found to 
this in the study performed by R. Hirsch (see Ref.11). 

4.3 - The proposed vortex architecture is intentionally simplifie 

We have sought to avoid,wherever possible, giving empiri- 
cal,, and so called "practical", formulae for situating 
the vortices. 

We believe that such formulae lead to a delusive precision. 

4.4 - Even when the vortex structure is available, the mathe- 
matical problems remain difficult to solve. 

Every time it was possible complex functions were replaced 
by approximate expressions comprising polynomials and 
trigonometric functions. 

Such a "slaughter" of "attractive formulae" is, however, no 
always possible. 

Different methods were sometimes suggested for solving 
one same problem. They are generally subject to the 
difficulty to handle the mathematical apparatus. 

4.5 - The object of this work was to make available to engineers 
a method, easy to work-up, for the evaluation of air loads 
acting on helicopter rotor blades. 

We believe that this result has been achieved though 
a complementary work consisting in numerical calculations 
remains to be performed. 

The distribution of the air loads acting on a rotor blade, 
in hovering conditions, such as obtained with the proposed 
method was compared to the available J. Rabbptt's experi- 
mental results. 

It may be seen that tJie agreement of the two curves is 
excellent, particularly at the blade tip. 

Introduction of non stationary effects, for the stability 
and control calculations, leads to linearized equations 
similar to those normally used for such problems. 
Application of this method to forward flight conditions 
necessitates the use of numerical Functions Tables  /• 
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which remain to be established. 

The calculations of such Tables must be carried out 
with the help of digital computers! 

Availability of these Tables would render the proposed 
method easy to work-up. 

It would also be of Interest to have, for further com- 
parison« accurate experimental data of air load distri- 
butions along the blades. In forward flight, with account 
for non-stationary effects. 
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