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ABSTRACT

Prcpagapion of'électromagngtic waves in awcoaxial system is investigated.
The configuration is ﬁhat éf an idealized dielectric coated antenna standing
pgrpendichlarly on a perfectly conducting plane being fed cOaxially‘at i@s base.,
fhe ﬁeth0d~uséd involves ‘integral transforms and leadS'fo,an infinite'set of
simuitaneous linear eQuations relating an infinite number of unknoﬁns, By
proper ghoice of transverse dimensions,onlyré?finite number of equations and'
unkhowns need be considered, It is therefore possible to obtain expressions

forwthé ampiitﬁdé of the surface wave and the admitﬁéﬁde'of the.anﬁenna.
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INTRODUGTION

The purpose of this paper is to solve a boundary value problem related to
wave pfopagation in a coaxial system. The‘system donéists of a dielectric-cov-
ered cylindrical conductor protruding from an infinite flange_and extendiﬁg to
infinity, The center conductor and its dieiéqtrié shell are extensions of a .

coaxial transmission line which is terminated at the flange, The surfaces of

the flange, the coaxial line and the center conductor are assumed to be per-

fectl& conducting. This problem is the‘idealiiation of an antenna problem in
which a vertical dielectric-coated cylinder, standing on a horizontal, perfectly
conducting ground is fed by a coaxial line.

A general solutidn for this boundary value problem is found in terms of
an infinite number of linear equations with an infinite number of unknowns,

These unknowns are related to the scattering coefficients at the end of the
tgaqsmission line, The solution is obtained by generalizing the'mephod used
by N. V. Zernov to solve the problem of radiation of electromagnetic waves
from a circular wave guide [1]. The field components are found in terms of
an infinite series whose coefficients are determined by solving the infinite
set of linear equations. However by a suitable choicé of the transverse
dimensions of the line, the infinite set may be approximated by just one
equation. From this equation one can find the reflection and transmission
coefficients of the dominanﬁ mode of the transmission line.,

The geometfy of the problem suggests that a surfacelwa#e of the Sommerfeld-
Goubau type will propagate along the semimlnflnite dielectrlcucoated conductor in
the half-space. Expressions are found for the amplitude of the surface wave, the
rédiaﬁed energy at great Qistances, the coefficient- of reflection and the ratio

of energy carried by the surface wave to the total energy delivered by the line,
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The final expression for the ratio of energy in the surface wave to the input

energy can be employed in choosing the dimensions of the system so that the

_ dielectric-coated rod will transfer energy efficiently. Such information can

be useful in the design of television systems or high frequency links {2].
Problems similér to this one haﬁe.been treated by Papadqpoulos [3],

Schelkunoff [L] and Zernov [1]. This pérticular problem is an extension of

work donebby'Papadoppuios, the difference lying in the addition of the dielec-

tric coating.
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I. GENERAL DISCUSSION
Region ITI
\ €2 By
N | |
4 . '
— — — ) —
// | )
ngion I \ Region TT ‘
¢1 W |

Fig. (1)

' In the problem to be considered cylindrical coordinates (I"(p,‘z) will be
used, as shown in Fig. 1. An infiniteiy long, conducting cylinder of radius b,
covefed by a lossless coatiné of radius a (a>b) with dielectric constant zl.
and pefmeability ul is placed coaxially in the region = «<z<0 within a
cirdu;l.ar pipe of radius a, and extends to infinity' in the haif space z>0. The
plane z = 0 terminates the circular guide and is perfectly conciucting in the
region r>a. A symmetrical transverée electro-magnetic wave (TEM) is assumed
to bropagate within the guide with a time dependence of the form exp (-iwt).
‘The azimuthal angular dependence of the field is taken to be zero; i.e. a/a.;p = 0.
"The field components Hr, Hz and .E <p. are therefore null.

.Since the longitudinal component of the magnetlc field is zero and since

the medium is isotropic and homogeneous, the entire field can be derived from

-& scalar wave function ¥ 5 or in this case from the axial component of the
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electric Hertz vector [5]. The field components of these symmetrical modes are

given by the following relations:

= ige X
H(P iﬂ)e 3r .
The function V¥ satisfies the wave equation,

2
(

e ] Ll
(V)]

subject to appropriate boundary conditions,

To solve the problem we consider three distinct regions as shown in Fig. 1,

namely:
Region 1, b<r<a, -w<z<0
Region 2, b<r<a, 0<z<w;

Region 3, a<r<w, 0<z<w,

Potential functions are obtained by finding the solution of (L;) appropriate to

each of the above three regions and satisfying the necessary boundary and con-

3 .28 2y . .
5—5ra—x‘-+-—z§-+k)w 0,

L

(1)
(2)

(3)

(L)

tinuity conditions. The boundary conditions which ¢ must satisfy are:

2
°¥ .2 ' '
— + klxyl =0 at r=b, r=a, z<0
92z
2

5 + klvz =0 at r=b, 220
oz

AF-4561/10
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u—s = '
3z = © at z2=0 r>a Reg. 3.

The coﬁtinuity conditions are:

B T g By s | o = Hop and“-'Erl = Brp
at the boundary between regions 1 and 2;

Ez2 »= Ez3 K H“,2 = H¢3 and ei Er2 =& Er3

at the boundary between regions 2 and 3.

AF-14561/10




II. POTENTIAL FUNCTION FOR REGION 1.

The solution of (4) in region 1 which satisfies the required boundary con-

‘ditions has the form [6],

Civ 2 ® -3y

v o : - nz '
1,1 =09,,€ A a e, (a-nr)e s (5)
where ¢ @) =Jd (ar) ¥ (@b)-J(@p)Y@r) s (6)

and Poo = 1oger. The constant Y, is the propagation constant of the n-th mode,
a,n is the amplitude coefficient of the n-th mode, and @ = e is the n-th positive .

zero in order of magnitude of the function,

vJo(a.a..) I @b) -J_@b) ¥ Ga) = O . (7

-The potential function wl is made up of a forward going TEM wave of amplitude

one, a reflected TEM wave and an infinite number of circularly symmetric trans-

. verse magnetic modes which propagate in the back-ward direction and form the

scattered field, Each of these modes satisfies the required boundary conditions.

Their collective presence is necessary to satisfy the required continuity con-
ditions at 2z = 0. By symmetry the TEM mode excites only those higher modes
which have no ¢ dependence.' .

If we substitute ¥, in (L), the.following relations between the con-

. stants an and the propagation constant: 'Yh ére found to hold:

AF-4561/10
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— 2 2 *
Yp=Vik -a; ’
Yy mky o, 0,20

We take that branch of the square root for which 0<argy, S v for n> 0, and
with the appropriate coax geometrj we can"assurg that Rek1<a. n for n>1,
This-éhoice allows the dominant mode which has zero cut off frequency to pfop-
agate; all other modes are cut off and_decajr exponentially at a rate that ine.-
creases with n, For large values of n the propagation .constant. Y of the n-th

mode can be accurately approximated by,

2 nn
» k] - . (9)
- (a - b)2‘ :

For h.>_1, 7121 is a negative number, -

*The choice is made so that the radiatidn condition at -« will hold. Forj the

n-th mode ¢Qne‘lYnz =@, exp[-iZ(ReYn + iIm Yy )] = ®on exp[zlmqg‘n - izR eYh] if

I 7,70 e exp(—iynz) - 085S Z — -= .
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III. POTENTIAL FUNCTION FOR REGION 2.
To find the potential function for region 2 of dielectric constant €q
and permeability By , we use the Fourier integral cosine transform pair which is |

usually written in the form,
s(\,r) = ‘é“v(r,z) coshzdz (10)

and , V(r,z) = -ﬁ-/" S(\,r) cosdzd ., _ (11)
0

If we multiply (L) by coshzdz and integrate between zero and infinity, we obtain

the following result:

5 ‘ o
»(-a—rﬁ SEt k1 - 2%) s(a,r) 57 | z=0 3 b<r<a . (12)

Representing the differential operator in (12) by L we have,
a,r) =2 |
L S(l}r) az ‘ z=0 o (13)
The solution of (13), involving the Hermitian operator L, can be represented by,
S(r,r) = £(A,r) + g(r,r), (1h)

where f is the inhomogeneous solution and g is the homogeneous solution
(i.e. Lg ='0),

In region 2, the functions cpoi(kir), i=1, 2, 3, « . » are the eigen
vectors of the differential operator L with eigen values 9 0} i ¥ 13. s for

j # i) and form a denumerably infinite dimensional orthogonal basis. Any
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function in this space can be uniquely represented in terms of its components

| along this orthognal system. We can therefore express the inhomogeneous

solution f

£ .= i=o. _fi q’_oj_(a‘ir) . (15)
Let,
N .z S
oz , z=0 o & ‘Po:L(a:Lr) ’ v - (16)
- (£ 9) (@ ‘“ s @ )
where £, =1 ""01"")‘ gy = and the bracket
1 Poir Poi ? 1 (q’oi’ ‘POJ

notation is defined by (p,q) =/ @ p p g dr. Substituting for f and

% | yuo from (15) and (16) in (13), we find that,

ﬁti)‘i' Poi © i g

P (a7)

' g;
From (17) we have f T and hence,

M8

€5

The eigenvalues )‘i can be found by direct substitution of <poi(air) in (12),

)‘i =Y§_ -2 . Substituting for )‘i in (18), we get:
o g‘ .
= z ——.—J--—- |
£= .2 T2 % 1(er) . (19)

If we substitute (19) in (1) and tske the inverse Fourier transform we get,

AF-4561/10
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o @
v, = 2 3 % 9 .(a. )cosazmd: + 2 (A ,r)coskzd)
2 w i=o0 Y2 - 1? oi‘ir - T g\, A
o 1 + /0
or after integration,
¥, = iio bi%i(air)eﬂiz + G(A,r)coshgdA , - (20)

0

where the constant % has been absof&ed by the unknown functions, b, and G(A,r)
(G(x,r) = % g). It should be noticed that the unknown homogeneous solution
g(A!r) is nondenumerably infinite or g(A,r) is a continubus function while

the bi - 8 are countable,

The homogeneous solution G(A,r) is chosen as follows,

' . '
G(l,r) = %LEE%Ez _ﬁiiﬁlg s . (20)a
1(q2) -

o

‘where

A, (igr) = Jo(k::_r) ¥, (k;_b) - J (k]'_b)vYo (g r); (21)

and k) = Vi -»° with 0<arg Vi =22 sm. .

The choice for  G(A,r) in (20)a is made to facilitate the matching of the
boundary conditlions,
. i’ri'z
In region 2, coaxial modes of the type LD cannot exist, so the

residues of the integral in the complex \-plane of (20) mnsﬁ cancel all such

modes, and it will later on be shown that such modes are cancelled. Wz satisfies

the boundary condition at r=b, z>0 and the integral converges uniformly for

AF-u561/1o
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laxjge A if E()) is well behaved. We will see in sec. V that £()) 4n fact

- behaves nicely when X\ is greater than a constant A’ and converges uniformly

. - to zero as 0(1'2) when A ==

AF-U4561/10
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. where @ is the polar angle and RS = z? .2,

12

IV, POTENTIAL FUNCTION FOR REGION 3:

For region 3’ of dielectric constant €, and permeability Hos following

2
a line of argument similar to that of vz, we can get ‘113 in terms of an integraﬁl

function, i.e.

W3 = f“ F(A,r) cosizdA , - (22)
(1)(k r). 1 ' z 2
where F(X I‘) = ()x) Tim I{-————;z- and k2 = k2 - N
a 5 - '

We take again that branch of the square root for which O<arg (vég _)\2) <u,
and to satisfy the radiation condition at infinity we assume the free space

5 to be k2 = Rek2
real mmber. F(A,r) is associated with the cosine Fourier transform of WB .

propagation constant k + i6 where & is a small positive

\|13 satisfies the boundary condition at 2=0, r>a and the radiation condition

at infinity. At large distances 1!3 - behaves as, ;

*B;IPdAf(X) eiR [\/kg -X? cos® + sin®], (23)

2
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V. THE CONTINUITY CONDITIONS
The continuity of the tangential and normal components of electric and

magnetic fields across the boundaries of the three regions give the following

relations:
2
%y Ca
g + k‘iWB = ——-%- + kgva s r=a, 0<z<ew } (24)
oz o3z
2%y, aQ‘yB
€1 5% = %2 57or | ree, 0gz<e 5 (25)
oy )
. L % _ -
108 57 T e 5 0 , T8, Ogn<=; (26)
2%y, az\yz ~ .
e : bgrega, z=0 ; (27)
2 2
%Y. oy
1 2, . 2 2 =0
81 T3t &N T & 3t kY, ,  BET<a, 220 ; (28)
oz oz ‘
and .
2
%Y 3
ey~ = dwe, 325 5  bgrss, =0, (29)

In equations (5), (20) and (22) for ¥ ,?2 and \4/3 there are four sets of

unknowns, namely the b , a , E(A) and %2 (A). The unknowns can be found from

n
four of the six continuity conditions given above, since two of them are not

independent, For example (25) is a consequence of (2l) and (26); similarly (28)

AF-4561/10




1h.

follows from (27) and (29). Thé féur unknowns are therefore-uniquely
determined by conditions (2L4), (26), (28) and (29).

The functions E(A\) and ¥ (\) are determined by substitution of 113
and 1!2 in (2h) and (26).
The first gives,

£ E() cosnadn = LTE (A) coshadh,

‘and thus R

M) =2 . - ' (30)

Substituting the above relation in (26), we obtain,

b, irz - 2 Iv,2 .
€13 © MRS | nz-l LA on(a a)e + (31)
1 (]_) 1
Az(kla) E (\)cosiz e [ ) (k2a) COSAZ -
e L . 2053 g\ = - ¢ £ () 2__coskz 5y,
1% & (' a) x 2 Yo Hﬁ)(k 2)
' 1»k1 1 ‘ o 2 k2
where k; = /K2 - 22

-8, (k a) = -Jl(g{a) Y (k;b) +J_(k;b) ¥, (k;a)

and Al(k.ia) has already been defined by (21) 3 the prime in the expression
q;on(ana) denotes differentiation with respect to the argument. Equation (31)

‘can further be si.mplified by making use of the Wronskian relation, which for

AP-4561/10
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the pair. VJobnr) and Yo(anr) is,
. o ) ‘
Jl(anr) YO_(anr) 'Jo(anr) Yl(anr) = ?1_'&;5 . (32)

. | v . ,
With the help of (32) and (7) we can write -(pon(anr) in its equivalent form,

-9, (@ r) =J € a) ¥ (¢ a)-¥,(ca) J @ga),

. Jo(anb)
.(Jl(ana);Yo(ana) -J (@,2) Yl(ana))w s

"

2 Jo(anb)
na 2 Jo(ana)

*

Making use of the ‘above expression and rearranging (31), we get,

b ¥z ® J @ b) ir =z
_o. "o 2 3 o' n S
a ° ~ % n21 Pn JoianaS © ' (33)

oy Az(kia) Azd\
bk Ho1 (2)  ky fy(a)

=

The ar’gumenﬁ of the 'int'ég‘ral in (33) is the cosine Fourier :f.nﬁ'egrél‘ transform

of the left hand side. Using (11), we obtain,

®2 g B ,0qa) |

b itz @ J (@) ir.z
0 o] 2 3 o' n ~'n
(5 e - = e Py ——-(—-—-Ho cn e Ycoshz\dz,

2o
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and after simplification the resulting eguation for & (M) is,
| hde Z by Jo(ccna) 211 - !21' ?o‘oﬁ
z - o (3L)

anr € (1)(k;8,) 51 Az(k],_a)
kz'gﬁl’(k'za) i A0qa)

o Equatim (3&) gives E(\) in terms of the unknowns b s to find the b,
we shall make use of the continuity conditions (27) and (29) between *1 and
t3' at z=o0. From (27),

-}

b
(1-a,-b) =2 - 2 av, (a2 bn>q>;mcanr> 68

where again prime indicates differentiation with respect to the argument of the

éylindrical functions. Equating the coefficients of the independent functions

(p' (a r) to zero, we get

..an + 6110 = bn ) | ‘ (36)

_ where 6  is the Kroneker delta symbol hawing the following property:

0 for m$n,

{ 1 for m=n,

AF-4561/10
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Similarly, substitution of *1 and y, from (5) and (20) in to relation (29)

.20, % . Q'(dr)‘
'Y "n*l 'nn on' n

a | (37)

Eliminating the & by means of (36) we obtain

” .
8, (i, £)EQ) -
2 1_z
p Al(klr) k ( °) r nsl nn c?nanr) )

Equation (38) has the form of an expansion in terms of the orthogonal cylindrical

on (@ o) where,

TACORRASORAOREAIORAORY LINNED

Lo
on

and [

L]
L § 1
v
Q
L]
o
»

If we multiply(38)by re! (= r) dr and make use of the orthogonality relations,
assuming that chenging the order of integration and summation is permissible, we

-8hall have an infinite set of linear equations for b, s Fbllow_in'g the above

‘discussions, we get,

,
-

.é"‘ .' ?iff%}{; TJ(X)& - 2(1“1?0)’ .Ioji," nx'}i' bn“n,.:[nj s (ko)

AF-4561/10
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. ]
where Tj().) - _,{)ar A2 (k2r) cpoj(o:jr) d:g,
and Ijn = _C 93 (ajg) <pon(anr) dr,
After simplification these integrals reduce to,
o K J (a,b)
a.b '
- 1 o J 4 ( 'a) .
. ito (1)
| k]'_ _ag ajrr Jo(aja) lk'.l. ’ d
Tj(X) = J '
Az(kla) o ‘
-f-;;—— s J=0,
- and
0, j+n 3
J (@a_b)
2 o' n’\2 : :
Tin =) o2 RACUE IR bl (42)
1oge% j=n=0 .

v

Substituting In j s TJ. and E(\) in (LO) gives the linear set of equations for

bn s 1l.e.
ibY¥ec . g J (@b ‘
bo=1'+ oooo_221. Ebv °<n)c , (L43)
ra log 5 na log % 2=l "n'n Jo Gp8) on
2i 2 o' 'm n
b = sbyYec +5£ 2 by - € s (4k)
n "2G§Inn ( oomo 1 m=l mm 303ama) nm) -Zfoianai |
AF-4561/10 ~ (
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where,
00
. dn &
c_ = — . : . (45)
mn trea?)r2a?) . e (ga) oy 8y(kj)
kg (158) b, (k;2)

If the coefficients of the unknowns in the 1inear set of equations (hB), (Lk)
are madg small the infinite set may be approximated by a finite set and b o
the transmission coefficient can be found accurately.* The coefficients include
the integral expressioﬁ Cm which is boun@ed and whose integrand convergés as
o\3) for A >>1.

If in (L45) we substitute p for b/a, o for klat= a_/"t T and B= l,ciz/k:L s
the integrand can be made non-dimensional, It can be shown™ " that when |

a->b

g = — = (1L =p)o approaches zero, occuring when p —- 1 and o % o, is

%nn
of the following order:
c_ - 0(65) m, n+o0;
mn 2 : 3 ) J
= ¢y, ~0(?), mto;

c
onm mo

coo —0(e) .

For the.case when ¢ — 0 and p § 1,

Cn 0(53), for all mand n .

Fappendix (i)
Tx ="wave1ength/ 2n

g ppendix (i1)
' . TEOTNTCAT, LTBRARY
AF-4561/10 T ¢ ARKY ORDYANOE
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Consider the case when p —1, 0 = 0, and let ¢ — O.

If we neglect all b for n >-1 the coefficientsof reflection and transmission

become:
1
bo S 1- Bo ’ . . (46)
and
B
o
where
i ybc°§
B = —=2 |
na 1og5

If we take one more term and neglect bn for n:> 2, we obtain,

0

I3 2 .
.1 _0(e) y :
B =1Top, BT (13)

and

b1 = O(a)bo .

Continuing in this manner we see that the inclusion of higher members of the

vy

sequence bn has little effect upon Bo .

AF-4561/10
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VI. SURFACE WAVES AND THE RADIATION FIELD,
The pbtc?ntial function “'3 can now be put in its final form by sub-

stituting in (22) ¥ (A) from (30) and (34). Thus we obtain,

1 $
A H(S )(er) CosAz 1 % (49)
B (c0a) 1 < 22 T '

by (a b) n o bo‘Yo
nél nJ(aaTT 7\2""2'72__7‘2 3
o
where
(1)
€ Hl (k a) el A (k a) _
a) - 1% A (k.la) .

Since the integrand of (L49) is an even function of A, We can ref)resent cos\z
by its exponential form and combine the two terms into a gingle inteéral from
-® to +e, The resulting integral may be simplified by substituting non-
dimensional quantities p,o and B for b/a, kja, and k,/k; in the integrand,

As the result of the above manipulations we obtain,

13

o .
(1) r ix=
, H (v =) ) ,
: Ho (v) b
2ia Jo(anb) T _ 39_‘ | o s
"2 n=l n Jo(ana) Y282 _ x2 b 62 _ x2 174
where ,
I(u,v) ——-(—)—-—2];{1)(?) 1 g—(—)—a 1) o (52)
i VH 1 (v) u - ’

AF-L561/10
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8y (u) = dy(u) Y fpu) -J (Pu) Y, (u) ,

8, (W) = J_(u) T (ou) ~J_(pw) T (u)

x =\a, u = o~ x° and V= \/pzoz-xz .

The integral along the real axis (51), may now be transformed to a contour
integral in the complex x-plane. The path of integration will be chosen to
guarantee the convergence of the integral; but before determining the actual
path, we must investigate the poles and the branch points of the integrand.
A - THE SIGNIFICANCE OF THE POLES OF THE INTEGRAND.

The poles of the integrand in the complex x-plane that give physically
‘significant results are those that are situated on the real or the imaginary
axis., The residues of any poles on the imaginary axis would yield terms of

the form
. —
const Hél)h/pzcz + xi ye °2.

These are Zeneck surface waves which propagate radially outward along the

o

‘surface 2z=0 but attenuate in the z-direction [8]. The residues of the poles

on the real axis (|x1|>ﬁc:) give terms of the form

. 2
202 é) elxla s

const Hﬁl)(iv/xi - B

which unlike the former waves propagate unattenuated in the positive z-direction
and are guided by the dielectric coating. These surface waves decay exponentially

in the radial direction and are of the Sommerfeld-Goubau type. The residues of
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thé_complex.poles of the integrand give waves which decay exponentially both
in the  z and r direction and have no physical interest.
'B - POSITION OF POLES. o

Although poles‘of integrand seem to be slituated at the points x=:ayh
where n=o,.1, 2, e « s+ » » 5 alaurent series expansion about these points
shows that I(u,¥) has simple poles there., Thus these ﬁoints (X=:1ha) ‘are
in fact ordinary points of the integrand. To locate the significant zeros

of I(w,v), we can make the following classification (x=s+it):

(1) The imaginary exis s=o , o<|t| <= ;
(1i) The real axis t=o0 , o<|s| < Bo ;
(iii) The real axis t=o , o< |s| <o,

(iv) The real axis t=o , 0< [s] < = .

(i) For s=o , o< [t <= .
If we set x=it in (51) and equate the result to zero we obtain,

HOEE ) (et 1, 6/ePE ) 3,6 (/oBR)

m HL (/B %%+ £2) Jo(\/02+t2 )Y (/o242 -3 (/o 2421 (VEnZ)

(53)

If there are poles on the imaginary axis > (53) must be satisfied for some real +t .
| vHowever the L.H.S. is a complex number, more over the :.maginary part of the L.S.H.

is given by
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-5 (V%) 1, (/%P ? py(/p 20%5” (B%P 2 )
HE (VB4 2*«402)

g°

B2

2n (822 +2) 'Hgl)( /Bzoz';t""z)r

or

which is positive for all real values of t. Thus for all finite values of x

"I(u,v) is different from zero, and there are no poles on the imaginary axis.

This is an expected result since the surface, 2z=o0, has no reactive component -,

‘i,e., is not covered by a dielectric coating which is necessary to sustain -

‘radial surface wave [9].

(i1) For t=o, 0<|s|<po ,
~ To find the zeros  of I(u,v) on this portlon of the real axis we replace
in (52) x by s, obtalning |

o2 (fp%E-L ) L L)L VP )i oV (Vs

\/fﬁqcz -g° Hgl)(\/é 2cx2—52.) 02-52 ‘Jo(\/—zt;?) Yo(p\/oz-s2 ) -Jo(pV“oz-sz)fo(Vozesz )

(5h)

For o<s<po we have the same situation as in (i); the R.H.S. is always real

while the L.H.S. remains always a complex quantity whdse imaginary part is non

zero and so I(u,v) has no zero in this interval.

(iii) For t=o0 Po< |s| <o ;

In this region the argument of the Hankel functions bécomes a pure
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imaginary number and the L.H.S. of (5L) changes to,

Vst-p%? Ko(s? 4% )

where Ko and Kl -are modified Bessel fuﬁctions of the second kind of zero and

first order;

Ko(z) = i g H(()l) (iz) ,
or K, (z) = - % (1) (12) .

(55) is a rapidly decreasing function of s with infinite value at ssiﬂé
and decays to ?ero as |s| — o . To show the existence of a zero in this
region, let us. take the special 'case p — 1 and expand every term of the
R.,H.S. in a Taylor series in the neighborhood of p = 1. Taking the dominant

terms we have,

1
(1-9) (0%-5%)

RoHoSu = .
Both sides of (54) are shown graphically in Fig. (2) and we notice that a zero
exists at the intersection of the two curves.

(iv) For t=0 o< |s] < = ;

In this region the argumentsof all Bessel functions in (54) become

. pure imaginary numbers. Replacing these functions by their modified forms we

have,
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K 28D LR BT ) 1 (B F L e )

B2 NERD)  f? [z, (A2-2 X, (pﬁ )-K cx/??)up/-f)]

(55)

where

-Io(z) Jo(iz) s

and L (z) -i J, {iz) .
The R.H.S. is always negative* while the L.H.S. is positive and thus in the
finite part of this region no zero can exist.
C - PHYSICAL CONSEQUENCE OF THE POLE OF REGION (iii),

From the zbove discussions we can see that the antenna excites a single
surfacqﬁﬁave mode of Sommerfeld-Goubau type which is sustained by the geometry.

The ¢ component of the magnetic field of this surface wave has the form,

—  ig 2
const Kl(\/ég - 3202 rle °% (57) ¢

s .
where ?? is the propagation constant of the surface wave and 8, = axo is the

real zero of I(u,¥) in the interval Bo< s oS 0 o If we draw a graph of

*The numerator is always ositlve. The denomlnator can be written as follows

Io(pyéz-oz) Ko(pvéz-az) L <) K°( )

- . . The first term in
1 (pvéz-c% k@ Vb2-) |

the bracket 13 always greater than unity while the second term is smaller than
unity.
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so vs. © for small values of € , €= o (1-p) s we see that we have a linear

relationship between s and o, Fig. (3). The ratio

a v
0 (¢] 170 1

where cy is the velocity of light in the dielectric medium. This shows that
the phase velocity of the surface wave is constant for all exciting frequencies
and the surface wave has no cutoff frequency. We note that for all frequencies

the geometry sustains only one principal mode whereas in the excitation of a

~dielectric rod with no imner conductor one obtains modes whose number increases

proportionally to the frequency [10].
D - THE BRANCH POINTS.
Because of the logarithmic singularity exhibited by the Bessel functions

of the second kind, branch points might be expected at points corresponding. to

. 6. (u)

u=o0 and v=o0 ., It turns out however that the function h(u) = % Fl'(_;
: o (u

is even in u when u — o and in that vicinity behaves as 933@- « Thus

, u
although u is multivalued near the points x=+o, h(u) has only simple poles

. at these points, The integrand does have branch point*'sA at x=+fo (v =.0),
"E - THE PATH OF INTEGRATION.

Knowing the position of the singularities of the real line we choose the
path of integration as showm in Fig. (L), where the branch cuts are taken

parallel to the imaginary axis, The integral over the real line becomes,

©0
= 21 2 - - - p
_ Residues *
- 00

T sum over small ri
semi-circles
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In the upper half plane f vanishes as R — « and the integral over small
R

. semi-circles can be easily evaluated. The integrals along the branch cuts give

us the radiation field and in the radiation zone these integrals can be evaluated

approximately using the method of saddle point integration. -
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VII  THE RADIATION PATTERN

The ¢ component of magnetic field can be found by using (3), i.e.

2we H](_l)(k'r) irz k .
H » —5 S S Ty X (38)
¢ an2 H, (kz'a)' k; 1
—co
5 p JolaP) Pl
n=l1 ° Jo(anaj ‘Y‘ﬁ'—lz 2 Yg- 2,, ’

Since we are interested in the field at very large distances from the source, we
are justified in replacing the Hankel function in the numerator by its asymptotic

representation. Thus we obtain,

i(kér +Az)
e
14 ' x .. i
am Hgl)(kéa)' k, 32 1 ()
(59
; b Jo(an.b) Yn & boYo a ‘ )
L nnee 2 B

The cylindrical coordinate system in which the fields are expressed is not suitable
for obtaining the radiation pattern abt large distances. For this reason we shall

use spherical coordinates shown in Fig. (5) whers,

r = R sing ,

and z = R cos@ .

The electric field components in this system are found from  -iwek = V,H, i.e.

AP-4561/10
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. .
-Er maRs:Lne L) (s:.n ! )’ (60)
and
In spherical coordinates (59) becomes,
. . |
2we. 37 iR[sin ko +\cos]
H = 2 2 eT e : x
3 [] ]
? an? V "Rsind Hél)(k2a) k, 3/21()
. /oo
@ J (e b) ¥ Y,
Z b 5 ip - 5 g dr (62)
n=1 nJ(a b) l 2Y§-l§ |

In equation (61) the integral can be approximated by means of the method of
steepest descent since R is large. The saddle point is situated at that

value of A for which,

= (sin @ k. + Acos6) = 0, (63)

2

. or

A =k2 COS 0 «

The contribution to the ihtegral from the neighborhood of the saddle point turns

Qut to be
e am | |
H, ¥ o § & (k‘2 cos 8) , - (6L)
AF-4561/10
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A
where,
g (kycos6) =
2b_ v, L = by %@*V%hﬁ)
;ineﬂgl)(kza s106) FE) (0 sind) § STV (T, )

K Jo(v)Yo(pv)-Jo(Pv)Yo(v)

zsineHc(Jl)(kza $in6)
/.2 .2 2 1 . R
and v = kl-kzcos 6. Up to terms of order O(ﬁ) . The Poynting wvector is
1 ¥ g 12
P = 5 Re(BgpH, ) ~ [B | (65)
Fig., (5) is a drawing of the radiation pattern, where for small & only

the first term of the series has been taken. It can be seen that as the ratio

Y ~=1, the radiation becomes more and more into the forward direction.
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VIITI EFFICIENCY

With a suitable choice of the transverse dimensions a, b and the parameter

B= ;—% the geometry may be used as a transmission line to carry surface wave
energy from one point to another. This line has no cutoff freqﬁency-. Single
wire transmission lines of this kind have already been put into use to feed
television antennas at a carrier frequency of 200.MC (2],

For this application we define the efficiency to be the ratio of the
energy cafried as éurface wave to the total energy delivered by the coaxial line,

ioe.

E = Power Propagated as S.W.
' Total Power (66)
The total power is found by integrating the Poynting vector on a surface in the
coaxial region and at a distance great enough for the higher modes to have

decayed

P, ol =% Re /[ (E,E"). ds. | (67)

Replacing E and H from equations (2), (3) and (5) in (67) we get,

2 4 N
Py opag = "0 \/E log, % (1-|a0|2) . (68)

My

- Similarly, the energy propagated as a surface wave along the z-axis is found by

integrating the Poynting wvector over a transverse plahe since the surface wave
has no radiation in the r direction.

Following the discussion in sec. VII, the potential function in region (3)
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responsible’ for the surface wave is,
¢Sw3 = 2ri Re’s. of WB ,x:
or 1 2 , | |
¢ = =k 5 E§v3r;e§ (Z b, J.oganb; Yn _r PoYo ) (69)
; K (v,a n=1 J@a),2.2 2 2. 2p
803 mavy o 3 ot m /Y =N Yoy
where
s=% Iml (70)
x—-x ‘
. and
. ' _ 2.2
. v 3= \/ )\o-k2 .
The field components H(q>3 and Er3 are,
i\ 2z
- o (71)
" MBKl(v 3r)e _,
and )‘o : i)\‘oz : -
Hr3 = - 5}; M3K1(v3r)e , (72)
where
: 3 b'J°(anb)Yn _n- D%
M3 b 1(:) °2¥3 =1 T Jo(ana) ‘f%"% 2 'Y'lza""g (73)
na 2 2 ' :
K, (v 3a) s(ko-2g)
The surface wave power propagating in region (3) is
Py = s |l? 5, ()
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where

a .
o "2“[1{1(\93)-(1*‘ 22)Kl(va)3
2
In a very similar mamner we can find the field components of the surface wave
in region 2, i.e.
. 'ﬂoz
Hpp ="My 8,0v pr)e ’

and . | B

where
Bplvgr) = 3y (¥r) T (Vo) = (pr) Jo0V5D)
5 Jo(anb) Yn r %Yo
" - hioe v, o, I @ a) 292 ~ A Y32 (75)
2 am S8, (v,8) (K532 -
and

- The power propagating in the 2z direction due to this field is,

m‘o 2 '
P2 = Z)'Ei' IMZI J2 3 ] . (76)
where
2 - \
5 Jl(vga) Yl(vza) o Jo(vza) Yo(vza) _Jz(vga) Yz(vza)
rT || gy
B | EACI SIS (7% S B F ACHCYIE ORI A1 | IS
“ (77)
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For the case when ¢ -»0, p-»land o 0 M, and M; can be
approximated by the first ‘term of the series, or,
M = - 2 ! boYo + 0(82)
2 a L Al(v a)s
Vo 2
and
. iwe. by
2 2 0'o 2
M, == + 0(e )
3 a vgvg R;(vBa)S

The total power propagating in the two media due to the surface wave is found to

be,
b, 2 b, ®195 ®293 2
P =‘II(0X° '3" 2L A 5 2 + 5.5 +0(€ )
avy [ V2 (vpa) V3K O g2) (78)
and here the efficiency is .
oty , I
12 22 2
- ﬂl-a'o" g, VZA}S' 22) v3K§(v3a) (79)
1-|a |2 ayis? a
of TV glugg
The value of S 1is
a3i32>~o 2 2 :
§ = —m—— [rgK (r3) + r3k (rg) 2K (ry) K (r3)]
I'BKO(I'B) :
3, 2 152000 * 810/ = 218580,
r,ro b
271700
2. 2 |
* 190190 - ¥1%11%07 > (80)
COTNTOAT, LERARY
AF-4561/10 ~; GBDNANOR
ABRTDDLAG PRO

VoG SA0UND, XD
CRDBG-TL




where,
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snm = Jn(rl) Ym(rz) - Jm(rz) Yn(rl) 2

rp=a \/k_i_)% )

2 .2
r2=b kl-)\o s

S22
I‘B a )\o k2 o
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IX. ADMITTANCE
The diiving point admittance of this radiating system at 2z =0 .may be -

defined as,

Y= %(Z) , (82)
where
V(o) = 4% Edr, (83)
is the voltage af the base of the antenna and
I(o) = .4; B, dr (8L)

Yr=b

is the current being fed into the half space. From (2) and (5) we have

. ot “iYnZ
Woz 5 nil Tn2n®en®nt)e , (85)

!

B o = — Y e
: 0

“'where the prime denotes differentiation with respect to r . With the help

of (85), (83)'becomes;L

V(o) = iv, [1-a ] log ‘ (86)

Similarly from (3) and (5) we obtain,

1+a_g~21¥0?
1 _ o iY,2 ~iY..2 ‘
T H-tP =S e 04 + 3 ancp('?n(anr)e n® . (87)
and thus (8L) becomes
o
= 3 ' & 2 1
I(o) = 2riwe [(1 + o) +b 2 ancpon(anb)] . (89)
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Using (32), (89) reduces to,
= dwe [{ 2 - ..2_ E

I(o) = 2riwe [{T + c.o) 7ol an] 5 (90)

and so
1+a 2Y bid
- o _ 0 -
T Yo T2 " wi-2) =n=1 °n (92)
o o
where Yo is the characteristic impedance of the coaxial system,
Ydlog 5

The first term on the R.H.S. of (91) gives the admitbtance that would be
determined from standing wave measurements made at large enough distances in
the coaxial line such that all the higher modes could be neglected., Figs. (6)

l+a
against the

and (7) show graphs of real and imaginary paris of %— =
' o 1l-a
ratio P = ‘g’ - °
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. Appendix (i): Convergence of the Imtegral p m
In (45) let us substitute the following quantities, p , 0 , x and B

for b/a, ka, Aa and 1‘:2/k1 . As a result the integral becomes dimensionless

and we obtain

2
c =2 1 U dx . (92)
K

where

o © (a*r2x®) (e 2x?)1(u,v) 3
The integral can be transformed imto a contour integral in the complex x-plane
coverning a path similar to that of Fig., (4). For m and n 4 0, on the real
axis the integrand has a branch point [x| =Bo, a surface wave pole at

|x] = X (ﬁogxof_o) and a zero at |x| = 0, For m=n =0, U,, has a pole

at |x| = 0. The integral is bounded at its upper limit since, for

X, >> 6>0 we have,

(9h)

In the complex plane, since the contribution about the branch points

and the large semi-circle vanish; we have,

2C,, = ZResidues on the upper half plane-— U . (95)
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As long as B = k2/k1< 1, the number of residues will remain finite® and along
the branch cuts it can be seen that Umn is finite and bounded. Thus the |
second term in R.H.S. of (95) will be a finite number and so Cmn is finite.

For fixed m, n4 0 and if p — 1, 0 $#0 such that ¢ = (L = P)->0

we have
2292
22 2
L (96)

€

Substituting (96) in (92) gives the following results:

Cmn"o(ss) my,nt0
Cmn ~ 0(53.) m$o,n=0

Cmn“'o(e) m=n=0

Similarly for ¢ - 0, p# 1 and e—0,

Copy ™ 0(53) for 211 m and n.

Furthermore, for large n Umn~ o( -]ég ) for either one of the indices while
n _
the other is fixed or Umn ~ 0( -]-'-2- x ]-:-2- ) when both m and n are large.
_ n m : : ‘
1 —= , The roots of the quantity in

#*
For large x g =~ _
> ‘mn :é[coth(p-l)x-.»ﬁz]‘

bracket are located at x = ( ‘-)—_!_1- cot.h':l';%2 +1 31_% ) n=0, F1, F2 ... .

If B<1l it can be seen the bracketed term will never be zero.
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Appendix (ii): The Solution of the Infinite Set of Equations.
The infinite set of equations'in (43), (LY4) can be written as,
o - S Y.r.c. b '
'bo l+r c b -1 2y mon‘onn , . (97)
b =iw [- Ybe +2 p Yvbec ] (98)
n n oono 7 m=l mmmnmm’ ?

where
i v 1 . - -Jo(qnb)
n vmﬁ_l ~ A m Jo‘“na’
i,
Too = oa I’on22 2 'h*
na log 5 n-a log 5

This infinite set of equations may be solved by iteration. For the case when

p =1, c $0, ¢ =0, and if in the first approximation we neglect terms

- with coefficients greater than O0(e),we have,

S 1
b = s, (99)
o} 1"roo°oo

For the second approximation we neglect all terms with coefficients greater

than 0(83) and using (99) we get,

c._ v, '
bn = -, 1-rnoc =, | (100)

00 00

where ®_ o(e™}), n>1 and Co 0(>) . Replacing (100) in (97) we

obtain the second approximate value for b_,

(o]

y Y 2
1 0 Yy Por®n Son ° (101)

b = -
° ﬁ;rodcoo) (L-r )2 1

B s

OOOOO
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In the second term of equation (10l), if it is permissible to change the order

of ‘summation and integration we obtain,
_ "00
o 2 _2 dAdy ®
I T OC R e z
nel monmon 22 log % ’ flhilhﬁ N 2 (L) B
‘ 670

where

. A (102)
B 0600

% and thus for a fixed s , Fn~0(1—3) . We can see
n

that the series converges quite 'rapidly, Having obtained bo and bn we can

For n>>1, m,n.uik

use these values in (98) and get a more accurate value for b,

. 2 2

b e J!DnYo e . -2- ; v Vm <¢on°om . Yo “ii-‘ ¢ ¢ )
- m a5

n1erCoo o T o9 vl \ ma log 2 1-Tyo"Cop ' 1M oOm

we can repeat the whole process until the difference between successive

approximations become negligibly small.
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Append.’;x (i11): An Alternative Method to Obtain b , and E(N) . |
If we substitute (l1) and (42) in (LO) we get,
| oo
b =1 .=t £0) g s (103)
° 2 log & k%-xz
0
and. N
| o) ("
J {a.b
b .1 omn EQ) g (20L)
n 2 J (a_a) 2 2 .
tm,nIrm o''n 0 kl-an

Replacing these in (3L), we obtain an integral equation for g(kx)', i.e.

£0) 100 =ag )+ | ) ey @', (105)
0
where
a,A) = 2 dx ) g0,
iy
d, = 2 ,
arn logg
v 2
_ 2. m
4 ar Tn 4 °
2ivy
. o
4 ==L,
and zn ) 1
2 2°
Y

For the case when p — 1, ¢ $ 0 and ¢ — O, if we neglect terms of order

greater than 0(e®), Q(\,)\) becomes

Q) =ax () g () +oE®) . (108)
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Putting (106) in (105) we obtain,
£ () L
E0) = gy 4+ 4 f ) g0 o'y . (107)
. ' : 0

Multiply (107) by g, 0) and integrate it from zero to infinity, gives

d | 22m/1006x

© : ' o |
f&(x);o(x) dn = ' —— — , o)
’ 1-4d, f 20)/10)
. | o
and hence, | o .
_ | .
J(O\) diz (n fz; ()/I(w) da |
) =4d °()+ °°()A 0 (109)

6) Iy do"jwzﬁ(x)/l(k)dk
0

If we use (109) to find b, we get the same result as was found in (46).
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Appendix (iv): Solution of this Problem in the absence of Dielectric.

" If in Fig. (1), we let &, = & and W, =, , the problem reduces to
that solved by V. M. Papadopoulos [3] , and under the above conditions we can
show that the results of this problem agree with Papadopoulos. For this purpose

we will try to derive equation (28) of [3] from our equation (63) by letting

’ €, = '52 « The only function undergoing appreciable change is the function I(\)

1 1 /
given by (50). When &g =6,k =k,-= k' = \/1{2-)‘2 and I(\) becomes,

Hgl) (x'a) c;(k'a)

I(\) = , —— i — ,
KB (k'a) ke (k'a)

(110)

where

e (k'a) = J_(k'a) T (x'D) - I (k') ¥ (x'a) ,
and ‘
colk'a) = 3 (k'a) ¥ (k'b) = I (k'b) T (k'a) .
The Wronskian relation for the pair Hgl)(k"r) g.nd co(k'r) is,
), 1, 1t 1) ' Lot lLi 1),.!
B &rmékﬂ-ﬁg)(kﬂ%&r)=-gﬁﬂghkﬂ. (111)

Using (111), (110) becomes,

I
H\"/(k b) .
I\ = 55 e L (112)
vk “a Ho (kra) Co(k a)

A ‘ , |
In (112), replace k by ksin @ and substitute this in the expression for

gl(k2°°s°)’ then (6L) becofnes,
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ej‘kR 8in 6
R Hgly(kb 8ine)

H,~ const

; E Jo(‘k'a sin 6) ‘Yo(kb sine) - |

bY. J (6.)/J (a_a) (113)
a a a.
J, (kb 5in6) Y (ka sin6) E 3 _nn ‘o' n’/9\'n

‘Yﬁ - k2 cos 6

This result corresponds to that derived by Papadopoulos. Instead of
exp(-ikR)/Hgl)(kb 8in6) we have exp(ikR)/Hgl)(kb‘sine)" since we have assumed

exp(~iwt) time dependence instead of exp(iwt).
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Appendix (v): Non Existance of Coaxial Modes in Region (2).

In Sec, III, the Function F in equatioﬁ (15) was expanded in terms of the
coaxial eigen vectors <poi(anr). We can now show that these modes are cancelled
by the residues of the integral in (20). Substitution of the expression for

E(\) into (20) results in,

L 1
g iYnz . A (k. r) iz
V= 2 Pl T 4 "% 1(k]l- e-.'""z" =55 X
an 8 (a) I0)(EAD)
Ly 2]
(11h)
Jo(“nb) Ty )

(z b _ TObO )
n n Jo(anb)v Y%_}ﬁ 2 Yg_xz

The terms in brackets have poles at A =y for n=0,1, 2, Al(k]'_a) has a

zero while I(A) has poles at these points. As a result the inf:egrand has

* simple poles at A = T for n=0,1, 2, ¢.. . Transforming the integral to

a contour integral similar to Fig. (L), we obtain,
- - 0
= 2 R+ I Residue of other Points - | (115)
00 r

where R is the residue due to pole at ¥ . By simple manipulation we find

v

Rn to be,
an’ i¥nz
' R =- be (@ rle B . (116)

21 "n‘on' n

Putting (115) in (11L) cancels all modes (poi(a ir) .

)
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Appendix (vi) Calculation for Y/Yo 0

In Sec, IX we found.the admittance of the antenna looking into the half

space to be;
' : ) . «
YQI#%,?; P .
‘ . . -
Lrie, Tt

For the first approximation neglecting all terms with index n>1 we get, ¢

s o (an

¥, e
Fol-2i—22_ (118)
s} mloges
or
., wImc._  oRec |
° (1'+ - 2 =2 °°)) ‘ (119)
] o a
o % log 5 tnrl@g-bn

To' find %— wé have to calculate the value of oo fzrom. the e:cpression in (LS),
The integrgl L is divided into three renges viz: O<A<Po, Bosr<o and
o< A<=,since in each of the regions tfhe‘ integrand is completely different

from the other regions. For this celculation the real and the imaginary parts
of the integrand‘ of e (hﬁ) were progré.med on the IBM 650 cémputer; the

results plotted on graph paper, and the area um@d,ezzn fhe, curves measured by a

. planimeter. At the two simple poies of the integrand, ‘the integrénd was

expanded in Laurent series and the pi:incipai part was calculated, The accuracy

of the graphs %n in Figs. (6) and (7) greatly depend upon the accuracy of the
o v

TEOIWIOAT LTBRARY
T O ARIZ ORDNANOR

G GAGTFD, 1D
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I

Y
0

measurement of the area by the planemeter. However the curve for Re

against p is quite accurate.
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Research Foundation
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Physical Science Laboratory
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and Mechanic Arts .

State College, New Mexico

Attn: Mr, H. W, Haas
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Room 802, 25 Waverly Place
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Toronto, Canada
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