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ABSTRACT 

This report describes mathematically a general procedure for forming hierarchical groups 
of mutually exclusive sets in a manner which yields an optimum value for the functional re­
lation, or objective function, that reflects the criterion chosen by the investigator. The number 
of qroups to be formed need not be specified in advance. Given k set1, this tecbni~e permits 
their reduction to k - l mutually exclusive sets by considering the union of all po11ible pairs 
that can be formed and the selection of that union which has the highest payoff value with 
respect to the criterion chosen. This procedure can be repeated until only one set remains. 
Hence decisions on the number of groups to be used can be baaed on a knowledge of the 
"costs" of grouping at each stage in the entire hierarchical structure. A computer flowchart 
and a numerical example of the grouping procedure are provided. An Appendix shows how to 
determine the number of pouible ways of forming groups and the number of distinguishable 
unions possible. 

ii 

·t 

I 

.. , 



PREFACE 

In many situations it is desirable to group large numbers of persons, jobs, or objects 
into smaller numbers of mutually exclusive classes in which the members are as much alike 
as possible with respect to some criterion. When the grouping is done in a manner that 
establishes a taxonomy, or system, of mutually exclusive clusters wherein each larger unit 
is a combination of subgroups, these clusters are called "hierarchical groups." Hierarchi• 
cal grouping is particularly useful for classification purposes. In the past it has been used 
to classify plants and animals with respect to genetic background; also to organize and 
catalog materials, such as library holdings, so as to facilitate the storage and retrieval of 
information. Similarly, hierarchical groupings of persons and of jobs make it easier to 
consider all the information available for purposes of personnel administration. Until now, 

·however, hierarchical grouping has usually been accomplished by armchair rather th<m 
computer techniques. Hence its use has been limited, optimally homogeneous groups have 
not -been formed, and the loss resulting from the grouping has not been quantified. 

This report describes mathP.matically a general procedure for forming hierarchical 
groups of mutually exclusive sets in a manner which yields an optimum value for the 
functio.nal relation, or objective function, that reflects the criterion chosen by the investigator. 
The number of groups to be formed need not be specified in advance. Given k sets, this 
technique permits their reduction to k • 1 mutually exclusive sets by considering the union 
of all possible le(!. - l )/2 pairs that can be formed and the selection of that union which has 
the highest payoff value with respect to the criterion chosen. This procedure can be re­
peated until only one set remains. Hence decisions on the number of groups to be used can 
be based on a knowledge of the costs of grouping at each stage in the entire hierarchical 
structure. A computer flowchart and a numerical example of the grouping procedure are 
provided. The Appendix shows how to determine the number of possible ways of forming 
groups and the number of distinguishable unions possible. 
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· HIERARCHICAL GJ'OUPING TO MAXIMIZE PAYOFF 1 

' 
INTRODUC110N 

Slbaatlona &equently arl11 1n wblcb lt 11 clea~ to cabin• or CJ'OIP mutually esclual•• 
••ta, or colltctlou of well-cleflned obJect1, 10 a to hacrNle the efflcl•cy wltb whlcb they can 
be conaldtred. Tb• grouplnt, or unlonf of_ colltctio_n1 of object• man lt eal• to comprehend 
larcie collectlona and often lncreaae1 th• efflcincy of practical operatlona. However, CJfOUplng 
ordinarily rHulta ln some lo•• that may be. quantified ln a "value-rtflectlng" number associated 
with tbe grouping. 

Suppose, for example, a collection, or set, of rating• has been obtained for 10 individuals. 
Let us say th11e values are 12, 6, 5, 6, 2, 2, 2, 0, 0, Ol. A common practice la to u11the mean 
value of the obaervatiou to represent all scores rather than to consider the individual scores. 
Here, for instance, the mean, 2.5, would represent the 10 scores. The loss in information re• 
aulting from treating the individual scores as one· group ii ii. ·Heated by a value-reflecting number " 
called the "error sum of squares" (ESS). 

OBJECTIVE FUNCTION 

. The error sum of squares is given by the functional relation, 

n 2 l n 2 
ESS == I 1 , • - ( I Ii ) , 

i=l n i=l 

where xi is the score of the ith individual. The error sum of squares for the example is given by 

10 10 

ESS (one group) = l x~ .1. ( l 1 1)
2 

= 113 • 62.5 = 50.S. 
i=l 10 i=l 

The functional relation used to obtain a value-reflecting number will be referred to as an 
"objective function." In this example, the objective function yields a value that represents the 
information lost when the 10 individual scores are treated as a single group. In general, the 
objective function is any type of value-reflecting number. Aa we have seen, it may be the cost 
associated with a particular grouping. It might refer, for example, tn the crosstraining time 
expected to result from grouping jobs into mutually e,rclusive categories. Again, in information­
theory terminology, the objective function might refer to the amount of information still available 
after grouping. 

HIERARCHICAL GROUPING . 

If we are willing to classify the 10 individuals on the basis of their scores into four 
groups, 

(0, 0, 0), (2, 2, 2, 2), (5), (6, 6), 

we can use a different value - the mean of each group - to represent each of the four sets of scores 

1 Manuacript releaHd by th• author for publication aa a WADD Technical Note in March Itel. 
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without •1 lou of laformatlon. In th• exC111ple, th• objective function ESS (four p,-.,~would 
becaputecla: 

ESS (four group•) = ES., (Group 1) + ESS (Group 2) 

+ ESS (Group 3) + ESS (Group 4) · 

ESS (four groups) = [ . I xf - -
3

1 
(_ I xd 2] 

,-1 a=l 
- . 

(Group 1 acorea) 

(Group 2 scores) 

( Group 3 scores) 

[ 

2 2 ] , . 2 l , . 2 
+ - xi - -( .. x1) 

l = 1 2 1= 1 
( Group 4 scores) 

ESS (four groups) = 0 + 0 -+ 0 + 0 = 0. 

From this we see that when all the scores are combined in one group, considerable information 
is lost; but when the scores are considered in four mutually exclusive groups nc., .n{ormation is 
lost, as indicated by the value of the objective function. 

APPROACH TO HIERARCHICAL GROUPING 

The grouping procedure described here is based on the premise tho:t the g1eatest amount of 
information, as indicated by the objective function, is available when~:"•: array of ·n objects is 
ungrouped. Hence the grouping process starts with these n objects, which are term'!d qroups or 
sets although they contain only one element. The first step in grouping is to select which two 
of these n sets should be c~mbined in order to reduce by one the number ·of groups, while pro­
ducing the least impairment of the optimum value of the objective function. The n -1 resulting 
sets then are examined to identify which pair of groups should be merged in order to secure the 
optimum value of the objective function for n - 2 groups. This procedure can be repeateci, if 
desired, until all the original n objects are in a single group. Since the number of sets is sys­
tematically reduced fn, n -1, ... , l), the process will be referred to as "hierarchical grouping." 
The resulting mutually exclusive groups, ot sets, are called "hierarchical groups" inasmuch as 
each is a combination, or union, of subgro'Jps. 

Hierarchical groups formed in this way are particularly useful for classification purposes 
( 1, 2, 3, 4, 5). Such groups may be used, for example, to establish taxonomies of plants and 
animals with respect to genetic background. They also permit the organization and cataloging 
of materials, e.g., library documents, in a manner that facilitates the storage and retrieval of 

2 
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t ·, 

lnfonnatioa. Similarly, bleracldcal 9fouplap of Jobi may be helpful ID lcleatlfyi119 job· "t~•'~ 
and "nb~•·" 

We 1hall not attempt · to catal09 tbt varloua applleatloas of the blerarclalcal pupln9 prooe11. 
Howewr, th• 111efulae11 of thl• method 11 not r•trlcted· to tbt famlllar type• of cla1lflcatlon 
problem,. For examplf', ID practical prtdlctlon problem• lt may be de1lrabl• to form blerarchlcal 
groupa of prediction equation• 10 a1 to select a smaller number of equatlona for Ult In place of a 
large number of different equations. A current 1twly2 l1 det•minlng 1011 agaln1t •ev•al coat 
criteria when a ~mailer nuinb;tr of predictive 1quatlon1, 10 1elected, are 1ub1tltuted for 60 differ• 
ent regression equa,iou ,developed for predicting 1ucce11 la Air For~ :'echnical Schools. Al- -
though it ~ay be desirable sometimes to disregard the hierarchical arrangement in finding the 
"best" partitioning into groups for predictive purposes, a hierarchical grouping is preferred in 
many practical situations. Even when a nonhierarchical groupinq is sought, the hierarchical 
approach described in this, article wi 11 yield a good solution although it may be one that does not 
optimize the objectiv~ ftinction. 

In some situations the desired number of groups can be specified in advance; in others, this 
is difficult t~ do. 3 In either event, it may be feasible to reflect in the obje,:tive function what­
ever "value" is associated with the number of groups. If this is done, the optimum value of the 
objective function may be attained at some stage when the number of groups is greater than one. 
This situation arises, for example, when it is desirable to obtain a hierarchical grouping of re­
gression equations and the nbjective function is the probability associated with the test of the 
hypothesis that the regressioh equations within the groups are homogeneous. In this case the goal 
is to identify and use that particular grouping for which the test statistic has the largest probability 
of occurring by chance under the hypothesis of equal regression coefficients. The number of groups 
that would satisfy this objective function is quite likely to be greater than one group. 

A problem often linked with the grouping problem is that of assigning or classifying new 
object~ within accepted groupings. This problem may be resolved by developing discriminant 
predictive equations from the data available on the objects that have been grouped. However, 
this problem, as well as thos~ involved in selecting objective functions and deciding upon the 
appropriate number of groups to be utilized, will not be discussed here. The purpose of this 
article is to describe a hierarchical grouping procedure which is believed to be of general 
interest since it has many applications. 

HIERARCHICAL GROUPING PROCEDURE 

UNIVERSAL SET (U) AND ITS SUBSETS 

Universal .Hl, U. Consider a collection of n well-defined objects, symbols, or persons. 
This collection will be called a set. The n members of the set will be referred to as elements 
and designated le 

1
, e

2
, e

3
, ... , eJ The order in which elements appear in a set is arbitrary; 

2 DHected by Dr. Raymond E. Christal and Dr. £rnHt C. TupH, Peraonnel Laboratory. 

3 When it 1s dHired to auiQn obJects to k, a specified number of 9roupa -without re9cud for th• aubdiviaiona of 
theae qrnupa - th• QOal ia only to identify the k Qroupa that optimize the objective function. lf the objective function 
ia a linear form, the problem can be formulated aa a linear pro9rammin9 problem. lf th• objective function i• nonlinear 
1n lorm, the problem can be formulated aa a nonlinear proQramminCJ problem (2H however, certain computational difficulties 
muat be considered, 

3 



they are aUlllbired la Nqllellce only a a •••·of oonnnleat ldllltlflcatloa. Tlie·a«·of ,. _ -_. 
•Iwata to whlcla we ahall rNtrlet our-atteatlOII wlll be refenecl to a tli• "aalv•a,1" Ht, 
which wlll be denoted• · 

U • le1 , • 2, ••• , • 11 I. 

Subaet, ol U. If each element of a Ht A 11 also aa element of a Ht B, we 1hall aay that 
"Ai• a aubnt of B." 4 

. Now let u1 define th• following n sets, each of which con1l1t1 of a 1lngle element and 
each of which la a aubaet of the unlv••al Ht, U: · 

S(1, n) = le1 I 

S(2, n) = le 21 

S(i, n) = le, I 

S(n, n) = len I. 

Within the parentheses, the left-hand term i~ the number that identifies the aet, and the right-hand 
term - n in these sets - shows the number of sets under consideration. It is important to observe 
that each of these n subsets of Uhas only one element, e.g., the set designated S(i, n) contains 
a single element, e;, 

Note also that no two of these n subsets of U have the same element. Whenever two sets, 
designated C and D respectively, have no element in common, we shall say "the two sets, C and 
D, are mutually Hclusive." Similarly, when a collection of sets, such as then sets S(1, n), 
S(2, n), ... , S(n, n) defined here, have no elements in common, we shall describe them as mutually 
exclusive sets. 

UNION OF SETS 

Formation ol new seo~ by union. Let us now consider the formation of a new set by com­
bining or grouping the elements o1 a pair of mutually exclusive sets. The resulting new set will 
be termed the union of the two sets. 5 For example, the set resulting from the union of S(1, n ) = 

le1 I and S(2, n) = le21 is a new set with two elements th.at will be denoted le1 , e2 1. The union 
of the two sets will be represented as 

[S(l, n)}U[S(2, n)] == le 1 , e2 l. 

The symbol "U" is read as "union," i.e., S(l, n) union S(2, n). 

4 

4 u A i• a • ub• et of B and A doH not include the entire Ht B, then A i• called a "proper • ubHt of 8," 

5ne concept of th• "union" of two Ht• i• ,applicable to all Ht•, not ju• t mutually uclu• ive Ht•• 



Stnc:e the orderla9 of element, i1 arbitrary and does ·not aff~ct the defl~itlon of th• ••t, th• 
union of two aet1 11 commutative. W• may 1t.~t•, for example, 

(S(1, n)JU(S(2, n)I ,.. (S(2. n)lu(S(1, n)I 

le 1 , e 2 i · le 2 , e I I. 

Wt alao'ean use such statements to express the union of all possible pairs of then mutually 
exclusive sets S(i, n), i - 1, 2, ... , n. TheH n(n - 1 )/ 2 possible unions mciy be designated as 
follows: 

(S(1, n) I u lS(2, n) I 

lS(l, n) I u IS(3, n) I 

ISO, n) I u iS(i n) I ~e , e. I 
I I 

IS(n -1, n) I u IS(n, n) I 

These n(n - 1 )/2 possible unions also may be designated more simply by 

IS(i, n)IU!S(j, n)!, 

(i 1,2, ... ,n-l;j i , l, ... ,n). 

Value ol objective Junction associated with new set . The values of the objectives func­

tions associated with each of the n(n -1 ).12 possible unions of sets may be designated as foll~ws: 

Value of Obiective Function 

Zll,2,n-11 

Zll,3,n-11 

ZI i, L n - 11 

Z[n-l,n,n-11 

Union with which 
Value of Obiective Function. 

Is Associated 

ISO, nl! u IS(2, n)I 

IS(l, n)I u IS(3, n)I 

IS(i, n) I u ISO, n} I 

IS(n - 1, n) I u IS(n, n)I 

These n(n -1)/2 values of objective functions also may be designated more simply as 

Zli, i, n-11 associated with IS(i, n)llllS(j, n)I, 

(i 1, 2, ... , n-1; j i 1 1, ... , n), 

5 
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Within the bracketed expression for the value of an objective function, the left-hand and center 

terms identify the first and the second sets, re~pectively, of the pair cnmbined in the union with 

which the value is associated. The term on the right - n -1 in this instance - denotes the number 

of grcups that will result from the union of these two of the n existing sets. 

HIERARCHICA~ GROUPING CYCLE: 

SUBSETS S(,, 11.) 

Selection of optimum union ol subsets S(i, n). As each of the n(n -1)/2 possible unions is 

consi~ered in turn and the corresponding objective function evaluated, it can be hypothesized 

that _t'!&~ value ·of t1111 pbjective function that results from this particular union of two sets is 

"equal to or b~tt~r t~a~" that for any preceding union. that has beeri considered. If the identity 

0f ti",e '.'optimum" o_r "best" union is main!ained throughout the sequence of comparisons, it is 

~)oss ibl~ to select,· from the n(n - 1 )/ 2 possible unions, the one union for which the value of the 

. objective function is "equal to or better than'' that of the o~her possible unions. This union , 

then, will be accepfed as an optimal grouping when the nu111oer of sets is reduced from n to n -1. 

Designation ol optimum union and as sociated objective Junction. Once a union of two sets 

has been selected as the optimum union for ~u, •. J :rom n fo n - ) sets because it results in the 

optimum value of the objective function, special design~tions will be given to the sets in this 

union. T~e. set with the smaller identification numoer will be designated p 11 • 1; the set with the 

\~rger_identification numoer will be designated q,, _1• 

The- new set resulting from the optimum union will be identified asp 
11 

_ 1• This new set 

will be represented as 

S(pn·l• n-1) IS(pn·I• n)lulS(qn·l' n)I 

:e P , e q I. 
n-1 n - I 

Within the parentheses, the left-hand term, p 11 _ 1, is the identification of the new set resulting 

from the union; the right-hand term, n - 1, indicates that n - 1 sets now exist as a result of this 
union. 

The value of the objective fur.ction corresponding to the optimum union will be designated 

As before, the left-hand and center terms refer to the identification nuwbers of the united sets. 

The term at the right, n - 1, shows the number of sets remaining for consideration after the union 

of these two sets. 

6 
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S(i, n) has been solected, the resulting n • 1 new· suhaets wiU be defined cis follows: 

'-

S(l, n • 1) 

S(2, n-1) 

S(pn•l' n-1) 

S(qn-l -1, n-1) 

S(qn·l 1 1, n-1) 

S(n, n - 1) 

Cc, in simpler notation, we have 

S(i, n - 1) 

Further, when i P11 • 11 

,,,,,,,/ · 

' I 

S(l, n) 

S(2, n) 

S(1n-l - 1, n) 

S(qn·l ' 1. n) 

S(n, n) 

1, 2, • • • / n; 

S(i , n) 

I q n-1 

:e - 11 · 
q n • I 

le , 1 i 
q n - I 

I ' ,e,1 

IS(p 11 • 1, n)I IJ IS(qn·l' n)I. 

Here, within the parenth~ses, the left-hand term identifies the new subsets; and the right"hand 
term indicates the number of sets resulting from the union. Notice that the identification number 

· q n· l is no longer used in the identification of the n - 1 new mutually exclusive sets. When an 

identification number, such as q n· 1, is not used, it will be referred to· as "inactive." 

7 
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S•l•ction ol optimum union ol subsets S(i, n -l). A procedure analogous to that used t'o· 
consider the n(n-1)/2 possible unions of the subset, S(i, n), i = 1, 2, ... , n, and th• valu11 of 
their corresponding objective functions will be uaed to consider th• (n- l)(n -.2)/2 po11lble unions 
of the subsets S(i, n-1). i - 1, 2, ... , q ,.. 1 -1; qn•I + 1, ... , n. The values of the objective 

functions and the unions with which they are.associated will be denoted as follows: 

Volue of Oltiective Function 

Z[l, 2, n-21 

Union with which 
Value of Ol»i•ctlve function 

11 A11ocloted 

[S(1, n-1)) U (5(2, n-1)] 

[S(1, n-1)) U (S(J, n-1)) Z[l, 3, n-21 

Z[i, j, n - 2) [S(i, n-l)IU [S(j, n-l)J 

Zln-1, n, n-21 (S(n -1, n - 1)) U [S(n, n -1)) 

The values of objective functions associated with th~se (n -1 )(n - 2)/2 pos~ibte unions of subsets 
may be given in a more explicit notation in this fashion: 

Z(i, j, n-21 associated with [S(i, n-1)1 U [S(j, n-1)), 

~ 
- 1, 2, , , , 1 q - 1, q I 1, • • • 1 ft• l; J n· l r1· l 

- i • 1, i • 2, ... , q - 1, q 
1 

+ 1, ... , n • 
n •l n -

As before, we shall hypothesize that each of the (n - 1 )(n - 2)/2 unions of subsets 
S(i, n -1) yields an objective function having an optimal value. When all comparisons have been 
made, an optimum union and its associated objective function will be selected and designated 
in a fashion analogous to that employed when the n sets were reduced to n - 1 sets: 

S(p
0

• 2, n-2) (S(p
0

• 2 ,n-l)I U (S(q 0 • 2 , n-I)i 

and Z I Pn -2 , q n • 2 , n · 21, ( P n · 2 " q n ·· 2 ) • 

The identifications are similar to those used before, i.e., Pn·l is the identification number with 

the smaller numerical value, and qn-i is that with the larger numerical value. 

8 



1•afJIJeatJ01 ol n -2 new, mutually uelu1lw ~ubfet,. . •. 
Nlfflecl for •ub•t• S(l, ft -1), the rNultid9 a. 2 new, • utuaily •~luln 1ultHt1 will N efl•N ill 
th• ••• manner aa the ft• l 1ubHt1 were deflaecl •: 

S(1, a-2) 

S(2, n-2) 

.. 

-
= 

S(l, n-1) 

S(2, c• l) 

S(pn•l' n-1) 

S(qn · I • 1, n-2) =- S(qn•l - 1, n-1) 

S(qn•l + 1, n-2) S(qn•l t 1, n-1) 

S(pn. 2, n-2) lS(pn. 2, n-1)! U [S(qn_ 2·, n-l)J 

S(qn. 2 - 1, n-2) S(qn. 2 - 1, n-1) 

S(4,. 2 -+ 1, n-2) S(qn. 2 -+ 1, n-1) 

S(n, n - 2) S(n, n -1) 

We may abbreviate these definitions, and state: 

-
-

= leq - 11 n•l 

= leq n •l + 1 1 

= leq _ 1 I n•2 

leq -+ 1 I n•2 

S(i, n-2) S(i, n-1), 

i - 1, 2, ... , n; 

i I P n-2 

· Further, when i Pn- 2 , 

S(Pn-2• n-2) (S(Pn-1, n-1)1 U IS(qn-2, n-1)1. 

Notice that, at this stage in the grouping cycle, the two identification numbers, qn-i and q,.. 21 

are no longer used. They are said to be inactive. 

6 The definition 1nd1cated here repreaenta the aituation in which th• n-2 aubaeta contain either one or two ele­
ments. The qroupanq at thi• alaqe could result, of courae, in a set which contain• three elements. 
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IUBIETI S(1, ,, 

Notdiiiai ,-•al ca•. TIie 91NPiat 
-cyc1• cleecrlNcl CCII be OODtinllN uW all aub­

•ta h-. beH llllltecl to fona the unlnraal Ht, 
U. At aay phae la wlalcla k mutully uclualv• 

aul,aeta .. acl• coulderatlon, the objective 
function and the won with which It 11 aaaocl-
ated woula be ....... GI' 

Z[i, j, k-1 ]aaa~iated with [S(i, k)IU [S(j, k)J 

where 

i=l,2, ... ,n-1 

j '!' qn•l' q,..2, · · ·, qk 

j ::- j + 1, j + 2, • • • I n 

j ,=qn•l' qn•2' · · ·• qk. 

The optimum union and the value of the cor­
responding objective function will be desig­
nated 

S{pk·l' k-J) == [S(pk•l'k)i u [S(qk·l' k)I 

and 

q" ). ·I 

Furthermore, the elements of any subset, 
S(i, k), will be designated 

~ l; k) = le m , ••. , em , ••• , em I, 
1 a t 

where 

=- number of elements in the 
subset, 

and m 
O 

= identification number of ath 
element in the subset. 

FLOW CHART 

Y· 

The procedure for hierarchical grouping 
is described explicitly in the flow chart in 
Figure 1. Note tr'It the optimum union of ~wo 
subsets S(i, k) is found, the identification 
numbers of the subsets are specified, and the 
value for the objective function associated 
with this optimum union is determined. 

r' 
· ~ 
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.NUMERICAL EXAMPLE 
- -·-- - - - - ·--- - ---- -c-_J- - - ·•·-- -- ... _,. .. - - --· .... -

To Wuatrat• the 9fOIIPla9 proc:ecl1119, let III oaulcler a ..-1- la wla1da a .. WlilclMI• .. _ 
to be grouped OD th• baal1 of ratlat• tlaey laavt ,1 ... to IOIN •Ject. TIie ... IN: 

,.,_ 
1 
2 
3 

4 
5 

·-•owed 
1 . 

7 
2 
9 

12 

The universal set, U, will have one element corresponding to each person, 

where ei refers to person i. The rating given to the object by person i will be denoted as xi. 

The objective function to be optimized during the hierarchical grouping process will be 
d~fined in the following manner. First, consider the hypoth,sized union, 

where 

[S(i, k)] U [S(j, k)] = lem, ... , em , . , , , em l, 
l a I 

t = number of elements in the new set 
resulting from this hypothesized union, 

and · m O = identification number of ath element 
in this set. 

The rating gi-ven by the person identifie·d as m" will be x m • Accordingly the objeclive 
a 

function associated with the hypothesized union will be defined as 

Z[i, j, k -11 -=- ~ (x ) 2 - !( l x ) 2• , 
a = 1 ma t a = 1 ma · 

This is recognized as the sum of squares of the deviations about the mean of th, t observations 
in the hypothesized union. Hence it will be desired to select that particular union which yields 
the smallest val~e for the objective function Zli, j, k-11. 

11 
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~----- TM -,.tatlOllll .aperatlaaa to CICOOllp&b ibit IIIINIClalcal .-Plat.ottN_ ,t ,..._I . ___ ·-~-. 
follow Wa patten (l,lock •umber• 11•• ecrre1,-I to tlaoN la· Flpre 1): . 

lleck 
N•Nf 

1 
2 

2 
3 
4 
5 

6 

6 

6 

6 

7 

8 

,4 

5 

6 

6 

6 

6 

7 

TIM ,..,. ..... 
1 

·1 
1 
1 
1 
1 

1 

1 
1 

1 

1 

1 

2 
2 

2 
2 
2 

2 

2 

'!'" 

k··•S~ 

Z[p 4, q 4, 41 • a hl9h value, 1ay, 100 

j a 1 
I ~ 2 
Z[l, 2, 4) = [(1) 2-+(7) 2)-.SO((l + 7) 21a1 50-32 • 18 
Is Z[l, 2, 41 <Z (p4, q4, 41? I.e., Ia 18<100? · 

Yes; go to Block 6 

Z[l, 2, 4] replaces Zlp4, q4, 41 aa temporary beat 

18 replaces 100 as temporary bnt 

(i = 1) replaces p4 

(j = 2) replaces q 4 • 

Is j = 5? i.e., i1 i. :: 5? No; go to Block 8 

Set j = next higher active number = 3. 
Go to Block 4 

Zll, 3,.41 = [(1) 2+(2) 21-.50((1 +2) 2]=5-4.5=.S0 
Is Z[l, 3, 4]<Z[p4, q

4
, 4]? i.e., Is .50<18? 

Yes; go to Block 6 

Z[l, 3, 4] replaces Z[p 4, q 4, 41 as temporary best 

.50 replaces 18 

(i = 1) replaces P 4 

(i = 3) replaces q, 

Is j = 5? i.e., is 3 = 5? No; go to Block a· 

The procedure can be continued until all possible unions have been compared. We find 
the optimum union is one combining p 4 = 1 and q 4 =- 3 for which the objective function is 

Z[l, 3, 41 = .SO. 

As a result of this union, we have four new sets: 

5(1, 4) = 11, 3 I 
5(2, 4) = 121 

5(4, 4) = 141 
S(S, 4) = Isl. 

Notice that the value q = 3 is no longer used to identify a set. 

12 
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I • 

..._ t11e ...., .. ,....... 1a ..,...i w1t1a· U..·• ,11,, .... iw •·•Ii 11110.·rei11t-
1at 1a tliN 9f0upl la tbat in whlcla p3 • 2 '- combl ... with t, • 4, f• wlllala die aJNtlw fao- -· 
tlon la 

Z[2, 4; 3) • 2.00 
As a result of thl1 unloa, we have thlN HW Nt1: 

S(1, 3) • 11, 31 
S(2, 3). • 12, 41 
S(S, 3) = 151. 

Notlce that the valu•• q4 = 3 and q 3 = 4 are b,,.,ctivc 

When the procedure is repeated, we find the optimum union leaclinq to two group• i, p2 == 2 

and q2 = 5, for which the objective function 11 
S[2, 5, 2] - 1-· ~7. 

The two new sets resulting from this union are: 

S(1, 2) =_11, 31 
5(2, 2) = 12, 4, SI. 

Notice that the values q 4 = 3, q 3 = 4, and q 2 '"'5 are now inactive identifier,. 

Finally, when these two sets are united in one group, p 1 = 1 and q 1 = 2, the objective 

function now is 

Z[l, 2, l] = 86.80. 

The final set, then, is expressed as 

S(l, 1) = 11, 3, 2, 4, :..f. 
.. Notice that the sequence of the elements reflects th~ order in which they e· t•ed into unions 

during the grouping process. (See Figure 2.) 

Element Numl.er of Groups 

Identity 1 2 3 4 5 

1 1 1 1 1 1 
<.- - - - - - -

3 3 3 3 3 
< ------ - --------------------------

2 2 

4 4 

5 5 

Value of Obj~ctiYe Function: · 86.80 

2 

4 

2 2 

<----------------
4 4 

2 

4 

5 

< ,. ______________________ _ 

5 5 s 

12.67 2.00 .50 

F lg. 2. Su111•ory of re1ult1 of hlerarchlcal ffeuplnt for numerical u111111plo. 

13 



HIERARCHICAL UITINQ .. 

If we...,.. t1lt flnnol ll1tl119 of el~nts 10 aato identify the sequence in which ~l•ments 
... altecl charlacJ the pup!DCJ operationa, U ·will be extremely . usef-ul in describing the results 
of ta blerarc:hlcal cpo11pl119 procedure. Ta.kt, for excanple, Figure 2, which gives a hiorarchical 
U.tlat f« the n11111rlcal excnple deacribed. Thia dlaplay bas lhe addeq act,vantage of showing at 
wblch phaN the element gr0i.lplng1 took place and the valuH of the objective functions for each 
union. In cp,aeral, Wfhen the final ordering of element• i1 such tbat each pair of mutually ex­
clualve·••t• th'li waa united In the grouping proce11 occupies adjacent positions in a list, this 
ll•t will.be called a "llat of hlerarehie.c:d .. gmup.s,~' or a "hierarchical listing." 

There obviously is more than one list that will · satisfy this condition. In the 5-person 
problem dl1cu11ed, thrt1e different listings ·of. the elements could be called hierarchical listings: 

1, 3, 2, 4·, 5 
or 3, 1, 2, 4, 5 
or 5, 4, 2, 3, 1. 

However, of all the possible hier-archical listings, .o.nly one has its items arranged so as to 
minimize the number of interchanges needed to place the numbers identifying these items in an 
ascending series. A hierarchical listing that has this property will be called a "proper list." 
For the example, the proper list would read 1, 3, 2, 41 5. The grouping procedure described in 
this article yields such proper lists as a result of the way in which the identification numbers are 
ordered during the grouping operations. 

SUMMARY 

A procedure has been described for forming hierarchical groups of mutually exclusive sets 
in a manner which yields an optimum value of an objective function. Given k sets, this method 
permits their reduction to k -1 mutually exclusive sets by considering the union of all possible 
k(k-1)/2 pairs that can be formed from these sets and selecting the union with which the optimal 
value of the objective function is associated. J'he procedur~ can be repeated until only one set 
remains. The method also yields lists of hierarchical groups showing the sequence in which sets 
have been grouped. A flow chart and numerical example are provided. 
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APPENDIX 

DETERMINING THE NUMBER OF POSSIBLE WAYS OF FORMING GROUPS 
AND THE N_UMBER OF DISTINGUISHABLE UNIONS POSSIBLE 

NUMBER OF POSSJBLE WAYS OF FORMING GROUPS 

To determine N(Pn ), the number of possible ways of forming the groups that could result 

from applying the hierarchical grouping procedure, let' n be the ·numb~r of elements to be grouped. 
Then we have 

Also observe that 

N(P") = (~)(n2 lHni) ... (~) 

{"(n;1~ ~n-l)t2J ·. ~; ~ 
nl(n-1) !1 2 

2". l 

For example, N(Pn) for ns 2 through 8 is 

n N(Pn) 

2 1 
3 3 
4 18 
5 180 
6 2,700 
7 56,700 
8 1,587,600 

NUMBER OF DISTINGUISHABLC UNIONS POSSIBLE 

The investigator may wish to determine the number of distinguishable unions that are 
possible when the hierarchical grouping procedure is used. The way in which this is done is 
bes-.~ observed in specific examples that illustrate several independent situations. Therefore, 
for each -value of the number of elements n =- 2 through 6, we shall consider the possible oc­
cupancy numbers that could arise. 
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APPENDIX (ConUnu,ci) 

Po11lltle MUIINrOf 
Occu!••ci N•ber Dl1tl11tuilheltle Union• 

For n = 2 

l l (_ll~/21 ·- l 
111 

20 
2! 

(2 ! 0 ,, = l 

Total 2 

For ft• 3 

l l 1 
·3 I . 

(1 ! 1 ! l ! )/J ! l 

2 l 0 
3 ! 3 (2 ! l ! ) -

300 (3 ') = 1 
3 ! 

Total 5 

For ft=, 

1 1 1 l ( 4 ! )l 1 
l!l!l!l! ·

4
· 

1 

2 l l 0 ( 4 ! ) 12' 
2 ! l ! 1 ! ' . 

6 

2200 (_!l_)/2' 
2 ! 2 ! . 

3 

3 1 0 0 
4! 

(3 ! l ! ) 4 

4000 (~ !) = 1 

4 ! 

Total 15 

• 
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APPENDIX (C•Uaued) 

, ....... ~ N1• 1NN ef 
!!!ll!!11•z N1• •11 Dl1tl!IJ!I ... W.U.IN1 

,, •• •J 

11 -1 11 51 Ii 1111 11111 )/5 I - 1 

21110 -~ 51 •10 (2 11 1111· I )Ill -
_,,,)2 I ~ : 11 )/2 I 

... 
22 l 0 0 • 15 

-
31 l 0 0 '3, ~: 11V

21 = 10 

. 32 0 0 0 51 
(3121) 

1111 10 

H 0 .00 SI 
· (4111) = s 

50 0 0 0 (~) = 1 
SI 

Total 52 

For It-~ 

111111 (1 ! 1111 ~ 111 11 I)/& I = 1 

21 1110 (2!1!~:l!ll)/41 = 15 

2 2 1 l 0 0 (212 ~; 11 !)1212 ! = 45 

311100 ( 3 11 ~: 11 ~/J I = 20 

2 2 2 0 0 0 61 
(2 I 2 12 I )/3 I = 15 

32 1000 61 
~ 12-11 I) -= 60 

(Continued on next page) 
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