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INTRODUCTION 

This is a report of investigations sponsored by the Directorate of Aerospace 
Sciences of the Air Force Office of Scientific Research, under Contract AF49(638)-1015, 
"Advanced Aeroelastic System Studies. ' The AFOSR research coordinator has been Mr. Howard Wolko (SRHM). 

The guiding motive of this research has been the desire and the need for 
rigorous generalization of our already fruitful previous work ~ References 1 through 4, 
and the intuitive conviction that such general zation, although difficult> was 
obtainable. This was an ambitious objective in itself, because of the great algebraic 
complexity always encountered in highly-coupled systems having many degrees of free­
dom. Yet, in the final analysis, we seem to have accomplished not only our original 
objective, but possibly much more We have developed a rigorous methodology which 
sidesteps the barriers of algebra i c complexity and not only yields the desired 
generalizations but may well be equally effective in treating other mathematically 
similar, highly complex systems Such further applications lie, at this time, in the speculative future. 

Our previous AFOSR work demonstrated in Referen es 1 through 4 that for two 
representative aeroelastic systems hav i ng two degrees of freedom and for three 
having three degrees of freedom , certain app1oximate but very simple and very useful 
relationships could be found between so -called 'flutter damping " (the ordinarily 
computed value of "required structural damping ') and so,-called 'system damping" 
(the value of motion decay oefficient observable experimentally for the same system) . 
These new relationships were applied numerically to hypothet i cal systems of two and 
three degrees of freedom and without further proof. to more practical systems of 
many degrees of freedom , The resulting predictions of motion decay coefficient were excellent in all cases 

The present report makes no att mpt t dern nstrat similar nurneri al applh .. ations 
of the method , That is left to the prec eding r eports . wh i h fully demonstrate the 
utility of the method , and to succeeding reports. wh ch will dPmonstrate the application 
of the method in how-to •do- i t fashion The reader is a ordingly cautioned that the 
present report does not emb dy any ' tr i ks f the trade •1 w i h, alt hough they are 
theoretical trivialities~ are quite ne essary t o a sophist i cated application of the 
method. Rather this is a tightly constru ted. rigorous theoretical report which lays 
a solid foundation for the confident development of a practical working technique . 
The actual step- by step J how-to do it technique is left for a sue eeding report . 

Before even quoting the previously derived and published predictive relation­
ships, it is worthwhile to take even more fa backward I ok at the hi story of the 
problem. We have found that many a practic i ng flutter analyst is (or was) under 
the impression that twice the motion de ay ratio observed after strik i ng a wing 
or other configuration in the wind t unn 1 r in flight is a a lue of g" which 
will agree with and is supposed to be synonymous with the g which we prefer to call 
gR) evaluated theoretically fr man AMC type of flutter analysis . (Even the 
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Air Materiel Coanand ancestry of the method is often unknown to the younger analyst; 
it is simply "the" the~retical method.) He believes that the "theoretical g" is a 
prediction of the "expe .. 'mental g," ar,d that failure to agree is an indication of 
a poor prediction for the experiment performed. Prior to our work, his thought in 
the matter was no more profound than that. 

A competitive school of thought which was more profound (but often less useful) 
did also exist . Many intelligent flutter analysts were aware that the computed g 
(our gR) was a measure of the energy dissipation needed for exactly neutral stability, 
and these "enlightened" analysts did argue that the experimentally observed motion 
decay coefficient bore no acceptable theoretical relationship to the required-for­
neutral-stability g, except at the flutter point, when the required damping equalled 
the available and the resulting decay was zero . The result was purely a negative 
one, in that these investigators would refuse to recognize any attempted prediction 
of the decay coefficient from gR, except when gR equalled the available g, and some­
times not even then . The fact that gR and 2 -y (where is our symbol for the motion 
decay coefficient) did sometimes show good agreement was regarded as an interesting 
but useless coincidence, despite the fact that the textbooks (e .g . Scanlan and 
Rosenbaum, Reference 5, pages 87-88) did show such a correlation for a simple and 
non-aerodynamic system. 

The consequences of this state of affairs have often been as spectacular as the 
situation is lud i crous . For instance, in the middle 19SO's a major airframe manu-

:~::;;=:~il:~;~~!~:~;i:~:~!;!;~:;:!in "g" , ~ 
flutter model . Calculated V-g curves were ~ 
furnished to the wind-tunnel team curves Calculated Vf 

- -

- n _ _ 1_· 1abl~ 
which they interpreted to signify a mild J r· 
onset of flutter of the vertical tail, _,______ ----- ► 
because of the low slope of the ca lcu• )( X >C -- t v 1 

lated V-g curve (see the adjacent , ,,, V f 
sketch) as it passed through the flutter • D Experimental point . 

As they found and plotted experimental values of doubled decay coefficient for 
the vertical tail (shown by x's), they decided that tne calculated curve shape was 
good but that the calc,1lated flutter speed (Vf) was quite conservative, the true 
flutter speed being Vi , Their next test was therefore performed at the airspeed Vo, 
spaced nicely along toward Vf but beyond the calculated fbtter speed Vf , The re­
sult was a disastro• I lutter of the vertical tail, and their expensive model was 
severely damaged . 

The "en lightened" comment on this fiasco was merely that the gR curve shouldn't 
have been trusted except to i ndicate Vf (which it did) Yet, in current retrospect, 
the rapid onset of violent flutter was quite predictable, arid could even have been 
plotted in advance by proper transformation of the calculated data which was avail­
ab le at that time 
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How IIADY tillea tbia and related incident, bav• occuncl ii a utter 
purely for conjecture. laled on varioua di1cu11ion1 vltb other people 
in the field, it appear, to have been a frequent ■11tak1. Ve can only 
1ue1a bow 11&ny fliaht•te1t di1a1ter1 have been cauaed in whole or in 
part by over-optilliatic uae of 11 curve,• nor can w know bow uny per­
fectly u1eful 11 curve, bave been abandoned becau1e of the converae 
attitude, becauae of over•pea1iai1m. 

Member• of both of theae 1chool1 of thouaht uy be 1urpri1ed to 
see, at the proper point in our text (1pecifically, at paae 24), a 
proof which refute, both of their argument• - and yet is ba1ed on the 
mere a11umption of a four-paraMter 1y1tem havina Juat one dearee of 
freedom! The concluaion which can be drawn even fr011 thia elementary 
example, a conclu1ion which baa every indication of validity for 1y1tema 
of any complexity, ia that 

The simple relation1hip 2 7 • 11 !! valid at aero airspeed, 
and does continue to hold at higher air1peed1 for 10• 1y1tema, 
but rules to be valid when, aa indicated by aenaitivity of 
mode frequency to airapeed, the effective aerodynaalc atiffness 
becomes appreciable compared with the baaic atructural 1tiffne11. 

Thia broadly atated rule is still moatly negative in it1 utility, 
but is solidly supported by and given poaitive application by our 
derived equation 

7 1 
...:..2.. - -

(41) 

'a 2 

This equation, which will be thoroughly explained a1 well a1 
rigorously derived in our text, specifically 1tate1 the variation of the 
damping-to-decay tranafer function from ita aero-airapeed value, namely 
1/2, solely as a function of the relative airspeed 1en1itivity of the 

natural frequency involve:·. :lon[g

1

w~t:
8

a :el;:e]d equation, (l

6

) 

o la 11 

(which defines the influence of actual material daping of two types upon 
the decay coefficient), thia equation provides a re•rkably rapid, con­
venient, and effective procedure for the truly "enlightened" interpreta­
tion of the outputs of AMC-type flutter aolutiona. 

Forms of both equation, were firat derived and publi1hed in our 
earlier work, Reference• 1 through 4. (The reader ia apecifically referred 
to Reference 4 for a broader background in the aubject, and for further 
discussions of concepta uaed here, such aa our ''baae curve" concept.) In 
our present work, all of the 1eeming reatriction1 of our previous work 
are removed, although two actual restrictions do remain. For practical . 
aeroelastic use, neither of these is a severe or prohibitive restriction. 
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One of these two restrictions is the restriction to "small0
i values 

of material damping coefficient and motion decay coefficient, values small 
enough that the products and powers of these coefficients can be neglected. 
The usual coefficient values which are of interest to the aeroelastician 
are within this limit of validityo 

The other restriction results from the ass.umption, in our derivation, 
of aerodynamic theory such that the effect. of airspeed is proportional only 
to the product of airspeed and modal displacemento This assumption suits 
first-order piston theory in particular, and suits some of the older quasi­
steady theories as well. Now, first-order piston theory is quite respect­
able in itself; but as if that were not enough~ there are good indications 
that our results would be fairly insensitive to the use of some other 
anodynamic theory. We are not, after all~ trying to predict a good gR 
~ a. good . -y . We are merely trying to predict a good ratio of .'l to gR. 
If the effect of a change of aerodynamic theory upon r resembles its 
effect upon gR' then the ratio of y to gR is insensitive to this change 
in theory, ana our method of correlating r with gR can be applied regard­
less. We already have good reasons to believe that such insensitivity 
does actually occur; thus the assumption of piston theory in this report 
should not be taken as rigidly imposing the same restriction upon the 
results reached from this assumptiono One theory may be as good as 
another, in this regard. 

It might be remarked that ~ ii interpreted with the proper level of 
confidence, only good can come from the application of our equations to 
c.n available gR calculation . We do not lose the flutter point; thus~ we 
offer El-11 that the former 'pessimists '9 could offer" Neither do we lose 
the relati.on 2y = g , except where that relation is almost indubitably in 
e1Tor; thus, we offer all that the former euoptimistsuu could validly offer. 
And where we do reject 2y = g , we replace it with a varying transfer 
function which can be used witl considerable confidence ~ confidence which 
{vlll, .of course , continue to improve with use o 

In future reports 3 we hope to derive the similar (if not identical) 
relc1.t i.onships which must exist for aerodynamic regimes other than that of 
piston theory . Our basic methodology will still apply" We hope also to 
numerically investigate and illustrate the utility of all these results; 
to introduce, as we have mentioned , a detailed practical how- to-do - it 
guide; to actually furnish currently useful interpretations and to fur~ 
nish guidance for the attainment of P.r~ctical design solutions; and we 
hope to pursue, on occasion ~ the application of our new mathematical 
methodology to other problems , even if these problems are physically un •= 
related to aeroelasticity o 
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L rHE I.DW·•DECAY THEOREM 

In this section, we wi 11 begin the use of a specia 1 notation, and we wi 11 use 
it. to show t:he linear dependence of any s polynomial upon its decay coefficiento 

First 1 let a single symbol, E, denote any general polynomial ins: 

+ 0 ••• 
E Sn 

n 

(1) 

where Ei. i.s repeatedly tb.e coefficient of si, w~th i. having values from zero ton .. 
Generally, an array of values -of E1 d~scribes a system configuration, and the poly­
nomial repr~sents the ratio of input - to output for that system~ This polynomial 
becomes the ~haracterist.ic equa~ion of the · system for E = 0 (denoting zero · input). 

A general substitution for s i:s s = ·er+ j} m :, denoting the comp~ex roots 
of the c.haracte:dst.ic. ·equation. The decay coefficient "/. is the ratio of the real 
to the imaginary part .of the root. (The c·lassical "damping coeffici.ent'v. is the· sine . 
of the angle· whose tangent is 1 ., and approaches , as they both approach zero o) • 

A special substitution for s is s = j ro. This denotes a condition of no decay 
(r = O), that is, neither growth nor decay of the output oscillation which occurs 
at the frequency mo If we now let the single symbol E, denote the value of E 
which is obtained for "/ = O, we have the definition y 

n 

E-y = E (2) 
i.=o 

This forms a special case of E, wherein E1 is the coefficient of (jm) i from 
i=o to i=n O The result is a frequency po lynornia 1 having readily separable rea 1 and 
imaginary parts :• with a 11 of the even values of i in the rea 1 part and a 11 of the 
odd values of i. in the imaginary part. Because of this easy separability, it is 

much easier to so 1 ve E-y = 0 for two unknowns I than to so 1 ve E = 0 for two unknowns. 
This is exactly the basis of the AMC method (in which companion values of frequency 
and structural damping are evaluated from E 7 

= O) and also of British methods (in 
which companion values of frequency and viscous material damping are evaluated from 
E.1 = O)o 

But the "c lassical" met.hod is to evaluate companion values of frequency and 
motion decay coefficient. (m and 1 ) directly from E = 0 (Equation 1) ., losing the 
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advantage of readily separable real and imaginary parts. However~ if we confine 
our interest to sma 11 values of 7 , we can regain much of that advantage by making 
a binomial expansion of ( 7 + j) 9 giving 

i 
s ( .i + .. i~l = J lJ 7 + O CO 0 (i-m) !m! 

i! 
j i•m 

7 
m + i 

or, o o) (1) (3) 

and by then neglecting all but the first two terms. This is permissible for sma11 
values of i 7 , since the third term is approximately (i 7) 2 / 2 times the first, and 
succeeding terms are even smaller" Thus, we have 

/ ~ (1 - 7 ji)(j co/ (4) 

If we substitute this approximation for si into Equation (1), we will alter 
the associated value of Eby some small amount, an amount depending on the various 
coefficients E. as well as upon the magnitude of i1 (which itself ranges from 1 
ton 7). Ther~fore no definite limit can be stated regarding the validity of this 
approximat.ion 9 although Ir I = . 2 has 

0
been found to be a fair ru le--of-thum~. limiL 

~y substituting Equation (4) into Equation (1), we find that each Ei(jw)! 
term 6f Er will now appear twice, once with a unity coefficient and once with 
a ·• '>" ji coefficient. By "factoring out" these coefticients we find 

(S) 

where we must define the "special polynomial" which is formed by qmltiplying each 
term of El by its frequency exponent 11 

(6) 

Thus !) the 11 i" of "iE 'Y II is a term-·tO ·• term variable, not an ordinary coef -
ficient. This is a convenient notation which simplifies Equation (S) and will also 
simplify our remaining derivation o 

Equation fS) is an approximation which indicates the linearity of E with z 
for small 1 . This is a dependency not ordinarily recognizedo The rate of vari­
ation of E with J is, specifically 9 

~E or = - jiE 7 (7) 

where iE1 will have a fixed complex value at a fixed w, a vector which when 
rotated clockwise 90° and diminished in proportion to J will indicate the change 
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in the comp ~ex value of E for that )' . We could evaluate iE,v by knowing each Ei 
and each ~ 1 , but (as we will see in Section III) it is alsb possible to evaluate 
this; partial derivative of Eby proper inct~rpretation of numerical-graphical 
results obtained for 1 = Oa 

• An algebraically useful v!rsion of ihese results is obtained if we note that 
the frequency derivative of ro1 is im - . This gives us 

so that Equation (6) becomes sim~ly 

iE = illd E / d 0.) 

"/ 'Y 
(8) 

where the opera tor CDd I j CD is implicitly appUe <l to each term of E
1
, in. succes -

sion, and develops the coefficient i for each. Then, Equation (S) becomes 

(9) 

This allows us to state the "low-decay -theorem" as follows: "For low values of 
the decay coefficient y, the complete differential equation of any system is 
approximated by its own zero-decay (e.g. AMC) value, minus the product of 1 times 
j times m times the frequency derivative of that same zero-decay characteristic 
equation." The rate of change of E with )' is thus, corresponding to Equation (7), 

( 10) 

which. is minus j m times the rate of change of E1 with ill . This states the 
linear variation of E with y , and its magnitude . No assumptions as to the phy­
sical nature of the system have been made o 

This theorem is a key to relationships between the no-decay behavior of any 
dynamic system, and its low-decay behavior . It forms a transition between the 
classical assumption of 11 possibly large" 1 and the AMC-type assumption of "neces­
sarily zero" ')''. 
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II. rtlE DECAY COEFFICIENT FOR LOW MATERIAL DAMPING 

In this section, we wi 11 assume that the polynomial E is linear not only with 
J' (as proven in Section I) but also with the .material damping coefficients g8 and 
t 5 • This means that any products and powers of g6 , is• and )' will be neglected; 
this restricts us to small values of gs , XS! and )' . The resulting statement of 
linearity, valid for low damping and low decay, is 

(11) 

The term EgYy is (in accordance with our prior E7 notation) the value of E 
for g = 0, f = 0, and 7 = 0. Of these three zero conditions ~ two can also apply 
for each of the partial derivatives ; that is, 

dE/ ;Jg ~ ~Ef)' /Jg 

JE /r) J ... 1 

J E /Jr = g, . 

J E/ " )' 
,v 

c) E /J y 
g~ 

ll meaning that the various products cf gs, is, and 7 can be neglected here also . 

ll 
As a means of utilizing this statement of linearity , let us now assume 

special conditions at which reference values of gs, ~ S ' and "/ may be defined , 
The first special condition is E = 0 at gs= gR, fs = O, and ? = O, giving : 

(12a) 

l l Then , the solution for g8 is 

ll 
11 

E 
~ __ A_tl_, g = -

R d E/ ~ g 

This is the amount of str~c tural damping~uired for neutral stability 
(E = O, '/ = O) at 'J s = 0. 

The second special condition is E = 0 at gs 
giving ~ 

= 0 -. 't 
5 

= ( R, and 

( 12b) 

(13a) 
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Then, the 1olution for ) 1 ii : 

(lJb) 

This is the amount --of material viscous. ymptmg :required for neutral 
stability (E • O, 1 • 0) at g

8 
• 0. 

The third special condition is E • 0 at g • ·= 0, ) • 0, and -, • -, , 
S S 0 

giving: 

(14a) 

Then, the solution for the ''basic decay coefficient" 1 
0 

is 

B 
Ill 1 o • - ~E/ tJ 1 (14b) 

This is the decay coefficient obtained for the case of zero material 
damping. 

Using the three reference values so established, Equation (11) takes 
the form 

This is a .·restatement of the original assumption of linearity, using 
arbitrary reference values. It reduces to the identity E • E for 

g-r 7 81'1 
the condition g • O, "S • O, and-,• 0. It reduces also to E • 0 for the 

S S conditions g • ·g..,.,y • ~R' and 1 • 1 taken separately. 
S A 8 0 

But the zero input condition E • 0 is also satisfied by various 
suitable mixtures of g, Y , and-,. If we assume E • 0 (so that Eis the 
"characte.ristic" equat!oo) bd s:olw Equation (15) for -,, we find 

[ 
1s ls] .,.,, 1-- - -

o 1R JR 
(16) 

In that ~ has been included, this equation is a generalization 
of our previous results such as Equation (14) of Reference 4 . These 
previous results were not only less general, but were obtained less con­
cisely, namely by manipulation of the particular polynomials defining 
~ E/ ~ g amt· d E/ ~ 1 for several particular systems having two or three 

degrees of freedom. Our new, shorter derivation is fully as valid, 
and yet does not depend upon the number of degrees of freedom nor 

-9-
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upon any of the configuration parameters. It is purely a useful statement o.f the 
linear de endence of a decay coefficient upon a mat.eri.a l dam ing cot:i fic.ient, for 
small values of those coefficients. This inear dep~ndence has not been generally recognized because t ~e linear variation of E with small 7 (Equation 5) is not 
generally ~ecogni zedo 

Equati.on 06' may be regarded from two points of view. Either we fix gR and SR while we vary 8s andior _ss ~, or vice versao In both cases, variations of 7/1
0 l'.'esult. The first. v i ewpoint. is the viewpoi.nt we took in deriving Equati.on (16), 

and it also conesponds t:o the case of varying the construction or t.he matet·ial of 
. a system so as to change g

5 
and/or f, evaluating the resulting effect upon 7/70 . 

This obvi.ously h a fa'irly rare poin@ of view t.o assume, though i.t does sometimes 
apply. 

Much mo·::·e c:ornmonly~ we wou. ld hold gs and f fixed while varying gR and/or 
)R, the ·req:Li i.red material dampi.ngs. This may ge a result, for instance, of 

varying the assumed ai.rspeed in an aeroelastic systemo If g and/or!' can be 
computed for each c.onsecu.tive airspeed, the!l Equation (16) w!11 yield he 
resulti.ng consecu.ti.ve values of 1/y0 o This would be the us ual method of 
uti.li.zi.rtg Equat :f.on 16) o 

By i ncluding fs as well as g in Equation (16), we have made it possible to 
evaluat·. e the simultaneous effect:s 8 upon , of both kinds of material damping. The 
i.nputs for this evaluation would be gR' )' R, and :i)' oo The value of gR is the ~on­ventiona!. end produc t. of aeroelast:i.c analysis in American i ndust.ryo The value of 
)R, could be fo und by simi lar pror•edures (and indeed seems to be the output of some 
British stud i es)o The value of y0 can be found by proper manipulation of the gR 
data (as we wi. 11 show i.n Sect i.on 111) or, we believe, by similar mani.pu lat ion of f R 
data. The result will be a considerably refined evaluation of system stability, 
obtained through our approxi.mations with considerably less effort t:han by any other 
method., 

To i llustrate the numerical behavior. of 
Equati.on ( 16 ), t he ac.company i ng sketch shows the 
variat i on of t he pa r ameter y/7

0 
with the 

inverted parameter gR_/g
8 
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These curves are antisynmetric about the (0, + l) point. ""heir small slope 
at large gR/gsindicates the small effect of g

5 
when gR is large , t h .at is, 

~hen the system is heavily stab le o r unstable " 

The converse situation occurs at smail g /g .. ., when the system is almost 
neutrally stable. At exactly neutral stabiUfy (gR = OL the value of y/r

0 
is infinite , But of course , r is then also z.ero Thua , the product of 
7/r and 1 is numerically ind~terminant at g = 0 , We can avoid this 
inditerniinincy of r by algebraic reorrangemen~ of Equation (16}, for in~ 
stance into y 

0 

. 1 = --· - (g ~ g ) ( 1 7) 
gR R s 

This equation, obtained from f l6) fo r the case of °> = 0~ avoids the 
~ 

former indeterminancy at gR ~ 0 because (as we will se~ ih Section ~II) 
the value of 7 /g is determinant even when both y ana gR are zero~ . As 
another point ~ntfrely, Equation ( 17} also shows tftat the function y /gR 
is useable as a transfer function from gR • g to 7 9 as ~ell as from

0 

gR tor. Thus, the expressions for this traRsfer function , which we will 
develop0 in Section III, are not limited in applicabi l ity to t he g = 0 case 
alone~- we will be able to account for any g without needing an :dditional 

s step from 7 to 7. 
0 

A brief discussion of physical significance is also in order here. 
If 1 and gR are both positive (denoting respectively a "growthuu of oscilla­
tion~ and a need for dissipative damping) then any increase of g from 
zero (denoting some dissipative damping) signals a proportional aecrease in 
the oscillation "growth" rate o Or, if g~ is fixed and gR increases )] this 
means that the need for energy dissipati8n has become larger 1 so that the 
g~owth rate will be greater at the same g~ o Thus I increases with gR and 
decreases with g . v 

s 

A negative 7 and a negative gR would mean , conversely ~ that an increase 
of g would signa~ more decay (where it previously signalled less growth). A 
posi@ive inr.rement (to a smaller negative gR) would signai less decay . 

On rare occas ~ions, 7 and gR are of opposite sign . This occurs when 
the addition of "dissipati~e 11 damping to a highly cou.pled system makes it 
less stable, rather than more stable . The resu:iting •7loop-back H phenomenon 
was described in our earlier work . and will be di scussed f urther in future 
reports. 

Note that realistic values o: g may nm a::·ctrnd .01 whereas our approx­
imations are good for g pas~ . 1. T!us 1 it is not unlike l y tha t t he effect of 
g in Equation (17) wil! be trivial . Jn that case , we wi l l be able to study 
·.,S .:1.s if it were -,. The transfer function , /gR} for use with or without 
c8nsi<leration of g

5
, will be developed i n Segtion I II ~ following now . 

* Equation (17) may not avoid indeterminancy at some other airspeed, 
i f it happens that the numerator and the denominator both pass through zero 
for some other reason , Such regions mus t be treated with care; our future 
reports will cover this in detail , 

-11-
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IIL THE DAMPit,:;-TO·D!CAY TRANS!ER FUNCTION 

In this section, we will develop successive expressions for the 
transfer function r /gR o We will clarify, in the process, the inherent 0 . 
logic which relates )' 

0 
to gR, and we wil 1 show t.he influence of severa 1 

successive special assumptions o The end result will be a simple key 
expression utilizing the o~tputs of a conventional gR solution to 
predict )' o 

0 

The "art if icia 1 intermediate sys tern n created by the AMC assumption 
gs• 8a (for 7 a O) is, to some degree, a distortion of the true system 
because the ,.true" system has some fixed value of g • A generally lesser 
distortion is produced by assuming g :a O; for thisssecond '9artificial 
intermediate system'° the value of)' is y . These two distinct but related 

0 systems are described, respectively, by our previous equations 

Eg f y + gR ~E/d g = 0 

which is one special case of Equation (11), and by 

(12a) 

(14a) 

which is another special case of Equation (11). Since each equation has 
both real and imaginary parts, two unknowns can be evaluated, nominally 
g1 and ru from (12a), or , ~.nd m from (14a), at a given system configuration 
(fixed airspeed)o As wil~ be shown later, the real parts are largely 
independent of damping effects and essentially determine m without. knowing 
g1 or l . Thereafter, the freq uency being known, the imaginary part of 
(12a) w8uld be used to find gR as a function of the damping of the system, 
and the imaginary part of (14a) would be used to find r as a function of 
that. same system damping . 0 

0 Since gR and ·,· are thus both functions of the same imaginary part of 
E , we can find ~he direct relationship of 10 to gR, namely (using 
iialkinary parts only) 

...,. 
0 

= ·----- (18) 

This states that the ratio of , to gR is the ratio of the rates of 
variation of the polynomial E with g0 and with 7. This equation may seem 
too simple to be u&eful ; but by developing numerator and denominator 
separately, we can obtain very useful expressions for 1 /gR . 

. 0 

-12 -
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So long as we ~tii1le Equation 18) algebraically, its accuracy depends only 
upo:1 t ~e ''sma 11 gR' assumption use<i in Eq·.Jation (12a), and tte 'sma 11 ~" 0 " a11ump­
tion similarly ~sed i~ Equatio~ ( 14a). For conveniance, however, we may choose to 
substlt te numerically a vah:.e of frequenc·y which almost, bet not quite, satisfies 
the real parts of boti tl2a) and f !4a) simultaneously. T~ keep the res~lt1ng error 
sma 11, we mi.ast avoid t~e regions 1 ~ wHch the gR solutions for frequency differ 
markedly frcrfR the ,c sol~tions for f~equency. this restr1ction~ fortunately, must 
largely coincide with our prior restrict.ion to small gR and: 0 , since only if eitber 
gR or ~

0 
is large can the real partg of (12a) and (14a) fail to give almost iden­

tical ~alues of fr~quency~ 

In due course, we w1 11 replace the denominator , E/ l --: of Equation 18) by usi.ng, 
conse~ut1\ely_ Equations ~i ) and 1 10) of Section lo nowever, let us defer those 
substitutions until we (&n simultaneously make similar substitutions for the numera ­
tor. These substiL tions will depend upon assumptions whicn typify the nature of 
dtructural dampi~g and further as sumptions which typify the results obtained using 
first-order piston theory 

Effect of C'onventiona 1 ~ t r u tura 1 Dampi~ 

First the poly~om1al E will bt: assumed to be the determinant of the matrix 
wh ich would be formed f r a p.,degree ... of-freedom system (a "p by p' 1 matrix), 

E = (19) 

A p2 A pp 

T, e expanded f rm f s ch a determinant onsigt s of the s m f many products 
of ~terms The above representat i ~ 1; the conventio al abbreviation for this 
lengt~y sLm, b1 t for our p , rpose event. 1s abbreviat1 n i s t oo bu lky and too un 
w~eldy Therefore. we denote eaf1.1 one f t he matrix prcducLc; by AP , where p is a 
superscript denoting t~e fart t 1at AP is a produc.t of p d1fferent ly subset ipted 
A's, c;:~,c. n as 

fo , p = 3. 

13 · 
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for p • 9. Then, with AP so defined) we can replace Equation (19) by 

pp 

E • (20) 
11 

This denotes the summation of all possible 
11 to pp . We can merely assume that the proper 
implicit in Equation (19), are also implicit in 
AP terms which results is p', or (for instance) 
represents all these terms simultaneously. 

AP products using the subscripts 
rules of determinant expansion, 

* Equation (20) . The number of 
362,880 for p • 9. E9uation (20) 

1o illustrate for a ternary (p = 3) system, we have 

33 

E = 

11 

= 

obtained by noting that with the first su~scripts fixed in 1-2-3 sequence, the 
second subscripts can be arranged in six different sequences, four of which in­
clude an inversion making the product negative. This is identical to the expanded 
determinant of a 3 by 3 matrix For higher-order systems, Equation (20) changes 
only by changing p, rather than by writing (as with Equation 19) a larger array 
of terms . 

The next step depends on the fact that, in any system, a typical A term 
always can be postulated which will algebraically encompass all the actual A's 
of that system For instance, in a high-supersonic aeroelastic system, we have, 
typically, 

A = M s
2 + B s + (1 + g ~)K + Y V aa aa aa ill aa aa (21) 

* T1ese rules specify that each product can contain only one •r~ from 
each row and each _obmn, and that the sign of the product is negative when the 
number of vertical inversions of sequence is odd wh;le proceeding horizontally . 

• - 14 · 
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as a general matrix term. t n1s ,ontains inertia, damping, pha1e-lead 1tructural 
1tiffne11, and aercdyn&1111 c 1r.iff~e11. Some of theae coefficients (e .g. the 
1t.ructural 1t1ffne11 of ff diag,,nal terms) uy be zero in certain in1t.ancee ; 
this dcea not affect our der1vation. In fact., until we reach Equation (32), we 
are con~erned onlJ with t~e existence of the phase~lead stiffness*; the other 
teru could h•ve any f rm what.soever, the terms shown being merely repreaentative. 

I f we 1ub1t1tute Equation r21) into our abbreviated determinant equation, 
(20). we find 

PP 

~[·2 s JP E la' L Ms ·+ Bs + ( ~ + g w> IC + YV (22) 

11 • 

where t '1e s bsc-rip~s f M;) P, K and Y ate now implicit., since they vary with1.n 

each AP p ducto 

Our next step 1s t Ci a lgebrai.cally introduc:e a logka 1 but unconvent i ona l 

"psued -bi.n mlal expans iox,,n as a means of i.solati.ng the !{~dependent terms o.f (22) 

from the i(-indepe~dent tenns. Consider t.nat., H the product. AP were a product of 

binomials ~ vari.ously Sl..bscupted ~ then the expansion of this product. of binomials 

would be the sum of all t he p ssible canbinations of the first terms times second 

terms . the more first terms were chosen, tbe fewer second terms would remain, 

8 0 that H we had 'fr example) 

wh1ch 18 a p • 3 rase f 

then we wvuld have t he expansi n shown on the next page ~ 

• A par allel derivat t n us i ng viscous damping ~) instead of pnase ~lead 

stiffness ~st, we presume , be p sAible. The result wculd be a transfer function 

'Y c ; 1 
. t.. seab le 1 f a ~ ~ s luti n were to be interpreted . 

-15-
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AP - all a22 a33 

+ all a22 b33 

+ all b22 a33 (m•l) 

+bll a22 a33 

+ all b22 b33 

+bll a22 b33 

+bll b22 a33 

+ h ll b22 b33 / (m=3) 

These eight terms have been arranged in four groups according to the number 
of appearances ("m") of the second term "b." The number of appearances of "a" 
is, of course, "p-m," decreasing as m increases* This is a p = 3 case of 

(23) 

which is our general representation of a pseudo-binomial expansion . This expan­
sion of AP is to be formed by summing all the possible products of (p-m) "a" 
terms and (m) "b" terms, in the manner already illustrated. The number of tel'IU 
in this summation will be 2P, which ie eight for p s land 512 for p • 9 Egua• 
tion (23) repre1ents all these term• aimultaneoualy . 

• 
2 

If we introduce the notation of Equation (23) into Equation (22), using 
(Ms · + Be + YV) in place of "a" and (1 + g s/m )K in place of "b," we obtain 

PP P 

E= LL · 
11 m=-o 

m 
(Ms

2 + Bs + YV?-m (1 + g !> ~ (24) 

This is onJy a partial expansion of E, because we have not yet aeparated 
the terms of Ms + Bs + YV from each other, nor the terms of 1 + g 1/ from 
each other .• Still, this is a symbolic representation of p ! (2P) ta1111, or more 
than 185 million terms for p = 9 Equation (24) repre1ents all tbf•• terms 
simultaneously, and yet is sufficiently brief as well as sufficiently meaning­
ful for our purposes. 

From Equation (24), we can define both the g =- 0 value of E and its rate 
of variation with g First, note that we did not define any 1ub1cript for g 
in Equation (21). thus, we have assumed that the same value of g appli.:s in 
all modes (where er a K appear). This assumption is 

Without subscripts, this becomes a3 + 3a2b + 3ab2 + b3 (a true binomial 
expan1ion) 

• 16 
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a) Co111110n in the industry, so that our results will apply to the usual gR 
solution on which we may wish to operate; 

b) Physically realistic, at least as a first approximation; and 

c) Algebraically convenient, because it allows us the simplification 
which follows now. 

Because g bears no subscript, tl:le term (1 + g s/ w) is a true binomia 1, and 
"m" is hence a true exponent. This permits us a now-familiar type of approximation, 
in which we expand conventionally and (by assuming small g and small r ) neglect 
all but the first two terms. The result is 

m 
8 N 

• l ·+ g ill} 1 + g j m (25) 

This shows that each term of E will increase the relative amount-gm as gin• 
creases, and at 90° to its g = 0 value . . This obviously resembles the zi effect 
of r upon E. If we define the g = 0 value of E as Eg, where from (24) we have 

pp p p-m 

E = L E (Ms 
2 + Bs + YV) Km ( 26) 

g 11 m=o 

then we see that Equation (24) is the product of Equations (LS) and (26), or 

E ";! E
8 

+ g j m E
8 
I (27) 

This corresponds to Equation (5) which expressed the effect Jf 1 upon E. 

In the case of g, the "special polynomial" is 

Orresponding to E .ti (6) f iE The Coefficient ''m" in (28) is the c qu on or -, . 
pseudo-exponent of K, a term-to-term variable resembling "i." 

Equation (27) is an approximation which indicates the linearity of E with g 
for small values of g and, . Furthermore, it specifies the rate of variation of 
E with gas 

(29 ) 

-17-
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correspondi~ to Equation 7 ) for JE/~ • . This u valid for any system having a 

unifor~ly distrtbcted str~ct· •ral damping coefficient, regardless of the oth~r effects 

present in t~e system. 

By using E1Jati r :29) 1~ E1~tion 12a), and Equation (7) in Equation (14a), 

we obtain 

and 

(30b) 

where {for convem.ence , we have rep laced Eg and E
7 

by E
8
~ 

1 
, which is equivalent to 

neglect1 g t .. e sma!l. prod c.ts gR J
5 

gR· , ~
0

g8 , and :'
0

J s· 

Beca ~e E i~ 1s a complex q antity, the two equations (30a) and (30b) repre­

sent follr usefu' felation~. ips : tw real e-~uations and two imaginary equations. Al· 

tho gh simultaneous sol tion f eac..h real-1maginary pair for two inknowns is possible, 

further study also s .ows tha~ an iterative approach will be rapidly convergent. Thi9 

itera ·ive approach (whic sh !d not be confused with a digital-c..omp ter approach) 

may be desc..ribed as f 11 wQ. 

1. To solve (30a , . first assUI!'e gR • 0 in the real part of (30a). This 

leaves REg'i 
7 

= 0 where "R' denotes ''real par t of") . Solve this for a 

frequency at a gi,en system configuration; or solve for some configuration 

parameter such as airspeed :i at a given freqt.:ency. (As in our ear lier 

work :- we wi 11 se the symb l 1• 0 t.o represent the airspeed which thus sat is 

fies RE8~ 7 • 0 at a given freq enc-y. A pl t f V0 versuB 1.;.) i called a 

"base c..t.rve'' in Referenc-es l t rough 4.) 

2. tse t . is 1 itial re~ lt 1n the imaginary part of (30a), to find a 

value for gR at that freq e~cy airspeed condit1on. This complete~ the 

first cycle of iterati ~ 

3 ~e t . e 1n1tial gR i t~e real part of 30a) t refine the initial 

sol tier . • H wever ; t-e ref1--:eJT1ent r.111 generall be c;rr.all ~ indeed tr1 ial 

beca ~e t~e real part of gR J m Eg~ can result only f r om t~e imaginary , 

r damp1 ng. pa .. t f Egi .,. : t"" is dimpir.g part of Egi 'Y m "t be sma 11, sc 

that w,en m· ltiplied b ~R t r ere will be ~ardh any effe t p---p the result 

reac ed p· step ·1 . 

4. F.epeat step 2) v 1 g tl-ae res:.:1ts f ster (3 ) and ~c J .• 

--18· 
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When the ,orrespond1~g procedure is also applied t.o 30b), the first step 
yields the identical ,alue of frequency _ and the succeeding steps will then yield 
the joint val es of •0 and . ~ut 1n both instances, the convergence is so rapid, 
for small gR and small ,0 t~at t he first two steps alone are sufficient for prac-
t ica 1 p-.lrposes .. 

Thus, REg1 'l = 0 defines t he approximate relationship of frequency to air 
speed, both for t.he gR case an<! for the ·_,0 case , while the imaginary parts of 
(30a) and (30b) deter-mine 8R and • 0 _ respectively :, from t.h.e imagi.nary (damping) 
part of Egi r . 

Since gR and "'0 bot h a•e meast.te.:; of t he ~ame damping influence ) their re­
lation to eac ~. ot •. er m.ay ~ow be defined. W_ en we so ke the imaginarI. parts of (30a) 
and (30b) f r ~he tr a~s f_e,. fµnct i P. ·:• 0 gR :- we wil 1 be ut i 1 u ing only the rea I parts 
of mEgj '/ a d 1Egi ~, . T_ £=Se real parts denote t ~e rat.es of changt: d E/ ~ g and 
~ E/~y (whtc . . ate~ functions of the damping of the sy~t.em). Thus, the transfer 
funct io from gR o I i.s 

= -
mRE d ·I 
1RE" gt , 

(31) 

where only the rea 1 patt. of Egl i' is to be considered. This versi n of Equation 
(18) is valid for any system naving 1~iformly distributed struct ral damping. It 
is interesting to note tat the rela ti on of '

0 
to gR is to be determined from an 

equation in whi.ch t here isn't any g and there isn't any 7' ! 

------ lxample A 

We may illustrate Equations )IL (24), (26), (29) , (7), ~nd (31) for the case 
of a very simple aeroelaQt i system, the binary panel f Reference 1 (page 14ff.). 
In that. ins tan e , Eq at i n 21) takes the forms 

A 11 
2 <li\ 

s + l + g s) ill 2 = s + 
2 l 

2 ' A u + g P-> I 

2 
A22 = s + - s + 2 2 

A 12 
4 I 1 = .. , 
) -- A 

4 
V 1 1 A21 = 

3 A 
• 

Fndent !v t .e coefflcients 11 . .n ~ M12 ~ B12 , K12 M21 ~21 and K21 are zero 
in this instan e. ~~t ~ ~ e:g~t of the s1xtee" possible binary, efficients are zero, 
simplifying ot. r 111 '-tratt"n still furt~er. 

T .. e , rrespcrding dynamlC eq.at'i n w111 be 

E = AllA2 • A1/21 

• [s2 • A +.' l+g ~-) /]~ 2+ ·: s+ l+g s 21+ -~ \ 1>2 
2 J 3 A 



r: 

ls,-cliq partially accordiq to•• w have, corraapondina to lquation (24) 

2 ~ 2 4 2 
I • (1 + 2 1) + ( 3 a>A V/1) 

2 ~ I 2 2 
+ (1 +' 2 a)(l + g ;><m1 +~) 

+ (1 + B;>2 
m/ O>.z

2 
} •2 

Then, for I• 0 and 1 • 0 (and with f • 0 already) we find, corra1pondiq 

to lquation (26), and arranged laterally according to the exponent of frequency, 

i-4 1•3 1•2 i•l i•O 

,....,_.. p , :. I 
..., :. 

.,. • 

I 
4 :6'° 3 '°A 

2 
2 

4 2 

• (I,) -2 j (A) ·(-) (A) +o +(3 c.oAV/1) 

IJ"T 2 2 

e 
The g derivative of I will be,•• per lquation (29), 

..il • Ill 
jc)g 1J1 

2 2 2 a> A + 11... 2 2 
• (a>l + (1)2 )(-a, + T j a>) aul (1)2 

2 
vhicb can be verified directl1,neglecting the g effect. 

Siailarly, the 1 derivative of I will be, a• per lquation .(7), 

~ can be vertfiecl directly by 1ub1titutina • • ( '1 + j)a> into 117 , aqlectina th 

1 , 13, and 7 effectl. 
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Then, taki.ng real parts onlv 9 the ~-
0

/gR transfer function will be, corres­

pondi.ng to (31.L 

·y , 0...,, 
- = a a 

2 
(m 

1 

As per ou.r iterative procedure, we would evaluate this transfer function from 

the frequency which satisfies REg1y = 0 at a gi.ven airspeedo 

(Example A wi 11 be continued) 

Equation (31) is an expression for / 0 /gR which would be very useful if we had 

the complete algebraic expression for Egt" available~ so that we could inspect 

each i.ndiv:i.du.al term for the individual values of m and L Unfortunately, this 

full knowledge of Egjy is often _ unavailable, especially for complex systems where 

the expanded determ1.nant is often not expliciL Our salvation lies in the fact 

that both mEgj'y and iEgl''Y can be evaluated indirectlyo 

We have already seen, in Equation (8) of Section I, that iEgry is equal to 

~ o~g y y /dm , because rJ) o / JC.) brings out the i of each term as a coeff ic.ienL Thus, 

if we had a plot of Egty versus m, we could evaluate its slope, and multiply each 

such value by its abscissa, to obtain a plot of iEg~-y versus mo We will show now 

that a similar indirect evaluation of rnEgl"'' can be made, and that these two in­

direct evaluations can be combined into on~ graphical interpretation of a conven= 

t.ional AMC data ploto 

Effect of First ~Order Pi.ston:Jheory Aerodynamics 

In order _to indirect. ly eva luat:e mEg ¥?' , we must utilize the for:m of the 

(Ms 2 + Bs + YV) portion of Eg~ :v O Thus, we now enter a phase of the derivation 

which is dependent. on f i.r. s t ,,.order p i. s ton theory {represented by the YV term) o In 

some future , par allel derivation,, any other type of aerodynamics in which airspeed 

or any power of airspeed has a linear effect might be u.tili.z.edo 

0·1r first step is to complete the pseudo-binomial expansion of Egty 

treating first YV and then Bs as the second term of the pseudo-binomialo 

sult, from Equation (26) ~ is 

pp p p-m p=m- q 

LLL L 2 p-m-q - r r m 
( ~Mm ) (jBm ) (YV) qK 

11 m=o q=o r=o 

by 
The re~ 

(32) 

The assigned pseudo - exponents are q for YV and r fo r jBm , leaving P"·m-q - r 

as t he necessary pseudo- expone nt of =Mm2o Each of the three pseudo - binomial ex­

pansions mu l ti.pl i es the total number of t erms by 2P 7 
so for p = 9, the number of 



terms res ·lu~g is 5 23(362 :, 880) ~ 48 trillion terms. Equation (32) represents 
all of these te!ns s1m · ltaneo sly and manageably. 

T __ e advantage of Equation (32) is t~at we can now relate t ~e exponents of (.I.), 

V'. and K to eacr. ot _er. this Wl. ! 1 allow us to eva l uate tr. indirec.t ly. fiy inspecting 
Eq,;.ation (32). we see tliat t. ne exponent. of frequency whicb. i.s • i " t-y definition, 
is also 

1 • 2(p-m-q-r) + r 

• 2 p-m-q) • r 

for t he c.ase of piston- t.eor y aerodynamics. This expression for 1 1n terms of p, 
m,. q 1 and r c.an be rearranged t o give m i n terms of P~ q , i and r: 

or , rr.ore to t he poin t. 

m = i + r 
p-q - 2 

-i + r) E 
mFg'j : = p- q 2 gfy 

(33) 

( 34) 

where a group of "special po lynomials ' is sunmed to give the desired i nd i rect evalu­
ation of mEg r . 

Example A Continued) 

To demonstrate the validity of Equation (34) for the binary panel example, we 
may arrange our previous Eg t' in the form 

r •0~ qaO r=l q=O r=2 , q=O r=O,q=2 
~ r ' r --. 

--
,,.., .. - ,,.,., 

~ 

4 A 3 ill 4 )2 } E A) . 2 
g1 ( 

&' 2 ·-·- j - - (J) ~< "' mao 
2 2 3 A 

2..._ 2 \ 2 
' I 

/ 'I 2 + />j " } ( +-
A m•l 

I 2 I 2 I 

2 2 } mc2 + "'2 
...., 

"" 
,,. ..... 

~ 
, 

r=04q=O r=-1.q=O 
,. . 
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Then, t ½e separa t e terms of Equation (34) are respectively 

pE = 
gfy 

E = 0 + 0 
C, q ·g,l '}' + 0 + 0 + 0 

+ 0 = l LlA.rn(m 2-t-(.I.) 2)+ 0 
2 2 3. 1 2 · 

Total = 0 + 0 + 0 ·+o 

= mE 
gt:,i 

Certainly, it would have been impossi.ble to recognize such a re lat ions hip as 

Equation (34) from mere inspection of the equations for even this simple binary 

exampleo In our Reference 4_, this relationship was established only through a 

lengthy series of steps, and of course never appeared in the form of Equation (34) 

even then. Our new methodology not only abbreviates the correlation for our binary 

and ternary examples , but also vastly abbreviates the detailed correlation for any 

other number of degrees of freedom as we 11. 

--~--(End of Example A) 

Of th~ four terms of Equation (34) , two can be expressed indirectly and the 

other two can be neglec t ed. The indirect expressions are 

iE 
g:p 

(35) 

from Equat i on (8) , and 

qE - Vo E / d V 
• gp g~ 'Y 

(36) 

whi ch is simi lar to Equat ion (8) , but is based instead on the fact that q is the 

expone nt of V t hrougt_out Eg~ ')' n Then , r} Id V brings out q as a coefficient of each 

t erm~ and the . mul t ipl i er r estor es t he power of V. 
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The two negligible terms of Equa t ion (34) are ·pEgr,, and rE 'J y 9 or more pro­
perly the real parts thereof ~_since we want only t he re~l part: of rilEg~Y. ~tis 
permissible to assume pRE Y; = 0 because we have a !ready assumed REgr·y = 0 in our first iterative step o (A!t.ernatively ,, we need not neglect pREg~ ; ; the resulting 
effect on 10/gR is shown in the Appendix ~ but reduces to zero for the region of 
small lo and small gR) o 

It is permissible to assume rREgf,· ~ 0 becaust it is composed only of products of the 1da~p.J ng terms of Eg~ y :1 such as (Bs) 2, (Es) and so on !} and will have essen­tially no·<effect on the rate of change of E wit h g 0 

Using .thes~f· four subst.it1itions , Equa t ion:,: (34) becomes 

'l • mRE = .. gyy 
, ' , , 

.. 
and hence ; Equation (31) becomes 

t'V ~ - + ill J_) REgv-v .., \ c)v 2 ~m :., "Y o N 

gR = - -;-~ RE g f y / ~ill 

or 

(38) 

-------~ Example B 

To illustrate, consider the simplest possib)e systemj a single~degree-of ­
freedom system " According to Equation ( 21) :, t he characteristic equation will be 

2 · s E: = Ms + Bs + ( 1 + g ill) K + Y.V =- 0 

For this equation, t he exact ra t e of change of Ey with g i s u from Equation (29) o·r by inspection ;) 

showing that K controls t he rate of effecti.veness of s t ructural damping o For the 
same equation, the approximate r a t e of change of Eg with / will be , from Equation 
( 7) or by inspec tion . 
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2 
where only a 1 term has been omitted . 

as -,, is sma 11 , ) 

(This value of ,Egld? is excellent as long 

Combining these two values according to Equation (18), we have 

1 0 ~ jK 

gR 2jM m 2 

At zero airspeed, for s ~ l~ the real part of the characteristic equation is 

-M CL 
2 + K ;t O. This defines w , and thereby yields 

,J 1 
2 

This is the classical textbook evaluation of 1
0

/gR, and is frequently mis­

takenly applied as a factor which will predict a valid 1
0 

from a calculated gR 

!7ithout regard for airspeed , But this fixed classical value is derivable only _at 

zero airspeed, or at airspeeds where structural stiffness (K) is heavily predominant 

over aerodynamic stiffness (YV) , Otherwise, even in our simple example, we have 

-M m2 + K + YV ~ O, indicating that the natural frequency must increase as the air­

speed increases _ This dependency of frequency on airspeed also makes 10 /gR depend 

upon airspeed, as shown by 

- 2 ) j (M ct , - YV 

2jM ru
2 

YV 1 
2 2(K + YV) 

This relationship, plotted here, 

has an initial slope of -Y/2K (which 

extrapolates to ?~/gR = 0 at YV = K) 

The actual curve approaches ze ro asymp­

totically, passing through ;~/gR = 1/4 

at YV = K Thus, as the a erodynamic 

stiffness becomes appreciable compared 

with the structural stiffness, the 

natural frequency and the j' 0 /gR transfer 

function both depart appreciably from 
0 1 YV/K 

their zero-airspeed values Thus we see, even for this extremely simple system, 

that 2 ?' = gR cannot be trusted when there is appreciable dependency of frequency 

upon a i rspeed This r esult applies, as we shall see, regardless of system complexity 
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To obtain the same result using Equation (38), we would note 

and 

yielding 

as before. 

------

1 

2 

V 

ill 

~RE __ s_n __ = vv 
~v 

1 YV 
= ...... - -----

2_ 2(K + YV) 

(End of Example B) 

In practice, Equation (38) still is difficult to utilize because REgyr 
is not always available i.n a form which permits evaluation of its V and C.O 

partial derivatives a But~ from elementary differential-equation theory we 
know that the full derivative of RE relative to one of its variables is 

dRE 
sv 
dCJJ 

g'f! 

JRE aRE = gyz S17 dV 
c) ro + a V dill (39) 

(see e.g. page 50 of Phillips 9 Differential Equations). This relates the 
two partial derivatives to each other in terms of the full derivative» 
dREg,,l® and dV/da). But since we are maintaining the condition RE = 0 
in our first iterative step, the rate of change of RE T'Y with freque§ij must 
be zero. The result is that the ratio of the partialgaerivatives must be the 
negative of the full derivative dV/CJJ.), or 

dV 
0 

= - elm (40) 

The replacement of V by V, as shown, is concomitt.ant with the assumption 
RE . = 0 of our first itera~ive step. That is, for a given frequency, the 
asl6iiated airspeed 'is not exactly V, but V, because V0 exactly satisfies 
RE = 0. The rate of change of this airipeed with frequency is then 
co!Jitible with the condition of dRE f! /dJD = 0 which led to Equation (40). 
The difference is, of course, trivia~ for small r

0 
and small gR. 

-26- I 
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When Equation (40) is substituted into Equation (38) we find, 

finally, 

.,0 1 V /m - 0 (41) - 2 dV /cku gR 0 

which is an equation which does not require any numerical knowledge of 

the differential equation of the system. It requires only numerical 
knowledge of the •~ase curve" of the system (a plot of w versus V) or, 

what is practically identical, a plot of the frequency-airspeed re~ationship 

for the g
1 

condition so long as g1 is small. Thus, in the region in which 

we plan to apply our prediction of -, from g, we need only inspect 

a frequency-airspeed plot prepared from0 conventfonal AMC data; we do not 

need any knowledge of the configuration of the system. 

The ratio (V /w )/(dV /dw) is a slope ratio, since V /m is the slope 

of a line from the0 origin t8 a point (V ,m ), and dV /aJl ii the slope of 

the base curve at the point (V, w ). ~he same quan@ity also may be called 
0 

the airspeed sensitivity of the mode frequency, since if mis con•tant 

with airspeed then dV /'1J.) is infinite and the slope ratio is zero, while if 

the mode frequency w0 varies rapidly with V then dV /chl is small and the 

slope ratio is large. Indeed, if we followid this 18gic we would write the 

slope ratio as 

dw / dVo 
w V 

0 

to show that it is the rate of change of the relative frequency with the 

relative airspeed which affects r /gR. However, the form shown in Equation 

(41) is usually more convenient, 8eifig a ratio of two graphically or numer­

ically evaluated slopes. 

It is possible to program Equation (41) into an AMC-type digital 

solution, and we have done this in some of our investigative work. However, 

Equation (41) is such a simple equation that automatic programming is not 

necessary, and a rapid reinterpretation of a given AMC output is possible. 

In neither case do we abandon the AMC data (despite the fact that when we 

first started to study this problem we were quite prepared to abandon the 

. AMC approach in favor of a better one). We have found such back-tracking 

to be unnecessary. The AMC output is both valid and useful, if it is 

properly interpreted; our equations and concepts are the missing link, 
and are valid even for highly coupled systems of many degrees of freedom. 

This completes the present report, except for the Appendix, which 

shows the effect of retaining pRE in mRE . As we have mentioned, 

the pure and rigorous theory of oftPpresent8fiport will be supplemented by 

a later, how-to-do-it report . 
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As a supplement t o the body of thi1 report, we will 1how DOW tu effect of re­

taining the previo~s ly neglected term pU1y 1 of Equation (34), 1q that t.natud of 

Equation ( J 7) we have 

(A-1) 

and, instead of Equation (38), we have 

(A-2) 

In orde r to obviate the seeming need for detailed knowledge of t he differen­

tial eq~arion . we now need to define algebraically the diatinction between the 

base -n: rve airspeed , V0 and the general airspeed V. 

'rhe a.1 n,peed dependencies of the polynomial Egy1 may be def 1.~ec ~ • .., 

(A-3) 

where Evgi , is the zero-airspeed value of EgJl• and each "ai rspeed oefficient" 

Fq is the coefficient of Vq, one of the powers of airspeed in the charac: teri1tic 

eq at ion . rf we were to define Fq from Equation (32), for in1ta~ce, \;·e would have 

pp p· q p-q-m p-m-q-r 
F : L L L (-H m2) (jB c.o)r Yq r° 

q 
(A-4) 

11 m• r•o 

but we do net need this for our present derivation. 

Si nce we alread y ~ave defined V0 as the airspeed which 1ati1fies REgJ , • 0, 

we c.an n: w sec \' • .. and the rea 1 part of Equation (A-3) equal to zero , g~ ving 

(A-5) 

-29-
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Thia equation defines V0 • Since Evgy ~, u the part of E&l'i which does ,!!2!. depend 
upon airspeed, we £ee that V0 is an eipression of the airspeed-independent variation 
of E1_r 1 . Of course, V0 does definitely depend upon frequency. 

If we evaluate REgj; when it is not zero, that is when the value of V differs 
from V0 , then we find 

(A-6) 

This was obtained by substituting (A-5) into (A··3) and collecting terms with 
like airspeed coefficients. It does, of course, reach zero for\'• V0 , whereupon 
pREgJy can be neglected in (A-2) o But for V ~ V0 Equation (A-2) now becomes 

-vo ,,J 1 
= 2 

(A•• 7) 

The airspeed derivative of any given term of the indicated summation will be 

(A-8) 

since we know V0 and F q are airspeed independP.nL The frequency derivative of the 
same term will be 

= -· 
d\ dF 

q V q·l F ---2 + ·vq - V q) _g 
o q d '> o d a 

(A--9) 

where full frequency derivatives are now appropr i ate, since V0 and Fq are airspeed 
independent. 

Then, Equation (A-7) becomes 

I LG, \"q - ~ q) • qVq~ t, 
....2 0 q (A-10) = - + 
gR 2 dV dF 

,. OL qF . . E \ \i.q • VO q ) _g v~ q I q d 
0 
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This is a useful equation for t~e' ~ V0 condition if t~e expressions for Fq 
are known, which requires only partial k~owledge of t he original differential 
equation. Furthermore, ther~ are several progressive sim~lif1cat1ons of Equation 
(A-10), for special circumstan~es. 

If the products of v4 - V0 q and dFq_ d•n are small _. t hen even for V ~ V0 the 
second term of the denominator can be n·eg lected. Thi,:1 wi 11 be assumed to be true 
throughout the remaining disc ssion. 

If one F predominates over a 11 ot .. er s, thE:n t ere is only one term in eac.h 

summation of iquation (A-10). AS a r esult ~hat predcminant Fq wil l can~el top and 
bottom, leaving 

• 
or, by rearranging, 

V / (j) 
l o ,.,, l o --- - ~--
gR 2 dV /d [-

vq q - ~ (-
v q q V q 

0 0 

(A 11) 

Only the predominant value of q (the s bscrip ft e predominant Fq) wo11 ld 
be used in Equation (A-11) . If that predominant q ~appened to be unity, then (A-11) 

would become 

or 1 by rearranging , 

Thus , the term (p • 1) 
would have been used in the 
(A·l2) would become 

~ -· ------
dV /d a: 

0 

V 
0 

._ ( p 1) ·v V ) 
0 

- V 0 ) a t s a 
~ O r eg l n o 

·t o ..- 1 
- a - • 

Ft 
2 

31 

dw 
{A 12) 

a orr e tin fo: t he \ 0 numerator which 
lf we had a binary system (pa 2), then 

(A-13) 
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This corresponds to Equation B- 13 of Reference 4, for the pitch-plunge 
wing . Similarly i1 if we had a ternary system p = 3) ) then Equation (A···l2) 

would become 

Yo 1 
V ·~ 2(V V ) 

0 o· 

= 

- • tA-~ 14) 
gR 2 md\ ·dm 

0 

This applies to the ternary (h
1 

!> h
2

l) a) wing of Reference 4 (see 
discussion following Equation ( B-·25J thereof) o 

If the predominant q is more t.han unity but less than p ~ we must resort 
to Equation (A= 11) o The ternar y pane 1 of Reference 4 was suc.h a case , 
a p = 3, q = 2 case (see discussion following Equation (B- 16) thereof)o 

If the predomi.nant q i.s equal to P:i as for the simply .. ,supported binary 
panel of Reference 4 and of our present text , then Equation (A- 11) becomes 
simply 

yo l 
V Im o· 

=- ~,i..- A···lS) 
gR 2 dV / dm 

0 

which is the same as Equation (41) o However ; t he reasoni.ng behind Equati.on 
(A-15) is different from that behind (41) I n Equati.on (41) we used V = V

0
~ 

so that the first two terms of p Vq - V qJ = qV q would drop out even for 
p + q o ··But in Equation (A~,15) we used ~ = 'h s8 that the first and third 
terms of t.he same p (Vq •·· V q) ,., qV q wou l.d- drop out -even for V # V o Thus :.i 

E 
• i (A 15) • • 

0 
. h 1 ° · 1 " · • h' h • • 

0 f quat on -~ represents t. . e so ... e spec.1a . case 1.n w 1.c . om1.ss1.on o .. 
pRE 1 from mRE "/ is of no consequence even for. V # V o 

g . g 0 

If there is no one predominant Fq i) then -we must utili.ze Equation (A-10) 
with or without the second denominator term o The unifor m cantilever wing with 
control (h~ a ~ ~) of ~eference 4 is a~ least algebraically ~ such a case , as 
both q = 1 and q = 2 (that is , V and V) terms are present in its character ­
istic equation o (See di.scussi.on following Equation (B···32) thereof) o 
Preferably , one of the two airspeed coefficients (F

1 
and F

2
) could be 

neglected on a numerical basis ~ thereby avoiding t.h1.s extra complexi.ty . 

For systems having even more than two possible ai.rspeed coefficients :, 
Equation (A-10) still applies . Preferabl _ all but one of these could be 
neglected on a numerical basis ~ agai.n avoiding the extra complexity of 
Equation (A-10) . For these more complex systems , Equations (A- 11) through 
(A·-·14) may still provide ade,quate approximations f r the ef.fect of V /. V 
upon the transfer function 7 / gR . In any given i nstance , some one of tRese 
simplE!r expressions may be to8nd tc be adequate for our purposes ; by pro­
viding thi.s set of logical choi.ces (A··· 11) through :A-~14) such results may 
be reached intelligently rather than groped fr qui te blindly . 



j 

l 
l 

But any utilization of Equations (A-10) through (A~l4) presumes 

one fact : that airspeed=frequency combinations differing appreciably 

from those of the base curve are of interest. For the most part, this 

is not the case; roughly 90t of the decay~coefficient information of 

interest to the analyst can be obtained using analysis restricted to the 

V • V assumption o After all, the flutter speed itself can only occur 

0 
within the baseucurve region ~ as the flutter condition gR = 0; 7 does 

designate exactly V =V o It follows that the 7 /g given by Equation (41) 

must be valid for some 8istance each side of th8 flutter speed, as long as 

V remains close to V. This is a region of great practical utility, as 

it will indicate the0 rate of onset of flutter in terms of decay coefficient 

and airspeed, 

At airspeeds further above the flutter speed, practical interest 

diminishes rapidly , as the structure would not survive tests at such 

airspeeds , Thus, even where V does depart from V in this region, the 
0 

application of Equations (A·~ lO) through (A- 14) would be of largely academic 

interest. 

At airspeeds below the flutter speed, better use of the equations of 

this appendix is possible. A region of large V-V will occur below the 

flutter speed whenever the flutter speed is near ~he nose of the base 

curve but the large gR departures are not near the nose. (This means that 

loop-back occurs in tne unstable branch). Then a region of large V-V 
0 

does occur at practical airspeeds, whereupon Equations (A-10) through 

(A-14) do apply and may yield meaningful values of 7 from seemingly 

meaningless values of gR. It is in such regions tha~ one can expect to 

profit from the results found in this appendix. 

One should not assume that these equations yield an indefinite exten­

sion of the l /gR transfer functiono We have merely removed the assumption 

of V = V fro~ Equation (41) , not the assumption of small powers and 

products
0 of gR and r

0
. Fortunately, in our region of interest, such 

effects may be either trivial compared with, or empirically reproducible by 

means of, our allowance for V, V. Thus, this appendix does provide a tool 

which penetrates the V, V barriir . 
0 

Another function of this appendix is to firmly verify Equation (41) 

for the condition V ~ V . When we assume V = V in Equation (A-10), the 

first numerator term an8 the second denominator0 term drop out. Then the 

remaining series cancels out regardless of F, whereupon Equation (A-10) 

reduces exactly to Equation (41) of the text~ 
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