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SUMMARY

The distribution of the point of impact of bombs, missiles,
and other projectiles frequently is approximately Gaussian
(normal) in character. If the dispersion 1s equal along any two
perpendicular axes, then the impact probability law is termed
circeular gaussian; if the dispersion is not equal along perpen—
dicular axes, then the probability law is called elliptical
Gaussian. We consider first the evaluation of the integral of
an elliptical Gaussian over a oircle of radive R, 1.e., the
probability of a missile landing within a circle of radius R
i1f aimed at the center and subjected to an elliptical QGaussian
impact probability distribution.

An equivalent problem 1s shown to be the evaluation of
the integral of a circular Gaussian over an ellipse. This
integral, termed the elliptic coverage function, 1is expressed
as the difference of two ciroular coverage functions; these have
been tabulated in RM-330. A short table of the elliptic coverage
function is obtalned and presented in a convenient graphical
form. Finally, some characteristios of the circular probable

error and the quartiles of an elliptic QGaussian are presented

in graphiocal form.
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PREPACE

Notes concerning the integral of an elliptic Gaussian
distribution over a oircle, taken by the author from lectures
of H. H. Germond at the University of Florida in 1947, form
the basis of this research memorandum. The present work extends

the results given in RM-330, The Circular Coverage Function,

by H. H. Germond.

_ Although this work was essentially completed in tha early
1950's, there was insufficient interest in the topic at the
time to Jjustify the effort required to put it in shape for
external distribution. The past two years, however, have seen
a general revival of interest in Gaussian impact distributions
of various types. Possibly this reflects a renewed attention
to methods for estimating the kill probabilities of hardened
point targets, now that city populations may no longer be the
target of interest. Since there have been numerous requests
for any RAND work on the toplc of this research memorandum,

publication now seemed desirable.
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SOME CHARACTERISTICS OF THE ELLIPTIC QGAUSSIAN DISTRIBUTION

1. INTRODUCTION

The distribution of the points of impact of bombs, missiles,
and other prcjectiles frequently is approximately Gaussian
("normal") in charactar. In general, the dispersion alcng any
two mutually perpendicular axes will not be equal and the
correlation coefficient will not be zero. G@Given a map showing
the points of impact, it is convenient to use the mean point
of impact as the origin and to choose the orientation of the
axes to minimize the absolute value of the correlation
coefficient. It 1s easily shown (see Appendix) that this choice
of orientation in the case of a Gaussian distribution is equiva—
lent to choosing axes oriented in the directions of the maximum
and minimum dispersion, respectively, and that the corresponding
correlation coefficlent is zero. (See Refs. 1, 2.)

Without loss of generality, then, we can thus restrict
attentlon to an uncorrelated Gaussian distribution in the xy-—
plane with components of standard deviation Oy 2 oy and the
origin at the mean impact point. We designate such a distribu—
tion as an elliptical Gaussian. (Equi—probability curves are
ellipses with major and minor axes aligned with the x and y
axes, respectively.) We consider here the problem of evaluating
the integral of such a probabllity function over a circle of
radius R (the probability of a missile landing within a circle
of radius R if aimed at the center when the missile is subject
to a Gaussian impact—probability law). An equivalent problem is
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the integration of a symmetric (@aussian distribution over an
ellipse. We consider also the inverse problem of determining

for a given elliptic Gaussian distribution the radius Rq of that
circle which includes 100q per cent of the impacts (that circle
over which the integral of the Gaussian is q). Of particular
Interest are the 0.5 circle, having radius RO.S equal to the
"circular probable error" (CEP), and the upper and lower circular
quartiles, R0.25 and RO.75‘ We consider the relation of these

radil to the standard deviations Oy

arithmetic and quadratic means of the o's.

and oy and also to the

2. THE CIRCULAR COVERAGE FUNCTION

We include here the definition and some characteristics of
the circular coverage function that will be needed later. In
Ref. 1, Germond designates the integral of a circular (symmetric)
Gaussian distribution with unit standard deviation over a circle
of radius R and at a distance r from the origin as p(R,r), the
circular coverage function. Thus p(R/o, r/g) 1s the probability
that a missile will hit within a circle of radius R if aimed
at a point set off a distance r from the center of the circle,
where the missile 1s subject to the Gaussian impact—probability
iaw with zero correlation and symmetric standard deviations

0 =0, = oy. The function p(R,r) 1s expressible in the fol—

lowing equivalent forms:
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(2.1) p(R,r) = exp(--r'2/2)fR n exp(-n"/2) Io(rn) dn
0
(2.2) -1 em(r?/2) [ n em(n?/2) Iy(m) an
R
(2.3) - e~ + 17)/2) I (R Iy ()
(2.%) = 1 — exp[~(RZ + r?)/2] >

o (r/R)" In(Rr)a

N=

where In(z) is the modified Bessel function of the first kind,

of order n. Tables of p(R,r) have been prepared in Ref. 1,

3. THE ELLIPTIC COVERAGE FUNCTION

We designate the integral of a symmetric Gaussian distri-
bution of unit standard deviation and zero correlation co—
efficlent over an ellipse with major 2xis a and minor axis 8
as q(a,p), the "elliptic coverage function." Thus q(a/o, 8/0)
is the probabllity that a missile will impact wlthin the
ellipse (a,B) if aimed at the center when the missile is
subject to a (Gaussian impact—probability law with zero corre-—
lation and symmetric standard deviations o. We show that it
18 expressible as the difference of two circular coverage
funotions, and is thus also a tabulated function. Further,
we show that the integration of an elliptic Qaussian over a
cirocle 1s an equivalent problem. Finally, using the tabulated
values of the circular coverage function, we present a simpli-

fied graphical representation of the function q(R/oy, R/o,).
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We first prove three lemmas that will later be needed.

Lemma 1. For u real, |u| < 1, we have

1- u2

oo
=1+2 = (-1) u" cos (ng).

(3.1) .
1+ + 20 co8 9 n=1

Proof. Consider the complex variable z = xe1°. For
A < 1, the function (1 — z)/(1 + z) has the power series
expansion
%;:_E =142 3 (=1)7 AP o1n?
+ 2 n=1 |
Taking real values of both sides, we obtain
1 -2

[+
) =1+2 = (<1)® A" cos (n9).
l 4 A + 2N cos @ n=1

Thus the lemma holds for p positive. For u negative, the
proof 1is similar, involving now (1 + z)/(1 — z) in place of
(1-2)/(1 + z).

Lemma 2. The function e® °°® ? for all z and ¢ may be

expressed by the expansion

(3.2)  e® %P P ogy(z) 42 2 1 (2) cos (no),
n=1

where I is the modified Bessel function of the first kind, of

order n.
Proof. This well-known expansion in Bessel functions is
most easlly proved in terms of the Bessel coefficients. It

may be verifled from the definitions of Bessel functions that,
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for all z and nonzero values of ¢,
explzg(t + t"l)] - ;J’ I“(z)tn.
T £9ml0
i¢
letting t = e~ ", we see that
S ing
exp(z cos 9) = = I (z)e 7.
1 w500
Equating real parts and noting that I_n(z) - In(z)’ we get
Z COS @ -
e = I,(z) +2 nil I.(z) cos (n9).

Lemma 3. If p(R,r) is the circular coverage function of

Sec. 2, then

(3.3) P(R,r) — p(r,R) = 1 — exp[— (R° + re)/2]

. I;IO(I‘R) + 2 ngl(-g)n In(m‘)]'

Proof. Using the form (2.3) for p(r,R) and (2.4) for
p(R,r), we obtain

p(Ror) = p(r,R) = 1 — exp[~(R2 + r2)/2] n§o(§)n 1 (Rr)

- exp[~ (R? + r°)/2) n;l(%)n I,(Rr),

whence (3.3) follows.

Theorem 1. The elliptic coverage function q(A,B), the

integral of a symmetric Gausslan distribution of unilt standard

deviation over an ellipse with major axis A and minor axis B,

is given by the difference of two circular coverage functions
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(3.%) a(A,B) = p(A tB Az B) -~ p<A >BA L B).

Proof. By definition,
qe%).ijijmF(£+y%ﬁ£wa,
210 C

where the integratlions are over the area bounded by the curve

C: x2/'a2 + y2/f32 s l, Letting A= a/0c and B = /0,8 = x/0 and
N = y/0, we obtain

(3.5) q(A,B) = él;-rff exp [— (&2 + ne)/'é] d¢ dn
C'

where C': &2/A2 + n%/Be = 1.

Making a transformatlion to polar coordinates, € = p cos 6,
N =p 8in 6, and letting

-1
2 2
e
I? (cos 8in

A% BZG) ’

from (3.5) we obtain

2r L
(3.6)  awm) =3[ [ pem(-0%/2) ap a0
0 0

21T
1 2
0

Meking the further transformation tan 6 --% tan ¢, we have

L2 = A2 0052 ? + EF sin2 P,

and thus
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(3.7) a(A,B) = 1 —-_f exp (~ LL/g)AB dy

Now
2 2 2 2 2

2
{ —
L- w A" cos” 9 + B Bin™ 9 = A ; B) + (A B

so (3.7) becomes

2
(3.8) q(A,B) = 1 — exp[ (——-'E-B—e-)]

0
Further, letting & = (A — B)/(A + B), we have

2AB 1 - p?

. {_ Wexp[( --,r-B-e-) cos 2@] -‘l'i-éi} .

AB _ -
;? ;?' 2 2 e

+ B + (A -Be)cosecp 1 + K + 21 cos 29

Utilizing Lemma 1, we can write

o
AB n . n
3.9 =1+2 2 (=1)" K cos 2n¢
(3.9) 2 2z

4]
el 4+2 T (=1 ( cos 2n¢ .
n=‘l( " (k5 )

From lLemma 2 we obtaln the expansion

(3.10) exp[ ( ) cos 2(9] - Io(—-—-n-B—z-)

= _1\n 13\2--B2
+2n§1(1) L, (g

Substituting (3.9) and (3.10) in (3.8), and using the
fact that

& T
f cos 2m9 cos 2n9 do = >
0

)cos 2ng.
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for m e n and zero otherwise, we obtain

(3.11)  a(A,B) =1—9XP< s +B2>[0< 2>
+2>: (A"B) r{ A2 1

If we let

A+B_n A=B
=30

+ S “ig
T = 75 and -1 Rr,

so that (3.11) becomes

2 0
(3.12)  q(A,B) = 1 — exp<-— l*g—lf)[lo(nr) + znil(%)“ In(r-R)] .

By Lemma 3 the right-hand side of (3.12) is p(R,r) — p(r,K),

80

5 T3
__p<A-B A+B>
= =)

Theorem 2. The integral of an elllptical Gaussian distri-—-

a(A,B) = p(R,r) ~ p(r,R) = p<A +B A—-B

bution with components of standard deviation Oy 2 Gy and
oripin zero over a circle of radius R 18 given by the

elliptical coverage function él, %i).
y
Proof. The integral J of the elliptlcal Gausslan dis—

tribution over a circle of radius R 1s gilven by
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| ool {55 + 2g)|ox v,

where Ci x° + y2 = R°. Under the transformation x/ox = ¢,

y/0y = n, we obtain

g:!:,-rff exp[-(€2 + )/2]ag an
C'

where C': cxze‘?/ﬂ2 + oyana/na = 1. Thus, by definition of the
elliptic coverage functlon,

R R )
J =gl ==, =),
OyO'

Using Theorem 1 and the tabulated values of the circular
coverage function of Ref. 1, we present in Table 1l a short
teble of values of the elliptic coverage function -—- >

For convenlence we have used as entries the ratios

p = °y/°x and R,/oM = R/o,, where oy 18 the maximum standard
deviation. Thus

G 0 - G - e 21059
s 39

for p = 0, i.e., oy = 0, the distribution g becomes the

linear QGaussian, 1.e.,

lim , o) ,\/mf exp(-x2/2) dx.

0—)0
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The data of Table 1 are presented in a very convenient

graphlical form in Fig. 1.



q AS A FUNCTION

Table 1

OF R/cM AND p

RM-2765

P

R/oy c 0.2 |0.25 | 0.33 0.5 | 0.67 1
0 0 0 0 ] 0 0 0
0.2 159 088 oT74 057 | 039 030 020
0.4 311 264 238 199 145 113 o717
0.6 451 435 | 407 369 292 234 165
0.8 576 560 | 549 523 | 448 | 375 | 274
1.0 683 673 666 649 590 505 393
1.2 770 763 759 T48 707 637 513
1.4 838 834 832 825 799 T48 625
1.6 890 888 886 882 866 832 722
1.8 928 926 | 925 | 923 913 891 802
2.0 955 953 952 951 945 932 865
2.2 972 971 971 - 966 959 o1l
2.4 983 983 983 - 981 976 LY
2.6 991 - 991 - 989 986 966
2.8 995 - 995 = 994 993 980

11
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4, PROBABILITY CIRCLES-—CEP AND CIRCULAR QUANTITIES

In Sec. 3 we have determined the probability q in terms
of the oircle radius R and the standard deviations o, and Oy
It 18 often desirable to determine, for a fixed value of q,
the radius Rq of that circle for which the elliptic coverage
function (probability of landing within Rq) is q. The more
commonly used of these are the 0.5 circle, whose radius RO.5
is called the CEP, and the 0.25 and 0.75 circles whose radii
we will call the lower and upper circular quartiles, respec--
tively.

Figure 1, which shows q as a function of p and R/OM,

can also be considered to show R/GM as a function of q and p.

Rq = UMh(Q.op) 2

where h 1s graphed in Flg. 1. It i1s often desirable to relate
Rq to the arithmetic or quadratic means of the o's, i.e.,

o, + 0 02+02

Talip ¥, a2 T
In Fig. 2 the ratios of g for q = 0.25, 0.50, 0.75 are
plotted against the ratio o, while in Fig. 3 the same 1is done
for the ratio Rq/Q.

A particular advantage of the ratio Rq/Q is that the
quadratic mean Q (see Appendix) 1is independent of correlation.

Of particular interest in Figs. 2 and 3 are the flatness of the

curves RO.S/E and 30,75/Q: i.e., for q of the order of 0.5,
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of the order of 0.75, R/Q is independent of p for all p. Thus

we have as approximations

Ry,5 =CEP = 1,179, p > 0.2,

R0.75 = upper circular quartile = 1.65 Q.
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Appendix
THE CORRELATED BIVARIATE DISTRIBUTION

Conslder a blvariate QGausslan distribution in the
xy—plane, with center at the origin, with components of standard
deviatlion equal to Op and oy, and with a coefficient of
correlation equal to r. The egquation of such a distribution
can be written
dp = dxdy y exp[— (5E~ ~ BIXY x"2"5)/'2 (1 - rg)}.
o
y

2]
QwUXOyVl - r °x °x°y

Vv
N
I X

Fig. &4

The substitution

X = ucos 6 —v s8in 6

Yy = usln 6 + v cos 4,

where
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2ro_o

tan 260 = -§—5—I—§ ’

o -0
x Y

rotates the axes and converts this into an uncorrelated,

bivariate CGaussian distribution:

dudv u2 V2
dpgm\:exp—(;—5+;—§)/2 .
u v

The components, °, and g, of standard deviation along the

new axes are given by

2 1, 2 2 2
o, =50, + o, + c%)
and
2 1 2 2 2
OV = E(Ox + Oy - C )p
where

2 ‘ 2 242 2l
Ct = \l(ox -0y )<+ (2roxoy) .

It should be observed in passing that

regardless of the value of 8 (and hence ra:gardless of the

value of r).
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