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SUMMARY

Existing work on the pressure fluctuaticns in surbulent shear flows is
briefly reviewed with special reference tc the problen of wall turbulence,

An apprexizate theory for the pressure fluctueticns cn the wall under
both a turbulent beundary lever an? s wall jet is given and indicates in
the latter case an intensity many times that ccrresponding to the flow
over a fl.at plate at zero pressure gradient, ags typlfied by rmeasurecents
on the welil of a wind tunnel., Experiments cn a wall jet confirm these

predictions and deteiis of the few prelirinary data are presented,

he results from the well fet suggest that the intensity of the pres-
sure fluctustlons in the regions of adverse pressure gradlent, cn wings
arnd bodies, apprcaching and beyond separation ®ill be higher thar in
regicns of zerc pressure gradient,

n

Arpendices are inciuded which deal with the necessary extensions %o
the analysis tc f1¢ the velocity correlation functions as zeasured hy
Grant {1958}, the effects of tiwe delay and eddy convection.

SUMMAIRLE

Les travatx sffectues jusqu'ict sur les variations de pressicn dans
Ln ecculeTent turbulent en ciselllerent scnt scrmairecent exposes avae
mention particiliere du probicre de ia turbulcnce & lw paroi.

Les auteurs presontent une <hlorie approchée pour les variuticns de
pression & ia maroi sous 1" influcnce tant d' une coucke limite turbulente
gue d’ur ‘et 2 la parci, d'apros lajuelle, dans ce dernier cas, les
varietions de pression sont sensiblerent pluy fortes gue celles qul

crrespondent u 1’ ecotlement stur ute plague plane au 2’ abgence do grodi-
ents de pression, ainsi que le dozontrent les reosures gtfectiees SUr ia
pars? d'un soufflerie.  Cette prédicticn cst confirmée par les reésultaty
essgis sur un jet a la paroi: les quelques resulieds préliminalres
Us sont presentes ici,

re 1'intensite des varilations de ypress
avorables, per exerple, sur .es glles
o

e+ .es corps, quend 1' écoulement s’appreche du point de deccllerent et
passa au-dela. sers nins farte gue dars les rr‘lginr.s: ‘n. gradients nils,

Le reppors comprend des Aanne
1’ analivse pour & rendre appii
vitesses, ainsi gu'elles on
4v retard temporel e+ & im convection

. A .
s traitant des extensions & apperter n
i foreticns de 1a corréiation des
s par Grant en G658, & 1'influence

e ¥
es tsurbillons,

R
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NOTATION

A gaplitude

&,,8, &8, arplituds of big eddy velocity covariances

cs sein friction coefficient (= 7 /4pul)

D jet diameter

£ iongitudinal velocity correlation coefficient (isotropic turbulence)

G,Gc,Gi,G,,G_ Green’ s functiors

X von Karzdn ceostant

i,ip;ll,iz scales of turkilence

P pressure ccvariance

P pressure spectrurm function

T pressure

/5%? r.m.s. value of pressure f{luctuations
q source density

R, &, Z cyiindrical polar co-grdinates
Rij'RZZ velocity covariance

Eij'ﬁzz velcelty correlaticn coefficient
? = (rl, T, ra)

T’ =(rl, ry, it

S area

t tice

ER, Eé, 32 mean velscity components

T velocity (5 (u,, u, u,})

u, ~axituT ve.ccity af 2 given R
U fres streen velocity




shear velocity

convection speed

volume

co-ordinates

distance to 2id and maximum velocity in the outer region respectively

uZ/u2, and anisotropy factor

reciprocals of typical turbulence scales

Dirac function; boundary layer thickness
displecement thickness

wave number

viécosity

kinematic viscosity; reciprocal of eddy lifetime

density

tize delay

rean shear

optimum time delay

wall shear stress

circular frequency

denotes big eddy contribution

denotes scall eddy contribution
dernctes ‘in moving frare of reference’
denotes ‘in fixed frame of reference’

deriotes fluctuating gquantities (tut gernerally czitted)

vi



ON SURFACE PRESSURE FLUCTUATIONS IN TURBULENT BOUNDARY LAYERS

G.M, Lilley and T.H. Hodgson®*

1. INTBRODUCTION

A knowledge of the intensity and spectra of the pressure fluctuations in turbulent
stear flows i{s required in a wide range of aeronautical and hydrodynamic problems
today. Such problems range from aerodynamic noise generated by turbulent motion, the
vibrations of the aircraft skin at nigh speeds aund the transmission of noise to the
cablin and cockpit, to mention just a few,

Althcugh work in this area was ploneered by Heisenberg!, Obukhoff?, Batchelor® and
Kraichnan“*® it is only relatively recently that experimental data have been obtained
to check the theoretical data, and to set the pattern for investigations into more
complicated situations, where the theory at best would be very tentative. The work
of Kraichnan is of particular interest for it deals with pressure fluctuations in the
presence of & mean shear, and also in the case of wall turbulence, and therefore has
direct application to the problem of wall pressure fluctuations under a turbulent
boundery layer. (The earlier work of Heisenberg, Obukhoff and Batchelor c idered
only the case of isotropic turbulence). Krailchnan showed that on a wall /p?/(k £ u%)
~ Leg, where Bis s factor between 2 and 12. Ezperimental results obtaiced by
Willmnrth and Harrison’ confirmed Kraichnen’'s predictions and gave values of /3
between 2.5 and 5.0.

. The effect of Mach number on wall pressure fluctuations, although of obvious current
importance, will not be considered here. Indeed, the flow will be assumed incompress-
ible throughout and the problem of boundery layer noise, that is the noise radiated
away from the surface, will hardly be touched uron. OQur attention will mainly be
restricted to problems of wall turbulence, including the wall jet, and will not con-
sider in the same detail pressure fluctuations in free turbulence. A review paper
covering the items omitted by the authors would naturally be of considerable topical
interest, but it was felt that, beering in mind the considerable efforts present in
this area today and the present state of flux of knowledge in the subject, a greater
need was for a fundamental appreciation of relatively simple flow models. The surface
over which the fluid flows will be treated as rigid, and no account will be given of
the response of the structure to pressure fluctuationms. <

The theory of the pressure fluctuations in wall turbulence, including the wall jet,
will be treated on sizilar lines to the uethod used by Kraichnan®. In this method the
intensity of the pressure fluctuations can be obteined once the two-point velocity
correlations, mean velocity gradient, and the turbulence intensity and scale are known.
Experimental results obtaired by Townsend?, Lauferg, and Grant!® will be used to find
p< or the wall, For the wall iet the mean flow theory due to Glauert® will be
adopted, tcgether with results in the mean flow by Bakke-? and Bradshaw and Love'®.

The predictiorn in ¢his case for p? will bte compared with those cbtmined from
Teasurecents.

*Department of dercdynamies, Coliege of Aeronautics, Cranfieid, England
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Fipally, in order to avoid confusion in the theoreticel treatment and the discussion
of results, thz authors stress that they are dealing with the problem of pressure
fluctuations in a pseudc-incompressible turbulent shear flow. They prefer, and agree
that it is one of personal preference and not one egreed by convention, to refer to
boundary layer nolse as the sound energy radiated away from the turbulent flow. This
latter problem, considered by Curlel®, Phillips-®, and Doak'®, though connected, has
obvious differences from the present treatment.

Ty

2. THEORY OF THE PRESSURE FLUCTUATIONS IN A SHEAR FLOW

In most instences where the pressure fluctuations are significant the fluctuations
in the fluid density are significant also. The present problem is no exception.
However, since we will be more concerned with the pressure fluectuations inside the
turbulent shear flow, which in our problem will be an essentially ‘low speed flow’,
than with the noise radiated from it, we may safely assume that the flow is incompress-
ible. The equations of continuity and motion are therefore respectively

Eui
— =0 (1)
oxy
Sy o 8 )
t——pusu, = - —+ N , (2
3t ax, ! 2x, ! :

If we take the divergence of (2) and use (1) we obtain the following equation for the
pressure:

RN
T2p = . i 3
P pEXiEX; ( )

This shows that, whereas in inviscid steady flow the pressure at & point follows
immediately froc the dynamic pressure at the same point, the pressure at a point in a
turbulent flow, since it obeys an equation of the Poisson type, is governed by fluctua-
tions in velocity throughout the entire flow and not just at the field point. Since
thie wall jet comprises an inner boundary layer and an outer jet mixing region we will,
for ccenvenlence in finding the solution to (3), consider this more general flow only.
The solution for the boundary layer on a fiat plate is then & particular case.

In the wall jet the mean pressure is approximately constant everywhere, and the mean
velocity field is radially symmetric so that in terms of cylindrical polar co-ordinates
(R, $, Z), the velocity components are given by Eﬁ(R, Zy, 5¢ = 0 and EZ(R, Z).

Since Equation (3) above can be written alternatively in vector nctation as

Vip = - Ve (E - DY (33)

we fird cn expanding the right hand side and makirg the usual bcundary layer assuzpticn
that (see Appendix A)



A
u UF

+ 2 — (4)
3R ‘Z\Z) )

ué) denote the fluctuating components of velocity'and(ﬁh, E¢, ﬁz) the

al
[~
o0~
a)
[=]
x
Q)
N
[o¥3

|13

V2p

|
|

Q?
-
Q)
&

! ?
where (uR, Ug,
mean values,

BER BEP_
But — << SET so that finally we have

SR

, dul 8@
Vp = .gpL£ B (5)

cR oZ
2 Buy (58)
= - T, 8

£ TRz Zp

BER
where TRZ(R.Z) = —= 1is the local mean shear.
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This result is similar to that found by Kraichnan® for the boundary layer flow over
a flat plate with a mean velocity in the (x,) direction varying with (xz) only, the

direction normwal to the plate.

In order to simplify the notation, in what follows, we will drop the subscripts on
7 and the primes con Uy, Thus p and u will now refer to the fluctuating pressure and
velocity respectively, and 7 is the mean shear. Therefore we can write Equation (5a)

in the equivalent form

Buz

~
]
v

= - g t) » 6

Vip = - 207
where q(X, t) is the source density. We are here assuring that the pressure fluctua-
tions due to the amplifying effect of the mean shear on the turbulence are greater
than that due to the interaction of the turbulence on itself. Kreichnan® justifies
the use of this assuzptiorn by showing that, approximately, the former will give rise
to a roct mean square value of pressure about 10 db higher over that due to the latter.

The solution of (6) can be found by finding an appropriate Green function, G(;, ;’),
which =satisfies the boundary conditions. Since the Green function satisfies

VX, X'y = - &x - %" N
¥here &6(y) is the Dirac delta function, the appropriate solution of (6) is

r s

/ [ ~ - aG -

G (¥, t) - (¥, t);—- ds(y) (8)
on

Q’l
3

— |
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y) dy +

[o%)

-

o(x, ) = [ a@. t) 6(x, ;
“: -
v s
where V is the total vcivme cccupied by the flow and € is the “otal area cf the plane
over which the fluid flows, prcvided that a* scme initial time p and 9p/dt vanish.
Here n is the noraa. to S, measured tc the surface from the volure.




If we write G_ the Green function which vanishes on the plane S, G, the Green
function given by

G
t _ )

on
on the plane S, and G, the Green function for unbounded space, we have

G. = G, - G

(9)
G, = G, * G

where G, is the Green function for the image point in the boundary, Hence we can find
three equivalent solutions of (8), which depend on the particular choice of Green
function. Thus

- 2p
p(x, t) = fq G, dV*fG,:—ds (108)
2n
v 1)
36G_
= qQG_dvV - [p—dS " (10b)
cn
v S
ep 3G,
= q G, dv + G,.— -p—)ds (10c)
- *2n . on
v s
But .on S we have
Gp = Gi
36, 36, (1)
T 2n
and so (10) can be written alternatively
- op A
p(x, t) = a(G, + Gi)dv +2 |G, —dS (128)
T con
A% s
[ 26,
= ] a(G, - GdV - 2 {p——dS (12b)
J : J cn
A S
.-'r f dp SG.,
= Jg6, av- [{6g,—-p==)ds (12¢)
J 7 g an dn
v S




The particular choice of one of these equations mist depend on what is known about
p and 2p/Sn on the plane S. Clearly if Cp/Sn = 0 on S we would choose (12a).
Now the equetion of rwotion in the Z-direction at Z = 0, where Ug = u

¢ " Uz T 0, is

s “u
0 = o~ u—k (13)
cZ oZ
for the fluctuating quartities and
3%,
0 = & S7t (1&)
for the mean flow,
But fror the equation of continuity
g Zu
Z 2 -0 at z=0 (15)
¥4 ¢z
and therefore near the wall
— ZJ/’&DZ
< - H -
uy = A . (18)
@\cz

Fror the measured distrituticn of Gg wear the wall of a flat plate, channel or pipe
Townsend® finds that (in our notation),

/2p\?

T~ m 3.4x10°" X
\éz/

FoRd
i

1
w

(17
where 7_(R) is the wall rean shear stress given by
/aaR\,
Te T o lnmr (18)
W Am
\ °Z/z=0

justified in putting (cp/9Z),_5 = 0 in (128).

Altrough (<p/32) %, as shown by (17), is a very scell quantity we are not imrediately

However, if l. is & typical length over which the velocity is correlated and Z2 a
r'S

siriiar length with respect to pressure, we see that *he contributions to pz, fror the
voluime and surface integrals in (1Zs), are ir the ra*io

o0 if ¢ 12
Now, if anything, [, is less than I,
and sc we see ih

vl
Kraich

il

and is certainly rnot large compered with !.
at the surface integral :n {12a) can te neglecte? in agreerent with
can's approximaticn :

w

Fing+
o

Aae

Thus we ncte that for this probler the solutions (12%)
and {12c) are of less value *than the



We therefore write approximately

" £ ~ ooy . i o ~ ClUy o
PR t) = —/(zx-y! e T -FITH TR O & (19)
27 3y
Vv .
on inserting q(;, t) from (6) into (12a), and noting that
G. G, = 1/1 ! \‘| (20)
R R ;f |; _ ;.n//
where ¥y = (g Y ¥z). ;’ = (¥g, Vg - yz), and the volume of integration is over
the half-space Z > 0.
On the surface of the plane x = (R, &, 0) so that
o Cup
7(7) —2 (3)
- £F YR — .
P(x, t)g=y = — T (21
ﬂ iX - yli
Z>e

and the pressure covariance, for zero time delay between the pressures on the plane at
X and X’ respectively, is

~ . et - -
2 T(Y) T(Z)——fz'—z-dy dz
o o Syp dzg
P(X; X)pa 2 == = = (22)
mt J X-5 |3 -7
2", 230
where the velocity covariance is
RJl = UJ'(F) u,; (2}
and Z = (Zy, Z, Zg)-
If the turbulence is spatially locally homogeneous we can put
Ryy (¥ i 2) L
_sz') = = Ry (D) (23)
\JUZ hi Vuz z
where ¥ = (E - ;) and EZZ is the velocity correlation coefficient.

Now the integral in Egquation (22) with (23) is difficult to evaluate for general
values of 7 and G;T However, the contributions to the integral beyond a certain dis-
tance of the order of the length scale of the turbulence will be sufficiently small so
that 7 and GE car be regarded as Tuncticns of i;| and Yz onl&. This assumption. reans

that so far as the integral in (22) is concerrned 7 and ué vary only with distance
norra. to the plane and, in view of the lccally homogeneous assumnption in (23), the
integral can be evaluated as if the flow were parallel. For convenience in its



evaluation we will use a rectangular cartesian tensor notatiqn with y, and ¥, taken in
the plane of the wall and y, normal to the wall. Thus (22) becomes

3

:::
—- = Iy
P(X XNze0 = -3 j 95, j a5,
- :

T

~ 2

— f‘;‘ . ¢ R,,
ug (X h ) 2 (x;y, + rZ) —_— () (24)
‘ ‘ or¢

1

IfR z.and its derivatives with respect to r, vanish at infinity an integration
by parts of (24) leads to

o[ [

X v (X - [ % 2 oy /a2 - -
T(X, ¥, T(X ¥, T T/ u, (X F Ul (X, ¥, 7T,

B // 1 \2 P _/ 1
' i (25)

— —

cy \ -3 // 3z, x’ -z

Now it rust be noted that in this analysis stationary, and not woving co-ordinates
are being used. Also, as stated above, P(X; X'), the pressure covariance on the plane
Z = 0, is that for zero time delay and involves the instantaneous product of the
fluctuating pressures at the points 3 and X’ respectively. However, if the frequency
spectrum of the wall pressure fluctuations is required it is necessary to consider
both the time delay and the turbulence in & moving frame of reference (see Appendices

D and E).
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Equation (25) is the important equation in this paper. It shows that the pressure
covariance at a point on the wall, due to shear flow turbulence dorinated by the mean
flow wuhear (7), is governed by §22, the two-point ‘lateral’ velocity correlation
coefficient, the mean shear and the turbulent intemsity.

In Equation (25) the integration over ? can only be effected when the values cof

s ui are known. Now we can easily see that the greatest values of Tlﬁé_exist in two
quite distinct regions of the wall jet at any value of the radius R, These regions
are the constant stress region of the boundary layer like flow and the riddle of the
outer mixing region respectively. On the assumption that the turtulent inner region
of the wall jet possesses the saze siructural si:ilarity as the irnrer region of a flat
rlate, channel cr pipe flow we have that the mean velocity distributicn in this region
(known as the ‘Law of the Wall’) is

I
u

(23,

In!

\ v

Pt A (26)
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/T,/F 18 the shear velocity.

1

where u,

Equation (26) is known to hold for Zu,/v > 30 and Z2/Z; < 0.2, where Z  is the
thickness of the shear layer up to the maximum velocity T = U, K, known &s the
von Karman constant, has a value roughly equal to 0.4. Since the motion in this inner
region must be described by universal functions of the wall shear stress, T,.‘and the
viscosity, the turbuleut intensity uz must be proportional to u2 From the mersure-
ments of Laufer’ in a circular pipe it is found that

= a (28)

SN
10 N~
|

a constant over most of the inner region. (o is of the order of unity). From
Equations (27) and (28) we see that

a ul

= T (29)

™z Kv (Zu_/v)
T

for values of (Zu,/v) > 30. Nearer the wail it is found that

v

Zu \? u?
/ul A 0.008 (;-%> = (30)

and it is interesting to note that the maximum value of T/GE occurs just outside the
leminar sub-layer. In fact it is very close to the region where the totel turbulent
intensity (GE - Ez - GE) reaches its maximum value (Fig.1).

It is found from (29), (30) that

Z
3 dzs :
£(z*) = (.43 (31)
J (wir?
where f(Z*) = T2 uz gnd Z* = (2 p,/v). Thus the average value of T? u in the

region 0 < Z <Z 1is 0.43 u,LJZE-

On the other hand it 18 shown in Section 8 that the value of the mean shear in the
outer mixing region is

- 0.616 u,_
T - oad (32)
(Zy - Z)

where Z,, Z, are the distances to the points of half and maximum velocity respectively.
On the assumptlon that in this latter region /gg-— 0.15 u, we find that



. 0.0085 u;
7l 5 ——L ‘ (33)

(Zy - Zg)®
This more or less completes the formal treatment of the pressure fluctuations in a
wall jet. Since the contributions to_}’ from the inner region and the outer mixing

region are very different in magnitude (see (31) and (33)) we will consider them
separately.

3. PRESSURE FLUCTUATIONS DUE TO0 THE BOUNPARY LAYER
TYPE SHEAR FLOW

From@ (25) we frund that

- F | R,, (T
B(x; I’)z:g = 72 I dy; l' d;"; Jr dya l dr'. l dr2 Ldrl' Ra2 (r)
- - _‘

TR ¥, T(X y, * rz)q/ug (x; yz)‘,/ WXy, try (34)

5/1\3 1\\

— |
11— — ] {
Ey.wx-‘ﬂ/az ?'-2V

If the turbulence is assumed isotropic
le (ry = F+—i%,, - —r, r, (35)

where f is the longitudinael velocity correlation coefficient and £/ = df/dr. Hence

- 4 re! f!
R,, (r) = f~ - —r? (36)

This form for R:z does not agree too well with the experizental results of Grant®®
and others. Hewever, the errors involved in the use of (35) can be shown to be smsll,

1f we use the result from Appendix B (Eqn. B-12) we find that approxirmately
P(X, 0)po, = —o? <720l > |rfdr (37

where o is an anisotropy factor which is assumed to have a va.ie of akbcut 1/3, and
froo (31)
, — 0.43 ul
<7 “z;> r —= {38)
v Zr
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If we now insert f = exp /%—-\ ’ (39)
\L '
: @ »
with j fdr = I (40)
: 0

into (37)

.!P(i’, 0)yes I |z :
L E7% ax g.28 _P_\J =T ¢, ™ 3c, : (41)
Z[’l

4 0 u? v

where we have used® lp = 0.3 Z,; Z, u,/v = 1600 end c, = T/ B & u; is the local skin
friction coefficient. This result is-similar to that found by Kraichnan® for the
boundary layer on a flat plate, except that our factor 3 replaces the range 2 to 12
as given by Kraichnan although we note that strictly J§?53/% £ u; is proportional to
c§/“ nd vZ, U/

Equation (41) can be compared with the results of various experimenters fbr ordinary
boundary layer flow. The measurements of Harrison’ suggest a value of

\l?/%pug A 0.0095 = 4.8 c, (42)
\D!/‘,épu; = 0,006 = 2.5 cy (43)

Our measurement on the wall of a wind tunnel with a microphone 0.14 in. diameter
and a boundary layer displacement thickness of 0.238 in. gave

while Willmarth®’ gives

=¥ 2 _
QD/H,G‘um = 0.008 = 3.8 cy (44)
All these results are qualitati%ely in fair agreement with the theory and indicate
that in a turbulent boundary layer on a flat plate, in zero pressure gradient, the
well pressure fluctuation arises mainly from disturbances in the constant stress
region, Since Cs changes only slowly with distance we see that /G? will only change
slowly with increase in x.

Finally we should note that our analysis leading to Equation (41) is only approx-
imate., Nevertheless the more accurate analysis given by Lilley!® leads to a value of
3.1 ce.

*This value is ot*aired fror the work of Grant?®? by noting the zerc point value of R72 (r, 0, 0)
in the cuter regicn of a houndary lsyer B
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In the outer region of the wall jet the structure of the turbulence is largely

uninfluenced by the wall,

Nevertheless the solution of Equation (6) is still given

by (19), for the contribution from the ‘image’ Green function must still be included.

Z

However, the problem is simpler because Tzuz is approximately constant over the region

centred about the middle of the mixing region at any radius.
reduces to

. x ? T ® z ?
Yz h) s S -y Yoo
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1f we again put (3’ - X) = 0 then froz Appendix B
-]
AL 8z ., . - f
P(XI X)gap ™ 727 TT(X) v | T dr
J

where a is the anisotropy factor.

1f, further, : f = exp(-r/le)
— e 82 . L, —
then P(x; X)z-. = ;g-p‘ T u£ Z;

-2

On inserting *me values for 7¢ ul from (33) and putting®

e = (EZy - Z)
: p?

tren - & 0.1
Epu;

Tre value obtaired from our messurements is

2

— = 0.11
U

.“:
o

Equation (25) therefore

(45)

(46)

(47)

(48)

(49

(50)

(51)

and indicates that *re ccriributicn tcy p° from *he outer mixing region is sore ten

times that from *he inner bourndary laver Zike flow.

This result is not surprising

*This vaiue of [ corresponds to the half-widih of the outer vixing regicn.
this value seem$ undu.y high but i1¢ is inm xeeping with it i
in Appendix C and the 7veasured spectra.

At first sight
“he resuits cf the large eddy anelysis
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when one remembers that the small shear in the outer mixing region is acting over 8
distance many times that of the entire inner boumdary layer thickness.

The theoretical value of /F’ﬁﬁﬁIUQ is independent of the radius (R) and this is
confirmed by our erperimental results This altogether interesting result is we feel
most important, for it shows that even in a region of flow where the velocity changes

in the mainstream direction are large (u, ~ 1/R)y, the pressure fluctuations are still
largely determined by local conditions only This agrees with the results of the
mean shear stress on the wall by Bradshew and Love'® (Fig.2). They showed that the
skin friction coefficient, although slightly higher than for a flat plate, changed
very slowly with increase in radius beyond an inper radius where the wall jet was
being established.

5. THE SPECTRUM AND SPACE PRESSURE CORRELATION FOR
ZERO TIME DELAY

In Sections (3) and (4) the formal treatment of the pressure covariance with zero
time delay is given, but only the results for the mean square of the pressure are
evaluated in full. However, Lilley- % has already evaluated the pressure coveritnce in
free shear flow turbulence, and as we have seen above the results for wall turhu1ence
will be similar apart fror & numerical factor. From Lilley's results for P(X; X )
with f = exp(- o? r?), we find (Fig.3) that P(X: £,. 0, 0) has a large negative loop
with a zero crossing point of Uw'L ® 1. On the other hand P(x 0, 0, 53) is positive
for all values of £, and falls to zero as £, — * much pore slowly than f(r), as r ~ =
This isotropic turbulence model used in evaluating these results is a little too crude

" to make comparison with experiment justified, apart from an order of magnitude basis,

yet it is interesting to note that Harrison' found similarly positive values for

P(;; 0, 0, 53)“ although 'the fall-off at large values of £, was slower than in our
results. However, this is what one might expect froc the anisotropy in the large scale
turbulence modifying the form of ﬁgz(;) at large values of E?!.

The wall pressure spectrum function has been evalueted in Appendix C taking into
account the large eddy structure, and in Appendix E allowing for convection. In both
these cases and alsc in the free shear flow turbulence example, the spectrum at low
frequencies obeys the law z°.exp(- Z°) - (Fig.4). In our wall jet experiments we find
such & rise at low frequencies, in contrast with all measurements made in pipes and on
tunnel wall boundary layers, where the flatness cf the moderately low frequency end of
the spectrun is marked.

Harrison has also remarked on this flatness of the spectra at low frequencies and
hes suggestad that, except at the very lowest frequencies outside the range of the
measuring equipment, this might be explained in terms of the intermittency of the
boundary layer. However, this does not in itself explain the relatively high energy
ccntent in the lower frequencies.

A cozplete explanetion of this phenozenon has not yet bheer found, assuming of
ccurse that the flatness in the low freguency end of the spectra is nc* associgted with
spuricus wind tunnel effects, such as fan noise, flow noise extra and above the bourdary
layer noise, or tunnel circuit resonance. Hecwewver, a clue tc the explanatiorn zay coxe
fro- an enalysis of resuits similar to the space-time correlations of wall pressure



13

obteined by Willmarth®*. These data show, as explained in Appendix D, that the spatial
pressure correlation for optimum time delay (1.e. roughly the autocorrelation in axes
moving with the mean convection speed of the eddies) dces not fill to negative values
at large separation distances in contrast to the autocorrelation measured in axes fixed
in the wall, This means that the l1ife times of the big eddies are being extended on
account of the growing scale associated with the slow increase in the boundary layer -
thickness. This consequent modification of the autocorrelation in moving axes at

large times could produce sore 1i%t to the low frequency end of the spectra although a

fall off like &° might still be expected at the very lowest frequencies.

On the other hand it would appear that in the case of the wall jet,; since the
increase in shear layer thickness is relatively large coupled with the rapid fall off
in velocity with incremsse in radius, the 1life time of the eddy could not be extended
in this way. These differences between the theoretical and experimental spectra for
both the wall jet and boundary layer are being further investigated

§. THE WALL JET - THEORY OF THE MEAN FLOW

The wall jet has been studied theoretically by Glauert®! and experimentally by
Bakke‘? and Bradshaw®. Although Glauert found solutions for both the laminar and
turbulent problems only the turbulent case will be required here. He found that the
velocity distribution in the vicinity of the wall was similar to that in a boundary
layer with zero pressure gradient. In the inner region one would expect the ‘law of
the wall’ to apply but for simplicity Glauert assured the Blasius distribution

/G, 2\ /
= i\u"' \/ 0.0225 (52)
v/

where u_ is the shear velocity given by u_ = /(7,70).

e | =
o

In the outer region Glauert evaluated the velocity distribution numerically and
showed that it is slightly fuller than that given by & (1/7)th power law. The maximum
velocity occurs at Z/Z = 0.125, for a value of (u, /v)(Z% - Z) = 4x 10°, where Z% is
the ordinate to the point in the outer mixing regiou for which LR/U = 0.5. The value
Z/Zh = 0,125, where u = u, differs from that obtained experimentally by Bakke, but
this can be explajned from Glauert’s analysis, for Bakke’'s value of(um/v)(ZL Z) =
3.5 x 10°, compared with our value above of 4 x 10“.

The distribution of maximum velocity with radial distance follows the law

E : (53)

at the Reynolds numbers of the tests reported Lere.

*Results analcguous te these have been cobtained by Favre and his co-workers 20 for the two-point

veiocity correlations with separation in the streamwise directicn.
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The velocity distribution in the outer mixing region is found by Glauert to be
given approximately by

R - gech¥0.875 /%L;—EEL:\ (54)
r \Zy = Zz) |

=

where Z, ~ RC-%,

The experiments of Bakke confirm these predictions. Bradshaw and Love give some
results for the variation of wall shear stress under the wall jet. These show that in
the region of fully developed flow the wall shear stress is some 25% higher than in
the corresponding case (i.e. equal u, and Z ) for the flow over a flat plate in zero
pressure gradient.

7. APPARATLS

Wall-Jet

The test rig shown in Figure 5 was geometrically similar to that used by Bakke-?
for confirmation of the theoretical results obtained by Glauert!*, The jet was 1.5
inches diameter and air was supplied from pressurised reservoir tanks vie a 6 inch
diameter throttling valve and 200 feet of 6 inch diameter pipe, part of the laboratory
ring-mein supply which passes horizontally 18 feet sbove the test site. The vertical
downpipe was 3 inches diameter and 10 feet long connected tc the 6 inch =ain through
& 3 inch isolating valve. This was foliowed by & smooth contraction containing a wire
gauze and then 5 feet of 1.5 inch diameter smooth-bore pipe fitted with & 6 inch
diameter flange formicg the jet. The jet flange was (.75 inch above the plate.

T#c piates, each measuring ¢ feet square, were used. One was constriucted
of light acoustic boarding 2 inches thicz lined with thir Bakelite sheet; the other
was of 2 inch thick Tufnol about 100 lb in weight,

by the zain 6 inch valve at the reservcir tanks. This was necessary to keep the vaive
and pire noise to 2 minimur.
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The measuring region wes 3-i0 jet diameters from the jet axis over which the jet
half width (distance to half-zaximum velocity) varied from 0.4 inch to 1.2 inches
with maxirum velocities of 140 f/s to 40 f/s.

Pressure Transducers

Ammoniur di-hydrogen phosphate crystal transducers, type M213 and M141, were used.
These are manufactured by the American Massa Company.

The M213 has an outside diazeter of 0.22 inch and a diaphragm diareter of 0.14
inch. Its capacity is 12 pf and has a level frequency respomse to 120 ke/s. It is
used with & low noise and low =icrophone cathode-follower connected through 6 inches of
low-noise cable. The input irpedance of the cathode-follower is 200 megohms shunted
by 6 pf, allowing a response down to 20 c/s. The cathode-follower noise level is 5 uv,
although below 300 ¢/s the noise fror the transducer is 25 wV. A high-pass filter
with & cut-off at 250 ¢/s can be inserted, but is not normally necessary. The sensi-
tivity at the cathode-follower in the output terminals is -111 decibels re 1 volt/
cicrobar (approximately 2.8 microvolt/(dyne/cm?)).

The signal was arplified by a hattery powered low-noise amplifier of 28 decibels
voltage gain, focllowed by an amplifier of 94 decibels voltage gain. Roct mean square
readings were measured on a meter of the linear averaging type. The bandwidth of the
arplifiers was 5 ¢/s to above 500 kc/s.

The M141 has a diameter of 0.6 inch, & capacity of 110 pf and a sensitivity at the
cathode-follower output terminals of -94 decibels re 1 volt/microbar (approximately 20
ricrovolts/(dyre/cm?)). The low frequency noise of this transducer is much lower than
that of the M213 due to its higher capacitance, and the usable frequency response is
20 ¢/s - 30 ke/s.

The transducers were mournted in the'‘light acoustic-board plate in soft rubber
sleeves and in the Tufnol plate with & heavy hrass body and ‘0’ ring suspension, similar
to that of Willmerth'’. The use of the two methods of fixing in the two very different
plates was to ensure that the measurements were not affected by the vibration of the
transducers due to the impingement of the jet on the plsate.

Specirur measurements were rade using a set of third octave filters, covering the
range 40 c¢/s - 20 kc/s,

Correlatcr

The correlator used in the space and time correlations of pressure aud velocity
fluctuatiorns worked on the anslogue princirle. The rultiplier was of the quarter-
squaring type and used two special squaring valves. The design was based on thet of
Miller, Scltes and Scott?!. However, ruch improved circuitry was erployved so that, if
necessery, oultiplication could be accozplished over the »andwidth DC - 200 ke¢/s. The
accuracy was nst of the standard associated with computing multipliers, but is of the
crder ¢f 1 - 22 which is quite mcceptable for the present purpecse. The output was
read on a DC gelvenometer with a time constant variable between 2 - 10 seconds.
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A time delay isaccomplished on a twin chennel tape recorder of extremely low wow
and flutter, using one fixed and one moving head. The recorder used 0.5 inch wide tape
running at 75 inch/second.

The two signals to he correlated were first recorded on a loop of tape giving =
sample length of 2 seconds (this sample length could be increased if extra idling
pulleys were fitted to the machine) and thern played back inserting the required time
delay by manual control of the moving head. The signals could either be recorded on
g8 frequency modulation system bandwidth DC - 20 ke/s or on an amplitude modulation
system with a bandwidth of 250 ¢/8 - 100 kc/s. The signal to noise ratio was 42 decibels.

The correlator was capable of correlating a 100 ke/s sine-wave with 15 points to the
period. The maxiwmum time delay possible was 40 millisecs and the pinimum increment was
0.67 .zicroseconds.

8. PRELIMINARY RESULTS AND DISCUSSION

The measurements of mean velocity across the wall jet from 3 to 10 diameters from
the jet axis showed good agreement with the similarity profiles obtained theoretically
by Glauert*! and experimentally by Bekke'!? (Figs.8 and 7). The maximum velocity varied
as R"° %% where R is the distance from the jet axis, and the jet half thickness &y
varied as R”*°, The maximum velocity occurred at 2/Z, = 0.15 corresponding to &

Reyrolds number u‘(z,:,z -2y =2 x 10",

The measurements of the wall pressure fluctuaticns from 3 to 10 diereters from the

jet axis showed that
/5% faon? = 0.1

end was gpproximately independemt of radius (Fig.8). The corresponding spectra
(Fig.9) obeyed a similarity law on the basis of the frequency parmmeter:w(Z% g Zm)/umm
A typical autocorrelation is shown in Figure 10.

Corperative results were also obtained in the College of Aeromautics 20 in, x 11 in.
low-turbulence wind tunnel at a position in the workirg section where the displacement
thickness was 0.286 in. at a freestream speed of 126 f/s. The corresponding value of
the skin friction coefficient, c., obtained from the measured velocity profile, was
0.0022. Thke value vaffﬁﬁé;:uf was 0,008 which is in fair agreement with the measure-
rents of Willrarth and Harrison. However, this result cannot be relied upon quantita-
tively because in this tunnel the iow frequency extraneous noise level 1s not low,
although inevitably its contribution to the total pressure energy is small. Perhaps
what is more izportant is that it provides a check both on the accuracy of the instru-
rentation used, and on the values ofv/;§7%/3u§ as found in the wali jet using the same
pressure transducers.

The large values of ¢f27gtzum as measured on the wall jet are not special to that
case and have been found by Owen®? to exist on wings irn regicrs of separated flow.
However, the experimertal data on the effect of pressure gradieat on wing pressure
fluctuations are sc fes thet we can ¢niy speculate that, on the basis of our theory,
tte surface pressure fluctuations will be high when either ihe value of o, is high,
say at transiticn, cr the Tean shear layer is very thick, say approaching.and beyond
separation.
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9. CONCLUSIONS X
A review of theoretical and experimental work on wall pressure fluctuations in
turbulent boundary layers has been presented. The theory due to Kraichnan is modified
anc extended to include the separate effects of the large eddy structure and the con-
vection of the eddies, and the treatment covers both the turbulent bomndary layer on
a flat plate and the wall jet. The latter case is presented for it provides data in
the important practical case when the turbulence is being subjected to a rapid
variation in mean shear, not unljike that associated with the flow approaching and
beyond separation.

Preliminary theoretical and experimental data for the wall jet give values of

/%/Jug many times that of corresponding measurements on a flat plate with zero
pressure gradient. These results are explained in terms of the greater thickness of
the shear layer, the relatively high intemsity of the turbulence, and the presence of
relatively large eddies in the flow,

The present work is intended as a basis for further work at both low speeds and in
the more important practical areas of supersonic and hypersonic flight. .
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"APPENDIX A

The Pressure Equation for the Wall Jet

The equations of comtinuity and motion for an incompressible flow are, in vector
notetion:

@ = 0 (A-D
Du -
i G Vp + uViu (A-2)
ot
D - -
here — = — < (u*V A-3)
where - =3 (u ) (A-3)

If in the cylindrical co-ordinate system (R, @, 2) we write the corresponding
velocity components (nR, Ugy uz), then the pressure distribution eguation, found from
subtracting the time derivative of (A-1) from the divergence of (A-2),

Vlp = -pV-(u-Wu (A-4)

can be written in full as

12 ‘
- — T mme— RiY, —— T == — T |, —— -
£ ROR <“ R R 3p CZ3z

~
_Ug du, . ouz\

te— g — T — *tu : (A-5)
sz \®® R 3¢ Z3z/
Now the mean velocity U = (ER“ 0, iz) satisfies the continuity equation
19 _ 3
—— (RUy) *— &, = 0 (A-6)
R IR RY 3z ¢

{with Z measured normal to the plane), so that if we write R, ﬁR as & dimension and
velocity of order unity, O(1), ther Z, I, are each 0¢&) where & is the thickzess cf
the shear layer. Since terms involving squares and producis cf fluctuating quantities
will be srall cocpared #ith those involving products of fluctusting quantities and
mean flew derivatives, the only terms of ixzpcrtance in (A-5) are for R >> (,



—_ - —_ _—
e ROR \ "3R 23z
2 2, 25
3z \* 2R 3z /
SR ©R R 22 Z 2L
. >3uz ey
= —_— A-
5 (A-T)

if mean velocity derivatives of 0(1) are neglected.



APPENDIX B

The Evaluation of an Integral

It was shown in Section 2

e [efe]e]

-D -

where r = z - ;.

Kraichoan® has evaluated
found that

that the pressure correlation depends. on the value of

-]
- 1
dr, dr dr, R,.(7) g(¥,) — | ==
b 2 L 3 22 2 3y1<x -y)
-yz -
2/ 1 ) -
sz, \[T' - 21/ '

8 similar integral following the method of Feynman?3.  He

—

3

|

T I R (RPN R I UE
e aya . rﬁ
v
92 | q|
= 27 T - &l (B-2)
| Braarﬁ
where E.: X’ - X and v, the volume of integration, extends to infinity.
{
If in (B~1) we put :
=% -% 3 =5-3 { =7+& € =E&-T
then with &, 0 &)
x @ © o -
2 F 7 .. )
I = -— | g(y,) dy, | T, dr dr. R r) — dg, d
3L, 2) 97, ] . R TL )Bt. g, 53 X
c 5 -yz e @ - ) Rg-)
g :
X
— pavy (8_3)
;;);' t|
[++] [++]
r r 1
Let 1, = |4, A, = (B-4)
J ] £L-t
Yy Yoo



and 1f following Feyrman we introduce a new variable

R S
> 7 Ty + 72
and following Kraichnan® we use the identity
@®
1 2 dT
la .ib; ﬂjaz?bi’,r?
’ 2 dr 1
ferR— 7! !
then I, = il (e di; | dl] e
[z«
(1 +79°
4] - -
e - 2 -1
oI, at, [ Tdr ./r tar?
and — = - N dl! dlél ['2 - 5
at, 7 g (r+rH* :L \\ (1 +7%
x
. v
= -4 . 2 2,y 1 242 2., 2
a7 {LFa +rh7 « i)

8

a @ < <]
T Jg(yz) dy, f dr, | dr, fdra R, () t, x
1 Yy =

74T

- @
‘ r

|

1

}

(1 = 7H{(F,(1 + 7% +r)? + t¥r?;

9

Now the orders of integration with respect to r, and y, can be reversed

7 7 f F ; ?
I _ ! | |
i dy, J dr, = | dr, J dy, * | dr, | dv,
: _y2 E oy - -‘Jrz
end hence if R,,(*) = R (r,, -1, 1)

(B-5)

(B-8)

(B-T)

(B-8)

(B-9)

(B-10)
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equation (B-10) becomes

. @ -] -]
e [d d-~tT72dv~
S T R R R N TR
s - é = ]
@ @ -
8(y,) dv, s 8(y,) dy,
[{‘YZ(I + —,—2) * rz}z + tzT?] [{yz(l + 72) - !'2}2 + tZ.,—?]
2 : (B-11)

When g(yz) is a constant, g, we find after integration with respect to v, and 7 that

@ -] @ //
[ Sy -t

1
! -

3
3 R 7y —— | —m——= -
I ~ mg | dr, |dr, .Ldra 1:22(1-)a§l \g T (B-12)
which, spart from the integration over ?. is just half the valie found in (842) above
for g = 1, when the integration with respect to ; is taken over the whole space and
not the half-space considered in our problem.

The error introduced by the use of (B-12), in place of the exact integral (B-11),
is known to be small
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APPENDIX C

The Structure of the Large Eddies near the Wall in a Turbulent Boundary Layer

The work of Townsend®'?" and of Grant‘°® has shown that & relatively simple structure
exists for the large eddies in a turbulent flow, or at leest the experimental observa-
ticns are not inconsistent with the hypothesis tnat the large scele motions can be
adequately described in terms of relatively simple eddies. Grant’'s measurements of
the Ei (?) velocity correlations at different heights from the surface in a turbulent
boundary layer give rise to the suggestion that the large eddies near the surface
{i.e. in the constant stress layer) have the form of ‘two-dimensional’ jets of fluid
originating near the viscous layer, and may arise from the instability of that layer,
and are roughly aligned in the direction of mean motion. Similerly ip the ‘outer
region’ the large scale turbulent motion again appears to be dominated by the presence
of mixing jets of turbulent fluid which originate in the interior of the flow and
penetrate to the region of the non-turbulent flow outside the boundary layer.

A simple extension of the Townsend-Grant description of the large eddy structure
for such motions led us to assume that the eddies randomly distributed over all space

may be described by

2 2
u, = QL/\1 - ag x§> expl< 2 zx ) (C-1)
2,2 ‘
u, = -;A_ ax, <1 - a2 x§> exp('a; > (C-2)
2
. 2 .2
u; = ;i a.a,x. x3<1 -9, x2> exp |- z 2x> (C'~3.)

where (u,, u,) are the
x, in the direction of the

Py

3

components of velocity in the directions (x;, X, xa), with
freestream and x, perpendicular to the wali, and

2,2 = 2,2 nlgl & 242 .
a‘x® = aix; *ta;x; T aixg (C-4)
The velocity components, given by Equation C-1 to C-3, satisfy the equation of
continuity
- Jdu Ju Ju
—-2-_2 =0 (C-5)
x, ox, sz

with (ai, a,,

a,) having quite arbitrary values.

Following Townserd we next find the two-point velocity correlations are given by



Ryy@® = ———| & a -5 {1 - (F, + T,)%) exn(- ¥2/2) exp(- (7 + F)?/2) (C-6)
) aja.a, ) - .

B N = A = s (= = =2 = = =2
Rpp(fy = —- @ F(F, + T -5 - F, + T %exn(- §7/2) x

1723 ) )

x exp(- (¥.+ T)?/2) - c-7

_gnd _
Ryy(r) = T F§F,G, tTHGE, tTHA -5 - V2 - fz) x

x exp(- §2/2) exp(- (F + F)?/2) (C-8)
‘where ¥, = a,y; ¥,=a,3,: §, = a,y, and d¥ = d¥, 4, dia.
After integration these relations can be written in the following form, if R. , ete., 2

‘are the velocity correlatjon coefficients, and the sitbscript (b) denotes -the big
eddy contribution:

R, (D = 8,01 - F2+TF}/12) exp(- T2/4) (c-9
R,,(M), = a,(1 -T2/2) (1 - F2+T}/12) exp(- F2/4) (C-10)
R,y = a,(1 - F3/2) (1 - F2/2) (1 - F2/6) exp(- T2/4) (c-11)

Grant’ s experimental resulfs close to the wall suggest that

a a a
=2~ 22; 2 an 30; -2 & 1.35
] 4y 1
whereas in the outer region-
a a a
2 06; 2~ 1.5; 2 a 2.5
a, a4y a4y
3 202 )
Si ' E, (0) 4 h N
ince o) =
11 a:; a, a,
3
5 a2 mdl2 |
R, (o) = | (C-12)
22 3
@, @, o |
L

s sdlit



Za2 2 1
R..(0) E‘—“—'—' (C-12)
and 330 = 3 C-
a; @, a4
we see that
2 -2
u 2 u 2
2y aj , 3, aj ©15)
= = T, ad =S = T -
2 2 2 2
ulb 2a; u1b 2a]
- -2
where uj etc., represent the big eddy contribution to uj etc. In thz constasnt stress
layer Laufer® finds that
-7 2
s o5 and 22 1
— = . an — —
2 2
uj uj 9
whilst in the outer region
) 2
u u
= = 0.5 and =2 = 0.2
2 2
Uy Uy
This suggests that in the constant stress region
a, = 2.8 a8, , 8; = 0.1a,
whilst in the outer region
8, = 0.4 8, 8, = 0.5 a

These results show clearly that the role of the u, velocity component is changed
in passing from the constant stress region to the outer region.

The siasple eddy structure, in the constant stress region, portrayed by thesé
results is that of an elongated vortex ring having its longest direction in line with
that of the mainstream. It is rotating in & plane parallel to the wall, whilst the
longitudinal motion is wavelike, being away from and then towards the wall. The
latter motion is not unlike the jet-like motion described by Townsend and thus may
gimilarly be interpreted. In the outer region the osculations are diminished in scale
whilst the eddy spreads out slightly in a direction parallel to the wall and perpend-
icular to the freestream.

The complete value_forqﬁez must be the sum of the contributions from the sEall and
big eddies. Thus to R,22(r)b we must add on (1 - a,) times the value for R22(r)
obtained from the smaller eddies. If we assume that these eddies are isotropic, in
contrast with the strong anisotropy of the big eddies, we have that

- L £/ r? +r?
RZ’Z(r)s = (1 -8y f + ‘E —r- (C-14)
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where f(r) is the longitudinal velocity correlation coefficient and f’ = df/dr. Thus
finally

= 1
R22(S)

bl
-]

(C-15)

22 22(b)

On the assumption that
f(r) = exp(- r/l) (C-16)

the values of ﬁ79 have been evaluated and are compared with Grant’'s results in
Figures 11, 12 and 13 for the measurements made close to the wall (i.e. y/& = 0.08).
Although the agreement is not good quantitatively we have qualitatively obtained
results which predict the basic form of the measured results. Similar comparisons can
be made for Ell and 533 both in the constant stress layer and in the outer region
provided the appropriate values of 8, 8, and a, are chosen as explained above.

With these values for ﬁzz(?) we cen now find the two-point pressure covariance on
the wall, with zero time delay. From the previous analysis we find that the pressure
covariance on the wall, with the ssparation vector £, is given by

I o° — - . 0 (¢, -r)
P(x ; & 0)§2=o = <Ti,u; > ];2z(r)§;?'T§l?’?Tl. T dr (€-1m
: r2>0 o1

and the corresponding spectrum function is

2
X - . . P z 2 TN
(x5 K, 0, Ky 0) = = <Ti, u; 2[R, (n)dr
r,”0
62 - -
Cett g Ry 53)-——5 £ - rl as,  dg, (C-18)
by
1

Thus if F(; ; K3 0) is the scalar wave number spectrum function on the surface found
by averaging 7 over all angles in the plane, noting that ~ = /Kf + Kg and

<0
P(x; 0;0) = j‘ﬁ(i ik 0) de (C-19)
1]

then

{e7T2(1 7w 1) Ry, (1) e7HUCTL T KT} (C-20)
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since in Equation (C-18)

2 KT

-1(k + K 9% - = K -
e X 35 y) € -7|az, &, = mLaturye 2 (C-21)
K .

2
Br1

We can now find the separate contributions to P from the small and big eddies.
Thus with Rzz(b).given by Equation (C-10) we find after some tedious though straight-
forward algebra that

- - 16 a, p2 < Tiz ;E > (a1/°'3)5 (a1ﬁ“2)
P(x ; x; Q = X
( %o al1l - (a,/a®?

[«

X (xa/ag) exp(-xz/Zaf)exp(—K2/2a§) « 12[::5 - af/a;j
1
w2 /al?
2 2,2
e Erfe (x/a,) (1 - 2«*/al)
1+ /7 2 2 (C-22)
2 (x/ay)

Similarly with Rzz(s) given by Equation (C-14) with f(r) = exp(-rz/lz) (in order to
simplify the algebra but not necessarily changing the order of magnitude of the
results) we find that

- = <72 4Z> 2
P(X: k: 0), = (1-a, p° 13——————-—-1:52 2 (k)3 en (kD14
2 Kl x? 12
(K1) °/4 pree (—2-> ( e )
x |1+ (C-23)
L (<)

A comparison between Equations (C-22) and (C-23) shows that whereas the small eddy
contribution to P is dominant near wave numbers of x = ! (the typical erergy bearing
scale of the smaller class of eddies) the big eddy contribution is very dependent on
the relative scales of the big eddies in the directions (xl. X xa) respectively,
i.e. l/al. 1/a2. 1/a3.

2’

—

No= in obtairing a2ll these results it has been assumed that Rzz‘r) does not change
significantly with distance from the wall, which is certainly not true if, as we have
shown above, we pass from the constant stress layer to the outer region. A rough
comparison of Equation (C-22) with Willmarth's results® clearly shows that since high
frequency peaks beyond KSL = 1 (where SIis the boundary layer displacement thickness)
are not present, the pressure spectrum must be determined from the form of the velocity
correlation function which is not too near the wall. This means in fact that aa/a1
cannot be large, cor, in other words, the pressure spectrum is largely determined, up
to the high frequency cut-off point, from the big eddy contributions with eddies whose
transverse extent (in planes parallel with that of the wall) is not greatly different
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from that in the streamwise direction. This would imply that the large eddies outside
the constant stress region play a more significant role in the determination of the
wall pressure fluctuations, than do the large eddies inside that region. This is not

a result we might have expected from considerations of the region just outside the
viscous layer in which the maximum values of the turbulent intensity and mean shear act.
However, it must be borne in mind that our analysis is necessarily very approximate

and the reason for this result might appear moyre obvious if we had worked through the
analysis retaining the veriable mean shear and turbulent intensity instead of replacing
them by an averaged value taken over the emtire shear layer.

Pinally in thic Appendix it is worth pointing out the diffsrences which exist
between our results and those of Kraichnan®., Kraichnan makes the assumption that the
turbulence near the wall is homogeneous in planes parallel to the wall but not in
planes normal to the wall. He next assumes a model for the turbulence in which ‘mirror-
like’ velocity boundary conditions are satisfied on both sides of the wall. 1In this
model the u, and u, velucity components are finite on the =
effective correlation coefficient is then taken as

all i
Bdi Muw |-l2 £

Rpp(Xp X3i Tyu T3) = RypplXy = X0 Ty, Tg) = Ryp(X) ¥ X0 Ty, Ty) (C-29)

and when inserted into Equation (C-1T) it leads to the result, if f = exp(- o2 r?),

K2 K\ 24,2
1+ — | Erfe] — | e 749
- . K\ K? 202 27
P(X: x; 0) ~ (=) expl-l— )] vm - 1 (C-25)
o

402 (x/o)

Numerically this result is very little different from that given by Equation (C-23)
but is considered less satisfactory in view of the velocity boundary conditions being
essentially different from those existing in the region outside the viscous layer.
Kraichnan also includes the case of variable mean shear, following the law

Tia ﬂlexp(-ﬁhz), and although this treatment is preferahle to the averaged mean shear
approach which we have adopted, the results are not qualitatively different and do not
leud to an order of magnitudc diffcrence in the numerical results.
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APPENDIX D

On Space-Time Correlations of the Fluctuating Velocity and Pressure

In the analysis above the pressure covariance has in the main been calculated for
the case of zero time delay in axes fixed in the wall. However, in the detailed
analysis the structure of the turbulence (i.e. RZQ(F)) is required in a frame moving
with the turbulence and it is not immediately obvious what the relations are between
the turbulence in the moving and fixed frames. This problem will now be analysed
below snd the results compared with the experimental results of Favre?® and Willmarth®,

Let us consider a field of homogereous turbulence in a frame of reference moving
=ith the moan velocity EP past the fixed point P. 1In this frame of reference the
four-dimensional two point velocity correlation coefficient is

MRy, N
where the four dimensional vector r’ between the two points in the moving frame is

given by

= = ! ! ! ’
r' = (r{, ry, ri, rj)
and r: 13 the co-ordinate representing the time delay. For example, if the longitudinal
velocity correlation coefficient were given by

£(r")y = exp(- a’r’?)
X N ' 2,12 - 2,12 2,12 2,12 212
wilere a‘r = air, r a,r, + airy + air,
then slternatively
f(r') = exp(- o’r'?) exp(- v?1?) (D-1)

where 1/0 is a measure of the eddy length and 1/v is & measure of its life time, and

12 _ 12 12 4 22
r = r, tr, + Ty

Thin result, although not general, is typical of the connecticn between space and
timo correlations.

In a stationary frame of reference (?) in which the turbulence sweeps past at the
kpeed U in the direction r,, the relation between T'and T is

with ¥ o= :7) and T = (r,, r,, ),

5 (D-2)
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We now make the hypothesis that the turbulence structure is unclianged in passing
from fixed to moving co-ordinates. Thus with @i independent of time, the velocity

} p
correlation coefficient in fixed areas
Oy, -8, 7, 1, rg = MRy END (P-3)
Examples
(1) Zero time delay 7 = 0
Oy 1, T 0 = MRGE 0 (D-4)

This means that the spatial correlation of velocities in a fixed frame of reference
equals those in a moving frame of reference.
(i1) Zero spatial separation in fixed axes T = 0

OF, -8, 7 0, 0071 = ™R, !l =-T 7, 0 0; 7 (D-5)

This means that the =autocorrelation in a stationary frame is equivalent to a space
(rf=- ﬁp 7) and time (7) correlation in moving sxes. This is Taylor’s hypothestis,
which is supported by Favres' °° measurements in both free and shear flow turbulence.

(111) Optimum time delay in fixed axes r, = T, ED

OR300, 0 7 = MEj00, 0, 05 7 =7 (D-6)

This shows that the autocorrelation using an optimum time delay in fixed axes is
equivalent to finding the autocorrelation in a moving frame of reference.

These three examples are made clearer by reference to a particular velocity
correlation coefficient.

Suppose that in the moving frame
(MR, (r!, 0, 0, 7) = exp(- 0 r!?) exp(- v? 72) (D-7)
then in case (i)

2
exp(- o? r'y)

(DR (r,, 0, 0; 0)

exp(- o rf) (D-8)
showing clearly that no change of scale occurs in changing from fixed to moving axes.

In case (ii)

(OR, (- B, 7, 0, 0: 1) = exp(- 97 T2 7%) exp(- v 7?) (D-9)



But in the moving frame v is of the order of o u’ (where u’ is the turbulent intensity)
so that if u’ << ﬁp

(DR, (-8, 7, 0, 0; ) ~ exp(- 0? T2 T?) (D-10)
which is equal to (D-8) if

r, = ﬁp T (D-11)

This result is the more usual form of expressing Taylor’s hypothesis.

In case (iii)

iy . u12 _
(DR (0, 0, 0; 7,) = exp(- ¥? 7)) mexp|- = a2 72 (B-12)
p
This shows that the autocorrelatIBH in the moving frame can be obtained from the auto-
correlation in the fixed frame (by comparing (D-10) with (D-12)) by replacing the time

delay (7) in the fixed frame by

]

T = T (b-13)
p

=1}

The results of Favre?? for both grid and wall turbulence (Fig.14), confirm this
simple result provided that the time (7)) does not exceed roughly the times over which
the autocorrelation in fixed axes are essentially non-zero.

Similar results might be expected to hold for the pressure covariance. Thus if we
take the pressure autocorrelation in moving axes to be

™p0,0,0: 7 = (1 - 22 7P exp(- ¥2 7?) (D-14)

then we might expect that in moving axes

™pes, 0, 007 = A -27r!?) A -2v*7? exn(- 72 r!?) exp(- v*7%) (D-15)

Therefore in case (i) above

Dpr, 0,00 00 = (1 - 2?1 exp(- 9° r?) (D-16)
In case (ii)
Op-5, 7, 0, 0: 1) ~ (1 - 2% exp(- 0’52 72) (D-17)

This result cannot strictly apply to the pressure covariance at the wall for there
ﬁp = 0. However, if we assume that the turbulence is roughly convected over the
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plane wall at some mean speed ﬁc' then the autocorrelation in fixed axes is found
from (D-17) with ﬁb replacad by Ec.

In case (1ii)

12 r2
(£) i _ 29 2 2. ( 20 s _
PO, 0, 0; 7)) = {1 -2 = U, T, |x exp|- O - u, 7, (D-18)
c \ ¢

If we now consider the general csse of a space-time correlation in fixed axes where
T # Ty, the optimus time delay,

Opr, -G, 7, 0,007 = (1-220a’79(1-20° 51

u'2\\

x exp |- o? -ﬁg r2la? % ET) | (D-19)
[+

/

1
where a = |r1/ﬁc T - 1]

According to Willmarthﬁ, from measurements of'the pressure fluctuations on wall
turbulence we find that
ﬁc & 0.8 E1 (D-20)

where ﬁl is the freestream velocity. A comparison between ¥%illmarth's results and
those evaluated from

Opr, -G, 7 0. 671 = a-olr, -, 7h a-vlh

xexp(-o | r, -8, 7| -vI|h (D-21)
are shown in Figure 15. The agreecment is gond for small time delays (i.e. up to
0.5 x 1072 secs., which is roughly the time for non-zero autocorrelation) but is poor

at large time delays.

The reason for Willmarth’'s results being non-negative for large time-delays probably
results from the growth of the eddies as they move downstream. For small time-delays
this effect is small but as the time-delay is increased the eddy-life appears to be
extendad as a result of this growing scale of the maving turhulence.

*In incompressible flow the time variation of the pressure in fixed axes is the same as the
time variation in the velocity. Thus the autocorrelation of the pressure in fixed axes must
correspond to the autocorrelation of the velocity averaged over all angles. If then the
turbulence has a dominant convection speed, this speed will also apply to the pressure auto-
correlation.
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APPENDIX E
The Evaluation of the Pressure Specirum

1t has been shown above that the pressure covariance at the point X, with scpara-
tion distance g oo tiie wall is given by

7

@0
2
- L p — ] " - e A
P(x; fl. 0, Sqr ™ = ? <‘r'f2 ui > jdr,z [dr:l J ar ., RQE(I; r, T) x
0 )

r’Z + (r, - n)2
X 2 3 §o (E'l)

— -
¢ - rl®

If the velocity correlation coefficient is given by

- . 2.2 12,92 r!? +pl2
R, (Fim) = eV e T /1 E -2 T 4 (E-2)

where ?’,is the separation vector in co-ordinates moving with the turbulence and we
assume that the turbulence 1s convected with the constant speed u,, then in fixed
co-ordinates ’

2.2 2 2 2 2 2
- -ver -(Z‘2 + ra)/l -(1:'1 - u.m) /1

Rzz(r; Ty = e e e - X

x [1 - r2/1%(r, - ugn?/1%) (E-3)

If we write Fl = rl/l etc and U = vi/u,; T = ucT/l then

25
4p? — z2 =2 T2 + 7?2
P 0; T) — 12<7? ui>ev 7 dflrd'f'z[dfa(?—:’.
m N 3
I \

s T
=2 _ =2 =2
_ _ _ -r, - T -(r, - 1)
1 -F2-(F, -Te ? 3e 1 (E-4)
and the temporal spectrum function ?(;; 0; «) is given by
o]
- . L P
P(x; 0, w) = — | e P(x; 0; 7) d7
2m JD
5
. J— o -] : s \ |
o Ber v T e (B
= - 2 df, | dF, [ dF, —2 | x (E-5)
77 UC =3 / 1 -
1 -1




TTTEN

- 72 o7 (R-5)
vhere @ = wl/u,.

On taklng the real part of E-5 we find that it reduces to

- ©
P(X; 0; w) t2 + 72 €2+F2+?2>
:Tdflfdfzfdfaz——ée Yoot Y x
0

2 3 ¢ +2 oy 2
4 p? 1 Ty, U, >/mu,

@©
=2 =2
x I e " T DT cos@7) [(1 - T2 - T2 - TP)cosh(2 T, T)

—— . —— R —_— e — -

+2F 7sioh (2 F, D] d7 (E~6)

Now ¥V & u’/uc and is a small quantity (i.e. ¥ << 1). We can therefore neglect the
term in U2 in Equation E-6.

Evgluation of
@
z2
j 7 cos @7 [(1 - T - ¥} - 7% cosh(2 F7) + 2 T 7 sinh(2 T M) &F =1,
0

This integral is reduced to 3 standard integrals which can be evaluated by the use
of Fourier Transiorms. Thus

e}
_=2 - = - -
I, = fcos &7 e cosh(2 F,7) d7 (1 - F - )
%
[+ 4]
—2
- f cos @7 e’ " cosh(2 T 7) 72 7
1}
@«
-2
+ f cos @F e 7 sinh(2 ¥, 7) T dT - 2F,
)
V'ﬁ ¥ FQ - 2/4 _ 1 =
= ——e le @ cos (T, @) — -T2+ &%/
2 2 (E-T)
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Evaluation of

From Equation E-7 we find that

cos(F1 173)) di"1

7 sl

1 = e - ¥2 4 5)2/4— :
2 -3 =2 1 =2 § =2v3/2
2 2 (rytrytT))
— = 2 =2
v =2 1 _ _ 1_K(a)‘/r + T2)
- e @ /) 72+ 524\ 22 2 3

2
2

[
"]
[ARNY
!
-+
[ARLN

T (E-8)
Evaluation of

o
=2 =2
dr l aF, (F2+ 72 e (T2 " Tad 1, = 1,

If we put X = !'5 + '1"; and we use polar co-ordinates (¥, ¢) in place of (fz, i‘a)
then, from Equation E-8,

«© ki
/‘ﬁ- -2 1 o2
I, = — e @/ | ydx _ +.— - x2 cos¥p
2 2 9

2
XK (@%) et

T

|

ao
372 -2 -2 1
= me™ /| xXk @ et al= + @t/

,n3/2

-2 v 2
Be @/t KR (@) e M dx

[}
[v-Y
O——g

ﬂ3/2
e - -t
vi K (@ /t) e dt L

-2
= - E z2/2) e /4
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732 -2 I
- me‘“/‘*ft“?xi@\/t‘) et dt :
8 | ,
I

3/

_m 5‘2(1 + &2/ - 1, &%/4)
32

SEYE I P2 ]
+ — -1 +2%8) (- 1, &/
32 w
n3f2 2 7312
= PR — G- 1, &%/4) (1 - @%/4)
8 32
(E-9)
Py
I1f we combine the above results then from Equation (E-6)
- 02 13 <72, 2> | . -
PX: 0; @) = 12 P l@P/e - et L (T /(1 - @%/4) x
2 7% u,
L
x Ei¢- 52/4)} (E-10)
¥e note finally that
[ 1]
- - = 2u, | - -
P(x; ) = 2| P(x; 0; w) dw = T P(x; 0, &) d&=
0
1202 — T [- -2
= — <7l ul> | wiEtg et - @ - @) EiC- 27/4)
v |
0 L
8 lz ,02 o L2 2 ~
- __is caTdug (E-11)

which is exactly double the value found by Kraichnan" for isotropic shear flow turbu-
lence without boundaries, and provides an adequate check on the algebra leading to the
spectrum function given by Fquation (E-10). To allow for anisotropy a multiplying
factor, a & 1/3, should be inserted into Equation E-11.

The spectrum function is plotted in Figure 4, where the abscissa is («b,/6)). &, is

the boundary layer displacement thickness and Gl is the freestream velocity nutside thre

shear layer. If we take u, = 6.8 ﬁ:- as given by Willmarth® and Harrison’, and

E-iv




1/81 < 2.4 then
1 @
—_—= = = (E-12)
3

If further we insert into (E-11) the crude estimate (based on Laufer’s measurements

of 7,, and /ifgand evaluated at the value of u,8/v = 1550) &2/uj < sz EZ >= 2 x 1075,

and include the anisotropy factor of a = 1/3, then
P(x; 0) vy

= = 9.3 x 107°
% P°% ug % oul

compared with Willmarth’s value of 0.006 and Harrison’s value of 0.0095 under comparable
conditions.

Similarly the peak value of P(X; 0; w), written in the form

2 P(X; 0; w) u,
% p% ug 3,

= 07t

whereas Willmarth obtained a value of 4 x 10”° and Harrison a value of 6.3 x 1073,

It should be noted that our estimates are only 3 db higher than the measured values
of Willparth and give some support to our analysis. The inclusion of the anisotropy
factor is justified by Kraichnan and was similarly used by Lilley'? in evaluating the
pagnitude of the pressure fluctuations in the mixing region of a jet. Finally it might
be noted that better agreement between theory and experiment might be expected, if the
anisotropic form of the velocity correlation function were used, with its consequent
improved scale relations to replace the ratio 1/8l as used above,
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