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On the Theery of Nonstationary Iight Scatterimg

- I.' A. XLIMISHIN .
J Ukr, Fis. Zh., vol. 5, No. 5, 1960, yp. 620 - 627

N .
A strong ‘shockvave=front vhich moves in the atmosphere of the earth (or even in
& starzy envelcpe or in interstellar space) radfates light; the radiant energy is
here abscrbed by the gas shead of the wavefront to some degree. Radiant energy
frem & stvong shockwave front considerably affects the magnitude of the temperature
Jump at the wavefrent and determines 1ts eonfiguration. The effect of inter-
ference from radiation on the character:}.sties of strong "derrestrial” shockwaves
ves considered Yy IA. B. Zeltdovich (1] and by IU. P, Raizer [2]. The effect of
radiation frem a shockwave front which moves 4n the shell df & star, on the magni-
twle of the temperature jJump at the wavefront is analyzed if [3]. The results of
the above work confiim the neeessity of taking into account~the interaction of
strong shockwaves with radfation independently of vhether they move in the atmos-
phere of the earth, a star or in interstellar space,

But up to recently, it was customary to solve & sgystem of equations of motion
together with the equations of radiation transfer in 1zrvestigatiox{s of these pro-

‘blems. On the vhole, this system 18 complicated and is golved only by numerical

methods. Undoubtedly the use of contemporary methods of the theory of light scat-
tering can afford hew possibilities in this direction. But only the case of light
scattering in s medium whosg boundaries remain fixed has been solved in problems

of this theory., In the case of light scattering ahead of or behind a shockwave
frout, the boundary of the medium vhich {s scattered moves relative to the gas.
Henge, before epplying the modern theory of light scattering to gasdynamics problems,
it 58 necessary to develop a theory of nonstationary light scattering in a medium
with moving boundaries .



PRINCIPAL STATEMENTS OF THE THEORY OF NONSTATIORARY LIGHT SCATTERING

Of all the methods of Jight scattering theory, the method of determining the
~Probability that a quantum would leave a medium which was proposed by V. V. Sobolev
[4] seemed zost suitable to us. Frem this method, the probebility p(t,r) 4s
fPound that & 1ight quantum absorbed to the optlical depth T at zero time will
deave within the time t . Two cases hence exist: 1) Most of the time the guantum
1s in the absaxded state; 2) most of the time the quantum resides on the path dete
ween two absorptions. The first case has meaning in the a.tmosphere of the earth
and in the envelopes of stars, the second in interstellar space and in. the upper
layers of the atmosphere of stars.

Y. V. Sebalev formulated integral and equivalent difrerential equations for the
Probability that a guantum would exit from the medium in both cases, In partieular,
the solution for the function p(t,u) , vhere wu= %1' is nondimensional time, 1s

. y -(1-
1) y('r,u)-% xf(x eos xt+ain xt)e LT 3 xdx
b (a+x2)2’
in the first case, wvhere )\ is the probadility of the swrvivael of the guantum
after the ect of absorption; L the mean time spent by the guantum ocn the path
Yetween two scattering acts.

For prastical pwrposes ths determination of the funetion p(3) , the probabile
Ity that & 1ight quantum sbsorbed at the cptical depth T wWill generally leave
the medimm, and of the function Z(t) , vhich determines the mean time the quantium
spends in the mediun, is of considerable interest. These functicons are determined
from *he expressions

[+ 3] Plr) = j ot u)an;
: 0

@) (%) f up(t, u)du.

Yo V. 8cdolev found Entegral, a.nd equivalent diffevential, eqmtions for P(x)
wnd  Z(v) as well as the sclutions for these functions in the case of a bounded
Mediam and for A= 1. The function P(1) for a semi~infinite medfum 1s found




from

(%) Plr) = (1 - V1 - A)e” V1i-At,
lat us note that for the case of a semi~infinite medium we have found the solu-
tion of the appropriate differentfal equation for Z(t) as

2
(5) 8Zu(2-2z -
d.'c

| with the Doundary conditions Zqy=2'(0)+ A
This solutlion can be written thus

-Y1
A 14 (2-Y1-2 ‘
avis [L+( )zle

In the expressions presemted, T = knx is tbe optical depth, vhere k is the
absorption coefficient per particle; =n the number of particles per unit volume
apd x a geometric coordimate. s

This well-behaved and completely conclusive theory can also de epplied to the
case of light scattering with a moving boundary. In this cgse, the optical depth
will be considered as the position of the boundary at & given instanmt. let us
imagine ths medium to be semi-infinite {in optical thickness), 1.e., bounded on
one side Ly a Soundary vhich moves with the.econstant velocity v = %—E 'either in
or out of the mediun. Hence, let us imagine that the light 1s not scattered on
‘the other slde of the moving boundary. For simplicity of the computations, let
us bYe limited to the case of a one-dimensieonal medium. Ist ug also imagine that

_the probadbility of survival of & quantum after scattering A 1s independent of
the optical thickness and that the probability of scattering om both sides is
the same,

mmTHATAQUANRMWIILLEAVEAMEDImmAmVIMMUNDARY
AT THE SIDE OF THE MEDIUM

(6) ' i(r) -

A boundavy moving with velocity v will traverse a path uv within the time
¥ . Jence, in this case it 1s required to search separately for the probabilities
tfxa.t 8 quantun will leave the optical depths s uv and touw . If Tv>uv,
then the probability that the quantum will leave without scattering within the
time w Vil equal %‘e'("“")"‘ and the probability that the quantum will leave

after scattering can be found by multiplying the probability of the transition of



a quantum from the depth T to the depth <t' within the time wu' , which is

%e-l‘r-f' |*9' 403 the probability that the quantum will leave the depth 1' at

the time u - u' - p(r'-uv,u-u') + It is hence required to take into considera-
tion that actually the distance from the.quantum to the moving boundary at time ’
' willbe 7 - u'v . Integration should be over all ¢ from u'v to infinity.
Hence, making the change of variable <'' = 7' - ulv , we find that for all <>uv
. u

(M . plnu)=de™us 2 j;'“' aut f =TTV o u Yagn,
o o

The e:g:.'ess:lcn ror p{z,u) Lor the optical depth T<uv has a less eomplex
form. %he probebillty that & quantum will extt withou scattering 1s He " . The
probability that a quantum will exit after scat:bering is compesed of two factors:
the first determines the probability that a quantum will exit after seattering
with transitfons fram the optieal depth ¢ ¢o the depth 1! during the time the
movable boundary has not yet achdeved.the optical depth v , i.e., 4n the time
0<ugE; the second factor takes into socount the probability that & light quantum
will exi% from the mediwvm which hes remained in the absorbed state a time greater
than =, has been carried out of the medium elong with an atcm, thea veradiated to
the side of the wedium and bas been absorbed et the optieal depth «' . Thus, the
integral equation for p{r,u) for all tT<uv is

T

; o :
’(f,u) = %c-u'l'éj;'u.' au! e'l'r"r"'“".’lp(.‘u’u_u' )d'r" * .
(o]

)

°
' u
. -u? e
B, -}% fe v du'fe ¥ (1, u-u' Jdv.
) T
v

The sppeopriate aifferential equatfon and boundary conditions can be odtained
grom (7) and (8)s The 2ifferential equation ¢an be solved by separation of
varlables. However, it should be noted thal these equations aye very awkvard and
the solutions obtained have a form suchkh that it would be dffficult to obtain &
©olear physical, picture and, estimate of the quantities for comparison with the
results of observations. Hence, instead of the solved equations (7) and (8), it



N

is expedient to ohtain appropriate equations from them to determine the probadbility
P(t) that a quantum would leave the medium at some instant and 2(3) the average
time the quantum stays in the medium after ist to the depth « , vhich are defined

by (2) ana (3).
In the case we aye considering T

[ ol

) P(z) = f p(,u)du '.fPl("o“)d“ + f Rp(Tyn)du,
o v

(o}
vhere 1) (7,1) 18 the expression (7), vhich Qefines the probability ecnsifered at

uct and p(r,u) for u>E., substituting (7) and (8) uto (9), ve cbtain aftes
integration with respect to u

s T
P(r) = _2_(12\._;)_ [e-r - ve V] + iﬁf‘.(?&t.)?‘f')dr' *
't'

1 AT+v) f at ")P(r’)dt' -L-? f 7 P(x')ae* +

(20)
AV J
ey o e
. °
From this equation, we have the differeantial equation determining P(7) 8

3 2p
(11) -‘(’;;3?-4-?: 2—5 r.._lp.o

Hence, it follows that the functica P(3) ean be written as

-
() 1) = Z o0 ‘.‘:

whers ths ¢, are gonstants determined from the boundaty canditicns, ki. the roots
of the characteristis equatien
(13) Y-1l.xei2000,

Of the three roots ¢f this equation, one is negative, it is discarded since the
solution must remain bcunded as T -~ e .
Substituting (12) into (10), the integration can be performed, the



coefficients of the various exponents equated to zero and conditions cbtained to

determine the constants ¢

i:
N c [
i . l-v i 2 i .
(l‘*) Zl."ki' = l) l"’V Zl.',ki - l+ v Z k ) l - l .
i i i "1 v

Formulas (12) - (14) completely determine the solution of our problem; thus
2 2
e k(l-X)(1-kv) Jhar, k(1w 15)(L = Xy¥) e-x31’
(¥y-ky )L #kykav) (ky =5 )2 +k)kzv)°

vhere the k! found from the characteristic equation equal:

.\
k, =3 [1-}-2\11+3v5 cms{aa:.'ccosséa"'gv (- ¥2) ]

(16) ) (1"‘ 3? ) .

e 2 [1o2iv3% coo fE ¢ Lave coséé(-f;ig?fé)}l

An approximate formula for P(t) can be ebtained. Thus, for v &1

~do e ke ToaedAl

3 .1
Ple) meSE2 A 0V 4 (1ayIon)e VAT
1+ Y21 ~

(35)

1)

and for v > 1
k ol + -—' k3~
(18) ’ l") : .

-=2q
P(3) ~ 5—-):‘-7‘e v

Similarly, we find the integral eguation for Z(t)
T

-

[ ] [
(19) Z(1) = fu.p(r,u)du -fpl(r,u)u du‘-fpz(f,u)u du.
o o
Substituting the approximate values plt'r,u) and ' pa('r,u) according to (7)

and (8) and integrating with respect to u , we find



AN

HemsaL

iy

ANSLAYI

N

1
A T4 A, S(v-1)dv v-2)," v,
2(1- v)2 2 (1=v)

T »
A (=03t Vot A o(t8=T)0/ ., agt -
+ o gfe P(v!)as + gy ;ﬁ P(7*)as

Z(x) =

(20) . A M . f o= i

(:’\:2)2 fe B P(<' )dz* - f(-r-'r')e v P(s* )dr +

-z . \
ke A S 7—7./‘ o
[o]

» vt _(z-13')
+* ﬂi%?}' fe'(‘t"'f)z(.rl)d.rl - ,i_)\‘l;é, e v Z(T' )d‘l" +
° .

T
- o ."
cay e Hee

o
It 18 easy to cbtain the differential equation for £(3) frem this equation

1 [%p
from which 1t is seen thatm lo.'urtiqn for the function 2(7) oan be represeated

in the form .

. - :.1
(22) o) )iy + B5de
Substituting (22) and (iz) into (20) emd integrating, ve £ind

: \
ki-l

Bis C
3k’£'v-2k -v ' X
(23) : &
2v3(x, «1)? -(1”)(“-1)2
A

1" (k, = Wk, « L+ v)(kv e 1) « 2v (k - 1)1 )
The solution for 2Z(t) 1s now written as




kn(ki+l)(kf-l)[2v3(ki-l)2 - (+v)(xty - 1)3)

Z(T) - 5 .
1475 (kg )14k ko v) (3K v-2k =) (14v) (K, v-1)-2v"(k, -1)]

2
« [14- (ki-l)(kiv-l)[(lw)(kiv-l)-2v (ki-li]e-kir’ |
27(k,-1)% - (14v)(k,v-1)2

vhere m=3 for i=1l and m=l for i=3 ; k, and k, are determined by (16).

Expression (24) is considerably simplified for v>1 and reduces to
.

(’25) Z(t) ~ §}:—X [l*-% r]e v,

(24)

PROBABILITY THAT A QUANTUM WILL LEAVE THE MEDIUM FOR MOTION OF
THE MEDIUM BOUNDARY
Starting from considerations analogous to those presented above, we find for
the probability that a quantum will leave the medium if the boundary of the medium
moves |
u ©
(26) p(T,u) = % e TTUVY, % fe'u' du! fe'l"‘r"m'vlp(-t",u-u' Jaz",
o 0

and integrating this expression with respect to u , we obtain an integral expres-
sion for the probability P(t)

T
. (1) = Z'%-_v? e+ ’2'(';‘7':')' fe'(""r' Jp(zt)art +
(27) o w (1'-1)
+ = fe'(""")P(r')d'r' - -ﬂ-—fe o P(')as".
211'7, J l_vz

The differential equation for P(t1) in the case when the boundary of the medium

moves is

: 3 2 -
(28) dP-i.d_.P-%P;fl-_Lp,o,
13 v

This equation is easily obtained from (27) and also from (11) by changing the sign
of the velocity v . Representing the function P(7) in the form of (12), we find
the characteristic equation from (28) . We find from the condition of boundedness
of the solution a8 T — o +that clso, c3-0, so that kl<0 and k3<0. Fur-
thermore, substituting (12) into (27), we find the condition determining the



constant caz

(29) o= (1- k).

Hence, the expression for P(t) in this case is
(30) Pe) = (1- ke 2
vhere

(31) kg-f;-—[z Vl+3v2cos{§--§—arc cos%gﬁ;i%-)ia-z}-l] .

The approximate formulas for v<1l are

k2~1/1-)\+.(3-.;2\.2‘_’
(32)
-y (A,
(1) ~ (1-y1-A)e Vi 55 ",
for v»>1 .
(33) ky~1- ,P(-r)~-22‘v—e1.

Similarly, we also find an integral equation for Z(t). Substituting (26) into
(3), we obtain

A -1 -(1-7") '
Z(t) = 2(l+v)2 e '+ 2(l+v) f P(t!)dr! +
© ( ) o 1"-1'
A -(t'- ' v o V P g -
T Tfe et - PRy Zopl - (o
(34) (o)

© T
T T

» - g-r'-'r}
A —(‘t'-‘t)z \aer . AV Y piev)att .
+ m .;[e ('I" )dT l-v ;fe (1' ) T

From this expression, we obtain the differential equation

: 2 2
(35) €2 1.8z 2,1, %[p_g.g],
A dr3 dt ‘ dr



Substituting the solution for Z(t) here in the form of (22), as before, we
find that the coefficients Bi and Ai satisfy the conditions :

1 3kfweki-v 1
A = 1 B ’

Taking into account that cl-c3=0 in the case when the boundary moves out-

wards, we obtain the solution for Z(t) as

+ ~KT
(37) z(t)= 21 u [1+(1-Kk,)tle 2 ,
‘ 3k2v +2k2- v
which simplifies considerably for v>»1 and can be written as
(38) 2) ~ 210 2 o] &7,

It is easy to see that each of the expressions and solutions obtained above
transform for v = 0 into the known solutions found by V. V. Sobolev.
The question of applying the theory presented to practical problems related to
the expansion of shockwaves in the terrestrial atmosphere will be examined
separately.
Let us note that the equations and solutions presented here were partially
published in [5].
In conclusion, the author is grateful to S. A. Kaplan for guidance during the ’
research.
L'vov Univ. March 16, 1960
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