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l" A. IaSW

U09 lYis Zh.*o Vol. # No. So .160, pp. 620 -6

A Str'ong ah e-frnt which moves In the atmosphere of the earth (or even iz

a st=z euvaoqw or In intersteflar @pace) radiates light; the radiant energy is

here absrd by the gas 62ead of the vavefrct to san degree. Radiant energy

fre a strong shcoWcve front co€siderab;y afflects the magnitude of the temperature

Jtn at the VVefromt and determines Its configuration. 'The effect of inter-

Sero e fro radiation an the baracter±isties of strong "terzestrial" shockwaves

Vas consde4red 1 A. " . Zel'dovtch [lj and by 1U. P. Rizer [2]. The effect of

radUtlon ftm a uhoo"ve frout ¶hiah moves in the shell c e star, on the magni-

time of Vm I-_ -rature Jl=W at the wavefrout is analyzed 14 [3). The results of

the abve wvoc confl the neoessity of taki into accont-the interaction of

strong shockwaves with radiation Wndependently of whether they move in the atmos-

3phere of the earth. & star or in interstellar space.

But up to reaentlyp It vas oustcmauy to solve a sjtem of equations of motion

Stogether with the equations of radiation transfer in investigations of these pro-

"lMes. On the ilhole thLs system is complicated and is slved only by numerical

methods. Undoubtedly the use of contenporary methods of the theory of light scat-

tering =a affovd nev possibilities In this direction. But onlv the case of light

scattering in A 3nedium hhos 'bour~aries remain fixed has been solved in problems

of this tbeory. In the case of light scattering ahead of or behind a shockwave

ftb.t the boundary of the medium Shich is scattered moves relative to the gas.
HenCep before %plying the modern theory of light scattering to gasdynamics problms,

it Ls necessary to develop a theory of nonstationary light scattering in a medium

with moving boundaries.
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PRhn=PAL G T Or TU TMEOW Or NONSONAY LIGur s8cam
Of e& the 30601 OcCf 18tt scattering theory, the method of determining the

owbaba1ltV that a quantum Vould leave a medium which was proposed by V. V. Sobolev
r•l seemed most suitab•e to us. tis W ethod, the probability p(t,'r) is
tound that a 21glit qai*u absobed to the optleal depth -r at zero time •ill
Ueve wIthiA the time t * WVo cases hence exist: 1) Most of the time the quantum
1s IK tha Mbosa'be statel 2) Most oC the tIme the quantum resides on the path bet-
vaa two abotImcs. The first case has meaning in the atmosphere of the earth
aa Litn the enelopes of starsp the eoM In InterstelIar space and In, the upper
lOres at the atmospbere of stars.

V. V. So'boley fonruatd inteS2 aM Oquivaleat differential equations for the
WObabIty that a %Mnt= VoUl exit fcu the medium in both cases. In paxtieularj

the solution for the function~ p(-C..U) , Ubee u 1- is nondimensional. t~mo, isti

Xr0 3 ffCooSX?.a~nXT~e 1 +X2 d

0
In the tint case; ihere W iv the pvobaMlity of the surviva of the quantu

after the act of absorptiS tj1 tAe MAu time spent by the qpatIu the U ath
tetween two scatter•n acts.

For NaetIcal pmopose8 the determ•iation of the funetion p(I) # the probabil-

ity that a U±h quantux obibsobd at the optil deth T rilL generaLV leave
the MU4M 8A of the fvctiom Z(t) . VicI deteadnes the ,ean t'in the quusta

MPnJ the mftv4IU is; of considerable Interut. %zese tiinat~oim are dtzia

&am +A expreessons

0

(3) Zr fpri)u
0

V. To a8*oley *ouv4 £intersmi and equivalerib d~erential equatlms. for' Vv
aMA 5(r) as veUl as the solutions for these functions in the case of a boundedd

aM orn?~ 3.* Ie function P(r~) for a seli-infinte =KMe~ Is foued

S@

o. I
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from

(4) PCr - -

let us note that for the case of a semi-Infinite medium we have found the solu-

tion of the appropriate diTreutdal equation for Z(') as

*(5) 2Xz-N

d',
vitt the boundaz ewoditiow Z(0) z'(O) + ).

Mis sgolution can be vrittmn thus

(6) Ll +[14

In the exprestsls presented# ir w 1m to the optical depth. Ubere k is the

absorption coefftcient per particle; a the numoner of partioles per tuit volume

and x a geometric coordinate.

2his vell-behaved and completely conclusive themy ean also be applied to the

case of light scattering with a mo g boundary. IM this case the eptical deth

will be considered as the position of the b nmdaz7 at a given Instant. Let us

imagIze the medium to be semi-infinite (IAn Optical thick@essB., i.e., bomided an

one side bV a ioundary which moves with the. constant velocity V m .ether In

or out of Ve medium. Hence, let us imagine that the light Is not scattered oni
* the other side of the moving boundary. For si•plicity of the coumputatIonsa leot

Vs be liIdted to the case of a one-dimensional medium. Let us also Imagiu that

the Trobability of survival of a quantum after scatterig )k Is iUkpendenat of

the optical thickness and that the probability of scattering on loth sides is

the same.

M==I THAT A QUAMUM WILL LEAVE A ?EZ! WM A VNG BOUN•0lARY

AT THE SIDE OF THE ib)ITJM

A 9bou=ja7 moving with velocity v will traverse a path uY within the time

U. lu=*e in this case it is required to search separate4 for the probab•;itea

that a qwantum vill leave the optical depths j < uv and i•>v e T9 T N Uv,

then tfe probability that the quantum will leave without scataterrin within the

time U 'ill equal- x -(-uv)-u and the probability that the quantum Vill leave

after scattering can be found by multiplying the probability of the transition of
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a quantum from the depth r to the depth T' within the time u , which is

W-e-•-'• u and the probability that the quantum will leave the depth Tv atr
the time u - u' - p(-r'-u'v,u-u)') . It Is hence required to take into considera-

tion that actually the distance from the.quantum to the moving boundary at time

1 'will be ie - u'v . tntegration should be over all ir from u'v to infinity.

)Iencep making the chanp of variable a, i a T' - uWv , we find that for all >Vr¶

e -u d -l -"-u'vl p.•.,u.•,')d-,,.
(7) ('r~) m~e"""-'+ ~f dul fe- I T_ ,U IIdhs

o 0

The ex•Se•uion forPC -pu) Cor the optical depth 'r<u has a less ecomplex

form* fte pro•bab~lity tht a, quantmn vwill exit wAthout scattering is 2 T
probabiLty that a qwantu wM =it after scattering is cemposed of two factors:

the •A•"t determines the WobabSt7 that a qaatua iil. exit after scattering
with transitions frcu the optical depth v to the depth -T during the time the

movable boundary has not 76t a aeve&. the optiwa depth r , i.e., in the time

04 u ; the second factor takes Into fecount the probabiLty that a light quantum
vifl exit fre the medtunm whiah bas remained in the absorbed state a time greater

than , has been caried cmt of the meiuzs along vith an atom,, then reradiated to

te side of the xmedi and bas been abscrbe at the optical depth 1t • Thus, the

utbeval equatloin fopr u) forn anl rT <lv :is

(6) Q 0
I T

x(T.*t fAie-S du~fep(T3,u-1A'V dr-.uuld'+

0

Mwa #;prcprlate diffferential equation and lboundai7 eondttions can be obtained
Cm (7) aM (8). t differential eguation an be solved ty separatlon of

VadAble. Hoveverj it should be noted tiA these equations are 7ez7 awkWard. &z4

the solutions oktane4 Uave a LTom Suc4 that it Voul3 be difficult to obtain I
@lesV plzyal picltre and. estimte of the quantities for couparlson vith the

results of observations. Nence, instead of the solved ecuations (7) and (8), it
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is expedient to obtain appropriate equations from them to determine the probability

P(T) that a quantua would leave the medium at s=e instant OaA Z%) the average

time the quantum stays In the medium after ist to the depth r , which are defined

by (2) and (3).-
In the case we are considering

(9) P-)-J(, zL fx ( 'r~u)dU#
o o f

wher p1 (re 1) is the expression (7),9 Vhieh defines the probabitV4 Couidei@ at

u1and ('u)frn .Suabstitu~ting (1) an4 (6) tInto (9),, vs obtaina afCter

integration with respect, to u

Kr 0 [2e -' - -ve I +

leO

• 0 "

+ A Je N )(ar) =), )dir - ,¶LfV7 P('F')dt' 4

C A 0

Vzc n this equatozt# ve baye 0 d etMti euation deterui!ing Prt s)

413P + F_ a

O eace, It Loflvs that the fThnctnm PC,;) ne . be iiritten as

%4herefte c are cnstant >±te~elfa ier bounds:%y coaaftianiie k: the zootf

Of the three roots of this equation., one ts siegative, It is discarded. since the

soluti•on ust remin bc-inded as r -+.

Substituting (12) into (10)., the integration can be performed. the
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coefficients of the various exponents equated to zero and conditions obtained to

determine the constants ci :

S1 -i; '- V Z C 1  2 .c
('k -)+-r 1+ v x I

Formulas (12) - (114) cospletely determine the solution of our Vroblem; thus

!3_1_-__(1_____V -kjV k 1 ( 1 " J) (I Tg) -k 'vri e- -t - 3

(k3c3-k)(1*klk 3 v) (k 1.- k3 ) (I+ 4k'jk3V)*

where the I found from the characteristic eqpuaton equal:

,kl + FI+37 og 6 CO 2+ (3X- 2)

k3 - 2 Cos cos jare C06,1 2
((1*3

,n apfoodmate Comda for P(T) can be obtained. Thus, for v C1

AhI~w-(I1- X)vk1 (I XIk3 2-

((X) ~+ (1 -*)e".

and for v)>.1

(18) e -,

Similarly, we fi the Lntegral equation for Z(,r)

(19) Z(,r) - fiP(¶,u)du d4f u) du.

o o IT

Substituting the approximte values p 1 T,u) and T P2 (T,u) according to (7)

and (8) and integrating with respect to u , we find
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Z(,T) -'T + r(v-l)+v~v-2) v +

2(1-v) V)2 2(1 2

~ fe P(¶)d'r' +2.fr.ce" P(r' )dr'

+ [Y -V?2) f 2f!'Pr'd + V2 1~fe 4

00

(20) v y D

+ *+)+ e (22)dr P 3,rv)e-

2 [(14 Icp Yr-V 1

~It souIn fay or Zba) ihe novwritent eqas iAfrZj ro ~ qaj
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k (k +2)(k -_)[23(ki-1)2 (,.V)Ckiv 1)2]

(24) 1+ (ki'l)(kiv'l)[(l+v)(kiv'l)'2v2(ki'l) 1) e'ki

[ 2v3 (ki.1)2 _ (1+V)(kiv.l) 2

vhere m-3 for i-i and mrl for i=3; ki and k2  are determined by (16).
kpression (24) is considerably simplified for v>l and reduces to

(25) Z(¶) 1.[i+1 e .

PROBABILITY THAT A QUANTUM WILL LEAVE THE MEDIUM FOR MOTION OF

THE MEDIUM BOUNDARY
Starting frcm considerations analogous to those presented above, we find for

the probability that a quantum will leave the medium if the boundary of the medium

moves
u so

(26) p(,r.u) = e-'u + e je dul je-IT"uv p(~,",u-u' )dT",

0 ý0

and integrating this expression with respect to u , we obtain an integral expres-

sion for the probability P(T)
T

P(T) = • e-'r + e- (T'P(.•')dT' +
2(1+v) C +2(1+v,) fe(~~''dr

(27) 00 ____-T

_+___e"_ P'
X e'-T)P(T')dT' - W.V e v P('r')dT'.

T 1-v

The differential equation for P( r) in the case when the boundary of the medium

moves is
(28) d3 P ld 2 P 4. L - = o.

d - v T2 - Tr +v P |
dT3  dT

This equation is easily obtained frou (27) and also from (11) by changing the sign

of the velocity v . Representing the function P(-r) in the form of (12), we find

the characteristic equation from (28). We find from the condition of boundedness

of the solution as T -# a that ClsO, c3 w 0, so that k1 <O and k3 <0. Fur-

thermore. substituting (12) into (27), we find the condition determining the
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constant c:

(29) c2 w (1- k).

Hence, the expression for P(¶) in this case is

II - k

(30) P(r) ( - k-2)e

vhere

(31) k2.. 1L2 i/S7- cos{ a areco 1O 2+W 3 2

The approximate formulas for v Y1 are

112 v + 21~)
(32)

P(-0) v (l -Yr/iT )e 2

for v>> 1

(33) 2 1- 2)

Similarly, we also find an integral equation for Z(T). Substituting (26) into

(3), we obtain
T

z(¶) - e-•' + fe-('T' )P(' )dr' +
2(l+v)2  2(1+w)2 0

•0

+ 2 f e-( ')P( )d-' -12 2- 2 2. v P(.)d.r, -

2(1-v) 'r(1-v ) r
(3 4) ( vI

2f(T--)e v P(')d-r + e(•-1 ') Z(T,)d-r, +
1- v

+ - fe-(V-.0Z(T')drI - '-v . ' Z-ldr
2 (l- -v _v

From this expression, we obtain the differential equation

d3 Z 1 d 2Z UZ 1-A 1 2p

d3 V d¶ 2 d- Y d.T2 1
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Substituting the solution for Z(T) here in the form of (22), as before, we

find that the coefficients B, and Ai satisfy the conditions

B ±
1i 2 1

(36) 3kiv+2k •-v

Ai l-k i i

Taking into account that c Mc = 0 in the case when the boundary moves out-

wards, we obtain the solution for Z(¶) as
__ _ "k2T

(37) Z(T)- 21 + [1+ (1- k2 )]e ,

Nv v+2k2-v

which simplifies considerably for v1 and can be written as

(38) z(-r) e-

It is easy to see that each of the expressions and solutions obtained above

transform for v = 0 into the known solutions found by V. V. Sobolev.

The question of applying the theory presented to practical problem related to

the expansion of shockwaves in the terrestrial atmosphere will be examined

separately.

Let us note that the equations and solutions presented here were partially

published in [5].

In conclusion, the author is grateful to S. A. Kaplan for guidance during the

research.

L'vov Univ. march 16, 1960
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