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ELECTROMAGNETIC RADIATION - A PHENOMENOLOGICAL APPROACH

G.C. Cloutier and ¥.B. Baker

~ABSTRACT-

This report treats the macroscopic approash to the
problea of equilidbrium radiation from plassas based on the
theory of electrical fluotuations and thermal radiation proposed
by Rytor'. The basic ideas underlying this gemeral theary as
well as the comneotion with other kmown thsories of equilibrium
rediation are disoussed.

The electromagnetic formulation of this theory is then
presented. In particular the transition between the miorescopic
and the macroscopio sisotromagnstio equations is demonstrated and
the oomection with Rytov's equations is made. The statistical
aspect of the problem is formulated and the general expressions
for the time and space aversges of the intensity of radiationm is
presented. Speeial attention is given to the derivation of the
correlation funotion for dissipative media. Scme examples of
fluctuation phenomens are alsc worked out.

A goneral method for solving prodlems of equilidrium
rediation is ocutlined. The case of a oylindrical Plasma,which is
an adequate model for the wake of a re-entry vehiols, is discussed
based on a solution originally derived by Rytov. A detailed
derivation of this solution as well as an alternate solution in
terms of ths power absorptivity of the oylinder is given in the
Appendix,
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FOREWORD

Th!lreponmbeenprsparedwmmtﬂwreaderwithwmeofﬂ\em-

sults drawn from a study of the electromagnetic properties of plasmas, made by
scientists (G. C. Clontier and W, B, Baker) associated with the RCA Victor, Ltd,,

Research Laboratories, Montreal, Canada. This work was performed under Contract
DA -36-034-ORD-3144RD as part of the Down-range Anti-missile Measurement

Program (DAMP),
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ELECTROMAGNETIC RADIATION - A PHENOMENOLOGICAL APFPROACH

I INTRODUCTION

Iﬂ:ov1 has developed a phenomenclogical eleotromagnetie
theory of thermal radiation which does not impose any restriections

upon the relationship between the wavelength of the emitted

rediation and the sise of the rediating body. This theory is
sometimes referred tc as the correlation theary of electromagnetic
fluctuations. This theory includes as particular cases doth th.
olassical theory of thermal or equilibrium rediation, which treats
thermal fluctuations in the geometrical optios region, as well as
the theory of thermal noise in eleotrical oircuits.

The prodblem of determining the thermal radiation mitted
from & heated body (or equivalently, the electromagnetic
fluotuation field) is reduced to s boundary-value prodlea, In
particular, one looks for the solutions of the 'modified Naxwell
oquations’ which satisfy certain sppropriste boundary conditions.
Rytov's modification ¥ Maxwell's equations consists of the intro-
duction of terms which represent random extranecus source-fields
with serc radius of correlaticn, er equivalently, terms which

represent random extranecus owrrents with serc radius of correlation.

In either case these terms represent the distriduted source of the

- inocherent electromagnetic radiation emitted by & bedy at a given

temperature.
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Rytov's theory forms the bdasis for:

(1) the evaluation of the passive slsctromegnetic
radiation emitted by a plasma; and

(2) & generalised farmulation of Kirchhoff's law
which permits the equilidrium electromagnetic
or thermal raliation spectrum of o body to be
ovaluated from a knowledge of its absorptivity
apootrufcrubodyofawammdforw
degree of n'burptivity.

The latter result pr;vidu us with a very valuable
method of treating prodlems involving the intersstion of electro-
magnetic redistion of any wavelength with plasmas and other
bodies, that is, problems of active radiation.

The theory of elsctrical fluctuations and thermal
radiation as developed by Rytov was originated by Leontovich and
Rytovz in a paper treating the influence of the skin effect on
oleotrical noise. In this peper they based their ideas on theories
advanced by Ilmlotl.ahtn3 » "ho a3 early as 1907-8, was concerned
with the relationship between the miorescopic and the macroscopic
desoriptions of tho electromagnetic properties of matter and with
the importance of fluctuating phencmena in eleotrodynamics.
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The quantities with which a physicist or engineer works
and msasures are in genmsral, macrcscopic quantities. Neasurements
involve lengths which are very large in comparison with interatomic
distances and involves time intervals which are very long when
compared with characteristic atomic time intervals, say, for
example, the period of time for an electron tc rotats sbout the
nucleus. As such,maoroscopic quantities are statistical spacs-
time averages of the more fundamental but very rapidly varying
microsoopic quantities.

In passing from a miorcsoopic to a macroscopic desoription
one is,in general, content tc work with mean linear values. M
is no a priori evidence that this procedure is valid, that is, that
the mean linear nluu. will agree with the values cbtained by
experiment. Usually this procedure is experimentally justified.

The concept of a mean linear value includes the possibility
of larger or smaller deviations, and single measurements can yield
values which fluctuate tc a greater or lesser extent sbout this
mean value., The good agreement between the statistical mean
values and the macrophysical experimental data may be interpretsd
to signify that the fluotustions (deviations from the average value)

encountered in statistical considerations are, in cases of agreement,

-

- generally speaking very small. However there dc exist DANY MACIO-

socopic effects which owe their origin to¢ the existence of
fluctuations which are not negligidble, for example, Brownian motion,
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Schottky effect, thermal noise, etc. Fluctuations are not inoluded

in mean values.

As a measurs of the magnitude of fluctuations we
cannot take the mean value of tho fluctuations, for it is equal
to sero beoause the mean value of a quantity is defined so as te
make the deviations in toth directions equally probable. A
possible measure is given by the mean value of the square of the
fluctuations.

It is customary to define the fluotuations as equal to
the difference between the special measured values E(n) and the
mean value ¥, that 1s, by AR« B(n)-F. The measure for fluctuations
hthorofmoqualtom -<mm_>'. Since the form-
ation of a mean is a linear process (and since any mean value is
& oonstant with respect to further operations of taking a mean:

T %), vo have < aB(n) >° = E¥- 2% +P3T-T2, That 1s, the
mean square of & fluotuating quantity is equal to the difference
between the mean value of the square of the quantity and the square
of the mean value. We note that if the mean value uf s quantity
is sero then the measurs of fluctuations is equal to the mean value

of the quantity, i.e. < Ak(n) >F = E¥ .

Previous to Rytov's general theory of eleotromagnetic
fluotuations there existed two theories which treated electro- -
magnetic fluotuation phenomena; however one is limited to the
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quasi-stationary region and the other to the geometrical-optics
region of the elsctromagnetic spectrum. They are, respectively:

(1) Nyquist's theory of thermal noise in linear
olectrical circuits, and

(2) the classical theory of thermal er equilidrium
rediation as developed by Kirchheff, Stefan-
Boltsmann, Clausius and Planck.

Because the comoepts and quantities employed to desoride
the phencmens and alse because the theoretical mmalysis is
different, it is, perhaps, not immsdiately cbvicus that the under-
lying phencmens are the same. Howsver & little thought sekes 4¢
clear that the underlying phencmens are indeed the same.

The oocnoepts and quantities shich & physicist creates,
in order to desoride the state of a physical system, are ia
goneral, diotated by shat is experimentelly significant or
measurable. In the case of thermal moise in linear elsotrical
circuits we are interested in currents and potential differences
aoross capacitors and resistors. In the casé of thersal rediation
the intensity and energy of the emitted o absorbed radistion is
of interest.

While the physical systems involved in each of the above
cases are quite different, both phenomsna are macrophysical



0

—— C——

=6

elsotromagnetio phenomena and as such are governsd by Maxwell's
oquations. Now in general, the solution of Maxwell's equations
with appropriate boundary conditions is s aifficult prodblem,

. However if the rate of change of the slectromagne tic
£101d 1s not too hz;‘o (wavelength much greater than s charscter-
istic length of the physical system) we can characterise the
system, as far as its electromagnetic properties are concerned,
by lumped parameters such as resistors, capacitors, inductors,
stc. In this case it is the currents haﬂn canductors and the
potential differences across capacitors and resistors which are
of experimsntal and theorstical interest.

) Ifonthootborhndﬂunnhuthortbmhbh
fields 1s very mall when compared with a charssteristic length
of the physical aystem we can '-in._ui- of the conoepts of
geametric optics. In this case we can ta:l.; sbout the path of an
o:l.octrongnoﬂ.o wave and rork with such qmntit:ln as the intensity

- and energy ot tho rnduticn. i3

In both cases a thearetical simplification is achieved,
In the following we ll;w that if the emphasis is placed on the
ohotrou;n.tie aspect of the ph.ncunl, in particular on the fields
l and H, then the mean donait,y of equilibrium radiation onexrgy .
iteelf i3 a measure of the mumity of fluctuation and also that
Wo oan atiribute thermal radiation phencmens teo fluctuation

phenomena. Hence we oan regard
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bothtbmbl.ettbmlaomunmuomts-lth
duum prodlem of thermoradiation as having a o;:-on fuis.
Naxwell's equations govern the behaviour of all mrmcpa.o

olootrcngnotic phencaena. They are:

-+ L -
2. 1 | J
v::’:-:* . Vx!-:&#“"—r

L J L J
V'DIL'Pt » VB =0 .

10" [To o
' l SfATIONAkvl MICROWAVE. I GEOMETRICAL OPTICS I
REGION . REGION
[ — ,x‘
‘ ‘c—A-l
Linear Electrical Circuit Black Body Rediation
) N (1] o R

(1) {\>.>x.: , " (@) A<t
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Because A >> 1L we can Because of A <<l we oan
characterise the electro- introduse the concept of
magnetio properties of the rays, that is the eleotro-
sbove physical systea dy magnetio radiation travels
lumped peramsters swch as - along well-defined paths.
resisters, inductors, and
ocapacitors, ste. .
Saaptities of Intsrest
Current in oondustors, (g). Inténsity of Rediation, I,
Potential difference, (V), = Absorption and emission
aoross resistors, capacitors, © ., coefficients ay , 8y.
oto. : ": Speotral distridution of
rediation. us=u(»,T)
Average energy:
Eeg [ @+ av .
Exchles of Interest
Thermal Noise. (Nyquist) - " Bquilidrium Rediatiem.
The theary is formulated as it gl skt sl
& Fluoctuation problea. : truto& as m:'h
' : Phenomenological Thermec-
LT dynaaics.
:
Assumes there exists a rendem Assumes there exists a
Eaf which produses fluctuatioms - theraal motion of the
etthoouruntmdvolt&p:ln oharges in the body which
the ecirouit, results in the rrodustion
‘ of an incoherent radiation
field,

In both cases the macroscopic or space-time average electromegnetio
properties of the physical system are given by the dielectric
ooofﬁoiont and the magmetio permeability.
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The masure of the fluctuations
in the quantities of interest
are: ..

83)* = -3, .

(av)s = 7. .

Becauss the oircuit is linear,
we have: .

J=0F and Va=Reg,
Therefore Jj« X and V¥ .

Por electric oircuits which are
in thermal equilidrium we have -
that

f - 0 °

Hence the fluotuations of the
quantities of interest in a
linsar eleotric eircuit are
proportional to the mean values
of the square of the field RB.

(85)* « ¥ , (Av')_' .'!'.

The problem of thermal meise in
linear electric oircuits can be
traced back to the flustuations
of the electromagnetic field.

An insight into Nyquist's
approach = in partioular, the
assunption of the existence of
& random Emf in the oirouit
vhioh produces flwetuations im .
the ocurrent and voltage--can

be found by oconsidering the
prodlea of stationary currents.
A stationary ocurrent is '
impozsible in & purely .
irreotational electric field,
since in a stationary curremt
onergy is expended at o rate

S8inoe we are interested here
in the average energy

:f'!‘; (l'oi')‘dv.

end sines for thersal equilidrium
w have ¥ and ¥ equal to sere,

W oan regard the problem of
classical equilibrium rediation
a8 & fluctuation problea by
regarding the average energy

a8 a measures of the flustuaticn
of the thermal motion of the
M’.o ’
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J*3 per unit volwme, and this
energy csmnot be provided by an
irrotatiomal field. Statiomary
ocurrents are posaidle only if

there are present sourees of

‘oleotric £ield kmown as electro-

aotive forces, which produce

nonirrotational fields., Hence

one assumes the existence of

such an Eaf, It now Decomes

possible to have stationmary

ourrents and to explain in

eleotrical terms various foroces

whioh affect the charges of the

system under consideration dut

which are determined by sources

not pertaining to this systes. -

These foroes operate at the

expense of outside souroces of )
o:m = pechanical, chemical, ®
0%0e : .

All physicel systems find themselves in a redistion £1e13,
1.0. an electromagnetic field in which are present both radiation in
the optical frequency region as well as radiation in the lower '

frequencies. According to Nyquist's approach the presence of
this rediation in linear oireuits gives rise to random Baf's.

Acoording to the classical thecry of equilibrium radiatien the

presence of this radiation gives rise to the thermal motion of
oharges. W¥s can achieve a unification by replacing the randem
Exf's by the concept of thermal motion of charges im linear circuits.

Yo oan then say that the existence of a thermal radistion
£i0ld as well as the existence of thermal noise in linear slectric
cirouits is due tc the thermal motion of the oharges in the aystem.
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It is now clear that to produce s genersl theory of
olootrcngutie flustuations due to the thermal motion of the
charges in a body we must make use of Maxwell's equations dut
that we cannot use them directly. This is so decause the fisld
quantities ; and ; shiech appear in Naxwell's equations represent
average of mean nluu;‘ any fluctuations in the microsscopic
fields as well as in the microscopic charge and current densities
have deen averaged out.

By studying the method of obtaining Naxwell's equations
from the more fundamentsl micrescepic (Lorents) equations
(Maxwell's equations for vacuum) we can get en insight as to how
Maxwell's equations need to bde modified so as to include in them
terms which represent the thcrul motion of charges.
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II ELECTRODYNAIC FORMULATION

2.1 Gepersl Remarks
Naxwell's oquations govern the behaviour of large-scale

electromagnetio phencmena and for this reason they are often
referred to as the 'uox;ucepio field equations”. Mazwell's
oquations do not directly take into account the atomicity of matter -
and electricity, for at the time when he developed his equations
(1861-73) the electrical origin of matter was not known,

Maxwell's equations are:

() vxi-}ggoko!'i , () v Dakrp, ,  (2.9)

@

(o) in.-%g ., (a) VB a0

They 'm four in number and involve six quantities i ’ 3 » ;, i, [
and I, Therefore in order to determine the six quantities

uniquely we need to have two more oquaticns at our disposal. The
additicnal twe equations are the so-called 'constitutive rohtiono":

®
"
wiod
)
"
miwd

which may be regarded as defining the dielectric constant ¢ and the
magnetic permeadility u. The latter equations represent our
experimental knowledge of the physical properties of the nditgl.
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When experiment brought to light the electrical origin
of matter, 1,0, that matter consisted of charged particles, muclei
and electrons, Lorents felt that by probing down to sub-atesis
distanoces it should be possidle to formulats the equations of
olactrodynamios in teras of charges in vacuum without the intro-
duotion of ponderable dielectric and magnetic media. With this
in mind Lorents proposed and studied what are now called the
“mioroscopic field equations”:

(a) Vx:-%t-o-&-'-:—'- ’ (b) Vee=pwp ,
(o) Vx:---:-g-% , (@ vem=o0. (2.2)

These are just Maxwell's equations for vacuum.

This program which is kmown as the classical theory of
olsctrons oot;silts in trying to explain all cbservable phenocmena
in terms of the aioroscopic field equations. PFor example one
task of t& ‘-ic;-oscopio theory is to explain the dielectrio
constant and ngnotic permeability, already measured macro-

scopioally, in terms of atomic concepts.

In short Lorents regarded matter and the atoms constituting

the matter as consisting of positive and negative charges, coupled
in some way and moving in vacuum, and the oiootro-sgmtio £i01d
produced by these cfxargoso There is only one class of field vector .
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" namely that ocorresponding to the vacuum; these are dencted by e

[ ]
and h, In addition there exists only one kind of electric current,
the conveotion current which results from the motion of the charges.

We have:

- . -

¢ elesctric field internsity , h magnetic field intensity,
' »

P charge density, R v velocity of the charges.

These quantities are to satisfy the microscopioc field equations.
Par vacuum (p= 0) these squations are identical to Maxwell's
equations, Outside of matter we can at once identify the veoters
: m; with the maoroscopic field veotors ; amd E, respectively.
However special care is required in interpreting the significance
of : cnd; in matter or even inside of aton..

‘ Naxwell's equations characterise the state of .a dielectric
betwsen the plates of & charged capacitor by two mtcra; and ;
and the dielectric constant €. The desoription of the same body
by means of the field vectors : and ; is infinitely wore conpliostod.
The  and b veotars are rapidly varying funotions of space and time
while the field wveotors of Maxwell’s equations are assumed to be con= -
stant (or so slowly varying that they are accessidle to measurement)
in "physicslly infinitesimal” volume elements of the body under

oconsideration.

"Physioally infinitesimal® volume elements are those large
enough to contain many atoms or molecules but which at the same time
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mw;llndthro.poot to the sise of the bodies deing
considered. Maxwell's mecroscopic field quantities ; and ; are

to be rowd.d as the space-time mean values of the miorosoopic
£i01d vectors : and ;. dMaxwell's equations in their uppl?.oution
to matter possess only a limited validity (e.g. & and x are mecro-
parameters) however the equations of Lorents' eleotron theory -

in their Ooux;linc ¢f the fields to the ohargs and ourrent
densities «~ are striotly valid. Of course, it is necessary to
make special assusptions, depending on the nature of the matter,
about the distridution of eleotrons in atoms in order to apply

the aioroscopic equations fo the interier of matter,

In the following we give an analysis of the macroscopic
Oquttioni from the miorosoopic or atomic point of view,

Wo camnct immediately relate the macroscepis ‘qugttpni

, (2,1) to the microscopic equations (2.2) since the quantities in (2.2)

are rapidly varying funotions of space and time while ﬁu quantities
in (2.1) are slowly varying functions of space and time. Ve must
first average the miorosoopio quantities over physiocally infinitesimal

regions,

2.2 Spege-tipe Average Procedure
Consider any space-time point P(xy,Xs,Xs,Xs) and a

mighboring space-time point P'(x),x!,x!,x!,). We define the space-
time average value of any microscopio quantity P .ut the point P as
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[[rests =10 mom) oof ocp oy o

F(x xay%30%) = ° [H] R

F(p,t) = -'1‘-1 [ av' ] r(p*,t') at’
T

where we are integrating over the spsce-time region x! , X3, X3 » X,

sbout the fixed poinmt Xy,Xs,X3,Xs « We wish to show:

E.g where @ =1,2,3,kh.

Let: x} - =8
then C ax! dx! ax ax] = 35, dE, 3 4% = A0 .

Therefore we ha"n,

© F(xy ,X2,X35%s) = % ﬂ ﬂ P(xi+Ey , xatEs , X3+€3 , Xe+Es) A0,

'Mnminthoruhthmdudothoooordimtuoftbofkod'
point P appear as paramsters. Ve have finally:

PE ’(3.!"'51 ’ xﬁEa.---) = ‘% P(xy+E 5 X2*E2 » ) = a_x: ’(x: px: px;p“')

3::’(14 2X2,X3 3X4 )= % f 3%‘7 Hx!, x},x},x}) 0= é P(xq ,Xe,X3,%s)

. That is, differentiation and averaging may be interchanged. Hence

we have for any linear differential equation D(F):
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We can now take the average of beth sides of our micro-
ssopie equations and use the above relation to replace the averages
of the derivatives of the field quantities by the derivatives of
the average of the £ie1d quantities. We have

3 s -
(a) Vxh-%&o#% ;:, (v) v-f-z.rp , (2.3)

(6) Txomol

~ ) (a) V‘:-O .

- =3
Since neither p nor pv ccour in equations (2.3¢ ) and (2.34) wo
can immediately make the following identifications:

L Xl

- F o
=B and h=B . (2.4)

On substituting these relations in equations (2.3a ) and (2.3 )
we get:

-
- -=
VXBB%%Q% Pv' (205)
‘ -
VeE=irp. (2.6)

These equations are to be compared with the nacroscopic equations:

-
- - . :
vxn=tR M5 VoD uhrpy
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At this point we can proceed in two ways'’”, Since

meither of the two mys (ppun tc be well-knywn we outline both
mthods.

(1) Method &

If, in equation (2.2a) and (2,20), we introduce the eleotric
- -
and magnetis polarisation vectors P and M (the electric amd
mgnetio moments per unit volume, respectively) dy

L ] - - L J L J L J
HuB-4y N and D =BekstF (2.7)
(2.8)

e obtain - .

L J 1 a @& = L J

VxBagge+ = [JePeorxn], (2.9)
L J L J

VeRBuir(p,-VeP] . (2.10)

Vo vill be able to say that Maxwell's equations fellow from the
microscopic equations if it can be shown that, in the sense of
o dofinitioni of average valuss we have

- e @ * < - -

pv = J+PeolxMm i o 3o+ 5, (2.11)
- "
[ -P‘t-'.P.'t-P’ o (2.12)

o . -
We first caloulate the oonduotion and polarisation currents Jo amd
-
Jp, respectively and then the magnetisation ourrent '5..
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In attempting to descride the processes coowrring in a
umbobnuuiﬁptubobumuoﬂhdm atoms,
ssutral molecules, ions and free electrons. The simplest process
contributing to the transpert of elestriocity is &we to the motion
of the ions and free eleetrons. An elsotric f£ield or a charge
density gradient will give rise to.a directed motien of the charged
particles. This gives rise to the oconduction curremt -sc. The ions
and free electrons alsc contribute to the average charge density;
this contridbution corresponds to wbat is called in Naxwell's theory
the true charge density Pye

Wo now consider the polarisation current .;p. This current
arises from the contridbutions of neutral atoms and mclecules. In
Naxwell's theory the polarisation ; is defined as the dipole moment
per unit volume. It arises from the veoctor sum of the dipole
moments of the individual atoms and molecules. Let ;1 bo the aipole
soment of the 1'th molecule and let there be N molecules per unit
velume. Then the polarisation vector can de written as

N
Pm z N . (2.13)
is1

Let the charge and current distridutions in a molecule
Y
be given by p and pv , respectively. The resulting electromagnetic
field can be characterised by a scalar and a veotor potential given

by:
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o P

dega) s [ LS g,

- v ’ ot - E
A(x,7,5,¢) = m ev) € l’z ) wuw . (2.15)

Sohematic diagram for evaluating ¢ and A.

re [(x-8) s (z=n)® + (s-%)*, (2.16)

';' . | (2.17)

wé

-
rs

Take the origin to be located at the center of the moleculs and
- - -

consider the field at a point for which |R| >>> |r!| (R >>> a).
Then we can make the approximations

e > »

-
rs \A'+r"-£'olnl-‘¥l; (2.18)
%'% 1. .'%’ Bl e e, (2.19)
T

and srite

P(x,y,2)
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Hence we ocan write

¢~%//[p d;' +fy[[[p(:',t-%)(;'°;) d;'

+?‘:[[[ (ereR)part + ... (2.21)

Legh [[[r e o gy [[f o Gorr o
’1’1?[[[ (;-;') 3% (p:) &' 4 uee (2.22)

>
where dr' = &% 49 4%,
By using the following identities and carrying cut a partial
integration we ocan rewrite the right hand sides of the expressions

>
for ¢ and A

prg + &V '(p:) = -5?5- (p &) + 'a% (pvp &) + é (pw &), (2.23)

TeE+ PT &+ BV < (p7) = = (v € + 2 (pvpE®)
PYg™ * P% PY) =3¢ (P n ‘PVn

vz orE),  (2.2)
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PTG ¢ PYpE + EaP-(pv) = f (P &) + 3% (pv, &)
“& (P 'z c"). (2.25)

0.8, Consider the x-component of p:l;', that 1, fff pv‘ & dn &% .

Using the first identity we cbtain

[[[resama--[[[eoeneaa. [[[§eeren

+[[[3’—,, (Pv,,E)dﬂdE dz-o.///& (P'zg)dzdi an .

Carrying out a partial integration in the last three terms we are
left with a surface integral which oan be mede to vanish since we
can move the surface outside the molecule. We are left with the
relation

ff Pvg 4 dn 4% = -/[[:v-(p:)az an &

or in veotor notation

* o

pv dr' =-[;‘(v'p;) d;'_ (& = a an )
Finally using the equation of contimuity, 2. 7-(pv) = 0, wo cbtain

&> <> - -
pv ar' -[r'ﬁdr',

&
Proceeding in a similar fashion for the other terms in ¢ and A, wo

obtain
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2.[;-%‘,;-%,;];-! (2.2

where we have defined the eleotric and magnetic dipole moments for
& oontinuous distridbution of charge by

- - o
5 - ] prt ar' . (2.28)
- > o
P 10 f(r x pv) ar' (2.29)

The resulting expressions for the scalar potential ¢ and
the vector potential I are just those which would ocour if we were
te consider the scalar and veotor potential for sn electric dipele
of dipole moment ; and & magnetio dipole with dipole moment :.
That is, we can regard the molecule, as far as its field is con~
cerned, as consisting of an eleotric ¢_11pclo and & magnetic dipole.

If we wish to replace the continuous distribution of

- -

charge by a disorete one we need uroly' to redefine p and m as
follows:

- <
P = Z.i ri (2030)
i
- - "
and "7‘::2 Ty X ey vy (2.31)
i
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(that is, replace the integration by a susmation over all the
aiscrete charges o, in & given molscule).

Wo assume that the total mumber of nsutral molecules
por unit volums is N and let these consist of:

ny moclecules of type 1,
ng molecules of type 2,

ng molecules of type a.

We have N = n¢+ng+n3 + oo » Vo donote the electric moment of a
meleoule of typs € by Dy = § 94y Foy Where the summstion over the
index 4 implies a summation over all the disorete charges ey
constituting a given molecule of type a. We consider the change

in the dipole moment of each molecule which results from the
displacement of the first electron through a distance 8;.,tho second
electron through a distance 8;. and so forth., Let the displacement
87y of the 1'th electron bave components &1,y , %y in the x- , y-
and s-directions, respectively. The total charge (belonging to
molecules of type a) which passes through a surface element 4S whose
normal is parallel to the x-axis is

ng Zou 88qq4 a8 .
1

Y
If vgq 1s the velocity of the i'th electron we have the relation

->

<> -
Orq = ¥gy + Therefore a change in the dipole moment p results in a
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ourrent with osmponsnts

dex * ‘aZ'ci iu ’
day = NZ'.:, Beg ,
i

des = ‘aZ‘ai Eci )

in the x=-, y-, and s-directions respectively. That is, a change
in the upohlcunt'fofslolooulo of type c results in a ourrent
.3.-1:.:0.1?“-3,3. o Summing over all types of molecules we

->
find the total polarisation current Jp to be

A

o :
whare P = 0(Ps + NaBa + ovo Dabr + eco , 18 the total eleotrio dipole

(2.32)

5“'
[ ]
BT

noment per unit volume.

It immediately follows from this result that a divergence
of P must be assoodated with the average charge density p even if
there are no ions or free electrons present. This is the contribution
to the average charge density which arises from the presence of
nsutral atoms uxl molecules., A ohnnco of magnitude dP in the
polarisation P results in a charge of magnitude d34P, passing out
of a volume element dv. From the conservation of charge we oan write
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m p denotes tbuuiwtchuo, dPp, denotes the change in
Pinthourootienn,vhoroahcunitmtorporponueuluto
the surface element dS, If P = O for p = 0 we have

[ ffree

and on using Causs's divergence thecrem we obtain the following
result

-

pp 2 =JepP 0 (2033)
shere the index p implies a charge density due to the polarisation.

The total average charge density can now be written as a
sm of the true charge demsity, p;, that is the charge arising from
the presence of ions and free electrons, and the polarisation charge

density, Ppt ' 3
) -pto-pp -pth'P . (203'0-)

Ve now proceed to acoount far the third term in the
expression for the average current density

- - -+ -
pY = Jg +P + oV x N . (2035)
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Acoording to the classical theory of eleotrons a magnetic
fiouhuitacru:lninmmtofchupl. rertbuphmuoa
dthomﬁomnt.ofuutuwuhenhnmtuou that
the charges in the atom are in motion. We ocan consider these charges
as point charges ¢y moving with velooities ;1 or as s position-
dependent owrrent density ;.

We again assume that the total number of atoms per unit
volums is N and let these oonsist of

ny atoms of type 1, h
ny atoms of type 2,

ng molecules of type a.

Wo have N = ny+ng + oo ¢ 0g + oos « The magnetisation or the
-
total magnetic moment per unit volume is given by N = ng:. + n.:. + cee o

-
Consider a "stationary ourrent® J in a plane loop enclosing
an area A. Let a be the oross-seotionsl area of the loop and let
41 be an element of length of the loop. Then we have

- -

-
Jadv= jadl =J Al. From the definition of magnetic moment
' -> 1 > *
--Ezfrx.idv,

we have - - -
m =5 rxdl-% .
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The magnetio moment of an atom due to a current density J
or equivalently dus to the quasi-etationary mction of the constituent
electrons ie given by

- —
-'21—0];"3“’ (2.36)
: = ?1; oy (:'1 x :1) _ (2.37)

i

respectively. The horisontal bar indicates a time average over the
various ordbits of the circulating electrons.

In order to ses how the epace-time average of a surrent
density in an atom or molecules gives a oontridution .3. to the
average ourrent density ;;v- we will consider a very simplified model.
We assume that the ocurrent loops in an atom consist of equal plane
ring currents of area A and magnitude J. Let there be n such current
loops per unit voclums. Ve now proceed to calculate the total current
which threads a rectangle whose plane-area lies in the ys-plane
and whose sides are of lengths a and b in the y--and s-direotions,
respectively. We omly cbtain a contribution to the total resulting
current E if the current loops are ‘I.:hrudod by the sides of the

r.ot‘nsl. .

-
Current loops for evaluation of J,.
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Consider the atomioc ocurrent loop, which are threaded by

<

the side AB. We assume that the y-components of a
[ 5
vty

of all the atoms are the same. We now only need to find the mumber
of atoms which have their current loops threaded by iB. Consider s
oylinder of length a and cross-section 1 on® whose sxis lies along
15, This volume contains Na atams. The probadility that any
owrent loop in this oylinder is threaded by IB is given by the
ratio of the y-oomponent area of the ourrent loop nnd the oross-
seotional area of the oylinder, thcth,byh Iftholy-mu
vary we need only to average over the different values. In the
length AD we have & ocontribution

Jnady = naomy = coly] sib

to the ouwrrent '3; where l, is the y-component of megnetisatien,
l. Vo apply a similar analysis to the other three sides end find
that: the atoms threaded dy DC, 4D, and BC gives contridbuticns

-sol,] . ’ -bcl,] 7= » +bo l,:lm

respeotively, to the total ourrent Ecb pessing through the
reotangle ab. Adding the contridutions from the four sides we have



L —

(2= == ] ::L'"

wwe

4.»

l‘ﬂ.l ] ]

e

— ba

M
- o

-3 -

Jxab =e [‘('.v).-o -a(ny) o - "(")y-o + b(l.)’-] .

'om-tthmtiuuu;toh a contimous funetion of
position, and also that the sides of the rectangle, s and b,
respectively are mall; therefore we can -h e Taylor expansion
and cbtain the following result:

leb s o[— Y -%-h + b'O%’oc]- oabdb(V x ;):

'omﬁnd?,mﬂ?,inachﬂutuucn. In general, them

.5-- OVX; . (2038)

That is, tbo electronio om'ront loopl in neutral atoms
and moleocules d.n a contribution J. s 6V x l to the average

current density pv.

(2) Mothed
Wo again consider the problea of caloulating the average
charge density. |

The contribution of free electrons and ions to the average

charge density gives rise tc a charge density which in Maxwell's'
theory is called the trus charge density Pee

In order to caloulate the contridution of neutral atoms
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ﬂnhomahtb.w“pbudv it is oonvenient to
W&thﬁohobhuhrobnuphtoumylnpﬁ&&
*shysically infinitesimel” volume elements. We look for the
cﬂdldtomdmm‘ohrplmivdhnu'atbeq
in changes of the density of the distridution of stoms and
molecules at the boundary of two adjecent volume slements. Per
mouododnﬂaﬁonnmtbmohupwouh.tu
to be ooncentrated at some peint of the interier of the atem.
In this pleture there will be no aversge charge demsity.

We arrive at the sotual charge 4istribdution by soving
oach eharge element back to the peint it actually ocoupies. This
will nh-no difference as far as atoms situated entirely within
the boundariss of a "physically infinitesimal® vol- element are
concerned. However, if an atom is cut by the boundary of this
volume element, part of the charge will remain in this volume
olement, while the rest will contridbute to the charge oontained
in the adjecent volume element. For a uniform distribution of
.f;m this boundary effect will cancel on the average, b!.!t ir
there is an inhomogeneity in the disiridution of atems a net
offect will result. This will be the so-called free charge density.
Weo will regard the elements of charge in & volume element as being
in fixed positions and we will also disregard all variations of
oharge density with time, '
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Wo fix the position of an atom Dy some point P, say the
oenter of the atom. !h-)odticnofuvotbrpointl’ of a given
atom is l’uif:lodbyﬂnmtorr.- PP.. m charge density 1is
assumed to de cnupnoittunotionofl’aur..

We group the atoms in a given
dy, physioally infinitesimel volume
element acoerding to their
orientation in space. For reasons
of simplioity we will oonsider only
atoms of one arientation (that is,
atems whioh can be made to
coinoide by a simple translation).

et

Position of an at
and a ::-.rp .1:.::t To generalise our result for any

distribution of atoms we need

only to sum over all orientations. We can do this when we define
the polarisation ;. Iet 43 be a physiocally infinitesimal surface
element at the point P whioh separates two adjscent volume elements
in whioh the mumber of atoms N(P') is assumed to vary from peint
to point; this atomio density is assumed to be oontﬁmoun ‘on the

physically infinitesimal soals. Consider an atom situsted at a

point P' in the neighborhood of the .boundary dS, and imagine the
whole oharge of the atom to have been oconcentrated at P'; let

p(P* ,;.)dv. be an element of charge of this atem which is actually
situated at a point P,. If the v;ota' ;. orosses the surfece 48,
the oharge p(P' ,;.)dv., when brought back to its original position,
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(a) The "physically infinitesimal® volume element.

PP M f(ﬂ'ﬁ)d\g

S S

(b) Possible positions of atoms in the viocinity of 8.

(e) Disgraa for evalugtion of the oharge transported aoross 48
in the direction Tge
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will be lost to the physically infinitesimel volume element in which
the peint P' is situated. We add all similar contridutions to the
charge crossing the surfece dS; this is done for all atoms which 1lie
on either side of the surface dS. To perform the summation we first
hoptbmuomm:.fimlcndnddwmoonbﬁm“s
p(p* ,;.)dv. from all atoms, then we integrate over the voluse of
the atom. Por a given ;. there are equal contributions p(P' ,;.)dv.
from all stoms ocontained in a cylinder of base dS whose beight is
the projeoction of ;‘ on the normal (definyd by a unit veotar ;) to
as at P, If::haunitmtorintho diroot:lonof;‘andifr'
is the distance measured from the base in this direction, then the
charge transported across 48 over the directed-distance ;‘ iz given
by: .
b o +*> o

/ N(P') asar* (rg *n) *p(P',r,) dvg, . (2.39)

0
The slowly varying funotions p(P' ,;‘) and N(P') may be expanded
sbout the point P giving

P(P',5y) = p(BYP'=P,mg)  p(Pyma) + (1o F) - TP+ e
N(P') = N(P+P* = P) » N(P) + (P* - P) Vo N+ .o - .(2.ao)

& B(PE) K'Y x p(B,ra) N(E) - 2433 00 N + ..,

Ve keep only the first term of the expansion and on substituting
this term into the equation (2.39) we get:
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> > r!
o, 48 = N(P)p (P,r) (rg +n) 43 av, [ ar' , (2.41)
()
Weo cbtain the net charge whioh crosses the surface element
. .
48, in the direction n (vhen the charge distridution in the atoms
1s restored) by integrating over the volume of the atom. This
givess
- - -
o, 48 = n-[ rap (P,ry) N(P) av, , (2.42)
atom

-o. -
]
since r'r, = ry.

To oaloulate the free charge Py dv oontained in a physically
infinitesimal volume element we integrate the expression (2.42) over
the entire bdoundary of the volume element, the transpert of charge
at each point is taken in the inward direction. The space density
of free charge is thus defined by '

Pe dv--[crds . (2.43)
boundary of av

We define the eleotrio dipole of the atom at the point P

by p -
p(P) = [ re p (Pyr,) dv, , (2.44)

atom

and then rewrite the expression (2.42) in the following foram:

>

p 48 = pNen d8 . (2.45)
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The dipole mement per unit volume or the polarisation P (this is
s macrosoopie quantity) can be written as

2(P) = X(P) p(P) . (2.46)

If we want to generalise owr results to inoclude atems of different
spatial orientations we sum over all cariemtations and write the
polarisation as
PE) = ) % (B P (® . (247)
0

We can rewrite the equation in terms of the polarisation and cbtain

the result .
cde-P'ndso (2.48)

If wo insert this result in equation (2.A3) we cbtain

> <

pfdv--]P'nds ’ (2.49)
boundary eof Adv

and on making use of Gauss' thecrem, wo f£ind
- ->
ppdvs-VePdv , .0, pp==-V-P. (2.50)
We oan now write the average charge density as follows
- : ‘
P=Py*Pp=Py-V°P. (2.51)

If we substitute this result in equation (2.2b) we get
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VeR=iywp =hvp, - VelhsP,

- L J
Ve(BeAw P) = hwp, . (2.52)

Wo oan write this equation in the Maxwellian fora (see equation
- L J -
(2.11)) by introdusing the electric displacement D = B + 4w P, and

hence wo have: -
VeDmirp, . (2.53)

We now proceed to outline the evaluation of the average
owrent density. VWith the exoeption of certain characteristic
differenses the caloulation of the average curreat density is
analagous to that of the average charge density.

In order tc evaluate the average owrrent density the
oharge density is assumed to be a function of the time t, as well
as of the position P of the atom and thondiumtor;..
However, only slow yariations of charge and current douiﬂu' are
taken into sccount. Any rapid fluctuations are ssoothed out by
aversging. Since such time-averages do not change the form of the
expressions tc which they are applied, they are left cut from the
following considerations. In addition, it is customary tc neglect
the time-variations of the distridbution of atoms and tc consider
only stationary distridbutions of atoms characterised by a spatial
funetion N(P'),

As in method A the motion of ions and free electrons
Y
give rise to a conduotion current density Joo
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Neutral atems comtribute to the average owrent density
oven shea their distridutien is uniform since the integrel

] [é:} (r.t.:.) dvy (2.54)
atem :

deos not in general vanish. The contribution of meutral atoms to
the average owrent density is called the polarisation ourrent
donsity and is given by the expressioa

;,'. n(P) [ {p:} (r,t,;.) av, . (2.55)
atom

The spatial inhomogeneity of the distridution of atems
¢ives rise te the magnetisation ourufhuiﬂ,

';. v = - ] as * N(P) f {p;] (p,t,;.) (;-;.) dvg .
beundary of d&v atem

A eertain simplification in notation results if we make
use of the relationship

3(e,t0m0) = (7] (Botimy) (2.56)

With this notation we can write

ene) [ 3 ene) v, (2.57)
atom
'3. dv = - / as < ¥(P) / ';(r,t,;.) (: -;.) v, . (2.58)

boundary of dv atem
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In all of the above expressiens wo have limited the !‘qlu'_miu
of the atomie distridutien N(P') to its first term, that 1;.' %o
¥(P) and similarly we bave limited the expansion of ;(P'.t,;.) ts
its first tera ;(P.t,;.). This is econsistent with the expansiens
used in evaluating the average charge density.

The average current density can therefare be written
as the sum of three terss

- - L <
predot iyt dn, (2.59)
L 4 L 4 L
vhere J, , Jp and J, have been defined above.
Y
Weo now preceed to transfarm the expressiens fer Jp and

Y
Jy into expressions which are mere familier.

Y
¥o multiply the equatien of contimuity §£+ V< J = O by
- .
Tq and then integrate the resulting expression over the volume of
the atea. Ve obtain the relatiocn

[;.55«. - -[;. velav, . (2.60)

atom atom

(the divergence is taken with respect to the coerdinates of the
point P, while the point P is kept fixed.)

The right hand side may be simplified by performing a partial
integration, Of the two resulting terms only one remains, sinoce
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in ome we are left w'th a swface integral which can de mede to
vanish, Bquatiom (2.60) decomes

]:.ﬁ«.-[;_n. . (2.61)
ten

atom o

From the definitiom of the elestric dipole moment

- -
p-fr.pl'. ’
atem

we obtain, by differentiating with respest to t, the relatiem
. -
a_ = / Tq g dv,
ltﬂ.

Ve have therefore
-
-
2, / jav, (2.62)

Ve can write the expression for the polarisation cwreat
density as follows:

.;P = N(P) f ;(Poto;l) dvg ,
atem
= N(P) ?t = ;{ '(P); ’

= 5; ’ (2065)

w4é
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where we have defined P = Np.

Vo can simplify the expressiom for the magnetisatiom
omntmvlbynklum of the relatien

> % < > & <

j(n *d)ry dv, ¢ [ (ner,) iv. =0 (2.6)
atom atoa

which fellows from the equations (2.23) - (2.25). The equatiem
(2.64) oan be written in the ferm

-[@er)iav, -4 J LR R AT P
aten &tom
= 0; x[ h%‘d"
atem
= o; x: .' (2.65)
where: .
- ) [ - -
m=ge | (rgx ) dv, (2.66)

atom

-
We oan now write the expression for Ju &8 follows:
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;.cv--]u-n(p)-[;(:-:.) dvy
boundary of dv atom
-[IS I(P)o;x:
boundary of av

-+of;x;ds (oiuo;-;)
boundary

s4+0V x ;lv . (2067)

- -
Therefore wo have jy = + 0V x N as desired.

24 Rytev's Nodifisetion of the Elesirmamwtls Brmtises

By oonsidering the derivation of Maxwell's equations froa
the ‘misroscopio equations’ we have attained a more favourable”
vantage-peint from which we can follow Rytov's modification of
oleotromagnetio equations. The 'modified equations' provide us
with & general theory of electromagnetio fluctuation pbno-om.

In evaluating the average charge and current densities
we have assumed:

(a) the charge elements to be in fixed positions,

(b) the distribution density of atoms to be s funmotion
of position only, and

(e) the owrent density to be a slowly smoothly varying
funoction of the time; any rapid variations in the
ourrent donuty. having been smoothed out.
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Vith the aid of these assumptions we have cbtained the following
expressions for the average charge and ourrent densities:

F.-"P (2068)
-+ -
p?-P+onl. (2.69)

(In the above expressions we have cmitted the contributions arising
from the ions and free elsctrons.)

To obtain equation (1.3) of Rytov's -oaocuph"n use the
following relationships:

- - - =3 - - > < - - - < -
B=3 , Beh , BuuyHuHe+ihsN , DmcE=l+AsP

(2.70)
to obtain the expressions
- -
Pa “;1 r (2.71)
Y -
M -%%l B . (2.72)

If, in addition, we assume that the electrio field intensity has a
time-dependence of the form o“t, we can rewrite equations (2.68)
and (2,69) in the form:

- v-[ £ 3] ; (2.73)
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Hete: Our notatiem, whioh is the customary cne, differs from Rytov's
in that we use amall letters to denote microseopio
quantities while he uses oapital letters. We dencte the
macroscopic quantities by capital letters while Rytov
uses ocapital letters with a bar written over them. Since
we have. used the letter N to denote the magnetic polari-
sation we will use the letter L in place of Rytov's N,
rcrtbtinbningnunuuourmnotation.

Coutrary to our assumptions, in any body in thermal
oquilibrium at a temperature T both the position and the moticn
of the oharge constituents as well as the density distribution
of the atoms are undergoing random osoillations due to thermal
tgitation: Without going into any detailed quantitative deri-
vation Rytov assumes that these random osoillations of the charges
and ourrents can be scoounted for (or described by) the additiom
of two terms in the expressions for the average oharge and ocurrent
densities. In partiocular, Rytov takes the miocrocharge and the
microcurrent densities to be:

p--"[wzd-u;]. (2‘75)
(R,1.7)**
® We have been interested only in mean linear values and hence the

abeve results do not take into scocunt any fluoctuations.
** By (R,1.7) we mean eqn.(1.7) of Rytov's monograph.
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(»,1.6)

- >
That 1s, in addition to the fislds ¢ and h Rytov introduces a
L J L J
raniom electrio field k and a raniom magnetic field 1; all four
fields act on the microcharges and the microourreats.

L J L J
We can think of the fields k and 1 as producing the
random or osoillating motion which is superimposed on the average
motion of the oharges and ourrents.

Another equivalent interpretation is also possible. If
we oonsider the expressions for the average charge and ourrent
density and make use of the relations

wiez3 .3 (2.70)
B (2.79)

we will obtain the fellowing expressions for the average charge and

- »
FS-V'P-V "%lk' (2.80)

-— 3 ¥ - -
p'v.-Pa-%mk-bonli’on[i%ll]. (2.81)

ourrent densities:

By analogy with equations (2.78) and (2.79) we define the relations:



~

pp o {eztlis (2.82)
X, -, (2.83)
B == Ve(Pen,) (2.8)

<+ < > >
p'; = (Pe+ Pf) + 0oV x (Me .f) . (2.85)

- -
Now P and N represent the electric and -unntio d.ipolo moments per unit

volume, respeotively. We can therefore regard Pr and lr as opontmcul

local electric and magnetic dipole moments por unit volume. Pr and lf
mdmtothortndathum-otionofthoohrgoudmtl.

The modified microscopic equations now take the form

-

If we let h'

h 3 . =17
vx;-ikcouk(c-mqu - 1,

Y
Vxe=-4kh .

(2.86)
(r,1.8)

Vees = - V°(¢-:); R

Veh=0,

->
- * @ -
-h--('-;—1)-(h+1) sf-l“‘é‘l , then the first two

equations can be written in the symmetrical form:
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Vxe=-ikph' - ik(n-1)1, (2.87)
- -

Vxh' =iked + ix(s-1) k . (»,1.9)

If we perform a space-time average over a “physically infinitesimal"
volume the ahove equations take the form:
\

» - <> * &>
VxEB=-tkuH' - ikhwully = -iku(H* + Av),), (2.88)

- > > - -
VxH = d4keB + ikhv P, = 1k(B + kv Pp) ,

where we have made use of eqns. (2.82) and (2.83) and have defined
i' = ﬁ'o

When the equations are written in this form it is natural
to regard the terms on the right hand side of the equations which
-+ -
involve 't ’ 1"f as distributed sources whioch give rise to the fields

- -
B and H'. The fluctuations of B and H' and the fluctustions of all

. g - -+
quantities depending on B and H' are evaluated in terms of Pf and

-

lt‘
Equation (2.87), when written in Rytov's notation,
beoome: - - B '
VxB =ikl =dk(p=-1)M , (2.89)
- - ->
VxH = 1keB + ik(e-1)X . (R,1.9)
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If the magnetic losses are sero, equation (2.89) reduces

= *

VxR=AkpH , (2.90)
- - ) -

VxHa=ikeB ¢+ ik(e-1)X, (»,1.10)

-
(By B wo understand here, xd inwhat is to follow, the vector H', i.e.
-

< s (9P <>

-0 -a-‘lﬁ-’)-(aol) -5-‘-}11 -

The problem of finding the elsctromagnetic flustuations
in any medium has been reduced to solving & boundary value prodles.
¥e look for solutions of equations (2.89) or if there are mo
magnetic 10sses in the medium, for solutions of (2.90), subject
to the boundary comditions that the tangential components of ;
and ; are continuous at the boundary of the sedium, i.e.

3 x (;| -;g) =0 ,
(2.91)

2 x (Hy-Ha) =0,

>

where: By ,H; are the fields onone side of the boundary
(region 1) and

>
Bs ,Hy the fields in the other region (2).
-

2 is & unit veoter normal tc the boundary
and pointing from region 1 to region 2.
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We are to regard the quantities K and X as known functiems of
position.

Consider the sclutions ef equations (2.90). We
.u-um;a-au first equation by taking the ewrl of the
first equation and then making use of the second equation. Ia
this way wo get the veotor wave equatiom

IxV x;-k‘pc;-k'p(c-‘l); g

L

gred div 3 - v'; - k‘pc; = x‘.(c-1); d (2.92)

(We have assumed ¢ and x to be independent of position, that is we
ere ecnsidering a homogensous, isotrepic medium.) Because the
oequation is linear we can write the sclution in the following form:

JORYICACEDE YO (2.93)
v
We proceed in a similar fashion to find
n,(r)' j F00) @) ae, (2.9%)

(where the G's are kmown funotions; a repeated index implies that
a summation 1s to be ocarried out).

In general we are interested in the mesn values of
-> -
quantities which are dilinear in the components of B and H, One of



the most impertant bilinear expressions is the space-time average
of the Poynting veotor, i.0.:

f,.%[fﬁ"'*m] . (2.95)

mmsnuummmummweﬁomm
vector and the dar over the terms indicates that a space-average

is to be performsd. This expression is derived in the next section.
Benoe any compoment of (2.95) will involve terms of the form

A emdarn@npinaa.  @%

In order to evaluate this expression we will need to

know the quantity Kg(7') Kg(F'') , that is, the space average of
the products of the components of X at various points. The quantity

K, (') :p(i*") 1s called the space oarrelation funotion and will
be dencted by
l',,,(?'.f") =K (3') !p(?") , (,821,2,3), (2.97)

¥e now proceed to derdve equation (2.95) and also to
outline Rytov's arguments concerning the expliocit fumetional
dependence of r‘p(?' ),
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ITT  STATISTICAL PORMILATION

The solution of the electrodynamis equations derived
in the previous section will lead to expressions for the
instantansous and localised electro~- magnetic fields in the
aodium. However, as pointed out earlier, the intensity amd
donsity ef rediation in this phencmenclogical theery are defined
in terms of average intensity fluctuations of these niu'ou'o;io
fields. 7The statistical formulation of this problem can thus be
resolved into two main subjects: the time-average and the space-
average of the intensity fluoctuations.

3-1. Zime-iversge Valye of the Paypting Veoter
The instantaneous value of the eleetric and magnmetic
£101ds E(t) and H(t) may be expressed as Fourier series expansions
(oonsidering positive frequencies)
- 3,60,
n=0

- s . t
B(t) = Z nn .“n )
n=0

(3.1)

with ln-z-;-!o

T i3 & time interval greater than any correlation time in the
uniformly random processes under study.
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The time-average of the veotor product ;(t) x ;(t) leads

————————— * 24 -
B(e) x B(e) = ¢ 7 B(t) x H(t) at ,
-1/2 |

and fres Bqn.(3.1)

— - > & . - - -

B(t) x H(t) -in.xgt_-Z(lnxn;+x:xn,)
n,R nN=e

= [B(t) x Ho(t) + B(t) x B(¢)] , (3.2) -

to facilitate the solution of the basic electro-magnetio equations
(2.89) it is desirable to express the instantansous fields B(t) amd
H(t) by Pourier integrals. This can be dome if

1im (?-2!;) -30) , (3.3)
and ml:(%) - H(v) .
i.e. ln~Hn~%for1arson .

Then we have
5 re )

2(t) = ] 2(w) o oy |

H(t) = [ Rw) ot @ . (3.4)
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However, dus to the oonditiom (3.3), the limit of the time-average
“
produet B(t) x 2(t) a8 T+ w 1s sero. 1.0,

10 §(4) « K8) = 20§ [ (B0) x Bo(0) ¢ Fo0) x W) = 0
Pon Ton e

Rytov gets around this difficulty by defining a reduced
spectral distridution G(vw) such that

%:i-(lnxl;+l;xln)rc(v), (3.5)

where G(w) is finite.
It follows that:

%’um-[«-)u.

The integral expansion given by (3.4) is then applied,
for T large but finite, by assuming that

2(v) x H*(v) = B(s) x H*(s) ,

and lnxﬂ;-;nx;; (3.6)

where the sign ~ represents the valuwes of B and H as T becomes
large but finite.

The time-average Poynting vector can thus be written,
acoording to 3qn.(3.2), as



I
0

T TOTRT e &30 x w00 ¢ 200 x m0) |, (31

where the formal integral expansion (3.4) is used as a useful
notation for the series (3.1) and the spectral intensities are

dafined “om to m.(’.’) and (306)0

>-2. BSpece-gvernge of the Inbecaity of the Fiuctoetions

The solution of the basic differential equations (2.89),
satisfying the boundary conditions (2.91) leads to & representation
of the B and H fields in terms of & volume integral imvolving the
various components of the lateral field K. The emergy of rediation
1s dependent not only on the time-average but also on the space-
average of the product of the components of B and H fields (Poynting
veotor) and therefore will involve space-average of the product of
the various components of the lateral field K at various points in
the gystem. In terms of statistical theories this average of the
produst of the random field X at various peints in the medium,
1s defined by the space correlation funotion Peg(F',3'').

——

Pp(r',r!) = K3(r') Kg' ('), (3.8)
vhere a,f = 1,2,3 (the three orthogonal components of ;).

This function contains the "space correlatioca coefficient” plus
the magnitude of the thermal fluctuations at point r', r'’,
Considering an homogeneous and isotropic medium, the oorrelation
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funotiens Feg(r',r'!) form a tensor and their values depend solely
mTs R, The general expression for the tensor dependence
o r ely 1s |

Pep(r) = 2(rdogg + o) TR , (3.9)

Mot.phtbmtmmx.phthmmuufrdeu
the three orthogomal axes (¢, f = 1,2,3). Bqn.(3.9) can also be
written in the following way

Tople) = #day o+ T (3.10)

where
() sg(r) + 23R ) AR 218D .

In applying this cerrelation funotion to the problem
of thermal rediation Rytov makes the two following assumptions:

¢(r) =C3(r) =C8(x) 8(xs) 8(xs), (3.41)
#(r) =0,

sc that r"(r) = ca.’ 8(;) . (3.12)

where: C is a constant and 8(r) is the Dirac delta function.

This expression for the correlation funotion Fea(r) is
then justified in the following way.
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hcbmnﬁ-ﬂnwaﬁt!‘wcdy
on [r'=r'?| 1s not valil for points lying within the cerrelatien
redius from the surface, The present theory assumes that the
mieroseepic inhomogeneities (atoms, molecules) of the medium are
m-llhomﬂﬁtbmqh ishosogeneities.
sm;m1m-mmm-wnw,h,¢uummmm
to the thermal motion of the misro-charges (scurces of thermsl
radiation) it is reasonadble to assume thet the oorrelation redius
15 of the order of magnitude of the micresharges. It is even
permissidle to simit & sero correlation redius (¢(r) = C3(¥)] vecause
the mvelengths of the emitted rediation and the dimensions of
the bodiss are very large ccmpared with the correlatiom redius,
Under this oondition, the dependence on [r'-»''| of Tep is vl 4
up to the swrface of the bounded mediwm.

The choloe of the funstions ¢(r) and ¢(r) given in
Bqn.(3.11) does not involve singularities when solving the preblem
of radiation into a transparent medium., In faoct it leads to the
expeoted results in the limiting oases for which solutions have
been ocbtained from other thecries (Clausius, Nyquist). However,
when studying a body radiating inte an absorbing medium the use of
the conditions (3.11) leads to a divergence of the expressions for
the intensity (I,) and the eleotrioal (Uy,) and magnetio (U,,)
densities of energy at regions nsar the boundaries., It is foumd
that the expressions for I, and U, are independent of #(r) and
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therefare the choioe #(r) = O may be justified for these quantities.
Howsver, the expression for Uy, depenis en #(r). To make Uy,
comvergent it is necessary to assume #(r) -%, bt this stild
leaves Iy axd U, divergent.

This difficulty may be removed if the oorrelation redius
is assumed different {rom sero, that is by writing
-r?/at

¢(r) =C i—;; ' (3.13)
&

where a is the effective correlation radius.

It utbnfound‘thtth oondition ¢(r) = O may e applied anmd
that all three quantities Iy ,Ugy and U, become convergent. In
this way the ohoice of #(r) = 0 is justified for both transparent
and absording media. The sero-correlation radius may bde applied
for transparent medium and a finite correlation radius of the fora
(3.13) is necessary for radiation in an absorbing medium.

Sinoe lytov'a( 1) argumsents ooncerning the correlation
funotion Fes(F',¥'') are somevhat heuristio in nature we shall out-
line Landau and Lifschits’ trestment Wich 1s mare general and more
mathematically satisfying. They base their treatment om a method
developed by Callen and 'olton( y ). The fluotuations of physieal
quantities belonging to a physical system acted upon by an
external disturbance are 'rohtod to the dissipative properties of
the systea.
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Comsider o aystem in thermodynemic equilidrium amd let
z(t) vo any time dependent physical quantity descridiag the state
of the aystem, and assume that x is undergoing flwstuations sbout
u_.--vnui(rc simplicity et X = 0),

For a stationary state the correlation fumotion x(t)x(¢')
may be written in the fera

T(EI(TT) = ¢(t*=t) . (3.14)

The bar inlicates an averaging over the prebabilities of ell

values which the quantity x(t) can take at the given times ¢ and
t'; such statistical averaging is equivalent to a time average
over the values of the time t for a given value of the time interval
t'=t. It is comvenient to work with the Fourier transfarm of

¢t =t). If we let

. J
x(t) = [ 3y oW g (3.15)
where
+
X, = -12;] x.‘“t at , (5016)

we obtain the relation

*0 +0

o(t = ¢) -[ f W.i(otw't') ande' .
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Por the right-hand side to bde s funstion of (t'-t) = r ealy,
Xy Xyt st bo of the form

To Xt = (), Susw') . (3.17)

where S(ve ') is the Dires Delta funstien.
If wo substitute equation (3.17) inte the expressiom for ¢(t'- t)

we obtain the result

Htr-t) = o(r) = [ ), " ™. (3.18)

¢#(0) is Just the mean square of the fluctuating quantity Steelf,

for wo have

Eul [ (=*), ", (3.19)

The "speotral density” of the msan square fluotuations is just the
quantity (x*),. PFrom equatica (3.18) we £ind

), =3 [ #0) M ar (3.20)

that 1s, (x*), is alsc the Pourier transform of the correlation
funotion.

If we have several fluctuating quantities x¢, x5 «.. .
desoribing the state of the system, which simultanecusly fluctuate
about their equilidrium values we define the correlation funotions

$1x by
#x(t-t') = RTE) x4 (') , (3.21)

(’nk = 1, oo S)
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apd 4f wo ot r = t' = ¢ this Decomes
$ax(7) = xg(t+7) m(t) . (3.22)

The correlation funotions satisfy the relatiomns
$5(7) = (7)) , (3.23)

In place of equation (3.20) we now have
(xy %), * & f #yy o 0, (3.2)

If we wish owr results to be valid for quantum-sechanical
quantities we must replace the classical quantity x by its quantum
mechandoal operstor £(t). In this case we must symmetrise the
correlation function and write

$e-t) e [V R(e) s HED KB ) . (3.25)

This 1s necessary since, in general, the operators £(t) amd x(t')
do not commute for different instants of time. 'm bar indiocates
an averaging by means of the CGibd's distribution function. The
relation oarresponding to that given by equation (3.17) is

1@ 2 ¢2,8) =), 0eee), (3.2
/
To caloulste the mean square value of the fluoctuating

quantity X we oonsider s system which is in some definite stationary
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state, say the n'th state. The aversge +(H 1 + 5v T,) coourring
in the equatica AL T T ¢ 5,1 §,) = (x*), $(vee') 1s caloulated
as the cerresponding diagonal matrix element

B8 e 80 &) o} ) [ (Redn ¢ Cur)n )] 1 3020
2

where the summation extends over the entire spectrum of energy
levels, Decsuse the operator Z(t) is time dependent we must
use the time-dependent wave functioms to caloulate its matrix
elements. Hence

* %
(*.)-'%[ *-‘u- oM ot = g B(upe ¢ 0) (3.28)

where x,, is the time-independent matrix element of the opsrator
§, expressed as a funotion of the coordinstes of the perticles of
the aysten, and uy = B2Em | Ustng the fact that x 1s & real
quantity and therefore the matrix elements satisfy the relation
Xom = X3, Wo find that

_ %(ﬁ. Zge ¢ Zor Xy) '%Zl&-" [$(upg+v) S(wse') (3.29)
]

o Su v o) Suea)],
On comparing this equation with equation (3.26) we obtain the result

)y =3 ) Il (2mes) + Sogmen) 1. (330
n



I N

E—"ﬂ

-

o

-61-

Comnsider a periedio perturbation V with frequensy o
eoting on the aystem. Let the perturbation opsratar shich repre-
seats the action of an external influence on the systeam have the

fern
9 = -fXs 'i(fO .M + f: .’M)i » (3.31)

£ 1s the quantum mechaniscal operater corresponding to the physical
quantity x and £ is a perturbing “"force" given as a fumotion of

the time., Under the influence of this perturbation the v;t.

will make transitions away from the state n. From quantum mechanics,
we have that the probadbility of a transition from a state n ¢to

a state = per unit time due to the absorption (or emission) of a
quantum of energy Bw,, is

| -’*'-I: lx g I [B(au ) + 8(we l_)) . (3.32)

The mean energy absorbed by the system per unit time is
equal to

Ly Z"- bony - (3.33)
|
«Bitel® Z"ul. {8(u+ou) * 8(040‘)} ¥sn )

l‘k‘lfol. ZI:_I'{_O(&M ) - 8(004-'-,)] . (334)
»
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Under the influence of the "force" £ the system umdergoes
a ochange of state with an accompanying abscrption of emergy. The
absorbed energy is dissipated into heat within the body. Under the
“udsmun;--k(t)mqmm& average

" ¥ does not vanish and oan be represented in the form &f. & is e

linear integral operator whose effect on a fumetion £(t) is givea
2y an equation of the form

_t) = [ K(v) £(t-7) &r , (3.35)

where K is a function of time which depends on the properties of
the medium. The time-depenlent perturbation can be expressed by
msans et.s Fourier transformation, as a set of momochromatio
oomponents, whose time dependence is ef the form o'“t. If wo write
2(t-1) = £o ¢ (") 1y tatn the relaticn

x=a(V)?r, (3.36)

where the function ¢(Q is given by S

-
a(v) = [ X(r) o7 ar . (3.37)
]
If we know a(v) as a function of ¥ we will also kmow the behaviour
of the system under the perturbation V. a(v) is called the general
susoeptidbility and plays an impertant role in the theory since it
can be used to express the fluetuations in the physical quantity x.
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In generel, «(w) 1s a complex function end has the rroperty
a(-0) = a*(o) . (3.38)

The real and imaginary parts of «(v) are denoted Wy «' end a'* and
Yecause of equation (3.38) they satisfy the follewing equatiens:

a'(-w) = ' (w) ’ at'(-w) = =a''(v), (3.39)

mw.-rgoftbmmemhwltmu
3 = A(p,q,t). Using the nﬂtgna end the faot that the
M“Mht&hﬂmﬁuumhmmmm

we have

a.g.-&(-;t(t))-&* . (3.40)

To £ind the average energy dissipation per second Q, we write £
4in the fora
£2d(re o7 4l T (3b1)

[\
and use the equation X = &(w) £ to obtain the result

x -% a(w) Lo oIt a(-») 23 QM] . (3.42)

)
With the aid of eq.(3.41) and (3e42), we can write
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a R -*(-c(o) £5 "2 | c(0)g0]® -

= a(=w)|fe]® + a(-w) £3° ‘+21~t) ey -

Avereging over ens periocd of the external disturbence the terms
containing ¢ 2 yonteh and we are 1eft with the result

Q .g' .* (C‘-C)'f.l' 8%."?foi' ° (3.43)

That is, the imaginary part of the general susceptibility funotionm
«(vw) deternines the energy lost to the system by sbsorption. Since
there is always scme energy abscarption in any real process, we
have that Q > 0, and we cbtain the result that &'' is always
greater than sero and positive for positive frequencies. By
oomparing the two expressions for Q 1.e. Bgn(3.3%) and Bqn.(3.43)
we odbtain the result

i e

a'*(o) -{le,.l;[l(vﬂ.) - bweu)) s (3
|

The two &untitiu (x*), and a'*(w) are related to each
other. To find this relation we use the result that the mean value
of any physical quantity related to a given systeam can be
oaloulated with the aid of the Gibb's distridution function from

the formula
g= Z ': 8 * Q’M wa O.W . (3e45)
n
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— f._g_..rhd'.w’

B, are the energy levels of the systems,
P 1s the free energy of the systea.

In this way we find the mef(x‘).toto
@ =3 ) ) oI [yt (s0s ) ¢ Borum)]; (346
a "
interchanging n and » in the second term we got
! ZZ."“'V“’ (40 ATy e ) (347)
a N

and using the property of the delta funotion we obtain the result

.% (1+0 ""M) ZZ-""")N |zpm|® 8(w+ wpg). (3.48)
n s

In a similar way we f£ind the average of o"(w) to de
e (w) -i (1 - .""M)ZZ.U-'::)M |l’-|. 8(000_)' (3.49)
D 8

By comparing these two expressions we obtain the important result

(=*), -ﬁ‘z;—. ooth'% - M':[% + m—:] (3.50)
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#d ewene. (3.51)

If we regard the spontanecus fluotuations in the physieal
quantity x as dus to the sotion of fioctitious "rendom forees” f,
we can obtain an expression for the spectral density of the mean
square of the random forces. In order to sccomplish this we
treat x as a olassiocal quantity and the eqn.(3.36), when written
in terms of Fourier components, becomes:

x, = a(v) £, . (3.52)

Bqn.(3.52) allows us to write the mean square fluctuations of x,

in the fora
Xy Xy = a(w) a(e*) T IT = (z*), 8(wee') = Ial‘(f‘). S(went) .

(3.53)
Finally using equation (3.50) we have the result

(f'). = éﬁi’ coth % . (3-5&)

' If we are interested in several simultaneously fluotuating
quantities x4 , X3, X3 ... the previous results can be immediately

goneralised.

Let xg and x}, be any two of the set of Xy, Xz, eee Xpne
The quantum-mechanical average of the symmetrised operator product
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4s defined dy the equation
1 (g s + Figr 5aa) = (0 3y), Bwewt),

By proceeding as in the derivation of eqn.(3.30) we get that

(3.55)

(o 3) =3 ) [ () (R 300 ) + (), (2] Mo s i) |-
|

(3.56)

The external perturbation operator is assumed to have the form:

i--z r.;.--%Z[r“."""wr:..“*)ﬁ..
Y N

The energy absorbed by the body is given by

e=ko ZZZ Lon Tl (xa)y, (%) 30+ ug) -

a b m

- (%a) g (B)y, 3(weuy)].

Bquation (3.42) is generalised to

(3.57)

(3.58)

(3.59)

(3.60)
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The rate of ochange of energy is given by
?{"Z .fc;a
a
and the energy dissipated is given by
Q= %ZZ(':D - &) Tou f:b,
ad
Comparing equation (3.62) and (3.58) we find
)
Do) 1 (0 () o) -
2

- (xa)gy (m)g 8o+ o) 1,

The gensralisation of equation (3.50) is

(xa m), -'& (0ps = %) cotn B

If we write

‘u'Z‘a’bu ’ fu'Z';{,m-
D b

and then substitute eqn.(3.64) into the following equation

(Fa i), = ) ) (s i) (5o 20), .
o d

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
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we cbtain the following gemeralised expression of eqn.(3.54):

(2, ), = e (e - 530" ) ooth 5?; . (3.67)

These results can be applied to the prodlem of electro-
magnetic fluotuations. We cutline the method used by lLandau and
wdu.ta(‘).

34 Applisation to Elsotrogagpetic Flustuations
The eleotric and magnetio induction fields are assumed

to be of the foarm:
Ditau'k*‘i * (3068)

By =gy By ¢ 1y o

where the additional terms K; and L; represent the spontansous
looal eleotric and magnetic moments per unit volume whioch arise as
s result of the fluotuations in the maiﬁon and motion of the
ocharges in a body. MNaxwell's equations as well as the adbove
expressions for ; and ; are expressed in terms of their Fourier
oomponents. They take the following form:

D, = ¢5(¥) B, + Xy, , (3.69)
By, = Hyu(®) By + by o

O xRe)y = 2 [ugy By + Ly 1, (3.70)
Wxi.),--?[c,krk.n,.]. (3.71)
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In order to establish relations detween the electromagnetio

quantities appearing here and the quantities Xa 0 fq it 1s assumed
that K and L are not spontanecusly arising moments dbut the result
of an external action which places certain extranecus eleotric
charges and currents in the body. Using the equation of conser-
vation of energy, as it follows from Maxwell's equations, the
resulting change in the energy of the body is caloulated, i.e.

/.&[;.gé.;.é]u.-tf;,;.a;. (3,72
Substituting eqn.(3.68) into this relation gives
[-,:;[tiﬁ-(fntk)di;’;(&kﬂk)u
RIS FX1EY
The change in energy due to the “external action" smounts to
-%[[;-%:.E-g% v, (3.73)

In order to reduce the continuous series of fluctuating quantities
appearing here (the values of the fields at every point in the
body) to a discrete series of quantities the volume of the body
is divided into small but finite volume elements AV and the mean
values of the fields in each volume element are regarded as a
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disorete set of fluotuating quantitiess This is equivalent to
replacing the integral ocourring in equation (3.73) by the sum:

> -
Y
-]‘;Z[iogonog{tlav‘ . (3.7)
where the summation runs over all volume elements AVj.
The following correspondence is then made:

x.-o;g ’ ;g (3.75)

f,.» K s b

The expressions (3.65)
fow = ZC;;(U) The
b

which give the relation between x, and f, correspond to Maxwell's
equations (3.70), (3.71). These lead to the following relations:

xh"‘n‘kn"%'(v"nd)i' (3.76)

Loy = - gy By - B (Tx R,

To find the ooefficients “;;; we compare equations (3.76) with
equations (3.65) and use equation (3.75). The suffixes a amd b

-

enumerate both the components of E, H and the volume elements AV,
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The ourl operators in the equations (3.76) are to be considered as
difference operatars.

Bquations (3.76) are valid for a given volume element.
The cosfficients « ) which relate the values of K to those of H
as woll as the ocoeffioients relating the values of ; to those of
; satisfy the relation a) = (-;;)0. Therefare from the equation

(fa fp), = g () - 5t*)oon B,

we have

(Ki(” Lk(z)). =0 , (3.77)

where the suffixes (1) and (2) signify that the quantities are to
be evaluated in the volume elements whioh have their centres at
T and ¥, , respectively. This result is valid both for ¥y = Ty
and for ¥ £ T2

From the first equation (3.77) it is olear that the

-

ooofiioionta “;l'a whioh relate lh and B are - &5y %% ir K,
and B, refer to the same volume element and sero otherwise.

Therefore by equation (3.67)
(fa 1), =5 (o} - 51") °°ﬂ’2% .

we have

(K1(1) Kk(z)). =0,ir ¥ £,
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(xy K),, = 46(e, = ¢,)) z" oethg .

If wo now pass to the limit AV + 0, we can compress
these relations into one equation. '

(‘1(1) ‘x(z)). = 1“(‘;1 - egy) 3(F4 - Ta) Oothg s (3.78)

shere Ty and ¥p refer to any two points in the body.

If the body is not in an external magnetic field we have
€y = &, ond equation (3.78) can be written as follows:

(‘1(1) &(2)). = 2453;; 8(;3 -;l) oothg . (5079)
In & similar fashion we ocan derive the relation:

(1.1(1) I‘k(z)). = 2&;& 8(?.-;.) ooth% . (3.80)

The presence of the delta function indicates that the fluotuations
are correlated only in the limit when the two points ooincide
(Fa+Ty). This is to be taken in the macroscopio sense and means
that the oxrelation extends only over regions whioh have been
oalled “"physically infinitesimal® volume elements.

For frequencies in the quasi-statio region the tensor
84y can be expressed in terms of & oonstant (frequency-independent)

oonductivity tensor Oy i.0, by
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Cex * &.u._-n ’ (3.81)

<
Define a ourreat density 3-&3. When expressed in terms of
its Jourier componsnts this relation becomes

b - -ish . | (3.82)

Then we can write equation (3.71) in the form
(v x ;.)1 -% Oy By, ¢+ J“] . (3.83)

For quasi-static frequencies and for not too low temperatures we
Bave k? > 2w and * ooth B u ZL . ¥ can then write the
relation

) (x1(1) Kk(z)). = 24 C;; 86“?‘.) oothﬁ (3085-)

in the following form:

(31(1) Jk(z)). =X, 8- . (3.85)

3.5 Other Examples of Fluotustion Phenomens
We now consider a nusber of examples of fluctuation

phenomena whose theoretical analyses can be formulated in a way
which is basically similar to that involved in Rytov's general
theory of electromagnetic fluctuations. In each case the
theoretical analysis will be simple and involve no complicated
caloulations; however the problems will mol;o a differential
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oquation, & fluctuating term and a correlation fumotion. The
disoussion of these prodlems provides an introduction to the ele-
ssatary treatment of fluctuation phenomena and should dbe of
assistance in following the relatively more complex treatment of
electremagmetic fluctuations as developed by Rytov.

Browglap Notion
As our first example of fluotuation thecry we consider

the perpetual irregular motion of small particles (dust particles,
oolleidal partioles of redii 10°% to 10°* om) suspended in a
liquid,

The motions of these particles is due to the thermal
agitation of the swrounding medium. The thermal agitation of the
surrounding medium results in an unequal bosbardment of the
suspended particles on various sides by the molecule of the medium.
Since there may be as many as 10"_ collisions per second we
oamnot really speak of separate oollisions.

We begin with Langevin's equation of motion for the
suspended partioles and consider only one-dimensional motion for
simplicity. Langevin's equation is

Weodort) @ Vaopren, (3.96)

where: =m =mass of a suspended pole

V = x - velocity of the oenter of mass of the pole
g = A(t).!(;t-l .
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This equation assumes that one can separate the influence of the
surrounding medium on the motion of the particle into two parts:

(1) A fluctuating pert A(t) in which the discontimuity
of events taking place is essential, anmd

(2) A systematic pert = BV in which the discontimuity of
events is ignored. Because the suspended particles
are much larger than the moleculss, the surrounding
medium is regarded as ocontinuous and s friotiomal
force proportionmal to the velcoity of the suspended
particle is assumed to de valid. This is in acocard
with Stoke's law.

The funotion A(t) 4s similar in nature to the funotions K and N
appearing in Rytov's theory, however it is only a function of the
time ¢t while K and N are functions of position and time.

A formal solution of the qﬁpchutio differential equation
(3.86) can immediately be written down. It is
t
V(t) = Vo 6Pt 4 4Pt ] AE) of ax . (3.67)

The quantity of interest is the mean square displacement X,

Squaring equation (3.87) we get

tt t
v (t) =V} -'2”'«-'2"‘[ [ AeaE) PEE) agap s oy, -""”j AR ag .
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We aversge over an ensesble of particles shich we indicats by a
horiscntal bar and then using the fact that X(J = 0 (this 4s an

\

assumption) we ocbtain the result: \
t ¢
VT = WPt , Pt [ / T T LE@L) o g0 . (3.08) \

Vo assume that A(t) A(t') depends only on the time interval
and write ¢(t'=t) = A(t) A(t'). That is, the correlation between
the valuss of A(t) at different times t and t' depends omly on
the interval of time elapsed. We assume further that ¢(t' -t) has
a sharp maxisum at t' = ¢, $.0., it is large only for small time
intervals. If we oonsider the acoompanying diagram them ¢(t'=t)
is only large along a narrow region along the diagonal and is
essentially sero everywhere else. To effect an integration we
introduce the new variadbles £ % és0

&

' -C=s , F'+&=nu, (3.89)

with a;w.ﬁli-ﬁl.

We extend the region of integration over s from .e to .e since
¢(s) is a rapidly decreasing function of s.

2t *n
e -4 [ ofu ] ¢(s) s + T o~ 2Pt (3.90)

= 2 ].’ as {1 -o'zf__.)(t) « T2t
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The principle of equipartition of emergy gives us the result that
tor t oo, W(a) 2.

2 [ #e) an o 2ERE (3.91)

Ve can immediately find the correlation fumetiom for the velooity
Y(t) from equation (2) by multiplying it by Ve and averaging over
an ensemble of particles. Ve cbtain

Lo Sl

vhich we can write as
TV - W tleel (3.92)

t

Te £ind X¥ we write x-/ V(E) &€ and hence
(]
tt

2 - [ ] v(E) v(E*) a8 a8, (3.93)

On averaging this over an enseambls of particles and using equation (3,92)

we got the result
t ¢ t¢ |E-€'|

?l ' '-w f J
[[V(E)V(E)GECE ![0 Gﬁdﬁ.

Using the substitution (3.89)

= F[wf ()
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?-zn[t-i»(i-o'”)]. where D = kT3

If a fluctuating foroe acts on & aystem which has a

frequency-dependent structure it is important to know the
frequency or speotral distribution of the correlation funetion.

Let A(t) bde any fluctuating or statistical fumotion, and 1let the
average value A(t), taken over long time intervals be sero, that

is, assume

9
& ¥ [. A(t)at = 0 . (3.95)

Ve also assume that A(t) is different from sero only in a finite
but a very large time-interval, i.e.

At) =0 for t <O (3.96)
> ¥,

At the end of our caloulations we can let T go to infinity. We
expand A(t) as a Pourier integral by writing

At) = [ c(v) ot & |, (3.97)

where: C(-w) = C*(w) . (3.98)

By Plancherel's thooruewo have

]A'(t) at -] lc(w)|® aw (3.99)
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or dividing both of this by T we have

F'Tﬁ'm“' (3.100)

Sinoe [C(w)|® is symmetric in w, we can write:

0 - [ 2w (3.101)

with
AL e r...[% |c(.)|-:| : (3.102)

Ve regard equation (3.102) as defining the spectral distribution of
I%. The statistical behaviour of A(t) is charscterised by the
correlation function

T
#) = TETTETT) = im g [ AG8) Aeer) a6 o (3.103)
-

The correlation function is a measure of how that value of A at
some time t affects the probabilities of different values of A at
s time t+ 7. The bar indicates an averaging over different times
t for a fixed value of T. To f£ind the relation between ¢(7) and
the spectral distribution A} as given by equation (3.101) we

consider

f A(t) A(t+7) at = % Hf C(u) co(ur) o1(¥¥')t -0t o0 5y e,



Using the faot that

+T
é[ 0""(”"“')t at = $(w-o'),

]

n’tnuvmu!ﬂmﬂnutu!oo

#(r) = [A:, coswr & . (3.104)

(since Ay 1s an even function of & , [A: sinwr & = 0).

We see at omce

#0) = T* = [A:, & . (3.105)

We have also
s --:-[ ¢(7) ocoswr ar . (3.106)

That is, the oorrelation function ¢(7) and the spectral distridutiom
Al are Fourier transforss of each other.

As an example of the fruitfulness of introducing the
spectral distribution funotion A, , let us reconsidsr the Langevin

equation for Brownian motion:
5 + BV = A(t) . (3.107)

If we expand A(t) as & Fourier integral we find at once from
equation (3.107)
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v(t) = él.ﬁ‘& KT

Prom equations (3,101) and (3.102) wo have

v -

o,

L Y ]

8
v 'FHT-' :
Using the result
oR cro i LU (3.108)

(this is given by equation (3.92) in the discussion of Brownian
motion) we have from equation (3.106)

':-gl .-ﬁlrl cos wr d&r -sw;:f; . (3.109)
Since mV' = kT we have that
2B, (3.110)

Since Ay does not depend on the frequensy we have that A¥ = [ AD aw
becomes infinitely large. Hence we can oconclude that our initial
equation 1s of limited validity. In particular, the assusption
that the frictional force is given by =V where p is constant must
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be inscarrect if the frequency of the exciting foroe can inorease
indefinitely. Therefore equation (3.86) is only valid up to &
certain cut-off frequency which is detersined by the model used.
This difficulty can be removed by assuming f(v).

Zhermal Redlation
It is possidle to f£ind the spectral distribution of the

energy density of an isotropic thermal rediation field by allowing
the radiation field to act on & weakly damped harmonioc oscillater.

We oonsider a weakly-damped simple hu'nonh oscillator
acted on by a fluotuating face A(t). The equation of motion of
the oscillator of mass » and charge ¢ is given by

L+pu)t +0lx=at), (3.111)

Ve assume the damping force -S(w)Z to be frequency-dependent.
The dasping will be weak if #] >> EE o Weo write A(t) and z(t) as
Pourier-integrals:

A(t) = é[ c(w) oi¥ at

x(t) = é.[ E(w) ot g "

From the equation of motion (3.11) we have

&(w) ==uw:%‘?wgy . (3.112)
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The velooity V = £ is given by:

) - -‘EI% .. (3.113)

Accerding to equations (3.101) and(3.102) we can write

rine

7: r l.’-;‘.’ho'p'los g
i, V7 -]wrﬁﬁ:ﬁp-ray v (3.115)

A simple treatment of this equation is only possible for
the case of weak damping. We assume that A] and f(v) are smoothly
varying funotions of & and since the maximum oontribution to the
integral comes from the region near v = 4! , we write '

Tk e Seate 0 e

We interpret equation (3.111) in the following way. We
start with an undamped harmonio oscillator whose oqutiqn of motion
is ¢ + 0: x = 0 and bring it into oontact with a macroscopio
sedium at & temperature T. The nature of the oontaot with the
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sedium determines f(v) and A(t). In this way we can assume that
the relation givenm by equation (3.116) is valid for all
frequencies and write

| ‘: z*;y . (3.117)

Now avF = average total energy ¢(T) where:

¢(T) = kT olassioal physics, (3.118)

e(T) -? + # quantum physics , (3.119)
® -

'ncanwr:lto:‘

‘: - M . (3.120)

-
For a particle of mass m and charge ¢ in a fluotuating field B,
whose x-component is B(t) we have:

At) = -'J_-(Q- E (3.121)
and therefore we can write:

R RRORT TIOF (3.122)

For an oscillator oscillating with frequency » we have
(from olassical electromsgnetic theory) that the damping coefficient
2.8 .
f(w) is equal to %'—.%r o This damping is dus to the radiation of
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ensrgy by the oseillater.

8ince the osoillater is in thermal equilidriwm with a
sedium at temperature T, it must have an average energy givem dy
oquation (3.115) or (3.119). Hemoe to make uwp for the loss of
energy there must be present an incident rediation f£isld whose
spectral distribution is given by:

2 = o(r) 2 2 p(0) = o(2) %a’; . (3.123)

The average energy density of thermal rediation is given by

. Ll"m . (3.12%)

Por isotropic radiation we have

d

g'i;'i:'i;'g'z ’
that 1s,

T E,

Therefore the spectral distribution of the emergy dom.iw must be
%'&C(T)'%%;-;!'.F[ﬂz-t.—g:-;]' (3.125)

Uy dv is the incident energy density of the thermal radiation
field in the frequency interval between v and w+ &w. We can, if
we wish, think of the walls of a cavity enclosing thermal radistion



: .
—

= =~

'c :.’

[ J=S=—]

- == N . N E. - N e

em——
———
—

——

-8y =

as a oollection of damped hermonio oseillators.

By oonsidering the ossillator between the two plates of
@ capasitor (separation distance &) Jjoined by e resistance R it
1s possible tommtmm.qmunnup-ﬂén.
This demping is due to the Joule's heat loss. One can show
icF-¥ where C is the cspacity of the capacitor and ¥ is the
fluctuating voltage across the capacitor. Nyquist's foarmulae can
also be derived in this way.
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The procedure for selving speeifis problems of equilibrim

reliation will be outlinsd in this seotiem. It will alsc be

shown how Rytov procssds to evaluate the ecnstant arising in the

correlation functien for the flustuating field,

In the study of equilibrium radiation frem & dounded
medivm, the first step is to find a solution forr the primary
£i01ds within the medium, By and N, which depend on the rendem
£i014 K and which satisfy the basio equations (2.89):

Curl By = - 1kuis

> - -+
Curl Hy = 1 keBy + 1!(3-1! (3.1)

where it is assumed that there are no megnetic losses in the medium
(X =0).

An expression is then written for the fields B, and H,
which represent the ronooqu_,uthu the medium of the primary
£1e1ds Bo and Eo. At the boundaries By and Hy must satisfy the
basic equations (2.89) with K= 0, 1.e.

- <>
Curl Bp = - ikpH,
< <>
Curl Ep = ikeBy . (&.2)

The fields E ard H in free-space outside the bounded
medium are then assumed to satisfy the dasic equations in vacuum,
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that is, vith g=g =

- -
Curl Bs =~ ki

- -
‘Curl B wdkB , (a.3)

The generel solution of these various sets of differ-
ential egquations may be written in the form of a Fourier series
expansion. In gemeral the solution for the eleotric fisld may
be written in the farm of

:(r) - S:.(;) .11’-'!‘

1 ZEZ ) o (P S Pagte s By ) (heba)

Ny g Ny

m;,uaummnmtw-(a/xn);
P 48 & unit veotor in the direotion of propagation
Ap 1s the wavelength of the n'® wave in the expension
Xy ,Xg X3 are the projeotions of r along three Cartesian
axes

>
Pn, » Pn, » P, OY® the projections of p along the seme axis,

In problems where the medium extends indefinitely along
a given ilirootion, it 1is useful to write the general sclution as

a Fourier integral e xpansion.
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:(;) 3 ”/ 3) ‘i(psxnpexvmx:) ap: dpe dps’

or
o -
> > -
A(r) = [ .a(p) .1.p ¥ ap (&hd)
£y J
-
where dp = dpy apy Aps .

In particular this kind of expansion is used for expressing the
- .
random £1s14K. The expression for a(p) is obtained from the Fourier
-
transfora of A(r):

- 1 ’.”-1( + PaXs + P3X3)
‘(’)"(55"][[ A(r) o\ TV S PeXa ¢ P3Xs) o ax, dxs

) -l [ 1) 4.5)

X < >
When using the integral expansion for X, the same
restriction as for the expansion (Eqn.3.4) applies. This type cf
expansion must be regarded as a formal representation of a Pourier

series.

For the three sets of differential equations (4.1)(L.2)
(ke3) the sclution for the electric vector can then be expressed in
the following way. The primary field
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1R, R
Bo(r) -i an(p) o b (».6)
nE.e
B 7 Dor
K(r) = z &n(p) o % = [ &x(p) 01_’ T§ (&.7)
e =
Por the reflected field inside the medium
on 2
B(r) = Z %a(») S (4.8)
ns.e
For the transaitted field ocutside the mediwm
(4.9)

1 P
B(r) = i ox(p) tF
n=. e

Po» 3 and T, desoribe the direction and magnitude of

the propagation vectors of the various waves. They are in genmeral

related by some constants depending on the geometry and the

eleotromagnetio properties (s,u) of the medium. The coeffioients

an 5 b, and o may oontain more than one term for the case of waves

propagating in opposite direotions.

The expression for the magnetio field vector equation

is then obtained by means of the first equation (Curl E) for each
set of fundamental equations (L.1),(4.2),(4.3). Using Bqus. (4.6),
(4.8), and (4.9) this leads to
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1PpoF
&(r)--,',—z G,xt.)o;'r (4.10)
|
;.-G)--é (3 x 5n) .413.01' (het1)
- |
- & it v
n(:).-%Z(e,xt,).t‘" (812)

By means of the second equation in (h.1) and the equations
(4+6),(4+7) and (4+10) one cbtains an expression for the coefficient

The coefficients 3y, 5, and 3, are then evalusted in
applying the boundary conditions (11),

-> - - > »
nx(l.-rlg):nxl

nx(;. x.ﬁ.)c;x; (bo13)

and the conditions that at the boundary the phase of the waves is

equal
fa? = 3, = HR (1 14)

and that div E, = O and div E = 0, 1.0,

=0

;0
uOG éf&

=0 (%4.15)

6"0
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The solution of the six egquations cbtained from the
boundary comditions allows an explicit representation of &, in
terms of T, and the other constants of the system.

The intensity of rediation cutside the bounded medium
P_ﬂ’lﬁum. This reduces the prodlea to the evaluation of
the space-average of the expression (3.7 ). Thus

3..:..:!;[m.m] (4.16)

where I, is the intensity of redistion and the bar over the product
indicates the space average of the produst of the § and ¥ vecters.
The final expression to be caloulated will be of the form, using
(4.16) , (4.9), (4.12),

roe mE) ) Gl x 3 <30

and since S,(p) oan be expressed in terms §,(p) the final operation
oonsists in evaluating the space average of the product
Zo(ﬂ x g. (p') » that is, the space carrelation funotiom

Gnvnc o(P) = in.(p') x z;"(P') or using Rytov's nouticn1

G.p (P' OP") = G.p(?) = z.(P.) 4(-”") (4.17)
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Using the imtegral repressntation tu'; (Bqn. 47)
;(r) - ] ;(p) o‘;'; &
) -'@%p[ o) o7

and the correlation functien, Bqn.(3.12)

Tp(r) = Co g 3CF) = B (') X%(*)
the fellowing expression is cbtained for the cerrelatiem G.....(,)
(+] ]
G‘opnm 'zﬁ’ 1¢)) (&+18)

In the case of a finite correlation radius as defined by
Bqn.(3.13) and (3.10), the funstion Gyp(p) becames

Gqrpr(P) = c;, P @) (4e19)

which for a + O gives Bqn.(k.18).

To solve the prebles mumerically it is still necessary to
evaluate the constant C in the correlation fumotiom (4.18). The
evaluation of C is ocbtained by studying the flow of equilibrium
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reliation frea & semi-infinite space Bounded by an infinite plane.
The results are them compared with Kircheff's law (see Rytev).

Iy = Tu(1=R)

for which there is no restrietim comcerning the absorptivity in
the medimm,

I, 41s the intensity of redistien in the medimm

I,, is the intensity of rediation in free-spece, and

R 1s the reflectivity for the I,, incident on the
interface.

Froa this comparison Rytov cbtains the following value
for the constant C.

cal 1,1 (,—'_;) | (4+20)

It will be shown in the next section thet the use of the
constant C (Bqn. 4.20) in the evaluation of the equilidbrium radistion
frem a oylinder leads to the expected results for the limiting ou;
where the geometrical opties theory is walid,
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v RADIATION FRON 4 CYLDORICAL PLASMA

The oquilibrimm radiation from & oylindrical plasms of
radius "a® and of infinite length will de derived usiag Rytov's
theery of thermal rediaticn as outlined above. Swch & selutien
is important net only fer its pessidle applications dut alse for
its theoretical implicatioms. In fast, the present derivatien
provides an exact treatmsnt to the prodles of rediation frea
eylindrical bodies including such effects as internal reflections,
mu;aanddmuu. It is also valid for any range of
frequencies of the radiation speoctrum and for any sise of
eylinders. The practical aspesot of this prodlem is due to the
faot that it desorides a valuable model fer the study of equili-
brivm rediation from the wake of a re-entry vehicle. In deriving
the solution for the emission of radiation by a oylindrical dody
it will also bde shown that the sclution mey be expressed in terms
of the power absorptivity of the body.

In this problem the primary fields X, , Hy, the reflected
fields B, , H,, and the transmitted fields E, H have to satisfy
respectively the basic differential equations (4.1),(4.2) and (L.3)
written in eylindrical coordinates. Since the scluticn will
involve the desoription of waves propagating from a cylinder, the
independent fundamental solutions may be written in terms of the
three basic vector solutions (; ,; and -I:) of the wave equation
(Strttton)g Rytov writes these particular independent sclutions,
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using the oylindrical coocrdinates ©,9, 8 in the following way:

: "%.(r’ 02) = oS(ae0s) (u;n - z;'{.) (5.1a)

;‘(rn¢03) & .1(*‘.) (1'!"‘ Iq = ‘.'q"rh It ¢ %k I!) (50‘5)

;ﬂ(r,¢,.) = .1(*‘“) (l; Ic + i“;bI. + uz,'i,) (5.1¢)

L
mz.,z.nndi;mth.mitmmonhhdtothocowdmuo
r,$, s respectively. 2, = Z,(Ar) is any oylindrical function
of order n. Z, is the derivative of Z, with respect to r.

A=Vt -n% , (5.2)

where q = k Yeu 4is the propagation constant inside the eylinder,
In free-space sk and A = Ao s vKF = ¥ .

The functions given in Bq.(5.1) have the following

properties: L. _.
Curl My = N,

Curl Ny = qMy (5.3s)

-
Crl Lp = O

Uv N, = 0 (5.3v)
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In the case of equations (4.2) amd (A.3), for which
uv:,-uv:-o,mmﬁom-mauszn.m
cosbination of the Ny and N, funotions coly; Per the equatiens
(he1) (d4v Be £ 0), the three fumotions i, , N, end I, will enter
in the sclution. The general solution for each set of equations
(he1), (8e2), (Ae3) will them be representsd by a linser expansion
(over n and h) of each of the fumotions Ny ,Np and Ly. It is
then possible to determine the coeffioients of these expansions
because of the arthogonal properties of Ny , N and Ln.

o <
The particular solutions for the electric fields R, , By
-
and B can then be written as:

~ ~ ~
~ P ~ @

;cn"n.-’n"’n:l*cn;n"‘l'n*na'n*;n;l
;r.-lm;nﬂm;n (5:h)
En = Pip + G

where: Ap , B, ,Cp o ArnyBrn s Pny Qn are coefficients depending on
n,h and r,
K , K, and I, contain oyliniricel funotions of the type

Zy = Jn(Ar) (Bessel funstion).

:n ';n and -I:n contain Z, = Ny(Ar) (Neuman funotion), and

;; - ;; contain 2, = K'2)(Aor) (Hankel fumotions of the
second kind).
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The general sclution is represented dy & linear
ocombination of the particular sclutions. The orthogomal properties

~ of iy, ¥y snd T, then persit m evalustion of the coefficlents in

these expensions.

The general solutions for the various fields inside and
outside the cylinder are expressed as follows:

C_ " )
=2 S

;0'1521(‘.3"0'3*“*')“ (5.50)

ns .o .»

’ (Agdy + BX,) b (5.60)

;r"-qE:Z](‘jn*Bzin)dh (5.60)
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The fisld outside the mediwm

: i ].(yj: s )@ (5.7)

DE.0 0

n-:Z](i;.&:)u (5.7)

The summation over n has been transformed into an
integral expansion since the cylinder extends from .« to e along
the s-axis. The expression for the H-field has been deduced from
the equation for the E-field by means of equations (k.1), (ke2)
and (4.3). The determination of the coefficients Ay, By eeo Py, Q,
as funotion of r is carried out in the Appendix,

-
As indicated in a previous section the random field K
15 expressed by an infinite expansion in terms of the functionm

Can(r)

-‘4‘- K= Z [ oi(nths) T () an (5.8)

NRa.ee -0

and its Pourrier transfora is

Gan() = {554 ].a- ]' Bi(ens) o (5,9)
= =X

On the swface of the oylinder, the boundary conditions
(4¢13) take the form of
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l.’ol”-l‘ 3 Bog ¢+ Bpg = By
| (rea)  (5.10)

By+By=ly 3 Hu By ok
From these conditions it is possible to express P and Q in terms
o 3 and B shich, in turn can be expressed by the ccmponsats of
’cambqu.(sa). The correlation funotien ra-tumu;
in oylinirical coordinates is written as, (using Bqns.(3.8) and
(3.12)s

’.’ = ‘l(’%’o') x;(ﬂ N ] o'!)
=0 3p8 (r=2y) ﬂ%ﬁl 3(s=-3) (5.11)

wvhere: «,f =1r,4,s

Prom (5.9) and (5.11) one obtains the correlation
funotion for E,hz

Cnal®) © ah ) = -E;IJ‘-F C g Bap ﬂ%ﬂl 3(h-h) (5.12)

where the constant C is given by Bq.(4.20).

It oan be shown (see the Appendix) that the power emitted
per unit length of the cylinder in the frequenoy range # and
¥+ 4w ocan be expressed in the following manner:
oo 4Kk oo
P, = 42 Z an [ amy A3 [ IFI% R (5.13)
- =k -
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Bssentially the poblu reduces to the evaluatioa of
the space average [P|® and [Q]® in terms of the space correlation
funotion Bq.(5.12); this 1s carried out in detail in the Appendix,
The final result unbo‘upnuod in the following way:

r, M—mﬂmi fﬁlﬁ. (rr e [ Claals 1ol

--. -k
2
x (A2JJee = \02eg0) léa.l_;.ILL (h'(A'JJ"-A"-T‘J')

. lxl‘(::"-:':.'))] - khaJ J* [(Af +47)8 + (As u.)v]} (5.14)

where:
A=Ay -82

L mewre b
A.-n'a-ﬁ-’x‘iu'

3 -{E( -ﬁ‘)m
J = Jn(As) |

B = 8,(2) (a0
with

At =q*=-h® ; A::k’-h' : q:kﬁ 3 y-ij%-
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In a plassa the permeability u may be assumed equal to

unity but the dislectric constant & is usually complex and given
(10)
by

e =g'=ig""

where

¢ =1 - () oz

- (@) el

vy 1s the collision frequency for the electrems,
and

“ is the plasma natural frequensy given by the
nhtionu;-bg;-.—.-

where n 4is the electron concentration (om”?)
o 1is the electronic charge
m is the mass of the electron

Bquation (5.14) constitutes the formal solution (in
integral form) to the problem of equilibrium radiation from a

- oylindrical body. It is valid for any ratic (a/A) of cylinder

redius to free-space wavelength., It is alsc valid for any walue
of (vp/ao)' , 1.0, for any value of elsctron conoentration and
frequency of radiation. However, because of the complexity of the
expression, exact numerical solutions may presumsbly be obtained
only with the help of electronic computers. However, in some
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limiting cases, it is possidle (see Appendix) to simplify equation
(5.14) and integrate it directly. Scme of these cases will mow be
discussed.

(o’/u)' > 1 and (v/#) > 1

This situation remresents the low frequency approximation.
In this case ¢'' >> &' and the plasse essentially behaves as a
oondustor. Under this appreximation Bq.(5.14) reduses te

- gsttie $ T ot <[RS

o 8 o - @))-8 (5529
with ,,.%',.ﬁl “g’% (5.15)

This sclution 1s valid for any values of kas. Although it represents
a consideradble simplification of Bq.(5.14), it is still too
complicated for direct integration. The following approximations

are thus studied.

(1) If ka>> 1, 1.e., if the radius of the cylinder is large
2q+(5.15) oan be integrated, it becomes

Pay s-g:.?%;x'pa (5.16)
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where P is the emissive power per unit ares of the oylinder and

s
I,y bas deen replaced by the Rayleigh-Jeans law,

d 1s the skin depth,

In terms of the plasms parameters, the skin depth for (wp/w)* >> 1
and (vp/®)® > 1 13 given by

"y ,i!l
.P o

As one would expect the intensity of radiation from a conduoting
cylinder is proportiomal tc its skin depth.

(2) If ka << 1, but a > 4, Bq.(5.15) becomes after integration

(5.17)

p .—E2kxa .|
* arta?li0g 2| I"Iloc%l

This differs from Rytov's result which is

. &) ,_._qﬁ )
i r al10s B2 |

The difference is due to the evaluation of the integral
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w/2
3¢
- kudeoos®® + s%00s*0
0

(3) xacctiandaccd

Under this condition the plassa behaws as a poorly
conduoting cylinder. The solution thus corresponds to the
1limiting case where &'’ beooses small, It is found that under
this approximation Bqn.(5.15) reduces to

Poy = & xazy, o (5.18)

Substituting for I, the Rayleigh-Jean's law one finds

that

P o ."
a
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~-APPEBNDIZX-

DERIVATION OF 1:dB SCLUTION F(R THE
BQUILIBRTUM RADIATION FROM A CYLINDER

This appendix is presented to assist the resder in
following rapidly the derivation of the solution as first
presented by Rytov. In verifying the solution it was found
that a consideradle amount of algebraie manipulations had to
boprtorndtou&aueftb;oqmﬁmmm&mtb
Appendix of Rytov's monograph. As a result this seotiom can
be regarded as an expansion of the Appendix IV in Rytov's
monograph. The notation is kept the same so that it is
wMMnuoqwnqmmthwmnIthdhnwu
that one of the approximate solutions derived here does not

agree with Rytov's work. .
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mmdthd)wﬂtmwthqm’h
evaluated from the r-component of the Paynting in the following
way (using Bgn. 4.16)

¥

Py -r'[ I.,u-?,i.zt[w-m"v:-l:i;]u (a-1)

Using Bqns.(5.7a),(5.7) and (5.1) let us write the compements
l¢ and n; ;3 they are

w5 e e

H g /h' - [_A:%‘u "‘J (L(mipenes)

Their product is given by

- [[ ol e

Ny Ny

L 2] o1l (- )bt )s] (A-20)

In s sinilar way the other terms of Bqn.(A-1) cbtained and are
given by
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e Tl PerpEn

L

= e

* lql* f u.].i[(a-u)#(h-h)s] (A-2»)

g, - ZZLL & [-1|rl' A" gyee .
- Ltlﬁ_._l;_h_ z.z:l o3l (204 Jp+ (-1 ) 5] (A-20)

- TT[[ oo [

- 1|q|® %; zozc:l .-ﬂ(n-nc )o+(h-hy)s] (A-2a)

In combining the equations (A-2) with (A-1) one mekes use of

Z'.i(n'nl)¢ & = 288,

Also assume h = h. Since, as will be shown later the coefficients
[Pl* an2 |Q|* contain a Dirac delta function, one obtains

Po = 3% Z [ f & & [IFI' lol']u' (z2' - 22'%)  (a-3)

n bhhy (R=-IV.13)t

t Bquations preceded by the letter R refer to the equations in

Rytov's -onosrtph:
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were A'=A] = q*-2® = k*-2" 45 real,
But here T = N2 (Aer) , 50 one has

5 = (22 (Aer)]® = B2 (A3r)

3 = (B (0r)) = A0[HS, (har) - g X% (her))

2o = [ 0] = 22 {142 Gem)e - g (KO r))]
2'¢ = AJ(RY, (er) - o )

Therefore
292° - 25'% « AR®, (Aor) BV (ASr) - A0 B, (AST) KB (rer)  (A~d)

Two cases must be stulied.

(o) for |b| €k , Ao is real and
2920 - 22'% = Ae[H]Y, (Ner) E"(Aer) - BE, (Aer) B®(Aer)]

which gives using the formula 129, p. 198 in NoLechlan'!)

29 - 22'¢ & - % (a-5)

() for || > k A¢ 1s imaginary
Inthilouo_;\:r s a\er
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{1 -
BY (Aer) = 3, =iMy 3 3:11 (hor) = 3, (=10,
K (her) = (-0 (G,-1) 3 KDL (Ser) = (N (=1, )

Inserting these expressiens inte Bqn.(A=h) gives
28! - 22'* = 0 (a-6)

It is thus seen that Bqu.(A-6) restriets the renge of imtegration
of h frem =k to ¢k, With the help of Bga.(A-5) it is them possidle
to write Bgn.(A-3) as follews.

4k oo
r.,-&i]n]n.xz(lﬂ‘olﬁl‘) (a=7)
= T X o» (l-IVJ‘)
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3 _.

The next step oonsists in evaluating the cosffisients
[Pl* and [J]* 4n terms of the fumotion G, (r) and the other
parassters of the p.u-. This 4s done by substituting
Bqns.(5.5),(5.6) and (5.7) inte the boundary conditicns givea
¥y Bqn.(5.10)c The ¢-oompoments of the electric field at
boundary rsa is given by, using Bqus.(5.1),

-
z,,-i [a(-u'-).ﬁ.n 1c§;-:u' =

Re. @
- ; By, 1‘5 2 l) o"‘”‘h) (A=8e)
qe e
By = Z ] a (-A,:' 2% - :,,) oi{np+hs) (a-80)
ne.e =%
TR i [ a (-p,n' -q, 8 u) oi(ndehs) (4=80)
. | I
where = 3,(Ae) P = (0]
N = G (As) M = ()]
H = B (Aen) B = (B (Aea)]
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Substituting Bqns.(A-8) into the first boundary oondition leads to

,u'ozl'oq'oz(u¢;+:,a)-,l'+aq,n (A=90)

Similerly with the other boundary conditioms one obtains

%‘(uo;nn,.:).ﬁéq'n (a-0)

y[ﬂ' +;l' * B I 0%(0’0:!0&3)]

.t (q,,n' + r.n) (A=90)
%:(u+:n¢u).%:-1’,n . (a-92)

r.mo.mumamuumwim;umfmm
way. Rewriting (A-%b) and (A-9¢) as follows

(n+nr):+;l-§§;-qnn (a-9v)
(3 + B)3* +;n+§(u o AN + AJ) -é(g,n' +Bpn)  (A-%)

Nultiplying (A=) by J' and (A=90) by J and subtracting one frem
the other leads to

(N -X'3) - i (s cMo a2 tu-3 8 p 05
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where &

Ae 'm:-ikh nJ*

(A-10a)

Sebstituting (AT + AN ¢+ AJ) from Bqn.(A-92) into this expression

leads to, using the reletion JN' - J'N « &,

‘Pn“.ql. ’

iva

In & similar way one obtains from the Bqns.(A-9)

Aan + ‘Q- -'n.

where 2
s -1 1-%9)3:
and A.-n':-é,-ﬁ;u'

Solving Eqns.(A=11a) and (A-11D) for P, and Q, leads to
P, = g (bek + 1y83)
A =- ;E—A (8: + 1yA.;)

where A = Ay -8

‘(A=11a)

(A=11d)

(A=10b)

(A-100)

(A=12a)

(A=12v)

(a-10a)

By substituting Bqns.(A-12) into Bqn.(A=7) it is found that the

expression for the power emitted per unit length of the oylinder is

given by
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% s ~%
Py -?&' i [ ﬁ[ dh, 'lﬁl[""(lh" ¢ l"')
e =k ==
o Iyl® B3I Claal®e [31) « B 1y(ad8 + 208°)

(a-13)

=~ .
- %1 yo(aes® + 473 )] o

nnpotl-unnmatotbndutioadﬁo
oodﬁohm:. and By in terms of the source fumetiom Gy (r).
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C - ISTERNINTION OF THE CORFYICIENTS jo MNP Bn

mﬁomumhr;..i -li. as givea by
Bqns.(5.5) , (5.50) and (5.8), inte the seecnd Naxwell equatien
leads teo, since the same summation and imtegratiom range applies
te all terms,

. a o el
y Curl (AN « B « AN + BN)

-uc(ﬁni.c£+h’.'i'u’+'5:.’.¢..1(w) (A=14)

But frem Bqns.(5.3a) and (5.3) one can write

- < - < -
Curl AN = A Curl N = [VAxN] = qAN - [VAxN]

Curl B = B Curl ¥ - [VBx¥] = qBN - [VBxi] (a=15)
Curl AN = A Curl ¥ - [':xi] = q‘ii - ['zxi]

cu-l'i: =B Curl K= [VBxi] = qBN - [VBxi]

Introdueing Bgns.(A-15) into Bqn.(A-14) gives

VAXN ¢ VBxN ¢+ VAxN ¢ BxK = q[ci +CL ¢ ¢, .1(*58) ] (a-16a)

Proceeding in the same way with the first equation in Bqns.( h.1),
one obtains

< - - ~ : ~ & ~ :
VAxM ¢ VBxN ¢ VOxL ¢+ VAxN « VBxN + CxL = 0 (A-16b)

The gradients of A,B,C,A,B and C have & compenent only with

respeot to r. 8o
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- - ~ ~
VA = A'S, H VB = B'4, 3 eee VC = C*'4,
whary At -*

With the help of the Bqus.(5.1) it is then possidle to write the
three components of Bqn.(A-16a). One cbtains for the component of
-

4,2

CZ' ¢ CZ' + Gy = 0

for I.:

A%(A'Z « 1Z) - 1&.’: (cz « 'é'i) = =q* Gpy
for L:

g (A2 « ‘E) + (B2 0;'2') +4qh(C2 « zi) = =qCy,

where the fastor ¢2("*25) high appears in each term has beem
drepped. Using the fact that

2=23,00p)2d ; 2= (Bessel Punotion)

; s N,(Ap) =N TN (Neumann Punotion)

these equations become

CJ'¢CN'3-Gw

AR(A'T « :'l')4 *‘ft (CT « EH) s =q*Cng (A=17) _

g (A'3 ¢ A'N) « (B'3* + B'N') + 4qh(CT + CN) = - qGy,
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Carrying out & similar operation with Bqn.(A=-3) one gets:

A(D'F + D'H) = 10q(C'7 ¢ C'N) = 0
‘ (A-18)

(A'T ¢ A'NY) + g (37 + 3'N) - “';-' (C*'3 + C'N) = 0

There are five equations and six unknown; as & supplementary
ocondition Rytov chooses

CJ+CNs=0 (a-19)

his condition essentially ispliss that the ¢(1s) asd s(3s)
components in the term cd oa‘: of Bqn.(A-16a) are sero. Differen-
tiating (A-19) with respect to r and comparing with the first
equation in (A-17) leads to

C'7 + C'N = Gy (A-20)

Substituting Bqns.(A=19) and (A-20) intc the last two equations of
(A=17) and the equations in (A-18) gives

A +A'N = - i; G‘# (A-21s)
B eim e @ B'NY) = gy, (A=21p)
RS Y T (a-210)
TERYCORY T USRS LT T (a-21a)
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By substitutiom, it is then possidle to isclate the coefficients
;50,00 and3'. Per exasple B' is chtained as follows:
introdusing (A-21a) into (A-21D) gives

TURS UYLy (a-22)

Baltiplying (A-22) by N and (A-21c) by N' and subtresting leads to

» --!-g-ﬁ[ge.w +(e”-ﬂ;e~)l] (A=23e)
where the relation (MeLachlan, p. 197)"
e - &

has been used. Similarly one obtains

A' s - a:l (cn‘ Nede u) (a-23»)
» -ﬂz-i‘-[*bcm - (em. -ii;e“) ::I (A=230)
PO (= (e“ peBe, :) 2::::)

From equations (A-17a) and (A-19) C and C may be isolated and they

are given by:
Cs !21'- G ¥ (A=23)

E L %‘ G J (A=23¢)
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A,),I ad B omn sinply be obtained from (A-23s,b,0,d) dy
integration:

‘.[‘“ , ,.[.-., .

The oquations (A-23) thus dsseribe the ccefficisnts A,B,C, 4,

D and C in terms of the fluotuation functiom Cpae

L 4
It is now possible to evaluate the cosffiocients |A|® ,
|:|‘. 1% an2 T5* which appear in Bqn.(A-13). let us write, from
(a=230) and (A-232), the X and ¥ coerficient

. -
I.g;[ [uu:'drlo,,:-rar (A-2ka)
°

o3| [, 80 - B g o] e

p (a-212)

a
y L g: [ [c,‘w Jee - i?'c;',’ :‘] rydr (A-240)
Nultiplying (A-24a) by (A-2) and taking the average leads to

10 - %-L[] [ ng Cmp I'(4) 31°0n,) ¢

.;g;e,,, Ca,r, Jnlhe) 93, (hry) - &R im g et - n,r, JalAr) 3g,(ary) o

. irl Cor c;' ¢ Jax) R, Oy ):| rdr rydry (a-25)
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Using the relation (5.12)
T G T = 5 ¢t 0 255 0-00)

where s, =1r,9,s

One ean meke n = n¢ and & = f and Bqn.(A=25) reduces to

T - gl 1821 ¢ sneno [ [ine atvoue Hgml o

v R Mem) 5 () hra) |t rean (a-26)

The integral in (A~26) can then be written as

s
Is J"‘(L‘r. Yredry ] J;(Ar) $(r-r¢)ér +

\"

s .
+] %:Jn(x‘r.)rgdn[ h%r)-l(r-r.)dr

which then becomes, using the properties of the Direac delta fumotion

a [ ]
Is ] JL(A%ry) Jp(are)ridre ¢ [ w ar,

I_nha'suu by parts the first integral leads teo
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a
I = a3i(a) Ja(A%) - [ 3,A%) [20s) « T300) Jar
®

]'M.,,

Since the Bessel equatiom can be written as

PIg(rr) ¢ L(Ar) = - &&;—‘—'1 3,(xr)

the integral can then de reduced to

)
I = ady(Aa) 3 (A%) + A* [ Ia(Atr) J(ar) r&r
L

From the formula 20.(79) in Melachlan' 'one can write

[
[ Ia(a%r) I (Ar) rér = I':'I'[ Io(As) Ja(A%) = I (A%) :;,(u)]

The integral then becomes
3 X"*"[ A% (As) Jp(A%) = A%%34(a%) :,',(u)]

This expression can then be substituted into Bqn.(A-26) and the
following expression is cbtained for |X|®

T « Ll et ¢ Qoo Apte yu-n,)  (aetre)

(R-I'J 8)
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l In & similar way ome cbtains the following cosffiocients.

ﬁ";. |1!!'lc-;l'c . BA(ARIgre- aetye ) ¢ 4(33'¢= J%3')8 4(n_,)

(a-27)

E- 1; '1' e qnhJJ* 3(h-hy) (A=27¢)
% - lal*|e-11% qQ*nh J7* 5(h-h,) (A2

"SI a: e

It is now possidle to write the general sclutien for the
equilibrium rediation from a cylinder by substituting the Equs.(A-27)
into (»13) and roeminc that C 1s given by Bqn.(k.20) and

v-zr v‘--f?s Iyl® - 48l

iy q* = -4y*q = ~k|e]

One then cbtains

i ]ﬁﬁ}p ([t [0 Claale 1819)

nx.e =k

] ]
% (&.;;n_&ol;o;t) * .Iﬁ.l_:_l-‘-l- (h. (&l;;n-&ol;o;c)

o Al avee J,J,))] - khndJ® [(A:+A:)8 + (8g +4¢ )s'.]]

(A-29)
(5-14)
(R=IV.1 9)
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D - ZHE AMGRFTIVINY OF THE CYLIGER
It will be showm here that in contrast with the above

W&%Mutct&qﬂlﬁﬂ.rﬁhﬁu&-

s oylinder a simpler approach may be taken if ome computes the

power abserptivity of the cylinder to a test wave inscident upon

it. This method is particularly interesting since it allews

ons to treat any prodlem of equilidbrium radiation as & seattering

prodlem of e-n waves by any given body. The prodlem treated here

also econstitutes a unique test to the general farmmlation of

Kirchhoff's law of rediation as formulatedby Rytov' and Levin'?,

Consider a test-wave defined

by the fie1ds B, and T
incident upon the bdody and
compute the flux of energy
scattered from the body and
expressed in terms of the fields
T and H. The f1e1a inside the

body dus to absorption and trans-

The e-m field seattered mission of the waves is repre-
"CWO
sented by ¥, and E,.

Por the case of an infinitely long oylinder of redius a,
tbs incident test wave is exprsssed by cylindrical waves travelling
towards the oylinder. The field of these waves must satisfy
Naxwell's equations so in accordance with Bqn.(5.k) one can write s
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particular solution for the incident fisld as
B ar g (A=30n)
% =1 1 ¢« g0 1) (A=300)

[.J [.J
where T° and I° ccmtain oylindrical funstiem of the type
2, = EY (Aer) (Namkel funotions of the first kind) or sccording to

oxr previous notation
Zn = K (hor) = BP *(Aer) = B®

The field inside the oylinder can be descrided in the seme way as
the mui', in Bqn.(5.4), 80 & partiocular sclution is given by

- - -
By = ME + BN . (a-31a)
- -
By = y(AK + ByX) (A-31b)
[ L
where M and N contain oylindrical funotions of the type
Z, = Ju(ar)

The scattered field is then represented by outgoing oylindrical
waves and can be expressed by

2=+ QN (A=32s)
R aa(PN o) (A=32v)

where the cylindrical funotions in X° and N° are represented by
Zp = B¥(Aer) = H (Hankel funotion of the seoond kind).
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Sinoe at the boundary of the cylinder the tangential components of
the £i014 must de equal the boundary conditions are then given by

Big=Bep+By  Hyg=Hy+By
at r = a (A=33)

BigmByg ¢+ By H Hyg = Hog + Hg

It 1is possidle to derive fowr equations relating the
various cosfficients of the waves by introducing Bqus.(A-30),(A-31)
and (A=32) and using the relations (5.1). PFor exsmple let us
write the ¢-component of the eleotric fislds.

By = i]‘::(ld' = -EE n.:) o (niehs) (A-34a)
nE.e
zfu(r.n" - 2 o) ol (nbohs) (A-34)
Ll
T i T an (-m' - Q!!) o1(vpehs) (A-340)
Rt

When substituted into Bqn.(A-33) the equations (A-34) lead to
M3 . ?‘l BiJ = Poll'* ¢ 2B g o P + B g (A-358)

Sixilarly by matohing the other components of the E and H fields one

gots
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1‘;:- 35 I é (QeH® + Q) (a-35)

v (o o Bad)es(wre Brr oo 0m) (s,

’2—' LI = %‘ (PeR® + ) (a-352)
mmmﬁ. Ay from (A-352) and B, from (A-35b) into (A-35a) amd
(A=350) 1eads to the following relations between P, Q and Py , Qo

AP + 3Q = = ($Ps + n.) (A=36a)
8P + 84Q = = ($Ps + $2Qs) (A-36v)

where As , Ag and 8 are given by (A-10a), (A=10b) and (A-10c) and

¢ = H'®J - &-ﬁ- HeJ (A=37a)
$o = H'SJ - {-H‘ g (a-3m)
. ﬁ (1 - %‘i) HeJ (A=370)

The expressions for P and Q ocan then be obtained by
solving the equations (A-36); one gets

Ps % F(” = $142)Ps + ($a8 ~ ’AS)QO- (A=38a)
o ' - (R-1v.25)
Q= % [(%3 - $8¢)Ps + (98 - ‘aﬁc)on (A-38b)
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It 1s seen that the scattered P-waves as well as the
Q-waves depends on doth the Py and Qo ineident waves. This 1s
ﬁ.unltotaburpﬁuctumbytbbob. It oan bo shomn
httfﬁoqlm-rmcmtom&ob-unowm
cﬂyh)ulnﬂu&-nomﬁ.hmutom-mn. It
is thus ecuvenient to define an absorption coeffioclent for each
pe of incident waves. Bc?.-nnhiuuonathqm
then the absorptivity can be written as

This expression simply deserides the abserptivity in terms of the
frestion of the reflected powr, Similarly for & Qe-wave, one

writes

P 8 8
Agp(b) = 1 - el ‘I:Q:.Jl—] =0 (a-3%)

In order to evaluate A, (h) let us first ccmpute |P|® and 1q|* for
Qo= 0. 3gn.(A-38a) then bdecomes

P98 - 4oa)ln

P =y [(9000-¢? 23))08

80
|p|* “'7 [¥8 - ¢eta]® |Po|® (A~40s)
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8imilarly

lel® -'—l-; [#48 - pas|® [Pe]® (A-AO®)

Substituting Bqns.(A-40a) and (A-A0b) into (A-39a), coe gets
[ ] - - s -
Apy(B) = 1 “, o108 - dusal® o+ lova-g*]

and recalliag that frem Equ.(A-104)
ja]® = |asa, - 800
Ah(h) then beecmes
Apy(0) = ﬁ'—,[lA._A. -1 e bt - e nlt] )
After expanding each tera in Bqn.(A-k1), adding and subtraoting

|81%|84]* and noting that |#|® = |8|*(from A-100 end A-37) the
expressien for Ah(h) bocones

A,,o-) -7 [ Claate 119 Clar*- 1 1%)
o ($197=398,)(3%¢ + 387) + (¢30 - 347) (a2 + 39, )] (A-42a)

In crder to arrive at the final form for Ah(h) three
relations must be proved.
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To show that

[ag|%=|$4]|® = M (AR331® - A82Jeg0)
vafar|*

lot us write [4¢|*® wsing Bqu.(A-10s)

] 4
|84] = mUMrO33e & JalZiae|® Mmoo Jee o

Iyl*xt|al*
o élﬁ. HoFeomy - }ﬂ; AytHrege

and frem Bqa.(A-37a) |¢¢|® 1s given by

8 ]
l"lt = N'N'JI® o qun ¢

Iyl al*

o8 F
¢ 8.'% RI'ogreT . % HeJtH e

Subtrasting these two expressions and grouping the terms leeds to

1018 1001° = 38 ol 5ave o 38y o] )

where the relation H'EC-N'*N w - 31 1oy been used since cnly the
real values (propagating waves) of (Aer) are eonsidered. Since

Y-1E and q-kﬁ

L o ®
Eo-in e #- 1y
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then by substitutien of these expressions into Bgn.(A-h2bd) leads
te the wanted relation

lag|®=|g4]® = hidey [A2330® - A%%3e30] (A-h3)
z alrl*

Ia o similar way it can be shown that

$ipe- s, » biRQ (1 - ﬁi)m (A~4h)
and

h‘t- 8¢ = - ﬁ..'( - el)::‘ (A=4$S)
Ap (b) bescmes after substituting Bqus.(A=h3), (A-bk) and (A-45)
into Bqu.(A-42)

]

- Al el® 2) (ABJI'®-A%%Je7%) o

Ap,(b) ;f}m'[ W (laal®« |8]%) (A%330e-a0t3e50)

o J 330 [ (x‘.y - ;‘a) (8a%+ 8%a,) - (x‘. 3 f’) (8%, + 388 )]} (A=k6)

In a similar way the absorptivity of the cylinder to a Qo inoident
wave can be derived and the following expression is ebtained

Johdde [ allailt18l®) oiarival xotgoge .
Aq‘(h) n'lAl'{ N [(h2(A%3T0e- A08g95¢)

+ |A4(33%=3%1)] « ? 33 [(ﬂf - glv) (883 + 8%,) -

- (- %) Goeenady | ] | (a47)
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Adding up Bgus.(A-46) and (A-47) and grouping scme terms leads to

) o MAEANE € Fe(futa ot )
Apy(B) + A (W) T {u-:-{-y[k mClaf®« l8]*)

x (A%3318 . A0tgeg) +§(|a.|'¢ [3]%) (ne(At3300- A%23e3) o

+ A4 (330~ J‘J')):I - hakJ J*[ 3(ad+ A3) + 8‘(A.¢A;)] } (A-48)
‘ (R-1Iv.26)

Comparing Bqn.(A-48) with the general solutiom (A-29) and noting
that A'= A% = g~ q** = k"u(s~6?), 1t 1s then found that the
power emitted by a cylinder can be expressed in terms of the
absorptivity coefficients of the eylinder as follows:

Fo = %‘“ i ]k [ Ap,(b) + LQ.(h):l & (a-49)
nm.e =k

(R-1IV.27)
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3 - APTROZDNATS SOLUTTONS

Pollowing Rytov's work we will now proceed to derive
some approximate solutions for the equilidriwm rediation qitto!
by & oylinder. These Mmmumlbmmmu
examining the influsnce of scme paraseters at limiting conditions
and also, in scme cases, allow testing of the theory by
ocomparison with already established results.

Three limiting cases will be considered for which the
radiating frequency » is ssaller than the plasss frequency wp.
This is the region of the frequency spectrum where the plasmes
essentially aots as a conductor. The three cases considered will
correspond to & eylinder whose redius is smaller and larger than
the skin depth while the skin depth 1s either large or small.

The Copduoting Cylipler (wi/e® >> 1 and v/u > 1)
This case represents the low frequency approxisation where
the skin depth "d" is much smaller than the radius "a" of the

oylinder. The skin depth is given by

. shadeo
3 421; o et}

where o0 is the condustivity.

Since ¢ = &'~ 12" and in this case &' << ¢" then the index of
refrastion is given by

n = Veu = V-Io%p = ’1-1-L:u (a-51)
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Substituting o from Bgu.(A~50) intc (A-51) leeds to

n-F-;ﬁr‘ -f;ﬂ: = fr(1-1) (a-52)

Sinoe |[Veu| >> 1 amd || << ¢ then it can be assumed that

A = k'ep - hf w Koy (a-53)

Thus |A|a is such greater than one and the following asymptotic
expansions (MeLachlan p. 83)"«- be used.

J =3, (ra) = —£— o08 [M - &;—1)1] (A-54a)

TAs

:--ﬁlﬁil--jf—%-u[u--h-‘rlh] (A=54d)
Sinoe from (A-52) and (A-53)

Ml*(‘l-i)

it oan then be shown that

tan [u - -(-@-;—'l!] -1 (A-55e)
and
tan | A% - -(31‘-;‘—')1] . i (A-55b)

where the following relation is used



-3

tan(1s/2) = 1m_5(./a) i since o/d > 1

The following cpm\m can then be cbtained using Bqns.(A-5ka)
and (3-5'05)

ARJIIGASRI) = -/ £ F ,1.[1.. .(,zuzﬂ.:] s [u- m_.eh]
- %f%/’» [ - ][ - (252]
Maltiplying and /vmu through by

ou;”'[& - .(ﬁfﬂl] oos [A‘o - &‘-E-h]
/

and using l;"'-(l-55t) and (A=55b) the above expression becomes

f
/

At;;-/y‘"- AStyey o T?,-.- Al A%+ 1) |oos al® (A-56a)
|
asia- M
| b
In.,,f;ihrmitombo shown that
/
/ JIre - Je -1‘2—:%.1 |cosc |® (A=56b)

f Ay = j:—?: Hp cos & (A-560)

K! & = E Hooosa (A-564)

$ = f:—gn (ﬁ) cosa (K-560)
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A= A.f,;’- . [pa - (g)'] (;i—.) Kecs’e (a-562)
el e R e e (a-s560)
[3]* = ,. N (E) cos’s (A-56n)
la!" = |po - (h) I ;}-.{-:IF cos’s | (a=561)

where '!

‘,'-l-'-“ﬁi ;o eefete e

/ The equations (A-56) are then intredused into Bqu.(A-48)
which fsecmes, after using the relations A'- A% = K'y\c- e*);
A+A"/’l X (Ve + Ve¥) '
/
2
g

c"ale] Ill‘ lpe - (“)l

DR -]

(m). (p+p%+ 0+ 0%) } (‘_.\9.)

an

L]/:\h) + Au(h)
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1. Thip, W1l Copdueting Cylinder (ks << 1) (Irla »> 1)
In this case, since Aea << 1 (M, p.26)"

H = H (Aes) 8 1K,(Aen) » ﬂn.-?m ( Xf:)n
B = E (ea) = - 81 (é:).
Ba(es) = - & 1a (M43) \

H!(Aes) = - 32 \

(A=59)

Let us examine the variation of A, (b) + ‘ () (Bqn.a=58)
in terms of n. Since from (A-59) H'/H 1s popu-ttoau\to n, then

the produot po ~ n® and ln-!m,'l'a-n .

On the other hand the terms inside the ourly 'bn\\bt
(A=58) can be shown to be propartional to n® and thus cance.\the n
variation of the fastor |po - (hn/ks)®|®. The expression (A&.‘)
also involves the faotor 1/ |H|® which is dependent on n. From 1

(A-59), one finds that 1/ [H|® » (Aes)*". Therefere A, (B) + \
+ Agy(m) ~ (Res)™ . _ \

\

Sinoce (Aes) << 1, one oan retain only the first ters in \\

the series expansion Eqn.(A-29) for the emitted power Py and
Equ.(A-58) beoomes with n = 0

\

\

\
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Ay, (B) + () = Mg Vi (Ve + Ve®)

-60
rxalel [Rel* [Ipl' der ¢

Introducing Bqn.(A-59) into Eqn.(A-57) and using the relations
(A=52) and (A-53) one them cbtains for p and ¢ the following

expressions:

INJapdln(=42)
2 :1._:;) A& (1-1) At] e

i SR EE) e

With the help of (A=59) and (A=52) the coefficient in fromt of the
square bracket in (A-60) becomes

B8 Vi (Ve + Ve*) _ s (A-62)
sxale| B .'[h(kf_)]'

Bqns.(A=61) and (A-62) are then substituted into Bqn.(A-60) and one
finds

Ap,(B) + g, (0) = Meana “1 -iﬁﬂf- h(a?)l-- "

5 } (4-63)

+

1=1) ©

Substituting (A-63) into Bqn.(A-29) and changing variables as
follows: h =ksinfd , A, = Vi¥<h® = koos ! , 0N arrives at



r‘hm

o

——— N
L g ]

—

- 139 -

P, = 2r'kapd I.:Zz{ |1 -H 00s®0 h(k.i_?g)"' .
. I Ty - 1xeceste 10 (k-l-?-'-) |°'] 0080 46 (a-68)

It can bo showm, using 1°'Hopital’s rule, that the product
ooa®e 1a(E89208 ) 5, 3gn,(A-6) tends to sero at the limtt
0 = 5/2. From the conditions ka << 1 and &/a << 1, it is thus
evident that

<< 1

Ik.-T’_-'i‘ou'O in -’—;L')

Therefore this term is neglected in fromt of ome in Rgn.(A-6h).
Since 1a(E29000 ) 45 4 enly varying fumstion of 0, the 0

variation is neglected inside the logarithm. Using the notatiom
s uh(?) , it follows that Eqn.(A-64) reduces to

u/2
= 2¢* . !
P, kapd I,, { {1 m T Epis 60 s Decll }ooo’. ae

(4-65)
The first term of the integral gives 2/3, and the
integration of the second term leads to a result different from
that given by Rytov. Ve will then proceed in the following to
show the mrocedure taken in evaluating this integral.

Consider the evaluation of the following integral:



| -

f— 3

L e
b 0 [ g—— |

- 10 -

0 -;(kp d)cos®t «

(Page 234 of Rytov's memograph’ .)

Volot p=EhE e« =keln B <0, The comstent p <cc 1.
The integral beecomes:

Tz

1

In=p

¢ cos®0 + Poos®l +
0

On finding the roots of the dencminator, which we denote by a, we
can write I in the following formt

I-ﬁz[:fzau‘-:':f—;‘.%m -Zz-.o—.':"??ﬁm]ﬂ

If wo now let y = cos @ we have

1 1
I'%[l fﬁ'ﬁn] *441’:?%”0] i

1 1
i %qvﬁ?[r'g-lmn] -£ fﬂ?[y'?mn] )]
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To perfora these integrals we make use of the following substitutiom:

L d
y - HE

ks = (143) « Y{Te B)7=4% -
ks = (143) = V(T B)*= A%

In this way we find:

- Al m[(x.-n)[ #iiy ¢ (o) [ ¥y -

D-[%+ t‘] ’&‘--t‘-(o‘ot‘)ﬁ'-_t'

ks = k* <A%Ky + A"D ."-g
ky = k:-A'k.+A')
ks = A* - k: ot -%~

s
k‘-A'-k.
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By ssans of the substitution:

-
we ean write
$4t
(o® + t?) Ya¥=¢¥
in the feorn
[ & -t VATt
{(a®+0®)u=-1] 2¥e¥¢ 0% va¥+ o u+t
The integral
at
(c®+¢%) Va¥F=¢*

oan be written as (page 55, mo. 20 of integral tables'>);

1 Nt
s e o T ot

By using the following identities

A* = k¢ ke
ke = A'-X] = kike =k, = ke(ke- k) > 0
ks -1"k: -kska-k: = = ky(k¢=kg) <0

7
“ks ki

B-M e

2
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o = e

-

=

= —

i =

ke .k:-"g.‘,‘.. .W

ks = ki = A%k + A"D .-h.(h:.l!l(h.-_ﬂ

Expressing these quantities in terms of f (using the fast p << 1)
and substituting in the integrals we find: (keeping cnly the
largest ters):

In-or uﬁi) 1.;-9-4”!!.::4 where (B << 1)

.- g 20ap = - ghe 20g B

2¢ C C ¥ (h_» 1)
The basic conditions are them:

ka > 1
Ala = ¥2a/a >> 1 (a>>q) .

When |n| << ka, wo can represent the Hankel functioms by

the following approximate expansions (NeLachlan, p. 198) i’

~tnen - {20ELE )
8O0 =fehze

(a-67)
(653D 4
~1[Aea=
l:'(m)--il?:- =

When |n| >> ka, the Hankel function is given by
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i el

= Ak =

B (Aen) ~ 1 (x&)n {a=1)}

™23, because of the cosfficient T!’rr 4n Bqn.(A-58)

(b) « A, (b) ~ ] -0 ¢ ‘
't Gy 0 e

It 1s then assumed that the values of n extend only
from -xka to +xka, shere ¥ is a coefficient of crder 1.

Combining Bqn.(A-67) with Bqu.(A-57) and using Bqns.(A-52)
and (A~53), one obtains

P--ih‘.‘#%l-m

TRRPTRY

Substituting (A-67) and (A=68) into (A-58) gives

(a-68)

(n) + (h)..ﬁb.(!_").' 1 3
n® K [ef |%=+<5l>'|'

(R ) - @)

@) W E-9))
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Retaining culy the terms containing higher power of Ve, this equation

becomes, with the help of |A|* = x*x]e]

Ay () ¢ a0 = £ (E- . E' ) A -[%:' ;é o (a-69)

The following definitions are then introduced
hsksind ; Ae=keosd ; ysum
and the summation in Bqn.(A-29) is changed to an integration as

follows
*xX
PREIE

as-yka -2

Applying these definitions to Equ.(A-29), one gets
/2
Ps htdaf] [ Ap(y,0) + Aq(y,b) ] &y cos 0 40 (A=70)

and Bqun.(A-69) decomes

Ap(y,0) + ‘Q(”.) -2 (l_ J_ ) [008%0 + 0080 ¢ y'sin® ‘JL_””

l col’o + y*sin®0 |*
C (A=71)

Substituting Bqu.(A=71) into Eqn.(A=70) leads to

e e o

("72) |
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Since y varies from 0 to x ~ 1, then with the same
preoision as Bqn.(A-72) was obtained, one can negleet terms ia y*.
lqn:(l-n) can thus be integrated and the following expression is
obtained

p..&‘;..ﬂk_‘{‘_.)

lew
lef

Using Bqn.(A=52), one cbtains

Py = 6eyaloykpd

and using the kayleigh-Jeans approxisation fer I, one fimally

Po = 3o =« G 2 42

In another prodlea (a slad in a waveguide) Rytov has shown that
x = 8/9 and therefore

2T (a-73)
3. Zhin, Poorly Copduoting Cylinder
In this oase, the following oonditions apply
ka << 1 and a<d
Aot << 1 and Iral << 1

It is thus sufficient to keep only the first term in the series
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expansion of the Hakel and the Bessel funetions, .. the B 45
given by Bqa.(A-59) acd 7, 1s given by

Jo(ha) = 1 ;3 (e) = (bg)'

. (a-m)
Ji(Aa) = - %. 3 J"‘( a)s -(‘—."-m (*)

Since Bqn.(A-67) 1s again properticnal to (Aea)>", (same
argusent as for the thin well conduoting cylinder) ome ean keep
only the first term (Bqn.A-29) in the sumsation over m, 1.0. n =0,
The following relations are then obtained:

ABJIS o 2923030 & O

J30e - gegr o AZ=A2 (A-75)

A.---A.----21 ; 8=0 3 A-;#;v

Substituting Bqns.(A-75) into Bgn.(A-48) gives

()« &g, (0) = 228220000 (a-76)

Using the definitions for A* and A: one gets

hp,(B) + Ao (B) = waten(e-2") (a-77)
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Bqn.(A=77) is then intreduced imto Bgn.(A-29) and the
following expression is cbtained: ;

P.-Esr-l..f(k'-h').-i.,’:ﬁl.. .

houpudufcﬂn’mcd.ttdpcmtmcef
the cylinder, using the Rayleigh-Jeans law, thus becomes

P, =30 = .@1).9.7: (a-78)
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