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A~ Description of fundamental coordinate system: 

1. ~ axis a.long autumnal equinox 

& axis along earth Totational ax1 s 

y axis comple ting right handed coordinate syste 

B. Equations of motion : 
2 ✓ V 

( 1 ) x : a + x w + _r ·--
s x 1 1 o _x 

•' 2 V 
Y = a sy + y t wt + j y 

~ Z / V 

••a ♦ zl. (.)1 ♦-
i~ I Z 

(2) 111 the above a • et, o are accelerations due to free · fall about the sun sx 

l, 
a S X = p Wz '0 S ( W z t t O) 

&sy = •pwfsin(wzt+o)cosi 

z 
a SZ = + p Wz Sm (v )l t + 0) sin 1 

p = distance of bary center (B. C ) from sun 

w2 = angular velocity of B. Co about sun 

, i = inclination of ecliptic to equator (obliquity) 

(w2 t 1- o) = angular position of sun in ecliptic measured from autumnal 

equinox (ceJestial longitude - Tr) 

(3) In the above x
1

, y 1, z
1 

are posi t ions of earth center m B. C. coordinates 

x 1 • - de lcos (w1 t +l,) sin cf,+ sm (w 1 t + &) cos Q cos ct,] 

y 1 = - de [ - cos (w 1 t + t,) cos </J + sin (w 1 t + 6) cos Q sm </J~ 

z 1 = - de [ - st (w 1 t + & ) s in Q ~ 



, 

( 4) 

.. z, . 
d = distance to B. C. 

e 
g

1 
cp are angular coordinates of moon's rotational axis 

w
1 

is angular velocity of moon 

(w
1 

t + ~ ) = angular position of moon in moon's plane measured from 

ascending equatorial node 

V : 

G = grav i t ational constant 

m 1 = ear t h's mass 

m 2 = moon's mass 

m
3

=sun 'smass 

r . = d1 stance to center o! m . !rom vehicle 
1 1 

2 2 2-J 1/2 
r 1 =_x +y +z 

r ., = I ( x - D / + ( y - D ) 
2 

+ ( z - D ) 
2J 1 

/ 
2 

~ _ X y Z 

r = 1( x - R / + (y - R )
2 

+ (z • R / • 1/ 2 
3 ~ X Y Z 

where 

D x = - D G os (w 1 + f, ) sin cf> + sin (w 1 t + [;) cos O cos <1>J 

D = D re Os ( w 1 t + t, ) CO s 1/J - s In ( w 1 t + C, ) CO s Q sin ~ 
y l' . 

Dz = of sin (w1 t + li) sin ~I 

D = mean separation of earth and moon and 

Rx =pcos(w2 t+6)-de [cos(w 1t+ C, )sin'/J+sin(w1 t+[)cosQcos'/J] 

Ry = p sin (w 2 t +6) cos i • de [- cos (w1 +L,,) eos 1/J + sm (w 1 t +[, )cos Q sin 1/J] 

Rz = • psin(w2 t + 6) sini + de ~in(w 1 t +[ )s inQ] 

C. The equations of motion given to computers were as follows: 

1. X = a O r X CO s ~ - a 1 f X - G x] 

y = a 0 (ysin~ - a 1 fy • Gy] 

~ = a 0 ~z ·sin ~ - a 1 fz ·- Gz] 

Note tha t f , f , f are uni t vec tors from earth center to B . C. where 
X y Z 
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and 

where 

13 = (w2 t + b) 

f = - (A cos X. + B sin X.) 
X 

f = - (- F cos X. + C sin X.) 
y 

f = - E sin~ 
z 

[ 
2 2 2J1 1/2 

r 1 = -~ +y +z 

-3-

. ~ ::s (w 1 t + f:i) 

a 3 (y - fC sin~ + d f ~ )) + y e y> 
3 

r3 

rz = \ (x - D f / + (y · D f ) 2 + (z - D f / , i/Z 
I X y Z . 

r3 = \ (x - l C cos,+ d f ]) 2 
+ (y. [C sinl3 + d f .. qz L x e x y e y) 

2. The input data and constants that must be specified are as follows. (The 

values are preliminary): 

1. a = G M1, where G = gravitational constant, m 1 = earth's mass 
0 

16 3 2 
(1. 40766. 10 ft /sec ) 

2/ -18 -2 2. a =-pw2 a =-1.39338.10 ft 
X 0 

-18 -2 3. a = -a cosi =-1.2783.10 ft 
y X 

4. a = a sini = 5. 5450.10- 19 ft " 2 
Z X 
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5, a
1 

• dec.i,f /a.
0 

• 7. 79Z87. 10-Zl ft-Z 

6. a.2 • m 2/m1 = (81.45)• 1 
(moon'• mass to earth's) 

7, o.
3 

• m
3
/m

1 
= 3, 33432. 10

5 
(sun's mass to earth's) 

8. p • mean distance from B. C. to sun (4. 9035. 10
11 

ft) 

9. w1 . • 2. 6616995. 1 o-6 
rad/ sec 

-7 / 10. w2 = 2. 10 rad sec 

U, o = position of sun in ecliptic at t - 0, measured frotn autumnal 

equinox 

1Z. ,€, = position of moon In moon's plane at t = 0, measured from 
ascending equatorial node 

13, d = mean distance from center of earth to B. C. (1. 54838, 10
7 

ft) 
e 

t 4. D = mean earth moon separation ( 1. 26116. 10 9 ft) 

15. i = sun 11 obliquity with. respect to the equator (23°2 71) 

16. A = sin <p 

17. B = cos Q cos"' 

18. C = cos g sin cp 

19. E = - sin Q 

20. F & cos"' 

21. Q = obliquity of earth-moon plane with reepect to the equator 

22. cp : (1'"" - Tr/2), where ~ is angular po1!tion in equator of moon's 

ascending equatorial node 

23. C = p 
X 

24. C = p cos i y 

2 5. C = - p sin i 
z 

26. tf • shut off time 

2 7. 6- t 1 = time interval for integration close to earth 

28. 6. t 2 = time interval for integration in cis lunar space 

• 
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29. ~t3 = time interval for integration near moon 

JO. r = e 

31. r = m 

32. i= 

di1tance criteria. measured from earth for switch --over 
7 

from fine mesh at A t
1 

to ~t
2 

(2. 81264. 10 ft) 

distance criteria measured from moon for switch-over 
6 rrombt

2
to~t1 (3.10 ft) 

longitude of launch at t with respect to the autumnal equinox, 
0 

east positive 

33. QL = launch latitude 

34. ~L = launch longitude 

35. aL = azimuth at launch from north in clockwise direction 

36. R = down range di1tance from launch 

3 7. h = altitude at burnout 

38. -.. : burnout velocity on no.1 rotating earth 
0 

39. 6 = burnout flight path angle from vertical 

40. a = radius of earth = 2.. 09264·. 10
7 

ft 

41. w = rotational spin of earth 
s 

D. The input data transformations are as follows: 

1 . . The input data is in the following form: 

(a) Launch coordinates Q , Cf, = 0 
. 0 0 

(b) Launch azimuth, a 
0 

(c) Down range distance during powered flight, R 

(cl) Altitude at burnout, h 

(e) Non rotating earth burnout velocity, v 
0 

({) Burnout flight path angle, ~ 

2. The burnout position and velocity are ~_omputed as follows: 

(a) Let Qb be latitude from equator, (/>b be the longitude from launch 

(positive, eastward), ab the burnout azimuth, and vb the inertial 

velocity at burnout, then: 
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' 1. Ob = sin - i i sin O cos (...!!.) + cos Q sin (...!!.) cos n J 
o a o a o 

.l. ab = sin 
1 l cos o 0 

cos Ob 
sin a. 

0 
} 

3. 
. _ 1 [- sin ( ~) sin a 01 

cpb •· sin ■ Q 
. cos b 

4. vb = v 
O 

+ w
9 

(a+ h) cos Qb sin ab sin~ 

(b1 Note: The vehtcle is assumed to fly a great circle (rela_tive to 

the earth) from launch; the input ~ is assumed to be inertial; 

the burnout azimuth is not corrected" frr earth's rotation. 

3. The transformation from burnout data to machine integration 

coordinates i& aa follow•: 

(a) x (0) = (a + h) c~~ gb cos (cf>b + ~) 

(b) y (0) = (a + h) cos gb sin (cf>b + q) 

(c) z (O) = (a + h) sin gb 

(d) x (0) = vb cos~ cos Qb sin~ si~ Qb cos ab J cos ('f>b + 1) 

- sin '3 sin nb sin (q,b - fl )j 

(e) y (0) = vb(t~osObcos'3 sinpcosabsinOb~sm(cpb +?) 

+ sin P sin ab cos (1>b + ~ ~ 
(£) Z (0) = vb [ cos p sin Ob + cos Ob sin p cos aJ 

where (cpb + 'l ) is the longitude of burnout .from autumnal equinox measured 

eastward, ~ is itself the longitude of launch measured from the autumnal 

equinox. 

E. The output data transformations are as follows: 

1. Earth centered, inertial, earth-moon plane rectangular, (x axis 

along moon's ascending equatorial node) 

x1 = .. x sm cf> + y cos cp = ~N 

y 1 = cos Q [- x cos cp •· y sin cp] + z sin Q = - cos OX.¢ + z sin Q 

z 1 = sinQ [xcoscp + ysincp] + zcosQ = sinQX. + zcos 0 
. cp 



, 

~. Earth centered, rotating, earth-moon plane, rectangular, (moon at + xz.) 
x

2 
• x 1 cos (w

1 
t + l, ) + y1 sin (w1 t +&) 

y 2 = - x 1 sin (w 1 t + tJ) + y 1 cos (w 1 t + C) 

~2 5 z1 

3. Earth centered, inertial, earth-moon plane, spherical polar 

Q e = cot - 2 ;. I/ 2 1 [i zl ~ 
(xt +y,) 

,· l 
• t y 1 I 

9e = tan 7tl = angle from moon's ascending node m easured in 

E-M plane 

4. Centered a.t B. C. rotating in earth-moon plane, moon at + x
3 

x
3 

= \Ncos(w 1 t + U ) - sin(w1t + ~, ) [_>- ♦ cosO- aainO ]- de 

y3 = • \N sin (w 1 t + cos (w 1 t + ,:.,) [A.. cos O - 11 sin OJ 

z 3 = \, sin Q + z cos Q 

5. Moon centered, rotating in earth-moon plane rectanaular, (earth at · x
4

) 

6. 

X4 = X + d . 
3 e . 

D 

Y4 = Y3 

Z4 = Z3 

Moon centered, ~otating in earth-moon plane, 

r 2 2 2] 1/2 r = LX4 + y 4 + Z4 m 

Q 1 [ z4 ~ = cot 2 2 t/ 2 m 
(x4 + Y 4) 

-1 y 4 
q,m = tan ( --) 

X4 

7. Velocity with respect to the moon 
' I I r , r Q , r sin Q q, 
m mm m mm 

lpherical polar 
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8. Jacobi integral: 

r: l. • Z • z] Z 2 L f 1 °z j 
J • r3 + Y3 +s3 • "'1 (x3 t YJJ. ZCiM1 _r'7'" + ri'J 

1'1 I! t"3 t ~/ + y; + z;rz 
r 2 = t'3 + de • D) Z + y; + z; T / z 

0 /3 hJ,J4 v a L 
A. B. Mickefwait 

..ABM:jb 
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