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A possible method for compensating for uncertainty in linear-programming

problems is to replace the random elements by expected values or by
pessimistic estimates of these values, or to recast the problem into
a two-stage program so that, in the second stage, one can compensate
for "inaccuracies" in the first stage. The purpose of RM-2751 is to
examine the last of these methods in detail. More precisely, it
investigates the conditions under which the first-stage decisions

are optimal. In addition, formulas for using various existing compu-
tational algorithms to obtain an optimal solution are glven.
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SUMMARY

In this paper, we study the linear procgramming problem

AX + By = Db,

X>0,y>0,

t 1
¢ x +Emin f y = min,
y

where b is a random vector. Many short—range inventory problems
can be expressed mathematically as such a program. Conditions

are given for optimality of x based on the optimal dual vectors

7(b, x) of the program

Byﬂ’b"‘AxJ

y > 0,

]

In case b has a finite discrete distribution, an explicit re-
lationahip between the optimal dual vectors for the two problems
is obtained. Finally, formulas for using various exlsting

computational algorithms, when appropriate, for obtalning an

cptimal x are given.
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ON THE SOLUTION OF TWO-STAGE
LINEAR PROGRAMS UNDER UNCERTAINTY

1. INTRODUCTION

In this paper,1 we shall study the program with constraints

given by

Ax+By==b’

(1)

x>0, ¥y >0,

where A and B are known m x ny and m x n, matrices, x and y
are nl— and n2-d1mensiona1 vectors, and b is a random m-dimension—

a1 vector with known distribution. We wish to minimize, with

respect to x, the expression

(2) Emin (c'x + 'y),
¥y

where ¢ and f are known ny- and ne—dimensional vectors, E denotes
expectation with respect to the distribution of b,and o' denotes
the transpose of 8. '

A8 an example of a situation leadling to such a program,
conslder the set of possible polyhedra given by Ax = b, x > 0,
where b i random and, in contrast to the usual case [6] in
which ene minimizes c'x subjJect to x lying in the intersection,
over b, of these polyhedra, one 1s instead allowed, after

selecting an x and subsequently observing b, to compensate with

i)

The authors wish to acknowledpge the valuable comments

and suggestions of their colleagues D. R. Fulkerson and Philip
Wolfe.




& vector y > 0 for infeasibllity of the selected x, at a
!
penalty cost I y, where f 2 0. In this case By would be

y+ — ¥ and the vector ¥ that ylelds the smallest penalty cost

for each b and x would be composed of two parts,

Y e b - A%, ¥ = 01fb > AX or ¥  w Ax ~ b, y* = 0 1f b < Ax.

S3inoe the cholce of y depends on b as well as x, we alter the
obJective from minimizing o'x to minimizing c'x plus the ex—
pected smallest penalty cost.

Many short-range inventory problems can be expressed mathe—
matically as such a program. The vector x may repregent an
inventory that is to be bought at cost @'x before the random
demand b is observed. Once b is observed, one must compensate
by a vector y (at cost f'y) for imbalances {b — Ax) between the
original inventory and the demand 80 as to satisfy (1). For
example, coordinates of this veetor ¥ may represent the ampunt
of additional inventory to be bought immediately to meet the
excess of demand over supply or the amount of inventory to
discard in case of an excess of inventory over demand

As the structure of the problem invelves a decision x to

be made first, after which the random vector b is observed and
a second decision ¥y 18 made, we term this a two-stage problem.
It may be that some coordinates of b are not random and that
the corresponding equations do not involve Y. We shall call
these equations "fixed constraints" on x.

The structure of the matrices A and B may impose further

constraints on x. For example, B may be a positive matrix, in




which case Ax + By « b a&and y 2 0 1mply that Ax < b. We shall

call such constraints "induced congtraints." These constraints
of course may depend on the value of the random vector b,

If some equations do not involve ¥ but the corresponding
Subvector of b 1s random, we wish to restrict our attention to
the medifled problem in which we take as a fixed constraint on
x the provision that x satisfies some specifie one of all these
equations. We further assume that, for eacﬁ X > 0 and satisfying
811 existiﬁg fixed and all possible 1nduced constraints, and
for each b, there exists a y such that (x, ¥) 18 feasible, 1.e.,
satisfies (1).

Thie last assumption may seem very restrictive, as it says
that, given any feasible x and possible b, the set of linear
equations By « b — Ax must have a nonnegative solution. This
assumption 1s motivated by the desire to selve a class of pro--
blems that can be expressed as the program given in (1) and for
which this assumption‘is necessary for the problem to have a
solutlon. The constraints of this alass of problems have the

strueture

. Ajx = by,
(3) ApyX + Ayo¥ = by,
XZO, YZO,
where b1 18 a known vector and b2 18 a randem vector with known

distribution. It is clear that these constraints can be written

88 those of the program in (1) and that in this format, 1f the
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obJective function for (3) is of the form of (2), we have a
two-stare program with fixed constraints on x. A further de-
s¢ription of the underlying problem giving rise to the structure
4n (3) and an example of sueh a problem are presented in {2].

As an alternative to this aseumption, we can defins X as
the convex set of x such that each x ¢ K s nonnegative and has
an assoclated y for each b such that (x, y) is feasible. The
problem is, then; to find x ¢ X minimiging c.x + E min r'y.

Yy
These X certainly satisfy all fixed and induced constraints.

2. OPTIMALITY CONDITIONS
Iet us first study the program,

By-b-Ax'

(%) y>O0,
r'y = min,

snd its dual for each b and x. We assume the existence of a ¥
that 1s feasible for the dual of the program given by (#) for
each b and x. By the existence theorem for linear programming,
this assumption plus the feasibility property of the convex
set K for the program given by (1) and (2) guarantees the
existence of at least one optimal dual veotor 7 = 7 (b, x)
maximizing w'(b - Ax) subject to r'B < e,

By the duaiity theorem,

(5) mn £'y = 7 (b, x)(b - ax),
y

ao that
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(6) min o' x + r'y -0 X + F'(b, x)(b — Ax) = C(b, x),
- .

say, and

(7) EC(b, x) = ¢'x + BT (b, x)(b — Ax).1

The optimal x is then the x that minimizes EC(b, x) subjeot to
X € K. '
The following theorem establishes an immediste necessary

oconditlon for some vector x = X to be optimal,

Theorem 1. Iet X be optimal and let (b, xl) be any vector

that optimizes the dual of (4) for given b and x = Xy, Where

X, € K. Then
o' — E}F'(b, x)JA) X < e - E‘TF'(b, x) )Alx, .
Proof. Since x is optimal and Xy 18 feasible, we have
(8) o'% 4 EF (b, ¥)b - AX) < o'xy + EF (b, x1) (b = Ax, ).

-t - -
Also, sinece 7 (b, X) optimizes the dual of (4) when 2 = X, we

have

(9) BZ (b, F)(b = AZ) » E7' (b, x))(b = A%).

Henoe

(10) ¢'% + 7 (b, x,)(b — AF) < o'x; + EF (b, x )b — AX, ).

1When for a given b and x there are many optimal w's, we
shall mean by ¥(b, x) any vector chaosen from these optima, unless
Bome expliclt statement to the contrary 1s made. :




The following'lemmas enable us to obtain another necessary

eondition for some veotor x = % to be optimal.

Lemma 1. EC(b, x) 1s a convex function of x.

Proof. It 1s easy to check directly from the definition
of eonvexity that G(b, x) 1s convex in x for each b ([1]).

Then EC(b, x) is a convex funetion of x.

Lemma 2. Thé plane Z [c' - EF'(b, xl)A]x + EF'(b, xl)b

is & support plane to EC(b, x) at x = Xq -

Proof. Since at x = Xy this plane intersects EC(b, x),

2ll we need show is that, for x $ Xq»

(11)  [c' = 57'(n, x, JA} x + EF (b, x)b ¢ le' ~ B7' (b, x)A} x

+ EF'(b, x)b.
But this 1s true if and only {f
{12) E7 (b, %,)(b ~ Ax) < EF (b, x)(b - Ax),

and this 1s so, since T(b, x) 15 optimal for the dual of (4).

A consequence of these lemmas is the following theorem.

Theorem 2. 1Iet X be a relative interior Point of K end

let EC(b, x) be differentiable in the neighborhood of X. Then
there exists a 7(b, X) such that ¢ — EF'(b, X)A = 0 if and only

if x is optimal.
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Proof. Since the convex funetion EC(b, x) 18 differ—

entiable at X, the supporting hyperplane
[ ] oo, | i - =
(13) £ = [¢ —EF (b, X)A] x + EF (b, )b

is tangent to EC(b, x) at x = X. Henoce

(18) aECS:I X!

i3 a necessary condition for ? to be optimal. Since X s a

02

- =o' —EF (b, %) =0

X=X X=X

relative interior potnt of K, the condition 1s also suffiecient.
Returning once again to the program given in (3), let

¥(b, x) denote the solution of this program for given b, x.

Then 7(b, x) end ¥(b, x) are saddle points of the funetion

(15) Wy, wlx) = £'y + 7' (b = Ax - By).

Lot ¢{x, y, 7) = e'x + EY(y, w|x). We then have the following

results.

Iheorem 3. Let X be optimal for the two-stage problem
and ¥(b, x), ¥(b, x) be optimal for () and 1ts dual. Then

(16) ¢(x, ¥, m) S F, ¥, F) < ¢(x, T, 7).

Conversely, if there exist vectors X ¢ X and ¥ feasible for

the dual of (4) that satisfy (16), then X 15 optimal for the

two—stage problem and 7 1s optimal for the dual of (4) when

x-§a

.
f
[
————____§
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Proof. 8ince v(¥, r|xX) ¢ v{¥, ¥IX), we have

(27) O(%, 7, v) = 0'% + ENF, v|X) < ¢'% + BUF, 7IX) = o(%, 5, ).
Now write ¢(x, ¥, ¥) as

(18) 9(x, 7, 7) = o'x + EF'(b, x)(b = Ax) + Rl - 5'(b, x)BJF(b, x).

Since (b, x) is optimal for the dual of (4), by the duality

theorem the funetlon f — F'(b,‘ X)B has the property that its

3-th coordinate 1s zero if the i-th coordinate of ¥(b, %) 1s

positive. This and the nonnegativity of ¥(b, x) imply that
- - ] o | .

{19) ¢(x, ¥, 7) = c x + E7 (b, x)(b — Ax) = Ec(b, x)

and, by optimslity of X,

(20) ¢(x, ¥, M) < o(x, ¥, 7).

To prove the converse, we must firat show that 7(b, X) 1s
optimal for the dual of (!). Then, since ¢(x, ¥, T) « EC(b, x),
it 13 immediately clear that X 4s optimal for the two—stage
stochastic program.

Iet w’(b, X) be optimal for the dual of (4). Then
(21) Er' (b, E)(b - AX) > E7 (b, ¥)(b — A%),
and also

(22) e’ — "' (v, %)B) (v, ) = o,
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But #(b, x) satisfies ¢(X, ¥, ™) < ¢(%, ¥, ¥), or

(23)

Er" (b, %)(b - A%) < EF (b, ¥)(b — A%)
+ Bl - F'(v, x)B) §(v, 7).

If ¥(b, %) 1s not optimal, then [r' - ¥'(b, x)B] (b, ¥) 5 o,
and hence (23) contradiets (21).

This theorem is the analogue, in the two-stage problem

dealt with here, of the duality theoreh for the one-stage iinear

team deoision prcblem under uncertainty given in {6].
of' this theoren,

By means
We can prove in general the following sufficient
condition for optimality of x « %.

Theorem 4. Let 7(b, X) be optimal for the dual of (4)
when x = X. If [c - Ew (b, X)Al X ¢ [o - E7 (b. X)A)lx for
all x ¢ K, then X is optimal for the two—stage problem.

Proof. Optimality of W(b, X) for the dual of (%) when
X = X immediately ylelds the inequality

(24) ¢(§: ¥ 1") < #(x, ¥, .‘l;)°

Now by definitzon, hypothesis, and the facts that £ - T (b. x)B > 0,

(e -7 (b x)B] ¥(b, x) = 0 for all x, and b — Ax -~ By(b,
we gece that

}-Oo




- -~ -', beoed — C o
6(X, 7, 7) = {o' - EF (b, XYAJX + EF (b, x)b

< tc' - E;'(b XAk + E;;'(b F)o + Bl - F (b, )BIF(D, x)

(25) “o'X + Ef y(b x) + E7 (b, X)[b — Ax ~ BF(b, x)]
- a'x + EF y(b. x) + E¥ (b x){b - AX - By(b, x}]
- ¢(x, ¥, 7).

Hence, by Theorem 3, X is optimal.

The foregoling result indicates that if X ¢ X minimizes the
ltnear form (o' — &7 (b, X)A)x, then ¥ 1s optimal. It would be
worthwhile to know whether the converse of Theorem % is true.
We have established this converse 1if rc(b, x) 1s differentiable
and X exists and 1s an interior point of K; see Theorem 2. We

shall later consider the finite case. A kind of converse of
Theorem 4 13 the following.

Theorem 5. let X and ¥(b, X) be optimal for the two-stage
problem for given b, end let ¥(b, x) and (b, x) be optimal for
(*) and 1ts dual for given x. Then

(26) E{{c', r') -7 (b, x)(A, B)) (X, F(b, %))
< E[(o'. !") —F'(b, x)(A, B)) (x, ¥(b, x)).

Proof. It is secn, from the definition of ® and the fact
that b - Ax —~ By(b, x) = 0, that

(@7)  o(x, F(b, x), T(b, x)) = ¢(x, F(bs x), FE, X)).

Now the right-hand member of (27) 1s the right-hand member of

»
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(26), plus E?t(b, x)b; and the left-hand member of (27) 1s

9(x, ¥, T), which, by Theorem 4, is greater than or equal to

#(X, ¥, ¥), 1.e., the left—hand member of (26) plus EE'(b, x)b.
If there are only a finite number of possiblq b's,

bl‘ son, b“, with assoclated probabilities Pys eves Pys where

N

lepi = 1, then the two-stage program can be written as follows:

Find x, Vye eeoy Ve and min z satisfying

ll
AX + Byé ‘- b2’
(28) . ] :

X >0, ¥ 200 Yo 2 05 +0uy N 20,
J ! [} J
c X 4 plf yl + par ya + oo + pr yN = Z.

As an application of the dualiiy theorem and the optimality
test of the aimplex method in this special case, we obtaln the

following theorem.

Theorem 5. et Gi(E) be the 1-th gubvector (1 w 1, ..,, N)

in the vector of prices associated with a basic solution

X = X, vy - ?i, i1=1, ..., N, for (28)- Then X, (ii): is

optimal 1if
1 N | 1 N LI, —
c - 3 Gi(x)A >0, [e - 3 Gi(x)A] X = 0,
(29) 1=1 1wl

' . g B _
Pyf € (X)B > 0, [p,f - 6,(X)B] 7, = 0, 4 = 1, ..., N.
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Further, if X, {§i) 18 optimal, then there exist prices ei(i)

satisfying (29).

We can easily prove Theorem & in the finite case.

Theorem § ', Iet x = X and ggghose that there exist optimal
prices ¥(b, X) for the program in (4) such tnat

o' 27 (5 X)A 30, lo' = EF (b, E)A] X = o

"hen X is optimal.

Proof. Take

(30) 8,(X) = p,7(b,, ).
Thén

-t N _ N o
(31) Er (b, x) = Z) Pam(y, %) - R

Aleo, since ?'(bi, X) 1s optimal for the dual of (8), 1t gatisfies
! . o ' - = - =
(32) = ¢ -7 (b4, X)B> 0, [£ - r'(bi, x)B] ¥(v,, ) = 0.

Hence for Fl - i(bi, X), the functions Gi(fj 80 deflned satisfy
(29); therefore, by Theorem 5, X 1 optimal,
The eonverse of this theorem is also easy to prove in the

finite case,

Theorem 6. Let X be optimal. fThen there exist optimal
prices w(b, X) for the program in (4) suech that
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o ~E7 (b, DA 5 0, Lo’ 5F (b, T4} F = O.
Proof. Let w(b,, ¥) = Gi(f)/pi, where the functions Ol(f)
satlsfy (29). Then [f' — x'(b,, %)B] Ty = 0, 80 that ¥, « §(v,, ¥),

and v(bi, X) 18 a set of optimal prices for (4).

It 1s interesting to contrast this necessary eonditisn for
the finite case with that of Theorem 2. In this case, not only
18 ¢ - EF'(b, X)A > 0, but further if the i-th ecordinate of
X 1s positive then the 1-th coordinate of ¢ - E?'(b. X}A is
zero. In the finite case, of course, EC(b, x) does not satisfy
the conditlons of Theorem 2 because here X is an extreme polnt
of the convex reglon of interest and EC(b, x) is not differentiable
in the neighborhood of the extreme points of this convex region.
A simple example of a two-stage problem satisfying the
conditions of Theorem 2 is the problem solved 4n [2}. There x'
was a two-dimensional nonnegative vector (xl, xz) with fixed
eonatralnt Xy + X5 = 100 80 that K was a line segment in the
firet quadrant, and b was distributed uniformly beiween 70 and
80; EC{b, x) was differentiable at the optimum X e (75, 25), a
relative interior point of K, and althounh
(33) Tb, x) w0 2 0 S
(2, m), b > x4,
was optimal for the dual of (4), where T, could take on any

value, the particular w(b, x) for which Theorem 2 held had

Ty 0.




RM—2751
14

2. COMPUTATIONAL PROCEDURES

Since the determination of an optimal y, given x and b,
1s a straightforward application of linear programming techniques
to the program defined in (4), our objective is to find methods
of determining an optimal x other than by solving the large
program (28). As will shortly be seen, an application of the
decomposition prineiple [L] to the dual of (28) will reduce the
size of the program greatly and wil} direetly obtain for us only
the optima}l x and not the optimal set of y.

By virtue of Theorems 4 and 6, the problem dual to (28)

can be expressed as

plA'rl + peA'W2 + oo + pNA'wN <e, :
'
B L L, 5
B"fr2 <7,
(34) . .
B'mg < £,

[ ] ’
plbl"i + pzba"é + o6 prN”N = max.

We now note that the dusl problem 18 in the standard form
for epplication of the decomposition algorithm (5} te solve the
pregrame To use the algorithm, 1t 18 convenient to call the last
N sets of inequalities in (3%) a single subprogram and the first

set of inequalities the master program. This will reduce the

Program from one with n; + Nh2 to one with Dy o+ Y constraints. .
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For notatlonal convenlence in describing the algorithm,
let B be a Nm x Nnj, block diagonal matrix of the form
B 0

¥ be a Nh2~d1mensiona1 vector of the form ?' - [t' nn4 r'}.

a,

1 1 ~4 ' ' ~t e ’
T [11 oF ’N]' A = [plA see PR, and b = [plb1 TR R ME

Then (34%) can be rewritten as

I~

Cy

14

(25)

o mR 2
42 3¢ =A@
IN

- max.

. Ittt S = [;Ig'; < ?) and let W= (;1. cs 9 ;;] be the get of
extreme pointa of the convei gset S. We assume here that 8 is
& bounded set; the slight modification in the algorithm for
unbounded 8 1s given in [4). Also let PJ - X';J and
rj = ;';3 for J =1, ..., k. The extremal problem eorresponding

to (35) 18 to find numbers Ays eees M, Such that

PyM + Poly + oo + PN < 0
11"' x2+00!+ )\k=1,

AIZO. MZO c0 0, )\RZO’
rlkl + rgxz . S rkxk = max.

(36)

Then, as is shown in (4], T solves (35).

k ~
PR
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Now this program has even more variables than (35), namely
kNm; moreover, k ean bYe very large and hence it 1s not practical
to determine W explieitly. Equation (36) only has ny + 1,
constraints, howaver, and one need never carry more than n1 +1
variables in solving this equation when using the decomposition
algorithm.

The algorithm is 1n1tiated once one has a feasible dbasis
for (36), 1i.e., ny + 1 vectors Ty (to determine the necessary
n; + 1 vectors PJ)and n; + 1 values AJ that are positive and
satisf{y the constraints of (36). (This may be obtained using
Phase One of the simplex method, for which see [4].) The prices

for this basis ere then determined and are used to generate

those extreme points of S'that appear promising and to suppress

the others. This 13 done with each new basls formed during the
process. In this case x will be the price vector for the first
n, constraints and we shall call z the price for the last constraint.
When (36) 1is solved, the resulting price x 1s optimal for the
original program (28}.

As the alporithm 1s iterative, generating new pricea with
each iteration, we shall append the superscript ¢ to x and 2
to dennte the appropriate iteration. Given the initial feansible
bas!s, we obtain concomitantly xo and zo. To test optimality

0

of x* and, 1f not cptimal, to generate a new basis, one must

first find the 7 = 70 that maximizes 7 (b — Ax°) — z© subject

~rny ’\lo

to Bw 1. 1r 70 (b — ax°) = 2% > 0, the algorithm is termi-

nated, and x0 solves (28). If not, a new column 13 added to
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the n, + 1 columns of the initial basis, pamely

~ I
AT
F
dl

and its assoclated cost b 3  1s added to the objective function.
By means of the simplex method, a new basls and new prices
xl, 21 are det@rmined, the 7 = 7 that maximizes ¥ (b - Ax ) ~ gl
subjeat to B v < f is determined, and onge egain we test rl for
optimality. The process terminates when for some iteration t

t

and prices x°, zt, we have

Nt N ik v t
~t b~ 0.
(37) Binrz:zgv( Ax%) 32”7 >

Notiee that all one needs to carry along in the compu~
tation ars the eolumns of tha current basis, ny + 1 in all.
At iteration t, 1f (37) 13 not satisfied, the column

[?';%}
1

s added to the basis and the simplex method determines the
appropriate column to remove from the basis and hence from
conglderation in subsequent calgulation.

Since

AR N '
(38) bre 3 Py (bi’ x)bi = Er (b, x)b
i=1

and
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et . N 1) )
(39) T AX = 121 pym (by, x)Ax = Em (b, x)Ax,

we gee that the test for optimality ¢an be rewritten as

(%0) max Ev'(b. xt)b - Ev'(b, xt)Axt — 2% > 0.

b a "

B 7¢

It can also be shown that, at the optimal ?g we have

N
{51) 2% =« min by f'yi,
inixt) 1=

where y, > O satisfles By, = b, — Ax'.

The inequality

L t
min £y, > max Py (b,, X)(b —~ ax)
(42)  ¥,20 R PO e Y
Byi=b1~Ax

holds for eny feasible y, and w, of the subprogram. Summing
(32) for 1 = 1, ..., N ylelds (40) with the inequality reversed.
Rence the test for optimality can be interpreted as checking
whether ‘equality holds in (40) or, when we substitute the value

of z? given in (41), whether (r(by, xt), 1 =1, ..., N} satisfies
(43) Emn £y = Ev'(b, x*) b - Axt)a
y

1.e., 18 optimal for the dual of (4), and whether

(1) Er (b, x°)A < c.




In other words, the test for optimality of the decomposition
algorithm is an implementation of the sufficient condition for
optimality given in Theorem ',

As EC(b, x) 18 a convex function of x defined over a con—
vex set, the problem of minimizing EC(b, x) is a problem in
convex programming. The following procedure for solving this
problem is an application of Lemma 2 and a technique due to
Kelley [5); see also [7].

We assume here that aside from the condition x > 0, there
are enouéh fixed and induced constraints Qn X 80 that x lies 1in
& bounded convex polyhedron defined by, say, Ax « 5. The pro—
blem 18 then the following:

KX.B.

EC(b, X) B3 zl

<
(45) £ .05

b4 = min-

To initiate the algorithm, let x° be feasible. Consider

the linear program

Kx = B,
o'x + EF'(b - Ax) £ z,
(46) x 50,

z min.

fl

Let xl solve this program, and now consider the program
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Ax = b,

¢'x + EF'(b, xo)(b - Ax) < z,
(47)  c'x + Er (b, xI){b — Ax) < z,

X 0,

v

4 min.

i

let x2 solve this program.
One sees that on the k—th iteration of this procedure one

solves the program

KX:B‘,

' —
C X ¢ Ew'(b, xi)(b —Ax) <2, 4 =0, ..., k=1,

<
(48) _—

Z = min.

Kelley has shown that lim Ec(b, xk) 1s the minimum of EC(b, x),
Ko

though 1im xk does not necessarily solve the convex progran.
J0 .
An alternative procedure (3] rewrites (45) as

Ax = b,

X 0,

v

(49) w + EC(b, x)

1}

0,

W = max,

and uses the decomposition principle with AX = by % > 0 as the

master program and w + EC(b, x) = 0 as the single subprogram.

The extremal problem equivalent to the master program is -
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)\l+.-.+7\ El'

k
(50) (le)xl I (Kkk)xk =5

EC(D, xl)x1 + ..+ BC(b, X)A_ = min,

1

where the values x*, ..., xk need not be feasible, provided

some convex combination of them is. Once this program is

solved and prices pg, pk are generated, one must solve the sub—

program

Y

w + EC(b, x) = 0,

(51) W+ pk'Kk + pg = max,

or, equivalently, ome must find x w x*! sueh that
_ .

(52) be(x) = Eclo, x) ~ ¢%'Tx - pX

is a minimum. If for all x we have

. k'
(53) EC(b, x) 3 ¢ Bx + pk,
that EC(b, xk+1) is minimal. If not, another column

1

ka-l-l

1s added to (50), EC(b, xK+1) Neyp 18 added to the cost form

in (50), and the algorithm is iterated. In [3] 1t 1s shown that

1im EC(b, xk) 1s the minimum of EC(b, x).
k-0

b
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4. DISCU3ISION

It is well known (see, e.g., {2]) that replacing the random
b by its expected. value is of little help in solving the stochastic
linear program. wWe have seen from the above discussion, however,
that the expected values of the prices, with x fixed for the
program given 1n'(4),p1ay a oritical role in solving the stochastic
linear program. 1In fact, roughly rpeaking, the veotor
(c’ - EF'(b, i)A)' acta.as the gradient of the function EC(b, x).
An interesting area for future consideration is the effect of
sampling from the distribution of b, estimating Ewr(b, x) and
Ev (b, x)b for each value of x generated by the iterative pro-
cedures given above, and using these estimates as Ev(b, x)} and

Er (b. x)b ¢n those procedures.
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