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SOME ORBITAL ELEMENTS USEFUL IN SPACE
TRAJECTORY CALCULATIONS!

William Kizner

Jet Propulsion Labporatory
California Institute of Technology
Pasadena, California

ABSTRACT

C
-

_A set of orbital elements Is described waich is
applicable when the motion is hyperbolic and even
rectilinear, such as the motion associated with a lunar
landing. This set provides a convenient description of
miss distance and {furnishes simple relationships for
many complex geometrical problems in lunar and inter-
planetary flight. The use of these clements with otﬁers
which are described enables the computation of a

variety of differential corrections.

This paper presents the results of one phase of research carried out at
the Jet Propulsion Laboratory, California Institute of Technology, under Contract
No. NASw-6, sponsored by the National Aeronautics and Space Administration,
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I. INTRODUCTION

Space-flight research characteristically involves the calculation of innumer -
able trajectories, some of which are reference trajectories and others variations of
reference trajectories. The orbital elements given here can be used to determine
differential corrections or changes from the standard trajectory without the
necessity of computing varied trajectories, providing a welcome reduction in
computation time.

As an example of their use, these orbital elements can be applied in the
determination of a trajectory which impacts the target in a given way. If the target
were on the Earth's surface, the miss distance would be described in terms of
range and azimuth error, and a typical differential correction would be the partial
derivative of range error with respect to speed at burnout. However, if the target is
the Moon and a vertical impact is desired, some other measure of miss distance has
to be used. By analogy with the terrestrial target calculations, two components are
necessary. For this purpose, with a lunar target, use is made of two components of
g, the impact parameter vector, which has magnitude b and lies in the orbital plane.
It is directed from the focus perpendicularly to the incoming asymptote oi the
osculating hyperbola, evaluated at a time when the vehicle is near the target. The
elliptic case is not treated.

Having described the miss distance in terms of orbital elements, one can
obtain :analytically the approximate changes in these elements due to changes in the
initial osculating conic referenced to the Earth. Of course, it is not necessary to

obtain these changes analytically in order to use the elements as a convenient
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measure of miss distance, When it is known how the miss corrponents vary with

changes in the initial conditions, cither approximately or by a numerical solution

of the varied equations of motion, it is possible to arrive at any desired kind of

impact,

In this paper the general theory and methods of computation are given.
The results will be discussed in subsequent papers.  The use ol orbital ¢lements
for differential corrections is described by Eckert and Brouwer (Ref. 1) and
S. Herrick with others of Acronutronic (Ref. 2)
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II. THE B SET OF ELEMENTS

For near -rectilinear hyperbolic motion the E set of elements has been found
to be a well-behaved set of parameters that produces no singularities, provided the
motion does not become parabolic. The variations of this set with respect to changes
in the initial coordinates are surprisingly linear. This set is being used exclusively
at the Laboratory to design trajectories (Ref. 3).

The —B.’ vector, which forms the basis of the —13; set, is defined as a vector
originating at the focus of hyperbaola and directed to the incoming asymptote (see

Fig. 1). Analvtically.

el
"

C
TN
~ 1T
=4
4+
e
Q)
\_/

(1)
where
‘1
e L (2)
/(73
with ¢j the angular momentum constant, . 2 the vis viva, or twice the total energy;
and

o

NV 212 + b2 (3)
—n
The other symbols have the usual meaning. When defined in this wav, B can be

thought of as the vector miss which would occur if the target had no mass, although

this is not strictly correct because the mass of the target does influence the osculating

elements.
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—

The dicection of the incoming asymptote is specified by the unit vector S:

[

$-.2F .15 ()

~

It can be shown that in attempts to hit a target,S will have approximately
the same orientation for all secarch trajectories. Since B is perpendicular to S,

it follows that B can be represented approximately by two numbers, or compo-

—

— -
nents. The components chosen are along unit vectors T and R, perpendicular to S
—

and to each other. T lies in the equaterial, ecliptic. or other convenient {ixed
reference plane, and indicates whether the miss is to the right or left (direct or

retrograde). The only condition for the fixed reference piane is that it is not

—

perpendicuiar to the asymptote, The other vector, R, indicates the up or down

— —_—

—
component of miss. The two components are B+ T and B - R, called my and mo.

If S is specificd by rwo angles ¢g and dg, defined by

sin¢g = S (3)

cos gy = A/S2 + 82 (6)

Ccos By 0S¢y = S, (D
sin g cos ¢g = S). (8)

then T is given by
Ty = sin g (9

T, = - cos fig (10)
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R=Tx3$ (12)

A positive value for B * T indicates that the motion is dircct; a positive value for

B + R indicates that the motion is above the target.

If the approximation is used that S is constant for a given class of trajec-
tories. and that the components mj and mg are linear functions of initial errors,

then valuable information can be obtained analytically bv calculating only one

trajectory near the target. For example, it is possible by a relativelyv simple

procedure to find a mapping between the miss components and the selenographic

coordinates. Since the probability distribution for impacting can be easily deter-

mined in terms of the miss components (where linear theory is applicable), the
distribution in terms of the selenographic coordinates may be obtained by the
known mapping,

. The mapping of miss components 0 selenographic coordinates depends

esseniially on two relations, shown in Fig. 2. The line OP is the path directed at

the center of the target, This line also represents the asymptote of the osculating

conic, which is very nearly parallel to the asymptotes of other conics which

intersect the surface of the target, Consideration is now given to the case where

the impa«t is not vertical and the impact parameter is along the T axis. Since
the plane o! the trajectory contains the original S vector, the loci of the impact
points on the surface of the target (considered a sphere) must be a great circle.

This is true whenever the direction of B is held fixed and the magnitude is varied.

[o9]
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This is the firs: relation. The other is that the angle between great circles at P

is the same as the angle berween the corresponding B vectors.
Another example of the application of this method is in searching for a

trajectors wihich passes over the pole of the Moon, The conditions can be con-

verted into miss components by first specifyving the pericenter distance q; this is
equivalent to gpecifving the altitude at closest approach, Then the required value

ofbis

[ 8%

bh = q” - 2aq (13)

where a is negative for the hyvperbola,

Since

2 2
b = /my + mj5

(14)

the ratro o the components and their signs must be determined, This is found by

projeciing a unit veeror in the direction of the pole, O, on the T and R axes. Then

Xﬂl o (O I: (1:))
b JO-D2 v O R2 :
. g O - R (16)

b JO -2+ 0 n?

Thus a scemingly complex problem is solved by the use of three simple equations,

(13), (13), and (16).

~1
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The six orbital elements that are used are the epoch of periapsis T, my, mo,

cy. ¢ g, and g, To find the rectanpular coordinates from these elements, ¢y is
—

found from (14) and (2). S from (5), (7). and (8), T from (9) to (11), and R from (12),

from which

—

— —

B=m; T+ moR (17)
-— —

From (1) and (4), P and Q are found. If the epoch is given, Kepler's equation can be

solved to find F. and the rectangular coordinates may be computed. Special

techniques for soving Kepier's equation have been developed which appily when the

eccentricity is close to 1.
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III. THE w SET OF ELEMENTS

When the orbital plane is well determined, the w set of elements is used: T,
Cy{» C3» Wy, Wo, and wg. The w; angles represent rotations about the P, Q, and W
axes in a given order and have been defined so that they apply to finite rotations.

Here it will be assumed that the rotations are infinitesinual.

The use of the rotational elements is similar to that described by Eckert and

—

Brouwer (Ref. 2), who use rotations about the P, Q, and W axes. The rotations

— — ' !

Wi, Wo, and wq are about the reference P, Q, and W axes. The other elements were

chosen so that they would apply to elliptic motion with a large eccentricity, to

parabolic, and to hyperbolic motion. For small eccentricities where the periapsis

is not well determined, -nT + wqy may be used as a variable, similar to Eckert and
Brouwer. Since these elements must apply to motion where the eccentricity is close

to 1, it was decided to eliminate the eccentricity as a variable because it is not well

behaved. Also, a cannot be used because it is discontinuous. Instead,

I
TR

(18)

is used, and is well behaved. The reason for the choice of T imstead of M as an

element follows if the parabolic case must be inciuded. Thus T, ¢q1. ¢3, and the w;

were chosen as orbital elements.

These elements are used in two different ways depending on whether the
w;j are finite (as in guidance studies) or infinitesimal (as in differential correciion

computations). If the wi are to be kept small, the standard P, Q, and W are
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taken to be the osculating P, Q, and W along the reference trajectory. Then not
only are the variations small, but the rotations are about "body-fixed'" axcs.
In other words, if initially a Wy rotation is performed, at a later time this will

represent a rotation about the P axis of the later osculating conic,

10
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IV. DIFFERENTIAL CORRECTIONS

A. Orbital-to-Rectangular Changes
The formulas which give the changes in inertial rectangular coordinates
due to changes in the orbital elements will now be presented,

1. Changes in the w set. The w set is treated firsi, since some of its

relations are further utilized in the transiormation of the B set,

The equations for the hyperbola read

T = aP(cosi F - @) + bQ sinh F (19)

- =~ sinh I 5(:05}1 F

r = -~ /-u:c — B e 20
v-ua P - + \/HP = (20)

Differentiating. and keepine t. the epoch ar which the coordinates are obscrved,

fixed, vields

o
o
"

da—I;((:osh Fo-e) + diga(('osh - e)
+ dFaP sinh F - deaP + dbQ sinh F 1)
+ dOb sinh ¥ + dFbQ cosh F

T 1 Ik ’ iy = sinh F
dr = da 5 _aP T - dP \-pa P ——

- d¥ Voga p OShE Ly /T poSinh F

- 2

m (22)
1 4 ~cosh F Py ., cosh F

11
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These equations as they stand are not in terms of the orbital elements T,

C1, €3, w1, w2, and w3. Each will be expanded in turn, From the definition

da = - ‘6‘:'3‘ dC3 (23)
dis, da, and d’\? are found from

dp = -(.QWS - sz (24)

dQ = Ww, - Pwy : (25)

dW = Pwg - Qw, (26)

as can be seen from drawing a simple picture of any rotation. Equations (24) to (26)

°

can be put in matrix form:

7

dP_ dQ_ dW, Py Wo\ [0 —wy wy
dP}. dQ}. dWy = P}. Q\ W). woa 0 -wy 27
db, dQ, dw, P, Q, W, -wg  wp 0

This {orm is suitable if the rotations are finite, and the last matrix represents
the derivatives of an orthogonal matrix representing the rotation. Also by direct

differentiation,

do = — (2010 yd0 + cddey) (28)
T Qep2 \FCrpdey Feqdey

dcy 1t

db = ——= - 2 deg (39)
f€sl < (g

.3 m .
dn = 5 o3 deg (30)
...(:ld('l
dp = — — (31)

12
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Incidentally, (23) to (31) also apply when the conie is an ellipse, Kepler's

equation is differentiated:
dn(t - T) - ndT - de sinh I

I = — (32)
‘ e cosph o~ 1

where dn and de have already been given in terms of the orbital elements. Also,

dr = -da(e cosh ¥ - 1) - de a cosh ¥ - dFae sinh F (33)

The formulas for the elliptic case are so similar that they are not listed.

&

Changes in the B set. For this set, the division between parameters

which determine the orientation (the w;) and parameters which determine the other

properties is lost. Most of the clements affect both the orientation and shape of

the conic. However, Egs. (21) and (22) hold.

Since
2nd\
S Za [Bib
P =-S5 ¢ J"\b/(‘ (34)

and

b ( Bla -
Q=5 &)

—r

the variations in I’ and @ can be derived if the right-hand side is differentiable. For

—
the rectilinear case. when |, approaches zero, the term in (35) involving B can cause

difficulty. Since the rectilinear ca=e presents some analvtical problems, it will

, T be fully treated. The nonrectilinear case (s straightforward. and will not be

:[ analyzed in detail.
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From Egs. (28) and (31). de and dp are zero since o is 2ero for the recte-

linear case. Hence, the equations of motion (19) and (20) can be d'ifferentiatbd

keeping e = 1 and p = 0:

—.-

dr = daP(cosh F - 1) + dPal(cosh F - 1)

(36)
+ dFaP sinh I+ dbQ sinh F
o 1 / u = sinh ¥ g — sinh F
dr = da 5 \/— A P - dP J-ua —
(37

_— ) A ) F
v p oS E g g p e E
V r r°

——

It should be notec that Q appears in Eq. (36) and has not been defined for

the rectilinear case. [t will be defined so that it depends on each variation in a

natural way. IFirst da and d¥ are given by Egs. (23) and (32) as before. Differ-
entiating (34) and evaluating it for the rectilinear case,

— — - 1
C

dP = 4S5 + dF

(38)
d(} is not used,
dS, = - %Bin g cos ¢y dig - cos iig sin¢gddy
dSy = cos g cos ¢gdlig - sin Ug sindg deg (39)
dS; = cos ¢g doyg
dB = d(BE - T) T +d(B- R R (40)

T and R are given unambiguously by Fas, (D) 10 (12).
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— — —_ —

It now remains to define Q. Since dB is contained in the T, R plane from (40),
it 1s perpendicular to S, or to P which is equal to S. Hence, there is no reason

why Q should not be defined to be in the opposite divection to dB. This will insure

that B is a continuous function for the variation in any element. Hence,

Q= - R (41)

m — m

1 2
—— T - ——
2 2 /2 2
\/;11 + n12 § m1 + m2

Since

—
A
H

/m2 4+ ;n-z (+2)
1 2

my my .
db = T dm1 + T dm2 ('4'3)

This formula must be modified when b goes to zero, which is the rectilinear case.

If it is assumed that dmq or dmy is positive, then

ab = dm; (44)
for an m1q variation, and
db = dm, (43)
for an ms variation. In general,
db =\/(dm1)2 + (dmg)? (46)

"or the rectilinear case, cj is no longer an independent variable

dcy = db \/c3 (47)

15
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B. Rectangular-to-Orbital Changes

1. Changes in the w set. It is a simple matter to find the changes in the
angular momentum and energy constants due to changes in the rectangular

coordinates:

C1=|r‘xi‘|= v/(rxi“)' (r x r) (48)
dc1=rxr.[d£x:.+r><dr] (49)
I x T
— r — — — —
= W l_drx r‘+r)<d1‘] (50)
For the rectilinear case W is determined by the perturbation, and Eq. (44)
reduces to
dcy = idr X r + r x dr (51)
which can also be derived from the fact that ¢, originally is zero. Since
ST 2u -
Cyg = I r - G:i (52)
T T 2ur - dr
deg = 2r-dr + T3 (53)

The formulas for changes in a, e, p, and n, which depend only on cq and cg, are

unchanged. For the hyperbola from (33),

dr + da(e cosh F - 1) + de(a cosh F)

d¥ == ae sinh F (54)
dr = = - dr (55)

16
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1 -
daT = - [de sinh ¥ + dF(e cosh F - 1) - dnf(t - T)] : (56)

The changes in orientation will next be given. Since

- Txr
W= = (57 .
€1
-~ drx r +rx df W -
dW = 1 - E_l dcy (58)
From Eq. (26),
dw * P = wy (59)
dWw - Q = -wq (60)
A
To find Waq, V is introduced:
N
voEovo+ wy (61)

The term v represents the polar angle that the vehicle makes with the reference

°
—

P axis for infinitesimal rotations (see Fig. 3).

Hence,

dwg = dv - dv (62)

17




JPI, Technical Release No. 34-84

Since
S ey
cos v = E(r - 1) (63)
1 de dr p
dv=_.-[_%<2‘ 1) -y rz] (64
sin v {e“ \r er er

dC - dr - [P sin v Q cos vj! (63)

-r !

This last formula can easily be derived by noting that dr + Panddr * Q

re the components of dr on the P and @ axes. A change in position along the P
axis results in a rotation of - sin v/r, etc.

Thus the changes in the w set can be computed,

2. Changes in the B set, rectilinear case, The changes in ¢y, cq, T, etc,
ge , 1 3

remain the same as in the w set, but the changes in m1, mg, ¢ g, and Og must

be computed. It is convenient to define a unit normal to W, for each variation in
the rectangular coordinates. Since

— e —.

ciW = r xr (66)

—

and dW is defined to be zero,

dcyW = dr x r + r xdr (67)

18




JPL, Technical Release No, 34 -84

or

- e .- —

'“7 _(1." X ;.,,f._-,l‘ x (l_J:‘_
i x - . T ox dr

As an example for a variation in x,

-

B - b(S x W)
dB = db{S x W)
d(B - TY = (dB) - T

B - R) = (dB) - R

For the rectilinear or almost rectihinear case,

— ;_
> = T
o
whete
/2
s =/ r o

This assumes that the vehicle is a sufficient distance {rom the focus that it is

moving parallel to the asvmptote. In practice, Eq. (74) will be an excellent

approximation if the other conditions for the linear cose are satisiied. Hence

(65)

(69)

(70)

(79

(7

1§
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g = 4 Fh-dr (76)
S s2
From (39),
= — : 77
Aeps cos g (77)
dS.. + sin b5 sing s dde

cos g coSgg

C. Differential Corrections

In the general problem of differential corrections one s concerned with the
changes in the position and velocity coordinates of some point along the path due to
changes in the orbital elements at a different point.  For the two-body problem the
path can be represented analytically and the deviations can be obtained rigorousiv.
Even if the path is not exactly an ellipse, it may be possible to caiculate changes in
the path as if a conic solution applied. The free {light path of an ICBM differs so
little from an ellipse that in this case the deviations may be computed on the basis of
formulas that are derived from the two-body problem.

This program of error correction can be used only in the case where the
actual path is almost a conic section and the elements chosen exhibit the following

properties. Cousider a reference trajectory at time t One of its elements «: (tO)

0
is subjected to a small perturbation &y (tg), while all the other elements are kept
fixed. One now computes the path from ty to a later time t;. denoting the elements

of the varied path by :]- If now

q (t) = qp (e =2 6y (tg) i= 1+ 6 (79)

20
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and
Ej (ty) - 1 (ty) =0 i#j (80)

then the elements are well behaved and no special variational equations need to be

solved since

) Qj (1'1)
=61 (81)

9q; (tg)

The orbital elements that have been chosen exhibit this property for trajectories
encountered in deep space exploraticn where eccentr;(:ities are not clese to zero. It
has been shown, however, that a lunar or interplanetary trajectory can be broken up
into segments each of which is in a region of a dominating body. Let us examine in
this light a trajectory which is meant to intersect with the Moon and calculate the
differential corrections of errors at the Moon as a function of errors at injection.
Using the w set at injection (the orbital plane being well defined), one converts
the various errors at injection into orbital elements using the osculating conic sections

at injection. Since the region of intluence of the Moon is a concentric sphere of

66,000 km radius, this is taken as the boundary between Earth and Moon

domination. At this point the changes in the elements of the osculating conic sections

referenced to the Earth have to be changed to those referenced to the Moon. This

transformation is accomplished in three steps. The first step is to convert the

orbital changes of the Earth-referenced osculating conic into variations in an Earth-

referenced, nonrotating, cartesian coordinate system. The next step is to convert

21
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the cartesian coordinate changes to a Moon-referenced cartesian system. If the two

coordinate systems are parallel, it rollows that

R.lz + I°2 = I‘l
R12 + i‘z = L;'l

—

where R 9 is the position of the second center of attraction with respect to the first,
— —

r9 18 the position of the vehicle with respect to the second center, ryis the position
of the vehicle with respect to the first center; and similariy for the velocities. Thus

the variations

— -
I l‘l = f‘;I‘.)
bl‘l = (rnl‘.)

"are continuous at the boundary between the two regions. The third step is to convert
thie Moon-centered cartesian system into ctiahpges in the osculating conic referenced t
the Moon., The osculating conics used in the calculations are, of course, the ones at
the boundary and consequently may diifer materially {from the initial as weil as from
the final values.

. - . .
In the neighborhood of the target the B set is used. With this analyvtica:
niethod one obtains the partial derivatives of the miss components . at the target with a

precision of a few per cent. The errors incurred are due mainly tu effects a: the

boundary of the two regions. Studies are under way to circumvent this problem.

. 22
i
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V. CONCLUSIONS

The B set and the w set have proven to be very useful in the determination of

-
differential corrections. The B set can be used for cases where the motion 1s

hyperbolic,and the w set is used for all motions except rectilinear motion and nearly

circular motion. The combination of the two sets may be employed to predict changes

in the final conditions due to changes in the initial conditions. Also, corrections in
the orbit can be made by the same technique.

The method of solving the equations of motion by variation of parameters may

be derived from the equations given here. It is possible to obtain the effecis of the

perturbations on the two-body problem by treating the perturbations as incremental
velocities. From the transformation of velocities to orbital elements (presented here

for certain cases) the equations for the variation of parameters follow.

Another applicatiuon of these elements is in guidance studies. llere the w set

is employved for finite rotations. For this application it is usefur 2 have the end

conditions in terms of the B set represented by a polynomial as a function of the

initial orbital elements of the w set. Here the varied trajectories are calculated

numerically to find the polyvnomial.

The complete equations used, including the method of solution of Kepler's

equations, will be given in a forthcoming report.

23
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NOMENCLATURE

semimajor axis
rotation matrix defined by Eq. (20)
semliminor axis
the 1mpact parameter vector defined by Eq. (1)
defined for the hyperbola by Eq. (3)
2

the angular momentum constant = rcv

. . . .2
the vis viva, or total energy = s° - (2u/r)

eccentricity

eccentric anomaly for an ellipse

corresponding anomaly for the hyperbola

miss components = B Tand B - -’f respectively
mea:n motion

unit vector in the direction of the Moon's pole
semilatus rectum of the conic

unit vector directed toward the periapsis

distance from focus to vertex of conic

unit vector in orbital plane normal to P

distance from focus

position vector

unit vectors perpendicular to S which are associated with the miss

components, defined by Egs. (9) to (12)
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NOMENCLATURE (Cont'd)

the speed

unit vector in the direction of the incoming asymptote,
defined by Eq. (4)

time, epoch

epoch of periapsis

true anomaly

defined by Eqg. (61)

establish the rotation of the P, Q, and W axes, defined by Eq. (20)
the unit vector normal to the plane; used with _IS and —(5
gravitational constan® multiplied by the mass of the
attracting center

angles which give orientation of—S., defined bv Eqs. (3) to (8)
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