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FOREWORD
The work documented in this report was performed by Dr,
w. D, Montgomery and Dr. P, w, Broome of the Electronics
Research Laboratory of Convair/Astronautics, It has been
included as a part of the BAMBI study for reasons of admini-
strative,expedi;ncy in order to eliminate the necessity of the
monitoring of two contracts although it was negotiated in-

dependently with different motivations and objectives,

This work was intended as a generalized study of the space-
time filtering concept which is applicable to electro-optical
detection systems. Thus, although it may be applicable to
the BAMBI stuhy. the technical approach and the results were
not constrained by it and should not be interpreted within

its context.



N ABSTRACT

-

The—priﬁnntAstudy is oriented toward enhancing the detection

of a missile launch as seen from a satellite. Some prelimi-
nary considerations of satellite altitude, wave lengths viewed,
and optical system used, show up the more important character-
istics of the problem on the image plane of the optical system,
Considering the intensity distribution on this plane as the
input, three important spatial filters are developed, having
two-dimensional outputs.

The first filter is a linear one whose simulation has—been
earriwd=out on an IBM 7090.-iTht:m_u:;.;a localized
target against a random and non random background. The inputs
and outputs are shown,as—takea—from-a—Characteron—tube. The
second filter)il a general statistical one/wbieh has consider-
able discrimination ability but wish needs a large amount of
statistical information of the background. The third filter
s developed along the lines of decision theorx«ani turns

out to be remarkably similar to the pmewiousiy-mentioned

general one.

For each filter the application to multiple wave lengths as
well as to point source and non point source targets is con-
sidered. The use of several filters combined in & serial or

paréllel fashion is mentioned.
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1. INTRODUCTION
The immediate problem that the present study is concerned with
is ‘the detection of a missile launch as seen from a satellite.
The satellite detection system will utilize data presented to
it on an image plane and will absorb the data by way of an
array of photo cells, a scanning photo cell or cells, a tele-

vision-type scan, or some such similar technique.

The main emphasis of the Sstudy is on possible filtering ac-
tions that can be performed on the image plane intensity as

an input. Such filtering will henceforth be carried out by
what is termed a "spatial filter” whose design is based on
certain a priori knowledge of the target and background.

The purpose of the filter is to enhance the detection of the
target. Filters which are discussed are of two types, the
first type does processing in which the output is obtained

by performing mathematical operations on the input. The
second is a decision filter which votes according to a given
criterion as to the absence or presence of a target in a given
neighborhood of the image plane, thereby partitioning the out-
put into two levels, absence or presence. Both types involve

a mapping of the input plane onto the output plane.



The data which is seen at the image plane has already had

some processing which must be considered in the analysiss This
is dependent upon the wave lengths viewed, the optical imag-
ing system employed, and the sateliite altitudes considered.
These are all external variables which determine some of the
general properties of the incoherent light intensity distri-
bution on the image plane of the optical system. The effect

of these variables is to place constraints on the intensity

distribution in the image plane.

At launch the dimensions of the Plume of an Atlas missile
about match those of the missile itseif (80 feet by 10 feet).
Tﬁua from a sateilite the missile at launch would most likely
appear as a point source in the infrared; Out of ghe atmos-
phere the plu-; can be expected to increase it; dimensions

by af leqst ten times, and this combined with its possible
decreased distance makes it no longer a point source. This
addition of structure to the target as seen in the optical
image is of importance as more complex filter criteria may
be uaed.to advantage. 1In general; structure is always pres-
ent when the time dimension is included, evenéfor a spatial

point source if its velocity is not zero.



This point may be illustrated as follows: 1In Figure 1 the
usual Raleigh criterion for resolution gives the resolvable
dimension, r, as a function of the distance, D, for the two
wave lengths--l1 = 3.5 microns (infrared) and Av =z <3
microns (visible). The objective aperture is assumed to be

about one meter.

Since the plume radiation is most intense in the infrared
(2.78 4+ and 1.2.U ), this and a typical visible wave length

have been chosen as being representative.

The {esolution distance available on the image plane is de-
termined by the wave length used as well as the aperture and
focal length of the optical system. For an aperture of one
meter and a focal length of four meters; the two wave lengths
give resolution distances of .02 mm for 3°§/A( and .002 mm
for egAl o Even though a scanning (say 100 lines per mm)

of the image plane may not be able to take full adYantage of
this resolution the two cases previously mentioned for the
target will still persist, nemely the point source and the

finite size.,
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1.1 INFORMATION CONSIDERATIONS

The input to the spatial filters is a two-dimensional intensity
distribution on the image plane of an optical system. Some re-
marks are in order concerning the output of such a filter., In
particular, if the filter is considered as an information chan-
nel it would be desirable to keep the information lo;s(l)
(equivocation) down unless considerable data reduction is an-
ticipated within the filter itself. If the dimenpsion of the*
output were lower, say one-dimensional with intensity a func-
tion of time, then it can be shown that there would be either
considerable information loss or loss of continuity between
input and output. The best that such a filter could do to
minimize information loss aloge would be to establish a one-

to-one correspondence between the input plane and the output

line; which can be done.

A topological theorem tells us that in such a case the con-
dition of bicontinuity cannot hold simul taneously. This
implies for the present circumstance that a localized target
on the plane could not produce a localized output on the line
and this would be a serious loss for detection systems. This

one-to-one correspondence would involve no information loss



(1)

in a technical sepse. The only way that some degree of
continuity could be maintained would be to make the mapping a
many-to-one type (e.g., see Figure 2). This means that a
localized target on the plane would produce a more localized
output on the line but many input points wouid be wmapped onto
the same output point. This would imply that many distinct
inputs would produce the same output giving rise to an in-
formation lossg(l) From the above considerations it would
appear desirable to have a two-dimensional output for the

spatial filters. Most of the filters considered will be

of this type.

This is not meant to imply that the data must be processed

in a parallel fashion. Serial processing with retention of
dimension does not constitute an information loss process.

1.2 CéNTINUOUS AND DISCRETE DESCRIPTIONS

The intensity distribution on the image plane is of a con-

tinuous nature but due to the resolution limitation it is

z

actually discrete and in fact finite. One way this can been
seen is by a consideration of the sinusoidal intensity waves
(2)

that add up to form a two-dimensional picture. This is

its Fourier description and usually involves the summation of
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an infinite number of the sinusoidal waves, Since in the
present situation there is a finite resolution diatancev¢5 v
on the image plane there is no need for waves in the Fourier
synthesis of wave length { 2A. Such waves can only aid in
the description of detail not found on the image plane. Thus
the Fourier series is finite and we say the picture is band
limited with an upper frequency limit (cycles/cm.) of W = 5%5,
Shannon‘s sampling theorem(3) applied to two dimensions shows
how the picture can be completely described from a knowledge
of the intensities at the points of a finite square grid of
separation spacing & . The information at the intersections
on this grid may replace the input plane of a spatial filter.
This result correlates well with practical considerations
since a scanning mechanism will no doubt be used to record

the input data and such mechanisms are obviously limited to
80 many lines per mm. Similar arguments show that the output .
plane may be replaced by a grid of mesh no finer than that of
the input grid.

1.3 THE NEIGHBORHOOD MODIFICATION FROCESS

Assuming that the input and cutput grids are superimposable,

the general form of the spatial filter can be derived from a




few stmple considerations. Firat of all since we are interest-
ed in the detection of a locallzed object, positional infor-
‘;tion sgould not be loat by the fik}ering action. This is
assuming, of course, that the size of the target is relatively
small in comparison to the whole field of view. Secondly, any
statistical description-of the background will show that cor-
relation holds for relatively small distance, again in compari-
son to the whole field. By this we mean that the intensity
level at one place on the image plane is not highly correlated
with that at another place if they are very far apart. These
statements will be made more precise in the section on filters

where nathenaiical notation--is introduced.

From these two observations it seems clear that the connection
between the two grids should be as follows® The intensities
in the neighborhooq of an input grid point, P, should alone
determine the intensity at the output grid point, P', where

P' corresponds to P under the assumed super1mposab111ty. This
mapping of a ne1ghborhood o; 1nput 1ntens1t1ei onto an output
intensity is termed the "ne1ghborhood modification process" ’

()

(N.M.P.)., The size of the neighborhood should be large enough e



10

to contain the target as well as distances over which there

is significant correlation in the. background.

Thus the total filtering action can be described by a function
£(x) where g.is an N-tuple vector whose components are the
intensities at the points of the grid ordered in some way in
the neighborhood of the point, P. For convenience the neigh-
borhood will be chosen in the form of a square with P at the
center and the points will be ordered from left to right and
top to bottom. Thus, f(x) = y is the intensity at P' on the
output grid; This is illustrated in Figure 3.

1.4 MULTIPLE WAVE LENGTH PROCESSES

In the combﬁstion process of a rocket plume, as in most steady
state burnings, there is a definite correlation between the
infrared emission at one place in the plume and the visible
emission at another place. This cross-correlation of intensi-
tfes from differgnt.;ave lengths is in add;tion to correlations
occurring within any one wave length. This cross—co;rel;tion
will also be present in t?e background (earth and cloud radia-

tion) and thus additional discrimination can be gained by the

use of multiple wave length spatial filters. The incorporation
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of more than one wave length into the scheme does not increase
the theoretical difficulties by very much but in the implementa-
tion it would undoubtedly pose additional problems, For in-
stance, one optical system might alternately illuminate two
different input pPlanes, each coated with a photosensitive mat-

erial responding to that particular wave length,

The infrared and visible radiations tend to complement each
other as to resolution and intensity. Most of the plume radia-
tion is in the I.R. but the resolution is considerably Setter
in the visible.

1.5 RETICLE SYSTEMS .

There is a collection of mechanical devices which are used to
detect the presence of a point source against a background of
clouds, etc. These reticle systems, as they are called, employ
a "chopping"action which usually consists of a collection of -
strhight edge stops moving normal or parallel to their edges.
This motion produces an off and on switching over the total
field according to scome pattern. Figure 4 illustrates a
simplified rotating reticie. Some analysis of these devices

has been done in.the Fourier and Laplace planes.(4) It is

pm— ~

clear from an examination of the image plane itself that their
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utility lies in the ability to pulse on and off a point
source intensity while at the same time tending to suppress
such pulsing of high intensity gradients that appear along
edges whose average radius of curvature is not too small.

The detection of the point source is thus reduced to that of
detecting a pulsation in the integrated output intensity from
the reticle, A clear advantage of most of these systems is
their mechanical simplicity. Two serious defects are their
inability to take advantage of much 2 priori knowledge con-

cerning the background the their inability to supply goed.

positional information unless high scan rates are used. The
generalization of reticle systems to include non point
sources is of questionable value and would tend to reduce to
ordinary template matching. The spatial filters discussed
in this report¢ can utilize considerablie a priori background
information and detect non point scurces as well as point
sources. They, of course, will alsc tend towar& more com-

plexity,
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2. DISCUSSION
There are a variety of ways to proceed toward the design of
a spatial filter and all of these depend upon a priori choices
of the mapping function f(;). the optimization criterion, and
the background and target descriptions. For each filter which
is discussed, the single'as well as multiple wave length cases
will be cohsidered. Also the targets will be both point source
and non point source types with the latter being of fixed
shape or having a statistical distribution of shapes. The
optimization criterion employed is that of maximum transmitted
peak target to r.m.s. background. One reason at least for using
this criterion is that in the linear filter it makes use of

signal shape whereas other criteria such as Weiner's do not.(5)

The free variables that are left after the above constraints

are imposed are the form of the mapping function f(g) and the
background descriptioq. These have a complementary relation-
ship such that if the mapping function is completely prescribed,
a8 in a polynomial filter, the background description necessary
is fixed. 1If ;he baékground 1; completely desc;ibed statisti-
cally, as in the general filter, then the form of £(x) is de-

termined. These two situations as well as a decision filter

will be described in what follows.
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2.1 POLYNOMIAL FILTERS

2.1.1 The Linear Filter

In an electronic linear filter whose input and output are
voltages, the voltage at time to is determined ﬁy a linear
weighting of the input prior to time to. This continuous
weighting is performed by an integral operation. If a finite
discrete weighting is desired this can be performed by a
summation of past values using a fixed set of weighting coef-
ficients. These two cases are shown in Figure 5. This opera-
tion corresponds to either a delay line filter or to a sampled
data digital filter. In the case of spatial filters the dis-
crete weighting procedure has.comglete two dimensional freedom
in contrast to the restricted one d;mensional freedom of the

previous filter.

Figure 6 illustrates the Recessary and sufficient form of f(x)
in order that the spatial filter be ainear for'the case of a

5 x 5 neighborhood. A linear filter is-one in which a linear
combination of inputs produces as an output the same linear
combination of the corresponding individual outputs. The

signal-to-noise ratio for the linear filter is:
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Figure 5
Electronic Lipear Filter
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It is simpler to maximize the square or

[Zc (s3] 2 ’
)

where the summations are carried out over the neighborhood

(1)

(2)

square and the bar denotes an average carried out over an
ensemble of inputs. The ¢, are the unknown weighting coef-
ficients, the 8, are signal (targe.t) values, and the n, -are
noise (background) values. Here the signal is assumed to hav.e
@ known shape and in fact peaks at the point P, the center

of the neighborhood. The denominator of R can be written as
%cicj 13 where ?ij = ﬁ is the autocorrelation of the
background., E = (?’ij) is a positive semidefinite matrix.
So far two averages are indicated, n = & and nin:j ?13 .
so that some comment concerning the ensemble nentioned above

is in order. All of the spatial filters treated in this re-

port are potentially adaptive. This means that the parameters

19
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invglved in the mapping functfon f(x) {in the linear case the
ci) can be changed from time to time as new information about
the background is acquired. This involves an assumption of
stationarity in the background statistics over a period of

time which includes that time used in recording an ensemble

of background inputs and taking appropriate averages as well

as the time dhring which the filter uses this information to
enhance its detection ability. Such an assumption is always
inherent in any statement concerning the use of a priori back-
ground data. If a sharp discontinuity in the background statis-

tics occurs at some time then it is clear that stationarity

.does not hold and any adaptive system would tend to have a

"blind spot" for a short time unless corrected by some ad-
ditional memory scheme. Such a thing would be partly true for
any human observer and so the difficulty cannot be completely

overcome.

For the present linear case there are devices that will com-
pute the autocorrelation of a two-dimensional input and
(6)

which involve no moving parts. Eppler and Darius have

devised such an autocorrelator which is shown in Figure 7,

The A and B are two transparencies of the same picture where

A is uniformly illuminated from the left so that the intensity

(Y



Figure 7
Autocorrelator
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[

reaching point P on screen C by way of B is proportional to the -
autocorrelation for the vector OP. This depends upon two
things:

(a) The spacings "a"™ and "b" must be such that the
a+ b

b L
(b) The geometrical fact that all straight lines in-

scaling ratio between transparencies is

tersecting the set of three parallel planes A, B,

C are cut proportionately.

(7)

One shortcoming of this one as well as others is that they

need at least one transparency of the input for their opera-

tion. If this obstacle can be overcome the optical auto- s
correlator would appear to be a fairly simple device. Digital
computer methods for computing autc¢correlation have been found
to be easily instrumented and are available as an alternate

method.

Returning to equation (2) in an attempt to maximize the ratio
R, there are two exceptional cases that should be mentioned
first., There might conceivably exist a non trivial set of ¢y
such.that %cic;j ?ij = 0, which wculd imply of course that
é ié not a positive definite matrix. In such a case the

"best" choice of the ¢y would be one of this type. Another
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exceptional case is for R to be unbounded for non trivial c;i
here the choice on the s is unlimited. It is assumed in what
follows that the exceptional cases do not occur so that I is

a posjitive definite matrix and an absolute maximum for R must

be found among the solutions to the equations,

-g—cn-;=o D=1, 2, ¢ s (3)

This procedure is carried out in Appendix A with the resulting
vector solution.

! k =a o (4)
The k is the coefficient column vector consisting of the
critical S5 the O has components 0'; =8, + ¢ , and "a"
is an arbitrary constant. Since I is assumed positive def-
inite it is non singular and

k=a§ ! o (5)
It is shown in Appendix A that a necessary and sufficient con-
dition tha-t this represent an absolute maximum is that the
matrix o(I - O g ' be positive semi-definite. Here ol = o

I O and primes denote the transpose.

Solution (5) represents only ohe value of R since R is a homo-

geneous function of the c; of degree zero.
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In the case of a point source ali of the sI are zero but the
central value corresponding to the center of the neighborhood
Sti:nare° Thus the size of the square in this case is determined
solely by background correlation. Independent of the fact that
a complete specification of the form of f(x) = ¢'x demands a
knowledge of the autocorrelation I of the background, we

can speak of a statistical measure of background cerrelation.
Such a measure is necessary if one is to choose the size of

the neighborhood square in an inteliigent way.

Let pl(a:;,b) denote for the background the probability that
given the free vector x with the intensity at its initial
point in the interval between b and b + db, that the intensity
at the terminal point is in the interval between a and a + da.
It pz(é) denotes the probability that the intensity at any
point is in the interval (¢, ¢ + d¢), then it is clear that
pl(azgvb);: pz(a) for all ; and b indicates no correlation for
the vector sepafation X. Por each direction there would be

a smallest length vector satisfying the above relation and the
collection of these vectors will prescribe the smallest neigh-
borhood square ;ecessary to take full advantage of the correla-

tion. In the present linear filter case as well as in other



non linear cases a simpler measure of the loss of correlation

—_— _ 2 =2
is for nin1 = 9’;3 = " = (ni) for sufficiently separated

points i and j.

To incorporate multiple wave lengths into the present scheme
would no doubt require a considerable addition in instrumenta-

tion but for the thbqretical formalism only a minor notational

. change is needed. Let us consider for simplicity the case of

two wave lengths ;Ll and ;lz' Of course one way to do this
would be to design two separate linear filters and consider
their output in a parallel fashion. The drawback here would be
that no use is made of cross-correlation in the two wave lengths.
So we will proceed as follows: Let the index, i, take on

values from 1 to 2N where N - na denotes the number of points

in a neighborhood square of m by m size, The values i =1 ., .

N will refer to wave length 7\1 and the values i = N +1, ., .,

2N will refer to wave I;ngth ;\2. Such an arrangement is both
necessary and sufficient for the filter to Be linear over both

wave lengtks. Thus for example ninj

gives the cross-correlation between the intensity in )Ll at

for i =1 and j =N+ 2

position one and the intensity in ;\2 at position two. It
should be noted that the output of this filter is still in a

single plane grid,

23



26

2.1,2 The Quadratic Filter

A polynomial filter somewhat more general than the previous one
is a homogeneous quadratic one. In this case £f(x) = x'Ax is

a quadratic form having a symmetiric matrix A. If the same
optimum detection criterion as was applied to the linear fil-
ter is applied to this one, the following ratio stands to be

maximized:

1) 17 j -
R--Al - . (6)

The subscript indices take on values from 1 to N, i.e., the
numbering of points in a neighborhood_"s‘quare° The aij are
elements of the matrix A while CT; and n, are the signal and
noise intensities, respectively. .Thé bar indicates an average
over an ensemble of noise backgrounds. To maximize R the aij

must satisfy the following equations:

Zij’aijqijkl = bo‘ka-l fOR‘ kg ]l = 19 e o o N (7)
The gﬁjkl = ninjnknl 8o that they represent a corrglatnon in

the noise at a quartet of points, i, j, k, 1 as distinct from

the autocorrelation Q?;j = m;n, which represents a correlation

in the noise at a pair of points, i, j. Since there are N2
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equations in the N2 unknowns aij it is glear that in general
there will be a unique set of aij determined and hence a
unique function f. The "b" is an arbitrary constant whieh
appears for the same reason as "a" in equation (4), namely
because the ratios to be maximized are homogeneous of degree

zero.in the unknown constants,

The adaptation of the quadratic filter to a point source and
multiple wave lengths proceeds along lines exactly parallel

to those of the linear filter.

If one proceeds to non homogeneous polynoniais or to ones

of higher degree an increased knowledge of correlation in

the noise is demanded. A more general and satisfying ap-
proach is to assume a somewhat complete knowledge of correla-
tion in the noise and then proceed to find the function f
which will maximize the signal-to-noise ratio.

2,2 A GENERAL STATISTICAL FILTER

For any ensemble of noise backgrounds consider the following
function v/ (n), where the vector D denotes a noise intensity

distribution over a neighborhood square (m by m). The image
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Plane has Been replaced by an input grid so that the vector n
Gomes from a Euclidean Nespace (N = mz). The function -V’is
defined as a probability density function for the random

variable vector n. This means that the integral

b b b
1 2 N
[ [ ooo/ V(i)d;1d$2..°d5N (8)
| 2 aN

gives the probability that an arbitrary neighborhood of an
arbitrary input grid taken from the ensemble will have a dis-
tribution of intensities satisfying the following inequalities.

a, b4 n, < bi for i =1, ., ., N

oy

ﬁN

The above integral will be abbreviated by 12 V(E) a §
and it is clear that f-y(_{‘)a_g, - 1 with infinite limits
understood. The size of the neighborhood square ig dictated
by the area over which the noise has "significant" correla-
tion properties. 1In practice where the ensemble is somewhat
restricted the function=-y can always be computed., In fact,
regardless of the size of the ensemble the computed function

represents the most complete statistical knowledge consistent
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with that size. It should be noticed that from the function <V
such functions as the autocorrelation and four point correla-

tion descriptions of the noise can be derived.

Analogous to the function V(n) another probability density
function ¢g~(s) will be introduced. Assuming that the neigh-
borhood.square is large enough to contain the localized signal
as well as noise correlation, O (8) will describe the prob-
ability with which the signal takes on various orientations as
well as positions in the square. If several different signals
are involved O can incorporate these as well. More precisely

the integral

L:I/::"ﬁuU(‘z')d7.ld72'°°dfu (9)

gives the probability that an arbitrary neighborhood containing
a signal superimposed on an average noise background will have °
a distribution of intensities satisfying the following inequali-
ties,

ai<si<bi fori:].'osoN s -

where 8 = . . (10)
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With the above definitions of vV and G it is clear that the
average transmitted signal and the average square of the

treansmitted noise are respectively

ﬁ(_p T(Z)azy and /rz(_f_) W5y a S (11)

Thus the ratio to be maximized is

Y1) o)a ) 0z
/r (£) viie £

and the variational calculus is employed in Appendix B to find
the unknown function f. Assuming 9”(_£) to be the function

sought the desired result is

P(£) = A %' (13)

with A an arbitrary constant. The ratio in Equation (13) is
intuitively correct since any intenéity distribution in a
ne1ghborhood square centered at point P which has a much higher
probab111ty of representing a signal than noise will give a

strong output intensity at P',

In thinking of o'(gz) as a scaler point function in an N
dimensional space, the point source target case corresponds
to a o which is only sizable for points in the space which

have a large central coordinate value for 41.

‘s



Thus the computation of O for the point source case de-
pends only upon the average background and the statistical

distribution of amplitudes of the source.

The multiple wave length case can be handled in a way similar
to that of the linear filter. For the case of two wave lengths
the dimension of the vector _i is doubled so that the first
half of the coordinates refer to intengities in )kl and the
second half to intensities in Az. The v and ¢ functions
then incorporate all of the cross-correlation of intensities .
in A

, and ;12'

Any instrumentation or simulation on a computer of this kind

of a statistical filter requires a large memory capacity. Ways
of obtaining approximate and useful estimates of the 7 and o
functions are at the present time being worked out. The filter
is somewhat of an ideal to be approached a;d also shows how the
mapping function f(x) is completely determined, i.e., to with
in a multiplicative constant, when the background description
is given.

2.3 A DECISION FILTER

Using the same -/ and O functions as previously defined, it
will be interesting to show how an entirely different approach

. »
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to the detection problem can lead to a result strikingly simi-
lar to that obtained in Section 2,2, Middleton(s) in applying N
the work of 'ald(g) to the detection of signals in noise in-
troduces a decision function O (di:__f_). Here § (doz_f_) gives
the probability that no signal is present in a neighborhood
Bquare given the intensity distribution _2, Similarly
8(31:_£) gives the probability that a signal is present.

From the definition it follows that
3(d: ) + Sta: £y =1 (14)
The optimum criterion to be used in designing the decision
filter is called that of an ideal observer(e). This criterion .
minimiZes the total average error of which the filter is |
capable. There are two types of errors. One of them, called
the false alarm, gives an output of signal present when no
eignal is present. The other, called the miss, gives the
output of no signel present when a signal is present., The
average probab111t1es of these two types will be denoted by
/sq and o p, respectively. Here p and q denote the a priori
probabilities of the presence or absence of a signal with e
P+ 4q=1. Thus oL gives the average conditional probability

of a miss while fS gives the average conditional probability



33

of a false alarm. The relations giving o and /3 in terms of
the decision function § and the density functions v/ and o

are as follows:
e =/0‘(_Z)5(d°:_?_) ¢ 7,
B [vViSia:zp e 2z
The ideal observer then seeks to minimize the total average

error'l':o(Po/QQ-

T=P ﬁ(_?_)S(doz_g_) d;. q/«pg(aﬁ_@ d_z

(16)

(15)

Using Equation (14) the total average error becomes

r=p+/[q't/(_?)-pa1_¢)] S(dlz_?)d¥ (17)
The choice of 6 which minimizes T is clearly the one which

has 5 = O when the integrand is positive and has g = 1 when

the integrand is negative. Thus

1 it q‘/(i) - pd‘(_?)$ 0

S(d].:#) = 0 it q_‘/(-z) - pa_(g) > 0 (18)
or in more familiar terms,
pa( )
1l if W?/l
(19)

g(dlé‘ ) = 0"( )
-?. 01!:—_;%(1

In the language ,0f decision theory the space of inputs has been
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partitioned into two parts such that a Yes or no decision can
be associated with each one, Comparing this result with that
of Equation (13) it can be seen that for A - -5- the filter
of Section 2.2 becomes a decision filter where an intensity
at P' greater than one is interpreted as a signal present in
the neighborhood square about P, If the intensity is less

than one no signal is assumed present,

The adaptation of the decision filter to a point source and to
multiple wave lengths is exactly the same as for the general
statistical filter. The similarity of the final form of

t(;) for the last two filters, considering their divergent
approaches; is somewhat remarkable and tends to give con-

siderable weight to that form of the function.

2.4 COMBINING FILTERS

Each filter which is designed is designed for the purpose of
distorting the optical pléne data in some certain desirable
way. The linear filter does this by improving the signal-to-
noise ratio using signal description and noise autocorrelation.
The decision filter evaluates the ratio of the probabilities

of the input hav}ng occurred in the signal to its having oc-
curred in the noise. An intinitud; of filters can be designed

wvhich require statistical descriptions lying somewhere between

these extremes. ps

&,

.
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Decisions can be made as to the probability of a target's
presence or absence in the input optical Plane dependent on the
filter output. The decision filter makes this decision in its
operation. Various types of decision criteria may be used. For
example, the output intensity of any filter may be partitioned
at some level, all levels above the partitioning point indicate

ing signal presence, all points below indicating absence.

Filters which have a two-level output, indicating presence or
absence, are called property filters. Their effect is to di-
vide the universe of possible patterns into two classes, the
O class and the 1 class. Prdperty filters as applied to the.
thesis problem would, for example, include measurements of the

pregence or absence of the target in several spectral ranges.

Property filters may be designed on any reasonable basis. Their
evaluation may of necessity be empirical. The term as used here
means simply that the filter measures some Property of the image

and votes accordingly.

Several decision processes may be combined to enhance the ac-
curacy of the overall decieion process. It is probably easier
to find a larée set of properties, each of which‘gives a little

useful information about the target, than to find a few which

® o
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are just right. This_ia.eapeciallynsn.in_theuadaptive.systema

Two basic ways of combining decision pProcesses are illustrated
in Figure 8. The serial decision requires excellent discrimi-~

nation ability at each 8tep.

The serial scheme (a) minimizes false alarms at the expense of
permitting misses. The serial scheme (b) minimizes misses at
the expense of permitting t;ISe alarms. Either case would
probably be intolerable in a system in which the machine has the
final say. If the final decision were human, scheme (b) would
be better as it mi&imizes misses. The parallel decision (¢)
does not require such tight requirements on the individual de-
cisions but requires that they be combined by some good method
}n the final decision bicck. By good, it is meant.that the

outputs of highly discriminating dezisior blocks are weighted

heavily while less reliable decision blocks are weighted light-

ly,

Each filter has associated with its decision ability a prcb-
ability value cf its decision being correct or incorrect, The
purpose of a design which retains some residugl adaptation is
to improve the reliab#lity of the d;cision as time goes on,

Thus, the autocorrelation function in the linear filter is



Decision | (a) Decision | (b)
#1 #1
0 1 1 0
Decision Decision
2 #2
0 1 1 0
l s
Decision ' ] Decision
#n #n
o‘L \Ll , 1] )
\ \ \ Y .
AN /S \_/ \ /' \/
Decision of Decision of Decision of Decision of
No Target Target Target No Target

Simple Serial Decision Schemes

Decimilon | Decimion Deciegion
#1 2 #n
| |

Joint Decision by Maximum Likelihood Estimate

v P

Decdision of Target Decision of Target (e)
Absence Presence

Parallel Decision Scheme

Figure 8
Decision Filter Combinaticns
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continually updated so that it remains representative of the
noise. It seems clear that the property filters used in a
detection scheme should be designed with the problem con-

straints in mind.

The problem of designing a system which uses these concepts
breaks itself rather naturally into two parts, The first is
to design property tilters.'hich are in some sense optimum and
which, again in some sense, retain residual adaptability.

The second is to use the decisions made by these property
filters so as to improve the overall decision ability of the
system. Each filter has four probabilities associated with
it: Pll the probability that it decides on a target being
present; given that a Earget is present. Plo the probabilit&
that it ‘decides on a target being present, given that a target
is not present.. POI.the probability that it decides against*
a target beiné present, given a target is gresent. POO the
probability that it decides against a target being present,
given a target is not present. Ideally, P11 and Poo.are each
of value 1 and Pol and PlO are zero. The adherence to this
optimum is the goal of the filter design. If this were possible
for a single filter then there would be no need of using more

than one.
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The decision filter, sec 2.3, is a single filter which minimizes"

miss and false alarm decisions, P and Po Therefore it is

10 1°
'ideal. The quantity of data which it must keep available, how-
ever, is prodigious and this is a limitation which may not be
easily eliminated. For example, if it were to look at ten se-

quential images (time) of twenty x twenty points, and each
point had a ten ievel number associated with it, the number
of possibilities which can occur and which must be accounted

for is 104000

; i.e., 4,000 points taking on 10 levels inde-
per;dently° It is obvious that some compromises must be made in
the instrumentation of such a filter which will tend to make

it less than ideal.

The filters discussed in secs 2.1, 2.2, 2.3 of this report

used in several spectral regions are optimum in the sense in
which they were derived. They will nevertheless have success
probabilities associat;d with them and if the design.criteria

are reasonable their success probabilities will be much larger

than chance.

Likelihood+estimates can be assembled from the Pij probabili-
ties that have been introduced. These are being considered
at the present time as a method of combining decision filters

in parallel. .
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2,5 SIMULATION

In order to develop some feeling for what can be attained by

the use of different filtering and detection criteria, computer
simulations of systems using these criteria are being established.
This is a two purpose program. First, to see how well the math-
ematics applies, and second to obtain some idea of the requisite

complexity of a system using these methods.

The hardware being used in the simulations is:

1. A picture scanner (still under construction) which
partitions a photograph into 100 x 100 equally spaced
points and generates a number for each point propor-
tional to the average intensity over a circle centered
on that point. The circles are situated so that they
touch but do not overlap. These numbers are then con-
verted into a ten-lével digital code and placed on IBM
magnetic tape.

2. An IBM 7090 high speed digital computer with a core
storage of about 30,000 words. The picture contains
10,000 computer words so two pictures plus program

fit easily into the core.



3. An output device, the SC 4020 microfilm recorder which
prints a 100 x 100 point picture. The technique used
is to partition the output field of an oscilloscope
into 100 x 100 equal squares and to print a number of
dots in each square dependent upon the grey level,
i.e., a 7-level is 7 dots, a 3 is 3 dots, etc., The
SC 4020 recorder utilizes a Characteron shaped beam
tube. The output oscilloscope picture is photographed.
Variations of this approach using the SC 4020 are under

investigation to see what improvements can be made.

The manipulation of the picture data is dependent upon the com-
puter programming. Commensurate with the computer capabili-
ties, subroutines have been (and are being) written so that new
pProcessing ideas can be checked by writing a driver program
which calis for subroutine as required. For example, the auto-
correlation function is obtained for a picture by calling
AUTOCOR and stating the core location of the picture. Print-

outs of a picture at any stage of processing is also available

as a subroutine. .

A numerical picture output is available when desired by using

an IBM 720 high speed printer. A picture printout subroutine

41
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has been written which gives a picture output of up to 100 x Y00
points with a decimal number printed at each point to represent
the level. For reascns of size compression, we have been nor-
malizing and quantizing the output into grey levels of zero to
nine. |

2.5.1 Autocorrelation

The autocorrelation program evaluates

PR} = =~ F(z)F (z+R)
where R is the vector separation between points F(r) and
F(z+R), the intensities at the sampling points; and M is the
number of such péints considered. r is a dummy scanning vec-
tor. @(R) is a measure of the statistical influence of the

value at one point in a pPicture upon the value at a point

separated by a vector distance R.

Since (5+g) dces not necessarily lie in the picture matrix,
the computation prescribed is evaluated by considering only
those values of r which permit R to terminate on points in

the matrix. -

=
i

The autocorrelation fumction at the origin, R = 0, is the

average square of the function. For arguments larger than the
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distance over whigh one point has influence over another, the
autocorrelation function approaches the square of the average

value of the function.

Figures 9 and 10 are examples of the autocorrelation function.
The "a" picture is the input, F(r). The "b" picture is the

autocorrelation function, @(R).

Figure 9, a number ; and its autocorrelation function,demon-
strates two properties of the autocorrelation function. One,
the autocorrelation function is independent of translation

of the image being transformed. Two, although structural
information is lost, the distance over which correlation is
important can be inferred from the image data. Note the strong
correlation in the direction of the three lines making up the

input image.

Figure 10, numbers between O and 9 taken from a random number
table and its autocorrelation, illustrates the lack of sta-
tistical influence cn one point over another when each point
is completely independent.

2.5.2 Neighborhood Modification

The neighborhood modification linear weighting program performs

a linear weighting of the picture intensity values on the input
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a) The numeral 4

b) Autocorrelation of the numeral 4, The center
value, shown as zero, is a ten level. The
other levels are normalized to the center level,

Figure 9
Auﬁocorrelation of Numeral 4

LR

I



a)

b)

Ten level random noise.

Autocorrelation of (a). The center value,
shown as zero is a ten level. The other
levels are normalized to the center level.

Figure 10
Autocorrelation of Random Noise .
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Plane tn a square of up to 25 x 25 points and plots the sum
at a polnt in output plane at a point corresponding to the
center of the square. It does this for every possible center
on a pfcture of slze up to 100 x 100 points. See Figure 3.
Linear wetghting of this type has a direct analogy with the
one-dimgnsional linear filter. Since values on all sides

of the point being processed are available, zero phase shift
filters are possible.

2.5.,3 Equivalence

The equivalence subroutine equates vector relations between

points to matrix relations between entries.

For example, the autocorrelation between points with a sepa-
ration of one horizontal element in the image plane, g(1,0),
is the same for all i and J points of the neighborhood with
this separation. There are 2n(n-1) + 1 free and different
autocorreiation vectors that will fit into an nxn neighbor-

hood square.,

2.5.4 Matrix Inversion

The matrix inversion subroutine solves the matrix equation,

;§§:ki C?}n =a 0;



In the filter simulation, ki afe the filter constants to be
found, 9‘1n is the autocorretation of the noise between points
1 and n, and cr; is the target description plus sverage noise.
This 48 followed by a filter design subroutine which places the
k's in the neighborhood modification schems.

2.5.5 The Linear Filter Simulation

The optimum filter according to the criterion given in 2,1
was simulated as shewn in Figure 11, with examples shown

in Figures 12 and 18.

Pictures of size 88 » 28 evlemsnts were read into the computer
by hand. 100 x 100 element pictures will be read in when the

photo scanner is completed. The program solves for an optimum

filter from noise and signal data to improve the signal-to-

noise ratio for a sigonal + noise picture.

The output are normalized to the highest picture value and

quantized into levels O to 9.

This filter is easy to instrument and an inexhaustive varloty of

modifications of the general ides sre slso pollibio without
requiring much addition. Im the detection filter maintenance
of target shape was not included as s constraint. Thus, its

only gosl in life is to peak up a¢ the point when®it has a

target centered in the neighborhood. It is seen to do this.
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Inbut n Find Autocorrelation ¢(R) Set Up
Noise ﬁi Function of Noise —% Equivalence

"Picture

Input 5 ) Set Up and
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lc.
i
' Set Up N.M.
Filter
4
Input S. +n ' Filter
Signal. i i o
Plus _
Noise )
Picture

) ¢ T(s+n)

Output Picture

Figure 11
Computer Flow Chart for the Simulation of
the Linear Filter



- - - wr
- ¥ r - [ - - il - -
’ » -
- L - - - o - l'..
- e - - - e - L
- -
- r wr - L - r w - L
- = - r - w - r
: - '._ r' ." : - :'- r' .‘._
- - -
- ] - -
- - w - - wr
- - - -
" *w - . - re - .
- 4 L - - L
- - 4 4
a) Dumbbell noise with- b) Dumbbell noise plus
out target target
- ol e R i
.. b el = L o
c - = e . — = R
P R T e - B
5 B e el g5 A
.. -* .:::00 .-— .- . - sove - LK ] -
= R o LM, P B |
= covrsssogresstes s mungpme @ o o eesnne S g
-W.'P -P* - e - TEED 6% s aseet o0 e | 2anad
8 cgeeven ¢ e e s e SEee i et e s e o o0 asew
S - " DS LT TR R
;?:FT ::;-.r_..TE;; E?;..- .- —l T
e AL il Rl T
..":...........” T err— Tl o BERLS -
ity 5 —n T - & L
T o s Cge e s o'gm =
..... - ey e - i,
. Lo e F -
c) Dumbbell noise plus d) Dumbbell noise plus
target filtered by a target filtered by a
3 x 3 neighborhood. 5 x 5 neighborhood,

Figure 12
Simulated Linear Filter (Case 1)



50

a)

ST BINT W G YU WY e n e

© e 0 e seneesenn e g ¢ -
-W.MF._._"r.
P ¢ e g g g
- EEWEET B e mr W
ey g - e
B o oorpme oo - e
l-w * f andid
fpee qresapagrese e ¢ e oo

Random numbers plus

target

W] vepese wm e e [ e o
S a2 et g gt e e
O el gl A e
e | Ty el
T feanhr = .
B oo D B
oo Al o e e ]
e - e ] -
- s W e oo
UL <l T,
Lo R D 5 7 (0
R . e .
i s 1 o oo e v om & o]
coiBiag o o TR % e

w i LD L

a0 FRA S IR
T L U e e SR S
L, SR Al T
gl R N e | TR |
o e L - o e e
R T ey WOl N
e e, L |
SomdN - R i)
e Sk

N L i

Random numbers plus
target filtered by a
5 x 5 neighborhood

Figure 13

o e . mm e e e
moee T L
o LTI B T
oLt L tTRn moe o rm
e i w o
R LR S
a5 8 il il =
T I L
-' F‘“—-... - aen ..
B e e e
g me = e er W
RS ol SR N el
» - o n—-r-.l ¢ ¢ -
”.' - o - *. e sem P.
gy oy - - “gEel- e
i S il e
il Rl A JAE
N . o T tukp

F-* lPr " S AEN S o
Rl e B bl
. ..-.r.—l .....Pr ’
BRI SRl i s
s niLw L Tt worT
R e JUR Rl
mm s me e

b)

Simulated Linear Filter

Random numbers plus
target filtered by a
3 x 3 neighborhood

(Case 2)



The presence of a target on the image plane can be determined
by either man c¢r wachine. This filter, which does not maintain
structure of the target is probably better when using machine
interrogation since human decision is generally based on struc-

ture. This will be investigated further when real data become

available.

The target used was the same in the two cases which have been
run. It consists of a 3 x 3 square with a center value of
level 9 and peripheral values of level 4, i.e.,
444
494
444
It was placed in the same location in both cases, i.e., centered

on the 13% point from the right and the 9% point from the bot-

tom of the signal plus noise input picture.

For Case 1, Figure 12, the noise considered is dumbbell shaped,
The dumbbells are oriented at an angle of 135° with respect to
the positive x axis. Each dumbbell consists of two point source
intensities of 10 level separated by a distance of Zc(Wﬁ?( A is
the spacing of the elements in the image plane). The dumbbells
were placed in the image picture according to a random number
table so that they occurred at a relative frequency of 1 in 20,
Thus, on the average, one element in ten is sampling one of the

sources.

5)
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In the computer simulation we let ol =1, and the vector
correlation between points is expressed as @ (O(,/B) where

o¢ is the horizontal separation and /? is the vertical sepa-
ration between points. The correlation g (0, 0) was computed
to be 10.40 and # (-2, 2) was computed to be 5.67. These
agree quite well with the values estimated for a larger en-
semble of input ncise where these values are easily seen to
be 10 and 5, respectively. Other correlation values were
found which were higher than the expected limiting values of
1, (square of the average value of the input), the highest
being @ (2, 2) = 2.27. These values ranged from .21 to 2.27
and were used in the simulation as is instead of assuming
their limiting values. Thus the effect of having insufficient
noise data to work frem entered the simulation in a rather

natural way.

Figure 12a is a picture of the noise input. It is normalized
to the highest value, a 20 caused by two points overlapping.
Figure 12b is the same picture with the addition of the tar-
get. Figure 12¢ is the signal plus noise picture after filtere-
ing using a 3 x 3 neighborhood in which the neighborhood values

as found by the computer are

2 2,9 2.4
3.2 8.5 3.2
204 2.9 2



This seems intuitively corfrect. Values along the 135° where

noise correlation. is high.are. deemphasized.

Figure 12d is the same as 12¢ except that the neighborhood

is 5 x 5 with values of

-1.5 -.6 -5 -4 - +3
0 «3 3 -4 0
5 1.0 2.8 1.0 S
0 -4 S 3 0

- 5 -.4 -3 -.6 -1.5

These neighborhood values again seem intuitively correct since

they'shov deemphasis along the axis of the dumbbell noise.
The intensity over the target is seen to peak for both filters.

Figure 13 (Case 2) is the result of a second simulation of this
filter using a different noise background. The noise in this
case has amplitudes given by a rectangular probability density
distribution of values between O and 9. The values at the -
points are completely uncorrelated with values at other éoints.
This is a sample of the same noise used to generate the auto-
correlation values with little fluctuation from the expected

ratio ¢(o<,p)/¢(o, 0) = .7, o< £0, /6;!0.

Figure 13a is the target pPlus noise normalized to the highest

value. Figure 13b ts the same picture filtered by a 3 x 3

53



54

neigliborhood and 13¢ is the pPicture again but filtered by a
S x 8 neighborhaod.

The fact that the target lomses its shape is somewhat deleterious
to the humans' ability to find the target even when processed.
This is because the human looks for structure perhaps without

great regard to intensity.
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APPENDIX A

Referring to equation (2) on page 19 the denominator can be
written as :

(211"1) ¢ . Zcich;j
and the numerator as

- 2 2
[Zici(si+ni)J = (Zi‘ci O"i)

where ﬁj = "1"3' O'; =8, + &, and P = n, .

Thus equations (3) on page 23 become _
, 2 ,
(izjcicjcfij) za;%*jci o) - (Zi\cia'i.) 2 (izci?in) =0 (1)

for all values of n, or more simply
- |}
Z %20, (21)

for all n, where a is independent of n, Notice that ?ij = ?j'
and so using standard matrix notation with k representing the
vector solution of the c; we obtain,

$k-=ac (3')

corresponding to equation (4) on page 23,

Since equation (5) represents a critical point of R then under
the assumptions listed there a necessary and sufficient con-

dition for this to represent an absolute maximum is for




A-2

R(k+h) - R(k) = F(h) to be non positive for all vector dis-
placements, h. 1If h is parallel to k it is clear that F(h) =0
fer the value of R is not sensitve to the undetermined scalar a
in k.

Substituting k into R we obtain

R = (a ' 7% &%(0' T 1) - o F Lo (41)

The quantity &' §™1 0" will be denoted by o< and since the
positive definiteness of I implies that of I -1 we have X)0

for a non trivial target and background.

Next for R(k+h) we have

R(k+h) = (ax+h’' o 12 / (a%x +2ah’ G +h’ I h) (5'
or letting h'g = 7(h) and h* §h = B(n),

RUceh) = (ax+7)? / (2% v2a748). ' (6°
Thus

F(b) = (72 xB) / (stas2 Varfs). | (70

Considering the denominator of equation {7') as a function g(a)
of a, its discriminant is four times the numerator. If 72- <3
were positive for a single value of h then an a could be found
such that g(a) > 0 so the F(h)» 0 and k is not an absolute maxi-
mum. If o(/@ - 7’2 is non negative for all h then g(a)> 0 (except

when o(p -72 = O and then for only one value of a does gla) =

)

)

)

0)



and F(h) is non positive so that k is an absolute maximum.

Arranging terms
x@8-72- (g e Iw - b'g)?-
p(=¥-ca)s (8')
80 that the necessary and sufficient condition reduces to the

positive semi-definiteness of the matrix O(I- o ' as stated

on page 23.



APPENDIX B
In the variational approach to naxinizipg
Srfrofra §)?
R=e
frz(pw_p 1z

we assume the existence of a maximizing function ?(_{_) and

(9')

then consider a family of "neighboring" functions ?(_f_) +

e S(j_) y where & is an arbitrary real value and 6(_f_) is
an arbitrary function which vanishes on the boundary of the
N-dimensional space. The boundary in fhe present case can be
taken at infinity. If ?(_{_) +€ §( ) is substituted for
f(j_) in equation (9') the R becomes a function of & and
5(}'_) and it can be shown that a necessary condition for a
relative maximum of R is that O R/D€ = O for all S(£) and

for € = 0. Thus we proceed with

(L) +e §(H] o(f) a £)2
Sz 5] vig)ag

to obtain from [a R/ D é‘]E' o = O the following,

R(E.S) =

([szv)(fcfo-)(/ga-) - ([Cf’a')(/‘f’SV)/ (11')

Letting fC(a'= s and/?%/: t we have

/s(td'-s?'}’)s = 0. (121)

(10')



The assumption that the integrand of equation (12') is
continuous with § arbitrary implies that

8(t0°- 8¥v) = 0 for all §. -
Thus, with non trivial signal and noise, so that s £ O,

t £ O we have
o(£)

Cf(_i):szy .

(13")

(14°)
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