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mCnOttLOIITIC RADIATION - A FBDWWCBNOLOGICAL AFFtOACH 

G.S. Cloutl«r and Y.B. Bakar 

-AB3TRACT- 

Tbla raport traata th« Baorosooplo approaah ta tha 

problaa of aqulllbrloB radiation fro« fit—1 baaad an tha 

thaory of alaotrioal f luetuotion» and tfaoraal radiation propoaad 

by lytor .   Tha baaio idaaa undarljing thia ganaral thaory aa 

«all aa tha eonnaotlon with othar known thaoriaa of oquillbriun 

radiation ara diaouaaad. 

Tha olootronagnotio foianlation of thia thaory ia than 

praaantad.   In particular tha tranaltlon batwaan tha aioroaoopio 

and tha aaoroaoopie •ieetronagnetic aquation« ia danonatratad and 

tha ooonaotion with BytoT*a equation« i« aada.    Tha atatiatiaal 

aapaat of tha problon ia fennlatad and tha ganaral ozpro««iona 

for tha tiaa and apaea arorago« of tha intanaily of radiation ia 

praaantad.   Spaoial attantian 1« givan to tha dorlTatlon of tha 

aorralation funotion for diaaipatira aadia.    Soaa «zaapla« of 

fluotuation phanoaana ara alao workad out. 

A ganaral nothod for aolring prdblaaa of «qullibrli» 

radiation ia outlinod.   Tha oaao of a oylindriaal plaMa^Aioh ia 

an adäquate nodal for tha wake of a re-entry Tahiolo, ia diaauaaad 

baaad on a aolution originally derired by Bytor.   A detailed 

dariwation of thia solution a« well a« an alternate «olution in 

tern« of the power absorptiTlty of tha cylinder ia giran In tha 

Appendix. 
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FOREWORD 

This report has been prepared to acquaint the reader with some of the re- 

sults drawn from a study of the electromagnetic properties of plasmas, made by 

scientists (G. C. Clootier and W. R. Baker) associated with the RCA Victor. Ltd., 

Research Laboratories. Montreal. Canada. This work was performed under Contract 

DA-36-034-ORD-3144RD as part of the Down-range Anti-missile Measurement 

Program (DAMP). 



jl 
I 
I 
0 
D 
D 
11. 

I: 
II 
r 

I: 
1: 
! 

mcnoiucOTnc IADIATIOK - A PHKNOMSNOLOCICAL APPROACH 

I iwtoDocTiflw 

tytor ha« d«T*lop«d a ph«no««nologio*l «iMtrow^Mtle 

thwry of thtraal radiation whloh doos net lapoao ai^ roatrletioM 

upon tha ralatlonahip batwaan tha «aTalaogth of tha aalttad 

radiation and tha alsa of tha radiating b<4y. Thla thaoiy la 

aoaatlMa rafarrad to aa tha oorralatlon theory of aleotroaacnatic 

fluotuatlona, Thli theory Ineludaa aa partloular oaaaa both tha 

olaaaleal theory of thermal or aqulllbriu« radiation, whloh traata 

thenaal fluotuatlona In tha gaoaetrloal optics region, aa «ell aa 

tha thaoxy of thanal noise in eleotrloal oireulta. 

The problem of dataralnlng tha thanal radiation «alttad 

fro« a heated body (or aqulTalently, the elaetroaagnatla 

fluotuatlon field) is reduced to a boundary-yalue jroblae. In 

partloular, one looks for tha solutions of tha 'eodlfiad Maxwell 

equatlona» ehioh satisfy certain appropriate boundaxy conditions, 

iytor's modifioation >f Maxwell's equations oonslsta of the Intro- 

duction of terms which represent random extraneous source-fields 

with sero radius of correlation, er equlTalantJy, tens which 

repreaent random extraneous currents with sere radlua of eerrelatioB. 

In either case these terms represent the distributed source of the 

Incoherent electromagnetic radiation emitted by a body at a given 

temperature. 

■ 
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RytoT's theory forma th* basis for: 

(1) th» •▼•luatlon of tho paaslT« «IsotroMCMtie 

radiation «aittad by a plaam; aal 

(2) a goiwraliMd formilation of Kirchhoff's la« 

whioh paraita the aquilibriw alaotroaagnatie 

or thermal radiation spectma of a body to be 

araluatad fro« a knowledge of ita absorptiTity 

apaotna for a body of aqy siae and for aijf 

decree of abaorptiTlty. 

The latter result preridea us with a ymj raluable 

■ethod of treating probleaa inrolTin« the interaction of eleotro- 

■asnatie radiation of aay «awaloagth with plaaaaa and other 

bodies, that ia, probleaa of aotive radiation. 

The theory of electrical fluctuations and thermal 

radiation aa developed by lytor vaa originated by Leontorioh and 
2 

Bytor in a paper treatia« the influence of the akin effect on 

eleotrieal noise. In this paper they baaed their ideaa on theories 

adTanoed by fcndelahtaa3, mho aa early aa 1907-8, «as concerned 

«ith the relationship between the aiorosoopio and the macrosoopio 

descriptions of tho «leotroaagnetio properties of matter and «ith 

the laportanee of fluctuating phenomena In electrodynaaics. 

F. 
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The qoantitias with «hioh a plqrsielat or «ngiiiMr works 

and woBuros aro In gßmrtl,  Baoroaoopie quantitlo«. loasuroaonts 

IHTOITO longths whloh aro Tory largo in eoaparlaoa with intoratoaie 

dlstanoos and inwolTOs tiao interrals whloh oro Tory long whon 

eoaparod with charaotoristic atonic tiao Intorrala, aqr, for 

•xaaplo, tho porlod of tlao for an olootron to rotato about tho 

nuoloua. As such, aaorosoopic quantitios aro statistical spaeo- 

tlsM SToragos of tho swro fundaaontal but Tory rapidly Tarylng 

■iorosoopic quantities. 

In passing fro« a alorosooplo to a aaorosooplo desoription 

one Is, In general, content to work with asan linear Taloes. There 

Is no a priori OTidonoo that this procedure Is Talld, that Is, that 

the aoan linear Talues will agree with the Taluoa obtained by 

experiment. Usually this procedure la ozporiBOntaUy justified. 

The concept of a aoan linear Taluo includes the possibility 

of larger or smaller doTiations, and single aoasureasnts oan yield 

Talues which fluctuate to a greater or lessor extent about this 

aoan Taluo. The good agreenent between the statistical mean 

Talues and the aaorophysloal experimental data asy be Interpreted 

to signify that the fluctuations (doTiations from tho aTorago Talus) 

encountered in statistical considerations are, la eases of agreement, 
a 

generally speaking Tory small.    HowoTor there do exist »my aaoro- 

sooplo effects which owe their origin to tho existence of 

fluctuations which are not negligible, for example, Brownian notion. 

■ 
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Sohottky «fftct, tbenutl DOIM, «to. nuotuationi are not includsd 

in asan TAIIMS. 

As a —aiur« of tlw Mgnltuds of fluotuatlooo «• 

oannot tako tho Man raluo of tbo fluctuation», for it it aqnal 

to soro boeause tho nan value of a quantity if dofinod to as ta 

make the doriation» In both dirootions equally probable. A 

potaiblo Mature It giren by tho aoan value of tho aquare of the 

fluotuatlont. 

It it cuttonary to dofim ill» fluotuatiooa a« equal to 

tho difforonoo between the apoeial aoasurod value» l(n) and tho 

Man value B, that U9 by AS. J(n)-i. Tho Maaura for fluctuation» 

1» theroforo equal to <Al(n} >" ■ < l(n^ -X >"• Sinoo th» farm- 

ation of a noan i» a linear procoo» (»ad »inoo any aoan value la 

a constant «1th reopoot to further operation» of takln« a Manx 

f * ?), M have < dl(n) >" « F- ZB ♦ ?. i1"-!1. That 1», tho 

scan squsro of a fluctuating quantity 1» equal to tho difforonoo 

between tho aoan value« of tho square of th» quantity and tho »quaro 

of tho aoan value. Wo note that if tho Man value uf a quantity 

1» tore then tho measure of fluctuation» 1» equal to tho Man value 

of tho quantity, !••• < Al(n; >' ■ i1" . 

Previous to Sytov's general theory of eloctroaagnetio 

fluctuation» there existed two theories which treated olootre- 

nagnetie fluctuation phenomena; however one 1» llaitod to tho 

• 

a 
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quasi-atatlonary region and the other to the geoaotrloal-opties 

region of the eleotroaegnetlo spectruB. They are, respeotlTely; 

(1) Ifyquiet's theoxy of theraal noiee la linear 

elaetrleal o irenlta, and 

(2) the olaaaioal theory of theraal or equllibrlun 

radiation aa developed by Kirchhoff» Stefan- 

Boltanann« Claualua and Planok« 

Beoauae the oonoepta and quantities enployed to deeerfhe 

the phenonena and alao baeanaa the theoretloal «aljala la 

different, it la, perhapa, not lanadiately dbvieua that the nndar» 

lying phenonena «re the aana« Hoaerer a little thought aakaa it 

clear that the underlying phanonawi era indeed the aana. 

She oonoepta and qoantltlea «hioh a pfayaioiat ereatea, 

in order to deaorlbe the atate of a pfayaloal ayaten, are in 

general, dictated by ihat la eaperlaentally algnif leant or 

■aaaurable. In the oaaa of tbernal noiee in linear eleotrloal 

circuits ae are interested la currents and potential differenoea 

•cross capacitors and resistors. In the oaaa of thenal radiation 

the intensity and energy of the enltted or absorbed radiation la 

of interest. 

While the physical systeos ImrolTod In each of the above 

oases are quite different, both phenonena are ■aeropfayslaal 



u 
D 

•laotroMffMtie phanoMaa and «a such «r« govcnwd Vy HaxmllU 

•quatlon«.   Ho« la ««neral, the «olution of MumoU'i oquatlou 

with opproprlato bounduy conditions is a diffioult pröblM. 

RoooTor if ttao rot« of oiumge at Htm olootroMtnttle 

flold it not too largo (waralength muoh groator than a oharaotor- 

iatio longth of the pl^io«! ayaton) oo eaa oharaotoriao the 

«7»to«, aa far as its eleotroaagnotie proportios aro oonoonwd, 

hy lisped paraaetora such aa resistors, oapoeitors, Induotors, 

oto.   In this case it is the currents in tfas ocnduotors and the 

potential differences across capacitora and resistors which ax« 

of experiMBtal and theoretical intereat. 

u    • •■•■   ■   ■ ■. 
If on the other hand UM waTolength of the variable 

I [ field» 1« wexy «all Am compared with a eharaoterlstlo length 

of the physical qrstea we can aake use of the concepts of 

geoMtrie optics. In this case we can taljc »boat the path of an 

eleotroaagnotlo wawe and work with such quantities as the intensity 

and energy of the radiatioa.  ^ 

D 

■ 

•*... 

In both cases a theoretical siaplification is achieved. 

In the f olloeing ee show that If the oaphasls la pieced on the 

eleotroaegnetic aspect of the phenomna, la particular on the fielda 

I I «ad R, then the aeaa density of equilibri» radiation energy 

itself is a measure of the Intensity of fluctuation and also that 

" w •^ •ttribute tfaoraal radiatioa pbenoaena to fluctuation 

phenoaena.  Hence ws oaa regard 

• •      • * , 

D 



I 
I 
[ 
0 

0 

Q • 
ill.- 

II 

. 

-7- 

both tte probl« of ttezml nolao la liaMr oireuita and tte 

O1M«1O*1 prcblM of ÜMnorodUtlon as harin« a ooMon bads« 

HOMII*« oquatlona gorarn tb» boharlour of all aaoroaoopie 

olaotr<»a«netle pbonoMna.   SMJ ant .    * 

^•-il       .        7K;.1^4J£. 

v».v»pt V*B - 0  . 

MnMJgBB »AP^WW ynoiwcT mm 

"""""■""■"liiii 
ioT ''lll", imii....... 

QÜASp^yoL,0NARV'   'M^OWAVE' ' •GEOMETWCAL'oPfic?' 
REGION REGION REGION 

i. 

L 
t 
i; 

^ 

Linoar lloetrloal Circuit Black Body Kadlatlon 

Wftaro Of tbo nootnimatlc »^4^^ 

(0     ^»L (2)     X«L 

1 
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fcmMM jimi^ia 
B«oauM   X » L we can 
ohwMtarlM tb* «itotro- 
BMCMtie propwrtl«« of tte 
•b«fw« plgriie«! vstM by 

rMl«tars9 ladnetora, ui 
eapMltort, «to. 

Cttrrant la 
^- ■*- - * • » 

MTOM 
•to. 

••,(4). 

• o«poeitors. 

HMTMI Voioo.   (Ityqalot) 

BM thoosy 1« fonmlotod a« 
a Fiuctuatioa   prdblM. 

•o tfaoro ozists a ._»-« 
«hieh produoat fluotoatioM 

of tha currant and Toltafo la 
tbo olroult. 

BaoauM of   X « L    oo 
iBtrodooa tha ooooopt of 
ragrs, that la tha alaetro- 
■a^notio radiation trarolo 
«long waU-dofia^ path«. 

Int»Mitjr of ladiatioB, I« 
Absorption and aaiaaion 
oooffioianta Oa f •«• 
Spaotral dlatribution of 
radiation. «■tt(»fT) 
A-vorago anargr: 

« « i/<* F)di 

Iquilibrl» Radiation. 
Clausius, Klrohhoff, and 
Plaaek. Tha problaa ia 
traatod aa ona in 
Phanoaonologioal Thamc- 
djnanioo« 

Aaaoaoo thara axista a 
tharnal notion of tha 
ohargoo in tha body which 
raaolts in tb» produotion 
of an inoohorant radiation 
fiold. 

In both oaaa» tha naoroaoepie or spaoa-tiiM average alectroaagnetio 

propartia« of tbo phyoioal aystan are giyn by tha dialactrie 

ecefficiant and tha aagnatic paraaabUity. 

i: 
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Th» HMor* of tbm fluetnationa 
In th« quantlti*s of interest 

(ay .?r-?». 

BeoauM the clrooit is linear, 
we have: 

J ■ al  «ad  V = B • d . 

Therefore 7 « ? ana V « I , 

For eleotrie clrouita which are 
In thenal eqaillbriun «e have 
that 

f • 0 . 

Hence the f luctuatiooa ef the 
quantitiea of interest in a 
linear eleotrie «ireuit are 
proportional to the —n Taloes 
of the square of the field B. 

(Aj)««F ,   (AT^.F. 

The problen of tfaeraal noise in 
linear slectrio oireuits can be 
traced back to the fluetaations 
of the eleotroMgnatle field. 

An insifht into Nyquist's 
approach - in particular, the 
asauaption of the existence at 
a random Mmt in the circuit 
ehich prodaoes flvotuations la 
ths current and TOI tage—can 
be found by considering the 
problea of stationary currents. 
A stationary current is 
inpossible in a purely 
irrotational eleotrie field, 
since in a stationary current 
energy is expended at a rate 

Since we are interested hsre 
in the average ensrgjr 

u ■ */«r P) dT 

and sine« for thenal equilibrit 
«e have f and V equal to sere, 
ee can regard the problea of 
olassleal equilibriea radlatioa 
as a fluctuation problea by 
regarding the aeerage energy 
M a aeaeure of the fluctuation 
of the theraal action of the 
charges. 
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•• •• 
J «1 p«p unit T61VM| «ad thl« 
•mrgf oannot b« prorldwd by «a 
IrrotatiaMl fl«ld.   StatiooMy 
eumnts v posslbl« only if 
Hbw mn pn—nt soure«« of 
•laotrie field known M eltctro- 
■otlv« forMt, «hioh produce 
nentrrotntional fi«ld». Hence 
on* aaauMS th» «odrtraM of 
•uoh an bf. It no« tocoaes 
posslbl« to hsTO ststlonsry 
currents and to «xplsin in 
eleetrieal terns ▼srlous forces 
«hieb sffoet th« eharfos of the 
syston under eonsideretion but 
which are determined by sources 
not pertaining to this systeac 
Thee« forces operate at the 
expense of outside sources of 
ensrey ■ neehaaieal, ebeatical, ® 
ate« 

• 

All plqrsioal aystens find ttaenaelToa la a radiation field, 

i.e. an electroaM^ietle field in fMch ere preaant both radiation la 

the optical frequency region aa well as radiation in the loner 

frequencies.   Aeoordii« to Nyquist's approach the prosenee of 

this radiation in linear circuits gives riee to random laf *a. 

Acoording to the classical theory of equilibrium radiation the 

presenoe of this radiation giwea rise to the thermal motion of 

charges.   We oaa aohiewe a unification by replacing the random 

Baf's by the concept of thermal motion of charges la linear circuits. 

We can then aay that the existence of a thermal radiation 

field aa well aa the existence of thermal noise in lineer electric 

circuits is due to the thermal motion of the charges in the syeten. 
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It is MV elMr that to produe« a guiarftl thsory «f 

•iMtroMCMtle fluctuation« du« to the theml sotlon of tho 

oharg»« in a body wo aast MüM UM of IOXMII'« oqootions but 

that «e oaimot UM tbm diroetly.   This is «o baotnat UM f lold 

quantltlaa B   and H Aieh appaar in Itacaall*! aquation* roprotant 

oToraft «r Man valuo»; aagr fluotnations in tha aleroMeple 

flalda aa «all aa in tha aieroaeoplo oharga ond oomnt danaltiaa 

hav« baan ataragad out. 

By atudylng tha naihod of obtaining Kazaoll'a aquationa 

trom tha aoro fuadaaaatal nicrosoopic (Loranta) aquationa 

(Mazaall'a oqnationa for Ttoutai) wo oan got an insight aa to how 

Maxwoll'« aquationa naad to ba nodifiod ao aa to inoludo in thon 

tama whioh rapraaant tha theraal notion of charges. 

LI 
. 
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n   ^«w^piiMjn ^BiinT.*TT«f 

2.1    QmrnnlUmrk* 

Maxwll't «quatlon« gowmrn tht MhATioor of larg«-M«l« 

•iMtroMCMtio phanoMM and for this rtaaon thqr «r« often 

rofovrod to M tho "aoorosooplo flold oquatlono".   Hunrall*» 

•quation» do not dlrootlj tako into account tho atoaicity of natter 

and alootrieltgr, for at tho tino when ha do^olopod hla oquationa 

(1861-73) tho electrical origin of natter waa not known. 

Maxwell*a oquationa are: 

(.)   »xi.l^^ttj     ,       M   7-B.*,pt    , (2.1) 

(.) v«i.-i8 (d)   7.B - 0 

They are four in nunber and IUTOITO six quantities 1, D, B , H, p 

and J. Therefore in order to determino the six quantities 

uniquely wo need to have two acre oquationa at our disposal. The 

additional two equations are the ao-ealled 'oonstitutiTO rolationa*: 

..$ »•I 
H 

which aajr be regarded as defining the dieleotrio constant c and the 

magnetic pemesbilitjr p.    The latter oquationa represent our 

experinental knowledge of the physical properties of the mediua. 

D 
■  
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Wh»n «xperlavnt brought to light th« elootrloal origin 

of aatter, i.e. that cattor eonsistod at ehargod partiol«st nueloi 

•ad •Itotrons, Lorants folt that hy probing down to tüb-atonio 

distanea« it aheold bo poMlbla to fomulato the oquationo of 

•laotrotyMBies In tamo of ohargos in vaouoa without the intro- 

duetion of pondarabla dialaetrie and nagnotlo nodia.   With this 

in sind Lorants proposed and studied what are now called the 

"■iorosoopio field aquations": 

(o)      7xl..i|| , (d)      7.h.0   .     (2.2) 

0   '. 
D 
D 
Ü 

0 
These are just Maxwall'a equations for Taouta. 

This pregran which is known as the classical tfaeoiy of 

eleetrons consists in trying to explain all obserrable phanoaana 

I in terns of the aic rose epic field equations,   for example one 

task of the nicroscopic theory is to explain the dielectric 

constant and nagnetio permeability„ already neaaured oacro- 

soopioally, in terms of atonic conceptso 

[ 

i: 

i 

! 

0 

In short Lorents regarded natter and the atoms oonstituting 

the natter as consisting of positire and negative charges, coupled 

in some way and moring in vacuum, and the electrcnagnetio field 

produced by these charges.   There is only one class of field TOO tor 

—>— 
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BMMly that   oorrMponding to the ▼acuun; these «re denoted by • 

and h.    In addition there exists only on« kind of eleotrio eurrant, 

the oonraotion ourrent «hioh results fro« the notion of the oharges. 

Is hare: 

a     eleotrio field intensity 

p     charge density, 

h     Bs^netio field intensi^r. 

T     Telocity of the oharges. 

These quantities are to satisfy the microscopic field aquations. 

For Taouun (p«0) these aquations are identical to Maxwell's 

equations.   Outside of natter we can at once idantiiy the rectors 

a u& h with tho loaoroseopic field weotors 1 and H, respeotiraly. 

Eowerer special oar« is required in interpreting the significance 

of « and h la natter or ewen inside of atons* 

Maxwell*« aquation« eb«racterise the state of a dielectric 

between the plate« of a charged capacitor by two weotor« I and P 

and the dielectric constant c.   The description of the sane body 

by means of the field rectors e and h is infinitely nor« complicated. 

The o and h Teeters are rapidly varying function« of space and time 

while the field waotors of Maxwell's equations are assumed to be con- 

stant (or so slowly Tarying that they are accessibl« to measurement) 

in "physically infinitesimal" Toluae elements of the body under 

consideration, 

"Physically infinitesimal" TOIUDS elements are the«« large 

enough to contain many «too« or molecules hut which at the sams tia« 

. 



0 

ö   • 
D •r* mry raall with r«ap«ot to the SIM of tho bodies bolng 

eonsidored.   MazMll'a maoroaooplc field quentltlee I and H are 

to be regarded as the apace-tlaa Man ralues of ths ■loroacoplo 

fluid Taotera a and h.   laxaall'a equation« in their application 

to natter poaaaaa only a Halted ralidity (e.g. c and ft are 

paraaatan) howoTer the equation« of Lorants* electron theory - 

in thalr eoupling of the field« to the oharg« and current 

danaitiaa - ara strictly valid.   Of courae, it la nsoaaaary to 

aaka apaeial aasuaption«, depending on the nature of ilia natter, 

about the dlatrömtion of eleotrona In atone in cedar to apply 

the nicresocpio aquations to the Interior of natter• 

1: 

[ 

i: 
r 
1 

In the following wa give an analysis of the naercaeopic 

aquation« trcm the niorosoopio or atonic point of Tiaw« 

Is cannot inmodlately relate the oaoroaecplc aquations 

(2.1) to the aicrosoopio equations (2.2) since the qoantitlaa in (2.2) 

ara rapidly rarying functions of space and tine while tha quantities 

in (2.1) are slowly rarying functions of space and tine.   Is nost 

first aTorage the aioroaccpio quantities orer physically infiaiteaiaal 

regiona« 

2.2   8naee-ti«e Areraaa l»ocedure 
Consider any space-tine point P(zi ,Zt •«»»*«) and a 

neighboring space-tine point P'Uj^x^x;,).   Ye define the space- 

tine arerage ralue of any mieroaoopio quantity F at the point P a« 

• 
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«x; 

•^.♦)-pfcif«^/»^•.♦, ) dt» 

IAMV m w iatogrftting oT»r the »paoe-tij» region x* v x* t z£ »x* 

about the fixed point Xi,Xa,xs,X4 •   Vo wleh to show: 

a ■ 1, 2t 3»V • 

D 

0 
0 UK,;,.:;. «,'.»■) to;«»; ax; 

F(xi yX« tXj tx« )   « ^ 

[1 1/ ".•te: taJ *'. 

0 

Ü 

D 

a^      oxc 

Lots «i - «o " 5«    » 

then dx* dx* dx* dx* - «£« dC« d6s «U > dfi   . 

Therefore ee here 

« f(x,^„x„X4) - g Hrixt*^ » x^. , xr*3 , x«+5«) dD , 

«here now in the right hand eide the ooordinetee of the fixed 

point P appear aa paraaetera.   We hare finally: 

^ KSHCI . x.*«.....) - ^ F(X,+CI , x.+5. .  ) - a^ F(x;.x;fx;,x;) 

0 
^f(xt.x^x,^«). J | ^ f(xj. x;, x«, x;) dn - ^ F(X0X.,X,.X4). 

That ie, differentiation and aTeraginf nay be interchanged.    Henoe 

«e hare for *nj linear differential equation   D(P): 

• 
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" ¥• o«n now tak» tte •**•& of both sidot of our «icro- 

•eople oqwttiona and uoo tho abev« relation to rvplao« tho »Torsos 

of tho doriTotiTot of tho flold quantities by the dorlTatlTo« of 

the aTorace of the field quantities.   We hare Q 
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flfT-i)(f) 

(•)   ^« b-J^« ♦^  RT  , (b)   V.J-^p,   (2.3) 

(o) 7x1.-1^       t     (d) v. ;.0  i 

Slnoe neither p nor pr occur in equations (2.3o ) aal (2.3d ) «e 

Mn iviediately make the following identifieationst 

" e-l «ad h-B. (2Jt) 

On sabstitatiag these relations in equations (2.3a ) and (2.3b ) 

ee get: 

7K"-oJ| + if P^' (2.5) 

V'l-Vwp. (2.6) 

Theee equations are to be oonpared with the macroscopic equations x 

V x I oll + 1f'        •»*        V-D.4»pt 



(J 
D 

2.3   ftlBrtttW ft1« Mioroaoopie to MMr—eople Ign^tJuti« 

At tfaia point v ean proo«>d in two woyo1'» ,   Sine« 

ntitlMr of ill« two mjro appoara to bo «oll-knam «• oatlino both 

■Hhods. 

^ (i) jMU 
If, In oquotion (2.2«) and (2.2b), wo introduoo tb» olootrlc 

■ad ««snotlo pol«rl««tlon voctor» P «ai H (tte olootrio and 

M<Mti« noMnt« por unit TolnM9 roopoctlwlj) by i: 
i: 
r 

E'B-kwM and &>B*4vF (2.7) 

(2.8) 

«• obtain 

V •! ■*# (pt- VP]    • (2.10) 

We will b« ablo to «ay that ItasMU*« «quation« follow fro« tho 

aloroooopio «quatlons if it eaa b« «hown th«tv in tho sons« of 

our dof initiona of arerago Taluo« WO haw« 

"TT     ♦   ♦ ♦     ♦        ♦       ♦ 
pv - J* P* «7» M ■ Jc ♦ Jp ♦ ^ , (2.11) 

p -pt-VP-pt-pp  , (2.12) 

I.I 
I.I 
0 
I 
1 

Wo first oaloulat« th« oondtiotion «ad polarlaation onrronta Je and 

' Jp, roapootiToljr and th«a th« MCMtliation ourr«nt ^. 

H 
D 

- 
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Xn «ttaapUBg to dasorlb« th* proe«s**s oeeurrlng in a 

■atari«! body «• oonaldar tho body as an aaaaaklj flf nautral atoaa, 

motral aoloeulat, ions and f*oo olootroaa.   Tha siaplaat preoaaa 

aontribvtlac to tha tmaport of alaotrloitgr is doa to tha aotion 

of tha ions aad ftroo olaetrona.   la alsetrio flaid or a oharfa 

danaitjr gradlnt aiU gito rita to a dirootad aotion of tho oharfa 

partiolas.   This flvoa riaa to tha oonduotion ourpant J0,   tho ions 

and fro« alootrons also oontribata to the araraga oharga donslty; 

this ooatrihtttloa oorrosponda to ahat is eallad in laanraU's lhaocy 

tha trua oharga dsnsi-ty pt. 

Is no* oonsidar tho polarisation ourront j.«   This ourront 

ariaas froa tho oontributions of nontral atoms and aoloouloa.   In 

Marwall'» thaoiy tho polarisation P ia dafinad as tho dipolo aoswnt 

por unit Tolaa»,   It ariaaa fro« tha Toctor ans of tha dipolo 

■oaants of tho IndiTidoal atoas and aoleoulos.   Lot pi ba ths dipolo 

■oaant of tho i'th aoloeulo aad lat tharo ba H aolaeulaa par unit 

Toloas.   Than ths polarisation TOO tor can ba writ tan aa 

Lot ths oharga aad ourront distributions la a aolaovla 

ba giTon by p and pr , rospootiTOly.   Tho rosultin« slootroaagnstie 

Ofiold oan ba oharaotarisad by a scalar and a Tootcr potential giran 

by: 

D 
0 
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p(C,i>,C.t.f) 
♦(x^,i,t) . jjj  2-  « dj| « (2.14) 

A(xjr,i,t) . HI ^—i «-  a« di, « , (2.15) 

P(«,y,«) 

d?'d$ dndc 

Sohaaatlo ftUcna for «raltiatlBS 4 uA A. 

r-   /(^•♦(j-iO* ♦(■-«)■ , 

p «R-r». 

(2.16) 

(2.17) 

Taka Ih« origin to bo located at the center of the aolecule and 

consider the field at a point for which |&| >» jr'! (R >» d). 

Then we can sake the approziaations 

- /R
8
* r"- Zr*. R a R » ^r'| ^ /      (2. 

J-J 
1- 

1  
"5—Z 

•R 

1  (r* * R) 
R* T^ ••• t 

18) 

(2.19) 

and write 
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.p(p',t-|)**£jil^.,t-|> ♦ ...   (2.20) 

Htne« «• eaa writ« 

(J ♦R^///(r,-ii)Ptot + ...      (2.21) 

(2.22) 

where dr' - dg dq dg , 

By uslag the f ollovin« Identities end carrying out a partial 

integration we can rewrite the right hand side« of the expressions 

for <f> and A : 

g PT€ ♦ €V (?▼) • ^ (P^ «) ♦ ^ (PT, «) ♦ ^ (P ^ €) .    (2.23) 

I pV ♦ PT« «♦ «,7 • (P*) • -k" (PTe «*>+ ^ (PM") 

1 +^(p^€t)/   (2.2i,) 

■ 
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I' 

[ 

[ 

♦^(p^C»»), (2.25) 

••ff. Cooildw th* z-o<«poMnt «f f pr dr», that 1«, fff pr- « dj| dg . 

Uaiag tlw first idntlty w obtain 

|||PT€ «di,«- - |||«v.(pT)de dD««llj-fe (pT5€)de di, de 

Canylac oat a partial intagration in the last tfaraa taras «a ara 

laft with a iurfaca integral which can be aada to Taaiah aiaoe wm 

can BOTO the surface outside the «0100010.   le are left with the 

relation 
I 
11 HI PT€ « di, d« - Jjj 5v.(pT)de in d« 

or in Taotor notation 

(J j pr dr« - -|r«(7 .pr) to«. (d?« - d« dr, «) 

Finally using the equation of continuity, |f ♦ V'Cpy) . 0, we obtain 

L |pTdr« - fr^dr« . 

Rrooeeding in a aiailar fashion for the other tarns in * and A, we 

obtain 
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»•^/^^♦^/^^•[^^♦%^1l        (2.26) 

^[i-TP*-^1]'   R (2.27) 
•-: 

«• im!W dtflned th« •leotrio and aasiMtle dipol« aaatnts for 

a oontinuous distribution of charge by 

p . | pr« dr« , (2.28) 

»mi; jirx pr) ir\ (2.29) 

Tha rotolting ozpraaaiona for the scalar potential 4> and 

the Teotor potential A are Juat those which would occur if we were 

to oonsidar the sealer end Tector potential for an electric dipole 

of dipole aoaent p and a magnetic dipole with dipole aoaent a. 

That ia, we can regard the molecule, aa far aa ita field la oon- 

orrned, aa consisting of an electric dipole and a magnetic dipole. 

1 

II 
n p - Y^*± r: 

If we wish to replace the continuous distribution of 

charge by a discrete one we need merely to redefine p and m aa 

followa: 

'1 (2.30) 

1 

and 
|J > »i« •!▼! (2.31) 

i 
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(that is, r«plM« th* lategratioii by a «UBMiloo cmr all th« 

dlserat« eharfaa «^ in a givn aolaoula). 

Wa aasoM that tha total mabar of nautral Bolaculaa 

par unit TOIOB» la If and lat thaaa eonalat of: 

n« ■olaeolaa of typo 1, 

at aoloculos of typo 2 , 

Du aoloculos of typo a. 

Wo haTO N > n« -f m 4- nj -f ..» . Wa danoto tho olootrio aoaont of a 

aolooulo of typa a by Pa " { *al 'ai ,*•r• tb* «wMtion ovar tha 

Indox 1 iapliaa a tuaBatlon oror all tha dlaorata ehargaa m^ 

oonatitatlag a glren aolooulo of typo a. Wo oonaldor tha ohansa 

la tha dipolo aoaont of oaoh aolooulo afaloh roaulta froa tha 

diaplaooaont of tho firat olootron through a diatanoo 5r1f tho aooomi 

olootron through a diatanoo tot and ao forth» Lat tha diaplaooaont 

iJ Sr^ of tho i'th olootron ha-vo coapononta Ci f i?i, Si in tha a- , y- 

aad B-direotionaf roapootiroly, Tho total ohargo (belonging to 

- aolooulos of typo a) ibioh paoaoa through a aurfaoo oloaont dS irtioao 

noraal ia parallel to the x-axia ia 

I 
I 1 

| If Tal ia tha Tolooity of tho i'th olootron «a hare tha relation 
1 ♦   ^ * 

8ra. ■ Tai . Therefore a change in tha dipolo aoaont p roaulta in a 

II 
Q 
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ounwrnt «ith eoapomnts 

i 

i 

IM ■ ^y •«! in, 
i 

In tlM z-, y», aai s-diMotioBa r«spMtiT»3j.   That la, a ohaa«« 

In th» dlpol« aoMnt p of a aolaoula of tgrpa a raaulta In a currant 
•* * 
Ja ■ «a * «al ?al " "»a Pte •   SoMln« ovar all tjpaa of nolaouloa «a 

find tha total polarliation current Jp to bo 

0 
!1 E a 

«%*■». (2.32) 

«haro P ■ mpi ♦ ntpt ♦ ••• n«pa ♦ ••• 9 !■ tha total alaetrlo dlpola 

■oaant par unit TOIUM. 

It iBBcdlataljr follow» tram thla raanlt that a dlw«anea 

of P mat ba associated with tha avara^a oharga danalty p «ran If 

thara ara no ions or fTao alaotrens praaant. This la the contribution 

to tba awarasa oharga danalty which ariaaa fron tha praaanea of 

neutral atoas and nolaculoa. A chansa of «agnitato dP in tha 

polarisation P results in a charge of magnitude dSdPn passing out 

. rf • ▼dune eleaent dr. Fron tha conserration of charge we can write 

li 
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[///P *»j. - |Jap,4s . - //^fe« M 

*///'*-//* «8 

p dtnotos th» density of eharg«, dPn danotea th« ehant» in 

P in th« dirtotion n, wbmv n is a unit Taetor parpmdioular to 

th* aurfao« ol«Mnt dS.    IfP«0forp«0w« hxw 

III"-!! Pa «a . 

■ad on oolag Gooss't dirergonoo theorea «a obtain tha following 

raault 

Pp--V«P , (2.33) 

ahapa tha indaz p inpliaa a oharga danaity due to tha polariiation. 

Tha total areraga charge danaity aan now be written aa a 

•en of the true charge danaity, pt, that ia tha charge ariaing fro« 

the preaenoe of lona and free eleotrona, and tha polarisation charge 

«ansity, pp: ^ 

P "Pt^Pp -Pt-7#P • (2«Ä) 

We now proceed to account for tha third tarn in the 

expression for the aTerage current danaity 

pr « Je + P ♦ o? x M (2.35) 

■ ■ 
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ADMrdiag to th« olasaloal theory of elaotrons a Mfnatie 

flold boa its origin in th« ■oroaant of ohmrseo.   for tho ozpluotlon 

Of th« MCMtiO MMBt ■ Of OB OtOOl  OT BOlOOUlO «0 BUOt MS««  th»t 

tho ehargoo la tho atoa aro in aotion.   1» oon oouidor thooo ohargot 

OM point ofaorfos •1 Borins «1th rolooltio« ^ or M a poaltlon- 

dapanlant currant daaaitj J. 

D 
I1 

We again aaaoM that tha total nuaber of atoaa par unit 

rolmm la H and lot those oonalat of 

n«    atoas of typo 1 , 

at   atoaa of typ« 2 , 

ng   Bolaeules of type a« 

Wo hsTO N = m -mt + ... ♦ ng + ...  .   The Bagnetiiation or tho 

total Bagnatie aoaent per unit TOIUBO is giron by i « ma, ♦ n.a, ♦ ...  , 

Consider a "statlonsry ourront" J in a plane loop enolosing 

an area A.   Let a be the orosa-sootional area of the loop end let 

Odl be on oloBont of length of tho loop.   Bun ao hsTO 

j dT > Ja dl ■ J dl.   FTOB tho definition of magnetic mcoent 

B  ■ 

aa hate 

o if'** 

* 
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19 moment of an »to« du« to a current donaity J 

or oquiTmlontly du» to tho quasi-stationary »otion of tho oooatltuant 

olaotrona is giran by 

X jdT , 

^Z*i(?i 
X T4 

(2.36) 

(2.37) 

raapootiTaly. Tha horiaontal bar indieatas a time aTaraga orar tho 

Tarioua orbits of tho circulating olaotrona. 

In order to soo how tho spaoo-tiao aTorage of a currant 

donaity in an atoa or aoloouloa giToa a contribution J^ to tho 

aToraga currant donaitj pT «a «ill oonaidor a my slupliflad aodel. 

Wo aasoM that tha currant loop« in aa atoa conaiat of equal plane 

ring currents of area A and aagnitudo J. Let there be n such currant 

loops per unit TOIUBB. We no« proceed to calculate the total current 

which threads a rectangle ahoaa plane-area liea in tha ys-plane 

and ahose sides are of lengths a and b in the y- and »-directions, 

respoctiToly. Wo only obtain a contribution to tho total resulting 

currant ^ if tho current loop» are threaded by the aide» of the 

rectangle. 

-J" 

»-x 

B 

^C« •   ! 
•—1_ 

H 
AREA Ay 

Current loops for oyaluation of J,. 
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Coiuidar tht atoaio current loop^ which art threaded hj 

the side AB.   W MMM that the T^OMpemnta of ■ 

of aU the atcaa are the aaaa.   It no* only need to find the nabar 

of atou «hloh hare their ourrent loopa threaded by 3.    Conaider a 

ajliaOmr of length a and croes-aection 1 OB* Aoee azia lies along 

IS,   Bale TOIUM oontaina Ha atoaa*   The probability that any 

current loop in thia cylinder ia threaded by AB ie giren by the 

ratio of the y-ooaponent area of the ourrent loop and the croaa- 

»tional area of the cylinder, that ie, by 3.   If the iy 

ytaej w need only to «verage over the different raluea.   In the 

length IS m have a contribution 

JnaAj ■ nacSf ■ acHy 
«-0 

to the ourrent ^ , «here ^ ie the j^conpooent of Mgnotiaation, 

M. We apply a iiailar analyaia to the other three aidea and find 

that:   the atcaa threaded by DC t ÄD, and BC glvea oontributiona 

■••vj 
s-b 

-bo ft ■] y.0 
+bc ft. ] 7^ 

reapeotiTely, to the total ourrent Jxab paeaing through the 

rectangle eh. Adding the oontributiona fro« tha four aidea ee hare 
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I.» . . [^^ . .(^^ . K,.)^ ♦ „(^^ 1. 

!• MWM tb» MCMUMUOB H to b« a eontloaoaa funotion of 

posltioa, aad «IM that th« atdis of tte rootonglo, o oaA bv 

roopootlTtlj aro MOU; thoroforo «o en MüCO O Aplor ozpoaoloB 

•ai obtols tho foUovlaff roaalt: 

D 

jj ^ ■  o? x I (2#38) 

^ob • ol- o.jZ.b ♦b»Ä-o|« oob(V x M)x . 

Wo oon find "^ ond J, In o oiailor foddon.   In «onorol, thon 

That la, the olootroolo ourront loops in nratnl ato 

and aolooulot giro a contribution J^aoVxl to tho arerago 

ourront donailgr pT. 

(2)   ll»tbodB 

1» again ooniidor tho probloa of oaleulating tho awogo 

charge deneity. 

The oontrlbutien of free oloetrona and ions to the aTorago 

charge density gXv rise to a charge density which in IhmeU's 

theory is colled tho true charge density pt. 

In order to calculate tho contribution of neutral atone 
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u 
U and MIMOI*« to UM vmrf olurf* dtnsl^r it la oonrsnirat to 

tldak of tb« dlalaotrie M tookMi up late a mj larfa a^bar at 

•Waleally Inflnltaalml- rolvm alaMBta.   W look for tha 

«rifiB of tha ao-eallad fraa aharga daaalty of IhnaU'a thaoiy 

la obaacaa of tha danallgr af tha dlatrlbutloa of atou and 

■alaaolaa at tha boondaiy of tao adjaeant TOIIM alaMnts.   Par 

purpoaaa of oaloulation va immgis» tha «bola eharfa of aaah atoa 

to ba eoooantratad at aoM point of tha intorler of tha atoa. 

la this platora thara wiU ba no avorafa aharga danoity. 

Wo arriva at tha aotual oharfa dlotributloa by aovlac 

aaoh oharga aloaaat back to ttia point It aetaally ooottpita.   Tbla 

will Mkatno diffaraaoa aa far aa atoaa aituatad aatiroly wlthla 

tha booadarlaa of a "phjalaaUj infinitaalaal" TOIOM aloaaat aro 

oonoaraad.   HowtTor, If aa atoa ia cat by tha botmdory of thio 

rolvm alaaant, part of tha oharga idll raaaln in thia TOIWO 

olaMnt, Alia tha raat will oontrlbuto to tho oharga contained 

ia tha adjacent roluaa alaaant.   Tor a unlfom dlitributlon of 

atoaa tiila boaadasy affact wiU canoal oa tho ataraga, but if 

thara la aa inhoaoganalty ia tha diatribution of atoaa a aat 

affaat will raault.   Thia wiU ba tha ao-eallad free oharga danaity. 

la will regard tha elaaenta of charge ia a Toluaa eloaoat aa being 

| la fixed poaltiona and we «ill alac diaregard all Tariationa of 

charge denaity with tiae. 

1 
0 
0 

I-     ■ 
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!• fix th« position of an miom by MM point P( aoj tho 

eoator of Iho mtm,   Tho position of aqr ottaor point Pa of • givra 

otoa is «poolfltd hj ihm voetor ra ■ PPa • Bw ohorgo donaity la 

to bo aa «ncplioit fonotioa of P and ra, 

lo group tha atom in a glvan 

physically infinitsslnal Tolna 

alsaant aooording to thair 

orisntatlon in apaoa» For roaaoaa 

of sinplioity «a «ill oonsldar only 

atons of ona orlantation (that la, 

atona ahioh can ha aad« to 

ooinelda by a sinpls translation). 

To ganaralisa our raault for any 

distribution of a tons w naad 

Position of an atoa 
aad a oharga alaaant 
dT.. 

only to son armr all orientations.   W« can do this whin wo dofins 

tha polarisation P.   Lat dS bo a physically infinitasiaal surface 

alsaant at tha point P rtiioh aaparatas two adjacent -rolune oloaants 

In which tha nunbar of atoas N(P*) is assuaad to ▼aiy fro« point 

to point; this atonic density is assuasd to be continuous on the 

physically infinitasiaal scale.   Consider an atoa situated at a 

point P* in the neighborhood of ths boundary dS, and inagine the 

whole charge of ths atoa to have been concentrated at P*j lat 

p(P,>i>
A)dTa be aa elensnt of charge of this atoa which is actually 

situated at a point Pa.    If the Teotor ra crosses the surface dSf 

the charge pCP* ,rll)dTa, irtien brought back to its original position, 
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(a)    BM "phjrtlomllj infinit««!«»!" rolaM •l«MBt. 

/»(^^ I   /of^)^ 

^S 

(b)    Poasibl« posltdoni of atou in the ▼iclnlly of 8. 

(e)   Di^na for tTaluation of 1h« obargo transports aero«« dS 
la the direetioa ra. 

•    ■ 
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wlU b« loat to tb* pbjBiomUj inf inlt«siMl rohmt •Imnt in which 

tte point P* 1« situatod.   li add all «iallar contribution» to tho 

char«» ero»»ing th» »urfao» dS; thi» i» don» for all ateaa »hich 11» 

oa »ith»r aid* of th» »urfac» dS.   To porfom th» suBmation m flrat 

k»»p th» radln» vootor ra find and add 19 th» contribution» 

p(p*»ra)ft% ttm all atoa», th»n w» int»grat» ovar th» Tolta» of 

th» atoa.   Per a giT»n ra th»r» ar» »quäl contribution» pCPV»)^» 

tram all atoaa oontalnod in a cylinder of baa» dS »ho»» height i» 

th» projection of ra on th» nonaal (dofimd by a unit vootor n) to 

dS at P.   If r* 1» a unit Tootor in th» direction of ra and if r* 

i» th» distance aeasured fro« the baa» in thi» direction,  then the 

charge tranaported acre»» dS ow th» directed-dietano» rft it gi^en 

by: 

f      N(P') dSdr» (rj -n) ^(P'.rJ dTa . (2.39) 

Th» »lowly T»xying funotiob» pCP»,^) and N(P») My b» expanded 

»bout th» point P siring 

p(P,.ra)-p(P*P'-P.ra) ■ p(p,ra) ♦ (P'-P) .7p P ♦ ... , 

H(P») « H(P*P» - P) « N(P) ♦ (P«-P) • Vp H ♦ ... .    (2.40) 

*  pCPSr.) H(P») » p(Pfra) N(P) - r»?J -Vp pH ♦ ... 

W» k»ep only th» fir»t term of the expansion and on aubctituting 

this tern into the equation (2.39) we get: 
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crf dS - II(P) p (P,ra) (r* • n) dS dTa /  dr* . (2 Al) 

¥• obtain th* aat oharg* «hioh erosM« UM uaxttom •lammt 

489 la th« dlTMtloB a (AMI tb* obargß dlftributioo la th« atoaa 

ia raatorad) by intagratlng owr tha Tolnaa of tha atoa. Tbia 

0mm 
•f dS - a.| rmp (P,PA) H(P) dT^ t (2.42) 

atoa 

ainoa r*r* ■ ra. 

To oaleulata tba fraa obarga pf dT ooataiaad la a pbyaioallj 

Inflaltoaiaal Toluaa alaaaat «a intagrat* tba azpraaalen (2.42) orar 

tba antlra boundaxy of tba Tolnaa alaaant, tba tranaport of cbarga 

at aach point la takan ia tba Inward dlraotlon. Tba apaoa danaity 

of tr— oharge la thus daf inad by 

Pf dT " " / 

boundary of dr 

fff dS (2^3) 

la daf Ina tba alaotrio dlpolo of tba atoa at tha point P 

y>7 

P(p) - ] pa P (P^a) dTa i (2.44) 

ate 

and tban raarlta tba azpraaalon (2.42) in tba following fora: 

o- dS ■ pN • n 43 (2A5) 
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BM dlpol* —i par unit TOIUM «r tte polarlsatloa P (thi« is 

* —nrototipln quuntity) out b« «rlttw M 

u 
D 
0 
0 
jj P(P)-I(P)P(P). (2.*) 

11 XT «• wmnt to flMMnliM oar rtmlta to inelato otau of diffOront 

•potiol arlontatlons wo rai orw oil arl«nt«tlons and writ» ttao 

polarisotioa oa 

P(P) -y»# (P)Pf(P) . (2^7) 

li ean raarita tte aquation la toraa of tho polariaatlon and obtain 

tte raaolt ^ 

fff dS ■ ? • n dS . (2.i»8) 

If aa Inaart this rosnlt la aquation (2.43) ao obtain 

pf dr - - / P • n dS  , (2.49) 

bOUDd«Z7 of dT 

•nl on aaklas uaa of Gaaaa* tteoran, ao find 

pf dr ■ - 7 • P dr , l.o. pf « - V • P .      (2.50) 

Wo ean no» «rito tho aTara^o charge density aa follows 

If ws substituto this result In aquation (2.2b) wa gat 

• 
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?-(l*V»P) -V»pt . (2.52) 

W« en wit« thia noatloa la th» HucMllian for« (aw «qoatiao 

(2.1%)) *y introdnelng tte «iMtrie diapliottat D ■ I ♦ 4« Pv aal 

hano« m hava: 

[] y.D-4»pt. (2.53) 

Wa no« proeaad to oatlina tha oraluation of tho aTarafla 

oarraat danaitgr. With tha azooptlon of eartala oharaotarlatle 

dlffajpanoaa tha ealenlatioa of tha «Tarawa currant danalty la 

analacetta to that of tha aTara«a oharca danalty. 

In ordar to ovaluata tha avarasa currant daaaltf tte 

Charta danaity la aaataad to ba a function of tha tla« tf aa wall 

aa of tha poaltlon P of tha atoa and tha radius Toctcr rft. 

Hovarar, only slow farlatlona of charge and currant danaltiaa ara 

takan lato account. Any rapid fluctuationa ara aaoothod out bj 

avaraglag. Slnaa such tiaa-a.Taragas do not changa tha fom of tha 

axprasslcns to *loh thay ara appliad, they ara laft out from tho 

following ocnsldaratlcns. In addition, it la custoaaxy to naglaot 

tha tlaa-Tariatlons of tha distribution of ataaa and to ocnaldar 

only stationary distributions of atoaa characterised by a spatial 

function !?(?•). 

" Aa in aethod A tha action of Ions and free electrons 

glwa rise to a conduction current density Je* 

D 
—    . . 
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Hratrtl •Urn» ooatribut« to th* awtf» etanront dMwi^r 

«Mir dirtrltaUoB is ualf on slaM th« iat^nl 

dM« Mt la gwMral Tmalah.   fbm eontrlbiitien of aratral «toM to 

tto KTwgß eurrtnt tonsitj to Mltod th* polariiatlon oormt 

dMWitj aaA to fitn by tto «xpraaalon 

^ ■ ■« | W (P.t,^) tTa   . (2.55) 

UM «pattol Iwlwoiwitar of tte dtotrlbvtlai «f at«u 

!!▼•• rlM to tto MSMttoatloB eamnt tonally. 

4dT.-|«8.H(p) |{^) (P^r.) (.-ra) to»   . 

beundaxy of to     ataa 

▲ oartain »topllfloatlon la notation raaolta If «a 

oaa of tha ralatlonahlp 

J(P»t^Ä) - {pr) (P,t^a)  . (2.56) 

With this notation «a oaa «rlta 

\ - I(P) / j (P.t^) toa , (2.57) 

atoa 

u 
Ü. 

[ 

I 
I] 4 ^ • - / • • "W | J(P,t^) (a • Jj to. . (2.58) 

boundary of to   atoa 

0 
■ 

■ 

• 
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Zn ftU «f tlM aba?» «xprvssiou m hur» llait^ tte T«jle 

9t th* a««d« diatribttUon »(?•) to It« first tun, that i», t» 
•♦ >♦ 

I(P) aai •iaUuOj «• hav« liMta tha «zpuuion «f jCP^t^«) to 
^        •♦ 

it« fint Wn j(P9t»ra).   fhi« i« eoB«i«t«Bt with th« ««fMi«a« 

«a«d ia «ralvatiiig th« awat« eharg« danaitf. 

UM avaraca curant danaitr «an th«r«f or« b« aritt«« 

aa tha rat of ihr«« 

(2.59) r ■ 4« ♦ Jp ♦ 4 t 

o «   ■» 
Jo t Jp «ad J, hara baan d«fia«d abov«. 

Wa now proeood to tranafoi« tha azprassieaa for Jp «ad 

^ ist« «zpraasiona «hloh ara Mra faalliar. 

1» Bnltiplj tha aquation of oontimitj tt+^'J"0^ 

ra and than intagrata tha raaultin« oxprassion orar tha TOIIBM of 

th« at«. 1« obtain th* ralation 

f'a^4T«--|»oVJdTft .        (2.60) 

atoa atoa 

(tha dlTarganoa is takan with rospoot .to tha ooordlnatas of th« 

point Pa ahil« th« point P i« kapt find.) 

Th« riflht hand aid« nay ba alaplif lad by porf ondag a partial 

Intagratlon. Of th« two ratultlnc t«ms only on« raaalns, alneo 



ü 
11 
II 
li 

I 
r 

l 
! 

... 

-39- 

im mm m v Uft w*th a sorfao« latagnl Aloh own b« Mi» to 

▼aalAh.   IqoAtloo (2.60) toOMM 

/'•fe^-Jj*^. . («-«o 
atoB at«a 

Trm üw tefladtloa of th« «laotrlo dlpol« memmnt 

/r»P4Ta  t 

l! 

[ 

[ 

l 

p 

«t«a 

«• obtain, by dlffOroatiatiac with raapaet to tf tho ralatien 

atoa 

fo haro Ihoroforo 
m 

at« 

¥• oan «rito tho «zprasalon for tho polariiatlon ourroat 

doBoity a« follows I 

•Um 

- ^ P , (2.63) 



■ 
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«• h*f taflMd P . Ip. 

*• MS »impUfy UM •zpr*s»loB for tte M^MtlMtloB 

whl«h follow» trcm  tfao oquotlono (2.23) - (2.25)• OM oquoti« 

(2.6i|.) oan bo «rltton in tte fon 

ifl 
I 
I 
I 
j owpont AMMity Jb >y Mklaff MO of tho rolotioa 
Ü 

r***» •♦♦♦ 
j j U • J)rft dTft ♦ / (• • rjj 4Tä - 0 (2.64) 

I 
Ö 

D 
0 

■•■«■• (2.65) 

ohorot 

'' ■ " ^ / ('• x J) dTo  . (2.66) 

«toa 

•♦ 
Wo oan now wrlto tfao oxprotslon for i   os follows: 

u 
Ü 

0 
Ü 

D 

1,1 x/   2rdT* 
at« 



I 
I 

4 dT - - / d3«H(P) • | jU-ra) 4rft 

boaadaxy of dT     tUm 

-  f dS R(P) . OB K ■ 

boundary of dr 
0 

. ♦c/nxlIdS (ilnoa M . Ha) 

booadaiy 

,, -♦oV xldT . (2.67) 

■♦       ♦ 

Thorofcro aa hara J, ■ ♦ o V x I aa daoirad. 

2J,   Irtaa'a ModlflaatioB of tha üflrignftlir ITinitlni 
By eoaaidorlng tha doriTatlon of Hazaall's aqoatlons fro« 

tha 'aieroaeopie aquationa' aa hava attainad a aore farourabla 

Taatafa-poiat froa ahioh wa ean folio* lytor'a aodifleatlon of 

olaetroMsaatio aquationa. Th» 'aodtfiod aquationa* prorido us 

with a gamral thaory of alectroaagnatic fluctuation phanoMna. 

! 

0 

[ 

In araluatin« tha aTara^a ohargo and currant dansitio« 

aa hara aasuaad: 

(a) tha oharga alaaanta to bo in fixed poaitions, 

(b) tha distribution dansity of atoas to bo a function 

of position only, and 

| (o) tha currant density to bo a slowly saoothly rarylng 

function of the tlaa; aay rapid Tariatiana in tha 

current dansity haring bean smoothed out. 

0 
D 



u 
0 

With th« aid of tbaa« usaqptloiu m bat« obtaiMd tte followlog 

•xprasslon« for tte aT«ra«« oharg« and currant dansltla«; 

D p«-VP (2.68) 

I 
I 
[ 

t 
D 
D 

PT « P ♦ o7 x ■   . (2.69) 

(In tha aboTa axprasalona «a hare oaittad tha contribution* arising 

froi tha loos and frao aleotrons.) 

To obtain aquation (1.3) of lyter's ■onosraph1«« uaa tha 

follovint rolationthlp«: 0 
D 
! 

0 
D 

If, in addition, «a aastas that tha electric field Intanalty has a 

tlae-dapandenoa of the 

I and (2.69) In tha for«: 

■ ■•      ,      B-h      ,    B.MH.H + 4WM      ,      D-eI.I + 4wP 

(2.70) 

to obtain the expreesions 

i-t&i . (MO 

tlM-dapandenoa of the fora •***, we can rewrite equation« (2.68) 

»•-••[^f]. (2.73) 
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^.*0aM^.,[-ii^in.     U.Ä) 

0 
D 
D 
D   . 

Ss&t   »» notatloB, Aleh is tb* OMtoMffy OM, dlfftr» frea lytor'« 

in that w OM Mall latter« to dtnot« ■ioroaeeplo 

«MBtiti«« whil« ha oaas capital Itttara. W* danota tha 

■aorotooplo quaatitias *y capital lattara «hil« Bjtor 

uaai capital lattara with a bar arlttan orar tbaa. Since 

«• haTc ucad the latter ■ to denote the aaenetic polarl- 

■atloo a« will UM the letter L in place of Sjtor*« M. 

For tbe tiM being we will uee our own notation. 

I Contrary to cor aseuaptiona, in eny body in tbezaal 

equilibria« at a tawperature T both the position and tbe notion 

I of the charge constituents as well aa the density distribution 

of the atons are undergoing randoa oscillations due to therael 
* 

agitation. Without going into any detailed quantitatlTe deri- 

|| Tation Hytor assuMS that these randoa oscillations of the charges 

and currents can be accounted for (or described by) the addition 

of two tens in the ezpressions for the aTerage charge and current 

densities. In particular, Jytor takes the ■icrcoharge and the 

mlcroeurrent densities to bet 

,..f.r^a^i^a;i     (2.75) 
J     (»,1.7)*» 

• We hare been interested only in aean linear values and hence the 

abore results do not take into account taty fluctuations. 

** *7 (1.1 •?) ee aean eqn.(l.7) of RytoT's aoncgraph. 

ü 



u 
0 
u 
[j 

D 

i 

D 
I 
D 

[ 

-*4- 

L J    (1.1.6) 

That is. In addition to th* fl«ld» • and h ijtoT introduoas n 

rtudoa «Itetrio flald k «ad a ranlon u^atlo flaid 1| all four 

f lalda Mt OB tha Bloroohargaa and tha Blorooorranta. 

Wa can think of tha f lalda k and 1 aa produelng tha 

randoa or oaoUlatlag notion nhieh is aupariapoaad on tha aTora^a 

notion of tha ohargas and currants. 

Another aquiTalant intarpratatlon ia alao poaalbla.   If 

«a oonaidar tha azpraasiona for tha avorage charga and currant 

danaity and aaka uaa of tha relation« 

i^iLzJij .p (2.78) 

^fri1'-"- (2.79) 

r. *• i**1 obtain the following expraaaiona for tha aTarafta charge and 

currant danaitiea: 

| p. -y.?-7 ii^Üj (2.80) 

l lt*9*l%rti*k*.fnm*.f*rfajüllt        (2.81 

1 
) 

^jr analogy with equationa (2.78) and (2.79) »a define tha relation»: 
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%-Atf**J. 

and A «rlt« 

(2.82) 

hmUi*   ' (2.83) 

(2.84) 

—      •14 
PT - (P*Pf) ♦ oV x (M^) . (2.85) 

D 
0 
0 
D 

U ?--v.(p*pf), 

D 
Ü •   • 

lev P and I repraaant tha •laotric and maemtio  dlpola aoMiits par unit 

Toluna, raspaotlvaljr. Wa can tharafora ragard P^ and If as apontanaous 

local alaotric and Mcnatlo dlpala aoMnts par unit TOIOM. Pf and lf 

ara dna to tha randoa thamal notion of tha oharga and eurrants. 

Tha aodlfiad nloroaoopic tquationa now tak» tha fora 

Vx J- - ikh . 

V x J - ikea ♦lk(e-l)k ♦ 

7««J - - V(«-I)k , 

V-h-O . 

j Ifaalat       J» .1 .ilfiil ^i) .I.IäI J , 

D 
0 
0 

V x ^jl ! ,       (2.86) 
(Ä,1.8) 

_ , than tha firat two 

aquationa can ha writtan in tha qrawtrioal f ara: 



D 
0 
0 ♦     *        « 
u » x • .-ikdh' -lk(li-l) X , (2.87) 

0 
V x h* - Ik» J « ik(« -1) k . (1,1.9) 

It w inform a »pao»-tij» aTara«* orar a "physloaUj Inflaltatiml* 

Tola— ilia «bora aquations taka the form: 

^ * ♦ ■♦ * 

V x 1 « -iknH« - ik^wMlf » -ikMCH« ♦ ^wlf),     (2.88) 

* * ♦ ♦ ♦ 
V x H* ■ ifetl ♦ IkM Pf - ik(«I • 4v Pf) , 

ahara aa hava aada usa of aqna. (2.82) and (2.83) «ad hcra dafinad 

0 

[ 
1 
1 
I 
I 
I 

7       -> 
h* ■ H*. 

fbon tha aquations ara arittan in this fen it is natural 

to ragard tha taias on tha ri^xt hsad sida of tha aquations ahioh 

InrolT« Mf , Pf as distributed soureos abioh «ITS rise to the fields 

1 and H* •    The fluctuations of 1 and H* and the fluctuations of all 

quantities depending on B and H* ere eralueted in tarns of Pf snd 

Equation    (2.87), Äsn arittan in HytoT's notation, 

beooae: ^ ^ 
V xl --ik|iH'-lk(|i-l)M   , (2.89) 

V x H* > ikcl + ik(c-l)K  . (R,1.9) 

r 
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0 

Zf tlw Msmtle iMaM v wro, «quatloii (2.89) raduoM 

Üto: 
?xl • -Ik^H  , (2.90) 

V x H • ikcl ♦ lk(c -1)! . (1,1.10) 

(By H «• naisrstani bar«, ■adln^Mtls to follow, tte Ttetor H», l.o. 

UM problÄ of finding tte olootroMgnotio flnotoations 

In aqr mtälvm has bMn rodneod to solTing a boundary Taloo pröblM. 

* look for oolotlona of aquation« (2.89) or if ttero aro no 

M«Mtie lostot in tte aodiun, for telntions of (2.90), subjoot 

to tte boundary eonditiona that tte tangontlal ooapononts of B 

and I aro oontianeus at tte boundaxy of tte nodion, i.o. 

2» (1,-1,) -0   . 
(2.91) 

n» (1,-1.) -0 , 

n iriwrot    1, , H,    aro tte flolds on one aid« of tte boundary 

(region l) and 

Is »Ha   tte fiold« in tte otter rogion (2). 

n     i« a unit vootor normal to tte boundary 

and pointing fr« rogion 1 to rogion 2. 
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1» ar« to racud th» quantitl«« K and I u kmcmm fuaotloaa of 

pMitlM. 

ConaldMr tha tolstiona «f ««uationa (2.90).   «i 

•U^aata H ft«« tha first aqoatloa by taking tte awl of tha. 

first aqoation aad than aakiac vaa of tte aaaeni aqoatioa.   la 

thi« aaar «a fat tte vactor «ava aquatlon 

f»?   xl-k^al - k^Ct-l)! , 

grad dir B - 7*1 - k*^al « k^a-l)! . (2.52) 

D 
(li te?a aasuMd a aad «t to te inlapandont of poaitloa, that la a« 

ara aonaidariag a hoaofaaaooa, iaotropio aadiaa.)   Baaanaa tte 

aqoatioa la llaaar aa aaa arita tte aolution la tte following font 

MA - f  i (?»r') ^(r«) to« . (2.93) 

Wa prooood la a slailar faahioa to find 

(aharo tha 6* a ara known funotlon»; a ropoatod indax iapliaa that 

a suaaation la to bo oarriad oat). 

In gonoral wa ara Intaraatad in tte aaan TAIUOS of 
■♦   -♦ 

quantitias whieh ara bilinaar in tte ooaponants of I and H. One of 

I 



tte aest laf«rt«it bUlaMr «zprassions is tto »jam tl— •raaf» 

of th« Pegrstlac ▼•otor, l.«.s 

0 
0 

jj i.^fixi**!»«!'] . (2.») 

U 9M «cpnssioa without th« Ur 1» th« tl^-«v«r««« of th« Poyntlns 

n TMtor nA tte bar ovw th« tons indlesUa that a apaoa-avarac* 

la to ba parf OZMA.   Thia axpraaaion la doriTod in UM naxt aaatloa. 

Hauoa aggr aoapoanit of (2.95) will iwrolTo tana of tha fora 

li fc / «?. »*•) «i «*••) 5?5 Ip(?M) tf' tfM . (2.96) 

•-* In ardor to OTaluato thia ozprotsion «a will nood to 

know tha quantltj ^r») Ipff»») , that la, tha apaeo awaraca of 

      th« prodnota of tha ooarpooanta of K at ▼arioua pointa. Tha quantity 

IgC?') Kg^'*) la eallad tha apaoa oorralatlen function and will 

ba daaotad by 

Wo now prooood to darlwa aquation (2.95) and alao to 

outline Sytor'a argoMnta oonoarnln« tha axplioit funotional 

dapandaneo of !-(?• ,?••)• 

0 
0 

u 
_, 

* 
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9M solvtion of UM «IsotrodjiMBi« •qoauoBS darlT«d 

la tlM prorioaa ••etion «111 iMd to •xpnaaiooM for Hi» 

liwtoirtoiMOBi «ad loeallMd «laetro- aaffMUe fi«lds in tte 

Mdinn.   BoMT«rt M point«d oat •orlior, tho intonslty ud 

doaaltgr of radiation in this phonoaanologioal thoory aro daf iMd 

In tans of avarafa intansitx fluetaations of UMSO aieroaeopic 

fialds.   Iha statistical fonulation of this probloa ean thus ba 

rasolTod into two aain subjaota:    tha tias-aTaraga and tba spaoa- 

aTaraga of tha intansity fluetuations. 

II 
!l 
U 
B 

D 
U 
D 
0 
II 

3-1.   Mai—I Y>1<l* <* Hi Pw^tiM Yaotor 

Iha instantanaoas Tslna of Iha alaetrio and aagMtio 

fialds B(t) and H(t) MJ ba axprassad as Fouriar aariaa axpanaions 

(oonsidarlng poaitiva fraquanoias) 

«t). I Kt) - ^    1B a 

H(t) • )    »n 

-»     i*»nt 

MO 
(3.1) 

_ a 

nsO u 
(j 11* "n-^f* 

G 
I 

T is a tin» intarral graatar than any eorralation tins in tha 

unifonly randoa prooassas under study. 
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Bw ÜM-roraf» at UM T^tor jrodnet l(t) x R(t) iMda 

ü *        5—T-  iT«    : i(t) x i(t)    -   i   j     l(t) x H(t) dt , 

MdfrwIqpuO.l) 

U i(t) x i(t)L - y i * S; »»■ - ^i * i ♦ i * i) 

n - Cl(t) x H»(t) ♦ l»(t) x H(t) ] . (3.2) 

to fMilltat« th« solution of tho bMlo olootro ■■gnetlc equations 

(2.89) it la dMirablo to oxpro»« the Inetanteneous fields l(t) and 

H(t) by Fourier Integrals.   This eaa be dons if 

B(«) . (3.3) 

and XJ-J-J-«.). 

I.e. ^ ~ H,» ~ ^ f or large n 

Then «a have 
•ei 

l(t) - j  lim) •*** im , 

H(t) . !  Eim) & d»   . (3A) 
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HO—TT, du> to th» oondltloo (3.3), tlw ll^t of tht tlM-«^n«« 

produot f(t) x t(t)   M T « • is MTO.   !••• 

lia l(t) x H(t)   - Ha I f [!(») M ■•(») ♦ !•(») »■(«)] te . 0 . 

Bytor fats around this dlffiealty bj dsfiidiifl s rsdnosd 

spsetrsl distribution e(s) saoh that 

J££ (»n « < * »J " Hn) - »(-) . (3.5) 

G(s) is finita. 

It f oUevs thatt 

Urn lit) x B(t)1 . f  ©(•») 9m 

The intagral azpanalon giran by (3.4) ia than appliad, 

for T large but finita, by aaauaing that 

I(s) x H*(») - B(«) x H*(«) , 

InX^.^xHj (3.6) 

ahara tfaa sign ~ rapraaanta tha yaluaa of B aal H as T beoomos 

larga but finita. 

Tha tiaa-araraga Pqynting raotor can thus ba wrlttan, 

aocordlng to lqn.(3.2), aa 

-i—• ■■< — 
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1* ■ ^ [ 4(t) x MCt)1^ - ^ !",(*) x H^t) ♦ ■•(t) M H(t)j , (3.7) 

th» ferMd integral «^analen (3«4) la tuad aa a oaafttl 

aatatlMi far tte aarlaa (3*1) and ttaa apaatral Inteaaitlai ara 

daflaad aaeordi^ to BqM.(3*5) and (3*0• 

3-2. Snaaa—iaraaa of tha Intenalte «f tha flootnationa 

Tha soltttlon of tha baaio diffarantlal «quatlons (2.89)» 

■atitfyiag tha boandny oondltlons (2.91) laada to a ropraaontatleo 

of tho B and H fiald» la tama of a Toluna Integral inroltlng tha 

varioua aeapoMaia of tho lateral fiald K. Tha oaarcjr of radiation 

ia dapandant not only on tea tiao-avaraga bot also on tha opaaa 

aTorago of tha prodoot of tea eonpononts of B and H fialda (Pogmtiag 

▼ootor) and thorofora will inrolf« apaoo-aTorago of tha product of 

tha Tarloua ooapononts of tha lateral fiald K at varioua points in 

| th» qrsten. In tana of atatiatieal thaorias this avarago of tha 

produot of tho randoa field K at Tariooa points in tha asdlon. 

is dafinad by tha spaoo oorrolatioa function BoßCr*,?**)• 

D ~ B«ß(r\r").i;(r.)i^,(r..)>      (3.8) 

ahara e, ß ■ 1,2,3 (tha thro» orthogonal oonpononta of K). 

This function contains th» "spaoo oorrolatioa ooefficiont" plu» 

th» nagnituda of tho thornal fluctuation» at point r * 9 r*' • 

Coosidaring an honcgonocu» and iaotropio aadita, tho correlation 

u 
D 
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fonotioM F^Cr'tr**} fan m tmuar «BA th»lr TSIUM d»pmd solaSj 

«n ? ■ |r• - r• • | •   9M iMMml •xgtmuAm for th* tmsar tepnAno« 

«f r «dj 1« 

V') ■ 'OOl^ ♦ t(r) ^ . (3.9) 

^Mm 8^ !• th» ait trasor and x^ i« tb« projMtloo of r «Ions 

o. 
a 

tte tlvM arUMgoml •»• («, p « l^»}).   lqn.(3.9) eaii «IM b« 

«rlt-ton la the followiag wty 

V'> ■ *>•* ♦ ^ • (J-,0> 

«har« 

In applying thl« oorralatlon funotion to tho problon 

of tteraal radiation BjtoT aakoa tho two following aasuaptlona: 

n ♦(') -C«(r) - C»(x,) »(x,) 8(ai),    (3.11) 

iKr) - 0 . 

•o«"* ^(r) - C»^«(r) .        (3.12) 

«faoros   C la a oonataat and 8(r) la tho Dirao dolta funotion. 

Thia azproaalon for tho oorrolatlon funotion Fa^(r) la 

thon Juatlflad In tho following way. 
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ZB • booated Mil« UM ftamapilw that T^ ämftA» OB3J 

OB Ir'-r»«! !• »ot Tmlldfor polat« Ijla« wlthlB th« oorwlfttlon 

radlvs trm üw aarfsM«   fte pNMBt Unoty ftSMMs that tto 

■iTwpio lahoMfMMitiftft (fttoM, BolMulfta) «f «IM aadloB ara 

vary MftU 1B ooBparlaoa with tte Baoroaeopie iahaaefMiitiaa. 

SiBoa K ineludas flalda ftroB aagr «ouroa, 1B partlrolap fiaUa tot 

to ttaa ttaanal aotion of tha aiero-oharfas (aoorooa of tiianal 

radlaUoa) 1t ls raaaoBokla to aaaoM that tha oorralation radiua 

ia of tha ordar et Bocnltoda of tha aloraetaargoa.   Zt ia avaa 

pandooibla to adalt a aaro oorrolatiaa radiua [♦(r) ■ C«(?)) baoavaa 

tha oaTalaaftha of tho OBittad rodiatloB aad tbt dlaMaalon« of 

tha bodlaa ara rary 3arga ooaparod with tho oorrolatioa radiaa. 

üadar thla oondltion, th» dapoBdoaeo OB (r'-r**! «f f^ ia T«1U 

I up to tho aurfaoo of tha boaadad aadiuB. 

Tho ohoioo of tho funBtlono ^(r) aad #(r) glTan la 

Iqn.(3*1l) dooo Bot IBTOITO ■Ingularitioo whan »olTin« the prchloa 

of radiation lato a tranaparont nadiuB.   Ia foot It laada to tha 

oocpaotod roaolta la tho llBitlag oaaaa for whioh solutioaa haro 

boon dbtainod froB othar thoorloa (Claaaiua, Ifjqalat).   Hovaror, 

whan atodyiag a body radiating into an absorbing aadloB tha oaa of 

tho oonditiont (3*11) laada to a dirarganoo of tho axpraaaioaa for 

tha intanaity (Z«) and tha oloetrloal (D^) and aagnatio (V^,) 

danaitiaa of onargy at raglona naar tha boondariaa.   Zt la found 

that tha axprassiona for lm aad U^ ara indopoadoat of #(r) aad 
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tte ehoiM #(r) > 0 My b« Jvstlfl»d for UMM quantitias, 

f, tbm w^rasslon for ÜM tepnoda «a #(r).   To aak» U^ 

eanwfnt it !• MMMMT to «MOM #(r) ■ |, Wt this still 

j^ and VLH dlvwr^SBt* 

This dlffloulty Mgr b« riawi If th» eorralatioa radios 

diffarant from aaro, that U by writin« 

♦(r) - C * 
P1/»1 

a\A (wa«) 

a is UM affaotlTa oorralation radios. 

(5.13) 

It is tton found that tha condition #(r) - 0 aaj ba applied and 

that all tbraa quantltlaa I« , UM sad D^ baeoaw eonfarfant. la 

this a^ tha ehoioa of #(r) ■ 0 la jostifisd for both tranaparant 

sad abaotbiag nadia. Tha saro-oorralatlon radios maj ba appllad 

for tranaparant nadlun and a finite oorralation radios of tha fora 

(3*13) is nooossaxy for radiation in an absorbing aadioa. 

Slnoe Bytor'a^ 1 ' argoaaata aoaeoraiag tha oorralation 

function fc^C?*»?'*) are aoaaahat heuristic In nature «a Shall out- 

lino Landau sad Llfaohlts* traataaat which ia acre general and aoro 

■atheaatioaUy satisfying. Bxay base their troataent oa a nathod 

dorolopod by Gallon and Walton^ '.   The fluctuations of physical 

quantities belonging to a physical systsn acted upon by an 

external dlaturbanoa are related to the dissipatiYO properties of 

the systea. 
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CoMitor • ajatm ia ümrmoSjmai» •qaiUbrlm «n 

s(t) b« «gr UM teptBtost pfejslMa «MBtltj teaorftiaff tto 

9t üw qratM, uaä. M— ttet s ia aA«r|»lac flMtaatioM 

it« MM valM x (for •iMUelty l»t x • 0). 

I lat 

•Uta 

•boot 

For a atatlooaxy atata tha oorralatlon funetlon xQiMf; 

My ba wittM la tto fora 

^HFT-^f-t)  . (3.14) 

Iha bar iaÜMtaa an aTarasli« orar tto prababilitiaa of all 

TalMa ahioh tha quantlly x(t) oan taka at tto glran tiMa t and 

t*}    attoh atatiatioal aTapa«lng ia aqul^Uant to a tlM avarafa 

ovwr tto TalMa et tto tiM t f or a giMa Talua of tha tiM Intarral 

t* -1.   It ia oonvaniant to work with tto Pouriar tranafam ef 

♦(t'-t).   If M lat 

x(t) - J*m .-** dt , 

♦iat .. xa dt , 

(3.15) 

(3.16) 

wa obtain tto ralatlen 

♦(t» - t)  m I     I    xTv   e1(lrt4*,t,)   dMiM'  . 
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for UM ri^tt-feaad «id* to b« a funetlon of (t* -1) ■ r mOj, 

J^ i^i BMi W of tte for« 

D 
JSV   ■ («^« •(•♦•') • (3.17) 

U ^Mr« •(•♦••) is «M MTM Dalta ftewUoa. 
If «• Mbsütato •qoation (3.17) into «M «zirsaaion f«r #(t*-1) 

U «• obtain tlw ramlt 

H ♦(f -1) - ♦(r) . J (x-)# •-
1-'r te . (3.18) 

fl 

0 
0 
0 
n 
0     • 

that Is, (xa)M la also tha fourlar tranafora of tha corralation 

U funotioa. 

If «a hara aararal fluotuatlng quantltlaa Zi, z« ••• Zg 

daacriblng tha atata of tha qrataa, ahioh aiaultaoaoaalj fluctuata 

about thalr aqullibriua raluaa wa dafiaa tha oorralation fonotiona 

♦ikby 

#(0) is Juat tha aaan aqoara of tha fluotuating quanti^r Itaalf, 

for aa hava 

F - | (z«)# te (3.19) 

Xhs "apaotral dsnailgr* of tha aiaa aquara flnotoatioaa is Jast tha 

qoantitf (x*)«.   from aquation (3*18) «a find 

0 
♦ik(t-f) -^t; xict»;, (3.2i) 

(i,k -i, ... n) 

Q 
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ntifmlHr-V-t this b«oaMa 

| ♦ttCO-aiCt^T)^)   . (3.22) 

BM e«rr«latioB fonetieM MUafy tte r«l*tlon» 

0 

V «• fdah our raaults to b« valid for quantua-Mohanioal 

In plao« of «quatlon (5*20) w aov half 

quuitltlas m moat raplae« th* olassioal qiumtitgr x by 1t» quantua 

aaohanleal oparator l(t).   In thia oaaa aa auat «jawtriaa tte 

oorralation funotlon and wrlta 

D 
0 
[] «(f. t). j c *(t) wn * wn Ht) ]. (3.25) 

Thia ia naoaaaazy ainca, in ganaral, the oparator» x(t) and xit*) 

do not ooaanto for diffarant inatanta of tiaa.   Th» bar indioataa 

an aTaraging by aaana of tha Gibb's distribution function.   The 

relation oorraaponding to that giren by equation (3*17) ia 

^ (f» 4» ♦ ^, ^) - («■). «(—0 . (3.26) 
; 

To oaloulata tha aaan •quere Talue of the fluctuating 

quantity z aa consider a ayatan fMoh ia in BOM definite stationary 
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tt*t», M7 <*• «,th »tat».   »• «fWM» MC ^^ ♦ V V ooowriaf 

i» tte nuti« MC C*' (P V ■ ^^ l<#*#,) ^ w1«^^ 
M tte eorMspondlos ai^oMl aatrlz «ItMiit 

m 

0 

0 
0 
c 

tha —MM «Una» OTMT tte «ntir« spvotrua of «wrfir 

1ml«.      BMMM   th« op«p«t«r x(t) 1« tlm teptadmrt w mmt 

«M tte tiM-dtptaAMrt wt* funotlon« to oolevlato it« wttrlz 

U «iMonto.   Bono« 

(«i.)     -if«- •**** ^ « • «- •(•- • •)  . ^.28) 

Ü "     - 
n «tero x1m 1« til« ti»«-inl«poni«nt Mttriz oloMot of ill« oporator 

x, •zprossod M « funotlon of tte ooordiaato« of Ite portiol«. of 

tte 9f»Umt «ad «^ » 1Y^1 •   using tte foot ttet x 1« * rool 

quantity and tteroforo tte aatrix alaaanta aatlafy tte ralatioo 

XB - ^B «• f laA that 

0 

On oonparing thia aquation with aquation (3*26) a« obtain tte roault 

(x«)# - ^ V l«ml, [ «(-».-) ♦ »(•tar») 3 •      (3.30) 

• 
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i la H» qtMntoB —nhiltnl op»r*tar oorrtipoodiaf to th* phyale«! 

qvaatilgr x «ad ft«« partarblns "foro** flvm M • fanetioB of 

th« tlM«   QUar th« luflusno« of this ptrtarbation th« qratw 

«HI mmk» transitlona tamj from th« «tat» a.   from qmnfeai —ohaniea, 

w haiw that tha probability of a tranaltloa fro« a atata a to 

a atata a par aalt tlaa ana to tho absorption (or oalaaloa) of a 

qnaatcai of anorcgr &*xm ^ 

Ceaaüar a parlodlo partartetloa T with ftraqaaaay a 
LJ 

aetlag «a tha ajratw.   Lat tha portnztotloa oparator Aloh rapra- 

0 
': 

0 
0 w- - 4^ •«aal' [»(- Va) ♦ »C- ^]  • (3.32) 

D 
0 

0 -iN- y W («(-«ba) ♦ «(•♦•»)] -an  > 

0 
0 

Tho aaaa aatrcjr oboarbod by tha systoa par unit tlaa la 

aqual to 

11 • IW- *'"   ' (3.33) 
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Itetor tto IrfloMM of tte tor—9 t tlw qtUm andargMi 

a olmBC« of «tat« with an MooapaBgriBg absorptloii of onorgy.   fho 

•baorbod «Mrcr 1« «iaaipattd late boat within tho bo4j.   Ttaitr Iho 

aetioo of a portarbatioo T ■ -fif(t) tho quontw Mehaaloal awwaf» 

x tea« not waalA aai oaa ba ropraaontod la tho fan of.   a !• a 

linoar intagral oporator *ieao offoot on a fuaotion f(t) is giwoa 

by aa aqoation of tho f oaro 

5(t) - I K(r) f(t- r) dr , (3.55) 

whoro K io a funotion of tloo which doponAs on tho proportioo of 

tho oodiw. Tho tino-dopondont perturbation can bo ozprooaod by 

■Mao of a Fonrior tranafomation, aa a oat of nonoehroaatio 
—iMt 

ooapononto, Aooo tiao dopoodonoo is of tho fora o   . If wo writo 

f(t-T) ■ f« m"4*^)  wo obtain tho relation 

(5.56) 

(5.57) 

I.«(a)f. 

whoro tho funotion a (a) is giwon by     

CI «(-) - / K(r) o1^ dr . 

If wo know aim)  as a function of a wo will alao know tho baharioor 

of tho proton undar tha porturbatlon V. «(a) ia oallod tha ganaral 

L auaooptibility and playa an iaportant rda in tha thoory ainoa it 

n can bo uaad to axgraao tha fluotuationa ia tha physioal quantity x, 

0 
0 
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In m*nl, «(•) !• • o«»l«t ftmrtloo «ad hM «M ^«P«rtJ 

rMl «ad iMflMry pwta «T «(«) «• tenot^ Vj «• «nd «•• «ad 

•f ««MtK» (3.38) ÜMor iatirfy tht foU-rta« •vatloa.» 

D 
0 

0 
D 

It ihm fanotloo H(pfq,t) 1. tha HialltonlMi rf tto v>tw. 

tte tteraodjBMlo «Mrcr of th» qrstMi oaa b« «ritUn as 

■ -i(p,q,t).   ürtaf 1h. r.«lt Ä - ^   -d tba f-t that th. 

tlM dapratoaea la tha BHiltoaiaa ooeurs la tha ptrturtation 

fo find th« aTaraf» mmrgf dlsslpatioB p»r ••ooad Q, aa arlt« f 

la tte for« 

ul «• tlM ..nation z - •(•) t to Oktola tbo rooolt 

0 §.2.A{i<M»*-8i • CM« 
0 
0 
0 
fl 

g 5.^[.(.)f. o-1^ ♦.(-.) rfo1«*].    (3^) 

with tbo old of oq.(5^1) o»d (JA2), wo ooo wrlto 

0 . 
0 
0 
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AMngiag «w «M pvled of tte «ctanud dlrtwtMM« tb» 

eoBtalalac • vudak «aA «• an l«ft with tte rwaolt 

That 1», tte iamgXmrj p«rt of th« gMwnl miMaptibllity fonotioa 

«(•) toUnim» tte «Mrif lo»t to tte fjaUm hj absorption.   Sine« 

ttero ia almgra aoM «Mrgjr abaorption in aogr roal proeaas, m 

tef» that Q > 0t aad «a obtain tte raault that a*' ia alwaja 

fraatar than aaro and poaitiva for poaitlTO fraquaneiaa.   ^jr 

ocaqwrins «»• tao «qraaaiona for Q i.a. Ha(3.3V) and lqn.(3«43) 

aa obtain tte raault 

0 
I 
J «••(•)-f ^W [»(•»♦•«.) -»(--bi)]. (3A4) 

[ Iba two quantitiaa (x1^ and a'^a) ara ralatad toaaeh 

otter. To find thia ralatioa wa nsa tte raault that tte aaan walna 

of aagr phyaioal quantity ralatad to a «iron qrataa oan ba 

aaloulatad with tte aid of tte 6ibb* a diatribntion function fro« 

tte f ormla 

0 *-l<i~"'/*l*m.-*/*. CM« 
n a 

o    • 
0 
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fl ■s «n Üw «awgy UvU et tta« qratMi, 

F   la tha ftM «BMrgjr «f tl» qrstM. 

B    ■ 

latwehmgins n aai ■ In th* Meond tarn «• (it 

n In this war «• find tJ» «f«Mt« of (x1^ to b« 

0 (xi)# '? E^^1^^ ,J*■,11»<#+--) # »<-0] ;  (3^) 

D 
0 
0 
I 
I 

In • slailar w«y «o find th« «rcrage of rf* («) to b» 

a ■ 

and aalng tha propartgr of tha dalta fonotion wa obtain tha raanlt 

n ■ 

n ■ 

97 aoaparlnc thaaa two azprassiona wa obtain tha lapotrtant raanlt 

«#.^i«»^. »^[i.^,^-]     ».so) 



c 
D 
D 
I 
I 

- 66- 

•ad flmlOj 

P.* J «••(«) eothgd» . (3.51) 

If w ragard th* •pontanaou« fluetuatiooa la tb» plqraloal 

quantlly z aa dua to tha action of flotltloua "ranioa foroaa" f, 

ll «a can obtain an azpraaalon for tha apaetral danaitj of tha aaan 

aquara of tha randoa foroaa. In ordar to aeooaqpllah this «a 

traat x aa a olaaaloal qoantltj and tha aqn.(3*36)> »ban «rlttan 

in tana of fooriar ooapooanta, baooaaa: 

^ ■ «(*») tm  . (3.52) 

D 
0 
U 
D 

Finally ualng aquation (3.50) w hare tha raault 

lqn.(3.52) allom ua to writa tha aaan aquara fluctuations of x^ 

In tha f om 

5^7 - aim) a(a«) 7^ . (j*)m !!•♦••) m \*\M(f)m «(a*««) . 

(3.53) 

^.-Är^A • ^.50 

If «a ara Intarastad In aararal slaultanaoualy fluctuating 

quantltlas z« v Zt t xs ... tha praTious rasulta can ha lanadiataljr 

ganaralliad. 

Ut a^ and xb be any two of tha sat of x, , xt , ... Xn. 

Tha quantun-aaehanloal araraga of tha syiaatrlaad operator product 

[ 
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1« dsflMd tj tte «quation 

n i (^ «h«» ♦ «b». W " (»• V# «(•♦•,). (3.55) 

By prwwMflli^ M la tte darlTmtlon of •qn.(3«30) w gßt ttet 

0.5«) 
Tte «cttmal ptrtartetion opsrator i« ■■■«wd to tev* tte fom: 

b 

.57) 

a ft 

Tte «wrgf absarted by tte body i» gl**n by 

Q" * ^ ZEEfoA f:bI (X
'
)
-

B
 

(a*)- "^ ^ * 
«   b   ■ 

- («•)„ («^U »(-—«) 3 • (3.58) 

Bqufttion (3A2) is gonondisod to 

^ «d, f* . Ü-W 
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rtt« of ehang« of «wrgj 1» «l^n %7 

•--E1 
'•H 

dlssipftt»d 1« giira tj 

••f^ycc-^^»*. 
• b 

Coopariog nation (3*62) «ad (3.58) w find 

Th* gtMraliMtloa of •quatlon (3*50) is 

(*• «b^ " ü (-b* " "«b5 0<,tb2kr   ' 

(3.61) 

(3.62) 

(3.63) 

(3.60 

If m writ« 

y«A ^   »   f•• " 2_B«b •b*^ » (3.65) 

•ad ihm »übstitut« 0411.(3.6^) into the following «quatlon 

(f. f^)fl ■ y^(*«« ^** ) (Xo ^ (3.66) 

0 d 
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m obtain th* follovia« gamraliMd «xjrvMica of •qa.(3*5i): 

HMM nralts eaa b« ^pllsd to th* iroblMi «f «lootro- 

o flnotoatioM«   1» outlim tte Mthod uMd by laadm «ad 

UfAits^^. 

3Jb  A—lioatlan to llootTOMgiwtio fla>ta>tloM 
9M «loetrle mud mtgamtlo iaduetion fields aro MsvMd 

to bo of Iho fan: 

»I - «Ik H * ^ • ^•68) 

th» additional tons t± «ad L^ roproaoat tha apeataaooaa 

local alootrie aal aacaatia aoaaata par unit TOIOBO which ariaa 

a result of tha fluctuations la tha position aal aotion of tha 

ohargaa la a body»   laxaoll'a aquatioaa aa wall as tha aboro 

exprsssions for D and B ara azprassad in taraa of their Fourier 

ecapcaanta»   They take the following fora; 

Bio " ^Ik^) ^ * Llo  ' 

I (V x ^)1 - ^  [üik ^a, ♦ I^j, ] , (3.70) 

(7 x i^ - - ^ [e^ Ija, ♦ K^, ] , (3.71) 

0 
0 
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In order to «atabliah roUtions botwoon tha olootroMcnotlo 

quantitioo «ppoarin« hero and the quantltiee x^ t f a it is esouaed 

that K and L are not apontaaeoaalj ariaing aoMnta bat the reault 

of aa external aotion ahioh plaeaa oertala oxtranaou« alaotrlo 

ohargaa and ourrenta la tha body. Using tl» equation of ooaaar- 

Tation of aaarcy, aa It follows froa Maxaell's equatlona, tha 

resulting ohanga In the energy of the body 1« oaloulated. I.e. 

0 /^[••§*,#§]lt •"♦/»"*«. (3.72) 

Substituting eqn.(3.68) lato this relation glTOs 

•-ft/5«Ä---i/[i-i^.|i]^, 

The change in energy due to the "external aotion" aaounts to 

0 

i; 

o 
Q -i?/[»-K'"-^]OT. (3.73) 

In order to reduce the continuous series of fluctuating quantities 

appearing here (the ralues of the fields at every point in the 

body) to a discrete series of quantities the yolume of the body 

is divided into small but finite yolume elements AV and the mean 

values of the fields in each volume element are regarded aa a 

fl 
D 



I 
0 "7," , 

diaer«t* Mt of fluetuatln« qoantltlaa« This is «qulTalent to 

roplseing ths intsgrsl oocurring in oqustion (3*73) hj ths suat 

II 

D 

(3.710 

ths saaastiOB runs orsr «11 TOIUM slsasnts U±, 

Ths follosins oorrssponisnos is thsn asdst 

Bis oacprsssioas (3.65) 

D 
0 

n f,- K      ,   i  . 

u 

0 
0 
0 
[ 

I 

which giTS ths relation between a^ end tm  oorrespond to Maxwell's 

equations (3.70) , (3.71). These lead to ths following relations: 

Ill,.-siklla( + «^(Vx H#)1 , (3.76) 

Ll-"-'likHkto-T
(Vx^i * 

To find the coefficients oT^ ws oonpere equations (3.76) with 

equations (3.63) end use equation (3*73). The suffixes a and b 

enunsrats both the components of B , H and the rolume elenents AY. 

- 
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UM earl operator« in tho equation« (3.76) «TO to bo oonoidorod as 

difforono« oparatora» 

Equation« (3*76) or« Talid for a giT«n rolua« oloaent. 
-« •♦ "* 

BM oooffieiont« «^ «hieb rolato tho valuo« of K to thooo of H 

a« «all a« tho eooffioiont« rolating tho valuo« of L to the«« of 

B «otiafy Ihe relation e~^ « ("bl)*  Therefere fro« tho equatioa 

W  hOTO 

(Ki(l) ^(2)), (3.77) 

«hero tho suffixes (1) and (2) signify that the quantities «re to 

be OTaluatod in tho TOIUBW elements lAioh haro their centres at 

ri and r« , reopoctiToly. This result is ralid both for ri = r« 

and for ri / r t. 

PTOB the first equation (3*77) it is clear that the 

coefficients a'*  which rolato 1L and Xj^ are - e^ 3s If X^ 

and lM refer to the TOll olonont and soro otherwise. 

Therefore by equation (3.67) 

C.«k).-0(«Ä-Sl*)^ll • 
we hare 

(Ki(l) ^(2)). 
0 , If ?, / ?, , 
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If «• now pass to ttas liait AT -» 0( «• can eoaprsss 

thss« rslstions lato oo* «qostloa. 

(^(i) hw)  " ^«ki " •uc) »^ " ?«) 0Oth2W •  (J*?8) 

PI «ad ri rsfsr to «oj two points in UM bodj. 

If tfao body Is not in on oztomsl wmgpmtio fiold m hsTO 

'ik * *ki   ,uod •<luatl-on (3*78) osa bo trrlttsn as follows: 

D 
D 

0 
D 
D 
D 
a - 
u (Ki(i) ^(2))-^«li*^-^) ooth^f •      Cvi« 

0 
In s slsdlsr fashion wo osa dorlTO tbo relation: 

(L1(1) ^(2)) " ^"ik «C^-'«) «o«»^ '     (3.80) 

Tha prosoneo of the delta function indicates that the fluotuations 

are eorrelatod only in the Halt when the two points coineide 

(rt •» ri) • This is to bo taken in the aaorosoopio sense sad asans 

that the correlation extends only orer regions which hare been 

called "physically infinitesimal" TOIUBB oleaents* 

For frequencies in the quasi-static region the tensor 

ejjj can be expressed in terns of a constant (frequency-independent) 

oonduotiTity tensor a*.,  i.e. by 

D 
n 
U 
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m 
it« f ouriw ooaponsnts this r«latloo b«oo— 

1 - -^ • (3.82) 

Than m ean writ« «quatlon (5*71) in th« for« 

0 

U «Ik "—5—   ' (3.81) 

DtfiM a ourrant dansltgr   3 a IT f| •     inx9u ««pptM^d in tusa at 

0 
D 
Ö 

W for quaai-rtatlo ftipillll «d f«r not too low >■■■ ll   I w 

D 
[] (K1(1) ^(2))., « 2* «Ji »Ä - ?0 ooth fe      (SA) 

I1 in th. f oUool« f o», 

haT« kT »-fii» and  ooth 3 M ^f • *• can than wrlta tfaa 

ralatlon 

3*3 Othar l«a»i>laa of yiuotuatJop Fhanoaana 

We no» consider a nuäber of examples of fluctuation 

phenomena whoaa theoretical analyses can be formulated in a way 

which is basically similar to that inyolTed in Bytor* a general 

theory of electromagnetic fluctuations. In each case the 

theoretical analysis »ill be simple and inrolve no complicated 

calculations; howeyer the problems »ill inrolve a differential 
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•qoation, • fluetoating tan aal a oorralatloB fOBetlon.   UM 

dlaoMsioB of tlMM probl«M proridaa aa introdnotion to tha ala- 

■ntaiy traataaat of fluotoatlon phanoMm and ahoold ba of 

aaslatanaa la falloving tha ralativalj aora ooaplaz traataant of 

alactroaa«Mtle floetaatiooa aa daralapad tj ^jtor. 

Aa our first azaapla of fltwtuation thaory «a oonsidar 

tte parpatoal irragnlar aotioa of «all partielaa (duat partiolaa, 

oolloidal partielas of radii 10"1 to KT4 aa) saspandad la a 

liquid. 

Ilia Motions of thaaa partiolaa is doa to tbs tharasl 

agltatloB of tha anrrouading aadina.   Tha thoraal agitation of the 

surrounding aadina raaults in an uaaqnal boabardaant of tha 

suspandad partiolas on Tsrioua sides by tha nolaoul« of tha asdiw. 

Sines thara nay be as aaay aa lO"1 ooUlaiona par aaeoad aa 

cannot really speak of separate oollisions. 

We begin with LangOTin's equation of aotion for tha 

suspandad partiolas sad oonsidar only ana-diaanaional aotion for 

siaplioity*   LangsTin's aquation is 

aV - - | ♦ f(t)    or     ▼ - - pT ♦ A(t)   , (3.86) 

«hare: a «nass of a suspended pole 

f • « - Telocity of tha center of aass of tha pole 
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Ihls «qaation «•«■•• that on* can Mparat« th« InfluanM of tho 

■odioa on tho notion of tho portiolo lato two ports: 

0 
n 

0 
Q 

appoaring in Sjtor'a thooiy, hooorer it is only a funotlon of tho 

tins t liiilo X and M aro fonetions of position and tlao. 

A fomal solution of the atoohastio differential equation 

(3.86) oan läMdiatoly bo written down. It is 

(2) A qratonatio part - p¥ in whioh tho disoontianitj of 

events is ignored. Booauee tho suspended partioles 

aro nuoh larger than the nclooulos, tho surrounding 

■odioa is regarded as oontlnuous aai a frlotiaoal 

foroo proportional to tho relcoity of the suspended 

partiole is ——I to bo Talid. This is in aooord 

with Stoke*s law. 

V(t) - V. o-*" o o^* I A(0 o^ dC . (3.87) 

The quantity of interest is tho nean square displaooaont ?. 

] Squaring equation (3*87) we got 

tt t 

ß VM-n .-2pt+.-
2^J/A(OA(C0 eP^') dW 27. .-^kiX)** d5 

e« o 

D 
0 

■ 
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Vi «fwafi «iwr «a •namtlm of partlalM «ixioh w indioat« bj a 

horlsonUl bar and ttea uaia« th* faot that IRT ■ 0 (thl« i» aa 

aMUBpuon) «• obtain UM raaolt: 

t t 

• • 

1» aasuM that k(t) W) dap«>da ooljr on tha tiaa intarral 

arlta #(t* -1) « AU) ACt'}. That la, tba oorralatlon batwaan 

tha Taluaa of A(t) at dlffarant tiaaa t and t* dapanis oa3j on 

tha Intarral of tiaa alapaad. lb aaauM furthar that #(t* -1) baa 

a aharp —i— at t* ■ t, i«a.t It la larga only for aaall tina 

intanrala« If «a oooaldar tha aeeoapaigrlng diafraa than ^(t* -1) 

la onlj larga along a narrov raglon along tha diagonal and la 

aaaantlallj aaro afarjriiara alaa. To affaot an intagration «a 
t introduoa tha aaw rarlablaa ^ 
IS** 

t 
€• -€-a   ,  «•♦e-a,  5      (3.89) 

with d« dC* - ää-äa . 

Wa extend tha region of intagration over a fron .«• to *•■ ainoa 

^(a) la a rapidly decreasing funetion of a* 

2t   ««• 

*t™'?l  •*"/♦<•)*•♦ W .■** (3.90) 

/ ^ 

      ■■   ■    .  I   t      -m  
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BM prlaelpla of «quipartltloo of •mrgj gtn» a« th« r»aalt that 

f «r t •» • , WM ■ Ä • 

(3.91) 

1» oaa iawdifttolj find th« eomUtion funetloD for tte Toleoitj 

T(t) fro« miuation (2) %j ■ultlplying it by T« «ad o^roro^lng OTOT 

an ooMäblo of partloloa.   lo obtain 

Aioh wa oan «rlta aa 

HB ¥U») . ^ a^l*-*'!  r (3.92) 

To find J     m writa   x > /   ▼(() dg   «ad hanoa 

t t 
(* 

** ' / / Y(e) T(C,) * *' * (3,93) 

e o 

Oa aTaraslng thia orar an anaoatla of partiolaa and uains aquation (3.92) 

«a gat tha raault 

t t t t 

n e • • • 

Using tha Bubatitution (3*89) 

2t 4« 
WfAr  .-ß|a| 

I 

i 
I 
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»[♦-Jo-^*)] D - kTB 

If a fluotuatins fore« aota on a ajntm wfalob haa a 

ft?aqu«M7-dapMiAMt struetur* it la laportant to knev tha 

ftpaquwwy or spoetral dlatrlbotlon of tha eorralation funetloa. 

Lat A(t) b« uqr fluotuatln« or »tatistloal funotion, and lat ths 

rnnvgß Talu* A(t), takan ovar leog tia« intarrals b« MTO, that 

U, ass»» 
T 

(3.95) Umil kit) dt m 0     . 

V» alae MSUM that A(t) is different fro« MTO only in a finite 

hot a rery large tlae-interralf i.e. 

A(t) « 0 for t < 0 

> T . 

(3.96) 

At the end of our calculations «e can let T go to infinity. Ve 

expend A(t) as a Fourier integral by writing 

A(t) - ^ j C(a) e^* ds , 

«here: C(-*0 ■ C*(«) • 

(3.97) 

(3.98) 

8 
By Planoherel's theorem we have 

fA^Odt-Jlc^I'da (3.99) 
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ar dlTlding both of thi« by T wo hovo 

F. Islgill 

Slnoo fcC«)!8 1» trio in «, «o oon writoi 

TOT f" 
with 

i;.ii.rf |c(i.)|«J 

(3.100) 

(3.101) 

(3.102) 

1» rofard oquotian (3.102) os dofiniag the opootrol distrlhutlon of 

TJ,   UM atatiotlool boharlour of A(t) lo ohwaotorlsod by tho 

oocTolotion funotion 

/ 
-I 

♦(r) - A(t) k{t*T) « 11« i f   A(t) A(t* T) dt .    (3.103) 

Tho oorrelation funotion is a MOSUTO of how that ralue of A at 

soae time t affects tho probabilities of different Talues of A at 

a tine t-f r. Tha bar in&ioatos an aTera^ing orer different tines 

t for a fixed Talue of r. To find the relation between ^(r) and 

tho spectral distribution A^ as giren by equation (3.101) we 

ooneider 

J A(t) A(t* r) dt - ^ Hl C(o) C*(W) a1^-"')* .-**'* dr di. to». 

-I 
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Using tte fMt that 

^.f .-iC^'H 4t .,(....) t 

«• flrt fla diTidlas tj T aaA taking tte liait M T •» 0 

■ 

•W-J4I «r m ■ (3.1<^) 

(ainoa A^ la 

Wa aaa at 
/^ 

function of a f    f ii ainar da • 0). 

ÜO) mV m (A* dm . 

t 

(3.105) 

«a hava alae 

«-if« r) aaaar dr . (3.106) 

That la, ttaa corralmtlon funotlon ♦(T) and tfaa apaotral distribution 

Aj ara Fourier transfoma of aaoh otbar. 

Aa an axsnpla of the fruitfulnese of introducing the 

apaotral diatrlbutlon function AJ f   let us reconsider the Langerln 

aquation for Brownlan notion: 

V ♦ pv - A(t) . (3.107) 

If wa expand A(t) aa a Fourier Integral wa find at once fro« 

aquation (3.107) 
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.^^ 

•quaüoM (3.101) ud (3.102) m h*y 

Kmifar 

(3.108) 

D 
I     I 
1 *»•*/* 

i 
I 
I 

Using tbt rasolt 

*■ V(t)V(fr) . F .-ßM 

D 
D 

»J.ef .-»Meo.„4r.iTr^;: ,   (3.109) 

|J Slno« ■Tr ■ kT »• haT* that 

0 ^"IT^ ' (3.110) 

i Sine« i£ does not d«p«nd on tha fraquanoy «a bara that IF * I A£ dm 

I 
I 
B 
D 

(thia la giran tj aquation (3*92) in tha dlaooaaion of Broanian 

■otloo) w hata fro« aquation (3.106) 

boeoaaa infinitaly larga. Hanoa «a can oonoluda that our initial 

aquation la of liaitad Talidlty. In particular, tha aasuaptlon 

that tha frlctional force la givaa by -ßY «btra ß is constant anst 

-—i ■ ■" 
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b« iBOarr«et if UM fMqutney of Hi« •xeitlng fore« o«n InerMtM 

iateflnltelj. Thanfer* «quatlon (3*86) is onlj valid up to a 

oartain eat-off fraquanoy «hioh 1» datandnad by the aedal uaad. 

Ulla diffioultj can ba raaevad bj aaaiaiag ß(a). 

It i» poaaibla to f ial the apaotral dlotribution of the 

«norgy danaltgr of an isotropio tharaal radiation field by allowing 

the radiation field to act on a neakly danped hamonio oaoillator. 

We oonaidar a «eakly-daaped slaplo haraonio oeoillator 

aeted on by a fluotuating faoe A(t). The equation of notion of 

the oeoillator of aaaa n and eharge e is given by 

« ♦?(#)*  ♦afx-Kt) . (3.111) 

D 

D 
0 
D 
0 
D 

We aaauna the daaping force -ß(»)i to be fraquonoy-dependant. 

The daaping will be weak if a* » ßj- .   We write A(t) and x(t) 

Fouriar-integrals: 

0 

mm 

Fron the equation of notion (3*111) we have 

0 
0 

•ai 

A(t) -   ^ f   C(a) e1^ dt 

-l -r—•  
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Tbm Ttloei^r Y • f 1» «Ivan hjx 

*»-*/j|8«dSw (3.113) 

Aooordiag to «qurtioo« (3.101) »nd(3.102) m eaa writ« 

f-/   fi 

B 
D 
D 
D 
1 
I 
I 
E 
D 

/ 

^ '  (•■-^■♦•^■(#) 

!••.   T""- /(•■-iJjOpiW 

(3.114) 

(3.115) 

A siaple trMtaant of tills »quatlon la only poulblo for 

tho oti— of «Mk damping.   Wo OSSUM that i£ and p(«) aro Moothly 

varying funotiona of « anl ainoo tho Mudjna oontribution to tha 

Intogral oomaa from tho ragion naar m mai , m arita 

^Iw^Awss!' * ̂ fer * (3.116) 

Wo intarprat aquation (3.111) In tho following way. Wo 

atart with an undaopad hamonle oacillator whoaa aquation of notion 

la X + *£ z - 0 and bring It Into contact with a macroacopio 

■adltni at a tanparature T. Tha natura of tha contact with tho 

• 

* 
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dttsrmiiMS p(#) and A(t).   In this nj m ean aaMM that 

th« nlation gXvm \j «quatloB (3.116) la valid for all 

fraqnanoiaa and wrlta 

0 
Ü 

0 
0     W 
[] ^-^^fcr • (3-117) 

Now wn* m Kwmrfß total •mrgj a(T) ^wrat 

a(T) - kT     olaaaioal plqraiea ,      (3.118) 

«(») -^ ♦    j^ quant» plijalea #        (3.119) 

D 
K • «^^    • (3.1«)) 

lor a partiola of aaas ■ and charge a in a fluetuating field B, 

whose z-ooaponent is B(t) «a hawat 

0 
I 

i|| »S-5jAj-a(T)f5ß(a). (3.122) 

\ I For an osoillator osoillating with frequency a wa hawa 

(fron claasical elaetroaagnetio theory) that the damping coefficient 

P(w) ia equal to f ~fr * This daapias is due to the radiation of 

la ean writs: 

A(t) - ÄiÜi (3.121) 

and therefore wa can write: 
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by tb» oMlllAiw. 

SIBM UM MOlllAtor is in ihuwal •quiUbrl» with a 

MdloB at t—pw«tw T, It aut h*tm an avaraflt «aargf gitmi by 

•qoatlon 0*115) or (3.119) •   Hm»« to Mü» «p f«r tte less of 

«Mrgy their« aut b« proMnt «a iaelArat radiation f laid ahoM 

•paetral distribution is givan by: 

<.«(T)f Jtp(-).«(T)^^ (3.123) 

Tho strarago amror donsity of ttemal radiation is givon by 

(3.120 

For isotropio radiation «s haTs 

that is, 

Tharoforo tho spoetral distribution at tho onsrgy dansity anst bo 

Id 
25) 

«^ dw is tho inoidont energy dansity of tho thoraal radiation 

field in tho frequency intorral between tt  and •»♦do. Wo can, if 

no wish, think of tho walls of a oawity eaoloslng thermal radiation 
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0 
0 

M • eollMtion of daapsd hanonio oaoillatora. 

By eonsldariog tha oaolllatar b«t«Mn th« t«o plat«« of 

a oapaeitor (aaparatloa dlataae« a) Joiaad by a raaiataaoa 1 it 

la poaalbla to aho» that ther« «zlata a iaaplag glTan hj p ■-4- 1* 

Thla daafiag la du« to tha Jeola'a haat loaa. Ona oan iho« 

iCTf - ^ «bar« C la tha oapaelty of tha oapaeitor and T la tha 

fluetuatlns Toltag« aereaa th« oapaeitor. Ifyquiat'a foranla« can 

alee b« derived In thla «ay» 

■ »i 
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i? Mmop off MLonai 

BM iroMiart for solTii« tpMlfie pgöblwM «f «quillbriifli 

ndiAtion wiU b« ouUiaad la Ulis MOtioa.   It will also b« 

■hom he» Igrtw pÜMÜ to ovmlnoto tho ooastut orlalaff la tho 

oerroUtlon fcmetieB for tho flootootln« flold. 0 

I 
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0 
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0 
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| In tho ot«ay of oqoilibrlaB rsdlotloa fro« o 

■odloB, tho firot stop is to find « oolntloB for «IO prlMiy 

f ioldo within tho aodloB, lo ond H» Aloh dopond on tho 

flold X ond Aioh ootlofy tho boolo oqaotlono (2.89): 

Curl !• ■ - IkuHt 

Curl H. - Ikol« o  lk(«-l)K (4.1) 

^wro It lo osauBod that thvo oro no Bosnotio looooo In tho Mdiow 

(M-O). 

An oxproooioa lo thon written for tho floldo I,, ond H,. 

whleh roprooont tho roflootion within tho Mdiuw of tto priaory 

floldo lo ond %.   At tho bouadarloo If aod Bp aust ootlofy tho 

boolo equation! (2.89) withK«Of l.o. 

Curl % ■ • ikjiH,. 

Curl H,. - ikolj. . (4.2) 

Tho floldo I and H in froo-opaeo outoldo tho bounded 

■ediua are thon assuntd to satisfy tho baole equations in raouun. 
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«tet is, »i«hfi-«-1 

Cvrll - - IkH 

CurlB-ikl . U.3) 

BM fHMnl aolntloii of ÜMM wioaa Mt« of dlffw- 

•ntial •guAtloas MJ b« «rlttn in th* for» of a Poorin* mrU» 

•acpansioii.   In fMMral tte aolutloa for th« «iMtrle fitld My 

to «rlttn lo tte fi 

MO . r« .** 

Hi * ^«.^«.♦H.«.) (4>ta) 

ni n. Hi 

Ü • 

0 
u 
D 

«taar« p^ !• üw prqpacatioo TMtor ■ (2VAB)P 

p   is • unit vaotor in th* direction of propagation 

An is th* «»TaloDgth of tbo n^ mf la th« «cpuwioa 

U z« t za 9 Xj ar« tha proJaotiooa of r along thro« Cartaalaa 

D 
Ph, * I^c » Pkb •** **>• projootion« of p along tha MM axis , 

In problona ^»r« tha nadina aztanda Indafiaitaly along 

a given dir«otlonf It Is uaaful to nrlta tha ganaral solution as 

a Pouriar Integral expansion. 



D 
(1 

IM • jjj &) .1<,•x• * »* * '•I,) dp. ^ *w 

A(r) - I  1(1) •ip,r dp U^fc) 

[ 

I 

! 

dp > dpi dpa dp, . 
(J 

In partleular thii kind of •zpansion is usad for «zyMMing th« 

r i "• * rando« fi»ldK.   The «zprasslon for a(p) is obtaimd froa tte Peoriar 

transfora of A(r): 

,, lit) -TSr/jj *(') .-1(»<x' *»**'«'> j,. ax. a., 

D 
jjlj, j l(r) .-*» tf , (4,5) 

When using the integral expansion for K, the 

restriction as for the expansion (Eqn.3.4) applies. This type cf 

expansion aust be regarded as a formal representation of a Fourier 

series. 

0 
For the three sets of differential equations (4.1) (4.2) 

(4*3) the solution for the electric rector can then be expressed in 

the following wsy. The priasry field 
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Kr) - 2] fc(p) • ■ j   •«(») •iP'r dy (4-7) 

For tha vtltUa. timU. intid« th* Mdloa 

%|r) - V bjp) • (4.8) 

For th« tnna^.tted fl«U oatsld« ths Mdlw 

l i^.-? 
»(r) - >    ^(p) • (4.9) 

p^ » »n «al t,, d*sorib« the direction end —gnltode of 

the propecatlon Tec tore of the Taricua «aTes. They are in general 

related by aoae conatanta depending on the geooMtry and the 

eleotroaMgnatic properties (a,^) of the aediua. The coefficienta 

an »bn and cn nay contain acre than one tern for the oaae of waTea 

propagating in opposite directions. 

The expression for the ■agnetic field rector equation 

is then obtained by aeans of the first equation (Curl l) for each 

eat of fundamental equations (4.1),(4.2),(4.3). using Eqns. (4.6), 

(4.8), and (4.9) this leada to 

■ 
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Mr)--^  «b«^) 
*•? 

(4.10) 

U.ii) 

It^T 
(4.12) 

By BMuis of fh» Moond «quatlon In (4.1) and th* «qtiations 

(4.6), (4.7) «ad (4*10) out obtains an •zpruslon for tho ooofflelont 

^ In to»« of ^ 

Tho oooffieients m^, tn and on or« than «Talnatad In 

applying tho boundary condition« (11), 

n x (So + Bi) s n x B 

nx(BexIIf)BnxH (4.13) 

and tho conditions that at the boundary tho phase of tho waroa is 

equal 

and that dir Bj. = 0 and dir B = 0, i.e. 

an'bn » 0 

tn • on - 0 

(4.14) 

(4.15) 
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9M «olntlon of tte six «qiiation» dbtalMd tram um 

ooodltiooe «llovs aa «zplioit r«pr«Miitatlon «f ^ la 

tWM of Z* •»* **» oth«r eonstaats of UM qrstaa. 

Th» iBtMsl^j of relation outsid« th« beoated Mdioa 

la dbtalaad tj ealoulatlm UM apaea and tiaa atwafa of tto 

Psgraüag vaetor«   fhla raduoaa tha prablaa to UM araluatlon of 

tj tha apaeo-avarafla of UM azpraaaloo (3*7 )•   Una 

«hara 1^ la tha Intanaltgr of radiation and tha bar ovor tha pradaet 

Indleatas tha apaaa avoraca of tha produet of tha I and H taotora* 

Tha final azpraasion to ho oalonlatad «ill ha of tha fom, uaing 

[1 (4.l6)f(4.9)f(4.12), 

I 
n* n11 

and ainea ^(p) oan ha axprasaad in tama feCp) tha final oparation 

eonaiata In oraluating the apaaa arara^a of tha produet 

«^(p) x IJIICP') » that is, tha apaoo oorralation funotioo 

ftninti(p) ■ ^tCp') * ^I.CP1)   OP uain« Sjtov*a notation 

I 
D 
D   

ft^ (P,,PM) - &,p(p) • !,(?•) ^(P,•)        (4.17) 

u 
y 

% 
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UaSac tte Integral rapraaantetlon for K (Bqn. kj) 

•ad tb« eamlation fanotion, Bqn.(3.12) 

[] I(r) - I !(,) .1»'?  d? 
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D 
D 

tb» tOlmiag «xprastion is obteiiMd for th« ecmOatioa ^^itCp) 

In tlM OAM of a finite eorralntion radiva aa daflaad ttj 
•* 

lqn.(3.13) «ai (3.10), tha funotion C^pCp) baoeMS 

*B.P.(P) " T^JT   «-''^ «(I) (V.19) 

ahiah for a •» 0 givaa Iqn.^.lS). 

Te aalTa tea problaa nnaarlaally it la »till naaaasaxy to 

araluate tba oooatant C in tea correlation fuaotion (4*18) •   Tb» 

aTaluatioa of C ia obtaiaad by atudyiog tba flow of »quilibriua 
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10 
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rxaiation trtm • Mai-Infinit« «pae* boondad by «a infiait« plaat, 

BN raaolta ara thm o<sparad «ith Xirahafr'a la» (aaa Xjtar). 

IJ 

0 
D 
B 1^     ia tte Intaaalty of radiation in tha 

I««   ia tk« intanaity of radiation in ftpaa apaaa, aai 

I 1      la tta raflactlTity for tba X^ Inoidant on tha 

1^.1^(1-1) 

for aldah thar« la no raotriotian ooaaoniag tha abacrptiTi^ In 

iataifkaa. 

from tfaia oo^ariaon lyt<nr obtains tha faUeal^ valna 

for tha conatant C* 

It will b« ahoan in tha nart aaotioa th*t tha aaa of tha 

oonstant C (Iqn. 4.20) in tha «valuation of tha aquilibrlun radiation 

tttm a oylindar laada to tha «xpaotad raaolta for tha Uniting oaaa 

tha gaooMtrieal optios thaory la valid. 
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J limgiar nai > BH—| MM 
fbm •quiUbrloB relation tram a eylindrleal 

ndiw *•" «ad of Infinit« lanfth will b« dwriv^ using ljtoT,s 

of ttenal xvdiation1 M ootlimd abov«. Sooh * solntioo 

in inpartant not MüJ f«r its poasibl« npplieations tat also for 

its thsorstiosl inplisaUons. In fast, ths prsssnt darivation 

proridsa sa ssaet trsatamt to tbs problsa of radiation ftroa 

ojlinirioal bodiss Inolwfling suoh offsots as intamsl roflaetions, 

polarisation and dlffraotlon. It is also ralld for aqj raafs of 

froquonelos of the radiation spootrun and for aagr siso of 

oyllndora. UM praotioal aspoot of this problaa is das to ths 

foot that it dosorlboa a Taluabl« aodol far ths study of squill- 

briun radiation froa ths «ska of a ro-ouUj TOMOIO. In darivin« 

ths solution for tho onisaion of radiation by a cylindrical body 

it will also bo ahown that tho solution nay b« oxpraaaod in torna 

of the powor absorptlTlty of tho body. 

In thia problon tho priaaiy fialda lo , Ho, the roflootod 

flolds Sj., Hj. sad the trananittsd fields 1, H have to satisfy 

rospsotlTOly the basio differential equations (4.1), (4.2) and (4.3) 

written in cylindrical coordinates. Since the solution will 

InTolTe the description of wawea propagating fTon a cylinder, the 

Independent fundaaantal solutions nay be written in terns of the 

three baalo weotor solutions (M , V and L) of the ware equation 
a 

(Stratton). lytor writes these particular Independent aolutlons, 
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I 

Mine tlM eyliadrio«! ooordinat«* r t #, a in tte foUoviag wuj: 

^.♦.o. .«"w») (ufc t -«; %) (5.1.) 

0 WM..)-.1(,**,")(«;J.*iVi.»ib«.i,) (5.i.) 

0 _- -    - «Mr« it , la and is «r« tfa* unit wtors ralatad to the ooordinatst 

P , ♦ , ■ raspMtiTslj. Zn m Z^AP) is may oylindrical function 

of ordor n. Z^ is tho dorivativo of ^ «1th raapaet to p. 

X.VqTT' (5#2) 

«bar« q « k VaJT ia the propagation eonataat inaida tha oyllndar. 

In fraa-apMa q -k and X > Ao ■ A1 - h1 . 

Ih» functions givan la lq.(5.l) hava tha following 

propartiaa: 

Curl «n -  qHn 

I 
I 
L dir «„ •  0 

jj •»% • • (5.5,) 

Curll^.  qM,, (5.^) 

Curl Ln *>  0 
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Th» partloular solutions for ttaa «lootrie flolds I« t lr 

•ad I esn UMB bo wrltton as: 

Za tho ess« of oquatlons (4*2) and (4..3), for shlsh 

dlT Mf m AIT B • 0r tho portleolar selvtioB «HI ImrolTO a linoar 

eoaklaatlea of Hi« In «ad HQ ftnaetions only, for tho oqaatlens 

(V.1) («IT B« / 0), tho throo fonotloas ^, 11^ and 1^ «Ul ontor 

in tho solotlon. 9M gonoral solntloo for oaeh sot of «quations 

(4.1), (4.2), (4*3) »HI ttea bo roprosantod by a linoar ozpansioo 

(oror a sad h) of oaeh of tho foaotloas M^ tMn aad 1^. It is 

thon possiblo to dotoraino tho oooffieionts of thooo ozpansioos 

baeauso of tho orthogonal proportios of %, ^ aad L^. 

Li mm 

D 
0V #W 0>0 

U ■oa-A|Ai*BBfe + CBIta + iah*BBfe + CBLB 

| »m - AJL ♦ >nAi (5A) 

ri wfaoro:    An , BB t ^ , Ayn^rn »pn » On •r» oooffieionts dopondlng en 

n. h ond r. w 

MQ , Nn ond LQ eentain oylindrioal functions of tho typ* 

Zn » Jn(^) (Bossol function). 

9     Z Z 
Mn »Nn and Ln contain Zn ■ Nn(Ar) (Nouaan function) y sad 

Mj and 1^ eentain Zn ■ H^2HX«r) (Hsnkel functions of tho 

soeond kind). 

. —.— 
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flw gumrml  solution is roproMsted \j a linoar 

eoabinstion of tho portieular solotions. BM orthogonal proportioo 

of %|, 1^ and ^ thm ponit an ovalnatioB of tlw oooffioiont« la 

tho floaaral oolntiona for tha Torioua fialda inaida and 

ootaida tha ojlindar ara azpraosad aa follavat 

Tho priMurr fiald: 

0 
I 
I U *^j   i^ + ^ + ^ + ui + uin + eLjäh   (5.5a) 

n ""■' 
D *mtßTfl*lk*W±*m?mt* (5.5b) 

9M raflaetad fiald: 

♦•»♦•» 

ip«y | (AA ♦ v^)«» (5.^) 

. Ma    ♦^^       MB 

Hr - i/f ^ J   (iA ♦ BA) Ä (5.6b) 
ns .OT .«• 

• 



n 
(! 

I 
I 
I 
r 

-100 - 

Bw f l«ld outiid« tb* Mdiv 

SM snaBation owr a has baan tranaf oraad into an 

intagral axpanaion tinoa tha qrlindar aztands tram .«• to «•> along 

tha s-axis. Tha ezprassion for tha R-flald has baan daduoad fro« 

tha aquation for tha B-fiald by aaana of aquations (4*1)» (4.2) 

and (4*3)• Tba datamination of tha ooaffioianta AQ f BQ ••• Pn, 0,^ 

aa funotion of r is oarriad out in tha Appendix. 

ia axprassad by an infinite expansion in tan» of tha funotion 

lflj.£ |  .«■**«) ^.(r)* (5.8) 

I 
na.« -• 

and its Foorriar transfom is 

U ItV-Wf-f ******      «M 
o - - 

On tha surface of tha cylinder, tha boundary condition» 

(4.13) take tha for« of 

D 
U 
  .   —: T—r, '  
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(r*)     (5.10) 

D 
D 

Trcm thsM ooaditioM it is poilbl« to uprass P «M Q la t«ru 

of 4 and B Aloh, la torn MB b« «zpr*«Md by UM ooapooants of 

0 gi'vm by lq.(5.9)*   9» eemlatleB funotien for tte fl«ld K 

in oyliadrleal eoordlnatM is «rlttsn as, (using lqna*( 3*8 ) and 

[] (3.«)i   
F^ - ^('»♦.•) lp(r«,*i,ai) 

. c ».pa (r-r,) *(♦;*) »(.-■,) (5.11) 

«terat    at ß ■ r,^,« 

Pro« (5.9) and (5*11) ona obtains tha oorralatlon 

funotion for C^: 

whara tha constant C is given by Eq.(4.20). 

It can be ahoan (aaa tha Appendix) that tha poaar eaittad 

per unit length of the cylinder in the frequency range « and 

e-f dM can be expressed in the following aanner; 

P« - ^ V f dh f dh, Aj [ |P|% ita ] (5.13) 
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laMntlaUj tbm problM r«duo«« to tte •valoatloo of 

th« spM« Kfngß I?!1 aai (QI* in Urmn ef tte spM« oorrolatioB 

fonetloa ■4.(5.12); this is otfrl«d out 1B imUil 1B tte Appraiiz. 

BM flBBl »Mit oaa te «sprvsMd 1B tte fdUmdaff mjt 

«-- -k 

p. ♦ |X|*(JJ»»-W)^J - khBj^ [(AT^AJ)» ♦ (AI*AI)8»]1   (5.14) 

A ■ AjAg • .»• 

Ai 
• 

-H«J - »I« 
A« «H'J - s^» 

8 ■äO -^)" 

J • '.(».. ) 

H < .^« (A..) 

with 

^•-q'-h«    ;   X'-k'-h1    ;    q - k V^   ;    Y-i/j 

 —T =   ^.-^        ■■■ — 

^1 
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Za a plMMt tlM pr—blllty ß maj b* MaoMd 

unity bat th* dl»l«etrio eonatant « is aaaaUj ooaplax 

•qwd to 

•ai siTtn 

.(10) 
c -«•-ic** 

wm   is tbs oollision freqasnqr for the slsetrans, 

ana 

«P is tbs pi«— natursl ftrsqpsaoy gitsa by ths 

rslatioa a* ■ ■ ? 
P   ■ 

«hsrs a  is tta* slsctroa eonesntration (oa"') 

s  is the electronic charge 

a  is the aass of the electron 

Iqoation (5*14) constitotes the foraal solution (in 

integral fora) to ths problea of equilibrlua radiation fro« a 

cylindrical body. It is valid for any ratio (a/A.) of cylinder 

radius to free-space «aTelength. It is also ralid for any value 

of («p/a)' , i.e. for any Talus of electron eonesntration and 

frequency of radiation« Hoaerar, baoause of ths ocaplsxity of the 

expression, exact nuaerloal solutions nay prosuaably be obtained 

only with tho help of electronic ooaputars. HoweTer, in soae 

— 

- 
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Ujdtlm —M; it is poMitl» («M Appmdiz) to »implify «quation 

(5*14) «ad iBUgrat« it dirMtlj.   Sow of tboso eoaos will now U 

diMOSMd. 

(•,/••)■ » 1 and (»/•) > 1 

Ihis •itnotloo rojroMBt« th* lev ftpoquonoj apfroodaotioii. 

Za this MM «*• » «• and tht plaMa ooaontiallj bohavoa M a 

oonduetor.   Ondor tfaia appradMitiM Bq.(5.14) roduooa to 

m 

*-«gr 11 m ip>-IU>'i' •[**$*?■ I 

m -k 

i*-w**i**-m-wpte*)] 
with 

(5.15) 

r-r-u« ■r-tf 
This tolutiM is Talid for aqr Talua» of ka. Although it roproMnta 

a oonsidorabla siapllfication of Iq.(5.14), it is still too 

complicated for direct integration. The following approodaatlone 

are thua studied. 

(1) If ka » 1, i.e., if the radlui of tht cylinder ia large 

Bq.(5.15) can be integrated, it beooMi 

^•*-*^« (5.16) 
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P^   1« th« MltslT« poMr p«r unit ar«« of tha ejllndar «ad 

1^   bM h—n raplmoad ^7 tlw laplaiglHJMB« 1mm, 

d     la th« akin dapth. 

la tana of tha plaaaa paraaatara, tha akla dapth for («]/a)a » 1 

aad (v^«)a > 1 la givan by 

•p J ■ 

Aa on* would azpaot tha intansitj of radiation fro« a ooeduotlag 

ojliadar ia proportional to ita akin dapth* 

(2) If ka « 1, but • > d, lq.(5.15) baooMa aftar int«gr*tlon 

p  .—£2JüLi .. 
-  8a-a«|lagJa|" 

log Jt^L 
llo«1?! 

(5.17) 

Thia differs fro« Bytor's result iridoh la 

*-■& '-^ ^J^T^T 

The difference la due to tha oTaluation of tha Integral 

u 
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»/2 r ,,, 2aiieJ2  
- kudcoM8« ♦ •Moom*9 

(3)   k» « 1 «nl m « d 

Ifator this oooditlon tha pUmm. b^MTts M • peorlj 

oondueting cylinder.   lb« »olutlon ttans eorrvapoad« to tte 

llaitiBg MM Ibmrm «M bMOMS Mall.   It ia found that undar 

thia approociMtion Iqn.(3*15) raduoa» to 

P^, .ÄkftI## ,.• (5.18) 

Subotltutln« for 1,^ tha RaylalÄh-Jaan'a law OM flnda 

that 
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- APP1 HD I X - 

mumoH or ut scLunoi ret m 
IQUIUBtm tADIATIdf It« A CTLUOB 

Ihis appnliz is prvMnted to Malst tte rssdsr in 

foUowins rapldlj tbm dsrlTaUoo of tte söluUon M first 

pNSsntsd by Rytor.   In rwitjtas tte sdlutloa it «as found 

that a considarabla Mount of alflabraio aanlpulatioM ted to 

bo parfornsd to Hide SMt of tte oquatioM prosontod in tte 

AppoaUz of SytoT's nonograph.   As a rosult this aoction can 

bo rocudod M an oxpansion of tte Appandix IT in lytor'» 

■onograph.   Tte notation is kopt tte SSM SO that it is 

possiblo to ocMpara equation» directly.   It should bo noted 

that CM of tte approodnato aolution« deriTOd here does not 

with Hytor'i eoric. • 

* 



0 
- ice - 

ü 
0 

ll 
I 
fl 

0 
D 
D 

D 
0 

0 
D 
I 

A - HFMSSKII »OB ^m wnjrm pom, m nnc CF m ci '. 'tJLf-.Jit- 

UM pamr «itt»4 pw «dt lM«th of tto ojliutor U 

•wlvtUA from tb» r-ooqKnwnt of tte Pogmtu« In tto fdUorti« 

(oaia« Bqa. 4.16) 

♦» ♦» 

üslag l<|M.(5.7«)f(5.7b) and (5.1) l«t «a wit« tto 

1^ «nl Hj ;    thqr 

1) 

^.^f   dhT^P-ittlQ].^»^») 

a, bi 

Ttoir produot la givaa l»y 

w"EE//diid,ii[i,p,i 
n« a«  a Bi 

* %*?* ' H •1[<,M" >**(M,,)•1 IMO 

In a slallar waj tto ottor tana of Iqn.(A-l) dbtaiaod and ara 

glTan bj 
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D   n« 

^ ■ YJY.11 
m ^ [■i,p,i' w* ■ 

kr»       J 

n   ii! « «« 

Z*Z - 

I 
I 

0 

Ü 

D 
0 
D 
y 
i .1i,i.^wi.-«(«'.)*»(h-».).i. 

i 
i 
o 

Also asstHM    h ■ hi. Slnoa, «a «ill b« shown l«t«r tlw oo«ffloi«nts 

|p|a and IQI* oontaln a Dlrae dalt« fonotlon, on» obtain« 

■b •• Vf / ** a* ^|p|, • IQI'IA; CW - «Z'*)      U-3) 
VJliJhi L J (R-I?.13)t 

t Bquationa praeodod by the latter & refer to the aquations in 

Kjtor'a monograph. 

; 

U^M) 

In oonbining tha aquations (A-2) with (A-1) oaa aakaa «a« of 

■J- 
l(««i|)^,2ir8Dni 
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*m   A' -A* - 48-ha •k'-h*   iarMl 

B«t IMN I • ^ (A«r)   (   >0 OM hM 

m - [<f (JUr))* - 1* «r) 
D 
D 

[j W - ««•• . A^*   OUr) ^(ASr) - AT £, (A;r) ^(A.r)     (i^) 

Aro O«MS Mut b« stullad. 

(a)   for |h| < k , A« ia r«*l and 

\ Z*V - W - A.^ (A.r) Hn«W) - H^^Ar) H^(A.P)] 

| whloh giw» uslnc th« foraula 129, p. 196 in HeLaehlui'11 ^ 

I 

D 
i 

(b)   for |h| > k  A« It 

In this eat« A« r  ■ -A# r 
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Zt la 

of h 

to 

«ta»M TpM—l** into l4P«(i^) «!▼•• 

that Bqn.(A-0 rtitriot« 1h« rMf» of 

to «k.   Hth tl» höf of lflp.(^5) i* *• 

l<pu(A-3) •• MUMfc 

(*<) 

thta poMlblo 

V (A-?) 
(1-IT.16) 

"— 
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CCffICIBffS Aa illP Bn 

•top eonsiat« la »mlMtlm tfa« eo«fflel«Bt« 

I?!1 «4 IQI* In t«m of «M fdMÜwQ^Cr) aad th* othar 

fMPMttwt of tlM jroblws.   thi« is doo» tj •ubstltutü« 

l4U.(5.5)((5«6) aai (5*7) late th* boandMy oonditloaa givwi 

*j Bqiu(5*10).   TIM | ooap—lit« of tto «liotrio field at 

boundAxy f«a la gtvan tj9 adag Bqiu.(5*l)» 

0 

•* . £ f« (■*" - v * *) .«■^-) (M) 
nmmm 

0 
0 

0 
- 

»«-• 

«bar«        J - Jn(Aa) J» . ^ [^(Aa)] 

ij » - It(Aa) *• - A [^(Aa)] 

I 
I 

— 

» 
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Subrtltatias HM.(A-8) into th. first bounawy oondltioii l^d. to 

u« ♦ in ♦ M' ♦ 5 ^ *I,l * V) " F,,p, * * ^ 

SiMlarly with th» «th« bountoxy oonditio«« «a 

♦ Ml« ♦ V' ♦ ft ^ * ^ * ^J 

(A^a) 

(A-5b) 

'("»• 

• i (vftv) (A-9o) 

(A-9d) 

P, «ad Q, «V b« «cpruMd in t«. «f A «d B in th. f oU«daf 

w.   KMrttlag (A-Sh) «4 (A-9o) •• '•"«»• 

(B*Bp)J*W-J^QaP (A-9b) 

«ultlplyin« (A.9b) by J« «d (A-9o) by J «d rtbtwcti^ MB trm 

tb» otbtr iMds to 

B(W -K'J) - Jj (u ♦ i ♦ ^J - - A A. Qa-i g} PnH J 
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A, - H«J - JA^ HJ» (A-10») 

D 
Svbatitatias (AJ ♦ AH ♦ V) ftf«" »qn.(A-9d) into thla «qruti« 

XMAS to, wing tto MlatiM JH* - '*■ " j^ • 

iO-j^ HJ (A-IGb) 

In a alailar *aj OM obtaina ftp«« th« Iqns.(A-9) 

0 ^P, ♦ »QB - ^ (A-Hb) 

0 
ü 
[] «i A, - HV - ij^ H J« (A-lOo) 

Solrli* lqn«.(A-11*) uii (A-11b) for Pn and Q,, laaAa to 

D 
Q,» - - ^ (U ♦ ly A, B) (A-12b) 

A « A,Aa - 8a (A-IOd) 

By tubatlttttla« Bqn«.(A-12) Into lqn.(A-7) it ia found that tha 

axpraaaion for tha powar anittad par unit langth of tha oyllndar ia 

gimn by 
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4k  «• 

l'l&l /•/•.^[«•«^♦w 

ft» pröblM is aov Mdno^ to tte «valvRtioD of tho 

oooffloloirt» A,» «ad Bn in UnM of tho «OUPOO fonotlon ^(r). 

♦ M" WM kl1* W) ♦SlyCATl ♦M») 

o 
D 
D 
0 
D 
I 
0 
0 

0 
ü 
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'.JJiWL : - tamamuaim or THI c 

TMWllig th« «KyrtMioM for I* ( Bt aad t$ 

lqM.(5.5*) i (5.5b) «ad (5.8), into «IM Moood tazMl 

iMda to, siaeo tlw ••■• ■«■Atloa «ad latop^tio« rugo 

flvoabj 

tuotion 

y Cnrl (il ♦ M ♦ All ♦ M) 

M M «W 
, •♦ ■• -»      M*      "•*      •** l(näihm\ 

m lk«(AI ♦MI*CL*iM*MI*CL*ft|1 •
x^B^as^ (i-iO 

Bat froa l9Ma(5«3*) *n4 (5«3b) ono OOD «rito 

Cwl iS - A Cwl S - [VAxH] - qAI - [?Axl] 

Curl M - B Curl H - [VBxfl] - qBH - [fBxB] (A-15) 

Curl AH - A Curl B - [VAxM] ■ qAB - [?AxB] 

Cwl BH - B Curl B - [VBxB] ■ qBB - [fBxB] 

Zntrodoolag Bqpo.(A-15) into Bqn.(A-1i|.) «!▼•• 

?AxB ♦ VBxB ♦ VAxB ♦ VBxl ■ q[a ♦ Cl ♦ ftB J***** ]     (A-16») 

nroooodlag 1B tho SMW mj with the first oquatlon la Bqna.( 4.1), 

OSM obtalaa 

«•MM 

VAxB 0 VBxB ♦ VCxL ♦ VAxB ♦ VBx N ♦ 7C xL • 0 (A-l6b) 

MM M 

9M grodlonto of A, B , C , A, B «ad C biTO a ooapoaoat only with 

roopoot to r.   So 
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0 
0 

fft ■ A'li        }       VB ■ B»l,      }...TC» C*ii 

0 — '•• . 
With tb» tolp of th« lqii».(5.l) It !• tten poisibl« to «rlto tfao 

throo ooapooonto of Bqn.(A-l6o). OM obtains for tte ooapoaoat of 

D t, 
n cz« ♦ cz« ♦&„,.« o 

ft., 

^J (▲*£ ♦ AZ) ♦ (B*Z* « B*Z*) ♦ iqh(CZ ♦ CZ) - -«6^ 

«h«r« th« faetor t ^     '   «hieb appaaro la aaeh tarn has boon 

(! 

U 
D 
I 
I 
0 
0 

dreppad*   Usias th» faat that 

Z - ^(Xp) mi       ;       Z* ■ J* (Basaal Punction) 

Z ■ BuCAp) » N        ;        Z* > H* (Nouaann Tunotlon) 

tfaaoa aqnatiooa booww 

nr 

^•(A'J ♦ A'H») ♦ ^C (cj + CH) - -q*^ (A-17) 

** (A»J ♦ A'B) ♦ (B'J1 ♦ B'H1) ♦ lqh(CJ ♦ CH) - -qftM 
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C«R7lag out a slallar opmratioa with lqn.(A-3b) on* &Ut 

nAt(B,J ♦ !•■) « ihq(C«J ♦ C'K) • 0 
(A-18) 

[I (A»J ♦ A»»») ♦ Ä (B«J ♦ im) - *■ (C«J ♦ C»») - 0 

«Mrt «• fiT« «qoationa and alx unknomn; M a •opplMwiitazy 

eoodltioo lytor ohooMa 

n ■ 
CJ ♦ CH - 0 (A-19) 

fti» eonditlon MaMitlaUj lapll*« that th» ♦(it) and •(13) 

eo^onairta In tha tana Cl ♦ CL of Bqn.(A-l6a) ara aaro.   Mffaran- 

0 
Cf J ♦ C«H - V (A-20) 

D 
I 
0 
D 
D 
U 
[ 
I 

tlatlag (A-19) with raapaet to r and oo^arln« «1th tha first 

aquation in (A-17) laada to 

Substltutlns lqna.(A-19) and (A-20) Into tha laat two aquations of 

(A-17) and tha aquatlona in (A-18) glTas 

.1 
A»J ♦ A»H - - Jr 6^ (A-21a) 

te (A'J ♦ A'H) ♦ (B'J» ♦ B'H«) - -qft-, (A-21b) 

B»J ♦ B1! - -1 {I »nr (A-21o) 

(A'J» ♦ A'H«) ♦ ^ (B»J ♦ B'H) - ^ &„ (A-21d) 
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17 ■ub.tltutlott, it 1» tl»n posslbl« to U61MU tte oorffioiMU 

A* ( A* f B* ud B».   for «xopl* B« is cibt»ia»d M föllowi 

latrodoolBf (A-21») into (A-21t) &*•• 

B«J» ♦ If»»* • j{#^ »^ - «»M (A"22) 

■nltipajlag (A-22) >y » «ad (Arflo) >y K« tad »Atwotiag !••*• to 

" »-^^"•♦^•ÄV)"] (AP2» 

th* nUtifla (BelMhlaa, p. 197) 

IT 

has bMB aa«d.   Slailarlj OM ebtaiaa 

*,"-8»t (%"•**•«") u"23,,) 

*•-S££(6*J,^<^J>) (A"23d) 
(B-1T.6) 

Froa «quatloB« (A-17a) «»4 (A-19) C «nd C MJ b« l«ol»1»4 «ad th^r 

•r« glT«n by: 

I 
■ ■ 



D 
D 

iJ 

0 

D 
n 

-110- 

A,Bf A and B oaa »implj b« obtain^ ftp« (A-2>tb»o(d) by 

latofratlont 

A - f   A« dr       |       B-|B*«r     «to. 

ftm «qaatioM (A-23) thas daserlb« th* ooaffielmts A f B ,0 ( At 

B «ad C la t«nM of th* fluotu«tion funotioo G^. 

It is now poMiBlo to evaluato tte coofflolont« \k\* , 

|B|*V X<f aal IK* «hloh appaar la lqn.(A-13).   Lot ua wrlta, fro« 

(A-23o) and (A-23d)» tha I and S ooaffidant 

I"S'/ ^flto#J, ♦^?eto']'* (A"2U) 

a 

a 

(A-2^) 
•0 

a 

loltlplyin« (A-2U) by (A-2M)) and taking tho araraga laada to 

D 
D   

♦ i» &„ C^4 Jn(Ar) jft, (Ar,)"] rdr n dr, (A-25) 

a • 

♦£»» <r, «yw J:.^.) -^ «W C «»»»<i<»^J * 

.. 
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Using tte r«l»ti«a (5*12) 

OM MB Mk* a-aitti«-ßaBi lqn.(A-25) r«duo»» to 

D 15F -i^iyj^ W • •<k-'") / J[<w «fi*^'ifc^1 * 
n 

j* l(r-ri) . (jr) £0». )~| Hr r.4r) U-2«) 

Tha into^ml la (A-26) MB thin b« «rlttm M 

[1 ♦ J ^ ^(X-r, )r.to / Ä^ Kr- r,)*r 

C 

«hloh thm bMo»M, Mln« th« propwrtlB« of tho Wrw dolto funott« 

i. | J;^.) j^or^.. / «•^T'] Koi to 

Intogrotlnf by parti tho first intogrol looAa to 

* 
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D 

II 
SSBM th* B«SM1 •qaatiM oan W «rlttm M 

11 r «Ar) ♦ «Ar) - - ifcfa ^ J^Ar) 

th» i^H^lM» thrab« waaotd to 

|] X . mtijM J,(XH) ♦ X« f JB(A^) Ja(Ar) r «r 

u 
" I Ja(X*r) JB(Ar) r «r - jr^ir [ J^X») «AS) - J^X»») J^)"] 

D 

11 

1 
J 

Wrm th« foranla no.(79) la MoLMhlan, OM oan writ« 

Th« latofral than baooM« 

I 
n x " PA^ [ x«^(x*) J;(XH) - x*«jn(xH) J;(U)j 

Ibis «xpirvsslon ean than b« substltutad into lqn.(A-26) and tba 

fallaaiag «qpraaaion la obtalnad far |2|a 

W ■ '''IMiV'18 ^w;.-.^'^ .(h.h.) (MM 
1111 («-IT,18) 
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Xn a •lailar wv «M obtain« it* foUovin« eoafflelmts. 

(ip«7b) 

5^--^jiffjJjI£-q«hJJ»l(h-li,) (A-27o) 
D 

D 

0 

U 
D 
Ü 

!1 '.-4^¥iL" J /'^[x^V^d^i'l') 

It it now poMlbl« to writ» tbo g«Mral solution for tte 

•qulUbrl» xadlatloo tram a oyllndor by »übttltutln« tho lqM.(A-27) 

into (A-13) aad rooalUn« that C la gXwm by lqn.(4.20) tmA 

ly q* ■ -iy*q - -k|«l 

OM thon obtain« 
♦k 

nm-m -k 

n ♦ |X|4(JJ»*-W))1 - khnJJ'RA^Aj)» ♦ (A,*A<)«*1'j 

(A-29) 
(5-14) 

Ü 

D 

(1-IT.19) 

—   
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D - •1' »^tK/ki 

Zt «HI b« ahoan hmn that la contrast «1th tht abora 

dwliiBiiit of tho solutioB for tho oqulllbrlu« radiation tvm 

a oq^Hnftw a al^plor approaoh MJ ba takaa If ana aoqnUa tba 

peaar abaorptlTltgr of tha oyllaAar to a taat «a«a iaoldont npon 

it. Ala nathod la partloularly intaresting alnoa It allaaa 

ana to traat any problaa of oqulUbriun radiation aa a aaattarlag 

problaa of a-« «avaa by aagr sl«aa bady. Tha problon traatad hara 

alao aonatltvtaa a anlquo taat to tho ganaral f oranlatlon of 

Kirohhofr'a la« of radiation aa fomolatadtj Sytor1 and Lorla 2 • 

Coaaldar a taat-«««« daflaad 

by thi flalda ■• and H» 

inaldant upon tha body and 

conputo tha flux of onorgy 

aoattArad fron tha body and 

ozpraaaod In tama of tha flalda 

B and H. Tho flald Inalda tha 

body duo to abaorptlon and trona- 

alaalon of tho «aToa la ropra- 

aantad by li and n« • 

Tha a-n flald aoattorad 
by a body. 

For tho ease of an Inflnltaly long oylindar of radius a, 

tha inaldant taat WOTO is axpraasad by cylindrical naroa traTalling 

toanrda tho oylindar. Tho flald of thaao waraa «oat aatiafy 

lazooll's aquationa ao in aooordanco with lqn.(5*V) ona can writs a 

D 
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i: 
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D 
partlottlar aolatloo for UM lnoid«nt fitld M 

1. - P. !• ♦ Q. i* (A-30a) 

H. -1(P. I* ♦Q«!*) (A-JOb) 

I* wi IT oflotaia qrllndrleal funetioB of tho typo 

^ ■ H? (JUr) (Bndwl funotloo« of tho first kind) or ooccrdlng to 

oar prorlouo notation 

D 
D 
0 
D 

Ite flold inoido tho ojlindor o«n bo dooorlbod in tho 

tho flold Ir In Bqn.(5*4), oo a portioulor solution is givon bj 

1, mki* BiH (A-31o) 

| n i - y(A,5 ♦ B,H) (A-31b) 

whoro I and N oontain oylindrioal funotions of tho tjpo 

2B ■ Jn(*r) 

Tho aonttorod fiold is thon roprosontod by outgoing ojlindriosl 

mvofl and osn bo ozprossod by 

1 - »• ♦ # (A-32*) 

t - i(j5* ♦ J* ) (A-32b) 

shsro tho oylindrioal fonotions in I* and H* sro rojrosontod by 

Zn ■ HjfCX.r) « H   (Hankol function of tha sooond kind). 



D 
D 
D 
D 
D 

It i« poaslbl« to dariv« four •quation« rolatiag tto 

TM-lou« ooofflolont« of ttao WETOI by introduoln« lqM.(A-30)t(A-3l) 

•ad (Ai-32) aod uslae th* rolotloa* (5*1 )• for «naplo lot us 

«rlto tho I ooaponont of tbo olootrlo fioldo. 

-126- 

Slnoo at tho bounteiy of UM oylindor tha toasontial ooapomnta of 

tho flold Boot bo oquol tho boundary oondltlons mro thon glvon by 

1«^ • Bo^ ♦ If I H<t • B»t ♦ ty 
•t r - •   (^33) 

■«•■«•a«!. t H11«H01*H1 

■^ - Yj'tf**' - 5 M) •ii'*ha) (A-3U) 

D 

D 

Whoa «ubatitutod into Bqn.(A-33) tho oquotlooo (A-3^) load to 

A, J« ♦ Jj B,! . PoH'* ♦ g Q.H* ♦ PH» ♦ g QH (A-35a) 

Slsllarly by natohlng th» othor ooapononts of tho B and H flold« ono 

gota 
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^ B, J - ^ (QtH* ♦ QH) (A-35b) 

y (**' ♦ JS ^O ■ * (**'* ♦ ft P»^ ♦ •»• ♦ ft «)   U-35o) 

3^1 A, J . ^ (P^ ♦ m) (A-35d) 

Substitutln« A, fro« (A-354) and Bi fro« (A-35b) lato (A-35*) *nd 

(A-35o) UtA» to tte foUowiag rolatioo« botwoon P , Q «d P» , Q, 

A,P ♦ «Q - - (♦,?• • W.) 

«P ♦ A.Q . - (#P, ♦ ♦.Q.) 

(A-36«) 

(A-36b) 

•horo Ai t A« aod 8 aro glron by (A-1(k), (A-10b) and (A-10c) aal 

♦t - r*j - $4^ H*J» 

to e-*) H*J 

(A-37a) 

(A-37b) 

(A-37e) 

Tho exproiaiona for P ana Q ean than ba obtalnod by 

aolTlng tha oquatlona (A-36); ona gats 

P - ifU« - ♦iA.)P. ♦ (4aS - #At)Q.~| 

Q • jr^i» - l»A,)P, ♦ (#« - ♦.MQ.I 

(A-38a) 

(R-IV.25) 

(A-38b) 
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It is MM that tb* M*tt«z«d FHmvM M MU M tte 

topania on both th« Fb uA fe iMidMt MM«.   Thi» 1« 

th» MM» «f abMrptlM of «wrgjr by tte body.   It OM b« Ac 

ttet if if qrliater MM • pwfMt ecodMtor tfa« P-MMS Mold 

Mly tepMA M tte Pt-MMa and tte Q-MM« M tte QT-MM».   Zt 

i« UM «ooMaiMt to dofIM M abaorptioo ooofflolont for nth 

tjp« of iMidrat MMO.   If a P9-«aM ia iaollont M tte «jliadar 

«tea tte obsorptiTity oon bo writton M 

Vb) - 1 - 
IPol« 

Aia oxprosaiM aiaply doaerlbos tte absorptivity la 

ftMtiM of tte roflootod POMT.   Slailarly for a Q^-M' 

Mitoa 

tW- ♦ iQl*] 

U^a) 

of tte 

Vh) - 1 - 
|Q.|' 

IP^-O 
(A-39b) 

In crdor to OMlMto ^(h) lot us flrat ooaputo I?!* oad IQI1 for 

Qt- 0.   lqn.(A-38a) ttea teaoMa 

|P| 
""lAl7^"^"1' ,P,,t (Ap40ft) 

I 
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Slallarly 

SAatitatiac IqM.(A^Wk) ud (A-MJb) Into (1-39»), «M fH« 

Mi r«Mlliac that trm l«n.(A-10d) 

[j lAr-lA^-fl« 

W V^ ■■if|7[,A,At-l",i - l^**^^ - l^'-^l1]      (Ml) 

After «xpanlins «Mh t«m la lqn.(A-4l)f addiag aal »ubtraoUn« 

H                             MI'lAil* Md netlag that 1*1* - It^Cfto A-lOb and A-37«) tb* 
U  far ^ 

lft|(h)"iIFf(,At,i*!l,t)(|A,,,",*l|t)* 
♦ (♦i#*-l*A1)(a*Ai*8Af) ♦ (^-«A^^Aj^a'A,)] (A^2«) 

In ordar to arrlT» at th» final font for Ap^(h) ttar«« 

ralatleaa anat ba proTcd. 



I 
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To ahov that 

D 
0 
0 

Ut «• «rlt« lA,!" uiiaf Iqa.(A-IOB) 

ly|V|A|* 

D 
0 

WVW3 

Subtraotlnc tteM two «xprasilotia and frvvplaff tha taraa laada to 

tha ralatloa H'H*- H'^H - - M wa haa baan uaad sinea OB3J tha 

raal Talaaa (propacatlne wavaa) of (A^r) ara oonaidarad. Sinaa 

y«lf^   ani   q - k VaJT 
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D 
D 

thra hj subatitatioB of tlwM taqpnuinaa lato Bqii.(A<4»2b) laads 

%• thm wanted ralatloa 

D . 
DlAil1- l^l« - ^»A [X-W - X-JV]       iä*5) 

tr*|x|4 

Za a tlailar «17 it oaa ¥• iheaa that 

0 ♦.#•-1% ■ Jj^S (l - Jl W (AWA) 

0 
! 

U ♦ ^ ,,* [ (^ - ^«•) i*t* »*4'> * (^" 3^) (,•4' ♦ •rf >] ] <*■*« 

Za a aiallar waj tha abaorptlTilgr of tha ojlinlar to a Qt inoldont 

«avo aaa ¥0 tarivad aad tha follewlac axproialon ia obtalaai 

• oo. ^iiL f iühgdaa th.u.w...»-,.,.) ♦ 

♦ |X|4(JJ»*-JV«)] ♦ ^ JJ*r(xt -jlr) (•ANI'O - 

"(^"^r)(l*Ai**A*)]] (il,47) 

Ap^Ch) baooMa after aubatitutlng lqaa.(A-43) • (A-44) and (A-45) 

lato lqa.(A-J»2) 
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D 
D 
Ü 

iddlag up l«w.(A-U) and (A-47) uA groupins »am tMM iMda to 

x (XVJ^-A^W) ♦i(|Ai|t4|l|i) (hi(XtJJ«*-X*iJ*J») ♦ 

♦ |X|4(W*-J*J'))"| - hnkJ J*[ KA?* Al) ♦ l*(A,* A,)] 1     (A^8) 
/J J<   (1-IT. 

Campviag l^.(A-4S) «1th th* fmml »olution (1-29) and noting 

that Xa- X»1 « qt-q»t . k'fiC«-«*)» It la than food that tha 

pewar Mlttad hj * oyllndar aaa ha «zpraasad la tans of tha 

absorptiTitj eoaffleianta of UM fljllndar as follova: 

26) 

—     ♦k 

Pa- l /[Wk)*Vh)]* (A-W) 
(E-IT.27) 

c 
Ü 



u 
D 
D 

Ö 

U 
w 
LI 

U 
y 

^z 
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* - ftmvnriff *""»"** 
rollOTioc ^rtor'a work m will ucm proo—d to toriv 

MM approxiaat« MÜntioM for ttaa «quillbrlia ndiatioB Mitt^ 

tgr a oylindwr.   HWM aolutio&s ar« UMfnl bManM ÜMgr «Uow 

~~-*m4»g th* 1«^M—*« of SOB» paraMttrs at lialtlM eondltloo» 

•aft also, la COM eaass, «U«» tastlns of tho thooiy hj 

oopporlooa with alro^r •»tobllohod rooult». 

M^Hl OOMO «HI bo eoooldorod for ohioh tlio 

radlotiag froqnonaj « is Mdlor ttaoa tho plot froqponoy »p. 

This io tho rogica of tho ftfoquonoy opootra ohoro tho plaMO 

oooontioUj oeto oo a oonduotor.   Tho throo oaooa eonaidorod will 

corroopoad to a eyUnlor whoao radlua ia aMllor aal larfar than 

tho akin dapth widla tha dcla dopth ia oithor larfa or aaaU. 

T!r w7irii7t4nff IÜ<1  (•'J/4'' » i «4 »A > 1) 
Thlo eaaa rapraaaata tho low froquonoy approadaation whara 

tho aUa dapth "d" ia anoh aaallar than tha radlua "a* of tha 

oylindor.   Tho okln dopth lo glTon by 

V2vfioo 
(A-50) 

a ia tho oonduotlTlty. 

Sioco a ■ a* - ia" aai ia this 

rafraotlon ia giTon by 

eaaa a* « a" than tha iaioz of 

n ■ vaii B V^CiT 
/ 
\ .ikLUL (A-51) 



u 

8ub«tlttttlaf a trm l«i.(A-90) lato U-51) iMds to 

Slato |V«?I » 1   MA |h| « q   thon it oon bo MOVMA that 

Xs - k*«!! - h* • k1«/! (A-53) 
r) 

Uno |A|O la auoh groatr than oao and tho following ««graptotlo 

azpoDsloiis (HeLaehlaa p. 83) eaa bo uood. 

u 
D 
D 

0 
D 

J . JnM .J^C oo« fxa - ^1^n (A-5U) 

j. .tf^..jÄ.ltt[xa.lÄjlk-] (^.fc) 

Slnoo fro« (A-52) and (A-53) 

Aa.}(l-1) 

It eaa than bo ihown that 

and 

taafAa- tt^Ufl«»! (A-55«) 

Un fx»* - la^-lkl m ± (A-55b) 

aharo tho following ralatlon la uaad 
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Un(l«A) -  ltMii(^/4) m 1 •Ine«     V* » 1 
f 

ud {1-5») 

—^[^-^^.-t-121^] 
Multlplyln« and /•▼iAing through by 

J       L 

/ 
•ad u«la« 1| .U-55*) «a* U-55b) th» Aow •xpr«««ion bMOM« 

X«jj'-X^V» «^J-j |X| (X**X) |oo« «I" 

« ■ Xa - ♦ i: 

1,1 A f liar way it oaa bo ahown that 

jjt» . jojt ,2(^^*)  |oo»a I« 

Ai  ■ jTf-T Hp oos a 

At ■ Ir^T Hooo»« vXa 

8 > ^«(]s) oos a 

(A-56a) 

U-56b) 

(A-56o) 

(A-56d) 

U-56o) 

■■■*■--■ 



' 

f) 
u 

i: 
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I 
fl 

US») 

W* • A jj}1 w •,-,« <*••» 

0 •r-h-OTHS-^ (*^<i) 

/ 

I  Th» •quatloos (A-56) «r» ihm lntrodao«d into lqn.(A-Ji8) 

«hloh t»oom», aftar asinc th* nlationa X'-X** ■ k"^»-«*); 

7 
f V        wk-a|.|  |H|-    Ipa-Cg)'!' 

-^*MD[w'*«f^(M'.«r)]\ 

/ 

\ 

,'/        . 
■ 

* 
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1.   TMni mtU ftffl*TITt1nf "Tll^TT   (k* « 1) (UU » 0 
In thl» e«Mv slaM A«« « 1 (MntoohlMi, p.26) 

0 
0 

a mM - - ä 
0 \ 

Ut ua «OMIM tlw TarUtlOB of Apji*) * ^(h) (lqna-58) 

U-59) 

• 

In tmrm» of n.   Sine« ftro« (A-59) V/B !• proportiona»\ to a, tbon 
1 

tho product po ~ n* tnd | po - (h^knrl' - «"*• 

On tho othor bond tho torso Inoido tho ourly bro^nt 

(A-58) oon bo ahooa to bo proportional to n4 ond Unto oonoo. tho n 

▼ariotlon of tho footer |po - (hi/ico)*!'. Tho ojqproosion (A-'c) 

aloo InrolTOO tte footer 1 / |H|" whloh lo dopondont on n. Fro« > 

(1-59), ono find, thot f/M* ■ (A.o)1". Thoroforo Ap^h) ♦   ^ 

\ 
Slnoo (Xo») « 1, one oon rotoln only tho firot ton In   \ 

U tho oorioo oxponolon Eqn.(A-29) for tho onlttod poirar P« ond        ^ 

|| lqn.(A-58) boooMo with n » 0 
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0 
n 
■ 

i 

ZBtroftMlag l«n.(A-59) into lqn.(A-57) «ad ualat th« p«Utlon« 

(A-52) «ad (A-53) OM ttea obtidiu f«r p ud v tte feUovliic 

(A-6U) 
»ta(^») L (1-1) J 

D 

With th» h*lp of (A-59) and (A-52) tlw eorffioiwit In frort of tte 

squ«r« braokat 1B (A-60) toeoaM D 
1] tlLkULkJtl mliMl±—- (i^2) 

0 
D 

lqn».(A-6l) and (A-62) ar* than aabaütutad Into lqn.(A-60) and 

flnda 

ip.(h)»AQ.(h)..»:.„d[|i--^*ff i-(4i»)|" . 

Subatitutlng (A-63) into Iqn.(A>29) «ad changing Tarlablaa as 

followa!    h >kaind  ,   X» ■ Vk"-h" » koo»fl  , on* arrlTas at 

D 



I 
0 

n 

i 

li 
G 
0 
r 
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'/2 
n p.-^k.l.dit#/[|i.f^Äoo.«#ia^|i£)|"i 

0 

-fä - umm* in ^wtfN 1" j eM># w u-a) 

Zt ean b« ähom, asinf I'Hopital*« rul«, ttet th* prodnet 

OM'« laC^tW* ) in lqB.U-*0 twU to Mre at th» li^t 

• • ff/2.   Aroa th* oonlltlon« k» « 1 «al d/» « 1> it U thu» 

Q 

Ü 

Thsrofor« this tarn is 0«sl*o-tod in front of on» in l4p.(A-60 

Sinoo la(k^g0** )   is a olorty Tarjln« funotion ot 9, it» § 

Tozdation is nogloctod inaido ttaa logaritfan.   Doing tbo notation 

M/2 

U # i   I        [ "t4" - k#«d« ooo«» ♦ ««ooo4»] J 

n   . 
2 

(A-65) 

Tho first torn of tbo intogral glTos 2/3, snd tho 

iatogration of tho sooond torn loado to a rosolt difforont ftrc 

that givon by Bjtor. Wo will thon prooood in tho following to 

ahow tho proooduro tskon in oraloating thio intogrol. 

Conoidor tho oTalustion of tho following intogral: 
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0 

0 

0 

On flaUag tht roots of tta d«i(ainotory Aioh «o donoto fej a, 

oaa writ« I in tiio follovins formt 

(FOfo 234 of lytor«. Moofroih1 •) 

U la lot p • V^   siBM « • ka la ^ < 0.   Tte eoaataat ß <« 1 • 

n Tha latogral baooaaa: 

n i.-vT—■>'atf   AM U «   J   ooo4«^ Mi^Tf 

B 
0 

c 
0 

a ■/—   a 

I 
I 
Ij.±n —Iä— * i—I-*— 

I 
I 
D 

A • a ••. a* 

B ■ aa« 

V5 

If oo now lot 7 ■ aoa 0 «o haro 

1 1 

0 0 

1 1 

' IUv^[/-AJ+B]   "i vrrpcy^Ay+B] )j 
0 0 



Iß 
0 
ü 
0 
fl 
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To pwfom tbsM intagrala *• «üD» UM of th« foUowinc subttitutloa: 

Aftnr 

k, .(I*B) ♦VlUk)I-il 

k, - (1 ♦ B) - y^ir-A" 

■ 

\ 

n 

In this mj m find: 

I - 
«■k, .V=k7 

k« ki 

<k^B)/ #*(k«*B) / Äff] 
ki ki 

5 ■ r k? * **! ] ?t ■ ** ■ (o,*ti) '^^ 

k, . kJ-A1^ ♦1,B 

k* »kJ-A^+A^ 

k. - A1 - kj 

k. - A« - kj 

'•■fe 



I 

(I 
0 
[. 

ii 

0 
c 
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Of tlM  SDbstltutlODt 

a ■ 

w Mm writ« 

la th«f 

/ 
-t*L 

(•■♦t«) VST 

/ 
Js. 

[(•■♦o*)«1-!]       2/»-♦ o- Vft-^o" «♦I 

i. 

u 
I 
L 

Ö 

n 
i 

i 

i. 

ü 

/ 
AL 

(o^t1) V?T 

b« «rlttm M (IMC*   55» BO. 20 of Intogral trtloo13 ) 

1,   1 
e o- * »- c V«" 

By tuiae tho f oUovins idontitio» 

A* - k, k, 

k* -A^kJ -k,k«-k2 «kgCki-k,) > 0 

ki - A^kJ - kik« -kj « - k,(k, -k.) < 0 

-ki "k, 



I 
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0 
k. - kj-A'k. ♦Al - *»ÖKLlilülliil 

bprvsal^ «tea* qaaatltlas in twnu of ß (wlac tte fMt p « 1) 

•ai •ubstltatlx« in th« Integral» «• find:    (kaaplng oolj th» 

Li larfMt Uacm)'. 

0 
D 
0 

\k\m - Vä/A » 1 (* » *) • 

than |n | « ka, «a can rapireaant tha Baafcal funotlona by 

tha folloaiag approadMita axpanaiana (MoLaohlan, p. 198) 

1*1 

2.   lall Cantoe^nfl jj^Ü ^1^ '*"• ****»   (ka » 1) 

Tha baaia eonditlona ara than: 

ka » 1 

y «.• (*•*> 'S« 
U-<7) 

0 
0 
! 

than |n| » ka, tha Haakal function la glTan by 
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0 

! 
i . 

I 
D 

Cxsav m—■ of th* oMffleiwit jgrr in lqp.(A-58) 

Wh) * ^^ -  TT—SS"2     ♦ 0    for lorgo |B|. 

It ia than asmaod ttmt th* TOIMO of a oztoai oolj 

trm -xka to nko, AOPO x i« • oooffioioat of «rdor 1« 

Coäbiaiag lqn.(A-67) with lqp.U-57) «ai aolag lqM.(A-52) 

and (A-53), ona dbtalna 

0 
D 
D 
D 

Subatitutln« (A-67) ani (A-68) Into (A-58) «iToa 

(A-68) 

Wll).Vh).^fi|?_is_ x 



I 
D 
0 
: 

! 

c 
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£«t*liilnc only th« Urmm oontainin« hl&mr pcmr of A, this «qpuitioo 

IMOOMS, with tte telp of Ixl" - kVUI 

v)*v)-f(IF^^ i^: (ten-     ^ 

•ad tho maaatioa in Sqn.(A-29) i» ehai««d to on intogrmtion M 

follows 

Tho feUowlBg doflaiUons or« thon latredaeod 

h-koln»      ;     X« - kooo«      ;     7 • v/k* 

0 
1 
1 

0 
[] P . kwOmjl     [ Afb,9) * AQ(y»») ] 4y ooo • d# 

•ad lqn.(A-69) boooM« 

•  •      iß 

\\ (A-72) 

I 

Applying thoso dofinitioaa to lqn.(A-29), OB« goto 

w/2 

/      * /    .x      - //*     ri*\   [ooo4> ♦ ooo1» ♦ y'ola' 9]oo»*9 *** * M^^ ■2 (I J * JO 1 f^ySir 
(A-71) 

Svtbotituting lqn.(A-71} into lqii.(A-70) load« to 

I1 



0 
0 

1. 
G 
0 
I 
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Slae« 7 Tarl«s fro«   0 to  x "' ^» ttoa with UM 

pr*eialoB u Bqa.(A-72) «M obteiaad, en» o«n MglMt tarn la y1. 

lqn.(A-72) eaa thn» b« lnt«crat«d «ad tte foUowins «qprtuioB la 

dbtaimd 

I.I 

using BqB.(A-52), on» obtains 

and naiag tha luqrlaigb-Jaana approxlaation for I9tf, ona fiaallj 

gata 

la anothar problaa (a slab in a miTaguida) lyter has ahean that 

X ■ 6/9 and tharaf ora 

0 
0 

In this oaaat tha following oonditions apply 

ka « 1   and   a « d 

X^a « 1   and   |Xa| « 1 

[ It is thus suffioiant to kaap only tha first tarn in tha sariaa 

0 



c 
0 
D 
I 
I 
I 
E 
D 
I 
! 

B 
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•zpu«loa of th« Buktl «ad th* B«aMl 

*y lqn.(A-59) «A JB i« «!'•» *T 

fuetioM, i^.   tto If* U 

J.(A*) - 1 

J;^) 

(A-71.) 

SUM« lqiu(A-<7) H «^i» jrop«rtl«Ml to (X.*)2", (MM 

M for th« thin «•!! ocnduetli« fljliater) cm eaa kMp 

oolj th« firtt t«« (lqBJL-29) In th« MBMtion awe ; 1.«. « -0. 

Th« f oUoviac r«l*tlou «r« thm obtala«at 

x1«1* - x^w ■ o 

JJ •* - J*J* ■ 1^ "i.     «^ 2 

Af ■ A« ■ - JJ    ; « -0     |     A-^ 

Substituting Eqn».(A-75)  into Bqn.(A-^8) giT«i 

hM.%p.**J&*i 

using th« a«finitions far X* «nd X9 «w g«ti 

(A-75) 

(A.76) 

Hfi* *\.{!b)" »•••^ki-h,) (A-77) 
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[j 
lqn.(A-77) Is ttea latrodno^ late l<in,(A-29) «ai UM 

follOTfc« «xprvsslon 1» öbtalMds 

I 

0 
B 
1 
I 
I 
I 

[ BM «cprasslon for th« pomr wltt«4 p«r unit UTM of 

tho eylindor, uaiat tho Ugrloi^b-JoMU low, thu« boeoM« 

I! 
D 
D 
D 



D 
D 
D 
D 
D 
0 
D 
I 

D 
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